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BACKGROUND

We are concerned with the Theory of Computers, ¥
several abstract mathematical models that will desg
accuracy parts of computers and types of compute

Our models will not be used to discus

ardware of computers, but the mqg
apability of these mechanica
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BACKGROUND

All of these courses have a theoretical component, bu
in two basic ways.

First, they deal only with computers that al

hand, will encompass all computers that ¢
dreamed of.

Ad, they are interested i
] 'ty at all, but rathe
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LANGUAGES

In English we distinguish the three different entitie
sentences.

Not all collections of letters form a valid
words form a valid sentence.

he analogy can be continued.
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LANGUAGES

To construct a general theory that unifies all these examp
to adopt a definition of a "most universal langug
structure in which the decision of whether a given
valid larger unit is not a matter of guesswork but4

When we call our study the Theory of &
efers to the fact that all the rules fo
at strings of symbols can occur,
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LANGUAGES AND SETS

The symbols in the alphabet do not have to be Latin lett
universal requirement for a possible string is that it ha
symbols in it.

The question of what it means to "specify" ag
presently.

We shall wish to allow a string to ha
null string, and we shall denotg

tter what language y
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LANGUAGES AND SETS

The most familiar example of a language for us is Englis
usual set of letters plus the apostrophe and hyphen.
alphabet by the Greek letter capital sigma.

Y={abcde...

Sometimes we shall list a set of elements sg
commas.

e can now specify which strings
ting them all, as is done in
a perfectly good def

13)...'41.;.‘1 / Kﬁjtjlj;).ﬂ -

3.&.}1.....:3;\ -

_\‘ﬁ ‘;AL.&\ .\; _J_e



LANGUAGES AND SETS

Of course, the language ENGLISH-WORDS, as we have speci

any grammar. If we wish to make a formal definitio
sentences in English, we must begin by saying that this
the entries in the dictionary. Let us call this alphabei

I'= { the entries in a standard dictionar
punctuati

der to specify which string
re ENGLISH-SENTEN
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LANGUAGES AND SETS

The trick of defining the language ENGLISH-SENTEN
English grammar allows us to give a finite description

If we go by the rules of grammar only, mag

valid words, for example, "I ate three E

allow this string. It is grammatical
liculous. Meaning is something

the abstra
ill be
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LANGUAGES AND SETS

Earlier we mentioned that we could define a language b
and then specifying which strings are words. The worg
may at first suppose.

Consider this example of the language
language is

is only one word in thi
y it by this senteng
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LANGUAGES AND SETS

One or the other of these two events will occur, bu
the universe it is impossible to be certain whethex
language MY-PET.

is sentence is not an adequate speg
ot useful. To be an acceptabl
e us to decide, in a finite
or is not a word in
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LANGUAGES AND SETS

Let us consider some simple examples of languages. If
having only one letter, the letter x,

we can define a language by saying
characters is a word.
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LANGUAGES AND SETS

In this example, when we concatenate the word xxx with
the word xxxxx. The words in this language are clearly
integers, and the operation of concatenation is analog

x" concatenated with x™

t will often be convenient for us to
symbols, that is, other than th

ple, we could say
lenote the worg
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LANGUAGES AND SETS

It is not always true that when two words are concg
another word in the language. For example if the lang

L2 = { x xxx xxxxx xxoxxXX..

={ x"*1 forn=0

then a = xxx and b xxxxx are bqg
1Isnotin L2

hat the alphab
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LANGUAGES AND SETS

But this relationship does not hold for all languages.
concatenate "house" and "boat" we get "houseboat," whi
distinct from "boathouse," which is a different this
different meanings but because they are different

EXAMPLE Consider another language.
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LANGUAGES AND SETS

We say "looks like" instead of "is" because L 3 is only 3
strings of symbols. The integers have other mathematica

DEFINITION
We define the function "length of a string

string. We write this function using the wog

or example, if a = xxxx in the lang

28 in the language

13)...'41.;.‘1 / Z.:I..ll.:l;\jé‘).ﬂ - 3.&.)1...&5;\ - A2 ‘;AL.HA a2 Ale



LANGUAGES AND SETS

We can now present yet another definition of L3.

L3 = {any finite string of alphabet letters that, if it
does not start with a zero}

This is not necessarily a better definitig
are often different ways of specifying
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LANGUAGES AND SETS

DEFINITION

Let us introduce the function reverse. If a is a wag
reverse (a) is the same string of letters spelled b
even if this backward string is not a word in L
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LANGUAGES AND SETS

DEFINITION
Let us define a new language called PALINDRO!

PALINDROME { A, and all strings x sug
listing the elements in PALINDROME we

PALINDROME = {A, a, b, ag

1es when we cg
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LANGUAGES AND SETS

DEFINITION

Given an alphabet X, we wish to define a language in v
from X is a word, even the null string. This languag
of the alphabet. It is denoted by writing a star

the alphabet as a superscript X * This no

Kleene star after the logician who was qi
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LANGUAGES AND SETS

EXAMPLE
If = {a,b,c}, then

J+x={Aabcaaaback

ice that when we wrote o
in size order (word
the same length
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LANGUAGES AND SETS

DEFINITION
If S is a set of words, then by S* we mean the se

concatenating words from S, where any word m
where the null string is also included.

EXAMPLE

= {aa,b}, then

plus any word com
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LANGUAGES AND SETS

EXAMPLE
Let S={a, ab }. Then

S* = {A plus any word composed of factors
= {A plus all strings of a's and b's except
contain a double b}
/A a aa ab aaa aab aaaa aaab aab
aa abaab ababa... }

shrase "double b
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LANGUAGES AND SETS

To prove that a certain word is in the closure language S*, we
can be written as a concatenate of words from the bas
example, to show that abaab is in $* we can factor it as

(ab)(a)(ab)

These three factors are all in the set S; thg

This is the only way to factor this string
happens, we say that the factoring i
ique. For example, consider S

| and all strings of mg
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LANGUAGES AND SETS

In cases where parentheses are letters of the alphabet

If ¥Y={x ()}, then

length( xxxxx ) =&
but length( (

et us suppose that we wanted to pro
# 1. Suppose that somebody g
ed as follows. First, we cog
could not produce R
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LANGUAGES AND SETS

Why don't you just concatenate another factor of xx i
will have the word x37* that you wanted." Our friex
that while writing this list out we can never re

can easily be generalized into a mathematicg

powers of x greater than 1.

ave just established a
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LANGUAGES AND SETS

The method of proving that something exists by showing k
proof by constructive algorithm. This is the most i
study. We may have a difficult time selling powers
and xxx. Let us observe that if the alphabet has
language with the null string as its only word
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LANGUAGES AND SETS

If Y= {x}, then 2 + = { x xx xxx. . . } which is the langug

before. If S = {xx, xxx} then S+ is the same as S* excej
not in S+. This is not to say that S+ cannot in gene;
but only on condition that S contains the word A

the concatenation of some (actually one) word4

(A itself). Anyone who does not thin
ething. It is already a problemn
ds S = { w1 w2 w3}
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LANGUAGES AND SETS

The words in the set S are listed above in the order corrg
sequencing, not in the usual size-alphabetical order. Wh
closure operator twice? We start with a set of words S ag

Now suppose we start with the set S* and try to fqg
(S*)* or S** If S is not the trivial empty set, th

closure of an infinite set.
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LANGUAGES AND SETS

Let us say we concatenated (aaba) and (baaa) ang
(aababaaaaaba) is no more than a concatenation g
with all elements of S*.

aababaaaaaba

= (aaba)(baaa)(aaba)

= [(a)(a)(b)(a)] [(b)(a)(a)(a)] [(a)(a)(b)
(a)(@)(b)(a)(b)(a)(a)(a)(a)(a)(b)(g

consider one more il
here the a's occurd
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LANGUAGES AND SETS

PROOF

Every word in S** is made up of factors from S*. Eve
of factors from S. Therefore, every word in S** i
Therefore, every word in S** is also a word in S*.

S%* C S%

using the symbol " c " from Set Theory, whi

in general it is true that for any 3
e as a word any one factor f
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Next Lecture
RECURSIVE DEFINITIONS

One of the mathematical tools that we shall fing

study, but which is largely unfamiliar in othej

method of defining sets called recursive
characteristically a three-step proce
the set. Second, we give rules fg

e ones we already kno

cted in this wa
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Question: -

If you have this language > (ab, bb, a, bab) find each of the
followings: -

Find the closure (*) of this language (16 terms).
Find the palindrome of this language (16 terms).
Find the length of these words: -

a- abbbaba.
b- bbabbabab.
c- bbA

check which one of these words are unique and
which is not? (aab, babbaab, bbbbbab, baa, baab,
babb, bababaaba).
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RECURSIVE DEFINITIONS

One of the mathematical tools that we shall find extremely
useful in our study,

A recursive definition is characteristically a three-step process:-

First, we specify some basic objects in the set.

Second, we give rules for constructing more objects in the
set from the ones we already know.

Third, we declare that no objects except those constructed
in this way are allowed in the set.




RECURSIVE DEFINITIONS Example

Suppose that we are trying to define the set of positive even

integers for someone who knows about arithmetic but has never
heard of the even numbers.

Method 1:- EVEN is the set of all positive whole numbers
divisible by 2.

Method 2:- EVEN is the set of all 2Zn wheren =12 3 4 ...

Method 3:-
The set EVEN is defined by these three rules:

Rule 1 2 is in EVEN.
Rule 2 If x is in EVEN then so is x + 2.

Rule 3 The only elements in the set EVEN are those that can be
produced from the two rules above.




~ RECURSIVE DEFINITIONS

There is a reason that the third definition is less popular than the

others: It is much harder to use in most practical applications.

suppose that we wanted to prove that 14 is in the set EVEN.

Using the first definition we divide 14 by 2 and find that there
is no remainder. Therefore, it is in EVEN.

To prove that 14 is in EVEN by the second definition we have to
somehow come up with the number 7 and then, since 14 = (2)(7),
we know that it is in EVEN

By Rule 1, we know that 2 is in EVEN.

Then by Rule 2 we know that 2 + 2 = 4 is also in EVEN.

And, at last, by applying Rule 2 once more, to the number 12, we
conclude that 12 + 2 = 14 is, indeed, in EVEN.




RECURSIVE DEFINITIONS

The set POLYNOMIAL is defined by these four rules:

Rule T Any number is in POLYNOMIAL.

Rule 2 The variable x is in POLYNOMIAL.

Rule 3 If p and g are in POLYNOMIAL, then so are p + q and (p)
and pgq.

Rule 4 POLYNOMIAL contains only those things which can be
created by the three rules above.




RECURSIVE DEFINITIONS
‘ Example \

Some sequence of applications of these rules can show that
3x% + 7x — 9 is in POLYNOMIAL.

By Rule 1 3 is in POLYNOMIAL

By Rule 2 x is in POLYNOMIAL

By Rule 3 (3)(x) is in POLYNOMIAL, call-it 3x

By Rule 3 (3x)(x)is in POLYNOMIAL, call it 3x?

