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Chapter One: Basic Concepts

1.1 Introduction

In this chapter, we recall some basic concepts for bornological structures
to solve the problem of boundedness for a set and a group. It is a natural to
study fundamental construction for this structure such as bornological subset,

product bornological sets.

1.2 Definition of Bounded Set of Some Spaces
1- What is the usual definition of bounded set in real number?

A set B of real numbers is called bounded from above if there exists some real
number k (not necessarily in B) such that k > b for all b in B. The number k is
called an upper bound of B. The terms bounded from below and lower bound

are similarly defined.

A set B is bounded if it has both upper and lower bounds. Therefore, a set of

real numbers is bounded if it is contained in a finite interval.
2- What is the usual definition of bounded set in matric space?

A subset B of a matric space (M, d) is bounded if there exists » > 0 such that
forall b and t in B, we have d(b, t) < r. The matric space (M, d) is a bounded

matric space (or d is a bounded matric) if M is bounded as a subset of itself.
3- What is the bounded set in normed space?

Let VV be a vector space with norm which it is map from V to R*.

Then (V, ||. ] ) is normed space.

That mean B is bounded if it is contained in a finite interval such that,

B = {b:|b — 0| <r }, risapositive real number.

4- What is the bounded set in topological vector space?
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The set B is bounded if it is absorbent by every neighbourhood of zero. i.e.,
N absorbs B. (neighbourhood N containing B).i.e.,3 k > 0, such that
kN 2 B.

1.3 Bornological Set

In this section, we recall some basic concepts for the bornological set with

some examples and fundamental constructions for this structure.

Definition 1-3-1 [5]:

Let X be a nonempty set. A bornology 8 on X is a collection £ of a subsets of
Xsuch that:

1. B forms a cover of X;

2. [ is hereditary under inclusion, i.e.if A € Band B € S then A € (3;
3. B is stable under a finite union, i.e. if V B;,B, € f then B, U B, € f.
A pair (X, B) is called a bornological set on a set X, and the elements of f are

called bounded sets.

we can satisfy the first condition in different ways, sometimes if the whole
set X belong to the bornology g orvV x € X, {x} € B or X= U B.

BER

Types of a bornology:

1. The discrete bornology is the collection of all subsets on X, i.e. discrete

bornology = 2%.

2. The usual bornology (canonical bornology) is the collection of all usual
bounded subsets on X. i.e. usual bornology
= {B € X:B is usual bounded}.

3. The finite bornology is the collection of all finite bounded subsets on X.

2



Chapter One: Basic Concepts

Definition 1-3-2 [5]:

A base B, for a bornology S on X is any sub collection of g such that every

element of bornology is contained in an element of the base £3,.

Example 1-3-3:

LetX = {1,3,5}.

B =1{0,{1} {3} {5} {1,3},{3,5}, {1,5}, X}.
To satisfy that 8 is a bornology of X.

We must satisfy the three conditions:

1. Since X € 5, then g acovers X .
2. IfBe B, A<S B,thenA € B.
Since g is the set of all subsets of X, i.e. § = p(X) =2~*.

Then B is stable under hereditary.

n
3. [ is stable under finite union, U B; € f VY By,B,,...B, € L.

=1

Then £ is a bornology on X which we can define only one bornology on finite

set it is called discrete bornology.
Now to find a base g, for 8. Let 8, = {X} or B, = {{1,3},{1,5},{3,5}, X}

Example 1-3-4 [13]:

let R be the set of real numbers (with Euclidean norm (absolute value)), we
want to define usual bornology on R (canonical bornology), i.e. S is the

collection of all usual bounded sets on R.

In fact, (a subset B of R is bounded if there exists bounded interval (a, b) such
that B < (a, b)) see [8].
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So, f={B:B < (a,b):Va,b e R}

1. Since V x € (a, b), we have and {x} c (a, b) (the bounded intervals with
respect to absolute value where the absolute value divided R into
bounded interval, and {x} c (a, b) (every subset of bounded interval is
bounded).

Implies that V x € R, {x}€ B.

Then g covers R.

2. If B € fand A € B, there is bounded interval such that A € B C (a, b).
Therefore A € 3, and g stable under hereditary.

3. If By,..,B, € B,
B, € (a4, by) .
B, € (a,, b,) .

Bn g (aTU bn)
Then3 L4, ..., L,, minimum upper bound and

J1,-.-., gn maximum lower bound, such that

n
U B; has finite union of upper and lower bounds.

