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Intervals 

An interval is asset of no.s x having one of the following forms? 

1. Open interval: a<x<b ≡ (a, b)                                

2. Close interval:  babxa ,                          

3. Half open from the left or half close from the right: ( babxa ,                                                   

4. Half close from the left or half open from the right:  )babxa ,  

                                                                            

Notes: 

1. a<x<  ≡ a<x ≡ (a, )                      

2.   ,axaxa              

3. -<x<a ≡ x<a ≡ (- ,a)                   

4. axax −                        

5. -<x<  ≡ (- , )                        

                                                           

Defn.:-(function) A function f from a set D to set R “written RDf →  “ is a 

rule which assigns a single element yk to each element xD  

Note: 

The element yR denoted f(x). 

The set D is called the domain of f. 

The set R is called the range of f. 

Ex(3):-Given the function f(x)=x2-2x+3. find f(-1), f(0), f(2), f(x+1), f(f(x)), 

f(f(1)) 

Solu. f(x)=x2-2x+3 

         f(-1)=(-1)2-2*-1+3=1+2+3=6  

         f(0)=0-0+3=3 

         f(2)=4-4+3=3 

         f(x+1)=(x+1)2-2(x+1)+3=x2+2x+1-2x-2+3=x2+2 

         f (f(x))=(f(x))2-2(f(x))+3=(x2-2x+3)2-2(x2-2x+3)+3 

                    =x4+4x2+9-4x3+6x2-12x-2x2+4x-6+3=x4-4x3+8x2+8x+6 

         f(f(1))=14-4(1)3+8(1)2+8*1+8=1-4+8-8+6=3 

 

Note: The domain D is the set of all values of x for which y is define. The range R 

is the set of all values of y for which x is define. 

 

Ex(4):-Find the domain and range of the following function. 

1. y=f(x)=x2 , D :all x or D : -<x<  

    yx = ,      R: 0y  

2.  
6

1

−

−
=
x

x
y ,     D: 6x  

yx-6y=x-1 

yx-x=6y-1 
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1

16

−

−
=
y

y
x ,     R: 1y  

3. xy −= 2  

    xxx − 4202  

    D: 40  x  

   2222 )2(22 yxyxxy −=−=−=  

   R: all y 

 

1.3 Graph of function  

Defn.:- The solution set or locus of an eq. In two unknown consists of all point in 

plane whose coordinates satisfy the eq. 

A geometrical representation of the locus is called the graph of the eq. 

 

Ex(5):-Sketch the graph of the following eq. 

a. 2x+3y=6                                                                

at  x=0   3y=6   y=2     (0,2)             

at  y=0   2x=6   x=3     (3,0)  

                        

                                                                                                                                                                                    

 

 

b. 




−


=

21,2

10,

xx

xx
y                                                                       
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Limits and Continuity    

Defn.:- if the values of a function f of x approach the value L as x approaches a, 

we say F has limit L as x approaches a and we write ( ) Lxf
ax

=
→

lim .    

Ex(1):-Let f(x)=2x+5 evaluate f(x) at x=1.1,1.01,1.001,… 

            f(1.1)=2(1.1)+5=7.2 

            f(1.01)=2(1.01)+5=7.02 

            f(1.001)=2(1.001)+5=7.002 

               
 we see that f(x) tends to 7 as x approach to 1 so we say 7)( →xf  as 1→x    

Theorems on Limits 

1. Ungeness of limit 

If 1)(lim Lxf
ax

=
→

  and 2)(lim Lxf
ax

=
→

 then 21 LL =  

2. Limit of constant 

If f(x)=c where c is constant then ccxf
axax

==
→→

lim)(lim  

3. Obvious limit 

If f(x)=x then axxf
axax

==
→→

lim)(lim  

4. limit of a sums and differences 

If ( ) )(...)()( 21 xfxfxfxf n= and  ii
ax

Lxf =
→

)(lim  ,i=(1,2,…,n) 

)(lim...)(lim)(lim)](...)()([lim)(lim 2121 xfxfxfxfxfxfxf n
axaxax

n
axax →→→→→

== 


=

==
n

i

in LLLL
1

21 ...   

