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Chapter One Some Basic Definitions

1.1 Introduction :-

We introduce some essential fuzzy set characteristics in addition to a few

fundamental definitions and theorems in this chapter.
1.2 Some Basic Definitions and Properties of Fuzzy Set.

Definition (1.2.1)[6] Let X be a nonempty set. A fuzzy set AinX is
characteristic by a member ship function. 4 4 : X — [0,1] and we can write this

fuzzysetas: A={ (X, ud (x)):x € X .ud (x) <1} .
The collection of all fuzzy sets in X will be denoted by 7*. Where
I*={A: Aisfuzzysetin X }.

Definition (1.2.2) [ 2] The support of a fuzzy set 4 is the set of all x € X such
that uA (x) > 0 and is denoted by [(A4) .

Definition (1.2.3)[6] A fuzzy point P/ in X is a special fuzzy set with
membership function defined by.

~ r,if x=y
P = {O ijj:x *y

Where 0 < r < 1,y is the support of BT (x) .

Definition (1.2.4) [3] A fuzzy set A is said to be finite fuzzy set if [(4) is a

finite set.
Remark (1.2.5)[6 ]:

1) A nonempty set X is a fuzzy set with member ship ux (x) =1,vx € X.

and X is called a crisp set.
2) A membership function u@ (x) =0V @ € X is called an empty set and
denoted by @.
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Definition (1.2.6)[6] Let P! be a fuzzy point and C be a fuzzy set is nonempty set
X then P/ is said to be in € or C contains P} if upZ < ué (x) for all x € X and
denoted by X € S ()

Definition (1.2.7) [7] Let A and B be a fuzzy sets of a universal set X then.

1) A € Bifandonlyifud (x) < uB (x),vx € X

2) A € BfandonlyifuAd(x)=uB (x),vx €X

3) A€ is the complement of a fuzzy set A with membership function u A€ =
1—pd(x)

4) C=A v Bifandonlyif uC (x) = max{p A (x),uB(x)}vx €X.

5) D=4 n Bifandonlyif uD (x) = min{u/T (x),,ul?(x)}‘v’x €EX.

6) More generally for a family of fuzzy sets, {A «: « € A where is A is the
any index set }the union € = Ugepr A & and the intersection D =

Neep A o, and defied respectively by
pe() = S nA o< ():x €X},uD(x) = nh « (x):x €X}.

Proposition (1.2.8)[4] Let A,B,C be fuzzy sets in X, then the following

properties are satisfied .

1) Commutatively:
max{u A (x),u B (x)} = max{u B (x),u 4 (x)}and

min{ 4 A(x), u B (x)} =min{ uB (x), A (x)}.
2) Associativity :

max { u C (x), max { A (x),uB (x)} =
max { u A(x), max {uB(x),u € (x)}.
3) Idempotent :
pA(x) = max {p A (), u A(x)}, p A(x) = min {u A (x), n 4 (x)}.
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4) Distributive :
max {u A (x),min { u B ()}, ué(x)} =
min {max{u 4 (x), uB (x)},max {x A (x),u é (x) },
and min { u A (x),max { u B (x), u¢(x)} =
max { min { u A (x),u B (x), min {u 4 (x),n ¢ (x)}.
5) min { w A (), u @ (x)} = {u® (x), max{ p A (x),u % (x)} =
ux (x)
6) Identity: max{ u A (x),u % (x)} = pux (x)
7) max{ p A (x),min{ p A (x),uB ()} = pA(x)
8) De Morgan law:
(max { A (x), 1t B (0)})¢ = min {u A° (x), 1 B° (x) }

(min { u A (x), 1 B (x)})¢ = max {u A° (x),u B° (x) }
(LA () =puA(x).

Definition (1.2.9)[1] A collection T on a fuzzy set A , such that T < p (A) is said
to be a fuzzy Topology on a fuzzy set 4 if it satisfied the following conditions .
1)A,0eT.
2) The intersection of finite members of fuzzy sets of T is a member of T.
3) The union of any member of T is a member of T.
T is called a fuzzy topology for X, and the pair (X, T) is an fuzzy topological

spaces. Every member of A is called 4 -open fuzzy set (or simply an open fuzzy
set). A fuzzy set is A -closed if and only if its complement is A -open.

As in general topology, the indiscrete fuzzy topology contains only @ and 4,
while the discrete fuzzy topology contains all fuzzy sets.

Definition (1.2.10) [ 10 ] Let (X,T) be f.t.s. Let B be a fuzzy set in (X,T),

then the closure of B (denoted by f}) and the interior of B ( denoted by
B° ) are defined respectively by (i .e

Be=n{F:B cH Be T}, B°=U{R:R <B,R € T}.

