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Chapter One

Some Basic Concepts for

Bornological Structures



1.1 Introduction

In this chapter, we recall some basic concepts for bornological structures
which it is used to solve the problem of boundedness for a set and a group in
general way. It is a natural to study fundamental construction for this structure

such as bornological subset, product bornological set, see [2].

1.2 Bornological Sets

In this section, we explain and clarify bornological structure with some
detailed examples.

Definition [1.2.1]1(Bornological Set) [5]:

Let X be a nonempty set. A bornology 8 on X is a collection of subsets of
X such that:

I. B formsa cover of X;
ii. B inclusion under hereditary, i.e. if B € ,3 A S BthenA € j;
Ii. B inclusion under finite union, i.e. if Vv B;,B, € fthen B, U B, € f.
A pair (X,B) consisting of a set X and a bornology g on X is called a

bornological set, and the elements of £ are called bounded subsets of X.

We can satisfy the first condition in different ways. First if the whole set X

belong to the bornologyorVx € X, {x} € porX = U B .
BEP
Some Types of a bornology:

I. The discrete bornology (S,is) is the collection of all subsets of X, i.e.

discrete bornology P(X) =27,

Ii. The usual bornology (8,,) is the collection of all usual bounded subsets of

X, i.e. usual bornology = {B<X: B is usual bounded, with respect to X }.

iii. The finite bornology (By:y) is the collection of all finite bounded subsets

of X.
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Definition[1.2.2](Base) [5]:

Let (X,B) be a bornological set. A base [, is a sub collection of
bornology B, and each element of the bornology is contained in an element of

the base.

Example [1.2.3]:

Let X = {1,3,5}, = {9, X, {1}, {3}, {5}, {1,3},{1,5},{3,5}}.

To satisfy that £ is a bornology on X.

I. Since X € B, then X is covering itself.
ii. IfBepB,ASB,thendep
Since f is the set of all subsets of X, i.e. B = P(X) = 2%,

Then g inclusion under hereditary.

iii. B inclusion under finite union, i.e. U B; € B,V By,B,, ..., B, €L.

Since

{1} u {3} = {1,3}, {1,3Ju{15} =X, 0uU{1,3}={13},
{1} u {5} = {1,5}, {1,3}u{3,5} =X, 0U({35}=1{3,5}
{31 u {5} ={3,5}, {1,5}u{35} =X, ou{l}={1}

Then g is bornology on X. We can define only one bornology on finite set

it is called discrete bornology.
Now, to find the base for bornology

Bo ={{1,3},{1,5},{3,5}, X}, or B, = {X}.

Example [1.2.4]:

Let R be the set of real numbers (with Euclidean norm (absolute value)).
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We want to define a usual bornology on R that mean S is the collection of all
usual bounded sets on R, in fact, (a subset B of R is bounded if and only if

there exist bounded interval such that B < (a, b)).
So,8={B:B S (a,b) : Va,b € R}.

I. SinceV x € (a,b) and {x} < (a, b) (the bounded intervals with respect
to absolute value where the absolute value divided R into bounded
interval), (every subset of bounded interval is bounded). Implies that,
V x € R, {x} € B. Then B covers R.

. If Bepf and A <€ B,there is bounded interval such that A€ B <
(a,b).

Therefore A € 3, and S stable under hereditary.
. If By,B,,...,B, € [, then there is L,, L,, ..., L,, least upper bound and

91, 92, -, gn Qreater lower bound, such that

U B; has finite union of upper and lower bounds.
i=1

Assume that L = max {L;}, and g = min {g;}

U B; has least upper bound L and greater lower bound g.
i=1

That mean U B; is bounded subset of R.

i=1

n
That mean U B, € B Then g is bornology on R.

i=1
And the base of this bornology is:

fo={B,(x):reRx€ER}={(x—r,x+71):r €R x €R}



Chapter One: ............... Some Basic Concepts for Bornologlcal Structures

It is clear that every element of that bornology g is contained in an element of
the base £,.

