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Chapter One: Fundamental Concepts with some Results

1.1 Introduction

In this chapter, we have given a basic information, which are useful in our
work. We defend the left (right) ideal on semi-group K this will lead us for the
smallest ideal M(K), which is the union of minimal left (or right) ideal. We
explore the concepts of a filter and ultra-filters, which will be used to define the

set SN for more information you can see [27]. In addition, several proofs.

1.2 Some Basic definitions and properties

Definition 1.2.1 [15]: A semi-group is a pair (K,*) where K is non-empty set

and * is a associative binary operation on K.

Formally a binary operation on K is a function *: K X K — K such that the
operation is associative iff (p x q) xr = p x (q *r) forall p,gand r in K. Also

K is closed under = if p x g € K forany p,q € K.

Example 1.2.2: Each of the following is a semi-group
1- The set of natural numbers N under multiplication or addition is a semi-group.

2- (K,*) where K is a non-empty set where x *y = xory forall x,y € K isa

semi-group.

3- (N,v) such that p vV ¢ = max{p, q}, where p € N and g € N.
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Definition 1.2.3 [14]: Let K be a semi-group, and let 7, R and I be a non-empty
subset of K then:

1-Fisaleftideal of K ifandonly if  # F € K and KF € F.
2- Risarightideal of K ifandonly if ® # R € K and RK € R.

3- I isan ideal of K if and only if I is a left ideal and right ideal of K.

Example 1.2.4 [20]:
1- Let K be a semi-group. If z is a zero in K then {z} is an ideal in K.

2- In the commutative semi-group (N, +), the ideals are the sets [a, o) =

{n € N : a < n}, where a is an arbitrary element of N.

Definition 1.2.5 [14]: Let K be a semi-group, R is a right ideal of K, and F
left ideal of K. Then

1- F isa minimal left ideal of K if and only if F is a left ideal of K and

whenever J is a left ideal of K and ] € F onehas] = F.

2- R is a minimal right ideal of K if and only if R is a right ideal of K and

whenever J isarightideal of KandJ € Ronehas] = R.
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Example 1.2.6 [20]:

1- A Semi-groups with a zero has only one minimal left (right two-sided) ideal

of K namely the trivial one {0}.

2- The integer numbers with addition (Z, +) has no trivial minimal ideal.

The next Lemma can, be found in [11] as a problem, and will be given a

proof for that.
Lemma 1.2.7 [11]: Let K be a semi-group.

1-Let F and L be left ideals of K. Then F N L is a left ideal of K if and only
ifFNL+Q.
2- Let R be aright ideal of K and let F be a left ideal of K. Then R N F + @.

Proof:

1- Suppose that F N L is a left ideal immediately by definition of left ideal we
get F N L # @. Conversely, suppose F N L # Q.

To show F N L left ideal we need to showK(FNL) S FNL. Let x €
K(FNL) sox=kywhere ke Kandy € FnL. But F and L are left ideal
thenky € Fand ky € L, but ky = x hancex € F N L.

2-Letx € Rand y € F then xy € R and xy € L by definition (1.2.3).

Lemma 1.2.8 [11]: Let K be a semi-group and let £ € K. Then K% is a left ideal,
K is aright ideal and K£K is an ideal.

Proof: See the proof of Lemma (1.30 part a) in [11].

E



Chapter One : Fundamental Concepts with some Results

Theorem 1.2.9 [20]: Let K be a semi-group.
1- If Fisaleftideal of K and x € F, then Kx € F.

2-Let® #= F € K. Then F is a minimal left ideal of K if and only if for each x €
F implies Kx = F.

Proof:
For part 1: This follows immediately from the definition of left ideal.

For part 2: Assume that F is a minimal left ideal of K and x € F. By Lemma
(1.2.8) Kx isaleftideal and Kx € F by part (1) above. Since F is minimal left

ideal, hence Kx = F.