By Rule 1 7 is in POLYNOMIAL

By Rule 3 (7)(x) is in POLYNOMIAL

By Rule 3 3x'+ 7x is in POLYNOMIAL

By Rule 1 -9 is in POLYNOMIAL

ByRule33x2 +7x+ (-9)=3x2 + 7x-9is in POLYNOMIAL.




REGULAR EXPRESSIONS

The language-defining symbols we are about to create are
called Regular Expressions (RE).

We will define the term regular expression itself recursively. The
languages that are associated with these regular expressions

are called regular languages and are also said to be defined by
finite representation.




‘ REGULAR EXPRESSIONS \

Let us reconsider the language L4.
L4, ={ N\ X XX XXX XXXX . . .}

In that chapter we presented one method for indicating this set
as the closure of a smaller set.

Let S = {x}. Then L4 = §*

As shorthand for this we could have written:
L4 = {x}*

We now introduce the use of the Kleene star applied not to a set
but directly to the letter x and written as a superscript as if it
were an exponent. x*




REGULAR
EXPRESSIONS

This notation can be used to help us define languages by
writing L4 = language (x*)

Suppose that we wished to describe the language L over the
alphabet S = {a,b6} where

L ={aab abb abbb abbbb ...}

We could summarize this language by the English phrase "all
words of the form one a followed by some number of b's

(maybe no b's at all.)"

Using our star notation, we may write:
L = language (a b*) or without the space,
L = language (ab*)




REGULAR

EXPRESSIONS

We can apply the Kleene star to the string ab if we want, as
follows: (ab)* = A or ab or abab or ababab ...

EXAMPLE
The language defined by the expression ab*a

language (ab*a) = {aa aba abba abbba abbbba ... .}




REGULAR
EXPRESSIONS
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Remember x* can always be A.

EXAMPLE The language of the expression
a*b*

language (a*b*) = {A a b aa ab bb aaa aab abb bbbaaaa. ..}

Notice that ba and aba are not in this language. Notice also
that there need not be the same number of a's and b's.

Here we should again be very careful to observe that
a*b* # (ab)*




REGULAR
EXPRESSIONS

The language defined by the expression a*b*a* contains the

word baa since it starts with zero a's followed by one b
followed by two a's.

EXAMPLE

The following expressions both define the language
12 = {ded}

X(xx)* or (xx)*x but the expression x*xx* does not since it
includes the word (xx) x (x).




REGULAR
EXPRESSIONS

Question:-
Which one represent L = {xfven}

x* xx"
x*(xx)*
xx*

- (xx)”

- None

— All of above




REGULAR
EXPRESSIONS

We now introduce another use for the plus sign. By the

expression x + y, we mean "either x or y".

This means that x + y offers a choice, much the same way that x*
does. Care should be taken so as not to confuse this with + as an
exponent.

EXAMPLE

Consider the language T defined over the alphabet € = {a, b, ¢/
T ={a cab cb abb cbb abbb cbbb abbbb cbbbb ...}
All the words in T begin with an a or a ¢ and then are followed by
some number of b's.
Symbolically, we may write this as

7 = language ((a + c) b¥*)
= language (either a or cthen some b's)




REGULAR
EXPRESSIONS

EXAMPLE
Now let us consider a finite language L
L = {aaa aab aba abb baa bab bba bbb}

The first letter of each word in L is either an a or a b. The
second letter of each word in L is either an a or a b. The third
letter of each word in L is either an a or a A.

So we may write

L = language ((a + b)(a + b)(a + b))

or for short,

L = language ( (a + b )?3)




REGULAR
EXPRESSIONS

If we want to define the set of all seven letter strings of a's and
b's, we could write (a + b)”.

In general, if we want to refer to the set of all possible strings
of a's and b's of any length whatsoever we could write, (a + b)*

This is the set of all possible strings of letters from the
alphabet 2 = {a, b}

Again this expression represents a language. If we decide that
* stands for 5, then (a + b)* gives

(a + b)>= (a+b)(@+b)(a+b)(a+b)(a+b)




REGULAR
EXPRESSIONS

We can describe all words that begin with the letter a simply
as:

a(a + b)*

that is, first an a, then anything (as many choices as we want
of either letter a or bH).

All words that begin with an a and end with a b can be
defined by the expression

a(a + b)*b = a (arbitrary string) b




REGULAR
EXPRESSIONS

EXAMPLE
Let us consider the language defined by the expression
(@ + b)*a(a + b)*

For example, the word abbaab can be considered to be of this
form in three ways:

(A) a (bbaab) or (abb) a (ab) or (abba) a (b)

Question:- what about aaaaa and bbaa how many different
expression can be described?




REGULAR
EXPRESSIONS

EXAMPLE

The language of all words that have at least two a's can be

described by the expression
(a + b)*a(a + b)*a(a + b)*

= (some beginning)(the first important a)(some middle)(the
second important a)(some end)

where the arbitrary parts can have as many a's (or b's) as they
want.

In the last three examples we have used the notation (a + b)*
as a factor to mean "any possible substring,”




REGULAR EXPRESSIONS

EXAMPLE
Another expression that denotes all the words with at least
two a's is:

b*ab*a(a + b)*

We scan through some jungle of b's (or no b's) until we find
the first a, then more b's (or no b's), then the second a, then
we finish up with anything.

In this set are abbbabb and aaaaa.
We can write:
(a + b)*a(a + b)*a(a + b)* = b*ab*a(a + b)*

where by the equal sign we do not mean that these
expressions are equal algebraically in the same way as




REGULAR EXPRESSIONS

We could write
language ((a + b)*a(a + b)*a(a + b)*)
= language (b*ab*a (a + b)*)

= all words with at least two a's.

To be careful about this point, we say that two regular
expressions are equivalent if they describe the same
language.

(a + b)*ab *ab * -

T 1

next to last a
last a

b*a(a + b)*ab*

T )

first a last a




REGULAR EXPRESSIONS

EXAMPLE
If we wanted all the words with exact/y two a's, we could use

the expression
b*ab*ab*

which describes such words as aab, baba, and bbbabbbab.

To make the word aab, we let the first and second b* become

A and the last becomes b.




REGULAR
EXPRESSIONS

EXAMPLE
The language of all words that have at least one a and at least

one b is somewhat trickier. If we write
(@ + b)*a(a + b)* b(a + b)*
= (arbitrary) a(arbitrary) b(arbitrary)

we could define this set by the expression:
(a+b)*a(a+b)*b(a+b)* + (a+b)*b(a+b)*a(a+b)*

Here we are still using the plus sign in the general sense of
disjunction (or). We are taking the union of two sets,




REGULAR
EXPRESSIONS

All temptation to treat these language-defining expressions as if

they were algebraic polynomials should be dispelled by these
equivalences:

(@a+b)* = (a+b)* + (a+b)*
(a+b)* = (a+b)* (a+b)*

(a+b)* = a(a+b)* + b(a+b)* + A
(a+b)* = (a+b)* ab(a+b)* + b*a*




REGULAR EXPRESSIONS

Usually when we employ the star operator, we are defining an
infinite language.
We can represent a finite language by using the plus (union

sign) alone. If the language L over the alphabet X = {a, b/
contains only the finite list of words given below,

If L is a finite language that includes the null word A, then the

expression that defines L must also employ the symbol A.
For example, if

L={\ aaabbb}
then the symbolic expression for L must be

L = language (A + a + aa + bbb)




REGULAR EXPRESSIONS

EXAMPLE

Let V be the language of all strings of a's and b's in which the
strings are either all b's or else there is an a followed by some

b's. Let V also contain the word A.

V = /A a bab bb abb bbb abbb bbbb ....
We can define V by the expression
b* + ab*
where the word A is included in the term b*. Alternatively, we
could define V by the expression:

(A + a)b*
This would mean that in front of the string of some b’s we
have the option of either adding an a or nothing. Since we

could always write b* = A b*,
A b* + ab* = (A + a)b*




REGULAR
EXPRESSIONS

Let us reconsider the language
T={acabcbabbcbb... }

T can be defined as above by

(@ + o)b*
but it can also be defined by

ab* + cb*

This is another example of the distributive law.




REGULAR
EXPRESSIONS
If r1 = aa + b then the expression r1* technically refers to the

expression
ri* = aa + b*

which is the formal concatenation of the symbols for r, with the
symbol *, but what we generally mean when we write r1* is

actually (r1)*

(r1)* = (aa + b)*




REGULAR EXPRESSIONS

DEFINITION
If S and T are sets of strings of letters (whether they are finite

or infinite sets), we define the product set of strings of letters

to be
ST = {all combinations of a string from S concatenated with a

string from T }

S=1{a aa aaa} and T = {bb bbb}
ST = {abb abbb aabb aabbb aaabb aaabbb}

EXAMPLE
IfS = {a bb bab} T = {a ab}

Then ST = {faa aab bba bbab baba babab}




REGULAR EXPRESSIONS

EXAMPLE

then

If P= {a bb bab}and Q = {\ bbbb}

PQ = {a bb bab abbbb bbbbbb babbbbb/
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EXAMPLE

then

If M= {Nx xx} N-={A\y yy yyy yyyy...}

MN ={ yyy yyy yyyy ..

X XY XYY XYYY XYYYY...
XX XXY XXYY XXYYY XXYYVYy.. .}

[




REGULAR EXPRESSIONS

Using regular expressions, these four examples can be written as:

(a + aa + aaa)(bb + bbb) = abb + abbb + aabb + aabbb + aaabb +
aaabbb

(@ + bb + bab)(a + ab) = aa + aab + bba + bbab + baba + babab

(@ + bb + bab)(A + bbbb) = a+bb+bab+abbbbb +bbbbbb +
babbbbb

A + X + xXX)(y*) = y* + Xy* + XXy*




REGULAR EXPRESSIONS
THEOREM 5

If L is a finite language (a language with only finitely many words),
then L can be defined by a regular expression.

PROOF

For example, the regular expression that defines the language

L = {baa abbba bababa}
is
baa + abbba + bababa

Another example If
L = {aa ab ba bb}

the algorithm described above gives the regular expression
aa + ab + ba + bb

Another regular expression that defines this language is

(@ + b)(a + b)




REGULAR EXPRESSIONS

EXAMPLE
Let

L = {A X XX XXX XXXX XXXXX}
The regular expression we get from the theorem is

A+ X + XX + XXX + XXXX + XXXXX

N\ more elegant regular expression for this language is
(A + Xx)°

Of course the 5 is, strictly speaking, not a legal symbol for a
regular expression although we all understand it means

A + XA + X)A+ XA+ X)A+ X)




REGULAR EXPRESSIONS

EXAMPLE
Consider the expression:
(a + b)*(aa + bb)(a + b)*

This is the set of strings of a's and b's that at some point
contain a double letter. We can think of it as

(arbitrary)(double letter)(arbitrary)

Example are: A a b ab ba aba bab abab baba .... The

expression (ab)* covers all of these except those that begin
with b or end in a. Adding these choices gives us the regular
expression

(A+ b) (ab)* (A+ a)




REGULAR EXPRESSIONS

EXAMPLE
Consider the regular expression below:

E=(a+ b)*a(a+ b)* (@ + A) (a + b)*a(a + b)*

= (arbitrary) a (arbitrary) [a or nothing] (arbitrary) a (arbitrary).

