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Abstract.

In this paper, we deal with the problem of uniqueness of entire functions that share one
value CM with their first derivative. The author proves that if a non- constant entire function f

and its derivative / share the value *F 0 cM and f(D =@ when f (D =@ enf =71

This result is related to a result of Jank- Muse-Volkmann.
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Introduction
In this paper, we assume that the reader is familiar with the standard notations and basic
results of Nevanlinna’s value distribution theory (see [1], for example). In particular, S(r.f)

denote any quantity satisfying S f)=o0 (. f)) a5 r =0 except possibly for a set £ of 7

(Eclr,.r] mesE <Y (r] —r,) <+oo
n=1

of finite linear measure and n=1 , or see [1, P.41]). We say
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two non-constant entire functions / and 8 share the value ¢ IM (ignoring multiplicity) if !

ATASUNIVERST
(QOITEGEOF SOENCE

and 8 have the same ¢ -points, and also they share the value ¢ CM (counting multiplicity), if

/ and & have the same a -points with the same multiplicity. Let k be a positive integer, we

1 1
Nk)(r,r) N(k+1(raf—)

denote by 4 and ~d  the counting function of %-points of J with

multiplicity < k and >k respectively In [2] Jank, Muse and Volkmann proved.

Theorem A

Let f be a non-constant entire function. If f and f share the value a(#0) IM, and
F@=a ypen f(D=a henf =1,
It is asked naturally whether the condition “ / (2) =@ when /(2 =@~ j5 Theorem A can be

replaced by the condition «f@D=a ypen f (D=0 The answer is yes, in fact in this paper

we shall prove the following theorem:

Theorem 1: Let f be a non-constant entire function. If L and q share the value

a#0)cM, and (2 =@ when f”(z):a,then f=r,

Remarks
1. from the hypotheses of Theorem A, it follows readily that f and /' share the value 4*0)

CM. In view of this Theorem 1 says, in effect, that Theorem A is also true when reversed the
condition. « J (=@ when F(2)=a> i1 Theorem A.

2. The following example shows that the condition “/ (2) =@ whenf (2) =@ in Theorem 1 is

necessary:

f=e*+2

Example 1. Let , where @ is a non-zero constant. It is easy to know that f and

f share the value ¢ CM, but the conclusion of Theorem 1 is not valid; that is F#f .
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3. The method of proof of Theorem 1 can be used to prove Theorem A by considering
PR Aiey) oo TSP
(f"=DU =D jnstead of (f7=D(f =Dy proof Theorem 1.

The main result

(k)
Lemma 1[3]. Let f be a non-constant entire function of finite order. If f and f
(k=1) share the value a(#0) CM, then
fO—a=c(f-a

For some nonzero constant € .

Proof of Theorem 1

1

Suppose 4 =1 (the general case follows by considering ¢  instead of ! ) and that F#Er
Set

Ab&kT5)
(f" =D =D (1)
which can be written
A A N N L
fr-Uf-1 f-1 fT -1 f-

from the fundamental estimate of logarithmic derivative, we find that

m(r,F)<m(r, f/” f/ )+ m(r,— f”’ f” )

F-1f-1 Fr-1f-1
f'”‘ I ) I
+m(r, I f_1)+m(r, f”_1)+10g4

<3m(r, f]:i 1) +m(r, ff—,l) +2m(r,—1) + 2m(r, ff—”l) +m(r, fc:’) +log4

=38(r, f7=1D)+S(r, f=1)+0+28(r, f =)+ S(r, f") +1log4

=3S5(r, f/)+3S(r, )+ S(r, f)+logd=S(r, f) )
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ATASUNIVERST
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Suppose “r isa 1-point of @ of multiplicity 7 1D Then from the hypotheses of Theorem

1, it follows that

; 1 ”)? —r — 7)P+?
R L T T D "’P*ﬁo, 3)
a
f@=1+@-2)+—=(z—-2)"" +-
p+1 ’ @
f”(Z)=1+ap(z—Z;)P+..., s
[T =pa,(z=2)"" +-- ©

By using (3), (4), (5) and (6) in (1), we obtain’ (Zr) = OD

. Since 1 is a shared value of f

and / , we know that the 1-points of I are simple. Similarly, if <1 is a simple 1-point of ! (Z),

we obtaint (21) =OM) N F) =0 combining with (2) we get
T(r,F)=S(r,f)

(7N
Since f and f share the value 1 CM, there is entire function ¢ such that
f’_lze“(f_l). (8)
Differentiating (8) twice we obtain
fr=e"a(f =D+ 11, ©
And
f”’:e“[(a”+a’2)(f—1)+2aj"+f”]. (10)