Conversely, Suppose F is a left ideal. Let L be a left ideal of K with L < F. Pick
x € L. Then by part (1) above, Kx € Landso L € F = Kx € L.Hence Fisa

minimal.

Theorem 1.2.10 [11]: Let F be a minimal left ideal of the semi-group K, and let
J € K.Then]Jisaminimal leftideal of K if and only if there is some £ € K such
that ] = Ft.

Proof:

Assume J is a minimal left ideal of K and pick £ € J. Since KFt < F+ and
Ft € K] < ] then F# is left ideal of K in J. But, J is minimal and so F£ = ].
Conversely, let £ € K clearly F¢ < F and a left ideal of K. But F is a minimal
left ideal, so Ft = F. Thus, F# is a minimal left ideal implies J is a minimal left

ideal.

TLE
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Corollary 1.2.11 [20]: Let K be a semi-group. If K has a minimal left ideal, then

every left ideal of K contains a minimal left ideal.
Proof:

Let F be a minimal left ideal of K and let L be a left ideal of K. Pick x € L. Then

by Theorem (1.2.10), Fx is a minimal left ideal which is contained in L.

Remark 1.2.12: We will denote of the smallest ideal set in the semi-group K

by M (K) which is the set contained in every ideal in K.

Theorem 1.2.13 [11]: Let K be a semi-group. If K has a minimal left ideal, then
M(K) existsand M(K) = U {F : F is a minimal left ideal of K}.

Proof:

Let H = U {F: F is a minimal left ideal of K}. First we need to show that 7 is
a minimal ideal. Let F € H be a minimal left ideal and let I be any ideal of K.
By Lemma (1.2.7)part(2),F N [ # @.Letse Fnland#z € K,implieszs €
FNI SoFn Iisa leftideal and a subset of minimal left ideal F. Therefore
FN I=7F.SinceF €I hence H < I, which implies that 7 is the smallest. It
suffices to show that 7 is an ideal of K. Note that £ # @ by assumption. Let
s € H and pick a minimal left ideal F such that s € . Then £s € F € H, for
all £ € K. Hence H is left ideal. By Theorem (1.2.10), F# is a minimal left ideal
of K,so Ft < H while st € Ft.
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The next Lemma can, be found in [11] as a problem, and will be given a
proof for that.

Lemma 1.2.14 [11]: Let K be a semi-group.

1- Let F be a left ideal of K. Then F is minimal if and only if F£ = F for every
teF.

2- Let ] be an ideal of K. Then J is the smallest ideal if and only if j£] =] for
eacht €.

Proof:

1- If F is a minimal and £ € F, then % is a left ideal of K and F£ € F, so
Ft = F.Now assume Ft = F forevery £ € F and let L be a left ideal of K with
LS F.PickteL ThenF=Ft<S FLCSLCTF.

2- Suppose J is smallest ideal then ] =U {minimal left ideals}. Since J is an
ideal, # € J, then J£] < ] by definition of ideal. Since J is smallest ideal then ] <
Jt], hence J£] = J. Conversely, suppose that J£] = ], for each © € J, to show |
is the smallest ideal. Let I be an ideal of K suchthatl € J.Lett € I, thenist €
Jimplies] =J#J € JI] €1 < J, and hence /] = J£] is a minimal ideal. To show
J is smallest ideal. Let I be an ideal of K to show /] € I. Notethat I N ] # @, let
a€l,be],thisisabel,and ab €J. To show J NI is an ideal, let x € J N
It eK

= tx € Jand £x € I, hence J N I is left ideal.
Similarly, J n I isright ideal. ThisleadsJ NI < J,1
>/Nnl=]
=>/JC]

Hence J is the smallest ideal.

¥
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Theorem 1.2.15 [11]: Let K be a semigroup. If F is a minimal left ideal of K
and R is a minimal right ideal of K, then M(K) = FR.

