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Chapter One: Basic Concepts

Introduction :

This chapter deals with several basic mathematical concepts including
definitions, examples, lemmas, propositions, and theorems that

important and useful in our work.

Definition(1.1)/[20]: A Vector Space V # @ is a set on a field R, such

that for all x,y,z €V ,andscalars «,p, ... € R, the following are held:
l. ax+pfy eV

2. x+y=y+x,

w

(x+y)+z=x+ (U +2),

4. There is a zero vector, such that x +0 = «x,

5. There is a vector —x for any vector , such that x + (—x) =0,

(op}

calx+y) = ax + ay,

~l

. (@ +B)x = ax + Bx,

. a(Bx) = (ap)x,

oo

9.1x = x.

Definition (1.2)/[20]: The spanning set of a vector space V is a

subset A of consisting of all linear combinations:
K aa, G ERRAGEA, i=12.k.

Definition(1.3)/[20]: Let V be avector space, afinite collection X,

i ={1,2,..,n}of elements in V s called linearly independent if :

Jaq,ay,...,a, inR, suchthat a, X, + a, X, + - + a,X,, = 0

implies a; = a, = - = a, = 0.
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Definition (1.4)/[20]: A basis of a vector space V is a finite subset in V,

{og, 0y, ...,an} such that this set is linearly independent and span V

. the number of elements of this set is called the dimension of V.

Definition (1.5)/[22]: A Norm on vector space V is function.

|-1l: V — [0,0), suchthat Vx,y €V &a € R, the following are held:
1) llxll = 0&llxl]l = 0 & x =0,

2) llax|l = |alllxl],

3) llx + yll < lixll + llyll.

A Normed Space is a pair (V,]| -||), where V is a vector space and

Il - || is a norm on V

Example(1.6): The vector space R™ with the norm :

1 .
lull, = C™,w1® /2, u=T[uy,..uy]” €R™ isanormed space.

Definition (1.7)/[22]: An Inner Product in the vector space V is
a function (.,.): VXV —> R s.t

vx,y,z € V,and a, 8 € R the following are held:

1) (x,x) = 0; moreover (x,x) = 0 & x = 0;

2) (ax + By,z) = a(x,z) + B(y,2);

3) (x,y) = (y,x).

An Inner Product Space is the vector space with inner product (.,.).

Example(1.8)/[13]: Let V =X, x X, ={(x,y): x € X;, yE€ X,}

be the cartesian product of inner product spaces X; and X,, the space

V'is an inner product space is defined by :

(Cep,y1), (x2,2)) = (x4, x2) + (Y1, ¥2)-
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Theorem (1.9)/[11] :( C-S-1)

If x and y are two arbitrary vectors in an inner product space, then

| <lxllyl

Definition(1.10)/[17]: A Cauchy Sequence is a sequence of vectors

{a,} in anormed space if for every e > 0, there exists a positive integer

K st. vnm > K, ||a,-a, || < €

Definition (1.11)/[17]: A space D is said to be Compact if every

Cauchy sequence in D converges to an element in D.

Example (1.12): The sequence {v,} = % is Cauchy sequence in R, and the

space is compact.

Definition (1.13)/[11]: A Hilbert Space is a compact inner product

space.

Example(1.14):Euclidean spaceR":

The space R™ is a Hilbert space with inner product defined by:

(a;ﬁ) = a1f1 + azf; + -+ apfy

Where a = (aq,ay, ... ,a,), B = (B1, 82, - »PBn)-

Definition (1.15)/[17]: A sequence of vectors {a.} in an inner product

space is said to be convergent :

i. Stronglytoa € V if |la, — |l = 0as n — oo,

ii. Weaklytop e vV ifvp € V,(a,,) — (a,f) as n — oo,

Theorem (1.16)/[13]: A strongly convergent sequence is weakly

convergent (the same limit).
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Definition (1.17)/[39]: Let V be a normed space, the sequence

{a}m=1 € Vis said to be bounded in V if there exists a ¢ > 0 such

that||a,|| < €, for all n.