5. Limit of a products 

If )(...)()()(
21

xfxfxfxf
n

=  and ii Lxf =)(lim , i=(1,2,…, n) 

then  

)(lim...)(lim)(lim)](...)()([lim)(lim
2121

xfxfxfxfxfxfxf
n

axaxax
n

axax →→→→→
==  


=

==
n

i

in LLLL
1

21 ...  

6. Limit of quotients 

If 
)(

)(
)(

xh

xg
xf =  and 1)(lim Lxg

ax
=

→
 and 2)(lim Lxh

ax
=

→
 

then ( ) 0,
)(lim

)(lim

)(

)(
lim)(lim

2

1 ===

→

→

→→
xh

L

L

xh

xg

xh

xg
xf

ax

ax

axax
 

the limits are all taken as a→x and 1L and 2L are real numbers.  

Ex(2): Evaluate the following limits. 

i. ( ) 313lim33lim
22

1

2

1
=−==

−→−→
xx

xx
(constant multiples). 

ii. ( ) 9545lim4lim54lim
1

2

1

2

1
=+=+=+

→→→ xxx
xx (sum). 
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iii. 
( ) ( )

( ) 3

7

9

21

9

3168

52

3242

5lim

34lim

5

34
lim

2

23

2

2

23

2

2

23

2
==

−+
=

+

−+
=

+

−+
=

+

−+

→

→

→ x

xx

x

xx

x

x

x
 

Ex(3):- Evaluate the following limits if they exist 

1.  
2

23
lim

2

2 −

+−

→ x

xx

x
 

2= RD , so the denominator is 0 when x=2  

0

0

22

2)2(34

2

23
lim

2

2
=

−

+−
=

−

+−

→ x

xx

x
 

We have to rewrite the fraction 
2

232

−

+−

x

xx
first then  

1)12()1(lim
)2(

)1)(2(
lim

2

23
lim)(lim

22

2

22
=−=−=

−

−−
=

−

+−
=

→→→→
x

x

xx

x

xx
xf

xxxx
 

2. 
( )
( ) 0

0

42

82

4

8
lim

2

3

2

3

2
=

−

−
=

−

−

→ x

x

x
 

( )( )
( )( )

( ) ( )
( )

3
4

12

22

4222

2

42
lim

22

422
lim

4

8
lim

22

2

2

22

3

2
==

+

++
=

+

++
=

+−

++−
=

−

−

→→→ x

xx

xx

xxx

x

x

xxx
 

 

Ex(4):- Evaluate the following limits if they exist 

a.  2,1,
1

12
lim

1
−−

+

−+
−→

xx
x

x
x

 

2

1

112

1

)12(

1
lim

)12)(1(

)12(
lim

12

12

1

12
lim

111

=

+−
=

++
=

+++

−+
=

++

++


+

−+
−→−→−→ xxx

x

x

x

x

x
xxx

 

b. 0,2,
22

2
lim

2


−

−
→

xx
x

x
x

 

2
2

4

2

42

2

22
lim

24

)22)(2(
lim

22

22

22

2
lim

222
==

+
=

+
=

−

+−
=

+

+


−

−
→→→

x

x

xx

x

x

x

x
xxx

 

 

Ex(5):- Evaluate the following limits 

a. 1,
1

1
lim

3

1


−

−
→

x
x

x
x

 

     3)1(lim
)1(

)1)(1(
lim 2

1

2

1
=−+=

−

−+−
=

→→
xx

x

xxx
xx

 

b. 0),
11

(
1

lim
0

−
+→

h
xhxhh

 

  
200

1

)0(

1

)(

1
lim)

)(
(

1
lim

xxxhxxxhx

hxx

h xh
−=

+
−=

+
−=

+

−−
=

→→
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One-sided and two-sided limits(Right and Left limits) 

Some times the values of a function f(x) tends to different limits as x approaches a 

from different sides, when this happens, we call the limit of f(x) as x approach a 

from the right (the right hand limit of f at a) and denoted by )(lim xf
ax +→

and (+) means 

that x approaches a through values above a on the number line.  

And the limit of f(x) as x approaches a from the left (left hand limit of f at a) and 

denoted by )(lim xf
ax −→

 and (-) means that x approaches a through values below a on 

the number line. 