Proof:

Clearly FR is an ideal of K. By Lemma (1.2.14 part 2), we need to show that
M(K) = FR. So, let y e FR. Then FRyF is a left ideal of K which is
contained in F. So FRyF = F and hence FRyFR = FR since F is minimal
left ideal.

Theorem 1.2.16 [11]: Let K be a semi-group and assume that there is a minimal
left ideal of K which has an idempotent. Then every minimal left ideal has an
idempotent.

Proof: See the proof of Theorem (1.56) in [11].

Definition 1.2.17 [18]: Let K be a semi-group and x,y € K we define the left (

resp. right) translations on a function 1,: K — K (resp. p,: K — K) as
follows: 1,,(y) = xy (resp. p,(y) = yx).

Definitions 1.2.18 [11]:

1- The triple (K, ., 1) is called right topological semi-group where (K,-) is a
semi-group, and (K, t) is a topological space, if forall x e K, p, : K - K is

continuous.

2- The triple (K,., ) is called left topological Semi-group where (K,-) is a
semi-group, and (K, 7) is a topological space, if forall x e K, 1, : K - K is

continuous

3- If the triple (K, ., 7) is a right topological semi-group and a left topological

semi-group then (K, ., ) is a semi topological semi-group.

E
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4- The triple (K, ., t) is topological semi-group where (K,-) is a semi-group,

and (K, 7) is a topological space, if -: K X K — K is continuous.

Definition 1.2.19 [11]: We define the topological center of the semi-group
K denoted by A(K) which is define as follows: A(K) ={xeK:1, is

continuous}, where K be a right topological semi-group.

Note 1.2.20: The center A(K) is itself a semi-subgroup of K. Moreover
A(K) = K if and only if K is semi-topological semi-group.

Definition 1.2.21 [18]: A topological space Xis Hausdorff (T,-spaces) if for
everyx,y € Xwithx # y,there existdisjoint open subsets U, V of X such that
x € Uandy € V.

Zorn’s Lemma 1.2.22 [5]:If (K, <) is a partially ordered set such that any
increasing chain k; <--- <k; < - has a supremum in K, then K itself has a

maximal element.

The next theorem it is a fundamental important theorem that is related the
compact right topological semi-group corresponding with the idempotent.

Theorem 1.2.23 [11]: Let K be a Hausdorff compact right topological semi-

group. Then K contains at least one idempotent.
Proof:

Definetheset W ={Y C K:Y # @, Y iscompactand Y - Y < Y} which is the
set of compact sub semi-groups of K. Notethat K € W ,So W # @. Let J bea
chain in W. Since K is a Hausdorff consequently 7 is a collection of closed
subsets from the compact space K. Hence, it has finite intersection property. So

N J # @ which is trivially compact and semi-group.
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Implies N J € W. So by Zorn’s Lemma W has a minimal member say B. We

need to show B is one member of W.

Let A = Bb where b € B then A # @. Since A = p,[B], then A is the continuous

image of a compact space, hence it is compact.

Also AA = BbBb € BBBb € Bb = A, thus A € W. Since A = Bb € BB <
B and B is minimal of W, so A = B. Let C = {x € B:xb = b}. Note that b €
B = Bb,then C # @. Also, since C = B np ;* [{b}], so C is closed and implies
its compact. Now given x,c € C one get xc € BB € Bandxchb = xb =
bsoxc € C. Thus C € W. Since C € B and B is minimal, Then C = B,s0b €
C and so bb = b.

