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Chapter 1
The rate of change of function.
1.1 Cartesian coordinates in the plane
Points in the plane can be identified with ordered pairs of real
number. To begin, we draw two perpendicular coordinate lines that
intersect at the 0-point of each line.
These lines are called Coordinate axes in the plane
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1.1.1 Increment and straight line:

When a particle moves from one point in the plane to another, the net
changes in its coordinates are called increments. They are calculated by
subtracting the coordinates of the starting point from the coordinates of the

ending point. If x changes from x, to x, the incrementin X is Ax=X, — X,

EXAMPLE 1: A Particle moves from A to B in coordinate plane. Find the
increment Ax and Ay in the particles coordinate.

SOI AX = X2 - Xl y2 =5 yl =-3 :: B(2.5)
=2-4 Xy =2 X =4 T \‘\_
=2 ]
Ay =Yy, -y, o ; \II'“&L -
=5-(-3) =8 —f ax




H.W 1. A Particle in the plane move from (-2, 5) to the y- axis in such a way
thatAy is equaled 3Ax what were the Particle new coordinate?

2. The pressure P experienced by a diver under water is related to the diver’s depth
d by an equation of the form P=kd +1 (k a constant). At the surface, the pressure
Is 1 atmosphere. The pressure at 100 meters is about 10.94 atmospheres. Find
pressure at 50 m.

1.2 The slop of straight line:
Any nonvertical line in the plane has the property that the ratio

:Ay:yz_yl
AX X, =X

m has the same value for every choice of the two

points and on the line.

EXAMPLE 1 Plot the points and find the slope (if any) of the line they determine.

1) A(-1,2) B(-2,-1) ,
2) A(2,3) B(1,3) A(—1,7 2F
b
Sol 1) / ~
-2f -1 0
m= Ay _Y2m W B(-2,-1) -1t
AX X, =X
-1-2 -1 Y
= = —= 3 B(_l, 3) A(2;3)
-2+1 -1 —>
2 Slope =0
2) m:ﬂ L
AX | o )
-1 o] 1 2 i
meo°3_0_,

1-2 -3



1.2 The angle of inclination
The angle of inclination of a line that crosses the x-axis is the smallest

counterclockwise angle from the x-axis to the line.

Alis \K_\mis
T > X T—>X
f’ I’
/( 7 not this \r not this

—

The relationship between the slope mof a nonvertical line and the line’s angle of
inclination ¢ is shown in Figure.

Ay
m=—-=tan
A X ¢

d

EXAMPLE 1 Find the slop of the line that make angle 60 with x- axis ?

Sol m=tan¢
=tan60

N

1.3.1 Parallel and perpendicular line

a) Lines that are parallel have equal angles of inclination, so they have the
same slope (if they are not vertical)

L
L) 12
/ "
L, /L, ’ b= A # #

m, =m,




Hint: 1. The slope of vertical line is undefined Ax=0
2. The slope of horizontal line is equal zero Ay=0

b) If two nonvertical lines and are perpendicular, their slopes m, and m, satisfy

mm,=-1
m, =~ m, =%
—— J——
Y m, m,
sin &
) M, =tan g, = 2
cosd, y

sin(90+ 6,) =cosé,
cos(90 + 6,) =—sin 6,

cosé,
tan g, =——2
—-sin 6,
tan 6, = — 0
tan 6,
m, = %
2 ml

1.4 The slope form general equation

AX+By=c
- A

m=—
B

EXAMPLE 1 Find the slope of the line 2y =3x+4

Sol
2y=3x+4 — A=-3, B=2
-3x+2y=4
A
m=——
B
(3 _3
2 2

1.4 Equation of straight line:



1.4.1 Equation of nonvertical straight line:
a) Point —slope equation
We can write an equation for a nonvertical straight line L if we know its

slope m and the coordinates of one point on it.

__ Y%
X — %

m

Y=Y =m(X—x)
y=y,+m(X—x)

The equation is the point - slope equation of the line that passes through the point

(X, y;) and has slope m.

b) Slope intercept equation
A line with slope m and y-intercept b passes through the point (0, b), so it

has equation.
y=b+m(x-0)
Or ly=mx+Db

The equation is called the slope-intercept equation of the line with slope

m and y-intercept b.

C) General linear equation

Ax+By=c

The equation is called the general linear equation in x and y because its

graph always represents a line and every line has an equation in this form
(including lines with undefined slope).

1.4.2 Equation of vertical and horizontal lines
All points on the vertical line through the point a on the x-axis have x-
coordinates equal t0 a ===p x =a (vertical line) similarly y =b, (horizontal line)

r x=2

0] 1 pa 3 4



Home work (H.W)

12) Find the equation of line that make angle 30° with y-axis and passes
through (1, 2)
13) Find an equation of line for

1) Line through P (2, 1) and parallelto L y=x+2

2) Find an equation for the line through

point P and perpendicular to L

14) Find the slope of the line §+% =1 and what are the line x-and y-intercept?

15) Find the equation of line that passes through P (2, -1) and parallel to
the line 2x -7y =1.

16) Find the equation of line that passes through P (1,4) and perpendicular
onthe 4x+6y =77

1.5 Distance between two points

The distance between points in the plane is calculated with a formula that comes

from relation. ,

2f d= (x=x)* + (-%)’ 0z 7)
M } 2=)
o P(xp. )

(x;=x))

d =% — %) + (¥, — V1)

: x
0 X X2

EXAMPLE 1: Find distance between the point (1, -3) and (4, 2)
Sol

d =0 —%)? + (Y2 — yo)°?
—J(4-1%+(2-(-3))*
=/9+25

=34

Function and graphs
The values of one variable quantity which we might call y, depend on the

values of another variable quantity which we might call x
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If the value of y is completely determined by the value of X, so y

is function of x i.e.

y=f(x)
1 e—— f — _ﬂ_l’l
[nput Catput
{(domain) (range)
G g O

R; {2,4,6}

f()=2
f(2)=4  —f(x)=2x

f(3)=6

Note The variable x called independent variable, the variable y called dependent
variable on value of x
Function: A function from a set D to a set y is a rule that assigns a unique (single)
element f (x) e y to each elementxeD.