= (a+b)*a(a+b)*a(a+b)*a(a+b)*+(a + b)*a(a + b)* A(a + b)*a(a + b)*

Before we analyze the second term let us make the observation that
(@ + b)* A(a + b)*




REGULAR EXPRESSIONS

which occurs in the middle of the second term is only another
way of saying "any string whatsoever" and could be replaced
with the more direct expression

(@ + b)*

This would reduce the second term of the expression to
(@ + b)*a(a + b)*a(a + b)*

which we have already seen is a regular expression representing
all words that have at least two a's in them. Therefore, the
language associated with E is the union of all strings that have
three or more a's with all strings that have two or more a's. But
since all strings with three or more a's are themselves already
strings with two or more a's, this whole language is just the
second set alone.




REGULAR EXPRESSIONS

Example:- It is possible by repeated application of the
rules for forming regular expressions to produce an
expression in which the star operator is applied to a sub
expression that already has a star in it. Some examples

are:

(a + b*)* (aa + ab*)* ((a + bbba*) + ba*b)*

In the first of these expressions, the internal * adds
nothing to the language

(@ + b*)* = (a + b)*

(a*)* = a*

However,

(aa + ab*)* # (aa + ab)*




REGULAR EXPRESSIONS

The language defined by this expression is all strings
that can be made up of factors of the form a*b*, but
since both the single letter a and the single letter b are
words of the form a*b*, this language contains all

strings of a's and b's. It cannot contain more than
everything, so

(@*b*)* = (a + b)*




REGULAR EXPRESSIONS

EXAMPLE

One very interesting example, which we consider now in great
detail is

E = [aa + bb + (ab+ba)(aa+bb)*(ab+ba)]l*

This regular expression represents the collection of all words
that are made up of "syllables" of three types:

typel = aa

type2 = bb

type3 = (ab + ba)(aa + bb)*(ab + ba)

E = [type, + type2 + type 3]*




REGULAR EXPRESSIONS

EXAMPLE

Consider the language defined by the regular expression:

b*(abb*)*(A + a)

This is the language of all words without a double a.
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RECURSIVE DEFINITIONS

One of the mathematical tools that we shall find extremely
useful in our study,

A recursive definition is characteristically a three-step process:-

First, we specify some basic objects in the set.

Second, we give rules for constructing more objects in the
set from the ones we already know.

Third, we declare that no objects except those constructed
in this way are allowed in the set.




RECURSIVE DEFINITIONS Example

Suppose that we are trying to define the set of positive even

integers for someone who knows about arithmetic but has never
heard of the even numbers.

Method 1:- EVEN is the set of all positive whole numbers
divisible by 2.

Method 2:- EVEN is the set of all 2Zn wheren =12 3 4 ...

Method 3:-
The set EVEN is defined by these three rules:

Rule 1 2 is in EVEN.
Rule 2 If x is in EVEN then so is x + 2.

Rule 3 The only elements in the set EVEN are those that can be
produced from the two rules above.




~ RECURSIVE DEFINITIONS

There is a reason that the third definition is less popular than the

others: It is much harder to use in most practical applications.

suppose that we wanted to prove that 14 is in the set EVEN.

Using the first definition we divide 14 by 2 and find that there
is no remainder. Therefore, it is in EVEN.

To prove that 14 is in EVEN by the second definition we have to
somehow come up with the number 7 and then, since 14 = (2)(7),
we know that it is in EVEN

By Rule 1, we know that 2 is in EVEN.

Then by Rule 2 we know that 2 + 2 = 4 is also in EVEN.

And, at last, by applying Rule 2 once more, to the number 12, we
conclude that 12 + 2 = 14 is, indeed, in EVEN.




RECURSIVE DEFINITIONS

The set POLYNOMIAL is defined by these four rules:

Rule T Any number is in POLYNOMIAL.

Rule 2 The variable x is in POLYNOMIAL.

Rule 3 If p and g are in POLYNOMIAL, then so are p + q and (p)
and pgq.

Rule 4 POLYNOMIAL contains only those things which can be
created by the three rules above.




RECURSIVE DEFINITIONS
‘ Example \

Some sequence of applications of these rules can show that
3x% + 7x — 9 is in POLYNOMIAL.

By Rule 1 3 is in POLYNOMIAL

By Rule 2 x is in POLYNOMIAL

By Rule 3 (3)(x) is in POLYNOMIAL, call-it 3x

By Rule 3 (3x)(x)is in POLYNOMIAL, call it 3x?

By Rule 1 7 is in POLYNOMIAL

By Rule 3 (7)(x) is in POLYNOMIAL

By Rule 3 3x'+ 7x is in POLYNOMIAL

By Rule 1 -9 is in POLYNOMIAL

ByRule33x2 +7x+ (-9)=3x2 + 7x-9is in POLYNOMIAL.




REGULAR EXPRESSIONS

The language-defining symbols we are about to create are
called Regular Expressions (RE).

We will define the term regular expression itself recursively. The
languages that are associated with these regular expressions

are called regular languages and are also said to be defined by
finite representation.




‘ REGULAR EXPRESSIONS \

Let us reconsider the language L4.
L4, ={ N\ X XX XXX XXXX . . .}

In that chapter we presented one method for indicating this set
as the closure of a smaller set.

Let S = {x}. Then L4 = §*

As shorthand for this we could have written:
L4 = {x}*

We now introduce the use of the Kleene star applied not to a set
but directly to the letter x and written as a superscript as if it
were an exponent. x*




REGULAR
EXPRESSIONS

This notation can be used to help us define languages by
writing L4 = language (x*)

Suppose that we wished to describe the language L over the
alphabet S = {a,b6} where

L ={aab abb abbb abbbb ...}

We could summarize this language by the English phrase "all
words of the form one a followed by some number of b's

(maybe no b's at all.)"

Using our star notation, we may write:
L = language (a b*) or without the space,
L = language (ab*)




REGULAR

EXPRESSIONS

We can apply the Kleene star to the string ab if we want, as
follows: (ab)* = A or ab or abab or ababab ...

EXAMPLE
The language defined by the expression ab*a

language (ab*a) = {aa aba abba abbba abbbba ... .}




REGULAR
EXPRESSIONS

Bagaga (1983 O Bl Gl a1 daad o 0 gial (g gial 13) Aliada

Remember x* can always be A.

EXAMPLE The language of the expression
a*b*

language (a*b*) = {A a b aa ab bb aaa aab abb bbbaaaa. ..}

Notice that ba and aba are not in this language. Notice also
that there need not be the same number of a's and b's.

Here we should again be very careful to observe that
a*b* # (ab)*




REGULAR
EXPRESSIONS

The language defined by the expression a*b*a* contains the

word baa since it starts with zero a's followed by one b
followed by two a's.

EXAMPLE

The following expressions both define the language
12 = {ded}

X(xx)* or (xx)*x but the expression x*xx* does not since it
includes the word (xx) x (x).




REGULAR
EXPRESSIONS

Question:-
Which one represent L = {xfven}

x* xx"
x*(xx)*
xx*

- (xx)”

- None

— All of above




REGULAR
EXPRESSIONS

We now introduce another use for the plus sign. By the

expression x + y, we mean "either x or y".

This means that x + y offers a choice, much the same way that x*
does. Care should be taken so as not to confuse this with + as an
exponent.

EXAMPLE

Consider the language T defined over the alphabet € = {a, b, ¢/
T ={a cab cb abb cbb abbb cbbb abbbb cbbbb ...}
All the words in T begin with an a or a ¢ and then are followed by
some number of b's.
Symbolically, we may write this as

7 = language ((a + c) b¥*)
= language (either a or cthen some b's)




REGULAR
EXPRESSIONS

EXAMPLE
Now let us consider a finite language L
L = {aaa aab aba abb baa bab bba bbb}

The first letter of each word in L is either an a or a b. The
second letter of each word in L is either an a or a b. The third
letter of each word in L is either an a or a A.

So we may write

L = language ((a + b)(a + b)(a + b))

or for short,

L = language ( (a + b )?3)




REGULAR
EXPRESSIONS

If we want to define the set of all seven letter strings of a's and
b's, we could write (a + b)”.

In general, if we want to refer to the set of all possible strings
of a's and b's of any length whatsoever we could write, (a + b)*

This is the set of all possible strings of letters from the
alphabet 2 = {a, b}

Again this expression represents a language. If we decide that
* stands for 5, then (a + b)* gives

(a + b)>= (a+b)(@+b)(a+b)(a+b)(a+b)




REGULAR
EXPRESSIONS

We can describe all words that begin with the letter a simply
as:

a(a + b)*

that is, first an a, then anything (as many choices as we want
of either letter a or bH).

All words that begin with an a and end with a b can be
defined by the expression

a(a + b)*b = a (arbitrary string) b




REGULAR
EXPRESSIONS

EXAMPLE
Let us consider the language defined by the expression
(@ + b)*a(a + b)*

For example, the word abbaab can be considered to be of this
form in three ways:

(A) a (bbaab) or (abb) a (ab) or (abba) a (b)

Question:- what about aaaaa and bbaa how many different
expression can be described?




REGULAR
EXPRESSIONS

EXAMPLE

The language of all words that have at least two a's can be

described by the expression
(a + b)*a(a + b)*a(a + b)*

= (some beginning)(the first important a)(some middle)(the
second important a)(some end)

where the arbitrary parts can have as many a's (or b's) as they
want.

In the last three examples we have used the notation (a + b)*
as a factor to mean "any possible substring,”




REGULAR EXPRESSIONS

EXAMPLE
Another expression that denotes all the words with at least
two a's is:

b*ab*a(a + b)*

We scan through some jungle of b's (or no b's) until we find
the first a, then more b's (or no b's), then the second a, then
we finish up with anything.

In this set are abbbabb and aaaaa.
We can write:
(a + b)*a(a + b)*a(a + b)* = b*ab*a(a + b)*

where by the equal sign we do not mean that these
expressions are equal algebraically in the same way as




REGULAR EXPRESSIONS

We could write
language ((a + b)*a(a + b)*a(a + b)*)
= language (b*ab*a (a + b)*)

= all words with at least two a's.

To be careful about this point, we say that two regular
expressions are equivalent if they describe the same
language.

(a + b)*ab *ab * -

T 1

next to last a
last a

b*a(a + b)*ab*

T )

first a last a




REGULAR EXPRESSIONS

EXAMPLE
If we wanted all the words with exact/y two a's, we could use

the expression
b*ab*ab*

which describes such words as aab, baba, and bbbabbbab.

To make the word aab, we let the first and second b* become

A and the last becomes b.




