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1.1 Introduction 

         In this chapter, we recall some basic concepts for bornological structures 

to solve the problem of boundedness for a set and a group. It is a natural to 

study fundamental construction for this structure such as bornological subset, 

product bornological sets. 

1.2 Definition of Bounded Set of Some Spaces  

1- What is the usual definition of bounded set in real number? 

A set  of real numbers is called bounded from above if there exists some real 

number (not necessarily in ) such that  for all  in . The number  is  

called an upper bound of . The terms bounded from below and lower bound 

are similarly defined. 

A set  is bounded if it has both upper and lower bounds. Therefore, a set of 

real numbers is bounded if it is contained in a finite interval. 

2- What is the usual definition of bounded set in matric space? 

A subset  of a matric space (  ) is bounded if there exists  such that 

for all  and  in , we have  The matric space (  ) is a bounded 

matric space (or  is a bounded matric) if  is bounded as a subset of itself.  

3- What is the bounded set in normed space? 

Let  be a vector space with norm which it is map from  to . 

Then ( ,  ) is normed space. 

That mean  is bounded if it is contained in a finite interval such that, 

  }, r is a positive real number. 

4- What is the bounded set in topological vector space? 
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The set  is bounded if it is absorbent by every neighbourhood of zero. i.e., 

 absorbs  (neighbourhood N containing  such that  

  

1.3 Bornological Set 

In this section, we recall some basic concepts for the bornological set with 

some examples and fundamental constructions for this structure. 

Definition 1-3-1 [5]:  

Let be a nonempty set. A bornology  on  is a collection  of a subsets of 

such that: 

1.  forms a cover of  

2.  is hereditary under inclusion, i.e. if  and  then ; 

3.  is stable under a finite union, i.e. if  then .                   

A pair ) is called a bornological set on a set , and the elements of  are 

called bounded sets. 

we can satisfy the first condition in different ways, sometimes if the whole 

set  belong to the bornology  or ,  or  =          .                    

Types of a bornology:  

1. The discrete bornology is the collection of all subsets on , i.e. discrete 

bornology  

2. The usual bornology (canonical bornology) is the collection of all usual 

bounded subsets on . i.e. usual bornology 

 

3. The finite bornology is the collection of all finite bounded subsets on . 

=           
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Definition 1-3-2 [5]: 

A base  for a bornology  on  is any sub collection of  such that every 

element of bornology is contained in an element of the base .  

Example 1-3-3: 

Let   

 

To satisfy that  is a bornology of . 

We must satisfy the three conditions: 

1. Since  , then  a covers  .     

2. If ,   , then   .  

 Since  is the set of all subsets of , i.e. =  = . 

 Then is stable under hereditary. 

   is stable under finite union,     

      

Then  is a bornology on  which we can define only one bornology on finite 

set it is called discrete bornology. 

Now to find a base  for . Let  or  

Example 1-3-4 [13]: 

let  be the set of real numbers (with Euclidean norm (absolute value)), we 

want to define usual bornology on  i.e.  is the 

collection of all usual bounded sets on . 

In fact, (a subset  of  is bounded if there exists bounded interval  such 

that    see [8]. 

on,     
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So,   

1. Since   ( ), we have and   (the bounded intervals with 

respect to absolute value where the absolute value divided  into 

bounded interval, and  (every subset of bounded interval is 

bounded).  

           Implies that  , { }   

           Then  covers . 

2. If and , there is bounded interval such that  .  

Therefore   , and  stable under hereditary.               

3.  If   ,  

 . 

  

    . 
    . 
    .  

          . 

Then   minimum upper bound and 

 1,…, n maximum lower bound, such that   

       

             has finite union of upper and lower bounds. 

 

           Take                         and   

 

   

 

 

   So,               , i.e.               
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               is bounded subset of ,  i.e.          

 

Then is a bornology on  and it is called usual bornology.     

And the base of this bornology is: 

 =  

Example 1-3-5: 

Let =  with Euclidean norm 

         

                                                          

where . 

                  

be a disk of the radius  with center at . 

