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Chapter One
Fundamental Introduction and some new results

1.1 Introduction

One of the powerful tools used on topology and set theory is the
notion of filter which is simply a collection of subsets from any set
say M. However.filters are known to be applicable in a wide variety of
mathematical areas like algebraic,functional topology and dynamical
topology. From example in functional analysis , its use as a method of
convergence, identically for the notion of nets. As an example of an
appearance in algebra, the notion of filters is the dual of the ideals
Boolean rings on these sets. Some important notions and theorems
about filter and ultra-filter will be explored in this chapter. Al so we
will try to give some properties of filter and ultra-filter this will be our
principal important tools for the structure of the stone cech
compactification. In addition, we will discuss some types of filters and

give proof of some results.
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1.2 Some Basic definitions and properties:

In this section, we introduce the basic definitions and properties of filter and

ultra-filter and provide some results.

Definition 1-2-1[15]: A semi-group is a pair (M ,*) where M is nonempty set

and * is a binary associative operation on M.
Examples 1-2-2::

(N, +) is semi-group .

Definition 1-2-3[5]: Let M be asetand D € p(M) be the collection of subsets
of a set M'. We say that D has a finite intersection property (FIP) if the finite

intersection for any specific subset of D is not empty.

Definition 1-2-4[20]: Let M be any set , a filter on a set M’ is a non-empty set
F with the following properties:

1-¢ & F.
2-Ifpandqe Fthenpn g€ F.

3-Ifp € F,andp € q € M, thenqg € F.

Example 1-2-5: Consider the set F to be a neighborhood of a point b in a

topological space X. Then F is a filter.

1- It's clearly that for any neighborhood of a point b say p= (b—€, b+€) we
have p ¢ F
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2-Letp=|b-Sb+5,q=|b-5p+5]er

thenpng=|p—Sb+5e F
3-Takep = [b—%,b+§]e?,andq=[c—%,c+§] be a

neighborhood for some point ¢, s. t [b — %, b + %] c [c — % c+ S] C M then

[p-Sb+5|e

Remarks 1-2-6[9]: Let (F;);c; be a family of a non-empty set of filters on a

set M'( which mean is non-empty) then the set:

TzﬂTl

i€J
Satisfies conditions (1),(2) and (3) and is implies F is a filter that is the

intersection sets of filters.

Example [-2-7: Let M be an infinite set, the set T={A € M:s.t M /
Ais finite } the set of all cofinite subset of M is afilter which is called a

cofinite filter or frechet filter on M and is denoted by FR.

Example 1-2-8: Let A={1,2,3}and

let Fi={A}; Fo={{1,2} A};F:={{2,3}, A} F,={{3.1} A}, Fs={{1}.{1,2},{1,3}
ALFe={{3}{1,3} {23} A}; F-={{3}.{3,1}.{2,3} A}: Fe={{1,2}.{2,3}, A}

; Fo={{1}{2}{1.2} A}, F1o={® {1} {12}, A}.
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Now, F1, F», F3, Fa, Fs, Fe and F are filters on A. Whereas, Fg, Fo and F

are not filters.

Remarks 1-2-9[9]:

1-The union of two filters on a set need not be a filter. Form the above example

F,, F4 are filters but F,U F; is not a filter.

2- In above example, The intersection of all filters which is the filter {A} ,this

will be the weakest filter on A.

Theorem 1-2-10[20]: Let F be a filter on the set M and let p € M either:
a- Thereissomeq e Fs.tpnq = 0. Or

b-{c & M:thereissomeq € F,pnNq C c}isafilter on M.

Proof :

Suppose for all g€ F, pnq # ¢, we need to show the set k={c S M,3

some q € F withp nq S c}isactually a filter

1- If py,p, € k, then there exist q1.0; € Fs.tpN qi€ p;,p NGRS p,. Then
pNn(q1Ngz) Sp;Np; Ek
2- Ifp’ € ktake q € M suchthat p’ € q S M to show that that q € k.