REGULAR
EXPRESSIONS

EXAMPLE
The language of all words that have at least one a and at least

one b is somewhat trickier. If we write
(@ + b)*a(a + b)* b(a + b)*
= (arbitrary) a(arbitrary) b(arbitrary)

we could define this set by the expression:
(a+b)*a(a+b)*b(a+b)* + (a+b)*b(a+b)*a(a+b)*

Here we are still using the plus sign in the general sense of
disjunction (or). We are taking the union of two sets,




REGULAR
EXPRESSIONS

All temptation to treat these language-defining expressions as if

they were algebraic polynomials should be dispelled by these
equivalences:

(@a+b)* = (a+b)* + (a+b)*
(a+b)* = (a+b)* (a+b)*

(a+b)* = a(a+b)* + b(a+b)* + A
(a+b)* = (a+b)* ab(a+b)* + b*a*




REGULAR EXPRESSIONS

Usually when we employ the star operator, we are defining an
infinite language.
We can represent a finite language by using the plus (union

sign) alone. If the language L over the alphabet X = {a, b/
contains only the finite list of words given below,

If L is a finite language that includes the null word A, then the

expression that defines L must also employ the symbol A.
For example, if

L={\ aaabbb}
then the symbolic expression for L must be

L = language (A + a + aa + bbb)




REGULAR EXPRESSIONS

EXAMPLE

Let V be the language of all strings of a's and b's in which the
strings are either all b's or else there is an a followed by some

b's. Let V also contain the word A.

V = /A a bab bb abb bbb abbb bbbb ....
We can define V by the expression
b* + ab*
where the word A is included in the term b*. Alternatively, we
could define V by the expression:

(A + a)b*
This would mean that in front of the string of some b’s we
have the option of either adding an a or nothing. Since we

could always write b* = A b*,
A b* + ab* = (A + a)b*




REGULAR
EXPRESSIONS

Let us reconsider the language
T={acabcbabbcbb... }

T can be defined as above by

(@ + o)b*
but it can also be defined by

ab* + cb*

This is another example of the distributive law.




REGULAR
EXPRESSIONS
If r1 = aa + b then the expression r1* technically refers to the

expression
ri* = aa + b*

which is the formal concatenation of the symbols for r, with the
symbol *, but what we generally mean when we write r1* is

actually (r1)*

(r1)* = (aa + b)*




REGULAR EXPRESSIONS

DEFINITION
If S and T are sets of strings of letters (whether they are finite

or infinite sets), we define the product set of strings of letters

to be
ST = {all combinations of a string from S concatenated with a

string from T }

S=1{a aa aaa} and T = {bb bbb}
ST = {abb abbb aabb aabbb aaabb aaabbb}

EXAMPLE
IfS = {a bb bab} T = {a ab}

Then ST = {faa aab bba bbab baba babab}




REGULAR EXPRESSIONS

EXAMPLE

then

If P= {a bb bab}and Q = {\ bbbb}

PQ = {a bb bab abbbb bbbbbb babbbbb/

Sa il b G sS e ganall B 352 ga siiall Alla 8 L o: dB3ada

EXAMPLE

then

If M= {Nx xx} N-={A\y yy yyy yyyy...}

MN ={ yyy yyy yyyy ..

X XY XYY XYYY XYYYY...
XX XXY XXYY XXYYY XXYYVYy.. .}

[




REGULAR EXPRESSIONS

Using regular expressions, these four examples can be written as:

(a + aa + aaa)(bb + bbb) = abb + abbb + aabb + aabbb + aaabb +
aaabbb

(@ + bb + bab)(a + ab) = aa + aab + bba + bbab + baba + babab

(@ + bb + bab)(A + bbbb) = a+bb+bab+abbbbb +bbbbbb +
babbbbb

A + X + xXX)(y*) = y* + Xy* + XXy*




REGULAR EXPRESSIONS
THEOREM 5

If L is a finite language (a language with only finitely many words),
then L can be defined by a regular expression.

PROOF

For example, the regular expression that defines the language

L = {baa abbba bababa}
is
baa + abbba + bababa

Another example If
L = {aa ab ba bb}

the algorithm described above gives the regular expression
aa + ab + ba + bb

Another regular expression that defines this language is

(@ + b)(a + b)




REGULAR EXPRESSIONS

EXAMPLE
Let

L = {A X XX XXX XXXX XXXXX}
The regular expression we get from the theorem is

A+ X + XX + XXX + XXXX + XXXXX

N\ more elegant regular expression for this language is
(A + Xx)°

Of course the 5 is, strictly speaking, not a legal symbol for a
regular expression although we all understand it means

A + XA + X)A+ XA+ X)A+ X)




REGULAR EXPRESSIONS

EXAMPLE
Consider the expression:
(a + b)*(aa + bb)(a + b)*

This is the set of strings of a's and b's that at some point
contain a double letter. We can think of it as

(arbitrary)(double letter)(arbitrary)

Example are: A a b ab ba aba bab abab baba .... The

expression (ab)* covers all of these except those that begin
with b or end in a. Adding these choices gives us the regular
expression

(A+ b) (ab)* (A+ a)




REGULAR EXPRESSIONS

EXAMPLE
Consider the regular expression below:

E=(a+ b)*a(a+ b)* (@ + A) (a + b)*a(a + b)*

= (arbitrary) a (arbitrary) [a or nothing] (arbitrary) a (arbitrary).

= (a+b)*a(a+b)*a(a+b)*a(a+b)*+(a + b)*a(a + b)* A(a + b)*a(a + b)*

Before we analyze the second term let us make the observation that
(@ + b)* A(a + b)*




REGULAR EXPRESSIONS

which occurs in the middle of the second term is only another
way of saying "any string whatsoever" and could be replaced
with the more direct expression

(@ + b)*

This would reduce the second term of the expression to
(@ + b)*a(a + b)*a(a + b)*

which we have already seen is a regular expression representing
all words that have at least two a's in them. Therefore, the
language associated with E is the union of all strings that have
three or more a's with all strings that have two or more a's. But
since all strings with three or more a's are themselves already
strings with two or more a's, this whole language is just the
second set alone.




REGULAR EXPRESSIONS

Example:- It is possible by repeated application of the
rules for forming regular expressions to produce an
expression in which the star operator is applied to a sub
expression that already has a star in it. Some examples

are:

(a + b*)* (aa + ab*)* ((a + bbba*) + ba*b)*

In the first of these expressions, the internal * adds
nothing to the language

(@ + b*)* = (a + b)*

(a*)* = a*

However,

(aa + ab*)* # (aa + ab)*




REGULAR EXPRESSIONS

The language defined by this expression is all strings
that can be made up of factors of the form a*b*, but
since both the single letter a and the single letter b are
words of the form a*b*, this language contains all

strings of a's and b's. It cannot contain more than
everything, so

(@*b*)* = (a + b)*




REGULAR EXPRESSIONS

EXAMPLE

One very interesting example, which we consider now in great
detail is

E = [aa + bb + (ab+ba)(aa+bb)*(ab+ba)]l*

This regular expression represents the collection of all words
that are made up of "syllables" of three types:

typel = aa

type2 = bb

type3 = (ab + ba)(aa + bb)*(ab + ba)

E = [type, + type2 + type 3]*




REGULAR EXPRESSIONS

EXAMPLE

Consider the language defined by the regular expression:

b*(abb*)*(A + a)

This is the language of all words without a double a.
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Question 1: -
If you have this regular expression (ab)*ba* do the
followings: -
1- Open this term.
2- Are these words belonging to the term above: -?
a- baa
b- aabbaa
c- aaa
3- which one of the above words are unique and which
is not? Why?
Question 2: -
If you have this regular expression (112) *2*(1*1) * do the
followings: -
1- Open this term.
2- Is these words belonging to the term above: -?

d- 121212

e- 2221

f- 121

which one of the above words are unique and which
is not? Why?
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S =1{3,b}

L = {a ab abb abbb abbbb ... }
write the R.E. of this language
[=ab*

S={b}

S*={ aA, ab, abb, abbb, abbbb,



S= {ab}
S*=(ab)* ={ A, ab, abab, ababab, abababab, .......

(ab)* ab*



EXAMPLE The language defined by the expression ab*a

L1=ab™*a
b*={A, b, bb, bbb, bbbb, .......... }
L1={ aAa, aba, abba, abbb a, abbbb a, abbbbb a, aa, aa, aa

L2=aab*
L2={ aaA, aab, aabb, aabbb, aa, aa, aa, aa, aa,

L3=b*aa
L3={ Aaa, baa, bbaa, bbbaa, aa, aa, aa, aa



L:a7'<b7'<
a*={A.,a,aa,aaa, aaaa, aaaaa,

TN

b*={A, b, bb, bbb, bbbb, .......... ]

L={AA, Ab, Abb, Abbb, aA ,
ab, abb, ......... }



L: a7'<b7'<a~k
a*={A,a,aa,aaa, aaaa, aaaaa, ... }

b*={A, b, bb, bbb, bbbb, .......... !
a*={A,a,aa,aaa, aaaa, aaaaa, ... }

L= {AAA, AAa, AAaa,AbA,,
b



E={x}

_={x0dd}

1= x*F={A, X, XX, XXX, XXXX, ........ }
2= (XX)* ={A, XX, XXXX, XXXXXX, ........
| 3=(XXX)*={A, XXX, XXXXXX, ........ }
4= x(XX)*= {X, XXX, XXXXX,........ }



Question:- Which one represent L = {(xEven}
1-xX* XX*

2-X*(XX)*

3-XX*

4-(xX)*

5-None

6-All of above



R.E.
|1 = (x+y) ={X, v}

L2=(a +b )= {3, b}

4= (ab + bb)={ab, b
5= (cd+ ef +bb)={ cc

3=(12+17)={12, 17}

0}

, ef, bb}



R.E.
1 =(x*+vy)={A, X, XX, XXX, XXXX, ....,Y }
x*={ A, X, XX, XXX, XXXX, .... }




R.E.

1 =(ab* + b*)={aA, ab, abb, abbb, abbbb,
abbbbb,.... , A,b,bb,bbb,bbbb, ....... }
ab*={aA, ab, abb, abbb, abbbb, abbbbb, ..




S =1{3,b}

L = {a ab abb abbb abbbb ... }
write the R.E. of this language
[=ab*

S={b}

S*={ aA, ab, abb, abbb, abbbb,



S= {ab}
S*=(ab)* ={ A, ab, abab, ababab, abababab, .......