Corollary 1.2.24 [11]: If K be a compact right topological semi-group. Then K
has a minimal left ideal. More generally all-minimal left ideals in K will be

closed and have an idempotent.
Proof:

Suppose F be a left ideal of K and let x € F. Since we have Hausdorff space,
then Kx = p,(K) is a closed compact left ideal in F. It follows any minimal
left ideal is closed. By using the proof of Theorem (1.2.23), we have that any
minimal left ideal has an idempotent. To complete the proof, we need to show
that this satisfying for any left ideal of K contains a minimal left ideal. Let F be
a left ideal of K and consider aset H = {Y:Y isaclosed left ideal of K and Y <
F} which is partially ordered by inclusion. Note H + @ since at least we have a
left ideal Kx. Applying Zorn’s Lemma, H has a minimal left ideals L. Since L
Is @ minimal among these left closed ideals in F, also since every left ideal

contains a closed left ideal. Therefore L is a minimal left ideal.

E
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1.3 A Filter and an Ultra-filter

Definition 1.3.1 [26]: Let K be any set, a filter on a set K is a non-empty set u

with the following properties:

1-0 ¢ p.
2-1fP,q € uthenP ng € .
3-IfPepuandP € g € K then g € .

Example 1.3.2: Consider the set u to be a neighborhood of a pointa in a

topological space X. Then u is a filter.

1- It's clearly that for any neighborhood of a point a say g = (a—€,a+€) we
have @ & u.

2-Let g = [a—g,a+§],?= [a—%,a+§] € 1 then

gNP = [a—%,a+§]€,u.
3-Take g = [a—=,a+5| € p,and P = [a - £, a + | be a neighborhood for
some point b, such that [a —<,a +5| € [a=$,a+5| € Kthen [a =S, a +

Jeu

Remarks 1.3.3 [4]:

1- The union of two filters on a set need not be a filter, for the counter example
see example (2.1.4) (ii) in [4].

2- The intersection of all filters on K is the filter {K} which is the weakest filter
on K.
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In the next following definition, we will introduce another important type of
filter.

Definition 1.3.4 [26]: A filter u on a set K is called an ultra-filter if it is not

properly contained in any other filter on K.

Note 1.3.5 [8]: A filter u on K is an ultra-filter if and only if for every A € K
either A € u or A¢ € p.

We record immediately the following very simple but also very useful fact

about ultra-filters.

Example 1.3.6: 5: Let K = {a, b, c}

m = {K}, up = {{a, b}, K}, ps = {{b, ¢}, K}, s = {{c, a}, K},
us = {{a}, {a, b}, {a, c}, K}, us = {{a, b}, {b,c}, K},

u7 = {{b}, {a, b}, {b, c}, K}, ug = {{c}, {c, a}, {b, c}, K}

The filter us, u; and pg are an ultrafilter on K = {a, b, c} since there are no filter

on K stecictly fine than us, u, and ug.

Remark 1.3.7 [11]: Let K be asetand let u and v be two ultra-filters on K. Then
u=v ifandonlyifu € v.

Remark 1.3.8: Let K be a non-empty set and u be a filter on K then by definition
for every g € K either g € uor K\g € pu.

TLE



Chapter One : Fundamental Concepts with some Results

Definition 1.3.9 [26]: A filter u on a set K is principal if there is a non-empty
setX € K,suchthaty = {A € K:X < A}. Otherwise, u is a non-principal.

Remark 1.3.10 [11]: Every ultra-filter on a finite set K is principal. Moreover,

no principal ultra-filter is any ultra-filter on infinite set.

1.4 Topological Space on set SN

In this section, we will define a topology on the set of ultra-filters on a special
case for the set of natural number N and establish some of the properties. This

will lead us to define the stone-Cech compactification space on N.

Definition 1.4.1: Let N be a discrete topological space of natural number N. We
define the set of BN = { g: ¢ is an ultra-filter on N} that is the set of all ultra-

filterson a set N.

We will define a topology on the set of SN by describing a base explicitly and

we shall be thinking of the ultra-filters as a point in this topology space SN.
Definition 1.4.2: Let N be a discrete topological space we define the set.

1- For any M subset of N, M = {g € SN: M € g}, where g, is an ultra-filter

on N.

2-Letm € N, thene(m) ={M € N,m e M'}.

TLE
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