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Introduction and Overview 
 

Similar to the previous books published by the Hamilton Education Guides, the intent of 
this book is to build a strong foundation by increasing student confidence in solving mathematical 
problems.  To achieve this objective, the author has diligently tried to address each subject in a 
clear, concise, and easy to understand step-by-step format.  A great deal of effort has been made to 
ensure that the subjects presented in each chapter are explained simply, thoroughly, and 
adequately.  It is the authors hope that this book can fulfill these objectives by building a solid 
foundation in pursuit of more advanced technical concepts. 

 The scope of this book is intended for educational levels ranging from the 12th grade to 
adult.  The book can also be used by students in home study programs, parents, teachers, special 
education programs, tutors, high schools, preparatory schools, and adult educational programs, 
including colleges and universities as a main text, a thorough reference, or a supplementary book.  
A thorough knowledge of algebraic concepts in subject areas such as linear equations and 
inequalities, fractional operations, exponents, radicals, polynomials, factorization, non-linear and 
quadratic equations is required. 

 “Calculus I” is divided into five chapters.  Sequences and series are introduced in Chapter 1.  
How to compute and find the limit of arithmetic and geometric sequences and series including 
expansion and simplification of factorial expressions is discussed in this chapter.  Derivatives and its 
applicable differentiation rules using the Prime and d

dx  notations are introduced in Chapter 2.  In 
addition, use of the Chain rule in solving different types of equations, the implicit differentiation 
method, derivative of functions with fractional exponents, derivative of radical functions, including 
the steps for solving higher order equations is discussed in this chapter.  Differentiation of 
trigonometric functions, exponential and logarithmic functions, hyperbolic functions, and inverse 
hyperbolic functions is discussed in Chapter 3.  Furthermore, evaluation of expressions referred to as 
indeterminate forms using a general rule known as L’Hopital’s Rule is discussed in Chapter 3.  The 
subject of integration is introduced in Chapter 4.  Integration using basic integration formulas and 
methods such as the substitution method is discussed in this chapter.  Additionally, integration of 
trigonometric functions, inverse trigonometric functions, exponential and logarithmic functions is 
addressed in Chapter 4.  Other integration techniques such as integration by parts, integration using 
trigonometric substitution, and integration by partial fractions is introduced in Chapter 5.  The steps 
in integrating hyperbolic functions is also discussed in this chapter.  Finally, detailed solutions to the 
exercises are provided in the Appendix.  Students are encouraged to solve each problem in the same 
detailed and step-by-step format as shown in the text. 

 In keeping with our commitment of excellence in providing clear, easy to follow, and 
concise educational materials to our readers, I believe this book will again add value to the Hamilton 
Education Guides series for its clarity and special attention to detail.  I hope readers of this book 
will find it valuable as both a learning tool and as a reference.  Any comments or suggestions for 
improvement of this book will be appreciated. 
 
With best wishes, 
 
Dan Hamilton 
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Chapter 1 - Sequences and Series 
 
The objective of this chapter is to improve the student’s ability to solve problems involving 
sequences and series.  Sequences and series are introduced in Sections 1.1 and 1.2.  How to solve 
arithmetic sequences and arithmetic series are discussed in Section 1.3.  Solutions to geometric 
sequences and geometric series are addressed in Section 1.4.  The process of identifying 
convergence or divergence of a sequence or a series, for large values of n , is discussed in Section 
1.5.  Finally, the factorial notation and its use in expanding binomial expressions is addressed in 
Section 1.6.  Each section is concluded by solving examples with practice problems to further 
enhance the student’s ability. 

1.1 Sequences 
A sequence is a function whose domain contains a set of positive integer terms such as 
( )1 2 3 4, , , , .  Functions generate sequences.  For example, the function ( )s n s nn= = − 2  whose 
domain is ( )1 2 3 4 5 6, , , , ,  generates the sequence 

( ) 11 1 2 1s s= = − = −    ( ) 22 2 2 0s s= = − =    ( ) 33 3 2 1s s= = − =  

( ) 44 4 2 2s s= = − =    ( ) 55 5 2 3s s= = − =    ( ) 66 6 2 4s s= = − =  

where the first six terms of the sequence are ( )s s s s s s1 2 3 4 5 6, , , , ,  = ( )−1 0 1 2 3 4, , , , , . 

In general, a function ( )f x  whose domain is the set of positive integers ( )1 2 3, , , , n  including a 
fixed value for n  is called a finite sequence function.  On the other hand, a function whose 
domain is the set of ( )1 2 3, , , is called an infinite sequence function.  The elements of the range 
of a sequence function are called the terms of the sequence function.  In some instances a 
sequence is given by presenting its first few terms, followed by its nth term, ( )s s nn = , which is 
commonly referred to as the general term of a sequence.  For example, the sequence 

( )
4 3 16

5
25
9

1
2 1

2
, , , , ,

n
n
+
−

 shows the first four terms and the general term of the sequence.  In the 

following examples we will learn how the various terms of a sequence are found: 

Example 1.1-1   List the first six terms of the given sequence. 

a.  ( )
3
3

n
a

n

n
−

=       b.  ( )
b

kk

k
=

−
+
1

1
       c.  

( )
d

n nn =
−

5
2 1

  d.  ( )
c

nn

n n
= 





⋅
−1

2
1  

Solutions: 

a.  1a  = ( )
3

1

1
3−  = 

1
3−  = 3−           2a  = ( )

3

2

2
3−  = 

8
9  = 125.1  

 

3a  = ( )
3

3

3
3−  = 

27
27−  = 1−           4a  = ( )

3

4

4
3−  = 

64
81  = 265.1  

 

5a  = ( )
3

5

5
3−  = 

125
243−  = 944.1−          6a  = ( )

3

6

6
3−  = 

216
729  = 375.3  
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b.  1b  = ( )
11

1 1

+
−  = 

2
1−  = 5.0−           2b  = ( )

12
1 2

+
−  = 

3
1  = 333.0  

 

3b  = ( )
13

1 3

+
−  = 

4
1−  = 25.0−           4b  = ( )

14
1 4

+
−  = 

5
1  = 2.0  

 

5b  = ( )
15

1 5

+
−  = 

6
1−  = 167.0−          6b  = ( )

16
1 6

+
−  = 

7
1  = 143.0  

 

c.  1d  = ( )1121
5
−⋅⋅

 = 
12

5
−

 = 
1
5  = 5          2d  = ( )1222

5
−⋅⋅

 = 
32

5
⋅

 = 
6
5  = 833.0  

 

3d  = ( )1323
5
−⋅⋅

 = 
53

5
/⋅
/  = 

3
1  = 333.0         4d  = ( )1424

5
−⋅⋅

 = 
74

5
⋅

 = 
28
5  = 178.0  

 

5d  = ( )1525
5
−⋅⋅

 = 
95

5
⋅/
/  = 

9
1  = 111.0         6d  = ( )1626

5
−⋅⋅

 = 
116
5
⋅

 = 
66
5 = 076.0  

 

d.  1c  = ( )
1
1

2
1 11 −

⋅





  = 1

2
1

−⋅  = 
2
1

−  = 5.0−         2c  = ( )
2
1

2
1 22 −

⋅





  = 

2
1

4
1
⋅  = 

8
1  = 125.0  

 

3c  = ( )
3
1

2
1 33 −

⋅





  = 

3
1

8
1
−⋅  = 

24
1

−  = 042.0−        4c  = ( )
4
1

2
1 44 −

⋅





  = 

4
1

16
1
⋅  = 

64
1  = 016.0  

 

5c  = ( )
5
1

2
1 55 −

⋅





  = 

5
1

32
1

−⋅  = 
160

1
−  = 006.0−        6c  = ( )

6
1

2
1 66 −

⋅





  = 

6
1

64
1
⋅  = 

384
1  = 003.0  

Example 1.1-2   Find the indicated terms for the following sequences. 

a.  Write the third and sixth terms of ( )
s

n
n

n
=

− +2 1

3      b.  Write the tenth term of ( )a ii
i= − ⋅ −1 23 4  

c.  Write the third and fourth terms of ( )an
n= − −1 2     d.  Write the seventh term of ( )ak

k= −0 2 1.   

e.  Write the third and twelfth terms of ( )a ii = − 3     f.  Write the eleventh term of ( )sn
n n= − ⋅− +1 21 1  

Solutions: 

a.  3s  = ( )
3

13

3
2 +−  = ( )

27
2 4−  = 

27
16  = 593.0         6s  = ( )

3

16

6
2 +−  = ( )

216
2 7−  = 

216
128−  = 593.0−  

 
b.  10a  = ( ) 4103 2110 −⋅−  = 63 29 ⋅  = 64729 ⋅  = 4106656.4 ×  
 
c.  3a  = ( ) 231 −−  = ( ) 11−  = 1−          4a  = ( ) 241 −−  = ( ) 21−  = 1  
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d.  7a  = ( ) 172.0 −  = ( ) 62.0  = 000064.0  = 5104.6 −×  
 
e.  3a  = ( ) 33−  = 33−  = 27−           12a  = ( ) 312−  = 312−  = 1728−  
 
f.  11s  = ( ) 111111 21 +− ⋅−  = ( ) 1210 21 ⋅−  = 1221⋅  = 4096  

Example 1.1-3   Write s5 , s6 , s7 , and s15  for the following sequences. 

a.  ( )
2
1 π+

=
n

sn     b.  sn

n

n=
−

2
2 1    c.  ( ) ( )212 −−= nnnsn  

Solution: 

a.  5s  = ( )
2
15 π+  = 

2
6π  = π3           6s  = ( )

2
16 π+  = 

2
7π  = π5.3  

 

  7s  = ( )
2
17 π+  = 

2
8π  = π4           15s  = ( )

2
115 π+  = 

2
16π  = π8  

 

b.  5s  = 15

5

2
2
−

 = 4

5

2
2  ; 45 22 −⋅  ; 452 −  ; 12  = 2  

 

6s  = 16

6

2
2
−

 = 5

6

2
2  = 56 22 −⋅  = 562 −  = 12  = 2  

 

7s  = 17

7

2
2
−

 = 6

7

2
2  = 67 22 −⋅  = 672 −  = 12  = 2  

 

15s  = 115

15

2
2

−
 = 14

15

2
2  = 1415 22 −⋅  = 14152 −  = 12  = 2  

 
c.  5s  = ( ) ( )251552 −−⋅⋅  = 3410 ⋅⋅  = 120         6s  = ( )( )261662 −−⋅⋅  = 4512 ⋅⋅  = 240  

 

7s  = ( ) ( )271772 −−⋅⋅  = 5614 ⋅⋅  = 420         15s  = ( )( )215115152 −−⋅⋅  = 131430 ⋅⋅  = 5460  

Example 1.1-4   Find the twelfth term of the following sequences: 

a.  0 5 0 25 0125 1
2

1
. , . , . , ,

n

n

+
       b.  8 5063 4 214 1 1 2

, . , . , , +





+

n

n
       c.  ( )

( )
4 12 32

2 1

1 1, , , ,−
⋅ +

− +


n

n
n  

Solutions: 

a.  12s  = 12

112

2
1 +

 = 12

13

2
1  = 

4096
1  = 000244.0  = 41044.2 −×  

 

b.  12s  = 
212

12
11

+







 +  = 

14

12
112






 +  = 

14

12
13







  = 140833.1  = 066.3  
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c.  12s  = ( )
( ) 112

12

1
1122

+−

+⋅  = 
( ) 13

12

1
132

−

⋅  = 
1

134096
−
⋅  = 53248−  = 4103248.5 ×−  

Example 1.1-5   Given the general term of the sequence ( ) ( )s n s n nn= = − +2 5 , write its k th  and 
k +1 term. 
Solutions: 
a.  To write the k th  term of the sequence simply substitute k  in place of n  in the general term of  

     the sequence, i.e., ( )s k  = ks  = ( ) 52 +−kk  = 522 +− kk  

b.  To write the k +1 term of the sequence simply substitute k +1 in place of n  in the general term 

     of the sequence, i.e., ( )1s k +  = 1ks +  = ( ) ( )1 1 2 5k k  + + − +  = ( )1 1 2 5k k  + + − +  = ( )( )1 1 5k k+ − +   

     = 2 1 5k k k/ /− + − +  = 2 + 4k  

Example 1.1-6  For the given domain ( )1 2 3 4, , , , write the first four terms of the following functions: 

a.  ( ) 2 2 1f x x x= + +       b.  ( ) 3 5s x x= −  

c.  ( ) 2

3
g x x=        d.  ( ) 1 1h x x−= +  

Solutions: 
a.  ( )1f  = 1f  = ( )21 2 1 1+ ⋅ +  = 1 2 1+ +  = 4   ( )2f  = 2f  = ( )22 2 2 1+ ⋅ +  = 4 4 1+ +  = 9  
 
     ( )3f  = 3f  = ( )23 2 3 1+ ⋅ +  = 9 6 1+ +  = 16   ( )4f  = 4f  = ( )24 2 4 1+ ⋅ +  = 16 8 1+ +  = 25  

Therefore, the first four terms of the sequence are ( )f f f f1 2 3 4, , ,  = ( )4 9 16 25, , ,  

b.  ( )1s  = 1s  = ( )3 1 5⋅ −  = 3 5−  = 2−    ( )2s  = 2s  = ( )3 2 5⋅ −  = 6 5−  = 1  
 
     ( )3s  = 3s  = ( )3 3 5⋅ −  = 9 5−  = 4    ( )4s  = 4s  = ( )3 4 5⋅ −  = 12 5−  = 7  

Therefore, the first four terms of the sequence are ( )s s s s1 2 3 4, , ,  = ( )−2 1 4 7, , , . 

c.  ( )1g  = 1g  = 2 1
3
×  = 2

3     ( )2g  = 2g  = 2 2
3
×  = 4

3  

 

     ( )3g  = 3g  = 2 3
3
× /

/
 = 2

1
 = 2    ( )4g  = 4g  = 2 4

3
×  = 8

3  

Therefore, the first four terms of the sequence are ( )g g g g1 2 3 4, , ,  = 2
3

4
3

2 8
3

, , ,





 

d.  ( )1h  = 1h  = 11 1− +  = 1
1
1
+  = 

1
11+  = 2   ( )2h  = 2h  = 12 1− +  = 1 1

2
+  = 1 2

2
+  = 3

2  
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     ( )3h  = 3h  = 13 1− +  = 1
1

3
+  = 1 3

4

+  = 4
3   ( )4h  = 4h  = 14 1− +  = 1 1

4
+  = 1 4

4
+  = 5

4  

Therefore, the first four terms of the sequence are ( )h h h h1 2 3 4, , ,  = 2 3
2

4
3

5
4

, , ,





 

In the following section we will discuss series and identify its relation with sequences. 

