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Chapter One On Bornological Structures

1.1 INTRODUCTION

Bornological structure is a very important structure because it has many
practical applications to solve the problems of identification and bounded in
our daily lives [1][2] [3], for example, determining the location and identity
of a person through an eye print or finger print, and because this structure
lacks theoretical sources that facilitate its study. So, the main purpose of this
chapter is to explain and clarified the bornological structures. Furthermore,
we presented some practical application of this structures in our daily life as
well [7] [8].

Additionally, we constructed new bornological structures in different
ways. For example, our bornological structures from the base and sub base
and these structures coinciding with the bornological structures associated
with stable operator. Also, we presented many results and characteristics in
bornological structures and show many fundamental constructers of
bornological structure such as subspace and product bornology. Finally, we
recall the definition of bornological group with some detailed examples [11]
[21].

1.2 BORNOLOGICAL SETS

Definition (1.2.1.)(Bornological set) [10]:
Let X be a set. A bornology on X is a family § < P(X) such that:

(i) BcoversX,ie x = U B.

BEB
(if) B is hereditary under iremlution, l.e.ifA cBand B € fthen A c p.

(iii) B is stable under a finite union, i.e. if B;,B, € 8,then B, U B, € .

A pair (X,f) consisting of a set X and a bornology B on X is called a
bornology set, and the elements of 3 are called bounded sets.

Any sub collection of bornology construct a base for bornology if every
element of the bornology is contained in an element of the base.
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Example (1.2.2):

let R be the set of real numbers with Euclidean norm (absolute value) we
want to define usual bornology on R (canonical bornology), i.e. B is the
collection of all usual bounded sets on R.

In fact, a subset B of R is bounded iff there exist a bounded interval.
Such that
B <€ (a,b).

I- Since V x € (a, b) (the bounded intervalsw.r.t. ||) , and {x} < (a, b) (every
subset of bounded interval is bounded).

This implies that V x € R,{x}€ B, then B is a covering R.

li- If A € B and B € A, then 3 bonded interval s.t. B € A € (a, b), therefore
B € p.

ii- If By,..., B, €, then 3 Lq,..., L, lest upper bounded and g;,..., gn
greater lower

bounded, , "
such that U B; has finite union of upper and lower bounded.

=1

Put L = min;<i<n {L;} and g = max;<i<n {g;}, i.e.

n
U B; has least upper bounded L and greater lower bounded g, i.e.

=1

n
U B; is bounded subset of R, i.e.

i=1
n
U B; € B, then B is a bornology on R.
i=1
The base of this bornology is
Bo={B,(X):reR,xeR}={(X-r,x+r):reR,x € R}.

2
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Example (1.2.3):

Let X = R" with Euclidean norm, i.e.

XN = O XYYz for x= (e ),
i=1

and
D, (@) ={x€eR"Ix—-al<r, forr>0}.

The centerisa = (a4, a,, ...,a,).

A subset B of R" is bounded if there exists unit disk with center zero D,.(0),
such that
B < D,(0).

Let B be a family of all bounded subsets of R".

Then (R", Bi) is a bornological set and [ is called canonical (sometimes
usual) bornology on R".

A base of a bornology B on R" is any subfamily such that

Bo={D;(0) : r>0}.
Indeed,

I-Itis clear that every closed disk in R" is bounded set, i.e. D € 3, since R"is
covered by the family of all closed disk.
Then P covers R",

li-If B € P and B; € B, thenthere aclosed disk suchthat B; £ B < D.
Therefore
B; €B.

iii- If
B, ..., B, €.

Then there exist

D,4, ..., D,, are closed disks.
Such that

A, € D,q,...,An €D, ,
and

T = Mmax 1.
Then
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n
U Bi € D,.
i=1

Thus the finite union is bounded subset of R".

Then B is a bornology on R".

Example (1.2.4):

Let X be a set and ( Brin ) be the collection of all finite subsets of X.

Then (X, Bfin) is a bornological set and PBsin IS called finite bornology.

Indeed,

i-It is clear that for every x € X, {x} is finite set, then for all x € X, {x} € B.
Thus X covered by the family of all singleton set.

Then Brin CcOvers X.

ii-Let B € Bfipn s.t. Bis finite set and A c B.

Since every subset of finite set is finite set.

Then
A € B.

iii-Let
Bl,..., Bn € Bﬁn .

Since the finite union of finite sets is finite set.
Then

n
U B; is finite set.
i=1

Thus the finite union is bounded subset of X.

Then Bsin is a bornology on X and it is called a finite bornology.
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Definition (1.2.5)(Bounded Map) [10]:
A map between two bornological sets is called bounded if the image of
every bounded set is bounded set.

Definition (1.2.6) [10] [22]:

An isomorphism between two bornological sets (X, g,) and (Y, B,) is one-
to-one correspondence such that £, f ~! are bounded.

Consequently, for every B € B, thereis B; € B,

such that

B, = f(B).

B = f_l(B1)-

1.3 SOME PRACTICAL APPLICATION OF
BORNOLOGICAL STRUCTURES

What is the motivation and effect to study bornology? Why they construed
bornological structure exactly with three conditions? What are the practical
applications for this structure? In other words, how they apply this structure
to solve some problems in our live.