Note: A function f has a limit as x approaches a if and only if the right-hand and 

left-hand limits at a exist and are equal in symbols. =
→

Lxf
ax

)(lim  Lxf
ax

=
+→

)(lim  and 

Lxf
ax

=
−→

)(lim . 

 

Ex(6):-let xxf =)(  find 2)(lim
0

=
→

xf
x

 

Solu. 0lim)(lim
00

==
→→

xxf
xx

 

         we shall explain this limit 

         xxf =)(   0: xD  

         since x  is not define for –ive values 

         so we restrict to +ive values of x  

         )(lim0lim)(lim
000

xfxxf
xxx →→→

===
+

 

Note: this example of one-sided limits 

 

Ex(7):-If xxf −= 1)(  find )(lim
1

xf
x→

 

         0111lim)(lim
01

=−=−=
→→

xxf
xx

 

         we shall explain this example 

         xxf −= 1)(  , 101: − xxD  

         since x−1  is not define for x>1 

         so we restrict on values of 1x  

         )(lim0111lim)(lim
111

xfxxf
xxx →→→

==−=−=
−−

 

         this example of one-sided limits 

 

Limits at Infinity 

We note that , when the limit of a function f(x) exist as x approach infinity, we 

write lxf
x

=
→

)(lim  ,also two write 

lxf
x

=
+→

)(lim  for +ive values of x. 

lxf
x

=
−→

)(lim  for –ive values of x. 
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 for one-sided limit and two sided limits, we have Lxf
x

=
→

)(lim  iff Lxf
x

=
+→

)(lim  and 

Lxf
x

=
−→

)(lim . 

 

Some obvious theorems 

1. If k is constant, then kk
x

=
→

)(lim  , kk
x

=
−→

)(lim  

2. 0
11

lim =


=
→ xx

, 0
1

lim =
+→ xx

, 0
1

lim =
−→ xx

 

3. =
→ xx

1
lim

0
, +=

+→ xx

1
lim

0
, −=

−→ xx

1
lim

0
 

 

Limits of rational functions as → x  

To find the limit of a rational function as → x (when the limit exists) we divide 

the numerator and denominator by the highest power of x.  

 

Ex(8):-find the following limits 

1. 
2

1

02

1

3
2

1

3
2

1
lim

32
lim

32
lim =

+
=


+

=

+

=
+

=
+ →→→

xx

x
x

x

x

x
xxx

 

2. 0
3

0

0003

00

252
3

12

lim
2523

12
lim

32

2

23

2

==
−+−

+
=

−+−

−

=
−+−

+
→→

xxx

xx

xxx

x
xx

 

3. ==
+−

++
=

+−

++

=
+−

++
→→ 0

2

000

002

251

13
2

lim
25

132
lim

32

3

2

23

xxx

xx

xx

xx
xx

 

4. −=

+

−

=
+

−

−→−→

x

x
x

x

x

xx 4
7

3
2

lim
47

32
lim

2

 

5. +==
+→→
xx

xx
limlim  

6. 
x

x

x

x
xxx

sin
lim)2(lim)

sin
2(lim

→→→
+=+  

     but 2)2(lim =
→x

 and 0
sin

lim =
→ x

x
x

 because 1sin1 − x  

     202)
sin

2(lim =+=+
→ x

x
x
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7. −=+−=+=+
−→−→−→

0
3

lim2lim)
3

2(lim
x

x
x

x
xxx

 

8. −==
−

=
−−→ 0

1

44

1

4

1
lim

22 xx
 

 

Continuity 

Defn. (Continuous function) 

A function f(x) is continuous at x=a if and only if the following statements are 

true. 

1. f(a) exists (a lies in the domain of f). 

2. ( )xf
ax→

lim exists (f has a limit as ax→ ). 

3. ( ) ( )afxf
ax

=
→

lim (the limit equals the function value). 

 

Ex(9):- 

1. Every polynomial of the from 
n

n
xaxaxaaxf ++++= 2

210
)(  is cont. for all x 

2. let 








=


−

−+

=

2,
4

5

2,
4

6

)(
2

2

x

x
x

xx

xf           is f(x) cont. at x=2? 