Section 1.1 Practice Problems - Sequences 

1.  List the first four and tenth terms of the given sequences. 

a.  a n
nn =
+

−
2 1

2
        b.  ( )

b
k k

k
k =

+1
2          c.  ( )dn

n= − −3 2            d.  ( )
k

nn

n n
= −





−
+

+1
2

1
2

1
 

2.  Write s3 , s4 , s5 , and s8  for the following sequences. 

a.  ( )
s

n n

n
n =

+
−

1

2 1    b.  ( )sn
n n= − + −1 21 2    c.  ( ) ( )

s
n

nn

n
=

− −+2 2
2

1
 

3.  Write the first five terms of the following sequences. 

a.  ( ) ( )a nn
n= − ++1 21   b.  

2

100
13

−







=

i

ia    c.  
1

5
13

−







−=

i

ic  

d.  ( )a nn = −3 5 2    e.  u ark
k= +−2 2    f.  

2

3
23

−







−=

k

kb  

g.  c j
j

jj = +
+

1
   h.  y

nn

n
= −

+






+
1 1

2

1
   i.  ( )uk

k= − − +1 1 1  

j.  y k
k k=

−2 1    k.  ( )y kn k= −9 2
1

   l.  c n
nn =
−
+

2 2
1

 

4.  Given !n  read as “n factorial” which is defined as ( ) ( ) ( ) 12345321! ⋅⋅⋅⋅−−−= nnnnn , find  

a.  The first eight terms of !n . 

b.  The first four terms of 
!
12

n
nan
+

= . 

c.  The tenth and twelfth terms of the 
( )2

1

!
31

n
c

n

n

−+
= . 

d.  The first, fifth, tenth, and fifteenth terms of ( )
!2
1!

n
nn

yn +
−

= . 

5.  Write the first three terms of the following sequences. 

a.  ( ) ( )
( )nn

nn
cn 4

132
−

+−
=    b.  a

n
n

nn =
−







−
+







1
1

2
2

  c.  ( )sn
n n= − + +1 21 1  

d.  ( ) ( )
y

k k
k

k= −
−+1

1
2

1    e.  b n n
nn =

−
+







2 1
2

  f.  ( )x aa
a a= − +5 21  
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1.2 Series 
Addition of the terms in any finite sequence result in having the sum of the sequence.  The sum of 
the sequence is referred to as a series.  For example, the sequence yk k=

−
1

2 1  for 

k and= 1 2 3 4 5 6, , , , ,  can be summed and expressed in the following way: 

y y y y y y1 2 3 4 5 6+ + + + +  = 1
2

1
2

1
2

1
2

1
2

1
20 1 2 3 4 5+ + + + +  = 1 1

2
1
4

1
8

1
16

1
32

+ + + + +  = 1 9687.  

The sum of a sequence is generally shown by the Greek letter “∑ ” (sigma) which is also called 
summation.  Thus, using the sigma notation, the above example can be expressed in the following 

way y where yk
i

k k
=

−∑ =
1

6

1
1

2
.  Note that the variable i  is referred to as the index of summation and 

the integer range over which the summation occurs is referred to as the range of summation.  The 
following are three properties of summation that students should be familiar with: 

( )a bi i
i

n
+

=
∑

1
 = a bi

i

n

i
i

n

= =
∑ ∑+

1 1
 

kai
i

n

=
∑

1
 = k ai

i

n

=
∑

1
 

k
i

n

=
∑

1
 = nk  

These properties are used extensively in solving the sum of sequences over a specified range as 
shown in the following examples: 

Example 1.2-1   Given ai
i

n

=
∑ =

1
20  and bi

i

n

=
∑ =

1
40 , find the solution to the following problems 

using the summation properties. 

a.  ( )2 3
1

a bi i
i

n
+

=
∑  =            b.  ( )a bi i

i

n
−

=
∑

1
 =          c.  ( )− +

=
∑ 5 2

1
a bi i

i

n
 =      d.  1

2
1
4

1
a bi i

i

n
−





=
∑  =  

Solutions: 

a.  ( )
1

2 3
n

i i
i

a b
=

+∑  = 
1 1

2 3
n n

i i
i i

a b
= =

+∑ ∑  = 
1 1

2 3
n n

i i
i i

a b
= =

+∑ ∑  = ( ) ( )2 20 3 40× + ×  = 40 120+  = 160  

 

b.  ( )
1

n

i i
i

a b
=

−∑  = 
1 1

n n

i i
i i

a b
= =

−∑ ∑  = 20 40−  = 20−  

 

c.  ( )
1

5 2
n

i i
i

a b
=

− +∑  = 
1 1

5 2
n n

i i
i i

a b
= =

− +∑ ∑  = 
1 1

5 2
n n

i i
i i

a b
= =

− +∑ ∑  = ( ) ( )5 20 2 40− × + ×  = 100 80− +  = 20−  
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d.  
1

1 1
2 4

n

i i
i

a b
=

 − 
 

∑  = 
1 1

1 1
2 4

n n

i i
i i

a b
= =

−∑ ∑  = 
1 1

1 1
2 4

n n

i i
i i

a b
= =

−∑ ∑  = 1 120 40
2 4

   × + − ×   
   

 = 10 10−  = 0  

 

Example 1.2-2   Solve the following series: 

a.  Find a where a n
nn

n
n

=
∑ =

+

1

6 2 1     b.  Find ( ) ( )x where x ii
i

i
i

=
∑ = + −

1

7
21 2  

c.  Find ( )x where x
jj

j
j− =

+
=
∑ 1 1

1
0

5 2

    d.  Find ( )u where u kk
k

k
2

0

4
1

=
∑ = +  

e.  Find ( )y where y n
nn

n

n
n− =

+
+

=
∑ 2

1
1

1

5 2

   f.  Find ( )u a where u aa
a

a+ = −
=
∑ 2

0

5
2 1 

Solutions: 

a.  
6

1

2 1
n n

n

na where a
n=

+
=∑  = 1 2 3 4 5 6a a a a a a+ + + + +  = 2 1 4 1 6 1 8 1 10 1 12 1

1 2 3 4 5 6
+ + + + + +

+ + + + +   

 

     = 3 5 7 9 11 13
1 2 3 4 5 6
+ + + + +  = 3 2.5 2.33 2.25 2.2 2.17+ + + + +  = 14.45  

 

b.  ( ) ( )
7

2

1
1 2 i

i i
i

x where x i
=

= + −∑  = 1 2 3 4 5 6 7x x x x x x x+ + + + + +  = ( )( ) ( )( )1 22 21 1 2 1 2 2+ − + + −   

 
     ( )( ) ( )( ) ( )( ) ( )( ) ( )( )3 4 5 6 72 2 2 2 21 3 2 1 4 2 1 5 2 1 6 2 1 7 2+ + − + + − + + − + + − + + −  = ( ) ( ) ( )2 2 5 4 10 8⋅ − + ⋅ + ⋅ −  
 
     ( ) ( ) ( ) ( )17 16 26 32 37 64 50 128+ ⋅ + ⋅ − + ⋅ + ⋅ −  = 4 20 80 272 832 2368 6400− + − + − + −  = 4656−  
 

c.  ( )
5 2

0

11
1j j

j
x where x

j=

− =
+∑  = ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2

0 1 2 3 4 51 1 1 1 1 1x x x x x x− + − + − + − + − + −   

 

    = 
2 2 2 2 2 21 1 1 1 1 11 1 1 1 1 1

1 2 3 4 5 6
           − + − + − + − + − + −           
           

 = 
2 2 21 2 30

2 3 4
     + − + − + −     
     

  

 

       
2 24 5

5 6
   + + −   
   

 = 1 4 9 16 25
4 9 16 25 36
+ + + +  = 0.25 0.4444 0.5625 0.64 0.6944+ + + +  = 2.5913  

 

d.  ( )
4

2

0
1k k

k
u where u k

=

= +∑  = ( ) ( ) ( ) ( ) ( )2 2 2 2 2
0 1 2 3 4u u u u u+ + + +  = ( ) ( ) ( )2 2 20 1 1 1 2 1+ + + + +   

 
      ( ) ( )2 23 1 4 1+ + + +  = 2 2 2 2 21 2 3 4 5+ + + +  = 1 4 9 16 25+ + + +  = 55   
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e.  ( )
5

1

1
2

1
n

n n
n

ny where y
n

+

=

− =
+∑  = ( ) ( ) ( ) ( ) ( )1 1 2 1 3 1 4 1 5 1

1 2 3 4 52 2 2 2 2y y y y y+ + + + +− + − + − + − + −   

 

    = 
2 3 4 5 61 2 3 4 52 2 2 2 2

1 1 1 2 1 3 1 4 1 5
         − + − + − + − + −         + + + + +         

 = ( ) ( ) ( )2 3 41.5 1.33 1.25− + − + −   

 
    ( ) ( )5 61.2 1.17+ − + −  = 2.25 2.35 2.44 2.49 2.56− + − +  = 2.41  
 

f.  ( )
5

2 2

0
1a a

a
u a where u a

=

+ = −∑  = ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2
0 1 2 3 4 50 1 2 3 4 5u u u u u u+ + + + + + + + + + +   

 
    = ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 21 0 0 1 3 2 8 3 15 4 24 5− + + + + + + + + + + +  = 1 1 25 121 361 841+ + + + +  = 1350  
 
Example 1.2-3   Solve the following series. 

a.  ( )a an
a=
∑ −

1

5
2 1  =         b.  2 1

1

5 a
a

a

+

=
∑  =    c.  ( )− +

=
∑ 1

2

1

1

5 i

i
i

 =  

d.  ( ) ( )n n
n

− +
=
∑ 1 12

0

4
 =         e.  2

5
3

3 j

j
j +

=−
∑  =    f.  ( )1 1

1

5 − −

=
∑ k

k

k

k
 =  

Solutions: 

a.  ( )
5

1
2 1

a
a a

=

−∑  = ( ) ( ) ( ) ( ) ( )1 2 1 1 2 2 2 1 3 2 3 1 4 2 4 1 5 2 5 1 ⋅ ⋅ −  +  ⋅ ⋅ −  +  ⋅ ⋅ −  +  ⋅ ⋅ −  +  ⋅ ⋅ −            = 1 6 15+ +   

 
     28 45+ +  = 95  
 

b.  
5

1

2 1
a

a
a=

+∑  = ( ) ( ) ( ) ( ) ( )2 1 1 2 2 1 2 3 1 2 4 1 2 5 1
1 2 3 4 5
⋅ + ⋅ + ⋅ + ⋅ + ⋅ +

+ + + +  = 3 5 7 9 11
1 2 3 4 5
+ + + +  = 3 2.5+   

 
     2.33 2.25 2.2+ + +  = 12.28  
 

c.  ( ) 15

1

1
2

i

i i

+

=

−
∑  = ( ) ( ) ( ) ( ) ( )1 1 2 1 3 1 4 1 5 11 1 1 1 1

2 1 2 2 2 3 2 4 2 5

+ + + + +− − − − −
+ + + +

⋅ ⋅ ⋅ ⋅ ⋅
 = ( ) ( ) ( ) ( ) ( )2 3 4 5 61 1 1 1 1

2 4 6 8 10
− − − − −

+ + + +   

 

    = 1 1 1 1 1
2 4 6 8 10
− + − +  = 0.5 0.25 0.167 0.125 0.1− + − +  = 0.392  

 

d.  ( ) ( )
4

2

0
1 1

n
n n

=

− +∑  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 20 1 0 1 1 1 1 1 2 1 2 1 3 1 3 1 4 1 4 1         − + + − + + − + + − + + − +            

 
     = ( ) ( ) ( ) ( ) ( )1 1 0 2 1 3 4 4 9 5⋅ + ⋅ + ⋅ + ⋅ + ⋅  = 1 0 3 16 45+ + + +  = 65  
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e.  
3

3

2
5

j

j j=− +∑  = 
3 2 1 0 1 2 32 2 2 2 2 2 2

3 5 2 5 1 5 0 5 1 5 2 5 3 5

− − −

+ + + + + +
− + − + − + + + + +

 = 
3 2 1 0 1 22 2 2 2 2 2

2 3 4 5 6 7

− − −

+ + + + +  

 

     
32

8
+  = 0.125 0.25 0.5 1 2 4 8

2 3 4 5 6 7 8
+ + + + + +  = 0.0625 0.0833 0.125 0.2 0.3333 0.5714 1+ + + + + +  = 2.3755  

