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ٰـت ٰـبَ مِنهُۡ ءَایَ لۡكِتَ
 
یۤ ٱَنزَلَ علَیَۡكَ ٱ ِ لَّذ

 
ٰـتٌ هُنذ  ࣱ هُوَ ٱ حۡكَََ مُّ

ٰـتٱُمُّ  بَِِ ٰـ ٰـبِ وَٱخَُرُ مُتشََ لۡكِتَ
 
ا ۖ  ࣱٱ ینَ  فأَمَذ ِ لَّذ

 
مۡ  فِ  ٱ ࣱ زَیغۡ قلُوُبِِِ

بَهَ  مَا فیَتَذبِعُونَ  ٰـ بتِۡغَاۤءَ  مِنهُۡ  جشََ
 
لفِۡتۡنةَِ  ٱ

 
بتِۡغاَۤءَ  ٱ

 
ۦ   وَٱ  یعَۡلَُ  وَمَا ثأَ وِۡیلِِِ

لّذ  ثأَ وِۡیلَُِ ۥۤ
ِ
هُ   ا ذـ لـل

 
لرذ ٰ  ٱ

 
لعِۡلِۡ  فِ  سُِِونَ ⁠وَٱ

 
ࣱ كُّ  بِهِۦ ءَامَنذا ونَ یقَُولُ  ٱ

نۡ  ِّناَ   عِندِ  مِّ لذرُ  وَمَا رَب لّذۤ  یذَذ
ِ
ٰـبِ  ٱُوْلوُاْ  ا لَۡۡلبَۡ

 
  ٱ

 

م ي 
 صدق  الله العظ 

ة   ال عمران  رة  و )س  ي   (7/ الآ 
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1.1 Introduction 

In 1993, Chen & Lin have analysed two-dimensional hyperbolic heat 

conduction problems using a hybrid numerical approach. In such problems, 

thermal waves propagate at a finite speed, often resulting in numerical 

oscillations near the thermal front. To mitigate these oscillations, the 

authors have proposed a hybrid numerical method. This technique 

eliminates the time-dependent terms in the governing differential equations 

through the application of the Laplace transform. Subsequently, the control 

volume method is employed to discretize the spatial domain within the 

transformed space. The effectiveness of the proposed method is attributed 

to the careful selection of shape functions. Several examples involving 

irregular geometries are presented to demonstrate the method‘s capability 

[9]. In 2009, Ching-Yu introduced a sequential method for estimating the 

boundary conditions in two-dimensional hyperbolic heat conduction 

problems. The inverse solution is obtained through a combination of the 

finite difference method, the concept of future time levels, and a modified 

Newton–Raphson iteration. The resulting system of equations is solved 

using an iterative procedure. Numerical results confirm that the proposed 

approach is both accurate and stable in determining the unknown boundary 

conditions for two-dimensional inverse hyperbolic heat 

conduction problems [11]. In 2013 Pourgholi et. al., proposed a numerical 

approach that integrates the Haar wavelet method with Tikhonov 

regularization. This combined method was employed to solve inverse 

problems related to two-dimensional parabolic and hyperbolic equations 

using noisy data. The authors demonstrated that their approach yields stable 

numerical solutions. The technique involves a sensor positioned at an 

interior point of the domain, specifically at x = a where 0 < a < 1, to 

measure the temperature function  . Additionally, they established that the 

proposed method exhibits exponential convergence [36]. 
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Su & Silva Neto, (2001), have estimated the transient radial and 

circumferential (azimuthal) variation of a volumetric heat source within a 

cylindrical rod using Alifanov‘s iterative regularization method. The 

authors have formulated the inverse problem as an optimization problem, 

where a squared residual functional is minimized employing the conjugate 

gradient method. The step size in the descent direction is determined 

through a sensitivity analysis, while the gradient is obtained by solving the 

corresponding adjoint problem. To assess the accuracy of the proposed 

estimation technique, two test scenarios are analyzed: the first involves 

radial and temporal dependence, while the second incorporates radial, 

azimuthal, and temporal variations. The influence of sensor quantity and 

measurement noise on the solution is also examined [42]. 