   1-
4

5
)2( =f  

   2- )2(
4

5

22

32

2

3
lim

)2)(2(

)3)(2(
lim

4

6
lim)(lim

222

2

22
f

x

x

xx

xx

x

xx
xf

xxxx
==

+

+
=

+

+
=

+−

+−
=

−

−+
=

→→→→
 

f(x) is cont. of x=2 

3. 
)2)(1(

3
)(

+−

+
=

xx

x
xf  at is continuous at every value of x except x=1 and x=-2. 

4. The function
x

y
1

=  is continuous at every value of x except x=0 because  

==
0

1
)0(f  so the function is not defined at x=0. 
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The Derivatives  

Defn. let y=f(x) be a function then the derivative of f w.r.t x denoted by  

y
dx

dy
xf == )( , is defined by the rule 0,

)()(
lim)(

0


−+
=

→
h

h

xfhxf
xf

h
                

where xh =  

(Differentiation Rules) 

Rule 1:If f(x)=k where k is content then 0)( = xf   

Ex(1):- 012 ==
dx

dy
y    

 

Rule 2:If f(x)=xn where n is integer then 1)( −= nnxxf  

Ex(2):- 

1. 45 5)()( xxfxxf ==  

2. 
7

76 12
12'2

x
xyxy

−
=−== −−  

3. 
x

x
dx

dy
xxy

2

1

2

1
2

1

2

1

====
−

 

 

Rule 3: If f(x)=k u(x) where k is constant and u is differentiable function of x then 

)()( xukxf =  or 
dx

du
k

dx

dy
=    

Ex(3):- 223 1234)(4)( xxxfxxf −=−=−=  

 

Rule 4: If f(x)=f1(x)+f2(x)+…+fn(x) where f1(x)f2(x)…fn(x) are differentiable 

function of x then )()()()(
21

xfxfxfxf
n
+++=   

Ex(4):- 1412)(524)( 223 +−−=−+−= xxxfxxxxf  

 

Rule 5: If f(x)=u(x)v(x) where u(x) and v(x) are differentiable function of x then                                                                                                       

)()()()()( xuxvxvxuxf +=  

Ex(5):- 

 
)32)(18()163)(23(

)18)(23(

2322

232

++−+−−+=

+−−+=

xxxxxxx
dx

dy

xxxxy

 

 

Rule 6: If 0)(,
)(

)(
)( = xv

xv

xu
xf where u(x) and v(x) are differentiable functions of 

x then 
2)]([

)()()()(
)(

xv

xvxuxuxv
xf

−
=  
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Ex(6):- 
22

2322

2

23

)1(

)2)(842()86)(1(

1

842

+

+−−−+
=

+

+−
=

x

xxxxxx

dx

dy

x

xx
y  

 

Rule 7: If nxuxf )]([)( =  where n is integer and u(x) is a differentiable function of 

x then )()]([)( 1 xuxunxf n = −  

 

Ex(7):- 

1. )54()352(4)352( 5242 +−+−=−+= −− xxx
dx

dy
xxy  

2. )
2

3
()53(

4

1
)53( 2

1

4

5

2

1

4

1

2

1 −−−

+−=+= xx
dx

dy
xy  

 

Implicit Differentiation  

Consider the function defined by the eq. f(x,y)=0 which may or may not be solved 

for y in terms of x. for example y+x3+2x-5=0 can be written as              y=-(x3+2x-

5) and 23 2 += x
dx

dy
 while 024 3225 =−++ xyxy  can not be solved for  y in 

terms of x. Implicit differentiation enables us to find the derivative of such 

function whenever they exist. 

 

Ex(8):- 
ydx

dy

dx

dy
yxy

2

1
122 ===  

 

Ex(9):- 
y

x

y

x
yyyxyx ===−=−

2

2
'0'22122  

 

The Second and Higher Derivatives  

Given the function y=f(x) the derivative 
dx

dy
xfy == )(  is the 1st derivative of 

y.w.r. to x. And 
2

2

)(
dx

yd
xfy ==  is called the 2nd derivative of y.w.r. to x. 

Thus the 2nd derivative is derivative of the 1st derivative. 