1. The set D of all possible input values is call “Domain”

2. The set of all values of f(x)as x varies throughout D is called Range of the

Notation Set description Type Picture
Finite: (a,d) {x]la < x < b} Open 2
a
[a. 8] {x]a = x = b} Closed 2
a
[a. &) {xle = x < b} Half-open
- »
(a, ] {x]a <x = b} Half-open 3
a
Infinite: {a, oc) {x|x > a} Py
[a, o) {x|x = a} Closed -
{—o0,b) {x]x < b} 2
(—c0, 8] {x]x =< b} Closed '
(=00, ) R (sct of all real
numbers) Both open
and closed




function. The domains D, and rangeR; of many functions in mathematics

are interval of real number are shown in figure.
Root function

General form y =/ (x) +k
D oy T(X)=0
R; we have two cases
1. If the value of D; unbounded
Re ={y: y=k}
Find domain D, and range R; of

EXAMPLE 1: y = /x
Sol
x>0
D; ={x:x>0}
R ={y:y=0}
H.W
Ex2: y=+4—x

Ex3: y=+1-3x
Ex4: f(X)=+2x-3+7

2. If the value of D; bounded (—a< x<a)
R =(0<y<a)

Relative function

f(x)

g(x)
D; =RAg(x) =0}

To find R, rewrite function ( x — f(y))

General form y =

Find domain D; and range R;

EXAMPLE 1: y= 1

X



D, = R/{x=0}

X y
HW Ex1:y=—"_ Ex 2: y:3x_3 Ex 3: y:2x—4
x—1 1-7x X+3
1+x 1
Ex4:y=_.[—"= Ex5: f(x)=1+x? Ex6: f(t)=—
Y =114 (X) (t) G

Graphs of functions

Another way to visualize a function is its graph. If f is a function with
domain D, its graph consists of the points in the Cartesian plane whose coordinates
are the input-output pairs for f.

EXAMPLE 1:Graph the function over the interval —2<x<2

1. y=x+2
y
X y
2 4 i
1 3 /y-.t-i-!
0 2 A7
-1 1
-2 0
29, J29 n
2. y:X -“‘:11
3F 3k
2+ "@% 2+
LDy 1L HLD 1L
S a0 1 2 o o 1 2

H.W Ex 2:Graph the function over the interval —2<x <2

9



1. y=x*+1 2. y=x?-1
3. y=+1-x° 4, y=—J1—-x?
Graphing piecewise —Defined function

Sometimes a function is described by using different formulas on different
part of its domain:

EXAMPLE 1: Graph the absolute value function

>0
Sol |x|:{X i
-X Xx<0
> X
-X x<0
EXAMPLE 2: Graph the function f(x)={x> 0<x<1

H.W Graph the functions f(x) = X B
2—X l<x<2

10: Limits and continuity

Let f (X) be defined on an open interval about X , except possibly at X
itself. The limit of f (X) as approaches X isthe numberL lim f(x)=L.

X—>X

10



The limit of a function f(x) as x— X never depend on what happen

when x =X

Right hand limit lim f(x) =L

x—x*t

Left hand limit lim f(x) =L

X—>X"

A function f (x) has a limit at point x if and only if the right and left hand

limit at x exit and equal
limf(x)=L < Ilimf(x)=L and lim f(x)=L

x—x* X=X~

10.1 The Limit Laws:

If L, M, C and K are real numberand limf(x)=L, limg(x)=M

X—C

1) Sum rule lim(f(x)+g(x))=L+M

2) Deference lim(f(x)—g(x))=L-M

3) Product lim(f(x)-g(x))=L-M

4) Constant multiple lim(k- f(x))=k-L

5) Quotient rule lim RG] :L .M =0
e g(x) M

6) power rule lim(f(x))"/s=L"*

EXAMPLE 1: Find the limit of the function f(x)=x®>+4x*-3 atx —>¢
Sol:
f(x)=x>+4x*-3

lim (¢ +4x% —=3) =lim x3 + lim4x? —lim3

X—>C X—>C X—>C X—>C
—c3+4c®-3

4 2
HW Ex1: lim* ¥ 1
x—>c  X“+5

11



HW Ex2: limv4x? -3

X—2

Find the limit of function
a) The limit laws

lim@4) limx-3) ,  lim>X*t%

X—2 X—2 x»>-2 X+5
lim(x* —2x + 3) (To finding limits by calculating)
x—1

2

) . X+ x-1

lim~/x? +3x — 4 lim ———— lim (4)

Xx—3 ) x—>-3 2X —4X ) x—13

b) Limit of Rational Function

x* -1 (x—1(x+1)

EXAMPLE 1: lim———=Ilim =lim(x+1)=1+1=2
x>l X—1 x-1 (X—l) x—1

Ex 2: lim X~ 2

x>2 X =4

2

Ex 3: lim > =9 Limit of Rational function can be

=3 f+3 mmmm) | found by substitution if the limit of
Ex 4: lim2 _;6 denominator is not zero

Xx—>2 X —

.o x-1
Ex 5: lim

x—>1\/;_1
Hint a®—b*=(a—-b)@*+ab+b?

ad+b® =(a+b)(@®—ab+b?)

EX 1 (€ ~8)= (<~ 2°) = (x~2)(x* + 2x +4)

c) Limit at infinity of Rational function

If the value of x — 4+

X3 —2x+1

EXAMPLE 1: lim

Sol:

x—0 2+ X2 —4x3

12



3

x_2x 1
||m XS XS X3
x>0 2 X2 4X3
2 x2 X8
2 1 2 1
1-—-+—~ 1-—+*—
im 2 x3_" o o :1—O+O
Hw%+1_4 2. 1 , 0+0-4
X X o0 0
X3 —2x+1 1
I|mT:——
x—o 2 + X —4X 4
5 3
Ex 2: lim 4x7 +2x4 +3x-1 ans (0)
x—w0 2X" —3X" +2X—7
) 2X—3
Ex 3: lm ———— ans (1)
Xow y 4 4/x? -1
) TX+2
Ex4: lim ————— ans (7/4)
x> 3y 4+ A/x2 +1
d) Limit of Root function
If we have Root + number
Root = Root
EXAMPLE 1: Find limitof 2=Y**1 a4t x 50
X
Sol:
im 1—\/x+1.1+\/x+1_"m 1-(x+1)
x—0 X 1+ X +1  x>0X+ XJ/X+1
. 1-x-1 ) — X -1 -1
= lim = lim = —
x>0 X(L+/x+1) x>0x(L+/x+1) @++x+1) (@L+~/0+1)
_ -1 _1
1+ 2
3 2 3 3
mw ez limVnZ +1-n  Ex3: 1im2X 8 Ex4: imX =2
n—>o x—>03x% —16x%2 x>0 x* —a*

13



11. Continuity
Continuous function: A function is continuous if it is continuous at each
point of its domain.
The Continuity test

The function y = f(x) is continuous at x =c if and only if all three of following

statement are true

1. f(c) exit “c inthe domain of f”
2. limf(x) exit “f hasalimitat x —c”

X—C
3. limf(x)= f(c) The limit equal the function value”
X—>C
Hintif f continues at x — cand g continuous at x —c
1. f-g
2. g-f
3. k-g | continuous

flg

B

EXAMPLE 1: Determine if the following function is continuous at x =17

3x-5 at x =1
f(x)=
2 at x=1

Sol:
1) f)=2

2) limf (x) = lim(3x—5) = (3(1) ~5) = -2
f@ = limf ()

