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Abstract
This paper presents an iterated and iterated retarded integral inequalities and explicit bounds
to unknown functions on some iterated and iterated retarded integral inequalities are
established.
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1. Introduction
Integral inequalities with iterated integrals are indispensable for us in the quantitative study of
various differential equations and integral equations. motivated by a desire to apply integral
inequalities which provide explicit bounds on unknown functions, in the development of the
theory of differential and integral equations with retarded arguments.
Lemma 1.

Let u(x)and g(x) be nonnegative continuous functions on I = [0,02) for the inequality

u(x)< ¢ + [T g(u(t)dt , tel,
holds, where ¢ is constant. Then
u(x) < celad®e 4

The result was proved by Gronwall [13]. Gronwall type integral inequalities provide a
necessary tool for the study of the theory of differential equations, integral equations and
inequalities of various types see [2-11, 15 ].Some Gronwall-Bellman type integral inequalities
with fixed delay has been presented in [1].

The aim of the present paper is to establish explicit bounds on more general integral
inequalities with iterated and iterated retarded integral inequalities.

The plan of the paper is as follows: Section 2 presents some iterated integral inequalities.
Section 3 presents some iterated retarded integral inequalities. Finally, Section 4 presents a
short conclusion.
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2. Integral Some Iterated Inequalities
This section presents some iterated integral inequalities and then give explicit bounds to
unknown functions. Later on R, = [0,00], I = [a,f] and I; = [t B].

Theorem : (2.1)
Let

u(t), f(t), a(t), g(t), h(t) € C(R,, R, ), k(t,5), k. (t,5) €
C(D,R.) and p=>1

be real constant, where
D={(t,s)E R}:0< s< t <o

(a,)
If w?(t) = alt)+ f;f[s] [w?(s) + _Ir: k(s, e)u(o)dolds , ....(2.1)
for t € R, , then

- -
uw(®) < [a(® + f{ Ay (s) exph B P%mas” L (2.2)
for t € R, where A,(t) = J‘;—*}[pa(rj + [5 k(t,0)[(p — 1) +a(a)]de] and
By(8) = F()[1 + [; ©2do].
(a;)
Let c(t) be real-valued positive continuous and nondecreasing function defined in K.

If w?(t) < c?(t) + f;f[sj {u;?’} (s) + _Ir; k(s,0)u(a)ds }ds , ... (2.3)

for t € R, , then

w(®) < (O [1+ [ Ay(s) exphBBIWeGs (0.4)

fort € B, , where

A4,(8) = f(b) [1+ [ k(t,0) cl-w(ajda]
and &
By(8) = £(2) |1+ [; 22 0],

(a3)
If

u? (t) < alt) + _I:: k(t,s) {u(s) + f:[g(aju?’ (o) +
h(o)u(o)]de }ds ,

fort € R, ,then

u(t) <[ a() + [} As(s) exphBO%as] 2.6)

for t € R, , where
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4,0 =22[(p - 1) + a(®) + [{[pa(0)a(0) + h()[ (p— 1) + a(0)]]do]
+J- kt{;"ﬂ (p—1)+a(s)

W]

4 f [pg(c)a(o) + k(@) — 1)

+ a(a]]]da] ds,
And

By(t) =221+ [*[pg(o) + h(e)]do] + [{2E2 1+

b2 r

[ Ipg(0) + h(0)]ds |ds.

Proof:
(ay)
Definafunctionz(t) by  z(t) = [ f(5) {u?(s) + [, k(s,0)u(o)dc} ds.
e (2.7)
Then z(t) = 0, z(t) is nondecreasing for t € I and inequality (2.1) can be written as
u?(t) = a(t) +z(t). e (2.8)
From inequality (2.8) and using the elementary inequality see [14], [12]
1 1
xPya <= 42
P g
Where x,v = 0 and i+§ =1,
P
we observe that u(t) = [a(t)+z(e)]r (1)
< L el) ALV 2.9)
P P P

Differentiating (2.7) and using (2.8), (2.9) we get:
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z'(t) = f(t) {u?’{t] + J- k(t, J]u{a]da}

V]

= f(t) {a{t] + z(t)

t

-1 alo)
P

- fk(r, o)

0

+ Z{Jj]da}
P
f(t)

=—{pa(t] + f k(t,0) [(—1) + a(a}]da}
P

V]

L (D {1 ¥ f Hi; 2. da} z(£)

o
= 4,(t) + B, ()=(8)-
Integrating both sides of the above inequality from 0 to t we get:

t
z2(1) < [4,(5) fxp T R g T T T - (2.10)

Using (2.10) in (2.8), we get the required inequality in (2.2).