Now p’ € kimpliesthat 3q' € F suchthatpnq’ € p’,hencepnq’ ©
q and then q € k.

3- By the negative condition of (a) then ¢ € k.

In The next following definition, we will introduce another important

type of filter.



Chapter One Introduction

Definition 1-2-11[16]: A filterF on M is called an ultra-filter if it is not

properly contained in any other filter.

Among filters, ultra-filters are uncommon, we can see it in general for

trivial examples.

Example 1-2-12: The trivial filter {M} on M s not ultra-filter unless
M is a singleton. Also, the frechet filter is not ultra-filter if M is
infinite, since there are infinite cofinite subsets in M. For example, if
M =17, then neither the set of positive integer numbers neither its
complement is contained in M which is not ultrafilter according to the

next lemma .

The next lemma is in [20] which is a nother characteristic for the ultra-filter but

we proved in different way.

Lemma 1-2-13[20]: Let M be a non-empty set and F be a filter on M. Then
F is an ultra-filter iff for every p € M either p € F or M'\p is an element on
F.

Proof:
For the first direction, it's direct proof by condition filter (2)

Conversely, let F be an ultra-filter in M. Assume that for p € M
neither p nor its complement M\ p belongs to F.
Case (1): p and M\p € F implies by definition of filterpNnM\p =0 € F,

which is a contradiction.

Case (2): we have p and M'\p € F. Note that F U p and F U M'\p are filters
and F € Fup and F € F UM \p which is a contradiction . Therefore p or
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M\p € F.

Definition 1-2-14[20]: A filter F on M is a maximal filter if for any p € M
and p € F,then F U {p} is not a filter.

Proposition 1-2-15[10]: A filter F on a non-empty set M is an ultra-filter if

only if it is a maximal filter.
Proof:

For the first direction, we will show that F is a max filter. Let us extend an
ultra-filter F by combine p € M to get F U {p}. suppose p & F, which
implies p¢ € F. Assume F U {p}is a filter. Note F € F U {p} and F is ultra-

filter, this is a contraction. So F is a max filter.

Conversely, to show every maximal filter F is an ultra-filter. Suppose F is not
ultra-filter, then 3k < M such that kand k® ¢ F. We claim either k or k°
should intersect with every set in F. If not then 3 a set C € F such that C € k
or C € k° which follows that k or k° € F which is a contradiction with our
hypothesis. Without losing the generality, let C N A # @,V A € F. Define
D={B € p(M):kn A c BforsomeA € F}. Weclaim D is a filter and F
c D.Since kn A €A for all A € F so F < D. Obviously, @ € D. Let B,
eDandB,e Ms.tB; €B,.

Sincek N A € B,€B,,thenB,e D.ForA;, A,ED.KNACA;and A; N A,
€ D. Hence D is a filter but our claim will be a contradiction with maximality.

Therefore every maximal filter is an ultra-filter.

The next theorem provides us more about the filter and ultra-filter
properties. Before to go to the theorem we need to define the following set.For

given a set B on a non- empty set M we define the set:
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pe(B) = {D: ® # D € B and D is finite}.

Theorem 1-2-16[20]: Let M be a non-empty set, and let F € p(M), the

following statements are equivalent:

a.  Fisan ultra-filter on M.

b.  F has the finite intersection property, and for each p € p(M)/F,
there issome q € F,s.tpnq = 0.

c. Fisamaximal set corresponding to the set {C < p(M): C satisfy
the finite intersection property} ( That is, F with respect to the finite
intersection property is maximal set).

d.  Fisafilteron M and forall F € ps(p(M)) ifUF € F, then
FNF = 0.

e. Fisafilteron M and forall p € M, eitherp € F or M'/p € F.

Proof:

a = b: By (1) and (3) of filter definition, implies F has finite intersection
property. Again by (1) and (3), we know p, p¢ can not both elements of F. If
p € p(M)\F then there is q,p° € F,s.tp N p® = 0.

b = c: Suppose F € Z € p(M). Pickp € Z\F, and q € F, such that pnq =

@. Hence p,q € Z, implies Z does not have the finite intersection property.