That  







=
dx

dy

dx

d

dx

yd
2

2

 

In general if y=f(x) is differentiable function of x then the nth derivative of y.w.r to 

x is denoted by 
n

n

nn

dx

yd
xfy == )(  
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Ex(10):- If y=3x4-5x3+6x-7 find 
n

n

dx

yd

dx

yd

dx

yd

dx

dy
,,,,

3

3

2

2

  

            61512 23 +−= xx
dx

dy
 

             xx
dx

yd
3036 2

2

2

−=  

            3072
3

3

−= x
dx

yd
  

            0072
6

6

5

5

4

4

======
n

n

dx

yd

dx

yd

dx

yd

dx

yd
  

 

Ex(11):- If 2

1

)12( 3 −+= xxy find 
dx

dy
and 

2

2

dx

yd
 

                )23()12(
2

1 23 2

1

+−+=
−

xxx
dx

dy
 

               
















+−+−++−+=

−−

)23()12(
2

1
)23()6()12(

2

1 2323

2

2

2

3

2

1

xxxxxxx
dx

yd
 

 

Chain Rule and Parametric Equations   

If y is a function of x, say y=f(x)      

And x is a function of t, say x=g(t) 

Then y is a function of t and )1(−−−−−−−=
dt

dx

dx

dy

dt

dy
 

 

Ex(12):- let y=x3-2x2+3 and x=t2+2 find 
dt

dy
 at t=2 

Solu. 
dt

dx

dx

dy

dt

dy
= =(3x2-4x)(2t) 

When t=2   x=4+2=6 

  336)2*2(6*4)6(3 2

2

=−=
=tdt

dy
 

or 

y=x3-2x2+3, x=t2+2 

y=(t2+2)3-2(t2+2)2+3 

)2)(2(4)2()2(3 222 tttt
dt

dy
+−+=  

336)22)(24(4)22()24(3 2

2

=+−−+=
=tdt

dy
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Indeterminate forms  

−−


  ,0,,0,1,,
0

0 00  are called indeterminate forms. 

Same times the 



=

→
or

xg

xf
ax 0

0

)(

)(
lim   when we substitute x=a 

 

L’Hopital Rule (1st form) 

Suppose that f(a)=g(a)=o or   and f  , and )(ag   exist with 0)(  ag  

Then 
)(

)(

)(

)(
lim

)(

)(
lim

ag

af

xg

xf

xg

xf
axax 


=




=

→→
 

 

Ex(13):- find the following limits 

1. 422
1

2
lim

2

4
lim

2

2

2
===

−

−
→→

x

x

x
xx

 

2. 
5

1

50

01

56

41
lim

53

2
lim

02

2

0
=

+

−
=

+

−
=

+

−
→→ x

x

xx

xx
xx

 

3. 2
3

6

3

6
lim

83

56
lim ===

−

+
→→ xx x

x
 

4. 
2

1

012

1

12

1
lim

1

0
12

1

lim
11

lim
000

=
+

=
+

=

−
+

=
−+

→→→ x

x

x

x
xxx

 

 

L’Hopital Rule (2nd form) 

Suppose f(a)=g(a)=0 or   and the function f(x) and g(x) are differentiable 

functions in some interval 1.  

To find 
)(

)(
lim

xg

xf

ax→
, we proceed to differentiable f(x) and g(x)as we still get 




or

0

0
. 

But we step differentiation as soon as one or the other derivatives is different from.  

 

Ex(14):-  

1. 
2

3

26

6

26

6
lim

123

33
lim

1

23
lim

12

2

123

3

1
=

−
=

−
=

−−

−
=

+−−

+−
→→→ x

x

xx

x

xxx

xx
xxx

 

2. 
8

1

2

1*
4

1

2

)1(

1

4

1

lim
2

2

1

12

1

lim

1
2

1

lim
2

3

0020
−=

−

=
+

−

=

−
+

=

−−+

→→→

x

x

x

x

x
x

xxx
 

3. 2
6

12

6

12
lim

46

212
lim

143

326
lim

12

132
lim

2

2

23

23

===
−

−
=

−+

+−
=

−−+

++−
→→→→ xxxx x

x

xx

xx

xxx

xxx
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Derivatives of the transcendental functions 