In [43] Tadi, (1997), has focused on the estimation of the diffusion 

coefficient using measurements taken at the boundary. Specifically, the 

problem involves recovering the spatially dependent diffusion coefficient 

of a rod. The proposed approach introduces a time-dependent formulation 

of the unknown parameter. With suitable measurement data, the system 

parameters are iteratively adjusted from arbitrary initial guesses toward 

their true values over time. An explicit evolution equation for the parameter 

is derived by minimizing the error along the trajectory. The resulting 

method forms the basis of an iterative algorithm. In [47] Zhou et. al., 

(2010), have studied the inverse heat conduction problem (IHCP) in a one-

dimensional composite slab accounting for rate-dependent pyrolysis 

reactions and outgassing flow effects. The thermal properties of the 

composite material are assumed to vary with temperature. To solve the 

IHCP, the authors have employed an iterative regularization strategy 

through a nonlinear conjugate gradient formulation. The analysis focuses 

on scenarios where the front surface of the composite slab is exposed to 

high-intensity periodic laser heating. In 1910, Haar has interested by 

studying the Timing channels (TCs). Indeed, the TCs remain a significant 
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security threat, enabling unauthorized information leakage through the 

manipulation of event timing or ordering. Traditional detection techniques 

either rely on signature-based methods to identify known TCs or anomaly-

based models that detect deviations from legitimate traffic patterns. 

However, these approaches are often ineffective in software-defined 

networking (SDN) environments due to factors such as fluctuating traffic 

behavior, imprecise time synchronization, and dynamic network 

topologies. Additionally, stealthy TCs can mimic legitimate traffic, evading 

anomaly-based detection. To address these challenges, Haar has introduced 

a novel detection framework that leverages the flexible resources of cloud 

environments. The proposed system dynamically reconfigures SDN to 

perform differential analysis on outbound flows from multiple virtual 

machines (VMs). It employs a wavelet-based multi-resolution 

decomposition of flow timing data, followed by the application of the 

Kullback-Leibler divergence (KLD) to quantify dissimilarities among 

flows. Unlike traditional anomaly detection methods, the proposed 

approach does not require prior modeling of legitimate traffic and remains 

robust even under noisy conditions and timing inaccuracies. The 

framework is implemented as a prototype system named OBSERVER, 

designed for deployment in SDN environments. Experimental results 

demonstrate its effectiveness in detecting both known and novel stealthy 

TCs, offering improved detection accuracy, reduced latency, and minimal 

performance overhead compared to existing methods [18]. In[21] 

Hariharan et. al., (2009), have proposed an accurate and efficient Haar 

wavelet method for solving the well-known Cahn–Allen equation. The 

developed scheme is versatile and applicable to a broad class of nonlinear 

partial differential equations. The effectiveness and robustness of the 

method are validated through its application. The use of Haar wavelets 

proves to be a reliable and computationally attractive approach, offering 

simplicity, flexibility, rapid convergence, and low computational cost. In 
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[8] Chen & Hsiao, (1997), have presented a state analysis framework for 

time-delay systems using Haar wavelets. Leveraging key properties of Haar 

functions, the method employs a specialized product matrix along with an 

associated coefficient matrix to address the complexities of time-delayed 

systems. The unknown Haar coefficient matrix is determined using the 

Kronecker product technique. The effectiveness, accuracy, and broad 

applicability of the proposed Haar wavelet approach are demonstrated 

through several numerical examples. In [24] Hsiao & Wang, (2001), have 

introduced a simple and efficient algorithm based on the Haar wavelet 

method for solving nonlinear stiff problems. Simulation results demonstrate 

that the proposed method significantly reduces computational time—

requiring only about one-tenth of that needed by the widely used Runge–

Kutta–Fehlberg method—while maintaining comparable accuracy. In[28] 

Kalpana & Balachandar, (2007), have proposed a Haar wavelet-based 

analytical method for observer design in generalized state-space or singular 

systems, specifically within transistor circuit models. The method is 

formulated from both incremental and multi-resolution perspectives. By 

adjusting the time scale parameter, the approach allows for accurate 

solutions while preserving the essential features of the system's response. 

The technique is straightforward to implement computationally and 

demonstrates notable advantages in terms of speed, 

flexibility, and efficiency. 

In[37] Rashid & Nachaoui, (2025), have presente a Haar wavelet-based 

reconstruction method for recovering missing boundary data on 

inaccessible regions using measurements obtained from accessible 

boundary segments. The method is specifically designed to address inverse 

Cauchy problems governed by the Poisson equation, which are known to 

be severely ill-posed. The proposed approach is mathematically 

straightforward and adaptable, making it suitable for Cauchy problems 

associated with a variety of partial differential equations encountered in 
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natural sciences, engineering, and economics. To mitigate the ill-

conditioning inherent in the resulting linear system, a combination of 

preconditioning and regularization techniques is employed. Comparative 

numerical experiments, including those using a meshless method based on 

polynomial expansion; demonstrate the superior accuracy and stability of 

the proposed approach. Additional numerical results further confirm its 

effectiveness and robustness. Berdawood, K.A et. al., (2020), the finite 

element method, as described [5], has been employed to solve the 

problem efficiently. In (2020) an efficient relaxed alternating procedure 

demonstrated convergence for all values of   in the Helmholtz equation 

and enhanced the rate of convergence for the modified Helmholtz equation. 

