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Errors 

Occurrence of error is unavoidable in the field of scientific computing. Instead, numerical analysts 

try to investigate the possible and best ways to minimise the error. The study of the error and how 

to estimate and minimize it are the fundamental issues in error analysis. 

 

Error Analysis 

In numerical analysis we approximate the exact solution of the problem by using numerical method 

and consequently an error is committed. The numerical error is the difference between the exact 

solution and the approximate solution. 

 

Definition (Numerical Error): Let 𝑥 be the exact solution of the underlying problem and 𝑥∗ its 

approximate solution, then the error (denoted by 𝑒) in solving this problem is 

𝑒 = 𝑥 − 𝑥∗ 

 

Absolute and Relative Errors 

Definition (Absolute Error): The absolute error 𝑒̂ of the error 𝑒 is defined as the absolute value 

of the error 𝑒 

𝑒̂ = |𝑥 − 𝑥∗|. 

 

Definition (Relative Error): The relative error 𝑒̃ of the error 𝑒 is defined as the ratio between 

the absolute error 𝑒̂ and the absolute value of the exact solution 𝑥 

𝑒̃ =
𝑒̂

|𝑥|
=

|𝑥 − 𝑥∗|

|𝑥|
,    𝑥 ≠ 0. 

 

Example: Let 𝑥 = 3.141592653589793 is the value of the constant ratio 𝜋 correct to 15 decimal 

places and 𝑥∗ = 3.14159265 be an approximation of 𝑥. 

Compute the following quantities: 

a. The error. 

b. The absolute error. 

c. The relative error. 
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Solution: 

a. The error 

𝑒 =  𝑥 − 𝑥∗ = 3.141592653589793 − 3.14159265 = 3.589792907376932𝑒 − 09 

                             = 3.589792907376932 × 10−9
 =  0.000000003589792907376932. 

 

b. The absolute error 

𝑒̂ = |𝑥 − 𝑥∗| = |3.141592653589793 − 3.14159265| = 3.589792907376932e − 09. 

 

c. The relative error 

𝑒̃ =
𝑒̂

|𝑥|
=

|𝑥 − 𝑥∗|

|𝑥|
=

3.141592653589793 − 3.14159265

3.141592653589793
     

           =
3.589792907376932e − 09

3.141592653589793
= 1.142666571770530e − 09. 

 

Example: Alex measured the field to the nearest meter, and got a width of 6 m and a length of 8 

m. 

Measuring to the nearest meter means the true value could be up to half a meter smaller or 

larger. 

                                                                                    

The width (w) could be from 5.5m to 6.5m:  5.5 ≤  𝑤 <  6.5 

The length (l) could be from 7.5m to 8.5m: 7.5 ≤  𝑙 <  8.5 

The area is width × length: 𝐴 =  𝑤 ×  𝑙 

The smallest possible area is: 5.5𝑚 ×  7.5𝑚 =  𝟒𝟏. 𝟐𝟓 𝒎𝟐 

The measured area is: 6𝑚 ×  8𝑚 =  𝟒𝟖 𝒎𝟐 

And the largest possible area is: 6.5𝑚 ×  8.5𝑚 =  𝟓𝟓. 𝟐𝟓 𝒎𝟐 

41.25 ≤  𝐴 <  55.25 
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Absolute, Relative and Percentage Error 

The only tricky thing here is ... which is the absolute error? 

• From 41.25 to 48 = 6.75 

• From 48 to 55.25 = 7.25 

Answer: pick the biggest one! So: 

𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝐸𝑟𝑟𝑜𝑟 =  7.25 𝑚2 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐸𝑟𝑟𝑜𝑟 =
7.25𝑚2

48𝑚2
=  0.151. . . 

𝑃𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝐸𝑟𝑟𝑜𝑟 =  15.1%  

 

 

Roundoff and Truncation Errors 

Computers represent numbers in finite number of digits and hence some quantities cannot be 

represented exactly. The error caused by replacing a number a by its closest machine number is 

called the roundoff error and the process is called correct rounding. 

 

Truncation errors also sometimes called chopping errors are occurred when chopping an 

infinite number and replaced it by a finite number or by truncated a series after finite number of 

terms. 

 

Example: Approximate the following decimal numbers to three digits by using rounding and 

chopping (truncation) rules: 

 

1. 𝑥1 = 1.34579. 

2. 𝑥2 = 1.34679. 

3. 𝑥3 = 1.34479. 

4. 𝑥4 = 3.34379. 

5. 𝑥5 = 2.34579. 
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Solution: 

i. Rounding: 

a) 𝑥1 = 1.35. 

b) 𝑥2 = 1.35. 

c) 𝑥3 = 1.34. 

d) 𝑥4 = 3.34. 

e) 𝑥5 = 2.35. 

 

ii.  Chopping: 

a) 𝑥1 = 1.34. 

b) 𝑥2 = 1.34. 

c) 𝑥3 = 1.34. 

d) 𝑥4 = 3.34. 

e) 𝑥5 = 2.34. 

 

 

Example:    =3.141592654 

  =3.1416 عند اربع مراتب  مثلا نحسب خطأ التدوير لل 

  =3.1415عند اربع مراتب   ونحسب خطأ القطع او البتر لل 

 

 

 

 

Example: 

 
x Round-by-chop Roundoff Error Round-to-nearest Roundoff Error 
1.649 1.6 0.049 1.6 0.049 
1.650 1.6 0.050 1.6 0.050 
1.651 1.6 0.051 1.7 -0.049 
1.699 1.6 0.099 1.7 -0.001 
1.749 1.7 0.049 1.7 0.049 
1.750 1.7 0.050 1.8 -0.050 

 



 Bisection methodالمحاضرة الثانية 

1 

 

Solution of Nonlinear Equations 

Bisection method 

Let 𝑓(𝑥) be a continuous function and defined on [𝑎, 𝑏], let 𝑓(𝑎) and 𝑓(𝑏) have 

opposite signs 0)()(  bfaf . Then there exist on p such that 0)( =pf and 

( )bap , . 

The steps of solve bisection method 

نجد قيم .1
2

ba
p

+
=    

 وهناك ثلاث أحتمالات  𝑓(𝑝)نحسب قيمة   .2

𝑓(𝑝)أذا كانت  .أ =  هو الجذر المطلوب.  𝑝فان 0

𝑓(𝑎)𝑓(𝑝)   أذا كانت  .ب  < ,𝑎]فان للمعادلة جذر يقع ضمن الفترة   0 𝑝]. 

𝑓(𝑏)𝑓(𝑝)   أذا كانت  .ج < ,𝑝]فان للمعادلة جذر يقع ضمن الفترة   0 𝑏]. 

 .( الى أن نصل للجذر المطلوب ونسبة خطأ لاتتجاوز 2,1تكرر الخطوة )  .3

 * شرط التوقف: يمكن أستخدام الصيغ الأتية لغرض التوقف عن التكرار. 