(ay)
Since ¢(t) is positive, continuous and nondecreasing function for t € R, , from(2.3) then
one can get :
w1y F
(c(r}) =

4 1O [ + K6 0 r () )

Now an application of the inequality given in{a, ) yields the desired result in(2.4).

(a3)
Define the function z(t) by
z(®) = J; k(t.s) {uls) + [J[g(o)w? (o) +
h{a’]u{a’]]da’} ds
211
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Then as in the proof of part (a,), from (2.11) we see that the inequalities (2.8) and (2.9) hold
Differentiating (2.11) and using (2.8), (2.9) and the fact that z(t) is nondecreasing in ¢ we

get:

/(0 = k(&.6) {u(® + [[9(0)w? (o) +h(a)u(o)]da} +
[ k(&) { uls) + [ [9(0)w? (o) + h(o)u(o)]de} ds

< k(t,t) {p —1 + alt) + 2L

P P P

t

o

o

g(a)lale) + z(a)]
p—1 Y, a(o) " z{c:r]" da}
P r p

+J-kr{t, j[ r—1 a,{sj z{sj
p P p

+ h(a)

o
=

+ [6@Ia() +21 + =+ 22

v
o

2D
+ p]]r:i}:i:;

_Mey {(p— 0 +a(®

+ f[?g{ﬂ]a{a] +h(9)[(p — 1) + a(a)]] da}

— J- ke (t,5) [{p —1) +als)
] p

+ f[pg{ﬂ]a{ﬂ]

+ b2 —1) + a()]] da} ds + k(; )
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{zm + f [pg(c)z(o) + h{a}z(a}]da}

+f"‘(:j{m

V]
=

+ J-[ pg(o)z(o) + h{ﬂ]z{a}]da} ds

= Aj(t) + Bs(t)z(t).

Integrating both sides of the above inequality from 0 to t yields
2(8) < [[ Ay ()exphBO%as 2.12)
Using (2.12) in (2.8), we get the required inequality in (2.6).

Theorem : (2.2)

Let u(t), g(t) eC(LR, ), k(t,s).b(t,s).c(t,s) e C(D,R, ),

h(t,s,g) EC(E, Ry Jand a(t),a’(t) € C(I,E. ), p = 1 be real constant.

(by)

Let ¢(t) € C(I, R, ) and u? () < a{t] + frq’a{s]u{s}ds + _]': f: k(s, t)u(t)dr ds +

t 5 T
J- J- J- h(s,7,0)u(o)do dr ds + J- J- c(s,7)u(t)dr ds
2.13)

for t € LIf

== [I e exphB O grgs <1 (2.14)
then

t " 4

u(t) < [a(t) + Myexph® @ 4 T4, () exphB@Ean)” _ 215)

for t €1, where
t

4,0 = %{qb{rj[(p— 1) +a()] + f k(6D [ (- 1)

+ a(r)]dr
+[2 [T h(t,7,0) [(p— 1) + a(0)]do dr},

B,(t) = % {q5{t] + JE k(t,T)dr + JE f h(t,t,0)do dt }

o

and
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M, =

L

1 B
= P1{‘E! 1 e(s,7) [

i J- A, () expla O an]dz tﬁ}

o

—1)+a(r)

(b2)

Let k(t,s), b(t,s),h.(t s,a) are nondecreasing in t € I, foreach s € I and
u?(t) =

a(t) + f:k{t, Tu(t)dt + f: f: h(t,s c)u(c)do ds +

ff b(t,s) f: c(s, T)u(t)dr ds

forter. ... (2.16)
If P=> [P b(ts) [ e(s0) expc® 0% ards < 1 @.17)
then
u(t) <
£ 14 =
[a{t] +Mzexpfa35|:ﬂsf}dﬂ ek J‘E: A(E, 1) Expffﬂsfﬂaf}dﬂdf P
. (2.19)

for t € I, where

A(8T) = i{k{T,t] [(p— 1) +a(®)] + [ h(T.t,0) [ (p—
1) + a(0)]do}
B.(t,T) = — {fc{T t)+ J h(T,t, dea}
and )
M, =