 

f.  ( )5

1

1 k

k

k
k=

−
∑  = ( ) ( ) ( ) ( ) ( )1 2 3 4 51 1 1 2 1 3 1 4 1 5

1 2 3 4 5
− − − − −

+ + + +  = 0 1 8 81 1024
1 2 3 4 5
+ − + −  = 0.5 2.67−  

 
    20.25 204.8+ −  = 186.72−  

Example 1.2-4   Prove that both sides of the following series are equal to one another. 

a.  2 4
1 1

x yi
i

n

i
i

n

= =
∑ ∑+  = ( )2 2

1
x yi i

i

n
+

=
∑            b.  a yi

i

n
2

1=
∑  = a yi

i

n
2

1=
∑  

c.  a
i

n

=
∑

1
 = n a               d.  ( )x ai

i

n
+

=
∑

1
 = x nai

i

n

=
∑ +

1
 

Solutions: 

a.  
1 1

2 4
n n

i i
i i

x y
= =

+∑ ∑  = ( ) ( )1 2 3 1 2 32 2 2 2 4 4 4 4n nx x x x y y y y+ + + + + + + + +   = ( ) ( )1 1 2 22 4 2 4x y x y+ + +  

 
     ( ) ( )3 32 4 2 4n nx y x y+ + + + +  = ( ) ( ) ( ) ( )1 1 2 2 3 32 2 2 2 2 2 2 2n nx y x y x y x y+ + + + + + + +   
 

     = ( )∑
=1

2 + 2
n

i i
i

x y  

 

b.  2

1

n

i
i

a y
=
∑  = 2 2 2 2 2

1 2 3 4 nay ay ay ay ay+ + + + +  = ( )2 2 2 2 2
1 2 3 4 na y y y y y+ + + + +  = ∑ 2

=1

n

i
i

a y  

 

c.  
1

n

i
a

=
∑  = a a a a a

n terms
+ + + + +



 = n a  

 

d.  ( )
1

n

i
i

x a
=

+∑  = ( ) ( ) ( ) ( )1 2 3 nx a x a x a x a+ + + + + + + +  = ( ) ( )1 2 3 nx x x x a a a a+ + + + + + + + +   

 

     = ∑
=1

+
n

i
i

x na  

Example 1.2-5   Use the properties of summation to evaluate the following series. 

a.  2
1

6
k

i=
∑  =         b.  ( )4 3

1

7
k

i
−

=
∑  =    c.  ( )k k

k

3

1

4
2−

=
∑  =  
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d.  ( )k a
k

2

1

5
+

=
∑  =        e.  2 2

3
1

4 1

⋅ −





=

+

∑
k

k

 =    f.  ( )2
1

5
k

k
k+

=
∑  =  

Solutions: 

a.  
6

1
2

i
k

=
∑  = 

6

1
2

i
k

=
∑  = 2 6k⋅  = 12k  

 

b.  ( )
7

1
4 3

i
k

=

−∑  = 
7 7

1 1
4 3

i i
k

= =

+ −∑ ∑  = 
7 7

1 1
4 3

i i
k

= =

−∑ ∑  = 4 7 7 3k⋅ − ⋅  = 28 21k −  

 

c.  ( )∑
=

−
4

1

3 2
k

kk  = 
4 4

3

1 1
2

k k
k k

= =

+ −∑ ∑  = 
4 4

3

1 1
2

k k
k k

= =

−∑ ∑  = ( ) ( )3 3 3 31 2 3 4 2 1 2 3 4+ + + − + + +  = 1 8 27 64+ + +  

 
     (2 10)− ⋅  = 100 20−  = 80  
 

d.  ( )
5

2

1k
k a

=

+∑  = 
5 5

2

1 1k k
k a

= =

+∑ ∑  = 
5

2

1
5

k
k a

=

+∑  = ( )2 2 2 2 21 2 3 4 5 5a+ + + + +  = ( )1 4 9 16 25 5a+ + + + +   

 
     = 55 5a+  = ( )5 11 + a  
 

e.  
14

1

22
3

k

k

+

=

 ⋅ − 
 

∑  = 
14

1

22
3

k

k

+

=

 − 
 

∑  = 
2 3 4 52 2 2 22

3 3 3 3
        ⋅ − + − + − + −        
         

 = 4 8 16 322
9 27 81 243

 ⋅ − + − 
 

  

 
     = ( )2 0.4444 0.2963 0.1975 0.1317⋅ − + −  = 2 0.2139⋅  = 0.4278  
 

f.  ( )
5

1
2k

k
k

=

+∑  = 
5 5

1 1
2k

k k
k

= =

+∑ ∑  = ( ) ( )1 2 3 4 52 2 2 2 2 1 2 3 4 5+ + + + + + + + + +  = ( )2 4 8 16 32 15+ + + + +   

 
     = 62 15+  = 77  

Section 1.2 Practice Problems - Series 

1.  Given ai
i

n

=
∑ =

1
10  and bi

i

n

=
∑ =

1
25 , find 

a.  ( )2 4
1

a bi i
i

n
+

=
∑  =            b.  ( )− +

=
∑ a bi i
i

n

1
 =          c.  ( )3 5

1
a bi i

i

n
+

=
∑  =     d.  1

2
1
5

1
a bi i

i

n
+





=
∑  =  

2.  Evaluate each of the following series. 

a.  kywherey k
k

k +=∑
=

2
5

1
        b.  

( ) 1

6

0 2
1

+
= −

=∑ nn
n

n xwherex        c.  ( ) 1
4

0
1 +

=

−=∑ n
n

n
n xwherex  
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d.  2
3

3
3 jjuwhereu j

j
j −=∑

−=

       e.  2
5

3
+=∑

=

aywherey
a

a         f.  ( )
i

i

i
i

i xwherex
2
1 15

0

+

=

−
=∑  

g.  32
3

2

2 −=∑
−=

+ kywherey
k

k         h.  ( )
m

xwherex m
m

m
11

5

1

2 =−∑
=

 

3.  Find the sum of the following series within the specified range. 

a.  ∑
−=

3

3
10

i

i  =           b.  n
n

n

−

=
∑ 1

20

6
 =          c.  ∑

=

4

0 10
1

a
a

 =  

d.  ( )n n
n

2

1

5
−

=
∑  =           e.  ( )− +

=
∑ 1 1

0

6
m

m
 =          f.  ( )1 1

20

5 + −

=
∑

k

k
k

 =  

g.  ( )5 1 3
1

6
a

a
− +

=
∑  =           h.  ∑

=

−







−

5

0

1

3
1

k

k
 =          i.  ( )j j

j
−

=
∑ 3 2

1

5
 =  

j.  n
n

n
n

n n

+
−

+
= =
∑ ∑1

1
1

4 2

1

4
 =          k.  5 1

1

5
k

k

−

=
∑  =          l.  ( )∑

=

−−
4

1

521.0
i

i  =  

4.  Rewrite the following terms using the sigma notation. 

a.  1
2

1
3

1
4

1
5

1
6

1
7

+ + + + +  =   b.  
7
6

6
5

5
4

4
3

3
2

2
1

+++++  =  c.  2 4 8 16 32 64+ + + + +  =  

d.  1 1
2

1
3

1
4

1
5

1
6

+ + + + +  =   e.  
6
5

5
4

4
3

3
2

2
10 +++++  =  f.  1 1

2
1
3

1
4

1
5

1
6

− + − + −  =  
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1.3 Arithmetic Sequences and Arithmetic Series 
An arithmetic sequence is a sequence in which each term, after the first term, is obtained by 
adding a common number to the preceding term.  The common number added to each term can 
be found by taking the common difference, denoted by d , of two successive terms.  For 
example, the sequences 3 6 9 12 15, , , , , and 1

2
1 3

2
2 5

2
3 7

2
, , , , , , ,  are arithmetic sequences because 

the common difference that is added to each term in order to obtain the next term is 6 3−  = 3  and 
1 1

2
−  = 1

2
, respectively.  Note that the nth  term in both examples can easily be stated as s nn = 3  

and s nn =
1
2

.  Therefore, the two arithmetic sequences can be written as 3 6 9 12 15 3, , , , , , n  and 
1
2

1 3
2

2 5
2

3 7
2

1
2

, , , , , , , , n . 

To obtain the nth  term of an arithmetic sequence, a general form can be developed by letting sn  
and d  be the nth  term and the common difference of an arithmetic sequence.  Thus, the first 
terms can be written as: 
s1 = a  
s2  = s d1 +      where a  and d  are real numbers and n  is a positive integer 
s3  = s d2 +  = ( )s d d1 + +  = s d1 2+  

s4  = s d3 +  = ( )s d d1 2+ +  = s d1 3+    

s5  = s d4 +  = ( )s d d1 3+ +  = s d1 4+  

    
sn  = s dn− +1  = ( )[ ] ddns +−+ 21  = s nd d d1 2+ − +  = s nd d1 + −  = ( ) dns 11 −+  
sn+1  = s dn +  = ( )[ ] ddns +−+ 11  = s nd d d1 + − +  = s nd1 +  

Thus, the nth  and n +1 term of an arithmetic sequence is equal to  

sn  = ( )dns 11 −+        ( )1  

sn+1  = s nd1 +            ( )2  
In the following examples the above equations ( )1  and ( )2  are used in order to find several terms 
of arithmetic sequences. 

Example 1.3-1   Find the next five terms of the following arithmetic sequences. 

a.  s1 5=  , d = 3              b.  s1 5= −  , d = 2             c.  s1 20=  , d = 0 4.  
Solutions: 
a.  The nth  term for an arithmetic sequence is equal to sn  = ( ) dns 11 −+ .  Substituting s1 5=  and  

d = 3  into the general arithmetic expression for n and= 2 3 4 5 6, , , ,  we obtain 

2s  = ( ) ds 121 −+  = 1s d+  = 5 3+  = 8  
 

3s  = ( ) ds 131 −+  = 1 2s d+  = ( )5 2 3+ ×  = 5 6+  = 11  
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4s  = ( ) ds 141 −+  = 1 3s d+  = ( )5 3 3+ ×  = 5 9+  = 14  
 

5s  = ( ) ds 151 −+  = 1 4s d+  = ( )5 4 3+ ×  = 5 12+  = 17   
 

6s  = ( ) ds 161 −+  = 1 5s d+  = ( )5 5 3+ ×  = 5 15+  = 20  

Thus, the first six terms of the arithmetic sequence are ( )5 8 11 14 17 20, , , , , . 
b.  Substituting s1 5= −  and d = 2  into the general arithmetic expression for n and= 2 3 4 5 6, , , ,  we 

obtain 

2s  = ( ) ds 121 −+  = 1s d+  = 5 2− +  = 3−  
 

3s  = ( ) ds 131 −+  = 1 2s d+  = ( )5 2 2− + ×  = 5 4− +  = 1−  
 

4s  = ( ) ds 141 −+  = 1 3s d+  = ( )5 3 2− + ×  = 5 6− +  = 1  
 

5s  = ( ) ds 151 −+  = 1 4s d+  = ( )5 4 2− + ×  = 5 8− +  = 3  
 

6s  = ( ) ds 161 −+  = 1 5s d+  = ( )5 5 2− + ×  = 5 10− +  = 5  

Thus, the first six terms of the arithmetic sequence are ( )− − −5 3 1 1 3 5, , , , , . 

c.  Substituting s1 20=  and d = 0 4.  into the general arithmetic expression for n and= 2 3 4 5 6, , , ,  we  
obtain 

2s  = ( ) ds 121 −+  = 1s d+  = 20 0.4+  = 20.4  
 

3s  = ( ) ds 131 −+  = 1 2s d+  = ( )20 2 0.4+ ×  = 20 0.8+  = 20.8  
 

4s  = ( ) ds 141 −+  = 1 3s d+  = ( )20 3 0.4+ ×  = 20 1.2+  = 21.2  
 

5s  = ( ) ds 151 −+  = 1 4s d+  = ( )20 4 0.4+ ×  = 20 1.6+  = 21.6  
 

6s  = ( ) ds 161 −+  = 1 5s d+  = ( )20 5 0.4+ ×  = 20 2+  = 22  

Thus, the first six terms of the arithmetic sequence are ( )20 20 4 20 8 21 2 21 6 22, . , . , . , . , . 