1. −
−1nn

pp  

2. )(
n

pf  
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Ex. (1):- Find the root of the equation  𝑓 (𝑥) = 𝑥3, 𝑥[−1,1] 

Solu.  𝑓(−1) = −1, 𝑓(1) = 1         

                0
2

11

2
=

−
=

+
=

ba
p          

                   𝑓(0) = 0 

𝑃 = 0 is a root 

 

Ex. (2):- Find the root of the equation 𝑓 (𝑥) = 2𝑥 − 1, 𝑥[0,2] 

Solu.  𝑓(0) = −1, 𝑓(2) = 3 

1
2

02

2
=

+
=

+
=

ba
p                   

𝑓(1) = 2 − 1 = 1 

1. 𝑓(0)𝑓(1) < 0       

2. 𝑓(2)𝑓(1) > 0         

 5.0
2

01
=

+
=p  

           𝑓(0.5) = 2 ∗ 0.5 − 1 = 0 

𝑝 = 0.5 is a root 

 

Ex. (3):- Find the approximate positive value of the root of the equation 

 𝑓 (𝑥) = 𝑐𝑜𝑠𝑥 − 𝑥2, 𝑥[0,1] by using bisection method with error 01.0=  

Solu. first, we must determine a & b 

1,0

cos0)( 2

==

==

ba

xxxf
 

𝑓 (0) = 𝑐𝑜𝑠0 − 0 = 1                                 

        𝑓(1) = 𝑐𝑜𝑠(1 ∗


180
) − 1 = −0.46  

        𝑓(0)𝑓(1) < 0 

n a b p 𝑓(𝑝) 

1 -1 1 0 0 

n a b p 𝑓(𝑝) 

1 0 2 1 1 

2 0 1 0.5 0 



 Bisection methodالمحاضرة الثانية 

3 

 

n A b p f(p) 

1 0 1 0.5 0.628 

2 0.5 1 0.75 0.169 

3 0.75 1 0.875 -0.125 

4 0.75 0.875 0.813 0.026 

5 0.813 0.875 0.844 -0.048 

6 0.813 0.844 0.829 -0.011 

7 0.813 0.829 0.821 0.007 

 

* 5.0
2

10

2
=

+
=

+
=

ba
p  

        𝑓(0.5) = 𝑐𝑜𝑠(0.5 ∗


180
) − (0.5)2 = 0.628 

        𝑓(1)𝑓(0.5) < 0 

* 75.0
2

15.0
=

+
=p  

       𝑓(0.75) = 𝑐𝑜𝑠(0.75 ∗


180
) − (0.75)2 = 0.169 

        𝑓(1)𝑓(0.75) < 0                                          

* 875.0
2

175.0
=

+
=p  

        𝑓(0.875) = 𝑐𝑜𝑠(0.875 ∗


180
) − (0.875)2 = −0.125 

        𝑓(0.75)𝑓(0.875) < 0 

* 813.0
2

875.075.0
=

+
=p  

        𝑓(0.813) = 𝑐𝑜𝑠(0.813 ∗


180
) − (0.813)2 = 0.026  

        𝑓(0.813)𝑓(0.875) < 0                                                    

* 844.0
2

875.0813.0
=

+
=p                           

        𝑓(0.844) = 𝑐𝑜𝑠(0.844 ∗


180
) − (0.844)2 = −0.048 

        𝑓(0.813)𝑓(0.844) < 0 
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* 829.0
2

844.0813.0
=

+
=p  

        𝑓(0.829) = 𝑐𝑜𝑠(0.829 ∗


180
) − (0.829)2 = −0.011 

        𝑓(0.813)𝑓(0.829) < 0 

* 821.0
2

829.0813.0
=

+
=p  

        𝑓(0.821) = 𝑐𝑜𝑠(0.821 ∗


180
) − (0.821)2 = 0.007                                     

 01.0008.0829.0821.0 =−  

 the root is 𝑝 = 0.821 

 

Theorem: Let  bacf ,  and suppose 0)()( bfaf , the bisection method 

generates a sequence   pp
nn

→


=1
with property 1,

2


−
− n

ab
pp

nn
    

Problem: Determine approximates how many iterations are needed (necessary) to 

solve 𝑓(𝑥) = 𝑐𝑜𝑠𝑥 − 𝑥2 = 0, 𝑥[0,1] with accuracy 𝜀 = 0.01  

 
nn

ab
pp

2

−
− , − pp

n
                              

        
−

n

ab

2
   2102

2

1

2

01 −− ==
− n

nn
  

         2

1010
10log2log −− n  

        10log22log
1010

−− n  

         22log
10

−− n  

            6.6
2log

2

10

=n  

             7n   
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H.W 

1. Find an approximation to 3 25  correct to within 10-1,  3,1x . 

Solution: 

                 -                                          -                  -             -         -         + 

               1                                                     2                     2.5            2.75       2.875       3 

 

n A b p f(p) 

1 1 3 2 -17 

2 2 3 2.5 -9.375 

3 2.5 3 2.75 -4.203 

4 2.75 3 2.875 -1.236 

5 2.875 3 2.938 0.36 

 

2. Find an approximation to 3  correct to within 10-1,  2,1x . 

Solution: 

n A b p f(p) 

1 1 2 1.5 -0.75 

2 1.5 2 1.75 0.063 

3 1.5 1.75 1.625 -0.359 

4 1.625 1.75 1.688 -0.151 

 

3. Find the root 104)( 23 −+= xxxf ,  2,1x  by using bisection method with error 

310−= . 

4. Find the approximation value of the root of 

a. 1)( −= xxexf  with 005.0=  

b. 2)( −= xexf ,   01.0,1,0 == I  
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Algorithm (Bisection Method)   

F=@(x)cos(x)-exp(x)*x^2+2; 
a=0; b=1; imax=35; tol=0.0005; 
Fa=F(a); Fb=F(b); 
disp ('Bisection Method:'); 
if Fa*Fb>0 
    disp('Error:The function has the same sing at points a and b.') 
else 
    disp('iteration    a            b            (xNS)         f(xNS)     Tolerance') 
    for i=1:imax   
        xNS=(a+b)/2; 
        toli=(b-a)/2; 
        FxNS=F(xNS); 
        fprintf('%3i   %11.6f   %11.6f   %11.6f   %11.6f   %11.6f\n',i,a,b,xNS,FxNS,toli) 
        if FxNS == 0 
           fprintf('An exact solution x=%11.6f was found',xNS) 
           break 
        end 
        if toli<tol 
           break 
        end 
        if i == imax 
           fprintf('Solution was not obtained in %i iterations',imax) 
           break 
        end 
        if F(a)*FxNS<0 
           b=xNS; 
        else 
           a=xNS 
        end 
    end 
end     
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Method of False Position 

