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Chapter one: Introduction and Preliminaries

1.1 Preliminaries

A brief overview of some definitions and results of exact homology
sequences from [5], [18], [23], and [25] is given in this section. [12], [16], and

[18] are used for the background on rings and modules.
Definition 1.1.1:[18]

consider a sequence (finite or infinite) of abelian group and homomorphism

D15 D2 Do

This sequence is said to be exact at D, if and only if Im (¢,) =Ker(¢,). If it is

everywhere exact, then it is said to be "an exact sequence".

Theorem 1.1.2: [18]
(1) DlﬂDzﬁO, is exact sequence if and only if ¢, is epimorphism.

2)0 A D, % D is exact sequence if and only if ¢, is monomorphism.
Definition 1.1 .3: [16]

An exact sequence of the form

P ¢ P
0—)D1 1D2 2‘D3 30

is called a short exact sequence. A diagram of modules
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D1

D, — D,
D3 — D,
P2

and homomorphisms is said to be commutative if and only if ¥, ¢, = ¢, ¥;.
Theorem 1.1.4:[18]

Consider the following commutative diagram

0O »D, — Dy —Dy —»0
o) 01 do

9 Ny
0- M, > M, > My — 0

with exact rows. If any two of the three homomorphisms &y, §; and §, are
1somorphism, then the third is an isomorphism too.

Lemma 1.1.5: [16]

Suppose ¢ : D—M is epimorphism with kernel K, then the sequence

L ® Yoo . . .
0> K — D — M — 0 is exact where ¢ is the inclusion map.

Theorem 1.1.6:[16]

® P2 Q3 . :
Suppose that the sequence D;5 D, =D; —>Djy is exact, then the following are
equivalent:

1- ¢4 1s epimorphism.

2. @, is the zero homomorphism.

| 2 |
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3. @3 is monomorphism.
Definition 1.1 .7: [2[T]

Consider the sequences

P1 P2
e > DiI— D, —> ...
¥y ¥,
4 M1 MZ
. P1 P2 .
"} homomorphism from the sequence ... > D;— D, —... into the sequence

RY v
.o Mj— M, —..isa family of homomorphism of «, : D, = M, such

that the following diagram commutes.

0-1 Do D4
..._)D_l—) DO —)Dl — eee _)Dl —_ Di+1 — eee
a_q l ao l aq l fi le

w1’ v, v,

- M, — My— M; - > My — My —

Definition 1.1.8:122(]

et C [C,,0,0and C" [J[C, , 0y be a chain complexes. [J chain map ¢:
C— ('is a collection of homomorphism @p : Cr— Cj, such that o), o @p [

@p—q ° 0y , for all p [i.e., the following diagram commutes/|

OP+1 op
= Cpyy — Cp —Cpq =

l(PP+1 l Pp l Pp-1

, Op41 , Op ,
= Cppg— Cp — (pq =

| |
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Lemma1.1.9: 2[1]
I chainmap ¢ : C = C' induces a homomorphism
L, [ {,[C> Hy, [C'[ for all p given by:
(@ x + im(0p41 0@, (x) + Im(opy O
Lemma 1. 1.10: [29]

a- [he identity map i : C — C is a chain map and [i,), : U:[C[> Hy, (C) is

the identity homomorphism.

b-ifp:C —» C' and W: €' — (' are chain maps, then Wo ¢ :C - C'is a
chain map and (W o @), (1P, © ¢,

proof.
a- clear by [lemma (1.1.[1)

b-consider the following diagram

= Cpyq Cp — Cp_q —-
‘PPHJ/ ‘Pli LPp_l\l/
‘7;’+1 oF




Chapter one: Introduction and Preliminaries

. : ,
since the diagram commutes we have ¢,,_; © g, [0y, o @, and so

Wy_1 (@p-1° 0p) = Wp_1 (05 ° @, LISimilarly, we have

I " r _ 17}
Wp_1 0 0,= 0y oW, ,andsoW,_; o g, © ¢, = g, o ¥, 0 ¢,. [herefore,

Wp-1 0 @p1 00y =0y o Wy00,.
[y definition [¢, [J : [J[C) =[] [C") is given by
(¢ x +imop1U [ (x) + im oy, and

(W, + 0:0C) - 0oC™) is given by (W, [ T (x) +im( oy ) =
Y(p (x)) + im( 0544

Jow, W o @),), : [-1C) —01.1C") is given by:
T¥ o ).)p(x+imoy,) =@ o @) (x) +imoy,,.
So, ¥ o ¢),),(x +imoy ;) (¥ o 9)(x) +imoyyy
= ¥Y(p (x)) +im gy’q
(W (0 0)) +im( afyy ).
Uence W o ¢).), = (W)polg.)y.
1.2 Graded Rings