Example[1.2.5]:

Let X = R? with Euclidean norm

2 Ya
Ipll = (Zw)
i=1

D,(x)={x € R%|lp—x| <, forr =0}
be a disk of the radius r with center at xo = (x4, x,).

A subset B of R? is bounded if there exists a disk with center x, D, (x,) such
that B € D,-(x,) .

Let B, be a family of all bounded subset of R2.
B, = {B € R?: B is usual bounded subset of R?}.
Then (R?, 8, is a bornological set and g, is called usual bornology on R?,

i. It is clear that every disk in R? is bounded set that means, B € S, since R?
is covered by the family of all disks. Then B, covers R?.
. If B € 5, and A < B, then there is disk such that A € B C B,.. Therefore
A€ By,
iii. If By, B, € B, then B, , B, are disks such that B; € B, , B, € B,..

And r = Maxizl’z{ri}. Then Bl U BZ c BT'Z'

Therefore, the determinate union subsets of R%. Then S, is a bornology

on RZ2.

A base of bornology on R? is any sub family such that 8, = {D,.(x,): 7 = 0}.
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Definition [1.2.6](Sub Base)[8]:

Let (X, 8) be a bornological set, a family S of members of a bornology S
Is said to be subbase for g if the family of all finite unions of members of S is

a base for .

Example[1.2.7]:

Let={1,2,3}, B = {X,0,{1},{2},{3}, {1, 2}, {1, 3}, {2, 3}}.
Let S = {{1},{2},{3}}.

Then S is subbase for g where g, = {{1, 2}, {1, 3},{2, 3}, X}, or B, = {X} are

bases for 3.

Remarks[1.2.8]:

1. Not every family of subsets of a set X will form a base for a bornology on
X.
For example = {1,3,5}, By = {{1}, {3}, {5}}, then B, cannot be a base for
any bornology because the base must be contain a large subsets of X see
[12].

2. Let (X,B),(Y,B") be bornological sets and f3,, B, are bases for g and f5’,
respectively. If 5, € 5, , then 8 € '.

For example: X = {1,2,3},Y = {1,2,3,4}

p={0 X {1},{23,{3}{1,2},{1,3},{2,3}},

B =1{0,Y,{1},{2}, (3}, (4},{1,2},{1,3},{1,4},{2,3},{2,4},{3,4},{1,2,3},
{1,2,4},{1,3,4},{2,3,4}}.

Bo = {{1,2},{1,3},{2,3}, X},

Lo = {{1,2,3},{1,2,4},{1,3,4},{2,3,4},Y,{1,2},{1,3},{2,3}, X }.

It is clear that 8, € 3, then, B € .
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Definition [1.2.91(Bounded Map) [5]:

Let (X,B) and (Y, B") be bornological sets. A map y: (X,8) = (Y,B") is
called bounded map if the image for every bounded set in (X, 8) is bounded
setin (Y,B"). That means, VB € § = y(B) € (.

Notice that, the composition of two bounded maps is bounded map.

Definition[1.2.10]( Bornological Isomorphism )[9]:

A map ¥ between two bornological sets (X,8) and (Y,B") is called a

bornological isomorphism if v is bijective also, ¥,y are bounded maps.
Consequently, for every B € (8 there is B’ € ', such that
=9y(B), B =y~(B").

Example [1.2.11]:

Consider X = {10,11}, Y = {5,6} with finite bornology on X, Y.

B =1{0,X {10} {11}},8’ = {@,Y,{5}, {6}}.
Define a function : X — ¥ such asp(X) = Y, (@) = @,%(10) = 5
,1(11) = 6. Itis clear that 1 is bijective and 1 and 1~* bounded map.
P({10) = {5} = y~'({5}) = {10}
Y({11) = {6} >y~ ({6}) = {11}
P =Xy (@) =9

Proposition[1.2.12]:

If Y:(X,B) — (Y,B") and ¢:(Y,B") — (Z,B"") are both bornological
isomorphism, then the composition ¢ o y: (X,8) — (Z,B"") is bornological

isomorphism.
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Since ¥ and ¢ are one to one and onto,

then ¢ oy is one to one and onto (composition of any two one to one, onto

maps is one to one, onto map respectively).