The method is also called linear interpolation method or chord method or regula-falsi method. At 

the start of all iterations of the method, we require the interval in which the root lies. Let the root 

of the equation 𝑓(𝑥)  =  0, lie in the interval (𝑥𝑘−1, 𝑥𝑘), that is, 𝑓𝑘−1 𝑓𝑘 < 0, where 𝑓(𝑥𝑘−1)  =

 𝑓𝑘−1, and 𝑓(𝑥𝑘) = 𝑓𝑘. Then, 𝑃(𝑥𝑘−1, 𝑓𝑘−1), 𝑄(𝑥𝑘, 𝑓𝑘) are points on the curve 𝑓(𝑥) = 0. Draw a 

straight line joining the points 𝑃 and 𝑄. We approximate the curve in this interval by the chord, 

that is, 𝑓(𝑥) ≈ 𝑎𝑥 + 𝑏. The next approximation to the root is given by 𝑥 = − 𝑏 𝑎⁄ . Since the chord 

passes through the point P and Q, we get  

𝑓𝑘−1 = 𝑎𝑥𝑘−1 + 𝑏, and 𝑓𝑘 = 𝑎𝑥𝑘 + 𝑏. 

Subtracting the two equations, we get 

𝑓𝑘 − 𝑓𝑘−1 = 𝑎(𝑥𝑘 − 𝑥𝑘−1), or 𝑎 =
𝑓𝑘 − 𝑓𝑘−1

𝑥𝑘 − 𝑥𝑘−1
. 

The second equation givens 𝑏 = 𝑓𝑘 − 𝑎𝑥𝑘. 

Hence, the next approximation is given by  

𝑥𝑘+1 = −
𝑏

𝑎
= −

𝑓𝑘 − 𝑎𝑥𝑘

𝑎
= 𝑥𝑘 −

𝑓𝑘

𝑎
= 𝑥𝑘 − (

𝑥𝑘 − 𝑥𝑘−1

𝑓𝑘 − 𝑓𝑘−1
) 𝑓𝑘 

Therefore, in this case, in actual computations, the method behaves like 

𝑥𝑘+1 =
𝑥𝑘𝑓1 − 𝑥1𝑓𝑘

𝑓1 − 𝑓𝑘
, 𝑘 = 1, 2, … 

 

False Position method (regula falsi method) Steps (Rule) 

Step 1: Find points 𝑥0 and 𝑥1 such that 𝑥0 < 𝑥1 and 𝑓(𝑥0). 𝑓(𝑥1) < 0. 

Step 2: Take the interval [𝑥0, 𝑥1] and find next value 

𝑥2 = 𝑥0 − 𝑓(𝑥0).
𝑥1 − 𝑥0

𝑓(𝑥1) − 𝑓(𝑥0)
 

Step 3: If 𝑓(𝑥2) = 0 then 𝑥2 is an exact root, 

             else if 𝑓(𝑥0). 𝑓(𝑥2) < 0 then 𝑥1 = 𝑥2,   

            else if 𝑓(𝑥2). 𝑓(𝑥1) < 0 then 𝑥0 = 𝑥2. 

Step 4: Repeat steps 2 & 3 until 𝑓(𝑥𝑖) = 0 or |𝑓(𝑥𝑖)| ≤ Accuracy. 
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Example 1: Locate the intervals which contain the positive real roots of the equation 𝑥3– 3𝑥 +

1 = 0. Obtain these roots correct to three decimal places, using the method of false position. 

Solution We form the following table of values for the function f(x). 

There is one positive real root in the interval (1, 2). 

𝑥0 = 1, 𝑥1 = 2, 𝑓0 = 𝑓(𝑥0) = 𝑓(1) = −1, 𝑓1 = 𝑓(𝑥1) = 𝑓(2) = 3. 

𝑥2 =
𝑥0𝑓1 − 𝑥1𝑓0

𝑓1 − 𝑓0
=

3 − 2(−1)

3 − (−1)
= 1.25, 𝑓(𝑥2) = 𝑓(1.25) = −0.796875. 

Since 𝑓(1.25)𝑓(2) < 0, the root lies in the interval (1.25,2). 

𝑥3 =
𝑥2𝑓1 − 𝑥1𝑓2

𝑓1 − 𝑓2
=

1.25(3) − 2(−0.796875)

3 − (−0.796875)
= 1.407407,  

𝑓(𝑥3) = 𝑓(1.407407) = −0.434437. 

Since 𝑓(1.407407)𝑓(2) < 0, the root lies in the interval (1.407407,2). 

𝑥4 =
𝑥3𝑓1 − 𝑥1𝑓3

𝑓1 − 𝑓3
=

1.407407(3) − 2(−0.434437)

3 − (−0.434437)
= 1.482367,  

𝑓(𝑥4) = 𝑓(1.482367) = −0.189730. 

Since 𝑓(1.482367)𝑓(2) < 0, the root lies in the interval (1.482367,2). 

𝑥5 =
𝑥4𝑓1 − 𝑥1𝑓4

𝑓1 − 𝑓4
=

1.482367(3) − 2(−0.18973)

3 − (−0.18973)
= 1.513156,  

𝑓(𝑥5) = 𝑓(1.513156) = −0.074884. 

Since 𝑓(1.513156)𝑓(2) < 0, the root lies in the interval (1.513156,2). 

𝑥6 =
𝑥5𝑓1 − 𝑥1𝑓5

𝑓1 − 𝑓5
=

1.513156(3) − 2(−0.074884)

3 − (−0.74884)
= 1.525012. 

𝑓(𝑥6) = 𝑓(1.525012) = −0.028374. 
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Since 𝑓(1.525012)𝑓(2) < 0, the root lies in the interval (1.525012,2). 

𝑥7 =
𝑥6𝑓1 − 𝑥1𝑓6

𝑓1 − 𝑓6
=

1.525012(3) − 2(−0.028374)

3 − (−0.028374)
= 1.529462. 

𝑓(𝑥7) = 𝑓(1.529462) = −0.010584. 

Since 𝑓(1.529462)𝑓(2) < 0, the root lies in the interval (1.529462,2). 

𝑥8 =
𝑥7𝑓1 − 𝑥1𝑓7

𝑓1 − 𝑓7
=

1.529462(3) − 2(−0.010586)

3 − (−0.10586)
= 1.531116. 

𝑓(𝑥8) = 𝑓(1.531116) = −0.003928. 

Since 𝑓(1.531116)𝑓(2) < 0, the root lies in the interval (1.531116,2). 

𝑥9 =
𝑥8𝑓1 − 𝑥1𝑓8

𝑓1 − 𝑓8
=

1.531116(3) − 2(−0.003928)

3 − (−0.003928)
= 1.531729. 

𝑓(𝑥9) = 𝑓(1.531729) = −0.001454. 

Since 𝑓(1.531729)𝑓(2) < 0, the root lies in the interval (1.531729,2). 