Theorem (1.18)/[13]: In a Hilbert space every weakly convergent

sequence is bounded.

Theorem(1.19)/[11]: (Alaoglu) Let H be a Hilbert space, and {a.} be

bounded sequence of H, then there exists a subsequence of H which

convergent weakly to some o € H .

Definition (1.20)/[23]: Let V' be a real normed space and A is a

nonempty set in V. The fun. K: V — R is Weakly Lower
Semicontinuous if for every sequence {oa.} in A convergent weakly to

some o € A we have:

lim infK(a,,) = K(a).
n—oo

6

Example (1.21): The function F(a) = {2+a%
2, a=20

is weakly lower semicontinuous because 2 = F(0) < lim, o inf(ay,) =3,

asn — oo,

Definition(1.22)/[26]: A Bilinear Form is a mapping B: X X H — R

(H i1s Hilbert Space) satisfying the following conditions:

o B(ax, + Bx,,y) = aB(xy,y) + B B(x,,y)

e B(x, ay; + By;) = aB(x,y1) + B B(x,y,)
For any real number a, fand x,x{,x,,v,v1,V, € H.

Example(1.23): Let F = C'a,b]. Then the BF B is defined a

B:FXF—>R, B(xYy) = f:(xy + X9)dt.
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Definition(1.24)/[36]: A Bilinear Form B: H X H — R (H is
Hilbert Space) is called:

I. Continuous Bilinear Form if:

e 2 0, s.t. |Bx,y)| = ellxllsllyllze.Vxy € H.
i. Coercive if:

3¢ >0 s.t. Blx,x) = cllxllé, vx € .

Definition(1.25)/[38]: Anoperator B: V — V with inner product (--)

and norm ||-|ly , (V is vector space) is:

I. Monotone if:

(Bx— By,x —y) =0,Vx,y €V,
ii. Strictly monotone if:

(Bx — By,x —y) > 0,Vx,y € V with x # y.
Definition(1.26)/[38]: A operator B: X — V where K is a subset

from vector space V' with inner product (-,-) and norm |||y is

Lipschitz Continuous if :
Im > 0 s.t. [|Bx — Byll < mllx — yll ,x,y € XK.

Definition (1.27)/[36]: A subset A of a vector space V is Convex set if:

Vx,y € A&0<I9I< 1,,9x + (1 —9)y € A.
Definition (1.28)/[36]: A function K : V— R (V is vector space) is:

I.Convex Iif:

KOx + (1 —9y) < IKXx) + (1 — HK(y),vV0<Y9 <1&Vx,ye V ,

i. Strongly Convex if

KOx + (1 —9y) < I9K(x) + (1 — 9HK(y), VO<9 <1 &Vx,y €
Vwithx # y
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Example (1.29): The function Y:C[0,1] — R which defined as:

Y(f) = f, (f(@) da, fecClo1]

is Convex function.

Example (1.30): The function F(x) = x* is strongly convex on R.

Definition(1.31)/[13]: A Compact set is a subset ¢ of a normed space

if every sequence {a,} in C contains a convergent subsequence whose

limit belongs to C.

Definition(1.32)/[9]: let X: § — R is a function then the closure of
the set f={9 € §: X) # 0} is called the Support of K and is

denoted by support K (support X =f). A function is said to have

compact support if its support is a compact set.

Definition (1.33)/[13]: A test function is mean C°(Q) an infinitely

differentiable function on Q with compact Support D(Q) is denote to

the space of all test function.

Example (1.34): The function

1

K(X) = {e(xz‘l)
0

if x| <1

is a test function ,with support [x] <1

Definition (1.35)/[22]: A Banach Space is a complete normed space.

Definition(1.36)/[10]: A Banach space (B) with the function
F: B — B™is reflexive, if F(B) = B™.

Theorem (1.37)/[10]: Every nonempty convex bounded closed subset of

a reflexive Banach space is weakly compact.
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Definition(1.38)/[22]: The collection of subsets of the set Q (let

denotes by M) is o — algebra if the following properties hold:
a) ¥ € M,
)T e M = T°e€ M (M is closed under complementation),
OVILEM (n=12,..n)Up=1 T, € M (M is closed under finite union).
A set Q with o — algebra M is called Measurable Space.