¢ = d: Suppose that F is a maximal with relative to finite intersection property

through a subset of p(M), immediately F # @ subsets of M.

Since F U {M} has (F. I. P), and F € F U {M}, then by maximality of F
get F = F U {M}, that is mean M € F. We need to show F is a filter:

1- Pickp,q€ F, then FuU{pnq} has finite intersection property. Since

8
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F=Fu{pngqg}lthenpngeF,SopnqEF.

2- Given p,q with p € F such that p € q € M, F U {q} has finite intersection
property thenq € F.

3- By definition of finite intersection property @ & F. Therefore F is a filter.

We need only to show for allF € ps(p(M)),UF € F, then FNF + Q.
LetF € pe(p(M), and U F € F, then that foreach p € F,p € F,thenF € F U
{p} implies F U {p} does not have the finite intersection property Since of
maximality of F. Therefore 3 g, € pf(F)s.tpng, =0, Let H = f crgp,
then HU {U F} € F while (UF) nnH = @. That is a contradiction .

d = e: LetF = {p, M'\p} € pf(p(M), implies that UF = M € F. Then
F N F # @. Hence since F is a filter then 3 either p € F or p© € F.

e = a: Assume that F is a filter on M and all p € M either p € F or M'\p €
F. Let V be a filter, and F < v, and suppose that F # v, Pick A € v\F, then
M\A € F cvwhileAn (M\A) = @. That is a contradiction.

Theorem 1-2-17[10]: Let M be a set, and let A be a subset of p(M), which
has finite intersection property, then there is an ultra-filter F on M such that A
C F.

proof:

LetK={q S p(M):AcqandqhasF. T.P}then A € KandsoK # @. Let€
be a chain in k immediately have A cUu€. Given F < ps(Ue) = {F: 0 #F C
Ue, and F is finite}. Implies, there is some V € € with F < q. Since q has
finite intersection property and F € q.So, NF # @. Then by Zorn’s

Lemma[3].K has max number . Note F not only max in K, but F also is max

9
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with respect to finite intersection property. By the theorem (1 — 2 — 16)(c -
a), then F is ultra- filter.

Corollary 1-2-18[20]: Let F be a filter on M, and let p € M, then p & F, if
and only if there is an ultra-filter T such that F U { p® } € T.

Proof:

For sufficiency, since F can't have p and p® at the same time so this direction

will be trivial.

For the necessity: by using theorem {1-2-17 }, we need only to show F U
{ p°} has a finite intersection property. Suppose that there is some finite non-
empty Z< Fsuch that{p‘} N Z=0, sop&F ie.p°eEF and NZ€eF.

Therefore N Z < p and So p € F which is a contradiction since p & F.

In the following theory, we can prove that we had a non-empty set that
contains the filter and ultra-filter, and so the filter is part of the ultra-filter

within this set.

Theorem 1-2-19[10]: Every filter F" on anon-empty set M there exists an
ultra-filter F on M such that 7" < F

Proof:

Let S = {F:Fisafilterand F" € F } and take the partially ordered set (S, €
). Now consider a chain L € S, the set of union U L of this collection of filter
indicted with C is clearly a filter on M and containing F" which is an upper
bound for L. Hence, (S, ©) satisfies the hypotheses of Zorn's lemma [3] implies

has maximal element F which is a maximal element of (S, €). We claim that

10
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F isan ultra-filter. If not then there exists A € M such that A ¢ F and
M \A ¢ F. Consider the collection C =F U {A }. We claim that set C has finite
intersection property. Lety,,y,, ...,y € C..

Casel: Suppose that y; € F for every 1 <i < n.since F has finite intersection

property theny, Ny, n,....,n y, € F<S C.