𝑥10 =
𝑥9𝑓1 − 𝑥1𝑓9

𝑓1 − 𝑓9
=

1.531729(3) − 2(−0.001454)

3 − (−0.001454)
= 1.531956. 

Now, |𝑥10 − 𝑥9| = |1.531956 − 1.531729| ≈ 0.000227 < 0.0005. 

The root has been computed correct to three decimal places. The required root can be taken as 𝑥 ≈

𝑥10 = 1.531956. Note that the left end point x = 2 is fixed for all iterations. 

 

Example 2: Find the root correct to two decimal places of the equation 𝑥𝑒𝑥 = 𝑐𝑜𝑠 𝑥, using the 

method of false position. 

Solution: Define 𝑓(𝑥) = 𝑐𝑜𝑠𝑥 − 𝑥𝑒𝑥 = 0. There is no negative root for the equation. We have 

𝑓(0) = 1, 𝑓(1) = 𝑐𝑜𝑠1 − 𝑒 = −2.17798. 
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A root of the equation lies in the interval (0,1). Let 𝑥0 = 0, 𝑥1 = 1. Using the method of false 

position, we obtain the following results. 

𝑥2 =
𝑥0𝑓1 − 𝑥1𝑓0

𝑓1 − 𝑓0
=

0 − 1(1)

−2.17798 − 1
= 0.31467, 𝑓(𝑥2) = 𝑓(0.31467) = 0.51986. 

Since 𝑓(0.31467)𝑓(1) < 0, the root lies in the interval (0.31467,1).   

𝑥3 =
𝑥2𝑓1 − 𝑥1𝑓2

𝑓1 − 𝑓2
=

0.31467(−2.17798) − 1(0.51986)

−2.17798 − 0.51986
= 0.44673, 

                    𝑓(𝑥3) = 𝑓(0.44673) = 0.20354. 

Since 𝑓(0.44673)𝑓(1) < 0, the root lies in the interval (0.44673,1).   

𝑥4 =
𝑥3𝑓1 − 𝑥1𝑓3

𝑓1 − 𝑓3
=

0.44673(−2.17798) − 1(0.20354)

−2.17798 − 0.20354
= 0.49402, 

                    𝑓(𝑥4) = 𝑓(0.49402) = 0.07079. 

Since 𝑓(0.49402)𝑓(1) < 0, the root lies in the interval (0.49402,1).   

𝑥5 =
𝑥4𝑓1 − 𝑥1𝑓4

𝑓1 − 𝑓4
=

0.49402(−2.17798) − 1(0.07079)

−2.17798 − 0.07079
= 0.50995, 

                    𝑓(𝑥5) = 𝑓(0.50995) = 0.02360. 

Since 𝑓(0.50995)𝑓(1) < 0, the root lies in the interval (0.50995,1).   

𝑥6 =
𝑥5𝑓1 − 𝑥1𝑓5

𝑓1 − 𝑓5
=

0.50995(−2.17798) − 1(0.0236)

−2.17798 − 0.0236
= 0.51520, 

                    𝑓(𝑥6) = 𝑓(0.51520) = 0.00776. 

Since 𝑓(0.51520)𝑓(1) < 0, the root lies in the interval (0.51520,1). 

𝑥7 =
𝑥6𝑓1 − 𝑥1𝑓6

𝑓1 − 𝑓6
=

0.5152(−2.17798) − 1(0.00776)

−2.17798 − 0.00776
= 0.51692. 
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Now, |𝑥7 − 𝑥6| = |0.51692 − 0.51520| ≈ 0.00172 < 0.005. 

The root has been computed correct to two decimal places. The required root can be taken as 𝑥 ≈

𝑥7 = 0.51692. Note that the left end point 𝑥 = 1 is fixed for all iterations. 

H.W 

Find a root of an equation 𝑓(𝑥) = 𝑥3 − 𝑥 − 1 and the interval (1, 2) using false position method. 

 

Algorithm (False Position) 

f=@(c)(c)^3-3*(c)+1; 

a=0; 

b=1; 

delta=0.0005; 

epsilon=0.0005; 

max1=10; 

ya=feval(f,a); 

yb=feval(f,b); 

if ya*yb>0 

   disp('Note: f(a)*f(b)>0'),break,end 

for k=1:max1 

    dx=yb*(b-a)/(yb-ya); 

    c=b-dx; 

    ac=c-a; 

    yc=feval(f,c); 

    if yc==0,break; 

    elseif yb*yc>0     

             b=c; 

             yb=yc; 

         else 

             a=c; 

             ya=yc; 

          end 

       dx=min(abs(dx),ac); 

    if abs(dx)<delta,break,end 

    if abs(yc)<delta,break,end 

end 

disp('Regula Falsi Method'); 

c; 

err=abs(b-a)/2; 

yc=feval(f,c); 

disp(c) 
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Newton-Raphson method 

Suppose f(x) be twice continuously differentiable function on [a,b], i.e ],[2 bacf  . 

Let 0)(  xf , let x  be any point in [a,b] such that 0)(  xf , let p be the root of 

f(x), i.e 0)( =pf and px − be small enough, i.e − px . Then (Taylor expansion 

for f(x) about xx = ) 

),(),(
!2

)(
)()()()(

2

xxf
xx

xfxxxfxf 
−

+−+       

since 0)( =pf with px =  gives 

)()()(

),(),(
!2

)(
)()()()(0

2

xfxfxp

xpf
xp

xfxpxfpf

=−−


−

+−+= 
 

)(

)(

)(

)(
)(

xf

xf
xp

xf

xf
xp


−=


=−−  Newton Raphson p is the approximate root 

for f(x), i.e 0)( =pf  

x  is any initial point ],[ ba  and x  closed to p. 

 

The steps of solve Newton Raphson   

1=n   
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],,[,

)(

)(
pbap

pf

pf
pp 


−=  is initial point 


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Newton Raphson method 
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Stopping criterion 

1. −
−1nn

pp  

2. ( ) 
n

pf  

3. 0,
1


−

−

n

n

nn
p

p

pp
  

 

Ex(1):- Find the root of the eq. 011.22 =−+ xx by N.R with 5.0
0
=x  

Solu. 1.22)( += xxf  

𝑥𝑛 = 𝑥𝑛−1 −
𝑓(𝑥𝑛−1)

𝑓 ′(𝑥𝑛−1)
, 𝑛 ≥ 1 

4032.0
1.3

3.0
5.0

1
=−=x  

4.0
9.2

0
4000.0

4000.0
9064.2

0093.0
4032.0

3

2

=−=

=−=

x

x

 

4.0
3
= x is a root 

 

Ex(2):- Use N.R to estimate 7 take 5.2
0
=x  

Solu. Suppose 0777 22 =−== xxx  
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64575.27 =                                                
43

, xx  متطابقتان لخمس مراتب عشرية 

 باستخدام طريقة نيوتن رافسون أوجد 

 صيغه عامة لإيجاد الجذر التربيعي لأي عدد  .1

 بدون أي قسمة  aصيغه عامة لإيجاد مقلوب العدد  .2
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Ex(3):-Find 1.0,
7

1
0
=x  

Solu. ( )
nnn

axxx −=
+

2
1

  

( )

( )

14286.0
7

1

14286.0

14286.0

14285.0

1417.0)91.02(13.013.07213.0

13.07.021.0)72(

5

4

3

2

001

=

=

=

=

=−=−=

=−=−=

x

x

x

x

xxx

 

 

 

H.W  

1. 1,104)(
0

23 −=+−= xxxxf  

2. Calculate 2,5
0
=x  

2,sin212)(
0
=−−= xxxxf  
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Secant Method 

 

Since ( )2
xp − is deleted then unless p is sufficiently close to x  N-R method may not 

converge to the root p ( x  be an initial point xp =
0

). 