Definition(1.39)/[22]: A Measure p is a mapping u: M — [0,0)

satisfies the following properties:
i. u(@ =0
ii. u(B,) = 0VB, c M

iii. ”(n§1 Bn) = Y, u(B,), wherever (B,) is disjoint sequence of M.

Definition(1.40)/[22]: A measure Space is the triple (Q,M,u), where
Q is nonempty set, M is ¢ — algebra of subsets of Q, and u is a measure
defined on M.

Example(1.41)/[9]: Consider the nonempty set Q, and M = P(A),
(P(A) has the property that the elements A is involving of Q). Fix an

element ¢ € Q, and defineu: M — [0, 00) by:

_ (0 ifc¢B
“(B)‘{1 ifceB

Then (Q, M, 1) is measure space.
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Definition (1.42)/[9]: A measurable set (wmear) is a subset K of Q if

Uu(A) = u(A N K) + pu(A NK°),VvA < Q.

A measurable function is F: QO — R such that F71(Q) is a

measurable set for every open subset Q of R

Definition (1.43)/[13]: A two functions F,G defined on R are equals

almost everywhere (denoted ¥ = G a.e.), if the set of all « € R for

which F(u) # G(u) is a set of measure zero.

Definition(1.44)/[33]: The space LP(Q) is a space of the measurable

Functions such that these functions defined as F(a): Q@ - R" and

integral [ |F(@[Pdx exists, (P = 1 any real number).

Example (1.45)/[33]: The function F(a) = a~'/3 belongs to £P(0,1) forany p < 3,

since:

follf(a)lpda _ f01 |a_1/3|pd0£ _ %[aw—p)@]:

Definition(1.46)/[33]: If p — o the space L*(Q) is a space of all

measurable Functions and bounded a.e. on Q:
L) = {F: |F(a)] < K,a.eonQ for some KX € R}

Note(1.47)/[34]: For a bounded domain Q apparent, L*(Q) c LP(Q),

(V1 <p < »),since any F € L*(Q) satisfies:
fQ|T(a)|p da = fQIKp da < oo,

so that F € LP(Q) also.
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Theorem (1.48)/[13]: (Minkowski Inequality)

For every two function ¢,y € LP(Q) the following inequality satisfies:

le + Yl <ll el +1l P Il,, Where 1 <p < oo

Definition(1.49)/[27]: A Linear Operator 77 is a mapping 7: V — W

(where V', W are a vector space) such that:

Va,,a, €V, a,b € R,T(aa; + ba,) = aT(a;) + bT (ay).
Definition(1.50)/[33]: A linear operator 7:V — W (V,W are

normed space) is bounded if there is a number § > 0 s.t ||T(a) || <

Sllal|l, Ya € V.

17 (@)l

llexl]

ForS # 0 we see that k ZM . Sothe set {k:k >

llel]

,octh} IS
bounded below, and the least upper bound, taken over all members § of

V , is called the norm of T, which is written as || 7 ||, that is,

T

llell

Lo # o} (1.1)

Definition (1.51)/[22]: L(V,W) is a set of all bounded linear operator

from a normed space V' into anormed space W, this set itself is a normed
space with norm defined by (1.1). The Dual Space of V is a space of bounded
linear Functionals. from the normed space V' into R and symbolized by V™
(e L(V , W) = V*).

Example(1.52)/[33]: Let P: L%*(a,b) — R be a function defined by

(pw) = [ w(x)dx

Then P is a linear functional :(p,éw + qu) = &(p,w) + {(p,u).

Furthermore, using the C- S- | on L2,
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< l11ffollwllo

b
(o w)] = j w(x)dx

and so P is bounded, and is thus a member of the dual space
[ £L2(a,b)]"

Definition(1.53)/[11]: The adjoint operator of a bounded linear

operator L: V — W is the operator L*: W — V which defined by:

Lv,w) = (v,L'W) forallv € Vandw € W.
Example(1.54): Let the left and right shift operators on L£2:

R(aj, ay,...) = (0,ay, a5, ...), Llay,ay,...) = (ay, a3, ay, ... ).