(ab)* ab*



EXAMPLE The language defined by the expression ab*a

L1=ab™*a
b*={A, b, bb, bbb, bbbb, .......... }
L1={ aAa, aba, abba, abbb a, abbbb a, abbbbb a, aa, aa, aa

L2=aab*
L2={ aaA, aab, aabb, aabbb, aa, aa, aa, aa, aa,

L3=b*aa
L3={ Aaa, baa, bbaa, bbbaa, aa, aa, aa, aa



L:a7'<b7'<
a*={A.,a,aa,aaa, aaaa, aaaaa,

TN

b*={A, b, bb, bbb, bbbb, .......... ]

L={AA, Ab, Abb, Abbb, aA ,
ab, abb, ......... }



L: a7'<b7'<a~k
a*={A,a,aa,aaa, aaaa, aaaaa, ... }

b*={A, b, bb, bbb, bbbb, .......... !
a*={A,a,aa,aaa, aaaa, aaaaa, ... }

L= {AAA, AAa, AAaa,AbA,,
b



E={x}

_={x0dd}

1= x*F={A, X, XX, XXX, XXXX, ........ }
2= (XX)* ={A, XX, XXXX, XXXXXX, ........
| 3=(XXX)*={A, XXX, XXXXXX, ........ }
4= x(XX)*= {X, XXX, XXXXX,........ }



Question:- Which one represent L = {(xEven}
1-xX* XX*

2-X*(XX)*

3-XX*

4-(xX)*

5-None

6-All of above



R.E.
|1 = (x+y) ={X, v}

L2=(a +b )= {3, b}

4= (ab + bb)={ab, b
5= (cd+ ef +bb)={ cc

3=(12+17)={12, 17}

0}

, ef, bb}



R.E.
1 =(x*®+vy)={A, X, XX, XXX, XXXX, ....,Y }
x*={ A, X, XX, XXX, XXXX, .... }




R.E.

1 =(ab* + b*)={aA, ab, abb, abbb, abbbb,
abbbbb,.... , A,b,bb,bbb,bbbb, ....... }
ab*={aA, ab, abb, abbb, abbbb, abbbbb, ..




R.E.

d

(2% +b)*-

a*= {A,a,aa,aaa, aaaa, aaaaa, ... }
(a“/'\‘“/'\‘): a7'< — a7'<7'<7'<

(ab™ +(ba)*)*=



ok k= gk

(ab™* + (ba)* )*=

(ab™) *={
ab*={a, ab, abb, abbb, abbbb, abbbbb, ....... }*
={a*, (ab)*, (abb)*, ............ }

={ A, a, aa, aaa, ab, abab, ababab, abb,
abbabb, abbabbabb,....... }
(ba)** = (ba)*={ A, ba, baba, bababa, ..... }

(ab* + (ba)* )*={A, a, aa, aaa, ab, abab, ababab,
abb, abbabb, abbabbabb,......, ba, baba, bababa}



(12 + 21%)*=
(12)*={ A 12,1212, 121212,......}

(21*%)* ={2,21,211,2111,21111,211111,... } *
21*={2,21,211,2111,21111,211112,0erevvenv....
(21%)% = {2*% (21)* , (211)* , (2111)* , (21111)*
211111,... )



L = {aaa aab aba abb baa bab bba bbb}

L=(a + b)(a+b)(a+b)=(a+b)3

ql/ L1l=(a + b)(a + b)

= (aa + ab +ba +bb)

g2/ L2=(a + b)*(a + b)

L12=(a* + b*) (a + b) = (a™a + a*b+ b*a+ b*b)

U



=(a+Db)(a+b)(a+Db)

_=(aa + ab+ ba+bb) (a+b)

= (aaa + aab + aba+ abb + baa+ bab + bba +
obb)

= {aaa aab aba abb baa bab bba bbb}




+b) 5
+b)(a+b)(a+b)(a+b)(a+hb)

+ ab+ ba + bb ) (aa + ab+ ba + bb ) (a+b)



ala + b)*b =a (a* + b*) b =abla*+b™}

= (aa*+ab*)b =(aa*b + ab*b)

U



(a+b)*a

(a+b)*

=( A, a, aa,aaa, aaaa,

bbb, bbbb
cEEEE

1- aaaaa |
- 3aaaa
3- @aaaaa

,)a

rue
rue
rue

all possib

e solutions

Yrtgde or not unique
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REGULAR EXPRESSIONS

EXAMPLE
Another expression that denotes all the words with at least two a's is:

b*ab*a(a + b)*

We scan through some jungle of b's (or no b's) until we find the first a,
then more b's (or no b's), then the second a, then we finish up with
anything.

In this set are abbbabb and aaaaa.

We can write:
(a+ b)*a(a+ b)*a(a + b)* =b*ab*a(a + b)*

where by the equal sign we do not mean that these expressions are
equal algebraically in the same way as




(a+ b)*a(a + b)*a(a+ b)* =b*ab*a(a + b)*

Are they equal ?




REGULAR EXPRESSIONS

We could write
language ((a + b)*a(a + b)*a(a + b)*)
= language (b*ab*a (a + b)*)
= all words with at least two a's.

To be careful about this point, we say that two regular expressions are
equivalent if they describe the same language.

(a+ b)*ab *ab * -

T 1

next to last a
last a

b*a(a + b)*ab*

T T

first a last a




REGULAR EXPRESSIONS

EXAMPLE
If we wanted all the words with exactly two a's, we could use the
expression

b*ab*ab*

which describes such words as aab, baba, and bbbabbbab.

To make the word aab, we let the first and second b* become A and the
last becomes b.




b*ab*ab*

Prove 1s these one of the solutions and how?

aab

baba

and bbbabbbab




REGULAR
EXPRESSIONS

EXAMPLE
The language of all words that have at least one a and at least one b is

somewhat trickier. If we write
(a+b)*a(a+ b)* b(a+ b)*
= (arbitrary) a(arbitrary) b(arbitrary)

we could define this set by the expression:
(a+b)*a(a+b)*b(a+b)* + (a+b)*b(a+b)*a(a+b)*

Here we are still using the plus sign in the general sense of disjunction
(or). We are taking the union of two sets,




(a + b)*a(a + b)* b(a + b)* One a and one b always

(atb)*a(a+b)*b(a+b)* + (a+b)*b(at+b)*a(a+b)* Are they equal ?




REGULAR
EXPRESSIONS

EXAMPLE

All temptation to treat these language-defining expressions as if they were
algebraic polynomials should be dispelled by these equivalences:

(a+h)* = (a+b)* + (atb)*
(a+b)* = (a+b)* (a+b)*

(atb)* = a(atb)* + b(atb)* + A
(atb)* = (a+b)* ab(a+b)* + b*a*




(atb)* = (a+b)* + (at+b)*
(a+b)* = (a+b)* (a+b)* Check these?

(a+b)* = a(a+b)* + b(atb)* + A
(a+b)* = (a+b)* ab(a+b)* + b*a*




REGULAR EXPRESSIONS

Usually when we employ the star operator, we are defining an infinite
language.

We can represent a finite language by using the plus (union sign) alone.
If the language L over the alphabet X = {a, b} contains only the finite list
of words given below,

L = {abba baaa bbbb}

then we can represent L. by the symbolic expression
L =language (abba + baaa + bbbb)

If L is a finite language that includes the null word A, then the

expression that defines L. must also employ the symbol A.
For example, if

L ={A aaabbb)}
then the symbolic expression for L. must be

L =language (A + a + aa + bbb)




L = {abba baaa bbbb} ?Zil;‘i;;eliegular Expression of this




REGULAR
EXPRESSIONS

Let us reconsider the language
T={acabcbabbchb ...,

T can be defined as above by

(a+ c)b*
but it can also be defined by
ab* + cb*

This is another example of the distributive law.




T={acabcbabbcbb ...} The distributive law

(a + ¢)b*




REGULAR
EXPRESSIONS

If r1 = aa + b then the expression r1* technically refers to the expression
r1* =aa+ b*

which is the formal concatenation of the symbols for r, with the symbol *,
but what we generally mean when we write r1* is actually (r1)*

(r1)* = (aa + b)*




rl=aa+b

rl*=




REGULAR EXPRESSIONS

DEFINITION
If S and T are sets of strings of letters (whether they are finite or infinite
sets), we define the product set of strings of letters to be

ST = {all combinations of a string from S concatenated with a string
from T }

EXAMPLE
If
S'=1{aaa aaa} and T = {bb bbb}

ST = {abb abbb aabb aabbb aaabb aaabbb}

EXAMPLE
IfS = /a bb bab} T = {a ab}

Then ST = {aa aab bba bbab baba babab/




S'={a aa aaa} and T = {bb bbb}

Then ST = {abb abbb aabb aabbb aaabb aaabbb}

IfS = fa bb bab} T = {fa ab}

Then ST =




REGULAR EXPRESSIONS

EXAMPLE

If P= {a bb bab} and Q = {A bbbb}

then
PO = {a bb bab abbbb bbbbbb babbbbb}

M@m\‘;gﬁafﬁw\gﬁaﬁyM\;ﬂbgébﬁ-;%ﬁa

EXAMPLE

If M= {Axxx! N-={Ayyyyyyyyyy..}
then

MN ={ yyyywyyyy ..
X XY XYY XYYy XYYVy...
XX XXy XXYY XXYYY XXYYVYY.. .}.




If P={a bb bab} and Q = {A bbbb}
Then

PO =

If M ={A x xx}

N={Ayyyyyy yyyy...}

Then MN =




REGULAR EXPRESSIONS

Using regular expressions, these four examples can be written as:

(a + aa + aaa)(bb + bbb) = abb + abbb + aabb + aabbb + aaabb +
aaabbb

(a+ bb + bab)(a + ab) = aa + aab + bba + bbab + baba + babab

(a+ bb + bab)(A + bbbb) = a+bb+bab+abbbbb +bbbbbb +
babbbbb

(A +x +xx)(y¥) =y* + xy* + xxy*




REGULAR EXPRESSIONS

THEOREM 5

If L is a finite language (a language with only finitely many words), then L
can be defined by a regular expression.

PROOF

For example, the regular expression that defines the language

L = {baa abbba bababa}
is

baa + abbba + bababa
Another example If

L = {aa ab ba bb}
the algorithm described above gives the regular expression
aa + ab + ba + bb

Another regular expression that defines this language is
(a+b)(a+b)




L = {baa abbba bababa}

R.E.= baa + abbba + bababa

L = {aa ab ba bb}

R.E.=aa+ab +ba+bb




REGULAR EXPRESSIONS

EXAMPLE
Let

L ={N X XX XXX XXXX XXXXX}
The regular expression we get from the theorem is

N+ X+ XX+ XXX + XXXX + XXXXX

A\ more elegant regular expression for this language is

(A + x) >
Of course the 5 is, strictly speaking, not a legal symbol for a
regular expression although we all understand it means

(A + X)A + X)IA+ X) A+ X)(A+ X)




L = {A X XX XXX XXXX XXXXX}

A + X + XX + Xxx + xxxx + xxxxx

(A + Xx)°>




REGULAR EXPRESSIONS

EXAMPLE
Consider the expression:
(a+ b)*(aa + bb)(a + b)*

This is the set of strings of a's and b's that at some point contain a
double letter. We can think of it as

(arbitrary)(double letter)(arbitrary)

Example are: A a b ab ba aba bab abab baba .... The expression (ab)*

covers all of these except those that begin with b or end in a. Adding
these choices gives us the regular expression

(A+ b) (ab)* (A+ a)




REGULAR EXPRESSIONS

EXAMPLE
Consider the regular expression below:

E=(a+b)*a(a+b)* (a+A)(a+b)*a(a+b)*
= (arbitrary) a (arbitrary) [a or nothing] (arbitrary) a (arbitrary).
= (at+b)*a(atb)*a(a+b)*a(a+b)*+(a + b)*a(a + b)* A(a + b)*a(a + b)*

Before we analyze the second term let us make the observation that
(a+b)* A(a+ b)*




Simplify it?