Example 1.3-2   Find the general term and the fiftieth term of the following arithmetic 
sequences. 

a.  s1 3=  , d = 5              b.  s1 2= −  , d = 4             c.  s1 10=  , d = −25.  
Solutions: 
a.  The nth  term for an arithmetic sequence is equal to sn  = ( ) dns 11 −+ .  Substituting s1 3=  and  

d = 5  into the general arithmetic expression we obtain 

ns  = ( )513 −+ n  = 3 5 5n+ −  = ( )5 3 5n + −  = 5 2n −  



Calculus I  1.3  Arithmetic Sequences and Arithmetic Series 

Hamilton Education Guides   15 

substituting n = 50  into the general equation s nn = −5 2  we find 

50s  = ( )5 50 2× −  = 250 2−  = 248  

b.  Substituting s1 2= −  and d = 4  into the general arithmetic expression sn  = ( ) dns 11 −+  we obtain 

ns  = ( ) 412 −+− n  = 2 4 4n− + −  = ( )4 2 4n + − −  = −4 6n  

substituting n = 50  into the general equation s nn = −4 6  we find 

50s  = ( )4 50 6× −  = 200 6−  = 194  

c.  Substituting s1 10=  and d = −2 5.  into the general arithmetic expression sn  = ( ) dns 11 −+  we  

obtain ns  = ( )10 1 2.5n+ − ×−  = 10 2.5 2.5n− +  = ( )2.5 10 2.5n− + +  = −2.5 +12.5n  

substituting n = 50  into the general equation s nn = − +25 125. .  we find 

50s  = ( )2.5 50 12.5− × +  = 125 12.5− +  = −112.5  

Example 1.3-3   Find the next four terms in each of the following arithmetic sequences. 

a.  6 10, ,               b.  x x, ,+ 2                c.  2 1 2 5x x+ +, ,             d.  x x, ,− 29   
Solutions: 
a.  The first term s1  and the common difference d  are equal to s1 6=  and d = − =10 6 4 .  Thus,  

using the general arithmetic equation sn  = ( ) dns 11 −+  or sn+1  = s dn +  the next four terms are 
as follows:  Let’s use sn+1  = s dn + .  Then,  

3s  = 2s d+  = 10 4+  = 14     4s  = 3s d+  = 14 4+  = 18  
 

5s  = 4s d+  = 18 4+  = 22     6s  = 5s d+  = 22 4+  = 26  

b.  The first term s1  and the common difference d  are equal to s x1 =  and d x x= + − =2 2 . 
Thus,  

3s  = 2s d+  = ( )2 2x + +  = + 4x    4s  = 3s d+  = ( )4 2x + +  = + 6x  
 

5s  = 4s d+  = ( )6 2x + +  = + 8x    6s  = 5s d+  = ( )8 2x + +  = +10x  

c.  The first term s1  and the common difference d  are equal to s x1 2 1= +  and ( ) ( )d x x= + − +2 5 2 1 . 
 = 2 5 2 1x x+ − −  = 4 .  Thus,  

3s  = 2s d+  = ( )2 1 4x + +  = 2 + 5x    4s  = 3s d+  = ( ) 452 ++x  = 2 + 9x  
 

5s  = 4s d+  = ( )2 9 4x + +  = 2 + 13x   6s  = 5s d+  = ( )2 13 4x + +  = 2 +17x  

d.  The first term s1  and the common difference d  are equal to s x1 =  and ( )d x x= − − = −29 29 . 
Thus,  

3s  = 2s d+  = ( )29 29x − −  = 58x −   4s  = 3s d+  = ( )58 29x − −  = 87x −  
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s5  = s d4 +  = ( )x − −87 29  = x − 116   s6  = s d5 +  = ( )x − −116 29  = x − 145  

Example 1.3-4   The first term of an arithmetic sequence is −5  and the fourth term is 10 .  Find 
the twentieth term. 
Solution: 
Since s1 5= −  and s4 10=  we use the general formula sn  = ( )s n d1 1+ −  in order to solve for d . 

( )s s d4 1 4 1= + −  ; ( )10 5 4 1= − + − d  ; d3510 +−=  ; 10 5 3+ = d  ; 15 3= d  ; d =
15
3

 ; d = 5 .  Then, 
 

( )s s d20 1 20 1= + −  ; s d20 5 19= − +  ; ( )s20 5 19 5= − + ×  ; s20 5 95= − +  ; s20 90=  

Having learned about arithmetic sequences and the steps for finding the terms of an arithmetic 
sequence, we will next learn about arithmetic series and the steps for finding the sum of 
arithmetic series over a given range. 
Addition of the terms in an arithmetic sequence result in having an arithmetic series.  To obtain 
the arithmetic series formula let ( )s s k dk = + −1 1  be an arithmetic sequence and denote the sum of 
the first n  terms by  

Sn  = ( )s k d
k

n

1
1

1+ −
=
∑  

then,  
Sn  = ( ) ( )[ ] ( )[ ]s s d s n d s n d1 1 1 12 1+ + + + + − + + −       ( )a  

Let’s write the sum in reverse order and add the two series ( )a  and ( )b  together. 

Sn  = ( )[ ] ( )[ ] ( )s n d s n d s d s1 1 1 11 2+ − + + − + + + +       ( )b  

S Sn n+  = ( )[ ]{ } ( ) ( )[ ]{ } ( )[ ] ( ){ } ( )[ ]{ }s s n d s d s n d s n d s d s n d s1 1 1 1 1 1 1 11 2 2 1+ + − + + + + − + + + − + + + + − +  

2Sn  = ( )[ ] ( )[ ] ( )[ ] ( )[ ]s s n d s d s n d s n d s d s n d s1 1 1 1 1 1 1 11 2 2 1+ + − + + + + − + + + − + + + + − +  

2Sn  = ( )[ ] ( )[ ] ( )[ ] ( )[ ]2 1 2 2 11 1 1 1 1 1 1s n d s s n d d s s n d d s s n d+ − + + + − + + + + + − + + + + −  

2Sn  = ( )[ ] [ ] [ ] ( )[ ]2 1 2 2 2 2 2 11 1 1 1s n d s nd d d s nd d d s n d+ − + + − + + + + − + + + −  

2Sn  = ( )[ ] [ ] [ ] ( )[ ]2 1 2 2 2 11 1 1 1s n d s nd d s nd d s n d+ − + + − + + + − + + −  

2Sn  = ( )[ ] ( )[ ] ( )[ ] ( )[ ]2 1 2 1 2 1 2 11 1 1 1s n d s n d s n d s n d+ − + + − + + + − + + −  

2Sn  = ( )[ ]n s n d2 11 + −  ; Sn  = 
( )[ ]
2

12 1 dnsn −+
 = ( )[ ]n s n d

2
2 11 + −  

Therefore, the arithmetic series can be written in the following two forms: 

Sn  = ( )s k d
k

n

1
1

1+ −
=
∑           ( )1  

Sn  = ( )[ ]n s n d
2

2 11 + −         ( )2  
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Note that equation ( )2 , similar to the nth  term of the arithmetic sequence ( )[ ]dnssn 11 −+= , is 
given in terms of s1 , n , and d . 

In the following examples the above equations ( )1  and ( )2  are used in order to find the sum of 
arithmetic series. 
Example 1.3-5   Find the sum of the following arithmetic series. 

a.  ( )2 1
1

20
i

i
+

=
∑  =          b.  ( )3 2

1

15
i

i
−

=
∑  =    c.  ( )5 1

3

15
j

j
−

=
∑  =  

Solutions: 
a.  First - Write the first three terms of the arithmetic series in expanded form, i.e., 

( )
20

1
2 1

i
i

=

+∑  = ( ) ( ) ( )2 1 4 1 6 1+ + + + + +  = 3 5 7+ + +  

Second - Identify the first term, s1 , the difference between the two terms, d , and n , i.e.,  
s1 3= , d = − =5 3 2 , and n = 20 . 
Third - Use the arithmetic series formula to obtain the sum of the twenty terms. 

Sn  = ( )[ ]dns
n

12
2 1 −+  

20S  = ( )[ ]ds 1202
2

20
1 −+  = [ ]110 2 19s d+  = ( ) ( )10 2 3 19 2× + ×    = [ ]10 6 38+  = 10 44×  = 440  

Note that prior to learning the arithmetic series formula the only method that we could use was 
by summing each term as shown below: 

( )
20

1
2 1

i
i

=

+∑  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 1 4 1 6 1 8 1 10 1 12 1 14 1 16 1 18 1 20 1+ + + + + + + + + + + + + + + + + + +   

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )22 1 24 1 26 1 28 1 30 1 32 1 34 1 36 1 38 1 40 1+ + + + + + + + + + + + + + + + + + + +   

 
= 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41+ + + + + + + + + + + + + + + + + + +  = 440  

As you note, it is much easier to use the arithmetic series formula as opposed to the 
summation of each term which is fairly long and time consuming. 

b.  First - Write the first three terms of the arithmetic series in expanded form, i.e., 

( )
15

1
3 2

i
i

=

−∑  = ( ) ( ) ( )3 2 6 2 9 2− + − + − +  = 1 4 7+ + +  

Second - Identify the first term, s1 , the difference between the two terms, d , and n , i.e.,  
s1 1= , d = − =4 1 3, and n = 15 . 
Third - Use the arithmetic series formula to obtain the sum of the fifteen terms. 

Sn  = ( )[ ]dns
n

12
2 1 −+  
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15S  = ( )[ ]ds 1152
2

15
1 −+  = [ ]17.5 2 14s d+  = ( ) ( )7.5 2 1 14 3× + ×    = [ ]7.5 2 42+  = 7.5 44×  = 330  

or, we can obtain the answer by summing up the first fifteen terms of the series, i.e.,  

( )
15

1
3 2

i
i

=

−∑  = 1 4 7 10 13 16 19 22 25 28 31 34 37 40 43+ + + + + + + + + + + + + +  = 330  

c.  First - Write the first three terms of the arithmetic series in expanded form, i.e., 

( )
15

3
5 1

j
j

=

−∑  = ( ) ( ) ( )15 1 20 1 25 1− + − + − +  = 14 19 24+ + +  

Second - Identify the first term, s1 , the difference between the two terms, d , and n , i.e.,  
s1 14= , d = − =19 14 5 , and n = 13. 
Third - Use the arithmetic series formula to obtain the sum of the thirteen terms. 

Sn  = ( )[ ]dns
n

12
2 1 −+  

15S  = ( )[ ]ds 1132
2

13
1 −+  = [ ]16.5 2 12s d+  = ( ) ( )6.5 2 14 12 5× + ×    = [ ]6.5 28 60+  = 6.5 88×  = 572  

or, we can obtain the answer by summing up the first thirteen terms of the series, i.e.,  

( )
15

3
5 1

j
j

=

−∑  = 14 19 24 29 34 39 44 49 54 59 64 69 74+ + + + + + + + + + + +  = 572  

Example 1.3-6   Given the first term s1  and d , find S80  for each of the following arithmetic 
sequences. 
a.  s1 5=  , d = 2              b.  s1 10= −  , d = 3            c.  s1 500=  , d = 25  
Solutions: 
a.  The nth  term for an arithmetic series is equal to Sn  = ( )[ ]dns

n
12

2 1 −+ .  Substituting s1 5=   

and d = 2  into the general arithmetic expression we obtain 

80S  = ( )[ ]ds 1802
2

80
1 −+  = [ ]140 2 79s d+  = ( ) ( )40 2 5 79 2× + ×    = [ ]40 10 158+  = 40 168×  = 6720  

b.  Substituting s1 10= −  and d = 3  into Sn  = ( )[ ]dns
n

12
2 1 −+  we obtain 

80S  = ( )[ ]ds 1802
2

80
1 −+  = [ ]140 2 79s d+  = ( ) ( )40 2 10 79 3× − + ×    = [ ]40 20 237− +  = 8680  

c.  Substituting s1 500=  and d = 25 into sn  = ( )[ ]dns
n

12
2 1 −+  we obtain 

80S  = ( )[ ]ds 1802
2

80
1 −+  = [ ]140 2 79s d+  = ( ) ( )40 2 500 79 25× + ×    = [ ]40 1000 1975+  = 119000  
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Example 1.3-7   Find the sum of the following sequences for the indicated values. 

a.  S35  for the sequence −5 3, ,                  b.  S200  for the sequence −10 10, ,  
Solutions: 
a.  The first term s1  and the common difference d  are equal to s1 5= −  and ( ) 85353 =+=−−=d . 

Thus, using the general arithmetic series Sn  = ( )[ ]dns
n

12
2 1 −+  we obtain 

35S  = ( )[ ]ds 1352
2

35
1 −+  = [ ]117.5 2 34s d+  = ( ) ( )17.5 2 5 34 8× − + ×    = [ ]17.5 10 272− +  = 4585  

b.  The first term s1  and the common difference d  are equal to s1 10= −  and ( ) 201010 =−−=d . 

Thus, using the general arithmetic series Sn  = ( )[ ]dns
n

12
2 1 −+  we obtain 

200S  = ( )[ ]ds 12002
2

200
1 −+  = [ ]1100 2 199s d+  = ( ) ( )100 2 10 199 20× − + ×    = [ ]100 20 3980− +   

 
= 396000  

Section 1.3 Practice Problems - Arithmetic Sequences and Arithmetic Series 

1.  Find the next seven terms of the following arithmetic sequences. 

a.  s1 3=  , d = 2              b.  s1 3= −  , d = 2            c.  s1 10=  , d = 0 8.  

2.  find the general term and the eighth term of the following arithmetic sequences. 

a.  s1 3=  , d = 4              b.  s1 3= −  , d = 5            c.  s1 8=  , d = −12.  

3.  find the next six terms in each of the following arithmetic sequences. 

a.  5 8, ,               b.  x x, ,+ 4                c.  3 1 3 4x x+ +, ,             d.  w w, ,−10   

4.  Find the sum of the following arithmetic series. 

a.  ( )2 4
10

20
i

i
−

=
∑  =          b.  k

k=
∑

1

1000
 =     c.  ( )2 3

1

100
k

k
−

=
∑  =  

d.  3
1

15
i

i=
∑  =           e.  ( )i

i
+

=
∑ 1

1

10
 =    f.  ( )2 1

5

15
k

k
−

=
∑  =  

g.  ( )3 4
4

10
i

i
+

=
∑  =          h.  ( )3 1

5

13
j

j
+

=
∑  =    i.  ( )4 3

7

18
k

k
−

=
∑  =  

5.  The first term of an arithmetic sequence is 6  and the third term is 24 .  Find the tenth term. 

6.  Given the first term s1  and d , find S50  for each of the following arithmetic sequences. 

a.  s1 2=  , d = 5              b.  s1 5= −  , d = 6            c.  s1 30=  , d = 10  

7.  Find the sum of the following sequences for the indicated values. 

a.  S15  for the sequence −8 6, ,               b.  S100  for the sequence −20 20, ,  
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1.4 Geometric Sequences and Geometric Series 
A geometric sequence is a sequence in which each term, after the first term, is obtained by 
multiplying the preceding term by a common multiplier.  This common multiplier is also called 
the common ratio and is denoted by r .  The common ratio r  is obtained by division of two 
successive terms in a sequence.  For example, the sequences 3 6 12 24 48, , , , ,  and 
1
2

1
4

1
8

1
16

1
32

, , , , ,  are geometric sequences because the common ratio that each term is multiplied 

by in order to obtain the next term is equal to 6
3

 = 2  and 
2
1
4
1

 = 
14
21
×
×  = 2

4
 = 1

2
, respectively. 