N-R is extremely powerful technique, but has a major difficulty, the need to know 

the value of )(xf   at each iterative point. 

21
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using this approximation for )(
1−


n

pf  in Newton’s formula gives  

)()(

))((

21

211

1

−−

−−−

−
−

−
−=

nn

nnn

nn
pfpf

pppf
pp   

The technique using this formula is called the secant method. 

 

Ex (1):- use secant method to find the smallest root of 1ln)( −= xxxf with error 

002.0= . 

Solu. 111ln1)(,1
00

=−== xfx  

         3863.012ln2)(,2
11

=−== xfx  

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)(𝑥𝑛 − 𝑥𝑛−1)

𝑓(𝑥𝑛) − 𝑓(𝑥𝑛−1)
 

𝑥2 = 2 −
0.3863(2 − 1)

0.3863 + 1
= 2 − 0.2787 = 1.7213 

𝑥3 = 1.7213 −
−0.0652(−0.2787)

−0.0652 − 0.3863
= 1.7213 −

−0.0182

−0.4515
= 1.7616 
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𝑥4 = 1.7616 −
−0.0025(0.0403)

−0.025 + 0.0652
= 1.7616 −

−0.0001

0.0627
= 1.7632 

|𝑥4 − 𝑥3| = 0.0016 

7632.1
4
= x  is a root. 

Ex(2):- Find the smallest positive roots of the eq. xxxf cos13)( −−=  with 

003.0= . 

Solu. xxxx cos130cos13 =−=−−  

           
459.1541.02)1(,1

2)0(,0

1

0

=−==

−==

fx

fx
 

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)(𝑥𝑛 − 𝑥𝑛−1)

𝑓(𝑥𝑛) − 𝑓(𝑥𝑛−1)
 

𝑥2 = 1 −
1.459(1 − 0)

1.459 + 2
= 1 − 0.4218 = 0.5782 

𝑥3 = 0.5782 −
−0.1028(0.5782 − 1)

−0.1028 − 1.459
= 0.5782 − 0.0278 = 0.606 

𝑥4 = 0.606 −
0.0039(0.0278)

0.0039 + 0.1028
= 0.606 − 0.001 = 0.605 

003.0001.0
34

=− xx  

605.0
4
= x  is a root. 

H.W 

1. 003.0,cos)( 2 =−= xxxf  

2. 003.0,cos)( 2 =+= xxxf  
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Algorithm (Secant Method) 
function [p1,err,k,y]=secant(f,p0,p1,delta,epsilon,max1) 

clear;clc; 

for k=1:max1 

    p2=p1-feval(f,p1)*(p1-p0)/(feval(f,p1)-feval(f,p0)); 

    err=abs(p2-p1); 

    relerr=2*err/(abs(p2)+delta); 

    p0=p1; 

    p1=p2; 

    y=feval(f,p1); 

    if (err<delta)|(relerr<delta)|(abs(y)<epsilon),break,end 

end 

 

Algorithm (Newton Raphson) 
f=@(p0) (p0)^4+(p0)^2+1; 

df=@(p0) 4*(p0)^3+2*(p0); 

p0=0.5; 

delta=0.0005; 

epsilon=0.0005; 

max1=10; 

for k=1:max1 

    p1=p0-feval(f,p0)/feval(df,p0); 

    err=abs(p1-p0); 

    relerr=2*err/(abs(p1)+delta); 

    p0=p1; 

    y=feval(f,p0); 

    if (err<delta)|(relerr<delta)|(abs(y)<epsilon),break,end 

end 

disp('Newton Raphson Method'); 

disp(p0) 
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Numerical solution of set of equation 
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Procedure  

if 𝑛 is large it is difficult to find the solution by hand. 

Augmented matrix [𝐴: 𝐵] 



















nnnnn

n

n

baaa

baaa

baaa









21

222221

111211

  

Read 𝐴(𝑖, 𝑗), 𝑖 = 1, … , 𝑛 𝑗 = 1, … , 𝑛 + 1 

We will eliminate the first element in the ith row (except the first row) 

13

0120

11

31

11

11

21

21

11

21

21

Row
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a
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a
aRow
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Rowa
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
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In general, let 𝑎𝑖1 be the element of row 𝑖 

niRow
a

a
Rowi i ,...,2,1

11

1 =−  
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Ex.1: Solve the following linear system using Gaussian elimination: 

 

Transcribing the system of linear equations into an augmented matrix we obtain the matrix 

equation: 

 

 

We can clearly see from the resulting matrix that −𝑦 = −5  meaning that 𝑦 = 5. We substitute 

this value into the equation equivalent to the first row of the resulting augmented matrix to solve 

for the variable x: 

 

Therefore, the final solution for the system of linear equations is: 

 

 

Ex.2: If we were to have the following system of linear equations containing three equations for 

three unknowns: 

𝑥 + 𝑦 + 𝑧 = 3 

𝑥 + 2𝑦 + 3𝑧 = 0 

𝑥 + 3𝑦 + 2𝑧 = 3 

We know from our lesson on representing a linear system as a matrix that we can represent such 

system as an augmented matrix like the one below: 

 

https://www.studypug.com/linear-algebra/representing-a-linear-system-as-a-matrix
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Let us row-reduce (use Gaussian elimination) so we can simplify the matrix: 

 

 

 

Applying the values of y and z to the first equation 

 

And the final solution for the system is: 

 

 

Ex.3: Solve the following linear system using Gaussian elimination.  

 

We transcribe the linear system as an augmented matrix and then we start the Gaussian elimination 

process: 
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From which we can see that the last row provides the equation: 6𝑧 = 3 and therefore 𝑧 = 1/2. 