(a+ b*)* (aa+ ab*)* ((a + bbba*) + ba*b)*




REGULAR EXPRESSIONS

EXAMPLE
Consider the regular expression:
(a*b*)*

The language defined by this expression is all strings that can be

made up of factors of the form a*b*, but since both the single
letter a and the single letter b are words of the form a*b*, this
language contains all strings of a's and b's. It cannot contain
more than everything, so

(a*b*)* = (a + b)*




Prove it?

(a*b*)*= (a + b)*




REGULAR EXPRESSIONS

EXAMPLE

One very interesting example, which we consider now in great detail is

E = [aa + bb + (ab+ba)(aa+bb)*(ab+ba)]*

This regular expression represents the collection of all words that are
made up of "syllables" of three types:
typel = aa
type2 = bb
type3 = (ab + ba)(aa + bb)*(ab + ba)

E = [type, + type2 + type 3]*




REGULAR EXPRESSIONS

EXAMPLE

Consider the language defined by the regular expression:

b*(abb*)*(A + a)

This is the language of all words without a double a.
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REGULAR EXPRESSIONS

EXAMPLE
Another expression that denotes all the words with at least two a's is:

b*ab*a(a + b)*

We scan through some jungle of b's (or no b's) until we find the first a,
then more b's (or no b's), then the second a, then we finish up with
anything.

In this set are abbbabb and aaaaa.

We can write:
(a+ b)*a(a+ b)*a(a + b)* =b*ab*a(a + b)*

where by the equal sign we do not mean that these expressions are
equal algebraically in the same way as




(a+ b)*a(a + b)*a(a+ b)* =b*ab*a(a + b)*

Are they equal ?




REGULAR EXPRESSIONS

We could write
language ((a + b)*a(a + b)*a(a + b)*)
= language (b*ab*a (a + b)*)
= all words with at least two a's.

To be careful about this point, we say that two regular expressions are
equivalent if they describe the same language.

(a+ b)*ab *ab * -

T 1

next to last a
last a

b*a(a + b)*ab*

T T

first a last a




REGULAR EXPRESSIONS

EXAMPLE
If we wanted all the words with exactly two a's, we could use the
expression

b*ab*ab*

which describes such words as aab, baba, and bbbabbbab.

To make the word aab, we let the first and second b* become A and the
last becomes b.




b*ab*ab*

Prove 1s these one of the solutions and how?

aab

baba

and bbbabbbab




REGULAR
EXPRESSIONS

EXAMPLE
The language of all words that have at least one a and at least one b is

somewhat trickier. If we write
(a+b)*a(a+ b)* b(a+ b)*
= (arbitrary) a(arbitrary) b(arbitrary)

we could define this set by the expression:
(a+b)*a(a+b)*b(a+b)* + (a+b)*b(a+b)*a(a+b)*

Here we are still using the plus sign in the general sense of disjunction
(or). We are taking the union of two sets,




(a + b)*a(a + b)* b(a + b)* One a and one b always

(atb)*a(a+b)*b(a+b)* + (a+b)*b(at+b)*a(a+b)* Are they equal ?




REGULAR
EXPRESSIONS

EXAMPLE

All temptation to treat these language-defining expressions as if they were
algebraic polynomials should be dispelled by these equivalences:

(a+h)* = (a+b)* + (atb)*
(a+b)* = (a+b)* (a+b)*

(atb)* = a(atb)* + b(atb)* + A
(atb)* = (a+b)* ab(a+b)* + b*a*




(atb)* = (a+b)* + (at+b)*
(a+b)* = (a+b)* (a+b)* Check these?

(a+b)* = a(a+b)* + b(atb)* + A
(a+b)* = (a+b)* ab(a+b)* + b*a*




REGULAR EXPRESSIONS

Usually when we employ the star operator, we are defining an infinite
language.

We can represent a finite language by using the plus (union sign) alone.
If the language L over the alphabet X = {a, b} contains only the finite list
of words given below,

L = {abba baaa bbbb}

then we can represent L. by the symbolic expression
L =language (abba + baaa + bbbb)

If L is a finite language that includes the null word A, then the

expression that defines L. must also employ the symbol A.
For example, if

L ={A aaabbb)}
then the symbolic expression for L. must be

L =language (A + a + aa + bbb)




L = {abba baaa bbbb} ?Zil;‘i;;eliegular Expression of this




REGULAR
EXPRESSIONS

Let us reconsider the language
T={acabcbabbchb ...,

T can be defined as above by

(a+ c)b*
but it can also be defined by
ab* + cb*

This is another example of the distributive law.




T={acabcbabbcbb ...} The distributive law

(a + ¢)b*




REGULAR
EXPRESSIONS

If r1 = aa + b then the expression r1* technically refers to the expression
r1* =aa+ b*

which is the formal concatenation of the symbols for r, with the symbol *,
but what we generally mean when we write r1* is actually (r1)*

(r1)* = (aa + b)*




rl=aa+b

rl*=




REGULAR EXPRESSIONS

DEFINITION
If S and T are sets of strings of letters (whether they are finite or infinite
sets), we define the product set of strings of letters to be

ST = {all combinations of a string from S concatenated with a string
from T }

EXAMPLE
If
S'=1{aaa aaa} and T = {bb bbb}

ST = {abb abbb aabb aabbb aaabb aaabbb}

EXAMPLE
IfS = /a bb bab} T = {a ab}

Then ST = {aa aab bba bbab baba babab/




S'={a aa aaa} and T = {bb bbb}

Then ST = {abb abbb aabb aabbb aaabb aaabbb}

IfS = fa bb bab} T = {fa ab}

Then ST =




REGULAR EXPRESSIONS

EXAMPLE

If P= {a bb bab} and Q = {A bbbb}

then
PO = {a bb bab abbbb bbbbbb babbbbb}

M@m\‘;gﬁafﬁw\gﬁaﬁyM\;ﬂbgébﬁ-;%ﬁa

EXAMPLE

If M= {Axxx! N-={Ayyyyyyyyyy..}
then

MN ={ yyyywyyyy ..
X XY XYY XYYy XYYVy...
XX XXy XXYY XXYYY XXYYVYY.. .}.




If P={a bb bab} and Q = {A bbbb}
Then

PO =

If M ={A x xx}

N={Ayyyyyy yyyy...}

Then MN =




REGULAR EXPRESSIONS

Using regular expressions, these four examples can be written as:

(a + aa + aaa)(bb + bbb) = abb + abbb + aabb + aabbb + aaabb +
aaabbb

(a+ bb + bab)(a + ab) = aa + aab + bba + bbab + baba + babab

(a+ bb + bab)(A + bbbb) = a+bb+bab+abbbbb +bbbbbb +
babbbbb

(A +x +xx)(y¥) =y* + xy* + xxy*




REGULAR EXPRESSIONS

THEOREM 5

If L is a finite language (a language with only finitely many words), then L
can be defined by a regular expression.

PROOF

For example, the regular expression that defines the language

L = {baa abbba bababa}
is

baa + abbba + bababa
Another example If

L = {aa ab ba bb}
the algorithm described above gives the regular expression
aa + ab + ba + bb

Another regular expression that defines this language is
(a+b)(a+b)




L = {baa abbba bababa}

R.E.= baa + abbba + bababa

L = {aa ab ba bb}

R.E.=aa+ab +ba+bb




REGULAR EXPRESSIONS

EXAMPLE
Let

L ={N X XX XXX XXXX XXXXX}
The regular expression we get from the theorem is

N+ X+ XX+ XXX + XXXX + XXXXX

A\ more elegant regular expression for this language is

(A + x) >
Of course the 5 is, strictly speaking, not a legal symbol for a
regular expression although we all understand it means

(A + X)A + X)IA+ X) A+ X)(A+ X)




L = {A X XX XXX XXXX XXXXX}

A + X + XX + Xxx + xxxx + xxxxx

(A + Xx)°>




REGULAR EXPRESSIONS

EXAMPLE
Consider the expression:
(a+ b)*(aa + bb)(a + b)*

This is the set of strings of a's and b's that at some point contain a
double letter. We can think of it as

(arbitrary)(double letter)(arbitrary)

Example are: A a b ab ba aba bab abab baba .... The expression (ab)*

covers all of these except those that begin with b or end in a. Adding
these choices gives us the regular expression

(A+ b) (ab)* (A+ a)




REGULAR EXPRESSIONS

EXAMPLE
Consider the regular expression below:

E=(a+b)*a(a+b)* (a+A)(a+b)*a(a+b)*
= (arbitrary) a (arbitrary) [a or nothing] (arbitrary) a (arbitrary).
= (at+b)*a(atb)*a(a+b)*a(a+b)*+(a + b)*a(a + b)* A(a + b)*a(a + b)*

Before we analyze the second term let us make the observation that
(a+b)* A(a+ b)*




Simplify it?

(a+ b*)* (aa+ ab*)* ((a + bbba*) + ba*b)*




REGULAR EXPRESSIONS

EXAMPLE
Consider the regular expression:
(a*b*)*

The language defined by this expression is all strings that can be

made up of factors of the form a*b*, but since both the single
letter a and the single letter b are words of the form a*b*, this
language contains all strings of a's and b's. It cannot contain
more than everything, so

(a*b*)* = (a + b)*




Prove it?

(a*b*)*= (a + b)*




REGULAR EXPRESSIONS

EXAMPLE

One very interesting example, which we consider now in great detail is

E = [aa + bb + (ab+ba)(aa+bb)*(ab+ba)]*

This regular expression represents the collection of all words that are
made up of "syllables" of three types:
typel = aa
type2 = bb
type3 = (ab + ba)(aa + bb)*(ab + ba)

E = [type, + type2 + type 3]*




REGULAR EXPRESSIONS

EXAMPLE

Consider the language defined by the regular expression:

b*(abb*)*(A + a)

This is the language of all words without a double a.
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FINITE AUTOMATA

Finite Automaton (FA) -"finite" because the number of possible states
and number of letters in the alphabet are both finite, and "automaton”
because the change of states is totally governed by the input. It

A finite automaton is a collection of three things:

1. A finite set of states, one of which is designated as the initial state,
called the start state, and some (maybe none) of which are designated
as final states.

2. An alphabet E of possible input letters, from which are formed
strings, that are to be read one letter at a time.

3. A finite set of transitions that tell for each state and for each letter
of the input alphabet which state to go to next.

< i ol I il HgaS >
[




Example

Suppose that the input alphabet has only the two letters a and b.

Let us also assume that there are only three states, X, y, and z. Let
the following be the rules of transition:

]
2
3
4
5

. From state x and input a go to state y.
. From state x and input b go to state z.
. From state y and input a go to state x.