To obtain the nth  term of a geometric sequence, a general form can be developed by letting sn  
and r  be the nth  term and the common multiplier (common ratio) of a geometric sequence.  
Thus, the first terms can be written as: 

s1 = a       where a  is a real number and n  is a positive integer 
s2  = s r1  

s3  = s r2  = ( )s r r1 ⋅  = s r1
2  

s4  = s r3  = ( )s r r1
2 ⋅  = s r1

3  

s5  = s r4  = ( )s r r1
3 ⋅  = s r1

4  

    
sn  = s rn−1  = ( )s r rn

1
2− ⋅  = s r n

1
2 1− +  = s r n

1
1−  

sn+1  = s rn  = ( )s r rn
1

1− ⋅  = s r n
1

1 1− +  = s r n
1  

Thus, the nth  and n +1 term of an arithmetic sequence is equal to  

sn  = s r n
1

1−           ( )1  

sn+1  = s r n
1           ( )2  

In the following examples the above equations ( )1  and ( )2  are used in order to find several terms 
of geometric sequences. 
Example 1.4-1   Find the next five terms of the following geometric sequences. 
a.  s1 5=  , r = 2              b.  s1 3= −  , r = 3           c.  s1 10=  , r = 0 5.  
Solutions: 
a.  The nth  term for an geometric sequence is equal to sn  = s r n

1
1− .  Substituting s1 5=  and r = 2   

into the general geometric expression for n and= 2 3 4 5 6, , , ,  we obtain 

2s  = 2 1
1s r −  = 1s r  = 5 2×  = 10  

3s  = 3 1
1s r −  = 2

1s r  = 25 2×  = 5 4×  = 20  

4s  = 4 1
1s r −  = 3

1s r  = 35 2×  = 5 8×  = 40  
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5s  = 5 1
1s r −  = 4

1s r  = 45 2×  = 5 16×  = 80  

6s  = 6 1
1s r −  = 5

1s r  = 55 2×  = 5 32×  = 160  

Thus, the first six terms of the geometric sequence are ( )5 10 20 40 80 160, , , , , . 
b.  Substituting s1 3= −  and r = 3 into the general geometric expression for n and= 2 3 4 5 6, , , ,  we  
    obtain 

2s  = 2 1
1s r −  = 1s r  = 3 3− ×  = 9−  

3s  = 3 1
1s r −  = 2

1s r  = 23 3− ×  = 3 9− ×  = 27−  

4s  = 4 1
1s r −  = 3

1s r  = 33 3− ×  = 3 27− ×  = 81−  

5s  = 5 1
1s r −  = 4

1s r  = 43 3− ×  = 3 81− ×  = 243−  

6s  = 6 1
1s r −  = 5

1s r  = 53 3− ×  = 3 243− ×  = 729−  

Thus, the first six terms of the geometric sequence are ( )− − − − − −3 9 27 81 243 729, , , , , . 

c.  Substituting s1 10=  and r = 0 5.  into the general geometric expression for n and= 2 3 4 5 6, , , ,  we  
     obtain 

2s  = 2 1
1s r −  = 1s r  = 10 0.5×  = 5  

3s  = 3 1
1s r −  = 2

1s r  = 210 0.5×  = 10 0.25×  = 2.5  

4s  = 4 1
1s r −  = 3

1s r  = 310 0.5×  = 10 0.125×  = 1.25  

5s  = 5 1
1s r −  = 4

1s r  = 410 0.5×  = 10 0.0625×  = 0.625  

6s  = 6 1
1s r −  = 5

1s r  = 510 0.5×  = 10 0.03125×  = 0.3125  

Thus, the first six terms of the geometric sequence are ( )10 5 2 5 1 25 0 625 0 3125, , . , . , . , . . 

Example 1.4-2   find the general term and the tenth term of the following geometric sequences. 

a.  s1 3=  , r = 12.              b.  s1 2= −  , r = 0 8.            c.  s1 10=  , r = −0 5.  
Solutions: 
a.  The nth  term for a geometric sequence is equal to sn  = s r n

1
1− .  Substituting s1 3=  and r = 12.   

into the general geometric expression we obtain 

ns  = 13 nr −×  = -13×1.2n  

substituting n = 10  into the general equation sn
n= × −3 12 1.  we have 

10s  = 10 13 1.2 −×  = 93 1.2×  = 3 5.1598×  = 15.479  

b.  Substituting s1 2= −  and r = 0 8.  into the general geometric expression sn  = s r n
1

1−  we obtain 
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ns  = 12 nr −− ×  = -12×0.8n−  

substituting n = 10  into the general equation sn
n= − × −2 0 8 1.  we have 

10s  = 10 12 0.8 −− ×  = 92 0.8− ×  = 2 0.1342− ×  = 0.2684−  

c.  Substituting s1 10=  and r = −0 5.  into the general geometric expression sn  = s r n
1

1−  we obtain 

ns  = 110 nr −×  = ( ) -110× 0.5 n−  

substituting n = 10  into the general equation ( )sn
n= × − −10 0 5 1.  we have 

10s  = ( )10 110 0.5 −× −  = ( )910 0.5× −  = ( )10 0.0019× −  = 0.019−  

Example 1.4-3   Find the next four terms and the nth  term in each of the following geometric 
sequences. 
a.  1 1

2
, ,               b.  − 1

3
1
9

, ,               c.  1
2

1
4

x x, ,−   

Solutions: 

a.  The first term s1  and the common ratio r  are equal to s1 1=  and 
2
1

12
11

1
1
1
2
1

2
1

=
×
×

===r .  Thus,  

using the general geometric equation sn  = s r n
1

1−  the next four terms are: 

3s  = 2
1s r  = 

211
2

 
 
 
⋅  = 2

1
2

 = 1
4     4s  = 3

1s r  = 
311

2
 
 
 
⋅  = 3

1
2

 = 1
8  

 

5s  = 4
1s r  = 

411
2

 
 
 
⋅  = 4

1
2

 = 1
16     6s  = 5

1s r  = 
511

2
 
 
 
⋅  = 5

1
2

 = 1
32  

Thus, the first six terms of the geometric sequence are  1 1
2

1
4

1
8

1
16

1
32

, , , , ,





 and the nth  term is 

equal to ns  = 
111

2

n−
 
 
 
⋅  = 

1

1
1
2

n

n

−

−  = -1
1

2n  

b.  The first term s1  and the common ratio r  are equal to s1
1
3

= −  and 
3
1

19
31

3
1

9
1

−=
×
×

−=
−

=r .  Thus,  

using the general geometric equation sn  = s r n
1

1−  the next four terms are: 

3s  = 2
1s r  = 

21 1
3 3

 
 
 

− ⋅ −  = 3
1
3

−  = 1
27

−    4s  = 3
1s r  = 

31 1
3 3

 
 
 

− ⋅ −  = 4
1
3

 = 1
81  

 

5s  = 4
1s r  = 

41 1
3 3

 
 
 

− ⋅ −  = 5
1
3

−  = 1
243

−    6s  = 5
1s r  = 

51 1
3 3

 
 
 

− ⋅ −  = 6
1
3

 = 1
729  

Thus, the first six terms of the geometric sequence are − − −





1
3

1
9

1
27

1
81

1
243

1
729

, , , , ,  and the  
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nth  term is equal to sn  = 
11 1

3 3

n−
 
 
 

− ⋅ −  = ( )
1

1

33
1

−

−

⋅

−
−

n

n
 = ( )

n

n

3
1 1−−

−  

c.  The first term s1  and the common ratio r  are equal to s x1
1
2

=  and r = −
1
2

.  Thus, using the  

general geometric equation sn  = s r n
1

1−  the next four terms are: 

3s  = 2
1s r  = 

21 1
2 2

x  
 
 
⋅ −  = 3

1
2

x  = 1
8

x   4s  = 3
1s r  = 

31 1
2 2

x  
 
 
⋅ −  = 4

1
2

x−  = 1
16

x−  

 

5s  = 4
1s r  = 

41 1
2 2

x  
 
 
⋅ −  = 5

1
2

x  = 1
32

x   6s  = 5
1s r  = 

51 1
2 2

x  
 
 
⋅ −  = 6

1
2

x−  = 1
64

x−  

Thus, the first six terms of the geometric sequence are 1
2

1
4

1
8

1
16

1
32

1
64

x x x x x x, , , , ,− − −





  

and the nth  term is equal to sn  = 
11 1

2 2

n
x

−
 
 
 
⋅ −  = ( )

1

1

22

1
−

−

⋅

−
n

nx  = ( )
11

1

2

1
+−

−−
n

nx  = ( )
n

nx

2

1 1−−  

Example 1.4-4   Given the following terms of a geometric sequence, find the common ratio r . 
a.  s1 32=  and s7

1
2

=    b.  s1 3=  and s5
1
27

=    c.  s1 5=  and 18 =s  

Solutions: 
a.  Substitute s1 32=  and s7

1
2

=  into sn  = s r n
1

1−  and solve for r . 

17
17

−= rss  ; 61 32
2

r=  ; 6
1
2

32
r=  ; 6

5

1
2
2

r =  ; 
1
2
2
1

6
5

=r  ; 5
6

22
11

×

×
=r  ; 6

6
1
2

r =  ; 1=
2

r  

b.  Substitute s1 3=  and s5
1
27

=  into sn  = s r n
1

1−  and solve for r . 

15
15

−= rss  ; 41 3
27

r=  ; 4
1
27
3

r=  ; 
3

33
1

4 =r  ; 
1
3

3
1

4 3
=r  ; 

33
11

3
4

×

×
=r  ; 4

4
1
3

r =  ; 1=
3

r  

c.  Substitute s1 5=  and 18 =s  into sn  = s r n
1

1−  and solve for r . 

18
18

−= rss  ; 751 r=  ; 7
5
1 r=  ; 

5
17 =r  ; 7 5

1
=r  

Example 1.4-5   Write the first six terms and the nth  term of the following geometric sequences. 

a.  sn

n
= 




−1
3

1
    b.  sn

n
= 





+1
2

2
      c.  sn

n
= −





1
3

2
          d.  sn

n
= −





+1
2

1
 

Solutions: 

a.  
1 1

1
1
3

s
−

 
 
 

=  = 
01

3
 
 
 

 = 1      
2 1

2
1
3

s
−

 
 
 

=  = 
11

3
 
 
 

 = 1
3  
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3 1

3
1
3

s
−

 
 
 

=  = 
21

3
 
 
 

 = 2
1
3

 = 1
9     

4 1

4
1
3

s
−

 
 
 

=  = 
31

3
 
 
 

 = 3
1
3

 = 1
27  

 
5 1

5
1
3

s
−

 
 
 

=  = 
41

3
 
 
 

 = 4
1
3

 = 1
81     

6 1

6
1
3

s
−

 
 
 

=  = 
51

3
 
 
 

 = 5
1
3

 = 1
243  

Thus, the first six terms of the geometric sequence are 1 1
3

1
9

1
27

1
81

1
243

, , , , ,





. 

b.  
1 2

1
1
2

s
+

 
 
 

=  = 
31

2
 
 
 

 = 3
1
2

 = 1
8     

2 2

2
1
2

s
+

 
 
 

=  = 
41

2
 
 
 

 = 4
1
2

 = 1
16  

 
3 2

3
1
2

s
+

 
 
 

=  = 
51

2
 
 
 

 = 5
1
2

 = 1
32     

4 2

4
1
2

s
+

 
 
 

=  = 
61

2
 
 
 

 = 6
1
2

 = 1
64  

 
5 2

5
1
2

s
+

 
 
 

=  = 
71

2
 
 
 

 = 7
1
2

 = 1
128     

6 2

6
1
2

s
+

 
 
 

=  = 
81

2
 
 
 

 = 8
1
2

 = 1
256  

Thus, the first six terms of the geometric sequence are 1
8

1
16

1
32

1
64

1
128

1
256

, , , , ,





. 

c.  
2

1
1
3

s  
 
 

= −  = 2
1
3

 = 0
1

9.0×10
    

4

2
1
3

s  
 
 

= −  = 4
1
3

 = 1
1

8.1×10
 

 
6

3
1
3

s  
 
 

= −  = 6
1
3

 = 2
1

7.29×10
    

8

4
1
3

s  
 
 

= −  = 8
1
3

 = 3
1

6.56×10
 

 
10

5
1
3

s  
 
 

= −  = 10
1

3
 = 4

1
5.9×10

    
12

6
1
3

s  
 
 

= −  = 12
1

3
 = 5

1
5.31×10

 

Thus, the six terms are 1
9 0 10

1
8 1 10

1
7 29 10

1
6 56 10

1
5 9 10

1
5 31 100 1 2 3 4 5.

,
.

,
.

,
.

,
.