a. Derivatives of the Trigonometric functions 

Theorems:-  

1. If y=f(x)=sinx then xxf
dx

dy
cos)( ==  

2. If y=f(x)=cosx then xxf
dx

dy
sin)( −==  

3. If y=f(x)=tanx then xxf
dx

dy 2sec)( ==  

4. If y=f(x)=cotx then xxf
dx

dy 2csc)( −==  

5. If y=f(x)=secx then xxxf
dx

dy
tansec)( ==  

6. If y=f(x)=cscx then xxxf
dx

dy
cotcsc)( −==  

Now: If u=u(x) is a differentiable function of x and  

1. y=sinu then 
dx

du
u

dx

dy
= cos  

2. y=cosu then 
dx

du
u

dx

dy
−= sin   

3. y=tanu then 
dx

du
u

dx

dy
= 2sec  

4. y=cotu then 
dx

du
u

dx

dy
−= 2csc  

5. y=secu then 
dx

du
uu

dx

dy
= tansec  

6. y=cscu then 
dx

du
uu

dx

dy
−= cotcsc  

 

Ex(1):- find 
dx

dy
 of the following  

1. y=sin(x3+3x2-2) 
dx

dy
 =cos(x3+3x2-2)(3x2+6x)=(3x2+6x)cos(x3+3x2-2) 

2. y=cos2(x2+8x-9) 
dx

dy
 =2cos(x2+8x-9)[-sin(x2+8x-9)](2x+8) 

3. y=tan2x cos(x2+1) 
dx

dy
 =tan2x[-sin(x2+1)(2x)]+cos(x2+1)sec22x(2) 
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Ex(2):- find 
dx

dy
 if x2+5x-tan2(xy)=0 

      

)(sec)tan(2

)(sec)tan(252

)(sec)tan(2)(sec)tan(252

0)1()(sec)tan(252

2

2

22

2

xyxyx

xyxyyx

dx

dy

dx

dy
xyxyxxyxyyx

y
dx

dy
xxyxyx



−+
=

=−+

=







+−+

 

 

Ex(3):- find 
dx

dy
if yxy sin2 2 +=  

   
( )

y

x
yxyyxyyy

yyxy

cos2

2
'2cos2'2'cos'2

'cos2'2

−
==−=−

+=

 

 

Ex(4):- Evaluate the following limit 

        10cos
1

cos
lim

sin
lim

00
===

→→

x

x

x
xx

 

 

 

3. The Derivative of lnx 

If xy ln=  then 
xdx

dy 1
=  

Now, if u=u(x) is a differentiable function of x and y=ln u then 
dx

du

udx

dy
=

1
 

Ex(1):- find 
dx

dy
of the following  

1. 
83

32
)32(

83

1
)83ln(

22

2

−

+
=+

−+
=−+=

xx

x
x

xxdx

dy
xxy  

2. 
)2sin(

)22cos2sin23(
)2sinln(

23

4

23

xx

xxx

dx

dy
xxy

+

+−
=+=

−

−

−  

3. ( )
43

6
6

43

1
43ln

22

2

+
=

+
=+=

x

x
x

xdx

dy
xy  

 

Ex(2):- Evaluate the following limit 

       0
11

lim
1

1

lim
ln

lim =


===
→→→ x

x

x

x
xxx
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4. The Derivative of exp(x)  

Theorem: If y=ex then xe
dx

dy
=  

Now, if u=u(x) is a differentiable function of x and uey = then 
dx

du
e

dx

dy u =  

Ex(1):- find  
dx

dy
 of the following  

1. )2cos22(2sin2sin 22

xxe
dx

dy
ey xxxx +== ++  

2. 1
41

2 2tan

2

2tan2tanln2tanln2tan 11111

+
+

====
−−−−− + xxxxxxx e

x
xeyxeeeey  

3.  
x

x

xxx

e

e
eeyey

3

12112

1
)(tancsc)cot(tan2)(tancot

+
−== −−−  

 

Ex(2):- Evaluate the following limit 

1. 0
666

lim
6

lim
3

limlim
23

=


=====
→→→→ eee

x

e

x

e

x
xxxxxxxx

 

2. ======= 

→→→

→→→ eeeeeex x

x

x

x
x

x

x

xx

xxxx
x

x

1
lim

1

1

lim
ln

limln

0

ln

00

000
1

1
1

limlimlim  

 
 

 

Intercepts, Symmetry and more about graphing  

1. To find x-intercepts, set y=0 and solve for y. 

To find y-intercepts, set x=0 and solve for x.  