We will show that R* = L.Va,p € L2 we have
(Ra)ﬂ) = ((OI all aZJ LLL] )I (ﬁllﬁZlﬁB (L] ))

= Xn=1nPBn+1

= ((ay, az, a3 ...), (B1, B2, B3 --.))
= (a,LB).

Definition(1.55)/[25]: Let X,Y be two normed space, and A:8§ ¢ X —

Y be a mapping, moreover suppose an element x € §. If there is a

continuous linear mapping A (x) : X — Y , satisfies

|ACx + R) — A(x) — A(x)(h)”y ~0

1m
lIrilx—0 |~ ]lx

Then A(X) is called the Fréchet Divertive (FD) of A at x and A is

called the Fréchet differentiable at x.

Example(1.56): The mapping K (a) = |lal|* is Fréchet differentiable on

every Hilbert space.

10
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Definition(1.57)/[16]: The Sobolev Space W?(Q) which defined as :

Wl'p(Q) = {X € LP(Q)lﬂ yl'yZ' 'yn € LP(Q) = fQ‘X‘g_;fzdx = _fQ yilpdx

Where Q is an open subset from R™ | and p € R with 1 <p < oo.

Set HY(Q) = W'2(Q) . For x € W2(Q), define S—ff =Y; and write

ox O0x ox
Vx = (mmm)

9x;

The space is equipped with the norm [ X llw2qy = IX1l, + Xi=1

The space H*(Q) is equipped with Inner Product (00 W)1 = (06:w) + (Vo Vw) =

ox ow
fQXW dx+an—xi ax; dx

The associated norm

ox;

1
92 /2
2 n
11 = s gy = (1T + 2t [,

is equivalent to the W2 norm

Definition (1.58)/[26]: The space W is equipped with the product norm

N 1
W= (W, Wy, o wy) — [[Wll = (C, llwi]12) /2

For any w = (wy, Wy, ...,w,) € (Hl(Q))n, where Q bounded and open connected

subset in R™

11
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Theorem(1.59)(Generalized Greens Formula)/[34]: Let Q < R™, with

boundary 0Q, the following generalization of green's formula with

meaning of £2-weak derivative is satisfied:
[ Aw-udx=—[ Vw-Vudx+ | (a—w)udq
Q Q 0Q \on

62

2
0s5

2
Where A=-_+-_ forw € H?(Q),u € H'(Q)
1

Theorem (1.60),(Egorov’s theorem)/[25]: Let Q be a measurable subset
of R y:Q — R and ¢ € L'(Q,R), if the following inequality is

satisfied fsz,b(x)dx = 0(r=<0or =0) for each measurable

subset S cQ, then y(x) = 0(or < 0or = 0), a.e. in Q.

Theorem(1.61),(Rellich-Kondrachov _theorem)/[21]: Let Q be a
bounded set of class C1.Then the following compact injections are
satisfied: wie(Q) c LP(Q), VB € [a,»), if « = n. In particular,
Wbte(Q) c LB(Q)with compact injection for all « (and all n)

Definition(1.62)/[2]: Let Q c R%, a function F(x,u,v): Q xR*> — R

is called of the Carathéodory type if it is continuous with respect to

u and v for fixed x € Q, and measurable with respect to x for fixed
(u, v).

Proposition(1.63)/[2]: Let F: Q@ x R®™ — R™ is of Carathéodory
type, let F be a functional, such that F(u) = fo(x,u(x)) dx, where Q

IS a measurable subset of R™, and suppose that

IfCewll < ¢x) +n)lullY,vix,u) € Q x R*u € L¥(Q x R™)

where { € £L1(Q X R),nLev€ (Q X R),and A € [0,al,if a € [1,2),and
n=0,if a=oo

Then F is continuous on £L%(Q x R™).

12
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