,
.× × × × × ×







 . 

d.  
2

1
1
2

s  
 
 

= −  = 2
1
2

 = 1
4      

3

2
1
2

s  
 
 

= −  = 3
1
2

−  = 1
8

−  

 
4

3
1
2

s  
 
 

= −  = 4
1
2

 = 1
16      

5

4
1
2

s  
 
 

= −  = 5
1
2

−  = 1
32

−  

 
6

5
1
2

s  
 
 

= −  = 6
1
2

 = 1
64      

7

6
1
2

s  
 
 

= −  = 7
1
2

−  = 1
128

−  

Thus, the first six terms of the geometric sequence are 1
4

1
8

1
16

1
32

1
64

1
128

, , , , ,− − −





. 

Having learned about geometric sequences and the steps for finding the terms of a geometric 
sequence, we will next learn about geometric series and the steps for finding the sum of 
geometric series over a given range. 
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Similar to arithmetic series, addition of the terms in a geometric sequence result in having a 
geometric series.  To obtain the geometric series formula let s s rk

k= −
1

1  be a geometric sequence  
and denote the sum of the first n  terms by  

Sn  = s r k

k

n

1
1

1

−

=
∑  

then,  
Sn  = s s r s r s r s rn n

1 1 1
2

1
2

1
1+ + + + +− −

         ( )a  

Let’s multiply both sides of the equation ( )a  by r  and subtract ( )b  from ( )a . 

S rn ⋅  = s r s r r s r r s r r s r rn n
1 1 1

2
1

2
1

1⋅ + ⋅ + ⋅ + + ⋅ + ⋅− −
  

rSn  = s r s r s r s r s rn n
1 1

2
1

3
1

1
1+ + + + +−

        ( )b  

S rSn n−  = ( ) ( )s s r s r s r s r s r s r s r s r s rn n n
1 1 1

2
1

3
1

1
1 1

2
1

3
1

1
1+ + + + + − + + + + +− −

   

( )S rn 1−  = ( ) ( )s s r s r s r s r s r s r s r s r s rn n n
1 1 1

2
1

3
1

1
1 1

2
1

3
1

1
1+ + + + + + − − − − − −− −

   

( )S rn 1−  = ( ) ( ) ( ) ( )s s r s r s r s r s r s r s r s r s rn n n
1 1 1 1

2
1

2
1

3
1

3
1

1
1

1
1+ − + − + − + + − −− −

  

( )S rn 1−  = s s r n
1 1−  ; Sn  = s s r

r

n
1 1
1
−
−

 ; Sn  = 
( )s r

r

n
1 1

1

−

−
  r ≠ 1  

Therefore, the geometric series can be written in the following two forms: 

Sn  = s r k

k

n

1
1

1

−

=
∑                  ( )1  

Sn  = 
( )s r

r

n
1 1

1

−

−
   r ≠ 1        ( )2  

Note that equation ( )2 , similar to the nth  term of a geometric sequence ( )s s rn
n= −

1
1 , is given in 

terms of s1 , n , and r . 

A third alternative way of expressing the geometric series is by substituting s r n
1  with its 

equivalent value nrs1  = s r rn
1

1− ⋅  = ( )r s r n
1

1−  = rsn  which result in having 

Sn  = s s r
r

n
1 1
1
−
−

 = ( )
r
rsrs n

−
− −

1

1
11  = ( )

r
rsrs n

−
− −

1

1
11  = s rs

r
n1

1
−
−

        ( )3  

where the geometric series is given in terms of s1 , sn (the geometric sequence), and r . 

In the following examples we will use the above equations ( )1 , ( )2 , and ( )3  in order to find the 
sum of geometric series. 
Example 1.4-6   Evaluate the sum of the following geometric series. 

a.  3 2

1

10
k

k

−

=
∑  =          b.  ( )− −

=
∑ 3 2

1

10
k

k
 =        c.  ∑

=

+







−

6

2

1

2
18

k

k
 =  
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Solutions: 
a.  First - Write the first few terms of the geometric series in expanded form, i.e., 

3 2

1

10
k

k

−

=
∑  = 3 3 3 31 2 2 2 3 2 4 2− − − −+ + + +  = 3 3 3 31 0 1 2− + + + +  = 3 1 3 61− + + + +  

Second - Identify the first term, s1 , the common ratio between the two terms, r , and n , i.e., 

s1
13= − , 3

11
311

3
1

3
1
1
1

3
11

=
×
×

====
−

r , and n = 10 . 

Third - Use the geometric series formula to obtain the sum of the ten terms. 

Sn  = 
( )s r

r

n
1 1

1

−

−
 

S10  = 
( )1

3
1 3

1 3

10−

−
 = 

( )1
3

1 59049

2

−

−
 = 

−

−

59048
3
2

 = 
1
2
3

59048

−

−
 = 

23
159048

×
×  = 

6
59048  = 9841 333.  

Note that prior to learning the geometric series formula the only method that we could use was 
by summing each term as shown below: 

3 2

1

10
k

k

−

=
∑  = 3 3 3 3 3 3 3 3 3 31 0 1 2 3 4 5 6 7 8− + + + + + + + + +  = 3 1 3 9 27 81 243 729 21871− + + + + + + + +  

+6561  = 3 98411− +  = 0 333 9841. +  = 9841 333.  

As you note, it is much easier to use the geometric series formula as opposed to the summation 
of each term which is somewhat long and time consuming. 

b.  First - Write the first few terms of the geometric series in expanded form, i.e., 

( )− −

=
∑ 3 2

1

10
k

k
 = ( ) ( ) ( ) ( )− + − + − + − +− − − −3 3 3 31 2 2 2 3 2 4 2

  = ( ) ( ) ( ) ( )− + − + − + − +−3 3 3 31 0 1 2
   

= − + − + +−3 1 3 91
  

Second - Identify the first term, s1 , the common ratio between the two terms, r , and n , i.e., 

s1
13= − − , 3

11
311

3
1

3
1
1
1

3
11

−=
×
×

−=−=
−

=
−

=
−

r , and n = 10 . 

Third - Use the arithmetic series formula to obtain the sum of the ten terms. 

Sn  = 
( )s r

r

n
1 1

1

−

−
 

S10  = 
( )[ ]
( )

− − −

− −

1
3

1 3

1 3

10

 = 
( )− −

1
3

1 59049

4
 = 

4
3

59048

 = 

59048

3
4

1

 = 
43

159048
×

×  = 
12

59048  = 4920 666.  

or, we can obtain the answer by summing up the first ten terms of the series, i.e.,  
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( )− −

=
∑ 3 2

1

10
k

k
 = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )− + − + − + − + − + − + − + − + − + −−3 3 3 3 3 3 3 3 3 31 0 1 2 3 4 5 6 7 8   

 
= − + − + − + − + − +−3 1 3 9 27 81 243 729 2187 65611  = − +−3 49211  = − +0 333 4921.  = 4920 666.  

c.  First - Write the first few terms of the geometric series in expanded form, i.e., 

∑
=

+







−

6

2

1

2
18

k

k
 = +






−+






−+






−+






−

++++ 15141312

2
18

2
18

2
18

2
18  = 

543

2
18

2
18

2
18 






−+






−+






−   

 

+





−+

6

2
18  = +×+×−×+−×

64
18

32
18

16
18

8
18  = ++−+−

64
8

32
8

16
8

8
8  = ++−+−

8
1

4
1

2
11  

Second - Identify the first term, s1 , the common ratio between the two terms, r , and n , i.e., 

11 −=s , 
2
1

12
11

1
1
1
2
1

2
1

−=
×
×

−=−=
−

=r , and n = 5. 

Third - Use the geometric series formula to obtain the sum of the five terms. 

Sn  = 
( )s r

r

n
1 1

1

−

−
 

S5  = 
( )
( )2

1

5
2
1

1

11

−−





 −−⋅−

 = 
2
1
2
1

1

1 5

+






 +−

 = 
( )

2
3

32
11+−

 = ( )
5.1
03125.01+−  = 

5.1
03125.1

−  = 68750.−  

or, we can obtain the answer by summing up the first five terms of the series, i.e.,  

∑
=

+







−

6

2

1

2
18

k

k
 = 


















−+






−+






−+






−+






−⋅

76543

2
1

2
1

2
1

2
1

2
18  = 



 −+−+−⋅

128
1

64
1

32
1

16
1

8
18   

 
= ( )00781.001563.003125.00625.0125.08 −+−+−⋅  = 8 0.08593× −  = 68750.−  

Example 1.4-7  Given the first term s1  and r , find S10  for each of the following geometric 
sequences. 
a.  s1 5=  , r = 2              b.  s1 10= −  , r = 3             c.  s1 50=  , r = −2  
Solutions: 

a.  The nth  term for a geometric series is equal to Sn  = 
( )s r

r

n
1 1

1

−

−
.  Substituting s1 5=  and r = 2  

into the general geometric expression we obtain 

S10  = 
( )5 1 2

1 2

10−

−
 = ( )5 1 1024

1
−
−

 = 5115  

b.  Substituting s1 10= −  and r = 3  into Sn  = 
( )s r

r

n
1 1

1

−

−
 we obtain 
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S10  = 
( )− −

−

10 1 3

1 3

10

 = ( )− −
−

10 1 59049
2

 = 5 59048× −  = 295240−  

c.  Substituting s1 50=  and r = −2  into Sn  = 
( )s r

r

n
1 1

1

−

−
 we obtain 

S10  = 
( )[ ]
( )

50 1 2

1 2

10− −

− −
 = [ ]50 1 1024

1 2
−
+

 = 50 1023
3

× −  = 17050−  

Example 1.4-8   Find the x  and y  values to the following problems. 

a.  x  if ix
i=
∑

1

6
 = 20     b.  x  and y  if ( )ix y

i
+

=
∑ 2

1

5
 = 30  and ( )ix y

i
+

=
∑ 2

2

5
 = 10  

c.  x  if ( )ix
i

+
=
∑ 5

1

5
 = 15    d.  x  and y  if ( )x iy

i
+

=
∑

3

6
 = 50  and ( )x iy

i
+

=
∑

4

8
 = 24  

Solutions: 

a.  Expanding ix
i=
∑

1

6
 = 20  we obtain x x x x x x+ + + + + =2 3 4 5 6 20  ; 21 20x =  ; x =

20
21

 ; 952.0=x  

b.  Expanding ( )ix y
i

+
=
∑ 2

1

5
 = 30  we obtain ( ) ( ) ( ) ( ) ( )x y x y x y x y x y+ + + + + + + + + =2 2 2 3 2 4 2 5 2 30   

     ; ( ) ( ) 30222225432 =+++++++++ yyyyyxxxxx  ; 15 10 30x y+ =  

Expanding ( )ix y
i

+
=
∑ 2

2

5
 = 10  we obtain ( ) ( ) ( ) ( )2 2 3 2 4 2 5 2 10x y x y x y x y+ + + + + + + =  ; 14 8 10x y+ =  

The two linear equations with two unknowns x  and y  are solved using the substitution method 

to obtain 7−=x  and y = 13 5.  

c.  Expanding ( )ix
i

+
=
∑ 5

1

5
 = 15  we obtain ( ) ( ) ( ) ( ) ( )x x x x x+ + + + + + + + +5 2 5 3 5 4 5 5 5  ; 15 25 15x + =   

     ; x = −
10
15

 ; 667.0−=x  

d.  Expanding ( )x iy
i

+
=
∑

3

6
 = 50  we obtain ( ) ( ) ( ) ( )x y x y x y x y+ + + + + + + =3 4 5 6 50  ; 4 18 50x y+ =  

Expanding ( )x iy
i

+
=
∑

4

8
 = 24  we obtain ( ) ( ) ( ) ( ) ( )x y x y x y x y x y+ + + + + + + + + =4 5 6 7 8 24  ; 5 30 24x y+ =  

The two linear equations with two unknowns x  and y  are solved using the substitution method 

to obtain x = 35 6.  and y = −5 133.  
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Example 1.4-9   Find the value of x  for the following geometric sequences. 

a.  2 4 16, ,x .            b.  2 2 21 1 3− − −, ,x               c.  5 5 125, ,x  
Solutions: 
a.  Since the common ratio r  of a geometric sequence is defined as the ratio of the ( )n st+1   
     term to the nth  term, we can use this principal to solve for x , i.e., 
 

     r  = 
x

x
4
16

2
4

=  therefore 4 4 16 2x x× = ×  ; 16 322x =  ; x2 32
16

=  ; x2 2=  ; x = ± 2  

b.  Using the common ratio principal we can solve for x  in the following way: 
 

     r   = 
x

x
1

3

1

1

2
2

2
2

−

−

−

−
=  therefore 2 2 2 21 1 3 1− − − −× = ×x x  ; 2 22 2 4− −=x  ; x2

4

2
2
2

=
−

−  ; 242 22 ⋅= −x   

 

      ; 242 2 +−=x  ; x2 22= −  ; x2
2

1
2

=  ; x = ±
1
2

 

c.  Using the common ratio principal we can solve for x  in the following way: 
 

     r  = 
x

x
5

125
5

5
=  therefore 5 5 125 5x x× = ×  ; 25 6252x =  ; x2 625

25
=  ; x2 25=  ; x = ±5  

Section 1.4 Practice Problems - Geometric Sequences and Geometric Series 

1.  Find the next four terms of the following geometric sequences. 

a.  s1 3=  , r = 05.     b.  s1 5= −  , r = 2             c.  s1 5=  , r = 0 75.  
2.  Find the eighth and the general term of the following geometric sequences. 

a.  s1 2=  , r = 3     b.  s1 4= −  , r = 12.             c.  s1 4=  , r = −25.  