A subset  of  is bounded if there exists a disk with center   such 

that , see [13].  

Let  be a family of all bounded subset of . 

Then  is a bornological set and  is called usual bornology on . 

Such that: 

1. It is clear that every closed disk in  is bounded set that means, 

           since  is covered by the family of all disks.   

          Then,  covers . 

            i       
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2. If  and , then there is closed disk such that . 

Therefore . 

3. If  then  are closed disks such that 

 

And . Then  

Thus, the finite union subsets of . Then  is a bornology on . 

A base of bornology on  is any sub family such that  

 

Remarks 1-3-6 [13]: 

1- Every bornology forms a base for itself and have more than one base on . 

2- Not every family of subsets of a set  will form a base for a bornology on 

 For example   then  cannot be a base 

for any bornology because the base must be contain large subsets of . 

Definition 1-3-7 [5]: 

Let  and  be bornological sets a map   is called 

bounded map if the image for every bounded set in  is bounded set in 

. That means, . 

The identity map between two bornological sets is bounded map see [5]. 

Example 1-3-8:    

Let  with two discrete bornological set. 

  

We define . 

As follows  
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As                 ,    , ,    

It is clear that  is bounded map. 

Example 1-3-9: 

Let ( ) be the canonical bornological set. 

Then, the map f :   defined as  is not bounded map. 

Indeed,  bounded set in , and the image of this bounded set 

under is [1,  that is not bounded in . 

Therefore  is not bounded map. 

Proposition 1-3-10: 

 Let  and  be two bounded maps. Then 

the composition   is bounded map. 

Proof: 

Suppose since  is bounded map then  is bounded 

set and   

Again since  is bounded map. 

It follows that . 

So, the composition  is bounded map. 
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Definition 1-3-11 [8]:  

 A map between two bornological sets  and  is called a 

bornological isomorphism if  it is bijective and  are bounded maps.  

Consequently, for every  there is , such that: 

  ,  . 

Example 1-3-12:  

Consider  and  with usual bornology 

 and   , defined as    

Clearly that  is bijective and bounded map. 

Consider , which is bounded subset of . 

Since the image of this bounded set  under  is  and it is 

bounded set. 

Then,  bounded map. 

Furthermore  exists and bounded map. 

Then,  is bornological isomorphism. 

Proposition 1-3-13:   

If  is bornological isomorphism, then  is also bornological isomorphism. 

Proof:  

Let  is bijective, then  is bijective. 

Since  is bornological isomorphism then  is bounded also 
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 is bounded. 

Therefore,  is bornological isomorphism. 

Definition 1-3-14 [5]:  

Let  be a bornological set and let . Then the collection                  

 =  is a bornology on . The bornological set ( , ) is 

called a bornological subset of , and   is called relative bornology on 

. 

Example 1-3-15: 

Let = .  

 and let  then  

Then, the relative bornology on ,   =  

]8[ 61-3-Definition 1 

Let , and  be two bornological sets,   where 

. We say that  is a base, and is called product bornology. 

Remark 1-3-17: 

If we defines a bornological structure on  ,  then the product set  

with this bornological structures is called a bornological product sets of  

and . 

 Example 1-3-18:  

Let  , .  

We defined a discrete bornological on , . 

                                     ,   
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 is a base, and is called product bornology. And if  

    

           , define a discrete bornology on  

      

 

                

             is called a          

bornological product sets. 

 

 

 

 

 



     Chapter One:                                                                   Basic Concepts  
 

11 
 

1.4 Bornological Group 
     In this section we recall the definition of bornological group and provided 

some examples in details. 

]: 161 [-4-Definition 1 

A bornological group  is a set  with two structures:  

1.  is a group;   

2.  is bornology on                      

Such that, the product map  is bounded and the 

inverse map   is bounded.

In the other words, a bornological group is a group  together with a bornology 

on  such that the group binary operation and the group inverse maps are 

bounded with respect to the bornology. 

Let be a bornological group and   be any two bounded subsets of . 

We denote for the image of  under product map 

by ,  is the binary operation defined on 

the group, and . 