We substitute this in the equations resulting from the second and first row (in that order) to 

calculate the values of the variables x and y: 

 

Applying the values of y and z to the first equation: 

 

Therefore, the final solution to the system of linear equations is: 

 



Gauss Jorden Method  المحاضرة الثامنة





















Gauss-Jacobi Iteration Methodالتاسعةالمحاضرة

























Gauss-Seidel Iteration Methodالمحاضرة العاشرة 
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Interpolation and the Lagrange polynomial  
 

 
 

Lagrange Interpolation 
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Numerical Integration 

The need often arises for evaluating the definite integral of a function that has no explicit 

antiderivative or whose antiderivative is not easy to obtain. The basic method involved in 

approximating ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 is called numerical quadrature. It uses a sum ∑ 𝑎𝑖𝑓(𝑥𝑖)

𝑛
𝑖=0  to 

approximate ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
. 

The methods of quadrature in this section are based on the interpolation polynomials. The basic 

idea is to select a set of distinct nodes {𝑥0, . . . , 𝑥𝑛} from the interval [𝑎, 𝑏]. Then integrate the 

Lagrange interpolating polynomial,  

𝑃𝑛(𝑥) = ∑ 𝑓(𝑥𝑖)𝐿𝑖(𝑥)

𝑛

𝑖=0

 

and its truncation error term over [𝑎, 𝑏] to obtain, 

∫ 𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 = ∫ ∑ 𝑓(𝑥𝑖)𝐿𝑖(𝑥)

𝑛

𝑖=0

𝑑𝑥 + ∫ ∏(𝑥 − 𝑥𝑖)
𝑓(𝑛+1)(𝜉(𝑥))

(𝑛 + 1)!

𝑛

𝑖=0

𝑑𝑥

𝑏

𝑎

𝑏

𝑎

 

= ∑ 𝑎𝑖𝑓(𝑥𝑖)

𝑛

𝑖=0

+
1

(𝑛 + 1)!
∫ ∏(𝑥 − 𝑥𝑖)𝑓(𝑛+1)(𝜉(𝑥))

𝑛

𝑖=0

𝑑𝑥

𝑏

𝑎

, 

Where 𝜉(𝑥) is in [𝑎, 𝑏] for each 𝑥 and 

𝑎𝑖 = ∫ 𝐿𝑖(𝑥)𝑑𝑥

𝑏

𝑎

,     for each 𝑖 = 0,1,2 … , 𝑛. 

The quadrature formula is, therefore, 

∫ 𝑓(𝑥)𝑑𝑥 ≈ ∑ 𝑎𝑖𝑓(𝑥𝑖)

𝑛

𝑖=0

,

𝑏

𝑎

 

With error given by 

𝐸(𝑓) =
1

(𝑛 + 1)!
∫ ∏(𝑥 − 𝑥𝑖)𝑓(𝑛+1)(𝜉(𝑥))

𝑛

𝑖=0

𝑑𝑥

𝑏

𝑎

. 
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The Trapezoidal Rule 

This technique is a much more accurate way to approximate area beneath a curve. To construct the 

trapezoids, you mark the height of the function at the beginning and end of the width interval, then 

connect the two points. However, this method requires you to memorize a formula. 

 

 
 

Definition 

Let 𝑓 be continuous on [a, b]. The Trapezoidal Rule for approximating ∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 is given by 



 The Trapezoidal Ruleالمحاضرة الثالثة عشر  

3 
 

𝑏 − 𝑎

2𝑛
[𝑓(𝑎) + 2𝑓(𝑥1) + 2𝑓(𝑥2) + ⋯ + 2𝑓(𝑥𝑛−1) + 𝑓(𝑏)] 

The Trapezoidal Rule A Second Glimpse 

∫ 𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 =
ℎ

2
[𝑦0 + 2𝑦1 + 2𝑦2 + ⋯ + 2𝑦𝑛−1 + 𝑦𝑛] 

where [a, b] is partitioned into n subintervals of equal length. 

∆𝑥 = ℎ =
𝑏 − 𝑎

𝑛
 

 

Ex 1: Approximate the area beneath 𝑓(𝑥) = 𝑥2 + 1 on the interval [0, 3] using the Trapezoidal 

Rule with 𝑛 = 5 trapezoids. 

Solution:  

∆𝑥 = ℎ =
𝑏 − 𝑎

𝑛
=

3 − 0

5
=

3

5
 

𝑥 0 3

5
 

6

5
 

9

5
 

12

5
 

3 

𝑓(𝑥) = 𝑦 1 34

25
 

61

25
 

106

25
 

169

25
 

10 

 

𝐼 =
𝑏 − 𝑎

2𝑛
[𝑦0 + 2𝑦1 + 2𝑦2 + 2𝑦3 + 2𝑦4 + 𝑦5] 

𝐼 =
3

2(5)
[1 + 2 (

34

25
) + 2 (

61

25
) + 2 (

106

25
) + 2 (

169

25
) + 10] 

𝐼 =
3

10
[1 +

68

25
+

122

25
+

212

25
+

338

25
+ 10] 

𝐼 =
3

10
[
25 + 68 + 122 + 212 + 338 + 250

25
] 

𝐼 =
3

10
[
1015

25
] =

609

50
= 12.18 

 

 

Ex 2: Approximate the area beneath 𝑦 = 𝑠𝑖𝑛𝑥 on the interval [0, 𝜋] using the Trapezoidal Rule 

with 𝑛 = 4 trapezoids. 

Solution:  

∆𝑥 = ℎ =
𝑏 − 𝑎

𝑛
=

𝜋 − 0

4
=

𝜋

4
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𝑥 0 𝜋

4
 

𝜋

2
 

3𝜋

4
 

𝜋 

𝑓(𝑥) = 𝑦 0 √2

2
 

1 √2

2
 

0 

 

𝐼 =
𝑏 − 𝑎

2𝑛
[𝑦0 + 2𝑦1 + 2𝑦2 + 2𝑦3 + 𝑦4] 

𝐼 =
𝜋

2(4)
[0 + 2 (

√2

2
) + 2(1) + 2 (

√2

2
) + 0] 

𝐼 =
𝜋

8
[0 + √2 + 2 + √2 + 0] 

𝐼 =
𝜋

8
[2 + 2√2] 

𝐼 ≈ 1.894 

 

Ex 3: Given the following experiment data determine the approximate area enclosed by a curve 

passing through the data and the x-axis by the trapezoidal rule. 

𝑥 1 2 3 5 

𝑓(𝑥) = 𝑦 2 4 5 7 

Solution: 

𝐼 = 𝐼1 + 𝐼2 

𝐼1 =
ℎ1

2
[𝑓(1) + 2𝑓(2) + 𝑓(3)], ℎ1 = 2 − 1 = 1 

𝐼2 =
ℎ2

2
[𝑓(3) + 𝑓(5)], ℎ2 = 5 − 3 = 2 

𝐼 =
1

2
[2 + 2(4) + 5] +

2

2
[5 + 7] = 19.5 

 

Ex 4: Approximate the area under the curve 𝑦 = 𝑓(𝑥) between 𝑥 = 0 and 𝑥 = 8 using Trapezoidal 

Rule with 𝑛 = 4 subintervals. A function 𝑓(𝑥) is given in the table of values. 