~3~



Chapter one Some Basic Definition

Definition (1.2.11) [6 ] Let (X, T ) be f.t.s then a fuzzy set B is said to be a fuzzy

neighborhood of a fuzzy point P* if there exist a f.0.s & in (X,T) such that
) < phHG@) < nBX).
Example (1.2.12) : Let X ={a ,b ,c} and 4 = {(a,.0.8), (b, 0.7), (¢, 0.4)}

Then T ={4,8,{(a 0.4),(b,03),(c 03)} ,(a 0.3),(b0.1),(c,01)} is a

fuzzy topological spaces on A.

Proposition (1.2.13) : Let (A,T ) be afts, Let B, ¢ be two fuzzy setsin (X,T)
then forall x € X

1) u 0= U (Z:)(x) :

2) Aisafcs..

3) if H is a fuzzy closed sets , such that uB(x) < uH(x),when B is a fuzzy
setthen uB (x) < u B (x) < uH (x).

4) B is a fuzzy closed sets if and only if uB(x) = uB(x)

(max{uB (x), max &(x)}) = max { uB(x) ,ué(x)}.
5) u]EE? = ,ué(x) :
6) if uB(x) < uC(x),then uB(x) < uC(x) .

7) (min{uB (x), max é(x)}) < mun { uB(x) ,ué(x)} .
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1.3 Basic Definition and Interrelation ships

The fundamental concepts of a fuzzy T;- space, fuzzy T, - space, fuzzy
regular spaces, and some of its characteristics were presented in this part. are
going to be study the concepts of a fuzzy T; - space and some of its properties.

This part presents a few examples and fuzzy regular space and theorems.

Definition (1.3.1) [ 8 ] A fuzzy topological space (X,T) is said to be a fuzzy

: . : pri  pr2 :
T, — space if for every two distinct points Pgl, Px3 there exist two fuzzy open

set W, and W, in X, such that

pht <uW, ,uPe > pWyand pPe <puW, P > u, .

Definition (1.3.2) [8] A fuzzy topological space (X, T ) is said to be a fuzzy T,-
: _ : pri prz . o pr1 ~

space if for every two distinct points “*1, “x2 in X such that u "1 < uW, ,

ube < uW, , min{uW,,u Wy} = 9.

Definition (1.3.3) [ 8 ] A fuzzy topological space (X,T) is said to be a fuzzy

regular spaces if for every a fuzzy closed set FinX and a fuzzy point P! in X

such that pPf > uF there exist two fuzzy open set W, and W, such that

WPr < pW, uF < pWyand min { u W, , p Wy} = 0.

Definition (1.3.4) [ 16 ] A fuzzy topological space (X, T ) is said to be a fuzzy T,

—space if it is a fuzzy regular and fuzzy T;- space .
Remark (1.3.5) : Every fuzzy T; — spaces is a fuzzy T, — spaces

Theorem (1.3.6): A fuzzy topological space (X, T ) is said to be a fuzzy regular

if and only if there is a f. 0. s. for every fuzzy point in U and every fuzzy point

ﬁxr in U there exista f. 0. s. for every fuzzy space V in X . Such that ,uﬁxr <

wv(x) <uv(x) < uf ).
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Definition (1.3.7) [ 29 ]A fuzzy topological space (X, T ) is said to be fuzzy Ro
— space (f.Ro.s) . If the uPl < ,uf(x) when ever U is fuzzy open set in X
and uP! < ul (%).

Example (1.3.8) : Let X ={(a, 0.6), (b, 0.6) , (c, 0.6) } and

Let T ={X,® {{(a,0.0),(b,0.6),(c,0.6)}.

Cleary is f. R.. s But is not a fuzzy T; — spaces .

Theorem (1.3.9) : Every fuzzy regular spaces is a fuzzy topological space
(X,T)thenisaf. R, S.

Proof : Suppose that (X, T ) is a fuzzy regular space.

We are show that (X ,T ) isaf.Ro.s. Let U be af.o.sin X.

Let Pl < uU (x), So UC is a fuzzy closed set in X and uPl <
uU (x).Since (X,T) is a fuzzy regular space, then there exist two fuzzy open
set W, and W, in X such that uUC€ (x) < uW, and,min { u W, (x), u Wy(x) }
=@ .SoubPr < uW,(x) < W,(x)such that W7 isaf.o.sinX.

uPr < puWE (x) and Since u Wf < pu U then uPr < p U (x)and thus (X,T)

isaf.Ro.s..
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1.4 Some Properties of Fuzzy Semi- Open Set .

The concept of fuzzy open sets and some of its characteristics are going to be
studied in this part. In addition to the concept of fuzzy semi-closed sets and some
of their characteristics, The fuzzy Semi- cl open set and the fuzzy Regular open
set, the fuzzy Regular closed set, and finally the fuzzy Semi-cl open set are all

presented in this section .