Let “7 bea 1-point of 1@ of multiplicity 7 (=2) , then from the hypotheses of Theorem 1, we

get that f)=1'G)=r"(z)=1 and f”’(Z:)=0' B

ut using (10), see
1
’, » — , a,’(Z) =——2zZ4cC
thatza (ZP)+1 O. If 200 +1= 0, then 2 with € constant. Substituting (8), (9)
and (10) into (1) gives
Fol= (G-D[F -G(G-1)]

> 36 _pit
GUG-D(@G* ~ G+ P=FG— )1

(11)
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1
—z+c
—_ 2 . . .
G(z)=e . Provided that none, and hence neither, of the numerator and denominator on

where
the right of (11) vanishes identically. We now show that the above possibility cannot in fact

arise. If it dose we have,

(G-1)(G* 36 +1)—F(G—l) =0
2 4 2 , (12)
and
G-——=0
and eliminating ¥ between (12) and (13) leads to 4 , which is impossible. Now from
(11),

T(r,f)=O0T(rG) gy r >0 rek,

This implies that /' has finite order. By Lemma 1 with k=1 we have G =const which is

20 +1#0

impossible. Therefore and so

- ) < N(r, )< T(r,a’)+0()

N(Z(r’ ” ’
-1 20/ +1 <S(re®)=S(rf) (14

From (8), we find that

f=r o f-r (15)
Hence, by (3), (4), and (5) with P = 1 e have

a'(z) = l(a1 -1
2 . (16)

Again by using (3), (4), (5) and (6) with 7 = Lin (1), we obtain

F(z))= l(a1 -1
2 . (17)

From (16) and (17), we see thatF(Zl”) - a’(Zl”). fF= 0‘,, from (8) and (1) we get
f”—1=c(1—e_a)’ (18)

Where € is a nonzero constant? Substituting (18) and (8) into (9) gives
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—e % (e” =1)(e” —¢)

e“+a ) (19)

f-1=

It is clear that none, and hence neither of the numerator and denominator on the right of (19)

vanishes identically. Since f is an entire function, we know that either & = —lora=——c |f
@ =-1 then (19) becomes

f—1=—e_2a(ea—c)' (20)

Differentiating (20) twice we obtain

f”:e_a(“'ce_a —1), (21)

” 2x o _
and eliminating I between (18) and (21) leads to (c+De™ —(c—De” —dc= 0, from this we

(24 s a ,_
conclude that I(r,e®)=5(r.e”) and so @ is a constant which contradicts with & =-1,

Similarly, if o' =-c , then we have a contradiction. Therefore F#a& 3ndso

Nl)(r,”;)SN(r, Ly < r(r L .
-1 F-«a F-a

)

<T(r,F)+T(r,a’)+0(1)

=S(r,f)+S(r,e”)=8(r,f) ,

& 1
N(r’”—l):S(r’f)
by (7). Combining with (14), we get " - , from this and the second

fundamental theorem for f

” N7 1 e 1 o 1
T(r,f")< N(r,?)+N(r,ﬁ)+S(r,f) SN(r,?)+S(r,f)

2

m(r—y = S(r, f)

we see that . Hence
m(r,——) < m(r.—)+ S(r, ) = S(r. )
f-1 f : (22)
We deduce from (8) and (22) that
T(”,ea)zs(”,f). (23)

If we now eliminate rr and f between (1), (8), (9) and (10), we arrive at
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(f =De“[Fe” +a)—e’ —(Ba’ —De** — (o + o' =3a))e® + o + ']
= (e’ +2ae” —~F)(e" ~1)

AASNIVVERST
(QOITEGEOF SOENCE

(24)
In (24), if
Fe®*+a)—e* —Ba’'-De** —(a"+a'* -3a)e* +a" +a’* = 0 25)
Then
e’ +20e” —-F =0, (26)
And eliminating £ between (25) and (26) we find that
T(r,e”)=S8(r.e%)

This implies € “ = const Hence (8) becomes

f’—lzc(f—l), (27)
1
N(r,——)#0 : N
Where € is a nonzero constant? If J 4 € =1 and sof = . But this contradiction.
N(r, ”1 )=
Therefore Jhl , so that
= (28)

Where B is a non-constant entire function? From (27) and (28), it is easy to know that

fB = const , which is a contradiction. Therefore, from (24) it follows that

T(r, f)=OT(r,e") porr — w0 rgE |

Combining with (23) we see thatT(r =S8, f ). This is also a contradiction. The proof of

Theorem 1 is complete. m
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