Sl [ -D+a@ +
f: Ag (€, 1) ex’pjgﬂs" (e dé]dr ds}

(b3)
Let r(t) € C(I,R,) and
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w(®) < a(®) + [ 9(s) {u(s) + [ k(s DJu(o)do +

ff r(o)u(o)do }
........... (2.20)
forte I.If
P=[fr(o)expa®= Mgy < 1, 2.21)
then
u{t] < [ﬂ{t} + Maexpféﬁ's(ﬂ}dﬂ + f;‘qﬁ(ﬂ Expféﬁ'ﬁ(ﬂ}dﬂd{:]a, (221)

fort € I, where
458) = g3 {(p -1+ a(®) + [kt o) [(p— 1) +
a(o))do + [£ (o) [(p— 1) + a(0)]do }

B.(t) = ig(t] +k(t,t) + [  k.(t,0)ds  and

M, (1P (o) 7 A6(®) exp™® =™ dg do}

1
1-B;

Proof :
(by)

Define a function z(t) by

z(t) = f P(s)u(s)ds + JE f k(s t)u(t)dr ds

e
t

+ J- f J-T h(s,T,0)u(o)do dr ds
o +ff _j": c(s, T)u(t)dr ds

Then z(t) = 0 , z(t) is nondecreasing for t € I
z(a) = ff Fe(snu(drds ... (2.23)

Then as in the proof of part (z, ), from (2.23)we see that the inequalities(2.8)and(2.9)hold.
Differentiating(2.23)and using(2.9)and the fact that z(t) is nondecreasing in t, we get:
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z'(t) = p(t)ult) + J. E(t,1)u(t)dr
+ J- J- h(t,T,0)u(c)do dr

1 1
= qb{t]; [(p—1) + a(t) + 2(8)] +j k(t,7) - [(p—1)

+ a(t) + z(1)] dr

_l_

R‘-—-—._‘n

J h(t,T, aj% [ (p—1) + a(og) + z(o)]dodr

{eWp-1)+al)] + J k(t,7) [ (p— 1) + a(r)]dr

o

+ f f h(t,7,o) [(p — 1) + ale)]do d1}

“till—'-

13

1
+;{ o(t)z(t) + J. k(t,1)z(r)dr

o

+ J f h(t,t,0)z(o)do dt}.

But z(t) is nonnegative and nondecreasing for t € I, then

z'(t) < A,(t) + By(t)z(1t)
Therefore, @ < n = t= [, one can have :

J‘ra:,(ﬂmf] I8, (ag

d gl
an [Z(’-?] exp Ag(n)exp™

Integrating both sides of the above inequality from « to t,fort € I, we get:

2(6) < 2(@)expS O 4 [* 4,(n) exph ™ O% an,

from (2.24) and (2.9) one can get

w(®) £ La(@)expR B D 1 L 1)+ a(t) +

-r 1‘4.4 (??:J Exp J. 4- ({:} d‘f I'i
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From (2.23) and (2.25) Which implies

B s
z(a) = J j c(s, 1) [%z{g]expf:&;(f}df

1

+—|(p—1) +alr)
P

+ J- A(n) expf;‘g" (£)af rin] ' dtds

o

then

L

5 "
z(a)|1 J. J. (s, 1) explaBe B g

'till—'-

< f f c{s,r]% [(p—1)+ a(r)

+ J As(m) exp“: B, (5)ad dn]drds

from (2.14) we obtain that
z(a) = Mg {"U'|[[1=] L] M [[IM.]. (2.26)

The required inequality (2.15) follows from (2.26), (2.24) and (2.8).