Since ¥ and ¢ are bounded maps, then ¢ o 1 is bounded map.
Since Y and ¢ are bornological isomorphism,

then 1 and ¢~ are bounded also, 1y~1 o ¢~ is bounded,
since Y~ togp™l = (¢ o)t is bounded.

Therefore, ¢ o Y is bornological isomorphism.

Definition [1.2.13]( Bornological Subset) [5]:

Let (X,B) be a bornological set and let Y € X. Then the collection
By ={BNY:B € p} is a bornology on Y. The bornological set (Y,By) is
called bornological subset of a bornological set (X,£) also called relative

bornology on'Y.

Example [1.2.14]:

X = {2,4,6}, with discrete bornology on X.

B =1{9,X,{2},{4},{6},{2,4},{2,6},{4,6}}.

And the base of bornology is o= {{2,4},{2,6}, {4,6}, X}.

And letY = {2,4}.

Then we have

By ={0NY,XNY,{2}nY,{4}nY,{6}JnY,{24}NnY,{2,6}nY,{46}NnY}

By = {0,Y, {2}, {4}}.

Then the subset of bornology is Sy.
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[1.2.15] Definition (Product Bornology) [9]:

Let (X,B), and (Y,B") be two bornological sets, 8, = {The family of all
B x B' where B € B,B’ € '}.We say that 3, is a base, and is called product

bornology.

If we defines a bornological structure on X X Y, then the product set X x Y
with this bornological structure is called a bornological product sets of (X, ),
and (Y, B8").

Example [1.2.16]:

Suppose X = {a, b}, Y = {1, 2}.
We defined a discrete bornology on X, Y.
B ={9 X, {a},{b}}
B’ =1{0,Y,{1}{2}}.
BXB ={0,Xx0,XxXY,Xx{1}X x{2},{a} x 8,{a} X ¥, {a} x {1}, {a}
x {2}, {b} x @, {b} x Y, {b} x {1}, {b} x {2}}
BxPB ={0,XXY,Xx{1},X x {2},{a} x V,{a} x {1}, {a} x {2}, {b}
x Y, {b} x {13}, {b} x {2}}
BxpB ={0XxY,{(al),b1}{a?2),b2)}{al)a2)}{lal)}
{(a,2)},{(b,1),(b,2)},{(b, )}, {(b,2)}}

Bo = f %X B'is abase, and is called product bornology. And if
XXY={(x,y):xeX,yeY}

={(a,1),(a,2),(b,1), (b, 2)}, define a discrete bornology on X x Y.
Bxxy = {8, X xY,{(a, D}, {(a,2)},{(b, D},{(h, 2)},{(a, 1), (b, D},
{(a, 1), (b,2)},{(a,2), (b, D} {(a, 2), (b, 2)},{(a, 1), (a,2)},{(b, 1), (b, 2)},
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{(a, 1), (a,2),(b, 1)}, {(a,1),(a,2),(b,2)},{(a,1),(b,1), (b, 2)},

{(a,2),(b,1),(b,2)}}. (X XY, Bxxy) is called a bornological product sets.

1.3 Bornological Group

In order to address the issues of boundedness for groups, we will review

the idea of bornological group in this section.

Definition [1.3.1](Bornological Group) [4]:

A bornological group (G, ) is a set with two structures:

I.  (G,*)isagroup;
ii. B isabornology on G.

Such that the product map ¥: (G,B) X (G, B) — (G, B) is bounded and
Y~ 1:(G,B) — (G, PB) is bounded.

In the other words, a bornological group is a group G together with a
bornology on G such that the group binary operation and the group inverse

maps are bounded with respect to the bornology.
Let (G, B) be a bornological group and B,, B, be two bounded subsets of G.
We denote the image of B; X B, under product map

(G,B) x(G,) — (G, B)

By B; * B, = {b, * b,: b; € By, b, € B,}, * is the binary operation defined on

the group which we want to bornologies it, and B! = {b~1 € B}.