Definition (1.4.1)[17] Let A be a fuzzy set in fuzzy topological spaces( X ,T)
Then Ais called a fuzzy semi-open set of X, if there exists a U € T such that
,uU ()< uAd@ < u U (x). A fuzzy set A is fuzzy semi closed if and only if
its complement A° is fuzzy semi-open. The class of all fuzzy semi-open (resp.,

fuzzy semi-closed) sets in X ..

Remark (1.4.2) Every fuzzy open set is a fuzzy semi open set, however the other

way need not be true as illustrated by the example following.

Example (1.4.3) Let X = {a, b, c} be asetand | = {0, 3, 5, 7, 1} of membership
for fuzzy sets in X . Let U= { (a0.7),( b,0.0),(c,0.1)}, V= {(a,0.7),(
b,0.5),(c,0.3)}, and W= {(a,0.5),( b,0.5),(c,0.5)} be fuzzy setson X ,and T the
fuzzy topology generated by U, V, W. Then T = {@, U, V, W, {(a0.5),
(b,0.0),(c,0.5)},{(a,0.5),(b,0.5),(c,0.3)},{(a,0.7),(b,0.0),(c,0.3) },

{(a,0.7),(b,0.0),(c,0.5)}, {(a,0.7), (b,0.5),(c,0.5)}, {(a,0.7), (b,0.5),(c,0.1)}, X}.

Calculations give that fuzzy set W is both fuzzy semi-closed and fuzzy semi-open

but,uI/I:/O=,uVT/.

Theorem (1.4.4) A fuzzy set A of a fuzzy topological space ( X, T) is f. s. 0. s if

andonly if uZ (x) < ua (x).
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Remark (1.4.5) :

1) The union of any fuzzy members a f.s.o.sisaf.s.0.s.
2) The intersection of two f. s. 0. s need not be a f. s. 0. s as the following

example.
Example (1.4.6) Let X ={a,b,c} T={X, 0, {a 0.4}, {b,0.6} . {(a,0.4),(
b,0.6)}}

B={(04),(c08}, A={(b0.6),c,08)},aref.s.0.5
ButA N B={(c,0.8)}isnotf. s.0.s.

Proposition (1.4.7) :

1) w(A" () =p A

2) A = p (4°(0)°.
Proof. 1) (u(A° (x))°=1—-(4°(x))=1-v { U |U < fuzzy open set and
p<u<pAd(x)=n{1—ulU|ul <fuzzyopenset} and uU<ud (x) =A{
uV | uVc < fuzzy open set } and uV > u A°, where uV (x)=1-p A (x) =
nA(X)
(2) Similar to (1).
Theorem (1.4.8)[ 6] A fuzzy B of a f.t.s (X,T) is said to be a f.s.c.s , if and

only if (§0 (x)) < uB .
Theorem (1.4.9)[8] If A is fs.o.s in and U is fo.s in X the min {
uU (x),,u]i (x)} isamembershipofaf.s.o0.sin X

Theorem (1.4.10) :A fuzzy set 4 of a f.t.s is a f.s.0.s. if and only if there exist a
fosBsuchthat uB (x) < uA (x) < uBx).
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Proof : first side :Let A be a f.s.0.s, then there existaf.o.s U in X .
suchthatpU (x) < puAd (x) < ul(x).

LetpU (x) < uA @) < plUx). Let=p U (x) = uB (x) ,that Bisafs.os

andpu B () p A (x) < uB).

Second side :Let B be afs.os,suchthat u B (x) < ud (x) < uB) ......

(1) . SinceB is a f.5.0.5, then there exist a f.0.s U such that
()< uB @) < uli®)...... (2) . From (1) and (2) we get
w00 < uBO) < ul). SoplU (x) < ud (x) < ul.
There four Aisaf.s.o.s., of X.

Theorem (1.4.11) If (X,T)isaf. t. sand let Y a fuzzy subspace of X such
thatu A (x) < u¥ (x) < uX(x)andAisafsosinX , then Aisafs.os

~

inY .

Theorem (1.4.12) Let U be af.o.sin X and A be a f.s.0.5in X , then
min{ulU (x),ul (x)}isafsosinU .

Remark (1.4.13) [ 6] The intersection ofaf.s.c.sisaf.s.c.s.

Definition (1.4.14) [32] Let (X, T) be a f.t.s and A be a fuzzy set of X , then the

intersection of all f.s.c.s which contain A4 is called (semi — closure of 4 ) and

denoted by( £ (( A)%)€) .
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Example (1.4.15) Let X ={(a,06),(b,0.6),(c,0.6)}

T={%,6,{(a06),(b,00),(,00)}{(a06),(b,06),(c,00)}}.
Take A={(a,0.0),(b,0.6),(c,0.6)}.SoAisaf. semi—closure.