(bs)

Fixany T,a =T = [, thenfora = t = T,we have
u?(t) =

a(t) + _I: k(T,T)u(t)dr + _]': _fz h(T,s, o)u(e)de ds +

[F b(T,5) [7 c(s, Du(r)dr ds

Define a Function z(t,T),a < t = Thy
z(t,T) = _I: k(T,t)u(t)dr + f: f: h(T,s,o)u(o)do ds +
[ b(T.5) [Z c(s. T)u(r)dr ds

Then z(t,T) = 0, z(t,T) is nondecreasing for t € I,
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z(a,T) = _I'f b(T, s) _r: c(s,Hu(t)drds, ... (2.29)
and inequality (2.16) can be written as
uP(t) < at) +z(t,T), a=t=T ... (2.30)

Then as in the proof of part (a,), from (2.30) we see that the inequalities (2.31) hold.

p—1) a(r}+3':ff} , o=t =T

P P
........ (2.31)
Differentiating (2.28) and using (2.31) and the fact that z(t, T) is nondecreasing in t, we get

r

(6, TY = k(T.t)u(t) + J. h(T,t, o)ulo)da

o

1
< S(KTH[E= 1D+ a(®)]

r

+ f h(T,t,0) [(p— 1) + a(o)]do } + ;13{ k(T,t)

o
t

— J. h(T,t,o)do }z(t, T),

then

Z(tTY < A (. T+ B.(t. T)=z(t,TY | ... (2.32)

fora = T bysetting t = n in(2.32) and integrating it with respectto n from a« to T ,we
get:

z(T.T) =
T_ . rT- )
2(a,T) exp’a =EDE 4 [T4,(n,T) exp =0 ay,

Since T is arbitrary from (2.33), (2.31), (2.30) and (2.29) with T replaced by t one can get

z(t,t) <
te v £ .
2(a,t) explafsEal 4 _[':;;15 (1) explafs &0 gy

uf(t) < al(t) + z(t t) L (2.35)
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u(t) < %{{P —1) + a(t) +z(t,8)}

=
t
£ Sl -1 +a()+z(at) explaBs(E)ad o

Ay (nt) expn ™% ay |

Where
2at) = [Fb(t,5) [[e(sDu(mdrds ... (2.37)
then from (2 37) and (2 36) Which implies

z(a,t) = J b(t,s) J s, I] {{p — 1) +a(7)

+ z(&,T) expf‘g (§x)af

+ f: Ac(n,T) exp‘qﬁsth}dg dn } dt ds.

But z(t, T) is nonnegative and nondecreasing for t €I, then
£

1
z(a,t) |1 ——j b(t,s) j c(s, 1) expfg&5(£ﬂd€ drds| <
p

iy

_j”E b(t,s) _jﬂ c(s,1) L {(p —1)+a(1) +
+f A(n,1) expfﬁ (&}d{d }d’r ds

from (2.17) we obtain that
zZ(a, t) = M, . (2.38)
The required inequality (2.18) follows from (2.38), (2.34) and (2.35).

(bs)
Define the function z(t) by
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z(t) =
29 {u(s) + [T k(s 0)u(@)do + [£r(a)u(o)do }ds

Then z(t) = 0, z(t) is non-decreasing for t € I,z(a) =0.

Then as in the proof of part (a,). From (2.39) we see that the inequalities (2.8) and (2.9)
hold. Differentiating (2.39) and using (2.9) and the fact that z(t) is nondecreasing in t , we
get

t £
z'(t) = g(t)[u(t) + f k(t,o)u(o)de + J r(o)ju(o)do]

t

< ;fg(r){ (p—1) +a(®+ f k(t,6) [(p — 1) + a(0)]do

o

g
+ J.T'(ﬂ'j [(p — 1) + alg)]ldo}

g

. g
1
29 (=0 + f k(t,0)z(0)do + f rig)zta)day

A () + ig(t:] { z(t) + f: k(t,o)z(o)do + _I'f T(ajz(ﬂjdﬂ}

Let
v(t) = z(t) + _I': k(t,o)z(o)do + _I'f r(g)z(e)de ... (2.40)

then v(t) = 0 and nondecreasing for t € I, and since z{a) = 0 then
v(@) = [Fr(o)z()de ... (2.41)
< v (2.42)
Z'(8) € A(D) +§g(rjv(rj. ........... (2.43)
Differentiating both sides of (2.40)tand using (2.42) and (2.43), We get:

v'(t) =z'(t) + k(t, t)z(t)do + J. k.(t,o)z(o)do

o
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r

< Ag(t) +I—1Jg(tjv(t] + k(t t)v(t)do + J. k.(t.o)v(c)do

o

then
v'(t) = Ag(t) + Be()v(2)
........... (2.44)
Integrating both sides of (2.44) from atot,for t € I,and using (2.42), we get:

2(t) < v(@)exple® @ 4 [ 4. () exph® O gy
from (2.45) and (2.41), one can get:
[

E?(a::] Il - J- T(CT] ExP'r;rEE':f}dfdﬂ_

[ &
= J r(a) J- A:(m) exp‘r"] Bﬁ'iﬂd"tdnda

from (2.20) which implies
vighedM, (| ] fal | | PN (2.46)

The required inequality (2.21) follows from (2.46), (2.45) and (2.9). From the hypotheses, we
observe that a'(t) = 0 for t € I,.

3. Iterated Retarded Integral Inequalities

In this section we prove obtain explicit bounds to unknown functions in the some
iterated retarded integral inequalities ,in the following theorem we take the single integral
inequalities and in another theorem we take the double and triple integral inequalities.

Theorem : (3.1) J

Let u(t),f(t).a(t),g(t) and h(t) € C(LR,), k(t,s) € C(I°,R,) for
$t. <s=< t = T, a(t) € C*(1,I) be non-decreasing with () < t on Iand p = 1be
real constant.

(1)
If
uf(t) <
a(t) + f;':j;f[sj {vf’ (5) + f:(::} k(s,c)u(o)do }ds
...... (3.1)
fort € I,then
u(t) = [a[t] + J.-n: “ p 1(5) exp‘l;m:nE‘-':ﬁdEds]E s e (3.2)

fort € 1, where
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D,(t) = f(t) [a{t} + [l Kt o) [2;1 + “:F}] da] and
E\(5) = f(O[1+ [, "2 da).

(€3)
Let ¢(t) be real-valued positive continuous and nondecreasing function defined in I .

If
uf(t) =

cP(t) + _fﬂ((:; f(s) {u’*” (s) + _r:(tc} k(s o)u(o)de } ds

....... (3.3)
fort € 1I,then
ult) =< clt) [1 + _]"'I(tjil D,(s) ex’p &, (E}d‘rds] ....... (3.4)
fort € I,where
Do(8) = f(O) [1+ [, k(t.0) c*P(a) do]  and
Ex(0) = FO[1 + [}, 2D dg).
Proof :
(€4)
Define a function z(£) by z(8) = [ £(s) {7 () + [y k(s 0)u(o)do | ds
...... (3.5)
Then z(t.) = 0 and as in the proof of part (a,), we get
n:(t}
z'(t) = [f(a(2) {ﬂ(ﬂ(tﬁ + J k(a(t). o) [p;
aie:)
+ Q]da} ] a'(t)
" ka0, 0)
ca(t), T ,
+ f(a(t) [1 + .I(L Y dﬂ} a'(£)z(t).

Therefore, t- = nn = t = T, one can have:

—|z(nexp

d [y #lat){1+ ;a"ﬂw o) (yas
dn
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aln)
p—1
< flatm){alat) | ko) [F=
alt=)

a(o) £ ranfas [ZEHE0)

+——|do; a'(q)exp E]E (r)dr
p

Integrating both side of the above inequality from t. to t, t € I and by making the change of
variables we get:

< [59D () exp B D g forte I. ... (3.6)

Using (3.6) in (2.8), yields the required inequality in (3.2).u

(€2)
Since ¢(t) is positive continuous and nondecreasing function for t € I, then inequality
(3.3) can be written as

2] <
et}

1 L6 (5] + Lo ke @7 @[55 do} as

Now an application of the inequality given in (¢, ) yields desired result in (3.4).

Theorem : (3.2)
Let
u(t), g(t) e c(l, R,), k(t,s),b(t,s),c(t,s) eC(D,, R,),
h(t,s,o) EC(E;,R,) and a(t), a'(t) € C(IL,R.), p =1
be a real constant, a(t) € C*(I,,1,) be nondecreasing with a(t) = t on I,.