.2):4Example(1. 

 A bornology on general linear group. 

Let  = ( 2 2 , .  ) be a group, , which is the set of matrix 

elements and multiplication operation.  

We can define a finite bornology  on this group, which is the collection of all 

finite subsets of . 
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To show with finite bornology  is a bornological group ( ).  

 We have to show that, the product map and inverse map are bounded.  

1. :    . 

Let 1, 2 are two bounded sets (finite sets) in  we have to show 

that 

 ( 1  2) is bounded. 

 

= { 1. 2 : 1=  and 2 =  

}  

Thus, the product map is bounded. 

2.  :   . 

Let ,   which is finte set. 

Then, -1 = {     

So,  is bounded. Then,  is a bornological group. 

3:-4-1 Example 

Let =  be an additive group and let  be the finite bornology define on 

 

To show  with finite bornology  is a bornological group . 

We have to show that, the product map and the inverse map are bounded. 

1.  

 



 

 

 

  هو بنية لحل مشاكل التقييد بالنسبة للمجموعات والزمѧر والѧدوال بصѧورة عامѧة. لوجيوالفضاء البرن

 دوالفيمѧا يتعلѧق بالѧ مѧن الزمѧر البرنولوجيѧة جديѧدة اصنافهو دراسة  عملمن هذه ال الرئيسي لهدفا

تشكل هذه الهياكѧل  .**Sدة من النوع والدوال المقي *Sدة من النوع دوال المقيوال S من النوع قيدةالم

والزمѧرة  S الزمѧرة البرنولوجيѧة مѧن النѧوع هنѧا تسѧمىالجديѧدة هياكѧل مرتبطѧة بѧالزمر البرنولوجيѧة 

دراسѧة  تمѧت فѧي هѧذا العمѧل ايضѧا.**S والزمرة البرنولوجية مѧن النѧوع  *Sالبرنولوجية من النوع 

الزمرة  شبهو S من النوعرنولوجية بالزمرة ال شبهالبرنولوجية تسمى  ةالزمر شبهمن  اصناف جديدة

هѧو طلѧب شѧرطا أقѧل تقييѧداً علѧى ان الدافع لدراسة هذه الهياكل الجديѧدة **S. البرنولوجية من النوع 

مقيدة مѧن النѧوع  دوالهي سنفترض ان عمليات الزمر  ، ولا يلزم تقييد أي من العملية.زمرعمليات ال

S  دة من النوع مقيودوالS*  دة من النوع مقيودوالS**. 

أعطينا ، Sلوجية من النوع وكل زمرة برنولوجية هي زمرة برنتم اثبات النتائج المهمة الرئيسية هي 

  *S.من النوع  برنولوجية زمرةليكون  *Sمن النوع  برنولوجية زمرةا معيناً لأي مجال مقابل لشرط

وتمѧѧاثلاَ   Sالنѧوعرنولوجيѧأ مѧن بحويѧل أيسѧر (أيمѧѧن)  يكѧون تمѧاثلاَ كѧل تبالإضѧافة الѧى ذلѧك ، اثبتنѧا 

كѧل شѧبه زمѧرة برنولوجيѧة هѧي واثبتنѧا  .**Sوتماثلاَ برنولوجيأ مѧن النѧوع   *Sمن النوع أبرنولوجي

 .**S وشبه زمرة برنولوجية من النوع  Sلوجية من النوع وشبه زمرة برن

جديدة في نظرية الفئة لذلك ، أصبح مصدر اهتمѧام  هيكل، منذ أن وضعت المعرفة الجديدة كل  راً أخي

 المباشѧѧر الضѧѧرب مفهѧѧوم مناقشѧѧة وضѧѧع كѧѧل هيكѧѧل جديѧѧد فѧѧي نظريѧѧة الفئѧѧة والعديѧѧد مѧѧن البѧѧاحثين ، ل

في نظريѧة  نا على وضع هيكل المجموعة شبه البرنولوجيةيحفز. هذا والمعادلات الاساسي والضرب

 .الفئة

 

 

 

 

 