The function f (x)is not continuous at x =1
H.W Ex 2: Determine if the f (x) is continuous at x=3 ?

x? -1 at x=3
f(x)=1"
X“+2 at x#3

14



X+3
x? -1

HW Ex3:if f(x)= where is f (x) continuous, and where it is

discontinuous ?
limit of trigonometric function
1. limsinx=0 sin(0)=0

x—0

2. limcosx =1 cos(0) =1

Xx—0

3. limtanx=0 tan(0) =0
Xx—0
. Sinx
4, lim—==1
x>0 X
. Sinax .. ax
5. Iim =lim —
x>0 ax  x-0 sinax
. tanax . ax
6. Iim = lim
x>0 ax x—0 tan ax

. 1-cosx
7. lim =
x—0 X

=1

=1

0

EXAMPLE 1: Prove limsinx=0

Xx—0
Sol: Iirgsinx=sin(0):0
EXAMPLE 2: Prove limcosx =1
Xx—0

Sol: Iirrgcosx =cos(0) =1
X—>

EXAMPLE 3: Prove limtanx=0

Xx—0

Sol: Iirrgtan x=tan(0) =0
X—>

sin x

EXAMPLE 4: Prove Iimo— =1
x—>0 X
Sol: the Taylor series for sinx
. x3  x°
SINX=X—— 4+ — —cevuens
3 5

15



X X

Sinx _7'+7'_ .......
lim=® = lim 35
x—=0 X x—0 X

. x®  x°
at x—>0 sinx~x S0 we can neglected §+§_ -------

| sinx _ . X
x—0 X _x—>0X
A |
x—=0 X
Exercises
Q1) Find the limits
2
a) = lim =X
x>-12X -1
b) = lim xsinx
X—l2
o) =lim S
x>z 1l—1
Q2) Calculate limits using the limit laws
t? +3t+2
a) =lim———
t>1 % —t—2
b) = lim VX2 +8-3
X1 X+1
4
. ut -1
C) =
) =l u-1
2 J—
d) = lim \ X +180 10
x—0 X
&) —lim X=X
_x—>4 2_\/;
. . sind
ing =lim ——=1
Q%) Using = lim, =5
cosh—-1

Show that a) = Lim 0

—0 h

16



sin2x _ 2

b) =Ilim
x>0 §Hx 5

Transcendental function

1.1 Logarithm function
e Definition log, x

e Properties of Logarithm function
¢ Rule of Logarithm function
e Example
1.2 Exponential function
e Definition of
e Properties and rule of Exponential function

e Example
1.3 Invers function
e Example
1.1 Logarithm function

Logarithms with Base a

Definition log, X
For any positive number a=1 log, x is the inverse function of a” .

Example: y =log, x reflecting the graph of y=a* when a=2 as shown in Fig.

So that mean y
y =log, X
a’ =x
2
1
—-—-“/ X
Inverse Equations for a*and log, x i
1. a'™a* =x x>0
2. log,(a*)=x all x

Rules for base a logarithms for any numbers x>0 and y >0

17



1. Product Rule: log, xy =log, x+log, y

2. Quotient Rule: log, L log, x—1log, y
y

3. Reciprocal Rule: Ioga1 =—log, y
y

4. Power Rule: log, x’ = ylog, x

Also
InXx log x
log,a=1 , log,1=0 log, x=— , log,x=—"-
Inx
EXAMPLE 1: Prove that log, x=m
Proof: a'% = x
tak In — Ina%* =Inx using properties
log, x-Ina=Inx log X_In_x
? " Ina
EXAMPLE 2: Calculate + 1
log,,30 log,;30
Sol:
1 N 1 or 1 N 1
log30  log30 In30  In30
logl0  log3 In10 In3
In10  In3 In10+1In3
= + =
InN30 In30 In30
_In(10><3)_ln30_1
In30 In30
H.W : Find value of y
1. y=5"°%"' = y=7 2. y=log, 36 = y=2
3. y=log;1/9) = y=-2 4. y:IogB\/§ = y=1/2
5. y=log,(4*®) = y=2/3 6. y=log,(1/\/x) = y=-1/2

18



Exponential function
y=a* = a:constant

y=¢" = e~2718
Properties and rule of Exponential function
1. e*.e¥ ="
2. e/ed =
3. (&)"=e™
Rule
1. Ine=1

In1=0

Ine" =ulne=u
elnl :eO :1

5 elnu -u

EXAMPLE 1: Solve for e"¥+2* = g+
Sol:

N

eIn y+2X — eIn(x+1)
eV .e?* = (x+1)
y-e? =(x+1)
y=(x+1)/e*

1.2 Invers function

IF y=sin"x = x=siny OR  x=siny = y=sin"x

EXAMPLE 1: Prove that sin™*(—x) = —sin*x
Sol:
Let y=sin?(—x) —> —x=siny > x=-siny —> y=-sin"(x)

Hyperbolic Function

Definition of hyperbolic function

e—X) — (eX _e—X)

1. sinhx=£(eX —
2 2

19



- (e*+e™)

2. coshx:i(eX +e
2 2

_sinhx _(e*—-e™)

3. tanh x = = —

coshx (e*+e™)

X —X

4 cothx — cgshx _ (e +e_ )

sinhx (e*—-e™)
5. sechx = = 2

coshx (e*+e™)
6. cschx =— = 2 —

sinhx (e"—e™)

Identities

1. cosh?x—sinh?x=1 Prove?
2. sinh 2x = 2sinh x coshx Prove?
3. cosh2x = cosh? x +sinh? x Prove?
4. cosh?x = %ZXH Prove?
5. sinhzx:%zx_1 Prove?
6. tanh?x =1-sech?x Prove?
7. cosh?x =1+csch?x Prove?
8. sinh( x £ y) =sinh xcoshy + coshx sinh y
9. cosh(x £ y)=coshx coshy £sinh xsinh y

10. sinh X+ coshx =e*
11. cosh2x = 2sinh? x +1

12. cosh2x = 2cosh? x —1

13. cosh(—x) = coshx

20



14. sinh(—x) = —sinh x

15.coshx—sinhx =e™*

EXAMPLE 1: Prove that sinh x + coshx = e*

Sol:
SinhX:(e_—Ze) Coshxzw
LHs & —¢) (e+e) e e’ e e
2 2 2 2 2
e* ef

=~ +— =¢*RHS
2 2

EXAMPLE 2: Prove that coshx —sinhx =e™*
Sol

LH.S (e"+e™) (e"-e7) e L8 e” e

+
2 2 2 2 2

—-X —X
% 4 _e*RHS
2 2

Derivatives

Rule of Derivatives: Let ¢ and n are constant, u, v and ware differentiable
function of Xx:

1. —c=0
dx
2. 9y
dx dx
3 Gy L
dx u u- dx
4 icu:cd—u
dx dx

21



d dv du d dw dv du

5. —u-v)=u-—+v-— and —(Uu-v-W)=U-V—+U-W—+V-W—
dx dx dx dx dx dx dx
du _ v
6. Oli(g)zvdx—zuOIX where v =0
XV Vv
EXAMPLE 1: Find g—yfor the following function.
X
2
X -1
1. y=———
e i x—2
Sol:
y,_2x(x2+x—2)—(2x+1)(x2—1)
(X% + x—2)?
;2 25— Ax=2X +2x—x*+1  x*-2x+1
(X2 + X —2)? (x? + X —2)?
12 4 3

HW Ex3: y=(2x®-3x*+6x)"

x? -1

HW Ex4: y=————
y X2+ x-2

The chain rule

1. Suppose that h=g-f is the composite of the differentiable functions
y=g() and x= f(t), then h is a differentiable function of Xx whose

derivative at each value of xis

y_dy.dx

dx dt dt

EXAMPLE 1: Find ¥ if y=_1  x=at+1
dx t°+1

Sol:
y=({t*+1)", x=+4t+1

22



dy _dy dx_ G(*+D°
dx dt dt 4 (4t+1)"?

—(*+D)7P2) -2 (t*+1)7°
Lat+n™2.4  2(4t+1)72

—t (12 +1)7
(4t +1)72

2. If y is a differentiable function of t and t is a differentiable function of x

,then vy is a differentiable of x:

y=g(t) and t=1(x)

dy _dy dt
dx dt dx
EXAMPLE 1: Use the chain rule to expressg—y in terms of xandy
X
2
y= 2t , t=+2x+1=(2x+1)"?
t°+1
Sol:
2 2
Y AR ex )
dx dt dx (t°+1) 2
3 _ 943
_2t J;Zt 22t (2xaD) 2
(t°+12)
2t 1
= - sub t
(t?+1)% J2x+1
22x+1 1 2

T(2x 41417 J2x+1 (2x+2)
Higher derivative
If a function y = f(x) possesses a derivative at every point of some interval. We

may form the function f’(x) and take about its derivate if it has one.

23



2
M_i(ﬂ):if'(x)

dx? dx dx’ dx

This derivative is called the second derivative of ywith respect to x. In some

manner we may define third and higher derivatives using similar notations.

EXAMPLE 1: Find all derivatives of the following function.
y=3x>—4x*+7x+10

Sol:
y =9x% —8x+7
y"=18x—-8
y" =18
y" =0

Implicit derivative

If the formula of f is an algebraic combination of power of x and y.To calculate

the derivative of the implicitly defined functions. We simply differentiable both

sides of the defining equation with respect to X.

EXAMPLE 1: Find %for the following function.
X

1. x*y? =x*+y?
Sol:
X22yy' +2xy? =2X+2y Yy’
X22yy —2yy = 2x—2xy?
Y (2x%y —2y) = 2x — 2xy?

;o 2x=2xy®  x—xy®
2x°y =2y  X’y-y

Trigonometric function
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) d . du
1. sinu —SInuU =Ccosu—

X dx
d . du
2. cosu —COSU =-SInu—
X dx
3. tanu gtanu:seczu%
X dx
4. cotu 9cotu — —CSC? ud—u
X dx
d du
5. secu —Secu =secutanu—
X dx
d du
6. cscu —CSCU = —cscucotu—
X dx

EXAMPLE 1: Prove that 9tan u=sec’u du

X dx
Sol:
d d sinu
—tanu=—"——
X X cosu
__cosucosu —sinu(-sinu) du
cos?u dx
_cos*u+sin®u du
cos’u  dx
1 du , du
=————=5ec°U—
cos”u dx dx
Hint:
. - e du
1. y=sin"u y' =nsin""u cosu—
dx
_ . du
2. y=cos"u y' =ncos" tu(-sinu)—
dx
_ du
3. y=tan"u y' =ntan"tu seczud—
X
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4. y=cot'u y':ncot”‘lu(—csczu)g—u
n ' n-1 du
5. y=sec' U y' =nsec" " u(secutanu) ™

6. y=csc'u y' =ncsc" ™ u(—cscu cotu)g—u
X

EXAMPLE 1: Find g—yfor the following function.
X

1. y=tan?(cosx)
y' = 2tan(cos x)sec?(cosx) (—sinx)
y' = —2sinxtan(cos x)sec? (Cosx)
y =sec’ x —tan* x
y' = 4sec® xsecxtan x — 4tan® xsec? x
= 4sec” x tan x — 4tan® xsec? x
=sec? x (4sec’ x tan x—4tan® x)
Transcendental function derivative

1- Logarithm function A& gl A

(D)If y=Inx :imuzid_u

EXAMPLE: y=Inx

, 1
y:_
X
d d  Inu 1 1du
2)—Ilog . u=—(—)=—=-—
()dx Ja dx(lna Ina u dx
EXAMPLE: y =log, x = "X — y-t1
Ina Ina x
Inx 1 1
If y=logx=—-— == =
@)ty g In10 =Y In10 x
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d 1 1 du
—logu==-——-—
dx u In10 dx

EXAMPLE 1: y=In(sin x—secXx)

, _COsSX—secxtanx
sSinX —secx

2- Exponential function If is u any differentiable function of x then:

1) i:a“ =a" Inad—u
dx dx

2) i =Y =g d_U
dx dx

EXAMPLE 7: Find % for the following function:
X

1. y=2%

y' =2%3In2

2. y:(2X)2 — y:22X
y' =2%*In2(2) =2 In2

Inverse function

1. Trigonometric function

1) dsinty=_L U
X

Ji—u? dx

d 1 du

2) —COS " U=-— —
@) X A1—u? dx

d, 1 du
3) —tan U= —
3) X 1+u? dx

d . 1 du
4) —cot u=- —
4 X 1+u? dx
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d 1 du

(5) —sec U=—F—— u>1
X ‘u‘w/uz_ldx

(6) esctuo—— 19U oy

X \u\\/uz—la

EXAMPLE 1: Prove that $sin ' x = —
X 1—x?
Proof:
Let y=sin'x
X=siny
ix:g(siny)
dx X
dy
1=cosy—
ydx
dy_ 1 siny+cos’y =1
dx - cosy cos’y=1-sin’y
d 1 .
d—i=1—_2 cosy =4/1-sin’y
—sin“y .
dy 1 cosy =+1-x
dx 1-x2

Hyperbolic function

If uis any differentiable function of x

1. ﬂsinhu = coshud—u
X dx

2. gcoshu :sinhud—u
X dx

3. 9tanh U= sechzud—u
X dx
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4, 9cothu = —cschzd—u
X dx