(dy)
Let @(t)E C(1,,R,) and

e le)

uf (t) = alt) + J. ¢ (s)ul(s)ds
alt:)
xlt) 2

+ J Jk[s,r]u(r]drds

rx':rf}} @l

+ J J- h(s,t,0)u(o)do dr ds

ahta) ait) ale)

+E (s Du(Ddr ds, e (37
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for te 1 .If

altl

_1F s [} Be (8048
ql - ;IEEI:E:} 'rﬂ:(b:} C{SJT:J exp [:PC:] d:T ds { 1 oo (3'8)
then
u(t) =
f:([f] E (0)df | calt) j[;‘[ﬂ E, (8)d8 E
a(t) + Nyexp +.r (£e) D;(y)exp dy

o

for t € I,, where

D6 =3 16— +a@®]+ [ k&D) (=1
(e}

t T

+ a(1)]dr + J- j h(t,7.o)[(p— 1)
n:(tc} n:(tc}

+a(o)]dodr;,

Ey(t) =
1 t t T
" {qﬁ(t] + fm&c} k(t,T)dr + fm(tc} fﬂ&c} h(t,1,0) do dt }

and
B s
Mo===2 [ [ aso |-+
= - cls, T v — &l T
Yol—gq|p
aie) ale:=)
a(r) .
+ f Da(w]ex'pf"" -E“m}dgdw dt ds
I'.'[(E'C}
(d3)
Let k(t,s), b(t,s), h(t,s, o) are nondecreasing int € I,, foreachs € I, and
u?(t)
e (t)
< alt) + j k(t,t)u(r)dr
I':I:(b:}
I'I(t} g

+ J J hit, s, 0)u(c)do ds +
I'.'[(E":} I'I(tc}

B s
"rn:(rc} b(t,s) fmc} c(s,T)u(r)drds ,
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....... (3.10)
For te I,. If
1 .8 = [0 E, (8)a8
4, =;fm&c}b(t,3] fm(rc}c(s,’r] exp ) drds =
1
....... G.11)
then
u(t) =
alt] alt ;
alt) + Nyexp ™) % OF 1 (29 b (rexp B gy
...... (3.12)
fort € I, , where
W
1
D,) =5 (kW=D +awl+ [ ke (@
I':I:(b:}
— 1)+ a(o)]doy,
g
1
E,(0) = 1 k(5.6) + f h(t, 8, 0)do
EE(E:}
and
£ E
M= = [ b9 [ o |e-v+am
= — .S c(s,T) |(p— a(t
: 1—gq,|p
alta) alts)
aiT) B
+ J. D,(y) expf""‘ -E"(g}dgdw drt ds|.
I'.'I‘.'(E":}
(d3)
Let e(t,s) € C(Dy,R,) and if
uP(t) < alt) + f:(g g(s) {u(s} + _f':&c} k(s, o)u(o)des +
ff&{} els, o)ul(o)do }ds
o (3.13)

fort € I,. Then
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rl
Iy " Ec(8)as

aw | (3.14)

o

u(t) < [a(t} + _]"E((S D.(y)exp

For t €1, , where
t

D, =390 |G-V +e®+ [ k)1

EI:':E‘:}
B
+ a(o)]de + J- e(t,o) [(p—1)+ a{aj]da},
rI(t‘c}
and
B
1
E.(t)=—g(t) |1+ k(t,o)do + J e(t,g) do|.
p ﬂ:(tc}
Proof:
(dy)
Define a function z(t) by
ale) alt) ¢
z(t) = J. ¢(s)u(s)ds + J. J- k(s 1)u(t)dr ds
el @its) mles)

alt) T
+ J J- h(s,t,0)u(o)do dr ds
el m(e) ale:)

+ I e Du(@drds, L (3.15)

Then z(t) = 0, z(t) is nondecreasing for t € I,
z(t.) = _f'f(rc} f:(h} c(s,Dyu(tddrds ... (3.16)

Then as in the proof of part (a,) , from (3.15) we see that the inequalities (2.8) and (2.9) hold.
Differentiating (3.15) and using (2.9) and the fact that z(t) is nondecreasing in t , we get:

a ()

z'(t) = ¢(a(t) Ju(a(t))a'(t) + J k(a(t), Du(r)dr a'(t)
ale:)

ait) T
+ J J h(a(t),7,0)u(o)do dr a'(t)
I'.'[(E":} I'I(tc}
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=

¢(a(D))[(p — 1) + a(a(1))]