3.  Find the next six terms and the nth  term in each of the following geometric sequences. 

a.  1 1
4

, ,     b.  − 1
2

1
4

, ,              c.  1
3

3p p, ,−   

4.  Given the following terms of a geometric sequence, find the common ratio r . 

a.  s1 25=  and s4
1
5

=   b.  s1 4=  and s5
1
64

=             c.  s1 3=  and 18 =s  

5.  Write the first five terms of the following geometric sequences. 

a.  sn

n
= −





−1
3

2 1
       b.  sn

n
= 




+1
3

2 2
          c.  sn

n
= −





−1
5

2 3
                  d.  sn

n
= −





1
2

 

6.  Evaluate the sum of the following geometric series. 

a.  3 1

1

6
k

k

−

=
∑  =          b.  ( )∑

=

−−
10

3

32
k

k  =    c.  4 1
2

1

4

8
−





+

=
∑

j

j

 =  
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d.  ( )∑
=

−−
4

1

32
m

m  =          e.  ( )∑
=

−−
10

5

43
n

n  =    f.  ( )∑
=

−−
5

1

13
k

k  =  

g.  ∑
=

5

1
4

m

m  =          h.  ∑
=

4

1 27
3

j

j
 =    i.  ∑

=

+







6

3

1

2
16

k

k
 =  

7.  Given the first term s1  and r , find S8  for each of the following geometric sequences. 

a.  s1 3=  , r = 3          b.  s1 8= −  , r = 05.    c.  21 =s  , r = −25.  

8.  Solve for x  and y . 

a.  ( )ix
i

+
=
∑ 2

3

7
 = 30          b.  ( )ix y

i
+

=
∑

1

4
 = 20  and ( )ix y

i
+

=
∑

2

6
 = 10  
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1.5 Limits of Sequences and Series 
A sequence s s s s sn1 2 3 4, , , , , ,   is said to converge to the constant K , 

lim n ns K→∞ =  

if and only if, for a large value of n , the absolute value of the difference between the nth  term 

and the constant K  is very small.  For example, the sequence 2 5
4

10
9

17
16

1 1
2, , , , , , +









n
 

converges to 1 .  This is because, the absolute value of the difference between 1 1
2+









n
, for large 

n , and 1  is very small.  On the other hand, the sequence s s s s sn1 2 3 4, , , , , ,  is said to diverge, 
if and only if, for a large value of n , the sequence approaches to infinity ( )∞ .  For example, the 
sequence 4 8 16 32 2 1, , , , , , 

n+  does not converge.  This is because, as n  increases, the nth  term 
increases without bound, i.e., it approaches to infinity.  In the following examples we will learn 
how to identify a convergent or a divergent sequence: 

Example 1.5-1   State which of the following sequences are convergent. 

a.  1 2 3 4 5, , , , , , , n  =      b.  2 5
8

10
27

17
64

12

3, , , , , , 

n
n
+  =  

c.  2 8
3

26
9

80
27

3 1
3 1, , , , , , 

n

n
−
−

 =      d.  1
16

1
64

1
256

1
1024

1
4 1, , , , , , n+  =  

e.  3 9
4

19
9

33
16

2 1
2, , , , , , +

n
 =     f.  6 7

4
8
9

9
16

5
2, , , , , , 

n
n
+  =  

g.   ,
1

1,,
5
1,

4
1,

3
1,

2
1

+n
 =      h.  3 6 9 12 15 3, , , , , , , n  =  

Solutions: 
In solving this class of problems write the nth  term and observe if it converges or diverges as n  
approaches to infinity. 

a.  The sequence 1 2 3 4 5, , , , , , , n  continues to increase.  limn n→∞  = ∞  which is undefined.   

     Hence, the sequence diverges or is divergent. 

b.  limn
n

n
→∞

+2

3
1  = limn

n
n n

→∞ +










2

3 3
1  = limn n n

→∞ +






1 1
3  = 1 1

3∞
+
∞

 = 0 0+  = 0  

         The sequence converges to 0  
 

c.  limn

n

n→∞ −
−3 1

3 1  = limn

n

n n→∞ − −
−











3
3

1
31 1  = 

( )
limn

n n

n→∞

− −

−
−













3 3
1

1
3

1

1  = limn

n n

n→∞

/− / +

−
−











3
1

1
3

1

1   

 

     = limn n→∞ −
−







3 1

3 1  = 3 1
3 1−
∞−  = 3 1

3
−

∞  = 3 1
−
∞

 = 3 0−  = 3  The sequence converges to 3  
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d.  limn n→∞ +
1

4 1  = 1
4 1∞+  = 1

4∞
 = 1

∞
 = 0     The sequence converges to 0  

 

e.  lim n
n

→∞ +






2 1

2  = 2 1
2+

∞
 = 2 1

+
∞

 = 2 0+  = 2    The sequence converges to 2  

 

f.  lim n
n
n

→∞
+ 5
2  = lim n

n
n n

→∞ +




2 2

5  = lim n n n
→∞ +









1 5
2  = 1 5

2∞
+
∞

 = 1 5
∞
+
∞

 = 0 0+  = 0  

         The sequence converges to 0  
 

g.  
1

1lim
+∞→ nn  = 

1
1
+∞

 = 
∞
1  = 0  

         The sequence converges to 0  
 
h.  The sequence 3 6 9 12 15 3, , , , , , , n  continues to increase.  limn n→∞ 3  = 3 ⋅∞  = ∞  which is  

undefined.  Hence, the sequence diverges or is divergent. 

Example 1.5-2   State which of the following geometric sequences are convergent. 

a.  1
3

1
9

1
27

1
81

1
3

, , , , , , n  =     b.  2 4 8 16 32 2, , , , , , , 

n  =  

c.  ( )1 1 1 1 1 1, , , , , ,− − − +
 

n  =     d.  10 1 1
10

1
100

1
1000

10 1
10

1
, , , , , , , ⋅ 





−n
 =  

e.  ( )0 2 0 02 0 0002 2 01. , . , . , , . , 

n  =    f.  1 4
3

16
9

64
27

256
81

4
3

1
, , , , , , , 







−n
 =  

g.  ( )− − − −2 4 8 16 32 1 2, , , , , , , 

n n  =    h.  27 3 1
3

1
27

27 1
9

1
, , , , , , ⋅ 





−n
 =  

Solutions: 
a.  The sequence 1

3
1
9

1
27

1
81

1
3

, , , , , , n  converges to 0  since, for large value of n , the absolute  

     value of the difference between 1
3n  and 0  is very small. 

b.  The sequence 2 4 8 16 32 2, , , , , , , 

n  diverges since, as n  increases, the nth  term increases  

     without bound. 

c.  The sequence ( )1 1 1 1 1 1, , , , , ,− − − +
 

n  diverges since, as n  increases, the nth  term oscillates  

     back and forth from +1  to −1 . 

d.  The sequence 10 1 1
10

1
100

1
1000

10 1
10

1
, , , , , , , ⋅ 





−n
 converges to 0  since, for large value of n ,  

     the absolute value of the difference between 10 1
10

1
⋅ 





−n
 and 0  is very small. 

e.  The sequence ( )0 2 0 02 0 0002 2 01. , . , . , , . , 

n  converges to 0  since, for large value of n , the  
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     absolute value of the difference between ( )2 01. n  and 0  is very small. 

f.  The sequence 1 4
3

16
9

64
27

256
81

4
3

1
, , , , , , , 







−n
 diverges since, as n  increases, the nth  term  

    increases without bound. 

g.  The sequence ( )− − − −2 4 8 16 32 1 2, , , , , , , 

n n  diverges since, as n  increases, the nth  term  

     oscillates back and forth from a large positive number to a large negative number. 

h.  The sequence 27 3 1
3

1
27

27 1
9

1
, , , , , , ⋅ 





−n
 converges to 0  since, for large value of n , the  

     absolute value of the difference between 27 1
9

1
⋅ 





−n
 and 0  is very small. 

Example 1.5-3   Discuss the limiting behavior of the following sequences as n  approaches ∞ . 

a.  1
2n

 =    b.  1 1
2−

n
 =       c.  n

n
+ 5
2  =       d.  n

n

2

2
5+  =  

e.  ( )1 1−n
n

 =    f.  1 1
2

+




−n

 =       g.  2 1
2+

n
 =       h.  100n  =  

i.  5 10n
n
+  =    j.  2 1

2

n

n
−  =  

Solutions: 

a.  lim n
n

→∞
1
2  = 1

2∞
 = 1

∞
 = 0       converges to 0  

 

b.  lim n
n

→∞ −1 1
2  = 1 1

2−
∞

 = 1 1
−
∞

 = 1 0−  = 1     converges to 1  

 

c.  lim n
n
n

→∞
+ 5
2  = lim n

n
n n

→∞ /=
/ +







2 1 2

5  = lim n n n
→∞ +









1 5
2  = 1 5

2∞
+
∞

 = 1 5
∞
+
∞

 = 0 0+  = 0  

          converges to 0  
 

d.  lim n
n

n
→∞

+2

2
5  = lim n

n
n n

→∞ +










2

2 2
5  = lim n

n
→∞ +







1 5

2  = 1 5
2+

∞
 = 1 0+  = 1  

          converges to 1  
 

e.  ( )lim n
n

n→∞
−1 1  = lim n n n→∞ ⋅







1
1

1  = 1
1

1
∞
⋅
∞

 = 1
1

1
⋅
∞

 = 1 0⋅  = 0   converges to 0  

 

f.  lim n

n

→∞

−
+





1 1
2

 = lim n

n

→∞

−






3
2

 = ( )lim .n
n

→∞
−15  = lim

.
n n→∞







1
15

 = 1
15. ∞  = 1

∞
 = 0  

          converges to 0  
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g.  lim n
n

→∞ +2 1
2  = 2 1

2+
∞

 = 2 1
+
∞

 = 2 0+  = 2     converges to 2  

 
h.  lim n n→∞ 100  = 100 ⋅∞  = ∞       diverges 
 

i.  lim n
n

n→∞
+5 10  = lim n

n
n n→∞
/
/
+





5 10  = lim n n→∞ +





5 10  = 5 10
+
∞

 = 5 0+  = 5  

          converges to 5  
 

j.  lim n

n

n→∞
−2 1

2
 = lim n

n

n n→∞

/

/

/

/
−











2
2

1
2

 = lim n n→∞ −






1 1

2
 = 1 1

2
−

∞  = 1 1
−
∞

 = 1 0−  = 1  

          converges to 1  

Note that an easier way of finding the answer to sequences as n → ∞  is by rewriting the sequence 
in its “almost equivalent” form.  This approach is only applicable to cases where n  is 
approaching to infinity.  For example, limn n→∞ + 8  is almost the same as lim n n→∞ .  (This is 
because ∞ + 8  is the same as ∞ .  Addition of the number eight to a very large number such as 
infinity does not significantly change the final answer.)  Let’s use this approach to solve few of 
the above problems. 

lim n
n
n

→∞
+ 5
2  ≈  lim n

n
n

→∞ 2  = lim n n→∞
1  = 1

∞
 = 0               which is the same answer as in 1.5-3c. 

 

limn
n

n
→∞

+2

2
5  ≈  lim n

n
n

→∞

2

2  = lim n→∞
1
1

 = 1                       which is the same answer as in 1.5-3d. 

 

lim n
n

n→∞
+5 10  ≈  lim n

n
n→∞

5  = limn→∞
5
1

 = 5            which is the same answer as in 1.5-3i. 

 

lim n

n

n→∞
−2 1

2
 ≈  lim n

n

n→∞
2
2

 = lim n→∞
1
1

 = 1             which is the same answer as in 1.5-3j. 

Example 1.5-4   State whether or not the following sequences are convergent or divergent as n  
approaches infinity.  If the sequence does converge, find its limit. 

a.  n
n

2

1−
 =    b.  5

12

n

n +
 =      c.  8

2 105

n

n +
 =      d.  2

8 105

n

n +
 =  

e.  8
2 1

n

n +
 =    f.  10

1

5 n
n+

 =      g.  10n  =       h.  0 5
12

. n

n +
 =  

i.  1
4







n
 =    j.  n

n n

3

3
1

1
+

+ +
 =      k.  25 1

−
n

 =      l.  3 1
3

n

n
+  =  

m.  n
n

6

412 5+
 =    n.  n n

n

4

5
3
3

+

+
 =      o.  n

n

2

48 1+
 =      p.  1 1

3n n
−

+
 =  
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q.  ( )05. n  =    r.  ( )05. −n  =      s.  n
n
−1

2
 =       t.  2

1
n

n +
 =  

Solutions: 

a.  lim n
n

n→∞ −

2

1
 ≈  lim n

n
n→∞

2
 = lim n

n
→∞ 1

 = lim n n→∞  = ∞   diverges 

 

b.  lim n
n

n
→∞

+

5

12
 ≈  lim n

n

n
→∞

5
2

 = lim n
n
n→∞

5  = lim n→∞ 5  = 5   converges to 5  

 

c.  lim n

n

n→∞
+

8
2 105  ≈  lim n

n

n→∞
8
2

 = lim n

n

n→∞
2
2

3
 = lim n

n n
→∞

−⋅2 23  = lim n
n n

→∞
−23  = lim n

n
→∞ 22   

     = 2∞  = ∞          diverges 
 

d.  lim n

n

n→∞
+

2
8 105  ≈  lim n

n

n→∞
2
8

 = lim n

n

n→∞
2
23  = lim n n n→∞ −⋅

1
2 23  = lim n n n→∞ −

1
23  = lim n n→∞

1
22   

     = 1
2∞

 = 1
∞

 = 0         converges to 0  

 

e.  lim n

n

n→∞
+

8
2 1

 ≈  lim n

n

n→∞
8
2

 = lim n

n

n→∞
2
2

3
 = lim n

n n
→∞

−⋅2 23  = lim n
n n

→∞
−23  = lim n

n
→∞ 22   

     = 2∞  = ∞          diverges 
 

f.  lim n
n

n→∞ +
10
1

5
 ≈  lim n

n
n→∞

105
 = 

n
n

n
2
1

510lim ∞→  = 
2
1

510lim
−

∞→

⋅nn
n  = 

2
11

510lim
−

∞→

n
n  = 

2
1

510lim
n

n ∞→  

     = 
2
1

510

∞
 = 105

∞
 = 0         converges to 0  

g.  lim n
n

→∞ 10  = 10∞  = ∞        diverges 
 

h.  lim .
n

n

n
→∞

+

0 5
12  ≈  lim .