5. 9sechu = —sechutanh ud—u
X dx

6. 9cschu = —cschucothu d_u
X dx

EXAMPLE 1: Find % for the following function:
X

1. y=coth(tan x)
Sol:
y' =—csch?(tan x)sec” x

2. y=sin"(tanh x)
Sol:
,_ sech®x _ sech®x

= =sech x
Ji—tanh?x  +/sech2x

The Inverse hyperbolic function If is u any differentiable function of x then:

1. 9smh 1 .
V1+u dx
2. 9cosh .
u _ dX
3. Y tu= 1 WUy
X 1-u“ dx
4. gcoth‘1 = 12d_u u>1
X 1—-u” dx
5. 9sech Us ——— du

-1
uv1—u? dx
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6. 9csch‘lu: -1 du

X CuA1u? dx

EXAMPLE 1: Find g—yfor the following function.
X

1. y=cosh™(secx)
Sol:
y = secxtanx  secxtanx
\/(secx)z ~1  Jtan?x

secxtan x
'=="""" " " —secX where tanx>0

fan X

Application of derivative
1. The slop of curve

Secant to the curve is a line through two points on a curve.
Slope and tangent lines

1. We start with what we can calculate, namely the slope of the secant through
P and a point Q nearby on the curve.

2. We find the limiting value of the secant slope (if it exists) as Q approaches P
along the curve.

3. We take this number to be the slope of the curve at P and define the tangent
to the curve at P to be the line through P with this slope.

Theslop m=f'(x)= dy
dx

EXAMPLE 1: Write an equation for the tangent line at x=-1 of the
curve f(X)=y=4—x?

Sol:
dy =—2X
dx

The slope at x=-1
y,‘x:—l = (_2X)—l
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=-2-(-)=2
m=2
y=4-(-1)%=3
The line through (-1,3) with slope m=2

y—3=(2)(x-(-1)
y=2X+2+3
y=—-X+5

Increasing and decreasing function
Let f be a function defined on an interval | and let x, and x, be any two
pointsin I.

1. If f(x)< f(x,) whenever x, <x, then f is said to be increasing on 1.

Increasing

x,<x - fx,<f(x,

2. If f(x,)< f(x) whenever x, <x, then f is said to be decreasing on I.
Y

Decreasing

’:\
I
faxp) If(l,)

1 |

xl x2

x,<x, =fx)>f(x,)

First Derivative Test

1. If f'(x)>0ateach pointx € (a, b), then f is increasing on[a, b].

2. If '(x)<0 ateach pointx € (a, b), then f is decreasing on[a,b].

Definition Concave Up, Concave Down

The graph of a differentiable function y = f(x) is
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(a) Concave up on an open interval I if f’is increasing on |
(b) Concave down on an open interval | if f'is decreasing on 1.

Second Derivative Test

- If £"(x)>0o0n I, the graph of f over | Concave up
2- If f"(x)<0on I, the graph of f over | Concave down

\/

Coacavewp Concavedown

To find critical point (local maximum point and local minimum), concavity
(Concave up and Concave down) and point of inflection point.
DY) a5 dge sy sl 5 (5 jrall 5 oalaad) dleill da ) i) Sy
1. First derivative test for local extrema f' or y’
2. y'=0 the First derivative is zero at x="?, find the value of x

either . or
e . > < ++++++++. ---------
------ ++++++
decreasi "G\i /: oesting A: -
minimum point increasing decreasing

3. Second derivative test for concavity
4. Also y" =0the second derivatives is zero that mean find value of x

X bt

_________
R —

Concave up

Concave down

EXAMPLE 1: Find all critical points, local minimum and maximum, concavity
and inflection point. y=2x* —3x* —12x+3

Sol:

Test1
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y=0 = y=6x?-6x-12=0

+6 = x*—x-2=0 _ _ _
x<-1 1 -l<x<2 x> 2
‘_.LJ--L.LJ.J.J.J.J.;-. J.J.J..L.LJ....J..L+._

x-2)(x+1)=0 < ¢ : -

Increasing Decreasing
X-2=0 =x=2 Increasing
maximum point

X+1=0 =>x=-1 minimum point

3L baadlig D (e 5l aae Al dlae Wl i & V) Asidall oias Gadlill g o) i) Cadalie 2 S
e il 3 LS 1= (g Bl 230 230 G5 (~1,2) 5l b aae IS5 Al

{x:xeR ,x>2}

" {x:xeR ,x<-1}

2. (-1,2) 3_yidll 8 dailiia g

52l e () 55 A

Sub-1in y=2x>—-3x?-12x+3

y=2(-1)° —3(-1)% —12(-1) + 3=10

P =(-1,10) Maximum point lie ddad
Sub2in y=2x%-3x* -12x +3

y=2(2)°-3(2)? -12(2) +3=-17

P=(2,-17) Minimum point  ua At

Test 2
yn:12X_6 y”:O

12x-6=0 = x=1/2

X<1/2 y=1/2 @ X>1/2

Ly
* |

N —/

Concave down Concave up
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Ladlis 1/ 2 e Sl aae 38 slac Yl das & 4l dfidall oias sl y el Calalia 2 S
oo ) a1 (8 LaS A8Eal) B L) (laaig 1/2 (e J8I dae iS5 ddidall 5 L)
1. {x:xeR ,x>1/2}  Concave up rdil) dihaia

2. {x:xeR ,x<1/2} Concave down aaall Adlaia

Sub 1/2in y=2x° —3x* —12x +3

y=2(1/2)° —3(1/2)* —-12(1/2) +3=-3.5 at x=1/2 y=-3.5
P=(1/2,-3.5) Inflection point AN Aads
Chapter five
Integration

Integration is the reversal of differentiation hence functions can be integrated by
indentifying the anti-derivative.

Terminology

Indefinite and Definite integrals

There are two types of integrals: Indefinite and Definite.

Indefinite integrals are those with no limits and definite integrals have limits.
When dealing with indefinite integrals you need to add a constant of integration.
For example, if integrating the function f(x) with respect to x:

[f() dx=g(x)+C

where g(x) is the integrated function.

C is an arbitrary constant called the constant of integration.

dx indicates the variable with respect to which we are integrating, in this case, X.
The function being integrated, f(x), is called the integrand.