Example [1.3.2]:

Let G = ([8 ﬂ , ) be agroup e, f € R,e # 0, which is the set of

2X2

matrix elements and multiplication operation.
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We can define a finite bornology £ on this group, which it is a collection
of all finite subsets of G.

To prove G with finite bornology g is bornological group (G, B).

We must prove that, the product map and the inverse map are bounded.

i :(G,B) x(G,B) — (G, B).

Let D,, D, € (G, B) be two bounded subsets, we must prove that
Y (D, x D,) is bounded.

Y(Dy X D;)=D; - D, ={d; - d,:dy,d; € G}
— . . _Jex fi _
={d,-dy: dy = [0 ] d, [ ] e, e f1, f» ER}

:{[601 ];1] . [%2 112]} — {[91(')92 elf21+ fl]} cC (G,ﬁ)

the product map is bounded.

i. (G, B) — (G, P).
LetD € (G,B),D ={D:D = [(e) ﬂ} which is finite set.

1

1 -f
ThenD 1 ={d 1:d 1=[6 i]}c(G,,B).

So, 1~ 1 is bounded. Then (G, B) is bornological group.

Example[1.3.3]:

Let (Z, +) be an additive group and g be the finite bornology define on Z.
To prove Z with finite bornology S is a bornological group (Z, ).

We must prove that, the product map and the inverse map are bounded.

. Y:(Z,B) x(ZB) — (Z,B)
Let A, B € 8 be two bounded subsets, to prove that 1)(A X B) is bounded.

-10 -
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Thus, Y (A X B) = A + B is bounded subset belong to Z, since Z group.

Thus, the image for every two bounded sets A, B under ¥ is bounded set.

i.p~1:(G,B) - (G, B).
Let A € B be a bounded set, thus ¥ ~1(B) = B~1 c Z, since Z is a group.

Which it is finite bounded set . Then B~ € .
Then =1 is bounded map .

As we know, every group can be turned into bornological groups by
providing it with the discreet bornology. But the problem it is with indiscreet
bornology, there are such kind of group cannot be bornological group because
the inverse map is not bounded that means, cannot solve the problem of
boundedness. In [9] this problem was solved by introducing a related structure
to bornological group which is bornological semi groups. The idea of this
solution is come from since every group is semigroup.So, for these kind of

groups.

Definition [1.3.4](Bornological semigroup)[9][10][11]:

Abornological semigroup is a set S with two structure:
I. S Is semigroup with binary operation f: S — S;
ii. S is bornological set.
Such that the function f is bounded map.

Example[1.3.5]:

If (S,%) an infinite semigroup , then the bornology consisting of all finite

subsets of S is a bornological semigroup.

Every bornological group is a bornological semigroup but the converse is not

true.

-11 -
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Example (1.3.6)[9]:

consider the group (Z ,+) and the bornology f={B < Z : B c (—,b), for
b € Z},on Z. Then (Z,+ ,B) is bornological semigroup. However (Z,f) is not
a bornological group since, the image —B = [ —b, +) of B = (—oo,b] € B

under the inverse map is not bounded in S.

After that, the problem is if they define bornology, for example usual
bornology or finite bornology on infinite total order set the whole set cannot
belong to the collection of bornology. So, to solve this problem they introduce

the concept of semi bounded set.

1.4 Semi Bounded Set [10]:

In this section, we will speak about the definition of semi bounded set and
some details it.

Definition[1.4.11Semi Bounded Set with respect to Bornological Set[10]:

A subset S of a bornological set X is said to be a semi bounded set if there
is a bounded set B of X such that, B €S < B, where B={ all upper and
lower bounds of B} U B.

SB(X) is that collection of all semi bounded subsets of X.
Every bounded set is semi bounded set, but the converse is not true see [9].
In discrete bornology on infinite set, any semi bounded set is bounded set .

Definition[1.4.21[10]:

A map f:X =Y from a bornological set X into a bornological set Y is

called:

1. S-bounded map if the image of every bounded subset of X is semi

bounded setinY;

-12 -
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