As shown in [4], the authors established that for every   , there exists an 

interval within which convergence is guaranteed.  

In this thesis, we address an inverse Cauchy problem associated with the 

parabolic heat equation in two spatial dimensions, where partial boundary 

data are provided. To handle the ill-posedness inherent in such problems, 

we propose a numerical technique that reconstructs the unknown boundary 

data using the available information from the opposite side. The solution is 

approximated using a polynomial expansion, in this thesis; we apply a 

polynomial expansion method similar to those used in [1, 2, 16, 22, 23, 26, 

33, 35] to approximate the solution of the problem. Which reduces the 

problem to a direct linear system solvable through iterative techniques. 

Remarkably, the proposed method achieves excellent convergence and 

stability without the need for additional regularity conditions, even for 

large values of the parameter  . This thesis evaluates the effectiveness of 

the proposed approach by comparing its performance with previous studies, 

particularly those by Berdawood, K.A. et al. (2020), demonstrating 

improved accuracy and convergence behavior. The numerical experiments 

are implemented using MATLAB. 
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We therefore explore a direct polynomial expansion approach, originally 

proposed in Aboud et, al. (2022), [1] to approximate solutions of 

Helmholtz-type Cauchy problems. Unlike iterative schemes, it avoids slow 

convergence, though care must be taken since ill-posedness manifests as 

ill-conditioning in the linear system. This difficulty is alleviated by 

efficient preconditioning. 

The aim of this thesis is to develop and analyze a numerical method for 

solving an inverse Cauchy problem associated with a two-dimensional 

parabolic heat equation.  

The proposed method is based on polynomial expansion and the obtained 

linear system is solved iteratively using the CGLS algorithm.  

The main objective is to reconstruct the unknown Dirichlet boundary 

condition from partial boundary data, while ensuring accuracy, stability, 

and efficiency. 

Thesis outline on structures is organized as follows 

Chapter one: view the Introduction. 

Chapter Two: provides a review of fundamental concepts and relevant 

literature. 

Chapter Three:  presents the mathematical formulation, the reformulation 

into a modified Helmholtz equation, and the polynomial expansion 

technique. 

Chapter Four: describes the implementation and displays the numerical 

results. 

Finally, Chapter Five: concludes the thesis and suggests directions for 

future research.
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  خلاصخ=

غٛز يعزٔفخ. ٚزى  ّٚٔدثجٛبَبد حذيكبفئخ نخ عكسٛخ نًعبدنخ حزارح رعبنج ْذِ انزسبنخ يسأ        

ل إنٗ يعبدنخ ْهًٕٓنزش  بدلانًجبشزح ثبسزخذاو طزٚمخ انفزٔأٔلاً رحهٛم انًسأنخ  َّٕ انًحذدح، ثى رحُ

 انًعذّنخ.

يزعذدح انحذٔد، ٔٚحُم انُظبو انُبرج ركزارٚبً ثبسزخذاو خٕارسيٛخ يزسهسهخ ٔنزمزٚت انحم، رسُزخذو 

 (.CGLSانزذرج انًززافك نهًزثعبد انصغزٖ )

ً رمزٚجٛ انطزٚمخ انًمززحخ ذحممّ  ً دلٛم ب ،   انفٛشٚبئٙ حسبثٛبً، حزٗ نهمٛى انكجٛزح نهًعبيم اً زمزٔيس ب

 نضًبٌ انزمبرة. يمٛذحانزمهٛذٚخ غبنجبً شزٔطًب  حٛث رزطهت انطزق

عهٗ انجٛبَبد، يًب ٚحمك دٌٔ فزض شزٔط إضبفٛخ  زجبرة انعذدٚخ فعبنٛخ انطزٚمخرظُٓز ان

صغٛزًا  ٚظم أٌ انخطأ انًطهك يًب ٚظُٓز ،ادخزجبرالا اجُزٚذ انعذٚذ يٍصبئص رمبرة يًزبسح. خ

 انطزٚمخ.اسزمزار ، يًب ٚؤكذ   حزٗ يع اسدٚبد لًٛخ
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