The Rule
1) Constant Rule J'adx =ax+c¢ where a is constant
EXAMPLE: 1. [3dx=3x+c

2. [4dy=4y+c
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3. Izdz=zz+c
2 2

2) Sum Rule [(f+g)dx=]f dx+[gdx
EXAMPLE: 1. j3dx+4dy=I3dx+I4dy=3x+4y+c
Xn+1
3) The Power Rule n=—1 fax"du=a=—+c
n+1
. 5 X° 2 6
EXAMPLE: 1L [ax dx:4€+c=§x +C

" x4 5 .
2. Ile dx=10—+Cc=——X"+C¢C
-4 2

4) The Substitution Rule
If u=g(x)isadifferentiable function whose range is an interval | and f is

continuous on I, then

J (00 g'(dx = f (U)du

4
EXAMPLES: 1. [(x+1)%dx =% ‘e

Root function integral
EXAMPLES: 1. [2xJx*-3dx=[(x* —3)"? 2xdx

(X2 . 3)3/2
3/2

%(x2 ~3)¥% 1 ¢

+C

H.W Evaluate
1. =J'\/x2 — x4 dx

2. [(x* +D*(x+2)dx
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3 J' 2X—4

dx
VX% —4x+1
tal) ) gal) Jalss

Trigonometric function integral sinu, cosu

) d . du
7. sinu —SINU =CcosSU—
X dx

Icosudu —sinu+c

d . du
8. cosu —COSU =-SInu—
X dx

J'sinudu — _COSU+C

sin 3x
+C

EXAMPLES: 1. j cos3x dx =

40 () 98l addie L die 3 B gla G gl JA13 Akidia g Al A1) LS )Y

n+l
1. jsin "au cosaudu _shad +C
(n+Da
o —cos"tau
2. jcos ausinaudu=——>_“
(n+)a
. sin®3x
EXAMPLE: 1, jsm 3X c0s3x dx = +C
8)(3)

hba 2 5 8 gl e ARl g Ayl 1AL Cils 1)

90 Ne () (IS 98 B gia b ARidal g dpal AN cuilS 1Y L]
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cos? x:1+lcoszx
2 2

sin? X:l—ECOSZX
2 2

EXAMPLES: 1. '[sinzxdx=J.(l—lc052x) dx
2 2

:I%dx—%jcoﬂx dx

1 1sin2x
— +C

2" 2 2

OSRY adAIld (50 )8 dae (W) CuilS 1) 2
sin®x+cos? x=1
sin? x=1—cos? x
cos® x=1—sin®x
EXAMPLE 1 [sin®xdx = [sin? x sinxdx
= [ (1—cos’ x) sinxdx

= [ (sinx—cos? x sinx) dx

:J'sinxdx—Jcos2 X sin xdx

cos®
— _COSX +

AL oyl g8 Al ais (il @ pa Juala Jiigead) (S 1)
dga Al ) g8l o Ja g A e JBYI (gdﬂ‘w\ﬂ‘ﬂﬁuﬁ;%é}w\ﬂ'ﬁj\ 1

EXAMPLE : jsin3xcos5x dx:_[sinzxsinXCOSSde

= [ (1—cos? ) sinxcos® xdx
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= [ (sinxcos® x —cos” x sinx) dx
:J-cos5 sinx—jcos7 X sin x dx
cos® x  cos® x
- n
6 8
433 Al ) 681 Gaia (53,80 () i Wadie a9 LAY g3 8 oY) A (S 1Y) 2

EXAMPLE : [sin® xcos? x dx = [ (sin x)? sinxcos? xdx
= [(1—cos? x)? sinxcos’ xdx
= [ (1-2cos? x+cos* x) sinx cos” xdx
= [sinxcos® x dx — [ 2cos* xsinxdx + [ cos® xsinx dx

cos’x _ cos’X cos’ X
— + 2 — +C
3 5 7

AN 0y Bl addiied L die ABNEAL Ll g 31 9 (il G puda Juala Jligead) (S 1)
[sinmxsinnx dx [sinmxcosnx dx [cosmxcosnx dx
1. sin mxsin nx =4 cos(m —n) x —cos(m + n) X
: g 1
2. sinmxcosnx = 3sin(m —n) X+ 3sin(m +n) x
3. cosmxcosnx = 5cos(m —n) X+ 5cos(m + n) x

Evaluate

1. Isin7xcosx dx

:j%(sin6x+sin8x) dx

1 cos6x _l COS8X

2 6 2 8

= —icos6x—i0058x+ C
12
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CDlalss Ll
Integral tanx, cotx, secxand cscx
Bdie I Y -

1. If y=tanu — y’:seczud—u
dx

J'sec2 udu =tanu +c

2. If y=cotu — y’:—csczud—u
dx

Icsczudu=—cotu+c

3. If y=secu —>y’:secutanu3—u
X

ISGCU tanu du=secu+c

4. If y=cscu — y'=-cscu cotu(;—u
X

jcscu cotu du =—CSCU+C

A0l ol 981 addied Ladic 3 gia dlidal) Al AdJal) cls 1) LA -

tan " au
jtan”auseczaudu -2 T ¢
(n+Da
cot"au
jcot” aucsc’audu=-———"14¢
(n+1a
. sec" au
Isec ausecautanaudu="—-——""4¢
(n+Da
. csc™tau
Icsc aucscaucotaudu=———""4¢
(n+1a
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tan® x
tc

1) [tanxsec’ xdx=

A0l (5 681 addiies Ladie 3 gia pd AR Al A4 S )Y EIG -
sec? x —tan? x=1
tan® x =sec® x —1
sec® x =1+ tan? x
csc? x —cot? x =1
csc? x =1+ cot? x
cot?’ x=csc? x—1
EXAMPLE 1:  [tan®xdx = [ (sec® x—1)dx
= ['sec? xdx— [ dx

=tanX—X+cC

EXAMPLE 2: jsec“ X dx = J-sec2 xsec? xdx
= [ (1+1tan? x)sec? xdx

:J'sec2 xdx+J'tan2 X sec? xdx

3

tan x
=tfan X + +C

Transcendental Function Integral

Logarithm exponential invers
(4) If y=Ihu :>y’=d—u
u
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_, dy_1du

=Inx
y dx u dx

du
j—zln\u\+c
u

In allall  sa Jalsil) (lé allal) = Jaud) Alidia &) iy
EXAMPLE 1 [%_injx+c
X

2. jfzxixlzln‘xzﬂhc

Theorem

sin x
1. jtan X :j—dx=—ln\cosx\ +C
COS X

2. Icotx:jwdx: Insinx|+c

SInX

SEC X + tan X
3. jsecx - fsec i Y
SEC X + tan X

_Jsec2 X +secxtan x
secx + tan x
:In\secx+ tan x\ +c

dx

Exponential function

1. If y=e" —>y':e”d—u
dx

Ie“du - +¢

2. y=a' —>y'=a' Inad—u
dx
fa'du= & L
Ina
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EXAMPLE 1: j dx——jse (1+3e*) " dx

1+ 3e*

- j(1+3e)

=—In
3

Invers function

1. Ify=sinfu — y'= 1 du
1 u? dx
I =sintx+c¢
Vv1—-u
j sin X +c¢
Ja? —u? —coslx+c
1 du
2. :tan_lu —> "= -
y y 1+u? dx
Il 2du:tan‘lx+c
+Uu
1 1tan‘lg
j 5 du = al
Hyperbolic Functions
(If y =sinhu = coshud—u
dx
y = coshu y' =sinhu 34
dx
y:tanhu y':sechzud_u
dx