()

f k(a(8),7) [(p— 1) + a(D)]dz
ah )

ait) T

N J f h(a(D,7,0) [(p— 1)
alt:) alt:)

==

+ a(o)]de dr ;a'(t)

a ()

+% ¢(a(t)) + J. k(a(t), )dt
ale:)

I'l'(f} T
+ J J ha(t),t,0) do dr ;a'(t) z(t).
I'I(tc} Er(f.‘c}

Therefore, t- <n < t =, one can have:

4a { (mexp " Le(a@HEE) Kathar+ [0 [ plal@he a)do dr]d’ tf}de}
dn
1

< > {p(alm)[(p— 1) +a(alm)]

aln)

+ | kG, Dl -1+ a(@]ds
ah )
aln) 1

+ [ [ hama e
i) @les)
+ a(o)]do dt}

“[r,f:[:r(f}:Hjﬂ[[i]k[:r[f}'r}d'r+f[r{]f[ﬂ]h[mif}ﬂ:u'}d:rdT] #rak |
exp a (n)

Integrating both sides of the above inequality from t- to t, t € I; and by making the change
of variables, we get:

alt) i)

2(8) < 2(2)exp ™= % 4 [ p.hew = @€ ay  (317)
from (3.17), (2.9) and (3.16), we get:
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z(t.) < J} J}c{s,r]%[{?-i} + a(1)

+ z(t.)exp
()

alr)

j‘ﬂ[r‘:l E; (8)dd

alT)

+ [ Dawrem® =0 ayrae as,
I'.'[(E":}

II[T

1
z(t.) [1—— J J-c{s T) exp “[“]Em}dgd ds
r

1

c{s,r] > (p—1) +alz)
alt) alt)
alr)
+ f Dy(y)exp
I'.'[(E'C}
from (3.8) we obtain that

(1)
Ly E(ﬂ}dﬂdw B (

z(t:) = N, .
The required inequality (3.9) follows from (3.18), (3.17) and (2.8).

(d;)
Fixany T, t. = T = [§,thenfor t. = t = T, we have
a(t)

uP(t) < alt) + J- k(T,t)u(z)dr
ele=)

elt) 5
+ J J h(T,s, o)u(c)do ds
E(h} I'.'E(f_':}
£ =
* 'r:r(rc} b(T.s) -r:r(rc} c(s, T)u(r)dr ds

Define a function z(t,T), t. < t = T by

z(t,T) =

alt) a ()
-'r (r}k(T T]u(ﬂdr +-'r Er}-'rcr(r}

"rfrft} b{T S]f alt }C{S T]U{T]d‘r ds

h(T,s, o)u(o)do ds +
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Then z(t,T) =< 0, z(¢,T) is nondecreasing fort € I, ,

z(t.,T) = _I"i(rc} b(T,s) _I:I:rc}c[s, Tult)dr ds , .....(3.21)
and inequality (3.10) can be written as

uP(t) < al(t) +=z(t,T), t-=t=<T
Then as in the proof of part (a,), from (3.22) we see that the inequalities (3.23) hold.

w(@) g @B e@ 260 e (3.23)
o 7 v

Differentiating (3.20) and using (3.23) and the fact that z(t, T) is nondecreasing in t, we get:
z'(,T) =k [T, a(t) )u [rx(t])cx' (t)
4

+ J- h(T,a(t), c)ul(c)ds a'(t)

i

5;1] k(T, a®)[@ - 1) + a(a(®)]
ait)
— f h(T,a(t),o) [(p— 1) + alo)]do ;a'(t)
i)
{k(T a(®) + [55 (T, al6),0) do} o' (Dz(e.T),

fort. = Thysetting t = ¢ in (3.24) and integrating it with respectto ¢ from t. to T and
by making change of variables we get:

z(T,T)
e i I‘ f Flde
< z(t., T)exp’ a[r= H{ T.8)+y(p.) RIT.B.60d }
alT)
1
| ~(k(T, ) [0~ D) + a(w)]
alt)
b
+ [ hEwoe-D + a@)do)
ol t=)
alTIlf
exp I‘m:rh= = kII'E}+r (b= RIT.8, :7}&':7} dﬁ’-