𝑥 0 2 4 6 8 

𝑓(𝑥) 3 7 11 9 3 

Solution: 

The Trapezoidal Rule formula for 𝑛 = 4 subintervals is given as: 
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𝐼 =
∆𝑥

2
[𝑓(𝑥0) +  2𝑓(𝑥1) +  2𝑓(𝑥2) + 2𝑓(𝑥3)  +  𝑓(𝑥4)] 

Here the subinterval width 𝛥𝑥 = 2. 

Now, substitute the values from the table, to find the approximate value of the area under the curve. 

𝐴 ≈  𝐼 =
2

2
[3 +  2(7) +  2(11) + 2(9)  +  3] 

𝐴 ≈  𝐼 =  3 +  14 +  22 +  18 + 3 =  60 

Therefore, the approximate value of area under the curve using Trapezoidal Rule is 60. 

 

Ex 5: Approximate the area under the curve 𝑦 = 𝑓(𝑥) between 𝑥 = −4 and 𝑥 = 2 using 

Trapezoidal Rule with 𝑛 = 6 subintervals. A function 𝑓(𝑥) is given in the table of values. 

𝑥 -4 -3 -2 -1 0 1 2 

𝑓(𝑥) 0 4 5 3 10 11 2 

Solution: 

The Trapezoidal Rule formula for 𝑛 = 6 subintervals is given as: 

𝐼 =
∆𝑥

2
[𝑓(𝑥0) +  2𝑓(𝑥1) +  2𝑓(𝑥2) + 2𝑓(𝑥3)  +  2𝑓(𝑥4) + 2𝑓(𝑥5) +  𝑓(𝑥6)] 

Here the subinterval width 𝛥𝑥 = 1. 

Now, substitute the values from the table, to find the approximate value of the area under the curve. 

𝐴 ≈ 𝐼 =
1

2
[0 +  2(4) +  2(5) + 2(3)  +  2(10) + 2(11)  + 2] 

𝐴 ≈ 𝐼 =  
1

2
[ 8 +  10 +  6 +  20 + 22 + 2 ] =

68

2
= 34 

Therefore, the approximate value of area under the curve using Trapezoidal Rule is 34. 
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Simpson's Rule 

Another area approximating tool is Simpson's Rule. 

Geometrically, it creates tiny parabolas to wrap closer around the function we are approximating. 

The formula is similar to the Trapezoidal Rule, with a small catch... 

you can only use an even number of subintervals. 

 

Definition 

Let f be continuous on [a, b]. 

Simpson's Rule for approximating ∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 is given by 

𝑏 − 𝑎

3𝑛
[𝑓(𝑎) + 4𝑓(𝑥1) + 2𝑓(𝑥2) + ⋯+ 4𝑓(𝑥𝑛−1) + 𝑓(𝑏)] 

Simpson's Rule A Second Glimpse 

∫𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 =
ℎ

3
[𝑦0 + 4𝑦1 + 2𝑦2 + 4𝑦3 +⋯+ 2𝑦𝑛−2 + 4𝑦𝑛−1 + 𝑦𝑛] 

where [a, b] is partitioned into n even subintervals of equal length. 

∆𝑥 = ℎ =
𝑏 − 𝑎

𝑛
 

 

Ex. 1: Approximate the area beneath 𝑓(𝑥) = 𝑥2 + 1 on the interval [0, 3] using Simpson's Rule 

with 𝑛 = 6 subintervals. 

Solution:  

∆𝑥 = ℎ =
𝑏 − 𝑎

𝑛
=
3 − 0

6
=
1

2
 

𝑥 0 1

2
 

1 3

2
 

2 5

2
 

3 

𝑓(𝑥) = 𝑦 1 5

4
 

2 13

4
 

5 29

4
 

10 

 

𝐼 =
ℎ

3
[𝑦0 + 4𝑦1 + 2𝑦2 + 4𝑦3 + 2𝑦4 + 4𝑦5 + 2𝑦6] 

𝐼 =
1

2(3)
[1 + 4 (

5

4
) + 2(2) + 4 (

13

4
) + 2(5) + 4 (

29

4
) + 10] 

𝐼 =
1

6
[1 + 5 + 4 + 13 + 10 + 29 + 10] 

𝐼 =
1

6
[72] = 12 
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Ex. 2: Approximate the area beneath 𝑦 = 𝑠𝑖𝑛𝑥 on the interval [0, 𝜋] using the Simpson's Rule with 

𝑛 = 6 subintervals. 

Solution:  

∆𝑥 = ℎ =
𝑏 − 𝑎

𝑛
=
𝜋 − 0

6
=
𝜋

6
 

𝑥 0 𝜋

6
 

𝜋

3
 

𝜋

2
 

2𝜋

3
 

5𝜋

6
 

𝜋 

𝑓(𝑥) = 𝑦 0 1

2
 √3

2
 

1 √3

2
 

1

2
 

0 

 

𝐼 =
ℎ

3
[𝑦0 + 4𝑦1 + 2𝑦2 + 4𝑦3 + 2𝑦4 + 4𝑦5 + 𝑦6] 

𝐼 =
𝜋

6(3)
[0 + 4 (

1

2
) + 2(

√3

2
) + 4(1) + 2(

√3

2
) + 4 (

1

2
) + 0] 

𝐼 =
𝜋

18
[0 + 2 + √3 + 4 + √3 + 2 + 0] 

𝐼 =
𝜋

18
[8 + 2√3] 

𝐼 ≈ 2.001 

 

Ex. 3: Find approximate value of the following integrations by Simpson’s rule 𝐼 = ∫ 𝑥 𝑙𝑛 𝑥 𝑑𝑥
4

0
 

where 𝑛 = 8, 𝑎 = 0, 𝑏 = 4. 

ℎ =
𝑏 − 𝑎

𝑛
=
4 − 0

8
= 0.5 

𝑓(𝑥) = 𝑥 𝑙𝑛 𝑥 

𝑥𝑖 0 0.5 1 1.5 2 2.5 3 3.5 4 

𝑓(𝑥𝑖) = 𝑦𝑖 0 -0.347 0 0.608 1.386 2.291 3.296 4.385 5.545 

𝐼 =
ℎ

3
(𝑦0 + 4(𝑦1 + 𝑦3 + 𝑦5 + 𝑦7) + 2(𝑦2 + 𝑦4 + 𝑦6) + 𝑦8) 

𝐼 =
0.5

3
(0 + 4(−0.347 + 0.608 + 2.291 + 4.385) + 2(0 + 1.386 + 3.296) + 5.545) 

= 0.167(0 + 4(6.937) + 2(4.682) + 5.545) = 0.167(27.748 + 9.364 + 5.545) 

= 0.167(42.657) = 7.124 
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Ex. 4: Use the Simpson’s rule of integration to determinate the value of the following integrals 

=
2

1

cos
dx

x

x
I , where 𝑛 = 8, 𝑎 = 1, 𝑏 = 2. 