2. The locus is symm. w.r.t the 

a. x-axis   (x,y)(x,-y) 

b. y-axis   (x,y)(-x,y) 

c. origin   (x,y)(-x,-y) 

 

Ex(7):-Find the domain ,range, intercepts, symmetry, for the following functions. 

(or we may write discuss the following function). 

1. y=f(x)=x3-x 

D : all x 

R : all y 

 Intercepts 

    Set y=0   x3-x=0   x(x2-1)=0   x(x-1)(x+1)=0   x=0,1,-1 

    x-int. are: (0,0),(1,0),(-1,0) 

    Set x=0   y=0 

    y-int. is:(0,0) 
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Symm. 

     y=x3-x 

    about x-axis: -y=x3-x   y=-x3+x 

          No symm. w.r.t x-axis 

    about y-axis: y=(-x)3-(-x)=-x3+x 

    about origin: 

  

2. 
1

1
)(

2 −
=
x

xf  

     D: 1x  

     yx2-y=1   yx2=y+1   
y

y
x

12 +
=                                                                     

 
y

y
x

1+
=    0

1


+

y

y
                             

 R: 1−y   or   y>0    
 

 

 

Applications of Derivatives 

[1] Curve Sketching 

Suppose that y=f(x) is a cont. function on interval I and has derivative at every 

point xI, then 

1. f(x) increases on I if Ixxf  ,0)(   

2. f(x) decreases on I if Ixxf  ,0)(   

Ex(1):- 3xy = increases on ( )− ,  

 

 

 

Ex(2):- 
x

y
1

= decreases on ( )0,−  

 

 

 

 

Ex(3):- xy tan= increases on 







−

2
,

2


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Defn. A critical point x of a function f(x) is the value of x where 0)(
0
= xf    

Suppose that f(x) is cont. at x0  

If f(x) is increasing (decreasing) in an interval I, with x0 as aright endpoint and 

decreasing (increasing) in an interval I2 with x0 as left endpoint then f(x) has 

relative maximum (minimum) at x0. 

 

                                                                                               R max 

                                                                                                

 

                             

                           R min                      

                              

                 0f           0f                                        0f        0f  

 

 

Ex:- 2xy = decreases on ( )0,−  where the derivative xy 2'= is negative and 

increases on ( ),0 where the derivative is positive. 

 

Defn. The graph of a differentiable function y=f(x) is concave up on an interval I 

where y' is increasing and concave down on an interval I where y' is decreasing. 

 

 

                              

 

                           

                     0f                                                             0f                                                  

 

                 Concave downward                                    Concave upward 

  

The second derivative test for concavity  

The graph of y=f(x) is concave down on any interval I where 0y and concave 

up on any interval I where 0y . 

 

Defn. A point on the curve y=f(x) where the concavity changes from upward to 

downward (or vice versea) is called a point of inflection.  

At a point of inflection on the graph of a twice differentiable function, 0=y  
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Defn,  

1. if, for any two points 1x and 2x in I                 ( )xfy =  

    ( ) ( )1212 xfxfxx   

 

 

 
                                                                    1x                  2x  

2. if, for any two points 1x and 2x in I                     

    ( ) ( )1212 xfxfxx                                                    ( )xfy =  

 

 

 
                                                                     1x                  2x                                                                                              

 

Steps in Graphing y=f(x) 

1. Find y', y''. 

2. Find where y' is positive, negative, and zero. This will show where the curve 

may have local maxima and minima. And where the curve is rising and falling. 

3. Find where y'' is positive, negative, and zero. This will tell us about concavity 

and possible inflection points. 

4. Making a summary table, we include the values of y, y' and y'' at the intercepts 

and at the other important points, we summarize what we have learned about the 

curves behavior. 

5. Draw the graph; in order to do this, we plot the points from the table and sketch 

the tangents at these points. Then we draw the curve by using information about 

rise, fall, and concavity. 

 

Ex:- Discuss and sketch the curve of the following functions:  

a. y=x3-3x+2 

             D: all x  

             R: all y 

Intercepte : 

Set  x=0   y=2 

       (0,2) is y-int. 

Set y=0   x3-3x+2=0 

             (x-1)(x2+x-2)=0 

             (x-1)2(x+2)=0 

 x=1,-2                                

 (1,0),(-2,0) are x-int. 