=1

Take g = min{aq,a,, ...,a,}

1<isn

L = max{by, by, ..., by}

1<isn

n
SO, UBL c (gi'Li)' |e
i=1
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n
U B; is bounded subset of R, i.e. B; € .
i=1

n

=1

Then £ is a bornology on R and it is called usual bornology.
And the base of this bornology is:
Bo={Br(x):reER,xeER}={(x—1,x+1): 7€ R x €R}

Example 1-3-5:

Let X =R? with Euclidean norm

2 /2
Il = (Zw)
i=1

where x = (x4, x,).
D,(b) = {x € R?: ||x — b|| < r,forr > 0}
be a disk of the radius r with center at b = (b4, b,).

A subset B of R? is bounded if there exists a disk with center x, D,.(x,) such
that B € D, (x,), xo € B,r = 0, see [13].

Let B, be a family of all bounded subset of R2.

B, = {B € R?: B is usual bounded subset of R?}.

Then (R?, 8,) is a bornological set and g, is called usual bornology on R?,
Such that:

1. Itis clear that every closed disk in R? is bounded set that means,

B € 3, since R? is covered by the family of all disks.

Then, B, covers RZ.
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2. If B € B, and A € B, then there is closed disk such that A € B € D,..
Therefore A € f3,,.
3. If By, B, € By then D,., D,., are closed disks such that B, € D,., B, €

D,..
And r = Maxl'=1’2{ri}. Then Bl U BZ c DT"

Thus, the finite union subsets of R2. Then B, is a bornology on R?.

A base of bornology on R? is any sub family such that
Bo = {Dr(x0):7 > 0}.

Remarks 1-3-6 [13]:

1- Every bornology forms a base for itself and have more than one base on X.
2- Not every family of subsets of a set X will form a base for a bornology on
X. For example X = {1,3,5}, B, = {{1}, {3}, {5}} then B, cannot be a base
for any bornology because the base must be contain large subsets of X.
Definition 1-3-7 [5]:

Let (X,B) and (Y,B") be bornological setsa map f:(X,8) = (Y,B") is called
bounded map if the image for every bounded set in (X, /) is bounded set in
(Y,B"). That means, VB € 8 = f(B) € f'.

The identity map between two bornological sets is bounded map see [5].

Example 1-3-8:

Let X =Y = {1,2,3} with two discrete bornological set.
B =pB"=1{0,{1},{2},{3},{1,2},{1,3},{2,3}, X}.
We define f: (X,8) = (Y, B").

As follows
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f(B)=B', YBep, B'e .
As f@=0, f{1H ={1} , FA2D) = {2}, F{3D = {3}
It is clear that f is bounded map.

Example 1-3-9:

Let (R, B) be the canonical bornological set.
Then, the map f: R\{0} —» R defined as f (x) = % IS not bounded map.

Indeed, B = (0,1] bounded set in R\{0}, and the image of this bounded set
under £ is [1,00) that is not bounded in R.

Therefore f is not bounded map.

Proposition 1-3-10:

Let f: (X,B) » (Y,B") and h: (Y,B") = (Z,B'") be two bounded maps. Then
the composition f e h: (X,8) - (Z,B'") is bounded map.

Proof:

Suppose B € g since f: (X, ) = (Y, ") is bounded map then f(B) is bounded
setand f(B) € B'.

Again since h: (Y,B") - (Z,B'") is bounded map.
It follows that f(h(B)) € B"".

So, the composition f o h: (X,B’') = (Z,B'") is bounded map.
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Definition 1-3-11 [8]:

A map f between two bornological sets (X,By) and (Y,By) is called a

bornological isomorphism if f it is bijective and f, f~1 are bounded maps.
Consequently, for every B € By there is B’ € Sy, such that:
B'= f(B), B= f~X(B").

Example 1-3-12:

Consider X = (—3,3) and Y = (—5,7) with usual bornology
and f:R — R, definedas f(x) =2x+1

Clearly that f is bijective and bounded map.

Consider X = (-3, 3), which is bounded subset of R.

Since the image of this bounded set (—3,3) under f is (=5,7) and it is

bounded set.

Then, f bounded map.

Furthermore f 1 exists and bounded map.
Then, f is bornological isomorphism.

Proposition 1-3-13:

If £ is bornological isomorphism, then f~1 is also bornological isomorphism.
Proof:
Let f is bijective, then f~1 is bijective.

Since f is bornological isomorphism then £~ is bounded also

8
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f=({"YH1isbounded.
Therefore, f~1 is bornological isomorphism.