Remark (1.4.16) Let (X,T) be a fuzzy topological spaces and u A (x) <
uB (x) < uX (x)then.

Dpd@) < uf (A° < i@

Duf A <uf (B)sy.

3) u (D)) = wF @ .
4) Afuzzy set Aisafs.csifandonlyif u 4 (x) = uf (A)°.

5) f (/T)S is the smallest a f.s.c.s contains A .
6) max {uf (A)°.uf (B} < f.max (pA(x),ud(X))° .
) fAu(AG), @) ) min{f.u @) f.u(B)e}.

Theorem (1.4.17) If A is a f.cs of (X,T) and pA° (x) < uB (x) <

A (x), then Bisaf.cs.

Proof:- LetAisafs.0os,sinceud° (x) < uB (x) < u A (x) (by
hypothesis) . u A° (x) < B (x) < u(A")* . But (A° (x))° = u(A°) by
(14.7) . Then w A€ (x) < uB¢(x) < w A, and by (theorem 1.4.10) , B¢ isa

f.0.5,S0 (B¢)“isaf.c.s,which means B isaf.c.s.

~10~
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Remark (1.4.18) :

A fuzzy set B of a fts (X,T )is a fs.c.s . if and only if there exist a f.c.s,
Fsuchthat u F€ (x) < uB (x) <uF (x).

Definition(1.4.19)[32]Let(X , T ) beaftsandletu A (x) < u B (x),u B, <
X (x), then P is said to be (semi — interior point ) if and only if there exist a

fo.s, Usuchthat u P u U (x) < pu A (x).

Remark (1.4.20):Let (X, T )beaf.t.sandu A (x) < uB(x) < uX
then .

D pA @) < p @) < ph.

2) pA° (x) < uB°.

) G0 = i

4) Aisafo.sifandonly if u A% = u A(x).
Theorem (1.4.21)Let (%,T)be a fts , uA(x) < uX(x) ,then puPr <
uf (A if and only if every a f.s.0.s U which contains B , T contains at

least one fuzzy point of A that Min {u A (x), p U (x)} # 0.

Proof : Firstside Letu ] < uf( /T)S ,and let U be af.s. 0. s such that

ubBl <plU@)and, min{u A (x),pU (x)} =0,then U¢isafs.c.sand

u BT > ulc(x). Since f( A)* is the intersection of all f.s.c.s , which contain A
and , u BT < uf (A)Sthe u BT < u U which is contradiction so

min {u A (x),u U (x)} # 0.

Second side: Let U beafs.osandu Pl < pU(x)and
min {p A (x) ,u U (x)} # 0. To show that u B < pf (A)S, Letp Pr >

uf (A)S . Sotheexistaf.c.s, ¥ contains A and uB! > uV (x),V¢afs.o.s.

~11~
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And uP? < p Ve (x).Somin{u V¢ (x),ud (x)} = 0. Which contraction,
therefore u BY < uf(A)S.

Definition (1.4.22) [17] A fuzzy set B of a fuzzy topological spaces(X,T ) is
said to be a fuzzy regular open set (f.r.0.s.) if u §(x) = ,u§°(x) :

Remark (1.4.23) Every af.r.o0.s.isaf. o.s.and the converse need not be true

as the following Example.

Example (1.4.24) Let X = {(a,0.7),(b,0.6),(c, 0.4)} and

LetT ={®,X,{(a,0.3),(b,0.0),(c,0.0)}

Bea f. t. s de find on X.Take A = {(a,0.3),(b,0.0),(c,0.0)} clearly
Aisafo.sbutisnotafr.o.s.

Definition (1.4.25)[28] A fuzzy set C of a fuzzy topological spaces(X ,T ) is said

to be a fuzzy regular closed set (f.r.c.s.) if u € (x) = uC_‘O(x) :

Remark (1.4.26) Every f.r.c.s.isaf. c. s and the converse need not be true as

the following example :-
Example (1.4.27) In the example (1.4.24) take

D = {(a,0.4),(b,0.6),(c,0.4)}clearly Disaf.c.sButnotf.r.c.s..

Theorem (1.4.28) Let (X,T ) beaf.tsand let:-

1) TbeafosinX,then (0)°isafr.os.
2) FisafosinX,then (F)°isaf.r.o.s.

Proof (1) To show 0isa Fuzzy regular open set . we have to show

U (_U)O = u ((€)°)° .Now since u 0° < ul (x) then u ((C)°)° < uﬁ(x) =

ul (x).Sopu ((€)°) < u (0)°....(1)

~12~
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