1. fsinh xdx = coshx + ¢
2. fcoshxdx:sinhu +c

3. Isechzxdx=tanh X +C
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AN 0y Bl addiead 3 b gia ) Alidia CuilS 1)

: n+1
(2) jsinh "axcoshax dx = sinh
a(n+1)
n+1
(3) J'cosh” axsinh ax dx = cosh +c
a(n+1)
(4)If [sinh" x dx or [cosh™ x dx
@90 Mo () (S 98 B gia b Al g dpul Adal) cuils 1)
Case 1: if n is even, we use identity cosh? x = %ZXH, sinh? x = %2)(_1

8 e ) S g B 8 gia s AL g A ADNa) cuils 1)
Case 2: if nis odd, we use identity cosh® x =sinh?x+1, sinh? x =cosh? x—1

au50 3 ) gall 4 9S2a

1

V1+u?

du
5) If y=sinh™ - y'= —
(5) If y=sinh™u y i

:sinh‘1§+c

J‘ du
va? +u?
du
Ny

=cosh™ 4 +c

, 1 du

6) If y=tanh™u > y'= N
@y y 1—u? dx

j 21 2du:ltanh‘1u+c
a’-u a

EXAMPLES: jsinh3xdx
= jsinhzx sinh x dx
= [ (cosh’x—1) sinh x dx

:J'cosh2 xsinh xdx—_[sinh x dx

cosh® x
= —coshx+c
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HW Ex1: Icosh42xdx Ex 2: j de4
1-X
xdx x2dx
Ex 3: Ex 4:
J.x/x“ -1 J.\/1+ x5
EXAMPLE: jexsinh 2x dx
Sol:
2X —-2X X —X
:j.ex(%)dx sinhx=—°
3x —X
:J‘i dX
2
:%Ie3X dx—%je‘x dx
:%j%e” 3dx+%je‘X (—dx)
1

:E[%e3X +e:x]+c
AL 30 ) sl) Jalss
| sinhxdx =coshx+c
[coshxdx =sinh x+c
[sech?xdx =tanh x+c
[esch?xdx =—coth x+c

[sechx tanh xdx = —sechx +¢

o a ~ w DN oE

[ cschx coth xdx = —cschx +¢
Ao 30 O 9l (o gSma JalsS

1.j L dx=sinhixsc
1+ %2

Z.j' 1 dx =cosh™ x+c¢

Vx% -1
1 {tanh Tic if  [x<1
dx =

coth™ +c if  [x>1

w
—_—
H
|
>
N
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1+x

1-x

1
=—In
2

X =—sech™x+c

1
4, | ————— d
IX\/l—XZ
1
5 [—=— dx=-cschx+c
J-x’\/1+x2

Methods of integration
Jalsill (3
1. Integration by parts 45 L Jalsil)
Ol @ i Juals ddida sacld e 45 Hlall ol i

d(uv) =udv+vdu
udv=d(uv)—vdu
_fudv:uv—Jvdu
Laaaal o da A Ohsaall 4023 (e WSty A8l (350l Jall (e oS @) 131 4y phall o8 ) Lals
o) s gl Iudv:uv—jvdu e dand o) g Cua GRS QB AV Jllall Joa

sl 3 s QS Baa (e ol (4 S0
dv, U JLEa) ol Ads

e ssing Jlsadl S A Al 1

1. Ln
2. invers

(JA\S:.% ‘:jt_.}j\jw e e (‘:-’. |ir:“/ers u J& L%J..K; E‘)QJ:\A ):3.‘,; P S\j
Find the integration

Evaluate

EXAMPLE 1: jxlnxdx
2

u=Inx du:ldx dv = xdx V:dex=x—
X 2
Iudv=uv—jvdu
2 2
=X nx- X—ldx
2 X
2 2
:X—Inx—lj.xdx L PV S
2 2 2 4
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EXAMPLE 2: J'Inxdx

dx
u=1Inx du=—
X

judv:uv—fvdu

dx
=xIn x—jx— —xInX=X+c
X

dv =dx

V=X

| At o) ()l e pand LeBlatd) A5 131 ) adal) jlias 4 4 4¢1In Al g gian A1 13 2
J R &~ . J 3 5
AV ed E Ll U (b inall

EXAMPLE 1: jxexzdx:%exz +eC
EXAMPLE 1: jxede
u=x du =dx dv =e*dx

judv:uv—jvdu
= X —Iexdx:xex—eX +C
H.W jxsinzxdx

EXAMPLE 1: jxcosxdx
_fxcosxdx: XSINX+COSX+C
EXAMPLE 2: j x3e* dx

=x2eX—3x%* +6x X —6€e* +C

(5) Trigonometric substitution integration

46
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e

S CEEEY) (e 222 Zlias ally llla 5 inverss In e s siss &1 131 saall iy Hh3,

aall o

Sal BEEY) | Saall Jaelsll
X | COSX
1. = sinx
0| > _cosx

u dv

x3 | %

a2l > ¢

6X ] \ eX

6 | \ e*

0 T e*

LB () gal) aladiady (g gal)




If we have
a’—u?  Special case a
a®+u®  Special case a
u’—a®  Special case a

1 1-u?
1 1+u?
1

u?-1

Case 1 LN gall L g% —u? JSE S A b
a. a?-u’
b. va?-u?
c. (@®-u?)"

Let u=asing =sin 0 f=sin""Y du=acosddé

o |

—sin®0=cos? 0
2_ 2 —
I X ~dx a -u a=1 6 =sin"1x
1-x 1-x? u? =x>
Let X=asing dx =cos6 do
X=sIn@

_[Sin 0_cc;s€d0
“1-sin“ @
_ - SN onsedg

7 cos° o
_ -sm@de
’ coséd

=—In|cosd|+c

And used

[EEN

EXAMPLE:

= —In‘cos(s,in‘1 x)‘ +C

X 1
EXAMPLE: | dx=—=]-2x (1-x*)'? dx
V1-x? 2

2\1/2
_1A=x)T
2 1/2

or

Let x=asing dx=cos@ d@ 6 =sin " x

X=sin@
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Jsmecose

V1-sin?

jsm 0cos¢9
cosé
:jsme d@ =cos@+c

=cos(sin " X) +¢

-1 x

Prove j X4+cC

dx i
——— =sin
va? —x?