Symm.: No 

Asymptote: No 
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0)1)(1(30

)1)(1(333 2

=+−=

+−=−=

xx
dx

dy

xxx
dx

dy

 

  x=1, -1 are critical pts 

0060

6

===

=

xx
dx

dy

x
dx

dy

 

 

b. xy sin=  

             D: 20  x  

             R: 11 − y  

Interceptes: 

Set  2,,00sin0 === xxy  

       (0,0),( ,0),(2 ,0) are x-int. 

Set x=0   y=sin0=0 

        (0,0) is y-int. 

Symm.: w.r.t origin only 

Asymptotes: No 

0cos0

cos

==

=

x
dx

dy

x
dx

dy

 

    
2

3
,

2


=x  are critical pts 

0sin0

sin

2

2

2

2

=−=

−=

x
dx

yd

x
dx

yd

 

                  2,,0=x  

 

c. xy tan=  for 20  x  

−



==

yR

xorxorxD

x

x
xy

:

2
2

3

2

3

22
0:

cos

sin
tan



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Intercepts: 

Set y=0   tanx=0   x=0, ,2  

 (0,0),(  ,0),(2 ,0) are x-int. 

Set x=0   y=tan0=0 

(0,0) is y-int. 

Symm.: w.r.t origin 

Asymptotes: 

2

3
,

2


=x  are V.Asy.            

No H.Asy. 

x
dx

dy 2sec=    

0sec0 2 == x
dx

dy
            impossible 

 2,,00sin

0
cos

sin

0tansec20

tansec2

2

2

2

2

2

2

==

=

==

=

xx

x

x

xx
dx

yd

xx
dx

yd

  

 

d. xy ln=  

        D: x>0 

x=ey   R: all y  

Intercepts: 

Set y=0   ln x=0 

                   x=e0=1 

(1,0)is x-int. 

Set x=0   y=ln 0=  

               No y-int. 

Symm.: No 

Asymptotes: x=0 is V.Asy 

010
1

0

1

===

=

xdx

dy

xdx

dy

 

                   impossible 

22

2 1

xdx

yd
−=  
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010
1

0
22

2

=−=−=
xdx

yd
      impossible 

  

e. y=ex 

             D: all x 

x=ln y   R: y>0 

Interceptes: 

Set x=0   y=e0=1 

        (0,1) is y-int. 

Set y=0   ex=0 

x=ln 0  impossible 

No x-int. 

Symm.: No 

Asymptotes: 

y=0 is H-Asy. 

00 === xx eyey  impossible 
xey =  

00 == xey           Impossible 

 

 

 

 

[2] Maxima and Minima Problems 

Ex(1):- Find two positive numbers whose sum is 20 and whose product is as large 

as possible.  

Solu. Let the two no’s be x, 20-x and their product is ( ) ( ) 22020 xxxxxf −=−=  

02200)(

220)(

=−=

−=

xxf

xxf
     

20=2x   x=10 is critical point 

02)10(

2)(

−=

−=

f

xf
  

 the two numbers are: 10, 20-x=10 

Ex(2):- Find the maximum height of the curve xxy 22 cos3sin4 −=    

Solu.  

      
xxxxx

xxxxxxxxy

2sin7)cossin2(7cossin14

sincos6cossin8)sin(cos6cossin8

===

+=−−=
 

2

3
,,

2
,0

3,2,,02

02sin02sin70)(








=

=

===

x

x

xxxf
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          are critical points 

( )0f =4sin2
 ( )0 -3cos2

 ( )0 =-3 











2


f =4sin2

 









2


-3cos2

 









2


=4 

( )f =4sin2
 ( ) -3cos2

 ( ) =-3 











2

3
f =4sin2

 









2

3
-3cos2

 









2

3
=4 

 the max. height of the function is y=4 

 

Ex(3):- If 0−+ c
x

b
ax  for (x>0) where a,b,c are constants, show that 24 cab   

Solu. let  

a

b
x

a

b
x

x

b
a

x

b
axf

x

b
axf

xfc
x

b
axxf

====−=−=

−+=

2

222
00)()(

0)()(

 

                                                                            is critical point 

24202 cabcabcabcababc

a

b

b

a

b
a

a

b
f −=−+=−+














=














 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