Definition 1-3-14 [5]:

Let (X,B8) be a bornological set and let Y € X. Then the collection
By ={BNY:B € B} is abornology on Y. The bornological set (Y, Sy) is
called a bornological subset of (X, 8), and By is called relative bornology on
Y.

Example 1-3-15:

Let X={a, b, c}.
B = {0,{a},{b},{c},{a, b}, {b,c},{a,c}, X} andletY = {a, b} then

Then, the relative bornology on Y, By ={®,Y,{a}, {b}}.

Definition 1-3-16 [8]

Let (X,B), and (Y,B") be two bornological sets, 8, ={ B X B" where B €
B, B’ € B'}. We say that S, is a base, and is called product bornology.

Remark 1-3-17:

If we defines a bornological structure on X x Y, then the product set X X Y
with this bornological structures is called a bornological product sets of (X, ),
and (Y, 8").

Example 1-3-18:

Let X = {a,b},Y = {1,2}.

We defined a discrete bornological on X, Y.

B =1{8,X {a},{b},

9
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B ={0v,{1},{2}}.

BXpB = {Q),X XP,XxXY,Xx{1}, X x{2},{a} x 0,{a} xXY,{a} x {1}, {a}
x {2}, {b} x @,{b} x Y, {b} x {1}, {b} x {2}

BxpB ={0,XxY,Xx{1},X x{2},{a} xY,{a} x {1}, {a} x {2}, {b}
x Y, {b} x {13}, {b} x {2}}

BxpB" ={08,XxY,{(a,1),(b D}{(a2),(b2)}{(a1), (a2} {1}
{(a,2)},{(b, 1), (b, 2)},{(b, D}, {(b, 2)}}
B, = B x B'is a base, and is called product bornology. And if

XXY={(x,y):x€X,y€eY}

={(a,1),(a,2),(b,1), (b, 2)}, define a discrete bornology on X x Y.
Bxxy ={0,X xY,{(a, D} {(a,2)},{(b, D} {(b,2)},{(a, 1), (b, 1},
{(a, 1), (b,2)},{(a,2), (b, D}, {(a,2), (b, 2)},{(a, 1), (a,2)},
{(b,1),(b,2)},{(a,1),(a,2),(b, 1} {(a1),(a2),(b2)}

{(a,1),(b,1),(b,2)},{(a,2),(b,1),(b,2)}} (X XY,Bxxy) is called a
bornological product sets.

10
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1.4 Bornological Group
In this section we recall the definition of bornological group and provided

some examples in details.

Definition 1-4-1 [16]:

A bornological group (G, B) is a set G with two structures:

1. (G,*) isagroup;
2. B is bornology on G.

Such that, the product map f: (G, B) % (G,B) — (G, ) is bounded and the
inverse map f~1:(G,B) — (G,p) is bounded.

In the other words, a bornological group is a group G together with a bornology
on G such that the group binary operation and the group inverse maps are

bounded with respect to the bornology.

Let G be a bornological group and B,, B, be any two bounded subsets of G.

We denote for the image of B; X B, under product map

G, B)*x (G, B) — (G, B)

by B, * B, = {b; * b,: by € B;, b, € B,}, * is the binary operation defined on
the group, and B~ = {b~1: b1 € B}.

Example(1.4.2):

A bornology on general linear group.

Let G = ([ |2, . ) beagroup, a,b € R*, which is the set of matrix

elements and multiplication operation.

We can define a finite bornology £ on this group, which is the collection of all

finite subsets of G.

11
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To show G with finite bornology g is a bornological group (G, £).
We have to show that, the product map and inverse map are bounded.

1 f:(G,B) x(G,B) = (G.B).
Let M,, M, are two bounded sets (finite sets) in (G, 8) we have to show
that

f (M;x M,) is bounded.
fMy X M) = M. M, = {m, .my:my € (G,B),m, € (G,B)}

by

1] and m, [ ,a4,05,by, b, € RTY

={my.m, . my= [%1

_ {[ b1] _ [az blz _ albaz a. bz + b1]} c (G, ).

Thus, the product map is bounded.

2. f711(G,B)~ (G,B).
LetM € (G,f), M = {m:m = ¢ ’i ,a,b € R* }, which is finte set.

~b
Then, M'={mt:m™ ' = F 7]} c (G, B).
0 1

So, f~1 is bounded. Then, (G, B) is a bornological group.

Example 1-4-3:

Let G=(Z, +) be an additive group and let 8 be the finite bornology define on
G.

To show G with finite bornology £ is a bornological group (G, B).

We have to show that, the product map and the inverse map are bounded.

L f:(G,B) % (G, B) = (G, B).

12
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