In this research, we answer all these questions and explain many examples
for this structure.

The most important practical application for bornology, in spying programs
(KPJ).

Exactly, when they want to determine person location or the identity of
person from his finger print or from an eye print, let we explain how.
First of all, let assume that the person is original point, to determine his
signed (status).

We start to study the behavior of objects within his domain by introducing
open unit ball, as shown in figure [1].

Bi={xeV,Pkx)<1}
or closed unite ball

Bi={x€V,Px) <1
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Bs

B>

R
NI

FIGURE 1.1. The behavior of objects within his domain by introducing
open unit ball .

Then we need the length of this object (by norm) but B; is absorbent
disk, i.e. absorbs every subset of VV which consist singleton element
(point).

But, we want to study the behaver for another object.

Since B it is in vector space, then it is allowed to multiple B; by scaler
and make B; bigger to get new open unit ball B, In the end, we get a
collection of unit balls covers the place and the finite union which it is
the bigger, bounded set should also be within the place not outside, i.e.
inside the collection p.

Furthermore, if the father belongs for this family, then the son also belongs

for this family. So, the hereditary property is satisfying.

Another application of bornology is to determine the person from his stamp
(finger print) or his eye print, (see figure 2, a and b).
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FIGURE 1.2 a: Application of bornology is to determine the person
from his eye print.

FIGURE 1.3 b: Application of bornology is to determine the person
from his stamp (finger print).

Also, there are many other applications of bornology. For example, to equip
a building with the internet service. We take the center point on the surface,
and the internet waves are the open interval therefore the collection of these
open interval which covers the surface stable under finite union and
hereditary property, (see figure 3). Add to that, there is an important of
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application of bornology, in satellite broadcast system when they want to
determine the limits of the broadcast area.

The A-Train

CALIPSO CloudSat

PARASOL .ﬂ/*@é
“% 60 sec 3’

!—"Tﬁ v‘ﬁ\ 4
15sec R, 30 sec .

FIGURE 1.4 satellite broadcast system when they want to determine the
limits of the broadcast area.

1.4 INDUCED NEW BORNOLOGICAL STRUCTURES

In this section, we constructed a new bornological structures. First of all, we
may ask when a family of subsets of X forms a base for the bornology on X,
what is the form of the bornology generated by this base?

By next result we get that any base o has two properties.

First, 8, covers X. Second, 3, stable under finite union.

Conversely, we can generate a unige bornology from the base and this is the
benifit from the base.

Theorem (1.4.1):

Let (X, ) be a bornological space and is 5, the base of 3, then the
following holds:

i- X = U B,.

By € Bo
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li- Finite union of elements of S, is contained in an element of .

Iff X #@ and 3, is a family of subsets of X satisfying : (i) and (ii) then 3 a
bornology S on X generated from the base s.t.
L ={B: 3By €, B cBo}.
Proof.
I-Since S, formed a base of a bornology 8 on a set X.
Then every element of B is contained in an element of S, i.e. VB €

£,3 By € By
Such that
B c B,
Jze | &
Bep By €y
X = B
\_/
BER
Then X C B,.
\_/
By €Sy
I.e. B, covers X.
ii- let B; € B, vi=1,2,---n.

n

To prove U B; is contained in an element of £,.
i=1

Since 8,< B, then B, € vi=1,2, - - n(bydefinition of
bornology).
n

Then U B; e .
i=1

From definition of a base (v B € 8,3 By € B, such that B € ).

9
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n
We have U Bi € B is contained in an element of S,.

=1

< Conversely

IfB :{B EX,El BO Eﬂo,B gBO}

Then to show that B is a bornology on X, we must satisfy the following

conditions:

VBy €y —m By S X — By, €SBy, — By € B (bydefinition
of 8).

—>B0§

Since S, covers X.

Then
B is covering to X.

li-if B€ B,A < X, A C B, A contained in an element of Bo. (by

definition of B).
Then
Aep
ii-Now if B;,B, €p.
Then
3 By, B, € Bo-

10
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Such that

B; € B,.

B, € B, (by condition ii).
Then
B, UB, S B, U B| for some B, € B, (by definition of ).

Then £ is a bornology on X, and by definition or the base g, is a

base

for it, we call § a bornology generated by the basis.

Remark (1.4.2):

i- Every bornology forms a base for itself and have more than one base.

1i- Not every family of subsets of a set X will form a base for some

bornology on X

For example, X = {a, b, c} and the collection 5, = {{a}, {b}, {c}} cannot

be a base for any bornology on X.

By the next example we clarify how we can construct bornology from the

base.

11



Chapter One On Bornological Structures

Example (14.3)

i- X = {1,2,3}
And
Bo = {{1,2},{2,3}, X}.

p = {13 {2} 3} {1, 2} {1,3} {2, 3}, X}}.

Theorem (1.4.4):
If X+#0@,then afamily S of subsets of X, such that X= U s; forms

subbase for a bornology on X. SES

Proof:

We must show that the family g, = {B € X: B = U s,s € S} formsa
base for a bornology on X. Finite

Therefore, we must satisfy the following:
I- VSES—>sEX—>s=SUs

- s € By

— S c ﬁo
Since S covers X, then o covers X.

ii' Bl' BZ € BO

12
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