. From state y and input b go to state z.
. From state z and any input stay at state z.

< i plw & oaidl gis >
[




Example Continued

Let us also designate state x as the starting state and state z as the
only final state.

We now have a perfectly defined finite automaton, since it fulfills
all three requirements demanded above: states, alphabet,
transitions.

Let us examine what happens to various input strings when
presented to this FA. Let us start with the string aaa.

ddd

First State e
a

Final State

< i& ol & odid ] 59aS | >
[

Q/ Check if these
input are
successful aaa




Example Continued

We did not finish up in the final state (state z), so we have an
unsuccessful termination of our run.

The string aaa is not in the language of all strings that leave this FA in
state z.

The set of all strings that do leave us in a final state is called the
language defined by the finite automaton.

The input string aaa is not in the language defined by this FA.

Using other terminology, we may say that the string aaa is not accepted
by this finite automaton because it does not lead to a final state.

We may also say "aaa is rejected by this FA."

< i ol I il HgaS >
[




Example Continued

The set of all strings accepted is the language associated with the
FA.

We say, this FA accepts the language L, or L is the language
accepted by this FA.

we may also say that L is the language of the FA.

< I ol i il ] Hgas ]l >
[




Example 2

Let us examine a different input string for this same FA. Let the input

2bb babaa
abbaa

First State
Final State
after we have followed the instruction of each input letter we end up

in state z.
The input string abba has taken us successfully to the final state.

The string abba is therefore a word in the language associated with
this FA. The word abba is accepted by this FA.

< i& ol & odid ] 59aS | >
[




Conclusion

It is not hard for us to predict which strings will be accepted by this
FA.

If an input string is made up of only the letter a repeated some
number of times, then the action of the FA will be to jump back and
forth between state x and state y. No such word can ever be
accepted.

To get into state z, it is necessary for the string to have the letter b
in it.

As soon as a b is encountered in the input string, the FA jumps
immediately to state z no matter what state it was in before.

Once in state z, it is impossible to leave. When the input string runs
out, the FA will still be in state z, leading to acceptance of the string.

< i ol I il HgaS >
[




Conclusion

The FA above will accept all strings that have the letter b in them
and no other strings.

Therefore, the language associated with (or accepted by) this FA
is the one defined by the regular expression

(@ + b)*b (a + b)*

It is much simpler to summarize them in a table format.

The transition table for the FA we have described is:

T sae 2 b

Start X Y Z
Y X Z
Final Z Z Z

( I ol i il ] Hgas ]l >
[




Conclusion

If a certain letter makes a state go back to itself, we indicate this by
an arrow that returns to the same circle-this arrow is called a loop.

We can indicate the start state by labeling it with the word "start” or
by a minus sign

And the final states by labeling them with the word "final" or plus
signs.

The machine we have already defined by the transition list and the
transition table can be depicted by the transition diagram:

< i ol I il HgaS >
[




Conclusion

a Q1 / Draw the State
Diagram of FA or
we cah say Draw
the Directed Edge
Diagram of FA?

From state x and input a go to state y. ¢ U
. From state x and input b go to state z.
From state y and input a go to state x.

. From state y and input b go to state z.
. From state z and any input stay at state z.

( & ol JE o d] sl >
[

1.
2
3.
4
5




Conclusion

Sometimes a start state is indicated by an arrow and a final state by
drawing a box or another circle around its circle.

The minus and plus signs, when employed, are drawn inside or
outside the state circles. This machine can also be depicted as:

< I ol i il ] Hgas ]l >
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Conclusion

Every input string can be interpreted as traversing a path beginning
at the start state and moving among the states (perhaps visiting the
same state many times) and finally settling in some particular rest
state.

If it is a final state, then the path has ended in success.

The letters of the input string dictate the directions of travel. They
are the map and the fuel needed for motion. When we are out of
letters we must stop.

< i ol I il HgaS >
[




Example

Let us look at this machine again and at the paths generated by
the input strings aaaabba and bbaabbbb.

aaaabba

aaaabba

a
( i& ol & odid ] 59aS | >
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Example

bbaabbbb

( i ol I il HgaS )
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Definition

When we depict an FA as circles and arrows, we say that we have
drawn a directed graph.

We borrow from Graph Theory the name directed edge or simply
edge for the arrow between states.

Every state has as many outgoing edges as there are letters in the
alphabet.

It is possible for a state to have no incoming edges.

< i ol I il HgaS >
[




Unnecessary Names

There are machines for which it is not necessary to give the states
specific names. For example, the FA we have been dealing with so far
can be represented simply as:

( I ol i il ] Hgas ]l >
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EXAMPLE
a, b

b

In the picture above we have drawn one edge from the state on the
right back into itself and given this loop the two labels a and b,
separated by a comma meaning that this is the path traveled if either
letter is read.

( i& ol & odid ] 59aS | >
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EXAMPLE
a, b

b

The first letter of the input takes us to the right-hand state and,
once there, we are trapped forever.

When the input string runs out, there we are in the correct final
state.

This description, however, omits the possibility that the input is the
null string A. If the input string is the null string, we are left back at
the left-hand state, and we never get to the final state.

< i& ol & odid ] 59aS | >
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EXAMPLE

The language accepted by this machine is the set of all strings
except A. This has the regular expression definitions

(a + b)a+ b)*=(a+ b)+

( I ol i il ] Hgas ]l >
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EXAMPLE

One of the many FA's that accepts all words is:

a, b

Here the sign # means that the same state is both a start and a final
state.

Since there is only one state and no matter what happens we must
stay there, the language for this machine is:

(a + b)*

< I ol i il ] Hgas ]l >
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EXAMPLE
Similarly, there are FA's that accept no language.

These are of two types:
FA's that have no final states, such as

< i& ol & odid ] 59aS | >
[




EXAMPLE

And FA's in which the circles that represent the final states cannot
be reached from the start state.

a, b

( & plw & il eS| )
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EXAMPLE

(in this case we say that the. graph is disconnected) or for a reason

such as that shown below.
-~ ‘

a, b

-y s




Example of Dead End

Suppose we want to build a finite automaton that accepts all the words
in the language

a(a + b)*

that is, all the strings that begin with the letter a. We start at state x
and, if the first letter read is a b we go to a dead-end state y. (A "dead-
end state” is an informal way of describing a state that no string can
leave once it has entered.) If the first letter is an a we go to the dead-
end state z, where z is a final state. The machine looks like this:

< i ol I il HgaS >
[




Example of Dead End

A

a, b

( i plw & oaidl gis )
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Example of Dead End

The same language may be accepted by a four-state machine, as
below:

a, b

a. b a,b

Only the word a ends in the first + state. All other words starting
with an a reach and finish in the second + state where they are

accepted.
( i& ol i odid | 59aS I >
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Example of Dead End

This idea can be carried further to a five-state FA as below:
a, b

< T\

N —————, ((R

a, b

a, b

The examples above are FA's that have more than one final state.
From them we can see that there is not a unique machine for a given

anguage.
< i& ol i odid | 59aS I >
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Example Homework

ababa is It in language? Is it successful?

babbb is It in language? Is it successful?
abababb is It in language? Is it successful?

aabbabbba is It in language? Is it successful?

< & plw & il eS| >
[




Example Homework notes

In summary, the words accepted by this machine are exactly those
strings that have a double letter in them. This language, as we have
seen, can also be defined by the regular expression

(a + b)*(aa + bb)(a + b)*

< i ol I il HgaS >
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abba
babaa
abbaa

1d Iinbut a ao to state v.

a %



_ a . Ql /D
1. From state x and input a go to statey. Diagr

2. From state x and input b go to state z. we 3
3. From state y and input a go to state x. .- the Di
4. From state y and input b go to state z. : " Diag
5. From state z and any input stay at state z.

1d input a ao to state v. &

Previousstate.___a___

X y Z
Y X Z



a Ql /D

we Cc¢

theDi 3
aab
N, aaab

1d inpbut a ao to state v. U



a(a+b)*
b(a+b)*




a(a+b)*
All words that start
with a is accepted

A

a, b






b(a+b)*




(a+b)(a+b)b(a+b)*

OO










ba*ba*ba*ba*ba*ba™




a*
a*
b
a*
ba*b
a*






aab




(a + b)*(aa + bb)(a + b)*

a,b

N

dd

bb S’b
N



b*a(a+b)*(ab)(b*)
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( i ol I il HgaS )
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This can be better understood by examining the path through
the FA of the input string aabbaabb, as shown below:

< i ol I il HgaS >
[




EXAMPLE As the last example of an FA in this chapter, let us
consider the picture below:

( & ol JE o d] sl >
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PROBLEMS
Write the transition table of

< & plw & il eS| >
[




PROBLEMS

Write the transition table of

What is the mistake here ?
—Sae & | b
1

N W ol D
- A~ N W

2
3
4

( & ol JE o d] sl >
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PROBLEMS

Write the transition table of

Correct Solution i1s
—Sae | a | b
1

AN DN
A~ A W W

2
3
4

( & ol JE o d] sl >
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PROBLEMS
Write the transition table of

< & plw & il eS| >
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PROBLEMS
Write the transition table of

[




PROBLEMS
Write the transition table of

< & plw & il eS| >
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Q/ Build an FA that accepts only the language of all words
with b as the second letter. Show both the picture and the

transition table for this machine and find a regular
expression for the language.

Q/ Build an FA that accepts only the words baa, ab, and abb
and no other strings longer or shorter.

Q/ Build an FA that accepts only those words that have an
even number of letters total.

Q/ Build an FA that accepts only those words that do not end
with ba.

Q/ Build an FA that accepts only those words that begin or
end with a double letter.

< i ol I il HgaS >
[




Q/ Build an FA that accepts only those words that have more
than four letters.

Q/ Build an FA that accepts only those words that have fewer
than four letters.

Q/ Build an FA that accepts the language of all words with only

a's or only b's in them. Give a regular expression for this
language.

< i ol I il HgaS >
[
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Q/ Describe the languages accepted by the following FA's.










Q/ The following is an FA over
the alphabet I = {a, b, c}.




Q/ Consider the following
FA: a b

a h a b

as b af Y6 al \b al \&
L QOO OO 00

abh ababababababab

a, b




(i) Show that any input string with more than three letters is
not accepted by this FA.

(ii) Show that the only words accepted are a, aab, and bab.
(iii) Show that by changing the + signs alone we can make
this FA accept the language {bb, aba, bba}

(iv) Show that any language in which the words have fewer
than four letters can be accepted by a machine that looks

like this one with the + signs in different places.
(v) Prove that if L is a finite language, then there is some FA
that accepts L.

|
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TRANSITION GRAPHS

We saw in the last chapter that we could build an FA that
accepts only the word baa.

Suppose we designed a more powerful machine that could read
either one or two letters of the input string at a time and could

We might design a machine like the one below:




TRANSITION GRAPHS

The objects we deal with in this book are mathematical models

Which we shall discover are abstractions and simplifications
of how certain actual machines do work.

This new rule for making models will also turn out to be
practical. It will make it easier for us to design machines that
accept certain different languages.