Case 2: Suppose that y; € F for some 1 <i<n. By changing these sets
without changing their intersection we can suppose without loss of generality
that y; = A andy,, ...,y, € F. As F has finite intersection property, we have
that y, N...n y, € F. It follows that any superset of y, Nn...n y, is in F.
From the other side, M\A ¢ F and hence y, N,...,n y, € M\A that is
Any,n,....,n y, # @ Therefore C has finite intersection property and can be
an extension to a filter, Hence F € C < F which is a contradiction by Zorn's

lemma [3] F is maximal.

The next lemma it's easy to show, which is one of an important fact for

the ultra-filter.

Lemma 1-2-20[20]: Let M be a set and F and L be ultra-filters on M then F =
Lifandonly if F C L.

Proof:
For the first direction is clear.

Conversely, let F € L, F is ultra-filter. Then by definition of ultra-filter F = L.

Definition 1-2-21[20]: Let M be a set, and let F be a filter on M, a family A is
a filter base of F if and only if:

1-AcC F

11
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2- Foreach p € F, there issome S € A such thatS < p.

Theorem 1-2-22[20]: Let B be a set of sets , then we can have some filter F
onM =U B, such that B will be a filter base for F if and only if B #
@ and @ &€ B, also for every finite non-empty subset A of B, there is some B €
B,suchthatBSnNA.

Proof:

Suppose there is some filter F on M =U B such that B a filter base for F. This
means B € F and foreachC e F,3Ke B ,s.t K< C. By

hypothesis F is a filter so @ & F. Therefore @ ¢ B since if @ € B € F then
@ € F which is a contradiction. Moreover, since M =U B then B # @. Now
from the definition of filter and the fact B is a filter base, B € F then @ #n
A€ Fand3IBe BsuchthatB €n A.

Conversely, let M be a finite subset of B, and since @ ¢ B then N M # Q.
Hence B has the finite intersection property. By theorem [1-2-19] there is an
ultra-filter F on M such that < F. Define F={C: n A < C where A is a finite
subset of B} which is easy to show it’s a filter. Moreover, we have every finite
non-empty subset A of B, there is some B € B such that B £n A then B a filter

base for F.

The next theory it's called the ultra-filter theorem , the content of this

theory that the filter can be extended to ultra-filter.

Theorem 1-2-23[10]: Any filter F on a non-empty set M be an expansion to
an ultra-filter.

Proof :

For some filter F, suppose that A = {F' € M: F' is filter s.t F € F'} Note that

12



Chapter One Introduction

A is nonempty since F € A. Claim that for each chain { F,: « € 1} in A, their
union Uy, is still a filter in A. It is clear that @ € U, F,. For an
element B € U, F, , B € F, for some a € 1. Then for all C such thatB < C,
CE€ Fy € UgerFy. Similarly for P, Q € Uy Fy PE Fy and C € Fp. Without
loss of generality, assume Fg & F, thus, C € F,and BN C € Fy € UyerFy.
Hence, by Zorn's lemma [3], there exists a maximal element in A, and by

proposition {1-2-15} it is an ultra-filter.

Corollary 1-2-24[2]: For any infinite set M there exists a non-principle ultra-
filters F'on M.

Proof:

By Theorem (1-2-23) we extend the frechet filter ' to an ultra-filter F. Note
that F\ F' consists only of an infinite set. Suppose F\ F' have a finite set M.
Note that ' is a frechet filter, so M'\M € F'. Now M'\M and M are both in
ultra-filter F, which is a contradiction. So ultra-filter F has no finite set,

therefore is non-principle.

Corollary 1-2-25[7]: Let M be a non-empty set then any non-principle ultra-

filter F on M include a cofinite filter.
Proof:

Let p € M. Since F is an ultra-filter, then {p} or M'\{p} € F. But F is non-
principle , implies M'\{p} € F. Now for all D € M and D be a finite ,
MN\D = NpepM\{p} € F.

Definition 1-2-26: Let® = K € M, the set { D € M:K c D} is called filter
generated by a set K denoted by < {K} >. When K is a singleton subset, i.e

13
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