ℎ =
𝑏 − 𝑎

𝑛
=
2 − 1

8
= 0.125 

𝑓(𝑥) =
𝑐𝑜𝑠 𝑥

𝑥
 

𝑥𝑖 1 1.125 1.25 1.375 1.5 1.625 1.75 1.875 2 

𝑓(𝑥𝑖) = 𝑦𝑖 0.5403 0.3833 0.2523 0.1415 0.0472 -0.0333 -0.1019 -0.1598 -0.2081 

𝐼 =
ℎ

3
(𝑦0 + 𝑦8 + 4(𝑦1 + 𝑦3 + 𝑦5 + 𝑦7) + 2(𝑦2 + 𝑦4 + 𝑦6)) 

𝐼 =
0.125

3
(0.5403 − 0.2081 + 4(0.3833 + 0.1415 − 0.0333 − 0.1598) + 2(0.2523 + 

0.0472 − 0.1019)) = 0.0417(0.3322 + 4(0.3317) + 2(0.1976)) = 0.0417(2.0542) 

= 0.0856 

 



Euler Method

Euler Methodالمحاضرة الخامسة عشر 
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Runge-Kutta method 

The Runge-Kutta method is a self-starting numerical method which is comely use in 

solving ODE. 

There are many types of this method depending on the order of the drifter. 

1. Second-order R-K method is 

𝑦𝑛+1 = 𝑦𝑛 +
1

2
(𝑘1 + 𝑘1) 

Where 𝑘1 = ℎ𝑓(𝑥𝑛, 𝑦𝑛) 

𝑘2 = ℎ𝑓(𝑥𝑛 + ℎ, 𝑦𝑛 + 𝑘1) 

 

2. Third order R-K method is 

𝑦𝑛+1 = 𝑦𝑛 +
1

6
(𝑘1 + 4𝑘2 + 𝑘3) 

Where 𝑘1 = ℎ𝑓(𝑥𝑛, 𝑦𝑛) 

𝑘2 = ℎ𝑓 (𝑥𝑛 +
1

2
ℎ, 𝑦𝑛 +

1

2
𝑘1) 

𝑘3 = ℎ𝑓(𝑥𝑛 + ℎ, 𝑦𝑛 − 𝑘1 + 2𝑘2) 

 

3. Forth order R-K 

𝑦𝑛+1 = 𝑦𝑛 +
1

6
(𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4) 

Where 𝑘1 = ℎ𝑓(𝑥𝑛, 𝑦𝑛) 

𝑘2 = ℎ𝑓 (𝑥𝑛 +
1

2
ℎ, 𝑦𝑛 +

1

2
𝑘1) 

𝑘3 = ℎ𝑓 (𝑥𝑛 +
1

2
ℎ, 𝑦𝑛 +

1

2
𝑘2) 

𝑘4 = ℎ𝑓(𝑥𝑛 + ℎ, 𝑦𝑛 + 𝑘3) 

Which is generally used in solving ODE numerically. 
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Ex (1):- solve the following differential eq. using the 2nd order R-K method  

       
𝑑𝑦

𝑑𝑥
=

1

2
𝑦, 𝑦(0) = 1, ℎ = 1 

Solu. 

    𝑦1 = 𝑦0 +
1

2
(𝑘1 + 𝑘2) 

𝑘1 = ℎ𝑓(𝑥0, 𝑦0) = 1𝑓(0,1) = 1 (
1

2
⋅ 1) = 0.5 

𝑘2 = ℎ𝑓(𝑥0 + ℎ, 𝑦0 + 𝑘1) = 1𝑓(1,1.5) = 1 ⋅
1.5

2
= 0.75 

∴ 𝑦1 = 1 +
1

2
(0.5 + 0.75) = 1 +

1.25

2
= 1 + 0.625 = 1.625 

 

Ex (2):- by R-K fourth order solve the following eq. 𝑦 ′ = 𝑥2 − 2𝑥𝑦, when 𝑦(1) =

0, ℎ = 0.2, 𝑛 = 2 

Solu.     

𝑓(𝑥, 𝑦) = 𝑦 ′ = 𝑥2 − 2𝑥𝑦 

𝑘1 = ℎ𝑓(𝑥0, 𝑦0) = 0.2(12 − 2(1)(0)) = 0.2 

𝑘2 = ℎ𝑓(𝑥0 + 0.1, 𝑦0 + 0.1) = 0.2𝑓(1.1,0.1) = 0.2((1.1)2 − 2(1.1)(0.1))

= 0.198 

𝑘3 = 0.2𝑓(1.1,0.099) = 0.2((1.1)2 − 2(1.1)(0.099)) = 0.2(1.21 − 0.2178)

= 0.1984 

𝑘4 = 0.2𝑓(1.2,0.1984) = 0.2((1.2)2 − 2(1.2)(0.1984)) = 0.2(1.44 − 0.4762)

= 0.1928 

𝑦1 = 𝑦0 +
1

6
(𝑘1 + 2(𝑘2 + 𝑘3) + 𝑘4) 

       = 0 +
1

6
(0.2 + 2(0.198 + 0.1984) + 0.1928)  = 0 + 0.1976 = 0.1976 

  𝑥1 = 𝑥0 + ℎ = 1 + 0.2 = 1.2 
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𝑦2 = 𝑦1 +
1

6
(𝑘1 + 2(𝑘2 + 𝑘3) + 𝑘4) 

𝑘1 = ℎ𝑓(𝑥1, 𝑦1) = 0.2𝑓(1.2,0.1976) = 0.2((1.2)2 − 2(1.2)(0.1976)) = 0.1932 

𝑘2 = ℎ𝑓 (𝑥1 +
ℎ

2
, 𝑦1 +

𝑘1

2
) = 0.2𝑓 (1.3,0.1976 +

0.1932

2
)

= 0.2((1.3)2 − 2(1.3)(0.2942)) 

                     = 0.2(1.69 − 0.76492) = 0.1850 

𝑘3 = 0.2𝑓(1.3,0.2901) = 0.2((1.3)2 − 2(1.3)(0.2901)) = 0.2(1.69 − 0.7543)

= 0.1871 

𝑘4 = 0.2𝑓(1.4,0.3847) = 0.2((1.4)2 − 2(1.4)(0.3847)) = 0.2(1.96 − 1.0772)

= 0.1766 

𝑦2 = 0.1976 +
1

6
(0.1932 + 2(0.185 + 0.1871) + 0.1766) = 0.1976 + 0.1857

= 0.3833 
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