In the following section, the concept of graded rings and some of their

properties are presented.
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Definition 1.2.1: [2[1]

et [J be a group with identity e. [hen a ring [] is said to be G-graded ring if

there exists an additive subgroup R, of [J such that
D@ Xgeg Rgand RyRy, S Ry forall g,h €G.

e denote the G-graded ring R by (R, G), and we define the support of the
graded ring (R, G) by

Suppll,LILLg € G: R; +# 0}

"he elements of R, are called homogenous of degree g.If x € R, then x can
be written uniquely as Y. ;e X, Where x,; is the component of x in R;. In

addition, we write h(R) = Ugeg Ry,
Definition 1.2.2 (12

et A be a subset of [, fory € G we write A, for A N R, []subset A is called
subset of R if [ [1},ec A, Cet] be an ideal of [, we say that I is a graded
ideal of (R, G) if | U X 5ec(Ry N 1).

Remark 1.2.3: [1[ 1]

Cbviously, @ ¥ 5ec(Rg NI) € I and hence I is graded of [, [1Cif

1S DY, ec(RyNI). Llso, Y 5eq(Ry NI) is the largest ideal of [

which is contained in I.

=]
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Example 1.2.4 :[16]

et G be any group, then R is a G —graded ring with :R, = R and R; = 0 for
all g € G — {e}. [his grading is called the trivial grading of R by G.

Example 1.2.5: [18]

"he polynomial ring S [IR[x;, x5, "+, X,] in n variables over the commutative
ring (] is an example of a graded ring. [Jere S; = R and the homogenous
component of degree k is the subgroup of all [I-linear combinations of

monomials of degree k, i.e.,
Si = mentmX™ |, ERand my + -+ m,, = d}.

his is called the standard grad and the polynomial R[x, , x5, , x,]. [he ideal
I generated by x; ,x,,:+,x, 1s a graded ideal: every polynomial with a zero
constant term may be written uniquely as a sum of homogenous polynomials of
degree k > 1, and each of these has a zero constant term, hence lies in I. More
generally, an ideal is a graded ideal if and only if it can be generated by

homogenous polynomials [see theorem 1.1.4 for the proofl.
Example 1.2.6 21

‘et K be a field, and R = K|[x] be the polynomial over K in one variable x.
et [ [1Z3, then [11s a []-graded ring with :

R; = (kx3r+j:k EK,r=0, 1,2,---),forj € Zs.

Example 1.2.7: [2]
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‘et R =7Z[i] ={a+ib:ab € Z} [the [aussian integers() and [ [1Z,, then
J1is a [J-graded ring with :Ry, = Z, and R; = iZ.

"he following example shows that an ideal of a [J-graded ring need not be

graded ideal in general.
Example 1.2.8

et R = ZJ[i], and let [] [JZ,, then []is a [J-graded ring with R, = Z, and R, =
iZ.letl < 1+i>,xy=1andx; = i.Clearly x, € I because if x, € I then
there is a + ib € Z[i] such that 10 (a + ib [(1 + i) which implies a — b =
land a+ b = 0. [lence 2a = 1, contradiction. [hus, I is not a graded ideal of

(R, G).
"he following lemma is an exercise in a source [1[1,Jand we have proven it.
Lemma 1.2.9 :[16]

In 1deal is a graded ideal if and only if it can be generated by homogenous

polynomials.
Proof.

et R be a graded ring such that [ 11 Y. ;¢q Ry, where the R are additive
abelian groups such that R;R, € Ry.p forallg,h = 1.if I c K [x] is
graded, the homogenous parts of the generators of I obviously generate I . in

opposite, let I be an ideal generated by homogenous polynomials f;,i =

1’...’7'_

Suppose that v € I, i.e., v = )./, a;f;, a; € K[x]. [lote that each homogenous

part ‘@;)(j1f; of a;is in I, because I is an ideal. Since this holds for any g € I,
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we have that @;5;(INR,) S 1 S @;>;(INRy). [his means both are equal and

I 1s a graded ideal.

he following proposition is an exercise in a source [1[1,Jand we have proven
it.
Proposition 1.2.10: 1]

et R be a graded ring, and let [ be a graded ideal in R. [et

I« [JINRiforallk > 0.Then [II is a naturally a graded ring whose

homogeneous component of degree k is isomorphic to [ .
Proof .