Let x=asingd = 2=sind dx=acos@ d@ @ =sin
[ a cosé 40

*Ja%-a?sin?@

_( a coséd 40

* Ja2(l-sin? )

_[_Acosf do=[do=0+c
a’cos? 0)

—cin~—L1x
=SIn a+C

Case (2) AUl Ay
a. u?-a?

b. Vu?-a?
C. (uz_az)n

Let u=asecd 60 =sec”

And used sec’9—-1=tan’6

dx
Jx2 -1
Let x=asecHd a=1

X =secd 0 =sec™* x dx=secd tan 9 d@
jsecetanede

Vsec? 6 -1

=Injsec 6+ tan 4|+ ¢

du=asecd tan @ d@

sulc

EXAMPLE 1: j —cosh™tx+c

:jsecede
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= In‘sec(sec‘l X) + tan(sec ™ x)‘ +C

Case (3) AANEY Ay

a. a’+u’

b. va%+u?

c. (@%+u?)"
Let u=atand O=tan Y du =asec* 0dg

And used 1+tan® @ =sec? 6
EXAMPLE 1 [~ —cosh™5+¢
Ja+x?
Let x=atan 8 a=2
X =2tan 6 6 =tan ' X dx = 2sec’ 0 d@

I 2sec?0do j 2sec?0do

V4+4tan?0 T 241+tan?0
_IM_Isecgdg

= Injsec 6+ tan 8|+ ¢

= In‘sec(tan‘1 X)+tan(tan ™ %

3. Partial fractions integration Ay jad) gusIly Jalsilf
Y9 .1
m . C(x)
IUn—(X)dx if m>n )
V7 (x) - v
Used :
ad

Uum(x) . _ a
Iv”(x) dx_j(C(x)+V( ))dx
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EXAMPLE 1:  [X%¥ !

Y1+ X 1+ x

(1+—)dx +
. 1+ X »

.dx_ ﬁ
. 1+ X

X—InfL+x+c

jwdx
V(x)
IfV(X)=(x+a)(Xx+b(x+c)(x+E)........
U(x) _ U (x)
V(X) (x+a)(x+b)(x+c)(x+E)
U (x) A B C D

- + + +
V(x) (x+a) (x+b) (x+c) (x+E)
If V (x) = (x? +a) (X2 +b) (x* +C).......
U(x) _ U (x) _
V(x) (x2+a)(x®+b)(x®+c)
U(x):Ax+B+Cx+D+Ex+f
V(X) (x*+a) (x*+b) (x*+c)
If V(x)=(x+a)"
U __ A , B -
(x+a)" (x+a) (x+a) (x+a)"
And last step must be find the values of A,B,C------ and etc.

Evaluate
2x+9 2% +9 A B
L [ _J(x—3)(x+3)dxzj((x—3)+(x+3)
2x+9 A B
~9 (x- 3) (x+3)
2x+9  A(x+3)+B(x-3)
(x+3)(x=3)  (x=3)(x+3)

) dx
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2x+9=Ax+3A+Bx—-3B
2X+9= Ax+Bx+3A-3B
2x=(A+B)x
9=3(A-B)

A+B=2

A-B=3
2A=5—

>

+

o W oo
Il
N o Njor
Il
Nl N

N

A B

:-[((x—?,) T x+3)

(B, 1),
(x-=3) (x+3)

:gln\(x—B)\—%ln\(x+3)\+c

) dx

7) 44k
L e J1 50 ) el o) sind Alla 3 & lal) o2 20353

Let sin X = 5
1+z2

(1-2%)% +(22)% = (1+2%)?
1-2722 + 2% + 472 =1+22% + 7*
1+472 -27% + 7% =1+22% + 7*

1+22%2 + 7% =1+27% + 7*
2

) 1-z 1 1+2
sin X = > COSX = > SeCX = —— SeCX = >
1+2z 1+7z COS X 1-z
1+ 72 27 1- 72
CSCX = tan x = 5 cotx =
22 1-z 22
X
Z=tan—
_ X
tantz=2=
2
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dx 2d2
1+z

EXAMPLE 1:

EXAMPLE :

2dz
I dx ¢ 1472
1+sinx 14 222
1+z2
2
:J 22/£+z dz
1+z°+2z2
1+ 72
_J- 2dz _J- 2dz
1+2%2+2z “72%2°+2z+1
_J~ 2dz _J~ 2dz
(z+)(z+1) 7 (z+1)7°
:I 2dz :j2(z+1)2dz
(z+1(z+12)
=2[ (z+1)?dz
-1
2&4_(;
-1
X -1
20m5+n e
-1
dui Jdl) 44y 4
Bk A1) il 5 ALl (3l JSs Jal i o1 13
_[ dx
X @+ Vx) o i
2y dy 2dy X
= = ) X
ey iy Y=
d X=Yy
zzj_ll
1+y dx=2ydy
=2Infl+yl+c
:Zmp+Jﬂ+c
oAl Jlas) Ay
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X2 =1 Jalae ax? + bx+ ¢ Aldad oy Jlgall IS 1Y)
b
2a

(

X b ¢
)2 o ! EMCJL-‘J“—M' a(x2+ax+g)

EXAMPLE 1: j%
X"+ 22X+

J. dx :J~ dx
X2 +2x+1-1+2 7 (x+1)?*+1
=tan'(x+1)+c
(4alwall) The Area

Ay f(x) o) Cusy = f(x) Ul Jaie Caddaluall dlagl ga 20l JalSill degal) lagdaill (10

[a,b] 5.8l 83 jaiua
<l gladl) @.mﬂh Ay x-axis bl jsmag y = f(x) PRIRN| ‘é_'\;.'m.jf’éd;d\ aaludl ]
Al
f(X)<0 5 f(X)>0 4 mal y=0 Jaso el x-axis Clill ) sna ga (Fniall abalds

b
A=[F(X) dx gssiatad f(X)>0 L

b
A=—[ f(X) dx s daludl & f(x) <0 Losic s

EXAMPLE: finds the area bounded by the x-axis and the curve y=2x—x?
Sol:

y =2X— X2

y=0

2x—x*=0

X(2-x)=0

Either x=0 or 2-x=0 x=2

2

I(ZX— x?) dx

0

2

2

2 2

X3

3

2

0 0

2‘2 X

8
~6-0-G-0
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EXAMPLE: finds the area bounded by the y-axis and the curve x=y? —y?
Sol:
X =0 J=x3ila y-axis y )}Ms\@@mm;sa;w\ slhae Jlgudl & o) JaaY
x=y2—y°
y2 _y3 :O
y*(L-y)=0
y2=0 y=0 or 1-y=0 y=1
1
A:jxdy

0

1
A=[(y?-y®)dy
0

vl oy
31 0
111
3 4 12
Silla C By peanall dablucall 2
Jalsil) 3 gas sl adalisl) Jalds aas
b
A= (¥, — y,)dx if v, >y,
X
A=.|'(y1—y2)dx if yi>y,

EXAMPLE: finds the area bounded by the curve y = x*and the line y = x
Sol:

x> —x=0 X(x—1) =0 Either x=0 or x-1=0 x=1
x> x2 o [0, 1] 3l JoA Laay
b . 2 [ 11 1
Cy)dx=[(x=x¥)dx = -2 =[2-2]-[0-0]==
{(yz yl)xi(xmx 5 30[2 S1-[0-01=¢
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