If we are interested in a machine that accepts only the word
baa, why stop at assuming that the machine can read just two
letters at a time? A machine that accepts this word and that
can read up to three letters at a time from the input string
could be built with even fewer states.



TRANSITION

or even




TRANSITION

-

We can be built using only two states that can recognize all

A.. 1 d ..l.l.. [] ..l.




Last Example Notes

This last machine makes us exercise some choice in its running. We must
decide how many letters to read from the input string each time we go back
for more.

This decision is quite important. Let us say, for example, that the input
string is baa. It is easy to see how this string can be accepted by this
machine. We first read in the letter b, which leaves us back at the start state
by taking the loop on the left.

Then we decide to read in both letters aa at once, which allows us to take
the highway to the final state where we end. However, if after reading in the
single character b we then decided to read in the single character a, we
would loop back and be stuck at the start state again.



Last Example Notes

When the third letter is read in, we would still be at the starting post. We could not then
accept this string.

There are two different paths that the input baa can take through the machine. This is totally
different from the situation we had before, especially since one path leads to acceptance and
one to rejection.

Another bad thing that might have happened is that we could have started processing the
string baa by reading the first two letters at once. Since ba is not a double, we could not
move to the final state.

In fact, when we read in ba, no edge tells us where to go, since ba is not the label of any
edge leaving the start state. The processing of this string breaks down at this point. When
there 1s no edge leaving a state corresponding to the group of input letters that have been
read while in that state, we say that the input crashes.

The result of these considerations is that if we are going to change the definition of our
abstract machine to allow for more than one letter to be read in at a time, we must also
change the definition of acceptance. We have to say that a string is accepted by a machine
if there 1s some way it could be processed so as to arrive at a final state. There may also be
ways in which this string does not get to a final state, but we ignore all failures.




Last Example Notes

We are about to create machines in which any edge in the picture can be labeled by any
string of alphabet letters, but first we must consider the consequences. We could now
encounter the following additional problem:




Last Example Notes

On this machine we can accept the word baab in two different ways. First, we could
take ba from the start state to state 1 and then ab would take us to the final state.

Or else we could read in the three letters baa and go to state 2 from which the final
letter, b, would take us to the final state.

Previously, when we were dealing only with FA's, we had a unique path through the
machine for every input string. Now some strings have no paths at all while some have
several.

at least be fully processed to arrive at some state. However, we are not yet interested in
the different reasons for failure and we use the word "rejection* for both cases.

We now have observed many of the difficulties inherent in expanding our definition of

"machine" to allow word-labeled edges (or, equivalently, to reading more than one
letter of input at a time). We shall leave the definition of finite automation alone and
call these new machines transition graphs because they are more easily understood as
graphs than as tables.




TRANSITION
GRAPHS
DEFINITION
A transition graph, abbreviated TG, is a collection of three things:

1. A finite set of states at least one of which is designated as the start state (-)
and some (maybe none) of which are designated as final states (+).

2. An alphabet I of possible input letters from which input strings are
formed.

3. A finite set of transitions that show how to go from one state to another
based on reading specified substrings of input letters (possibly even the null
string A ).

A successful path through a transition graph is a series of edges forming a
path beginning at some start state (there may be several) and ending at a
final state. If we concatenate in order the strings of letters that label each
edge in the path, we produce a word that is accepted by this machine.




Another Example




Example Continue

and b.

abbaaabba,




Another Example




in the sense that all the strings accepted by the first are accepted by the
second and vice versa. There are differences between the two machines
such as they have, but as language acceptors they
are equivalent. It is extremely important for us to understand that every
FA is also a TG. This means that any picture that represents an

. Of course,
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Some notes

Any TG in which some start state is also @ =
string A; this is also true of FA's. There are som
the word A, for example:




Another Example

Anything read while in the + state wi
state has no outgoing edges.







It must be the very last letter, since ot
read another letter we crash.




Previous Example
Notes

next letter; or else we might make the mistake of looping back to
- when we read the last b, in which case we reject without
crashing. But still, all words that end in b can be accepted by
some path, and that is all that is required.



Another Example




Another Example




Another Example




Another Example

we know whether a given string is accepted or rejected.




~li—
Is the word abbbabbbabba accepted by this machine?






Problems







(vi) aba
(vil) abba
(vin) bab
(ix) baab
(x) abbb
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KLEENE'S THEOREM

Part 1 Every language that can be defined by a finite automaton can
also be defined by a transition graph.

Part 2 Every language that can be defined by a transition graph can
also be defined by a regular expression.

Part 3 Every language that can be defined by a regular expression
can also be defined by a finite automaton.



The Proof of Part 1

This is the easiest part. Every finite automaton isitself a transition graph.
Therefore, any language that has been defined by a finite automaton has
already been defined by a transition graph.

KLEENE'S THEOREM



The Proof of Part 2

This means that we present a procedure that starts out with a transition graph
and ends up with a regular expression that defines the same language.

To be acceptable as a method of proof, any algorithm must satisfy two criteria.
It must work for every conceivable TG, and it must guarantee to finish its job in
a finite fime (a finife number of steps).




The Proof of Part 2

Make It one
Start




The Proof of Part 2

Make It one
Final




The Proof of Part 2

|t should be clear that the addition of these two new states does not affect the language
that T accepts. Any word accepted by the old T is also accepted by the new T, and any
word rejected by the old T is also rejected by the new T.

We are now going to build the reqular expression that defines the same language as T
piece by piece. To do so we extend our notion of transition graph. We previously allowed
the edges to be labeled only with strings of alphabet letters. For the purposes of this
algorithm, we allow the edges to be labeled with regular expressions.



The Proof of Part 2

@ a + baa ,@ .

we can cross from state 3 to state 7 by reading from the Input string
either the letter a alone or else the sequence baa.

For example

Labeling an edge with the regular expression (ab)* means that we can
cross the edge by reading any of the input sequences
A, ab, abab, ababab . ..




The Proof of Part 2




Bypass Operation The Proof of Part 2

r
Example eee @ :




The Proof of Part 2

We can do the previous trick only as long as state 2 does not have a
loop going back to itself. If state 2 does have a loop, we must use this
model:




The Proof of Part 2

If state I is connected to state 2 and state 2 is connected to more than
one other state (say to states 3, 4, and 5), then when we eliminate the
edge from state 1 to state 2 we have to add edges that show how to go from
state I to states 3, 4, and 5. We do this as in the pictures below.




The Proof of Part 2

L N




The Proof of Part 2

]
‘ |‘ rpt+r+ ese +ry
Fig
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The Proof of Part 2

For example,




The Proof of Part 2




The Proof of Part 2

Before we claim to have finished describing this algorithm, there are some special
cases that we must examine more carefully. In this picture

Iy Y2
r
"

goes nowhere except into state |, we might think that we can rewrite this part of T
as:




The Proof of Part 2

I3 Y2
r
"

r o ry

-

but this is wrong. In the original picture, we could go from state 3 to state 1, while
In the modified picture that is impossible. Therefore, we must introduce an edge
from state 3 to state 1 and label it as next slide show.




The Proof of Part 2

rl rg*rs

2
Iy
see 3 taw
Fary*r3

Whenever we reimove an edge or a state we nust be sure that we have nat destroyed any
paths through T that may previoudly have existed Destroying paths could change the
language of words accepted, which we do nat want to do.




The Proof of Part 2

let us illustrate the algorithm above on a particular example.

a, b
aa

O aa, bb
bb




The Proof of Part 2

As it stands, this machine has only one start state, but it has two final
states, so we must introduce a new unique final state following the
method prescribed by the algorithm.

a b
aa

) ))) O aa, bb




The Proof of Part 2

The algorithmsays we are supposed to replace this double loop by a single loop labeled with
the regular expression a +b. The picture of the machine has nowbecome:




The Proof of Part 2

&at us choase for our nesst modification the path from state ] to state 2 to state +

O (=0




The Proof of Part 2

Let us try to bypass state 1. Only one edge comes into state 1 and that is from
state -. There is a loop at state 1 with the label (a + b). State 1 has edges coming
out of it that lead to state 3 and state +.

(aa + bb)(a + b)*aa

(aa + bb)(a + b)*bb



The Proof of Part 2

It is obvious that we must now eliminate state 3, since that is the only by
passable state left. When we concatenate the regular expression from state
- to state 3 with the regular expression from state 3 to state +, we are left

with the machine:

(aa + bb){a + b)*aa

(aa + bb)(a + b)*aa

»

(aa + bb)(a + b)*bb



The Proof of Part 2

(aa + bb)(a + b)*aa

o »

(aa + bb)(a + b)*bb

a, b
aa

bb *
_ e (aa + bb)(a + b)*(aa) + (aa + bb)(a + b)*(bb)




The Proof of Part 2

aa, bb ab. ba aa, bb

fouliB o

al, ba




The Proof of Part 2

ab, ba

ab, ha




The Proof of Part 2

aa+ bb

(ab + ba)(aa + bb)*(ab + ba)




The Proof of Part 2

aa+ bb

OO0

(ah+ba) (aa + bb)*(ab + ba)

(aa +bb) + (ab + ba)(aa + bb)*(ab + ba)

[(aa + bb) + (ab + ba)(aa + bb)*(ab + ba)]* .

[(aa + bb) + (ab + ba) (aa + bb)*(ab + ba)]*




The Proof of Part 2

aa, bb ab. ba ac, bb

w :> [(AA + BB) + (AB + BA) (AA + BB)*(AB + BA)]*

ab, ha



The Proof of Part 2
PROBLEMS
a, b

——0O——0

a, b




The Proof of Part 2

PROBLEMS
a, b baa a b

abb




The Proof of Part 2
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EXAMPLE: Let us consider the FA pictured below:

a, b

(aab + abb + bab + bbb)(a + b)*

< i ol & o] 59as | >
[




Notes before solve:-
Note 1
Note 2 @
@)
Q ..
O
- : -
i
b : @)
. ! s h ..

B s

[




Notes before solve:- ‘

Note 4
@ E, b >O ﬂl‘ b ’-

(a+b) (a+b) = (aa+ab+ba+bb)

[




EXAMPLE: Let us consider a very specialized FA,
one that accepts only the word baa.

L = {baa}

< i ol I il HgaS >
[




EXAMPLE: The FA below accepts exactly the two
strings baa and ab.

< J& plw JE poid] Sl >
[




EXAMPLE: Let us take a trickier example. Consider
the FA shown below:

This is not the only possible Solution aa*

< i ol I il HgaS >
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EXAMPLE

(a* + a* ba*ba*b a*)

< i ol I il HgaS >
[




EXAMPLE: The following FA accepts only the word A

o=

Which words can lead to final state ?

< i ol I il HgaS >
[




< i& ol & odid ] 59aS | >
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EXAMPLE: The language in the example above does
not include A. If we add A we get the language of all
words that do not end in b. This is accepted by the

FA below.




[




EXAMPLE Consider the following FA:

(a + b)*aa(a + b)*

< J& plw JE poid] Sl >
[