[irst, we will show that R,I, < I,,, [et x € R,I, then x = r,a, where n,, €
R, and a, € 1;.S0x € Ryl implies that r,a, € R,I, implies that r,a, €
Ry,R,; NI [Since Ry NI =1,) implies that n,a, € Ry,q N1 [Since RyR, S

R,.q ) which implies that r,a, € I

p+q Since Ry o NI =1, .). [hus R,1, <

b'q —

IP"'CI-

Second, we need to show that the multiplication (R, /I,)(Ry/I5) S Rp4q/Ip+q.

1s well defined. [ e will show that:
1y + 1) Ty + 1) Uty + Ly
wherer, + I, € R, /I, and 1, + I; € R, /1.
Cetr, + 1, =1, +1,and 1, + 1, = v, + 1, []e want to show that:

T+ 1) Ty + 1) = (g + L)(1) + 1)

=]
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i.e., we want to show 1,7, + I, = 1,7y + L,14. So if we show that
1,1, — 1p7y) € L4 4 then we are done. Cote that 1, + I, = 7, + L, implies that

1, — 1, € I, implies that (1, — 1,,)7, € I, [by multiply both sides by 7, L

So, 1,7y — 11y € I, [because I, is an ideal [J Similarly, 1, + 1, =75 + 1,
implies that r, — 7, € I, implies that 7, (1, — 1) € I, [by multiply both sides
by 7, [.Cence, 1,75 — 11y € Iy Cherefore, (1,1, — 1,7,) + (1,75 — 174) € I,
[I, < I, which implies that (1,7, —1y17) € I, [, € 1. [ut, 1,1, € RyR, C
Ryiq- SO 1,15 €ERpyq and 1,75 € Ry . Llence, 1,1, — 1375 € | NRyyy =
I

p+q-

"hree, we will prove that R/l = @;_gRy /I where I, = R, N 1. [or eachr €
R,r = ) 1; such that r; € R; we define a: R »= @_ Ry /I by :

a(r) = Zri + I

1- @ is ring homomorphism for:

() ifr =X r;and s = ) s; € R then,

ar+s)=a(Xr+Xs) =aEn +s) = Yp=isj(n+5) + 1
=Xn+hL)+ Qs+ L) a@) + als).

(b)ifr =¥ 7;and s = ¥'s; € R then,

a(r.s) =a((Znr).Cs)) =a(ZXns)=2Xrs +1;

=(Xn+ ) (Xs;+ I;)Ja(r).a(s). So a is ring homomorphism

[
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2- « 1s onto for:

let a € ®y_yRy /I implies that a = )7, r; + I; implies that there exists b €
R,b =Y r; such that a(b) = a( X, ;) = X, 1; + ;. [hus «a is onto.

3-ker(a) =1 for:

a€ker(a)iff aXiioa) =0 iffairoa;) = Ya;+1; =
Yroli iff Ya, € Xl = ®-ol; 1. hence R/I = ®p—oRy /I

by the first isomorphism theorem!]
4- now we check the ring axioms.
1-R/I = @®;-yRy /I is abelian group.

2-ifry + I;,7; + [ and 1, + I, € R/I then,

(i +1).(r+ )]+ 1) = (i + iy j ) + L) = 1inity + iy jyn =
(ry + 1) (1 + i) = (rp + 1) [(5 + ). (5, + 1))

In addition, (r;+0).[(r;+ 1)+ +L)]= [(n+1).(; + D]+ [(r; +

I;). (r, + I,)]- [lence associative holds.

Proposition 1.2.11:[12]

et Rbea G —gradedringand a,b € R, g € G. then
l.la+b), = a4 + by.

2. @b)y = Treq Arbrig

Proposition 1.2.12: [30]
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et R be a G —graded ring then
I- R, is a subring of R and 1€ R,.

2- Ryand R are R, —modules.

1.3 Graded Modules

] brief overview of some definitions and results of graded algebras, and
differential graded modules over the graded polynomial ring R =
K[xq,%x5,,x,], following 3] [13[ [2[ 1) 2[Tand [31[]is given in this
section.

Definition 1.3.1: [29]

1 graded K-algebra, 4, is a sequence of K-vector spaces [4;}; ¢ z, together
with vector space homomorphisms:

p: AL®KA] - Ai+j for l,] € Z and

u: K — A, such that the following diagrams

pR1

1®pl jp

p
Ai®Ajim — Aivjim

1Qu
K®4; = 4;QK — A;®4,

o]

commute for all i,j,m € Z

[
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