Since T is arbitrary from (3.25), (3.23), (3.22) and (3.21) with T replaced by t ,one can
get:
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alt) o

2(6) < z(t. t)exp «p
.rcrEr} i{ k(t. v)[(p—1) +aly)] + _J""'fl’:tc} h(t,w,0) [(p— 1) +

Er':t-:}p o

{k(r,ﬂhfil:h:,h(r,ﬂ,cr}dcr}dﬂ n

J.[E:[tf'gg i'{(bg}'l'j.:[:t‘::l h(t,ﬂ,ﬁ}dﬁ}dﬂ

a(o)lde} exp dy,

uf(t) < alt) +=z(t,t) , ... (3.27)
and

u(t) = % {(p—D+al®)+z(t0)) =

f:[lrf] E,(8)a#

{{’p — 1)+ a(t) + z(t., t)exp +

1
v
ol E)

a(t) E,(8)d8
f.;;} D4{¢}Ex?’f¢ P d"p}:

(4

and
z(t., t) = ff&c} b(t,s) f:&{} c(s,tyulrddeds| | | | - LN (3.29)

from (3.29) and (3.28) one can get:
z(t., t)
B

1
- j b(t,5) f c(s,9)= (= 1) + a(r)
ﬂ‘.’([‘c} ﬂ:([‘c} p
i)

+ z(t., 1) expj“[f‘j'g"m}dg

xlT)
+ J D (y)exp
I'I(b:}
Since z(t. T is nondecreasing and nonnegative fort € I, and T < s= t= [ then

T
fy  Es(8)as dwb dr ds.
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B =z
i i)
z(t.,t) [1—— J. b(t,s) J- c(s, 1) exp‘r“ff‘jg"m}dgdtds]
p ﬂ‘.’([‘c} ﬂ:([‘c}
B e
1
< [ b9 [ cGaZe-D+a@
i) alr=) P
alr)
P Ey)as
+ | Dy(W)exp dy} dr ds.
alt)
From (3.11) which implies
Z(b sl .......... (3.30)

The required inequality (3.12) follows from (3.30), (3.26), and (3.27).

(d3)

Define a function z(t) by

z(t) = :((S'g(s] {u(s} + _r:(tc} k(s o)u(o)do +

2o el )ul0)do }fis

Then z(t) = 0, z(t) is nondecreasing for t € I, , z(t.) = 0.
Then as in the proof of part (z, ), from (3.31) we see that the inequalities (2.8) and (2.9) hold.
Differentiating (3.31) and using (2.9) and the fact that z(t) is nondecreasing in t, we get:
z'(t) = g(a(®))

a ()
u(a(t)) + J k(a(t), olu(o)do

I'.'I‘.'(t':}

B
+ J e{cx{t],aju{a]da] a'(t)
)

<2g(a(®){ (p— 1) +aa(®) + [0 ka(®),9) [(» -

o

1) +a(@))de + [5, e(a(t),0) [(p— 1) + a(0)ldo} &' (1) +
Lg(a(e) {1 + [5 ka(®),0)do +

fﬁcn}eif"{ﬂ!“}dﬂ} a'(t)z(t)

4
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Therefore, t- = = t = [, one can have

1 . . alE) 2 o ..
i {z (n]exp‘r";‘agl\ﬂ:kﬂ}[i-l-‘ral:r:::kl\ﬂ:l‘ﬂ'lﬂ}dﬂ +_|'Ix|:r:::a|\m\‘}},g}d5],x .\ﬂd,}'}
dn
aln)
(- +ale)+ | Kaln),o) (-1 +a()]do
a(ts)
[
+ [ elatm. -1 +al)ds
alt=)

1 ., . £ B .. .
39 (@@ENI+[f k(aB)e)do + [ e(ald)o)acle! (5ak

EXp

a'(m).
Integrating both sides of the above inequality from t- tot, t €1, , since z(t-) = 0, and by
making the change of variables we get:

(el
alt) [ B (8) a8

z(t) = _I;I:r:} D.(y)exp™® dy. .....(3.32)
The required inequality (3.14) follows from (3.32) and (2.9).

4, Conclusions

We have constructed some iterated integral inequalities then extended to the iterated
retarded integral inequalities. And also explicit bounds to unknown functions in each integral
inequalities are given.
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