n

n

n
→∞

0 5
2  = 0 5

2
. ∞

∞
 = 0

∞
 = 0     converges to 0  

 

i.  lim n

n

→∞






1
4

 = 1
4






∞

 = 0 25. ∞  = 0       converges to 0  

 

j.  lim n
n

n n
→∞

+

+ +

3

3
1

1
 ≈  lim n

n
n

→∞

3

3  = lim n→∞
1
1

 = 1     converges to 1  

 

k.  lim n n→∞ −25 1  ≈  25 1
−
∞

 = 25 0−  = 52  = 5    converges to 5  
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l.  lim n

n

n→∞
+3 1

3
 ≈  lim n

n

n→∞
3
3

 = lim n→∞
1
1

 = 1     converges to 1  

 

m.  lim n
n
n

→∞
+

6

412 5
 ≈  lim n

n
n

→∞

6

4  = lim n
n n

→∞

−6 4

1
 = lim n n→∞

2  = ∞2  = ∞  

 diverges 

n.  lim n
n n
n

→∞
+

+

4

5
3
3

 ≈  lim n
n
n

→∞

4

5  = lim n
n n

→∞ −
1

5 4  = lim n n→∞
1  = 1

∞
 = 0  

converges to 0  

o.  lim n
n

n
→∞

+

2

48 1
 ≈  lim n

n

n
→∞

2

48
 = lim n

n
n

→∞

2

22 2
 = lim n→∞

1
2 2

 = 
22

1  

converges to 1
2 2

 

p.  lim n n n→∞ −
+







1 1
3

 ≈  limn n n→∞ −





1 1  = limn n→∞
−





1 1  = 0
∞

 = 0   converges to 0  

 

q.  ( )lim .n
n

→∞ 05  = ( )0 5. ∞  = 0       converges to 0  
 

r.  ( )lim .n
n

→∞
−05  = 

( )
1

0 5. n  = 
( )

1

0 5. ∞  = 1
0

 = ∞     diverges 

 

s.  lim n
n

n→∞
−1

2
 ≈  limn

n
n→∞
/

/2
 = lim n→∞

1
2

 = 
2
1    converges to 1

2
 

 

t.  lim n
n

n→∞
+

2
1

 ≈  limn
n

n→∞
/

/

2  = lim n→∞
2
1

 = 2     converges to 2  

Infinite Geometric Series: 

In section 1.4 we stated that the geometric series can be written in the following two forms: 

Sn  = s r k

k

n

1
1

1

−

=
∑                            ( )1  

Sn  = 
( )s r

r

n
1 1

1

−

−
    where r ≠ 1        ( )2  

In equation ( )2 , let’s consider the criteria where r  is less than one and n  is considerably large.   

Then, under these conditions r n  approaches to zero and Sn  = 
( )s r

r

n
1 1

1

−

−
 reduces to S s

rn =
−
1

1
, i.e.,  

S∞  = s r n

n
1

1

1

−

=

∞

∑  = 
( )

lim n

ns r

r→∞

−

−

1 1

1
 = ( )s

r
1 1 0
1
−
−

 = s
r

1
1−

. 

Thus, the sum of an infinite geometric series as n →∞  and if r 1  is equal to 
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S∞  = s r n

n
1

0=

∞

∑  = s r n

n
1

1

1

−

=

∞

∑  = s
r

1
1−

.                                    ( )3  

Example 1.5-5   Find the sum of the following geometric series. 

a.  2 1
4

0







=

∞

∑
j

j
 =    b.  5 1

2
0

−





=

∞

∑
j

j
 =    c.  5 5

3

1

1






−

=

∞

∑
k

k
 =  

d.  18
10 1

1
k

k
+

=

∞

∑  =     e.  ∑
∞

=









0 3
2

j

j
 =     f.  ∑

∞

=







−

0 8
1

j

j
 =  

Solutions: 

a.  s1 2=  and r = 1
4

.  Since r 1  therefore, we can use equation ( )3  to obtain the sum  

2 1
4

0







=

∞

∑
j

j
 = 2

1 1
4

−
 = 2

4 1
4
−  = 2

3
4

 = 

4
3
1
2

 = 2 4
1 3
×
×

 = 8
3

 

b.  s1 5=  and r = −
1
2

.  Since r 1  therefore, we can use equation ( )3  to obtain the sum  

5 1
2

0
−





=

∞

∑
j

j
 = 5

1 1
2

− −





 = 5

1 1
2

+
 = 5

2 1
2
+  = 5

3
2

 = 

2
3
1
5

 = 5 2
1 3
×
×

 = 10
3

 

c.  s1 5=  and r = 5
3

.  Since r 〉 1 therefore, the geometric series 5 5
3

1

1






−

=

∞

∑
k

k
 has no finite sum. 

d.  18
10 1

1
k

k
+

=

∞

∑  = 18
10 102 1

1 ⋅ −
=

∞

∑ k
k

 = 18
100

1
10 1

1
k

k
−

=

∞ 





∑  = 18

100
1

10
1

1






=

∞ −

∑
k

k

 

s1
18
100

=  and r = 1
10

.  Since r 1  therefore, we can use equation ( )3  to obtain the sum  

18
100

1
10

1

1






=

∞ −

∑
k

k

 = 
18
100

1 1
10

−
 = 

18
100

10 1
10
−  = 

18
100

9
10

 = 18 10
100 9

×
×

 = 180
900

 = 1
5

 

e.  s1 1=  and r = 2
3

.  Since r 1  therefore, we can use equation ( )3  to obtain the sum  

∑
∞

=









0 3
2

j

j
 = 1

1 2
3

−
 = 1

3 2
3
−  = 1

1
3

 = 

3
1
1
1

 = 1 3
1 1
×
×

 = 3
1

 = 3  

f.  s1 1=  and r = −
1
8

.  Since r 1  therefore, we can use equation ( )3  to obtain the sum  

∑
∞

=







−

0 8
1

j

j
 = 1

1 1
8

− −





 = 1

1 1
8

+
 = 1

8 1
8
+  = 1

9
8

 = 

8
9
1
1

 = 1 8
1 9
×
×

 = 8
9
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Example 1.5-6   Find the sum of the following infinite geometric series. 

a.  2 1 1
2

1
4

− + − +  =       b.  − + − + +
1
3

1 3 9   =  

c.  1 1
9

1
81

1
729

+ + + +  =      d.  1 1
2

1
4

1
16

+ + + +  =  

Solutions: 

a.  Given 2 1 1
2

1
4

− + − + , s1 2=  and r = −
1
2

.  Since r 1  therefore, we can use equation ( )3   

to obtain the sum, i.e.,  

2 1 1
2

1
4

− + − +  = 2

1 1
2

− −





 = 2

1 1
2

+
 = 2

2 1
2
+  = 2

3
2

 = 

2
3
1
2

 = 2 2
1 3
×
×

 = 4
3

 = 1 333.  

Note that in example 1.4-6c the answer to the same problem when n = 5  was 1375. .  However, 
as n →∞  the answer approaches to 1333. . 

b.  Given − + − + +
1
3

1 3 9  , s1
1
3

= −  and 31

3
1 −=

−
=r .  Since 33 =−=r  is greater than one therefore, 

the geometric sequence − + − + +
1
3

1 3 9   has no finite sum. 

c.  Given 1 1
9

1
81

1
729

+ + + + , s1 1=  and 
9
1

1
9
1
==r .  Since r 1  therefore, we can use equation  

( )3  to obtain the sum, i.e.,  

1 1
9

1
81

1
729

+ + + +  = 1

1 1
9

−
 = 1

9 1
9
−  = 1

8
9

 = 

9
8
1
1

 = 1 9
1 8
×
×

 = 9
8

 

d.  Given ++++
16
1

4
1

2
11 , s1 1=  and 

2
1

1
2
1
==r .  Since r 1  therefore, we can use equation  

( )3  to obtain the sum, i.e.,  

1 1
2

1
4

1
16

+ + + +  = 1

1 1
2

−
 = 1

2 1
2
−  = 1

1
2

 = 

2
1
1
1

 = 1 2
1 1
×
×

 = 2
1

 = 2  

Repeating Decimals: 

An application of infinite geometric series is in representation of repeating decimals as the 
quotient of two integers.  For example, 0131313.   and 0 66666.   are repeating decimals.  The bar 
above the repeating numbers denotes that the numbers appearing under it are repeated endlessly.  
The following examples show the steps as to how repeating decimals are converted to fractional 
forms: 
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Example 1.5-7   Write the following repeating decimals as the quotient of two positive integers. 

a.  0131313.   =    b.  5510510510.   =         c.  012451245.   =  

Solutions: 
a.  First - write the decimal number 0131313.   in its equivalent form of 

0131313.   = 013 0 0013 0 000013. . .+ + +  

Second - Since this is a geometric series, write the first term in the series and its ratio, i.e.,  

s1 013= .  and r = =
0 0013

013
0 01.

.
. . 

Third - Since the ratio r  is less than one, use the infinite geometric series equation s
s

r∞ =
−
1

1
  

to obtain the sum of the infinite series 013 0 0013 0 000013. . .+ + + , i.e.,  

s
s

r∞ =
−
1

1
 ; s∞ =

−
013

1 0 01
.

.
 ; s∞ =

013
0 99

.
.

 ; s∞ =
13
99

 thus 131313.0  = 13
99

 

b.  First - Consider the decimal portion of the number 5510510510. and write it in its equivalent 

form of 510510510.0  = 0 510 0 000510 0 000000510. . .+ + +  

Second - Since this is a geometric series, write the first term in the series and its ratio, i.e.,  

s1 0 510= .  and r = =
0 000510

0 510
0 001.

.
. . 

Third - Since the ratio r  is less than one, use the infinite geometric series equation s
s

r∞ =
−
1

1
  

to obtain the sum of the infinite series 0 510 0 000510 0 000000510. . .+ + + , i.e.,  

s
s

r∞ =
−
1

1
 ; s∞ =

−
0 510

1 0 001
.

.
 ; s∞ =

0 510
0 999
.
.

 ; s∞ =
510
999

 thus 510510510.5  = 5 510
999

 

c.  First - write the decimal number 012451245.   in its equivalent form of 

012451245.   = 01245 0 00001245. .+ +  

Second - Since this is a geometric series, write the first term in the series and its ratio, i.e.,  

s1 01245= .  and r = =
0 00001245

01245
0 0001.

.
. . 

Third - Since the ratio r  is less than one, use the infinite geometric series equation s
s

r∞ =
−
1

1
  

to obtain the sum of the infinite series 01245 0 00001245. .+ + , i.e.,  

s
s

r∞ =
−
1

1
 ; s∞ =

−
01245

1 0 0001
.

.
 ; s∞ =

01245
0 9999

.

.
 ; s∞ =

1245
9999

 thus 12451245.0  = 1245
9999
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Section 1.5 Practice Problems - Limits of Sequences and Series 

1.  State which of the following sequences are convergent. 

a.  1 3
2

2 5
2

3 1
2

, , , , , , , 

n +  =    b.  0 3
2

8
3

15
4

12
, , , , , , 

n
n
−  =  

c.  4 8 16 32 2 1, , , , , , 

n+  =     d.  1
16

1
64

1
256

1
1024

1
4 1, , , , , , n+  =  

e.  0 1
4

2
9

3
16

1
2, , , , , , 

n
n
−  =    f.  1

25
1

125
1

625
1

3125
1
5

1
, , , , , , 







+n
 =  

2.  State which of the following geometric sequences are convergent. 

a.  1
4

1
16

1
64

1
256

1
4

, , , , , , n  =    b.  ( )− − − −5 25 125 625 3125 5, , , , , , , 

n  =  

c.  ( )2 2 2 2 2 1 1, , , , , ,− − − +
 

n  =    d.  1 1
2

1
4

1
8

1
2

1
, , , , , , 







−n
 =  

e.  ( )− − − +9 27 81 243 1 3 1, , , , , , 

n n  =   f.  1 1
3

1
9

1
27

1
81

1
3

1
, , , , , , , 






−n
 =  

3.  State whether or not the following sequences converges or diverges as n → ∞ .  If it does  

converge, find the limit. 

a.  n
n

2

3 4−
 =    b.  5 1

12

n

n

+

+
 =      c.  25

5 1

n

n+  =       d.  5 25
125

n

n
+  =  

e.  ( )n

n

+ 2 2

2  =   f.  2
2 1

n

n +
 =      g.  n n

n

2

4

2

1

+

+
 =      h.  5

12n +
 =  

i.  n
n
+
−

1
1

 =    j.  n
n3 1−

 =      k.  10
1
n  =       l.  ( )

( )( )
n
n n
−

− +
1

1 1

2
 =  

m.  100
1

−
n  =   n.  3

3
n  =      o.  

10
100

3 −

+

n
n  =       p.  

3
100

2

1

+n

n
 =  

q.  1
1

1
n +

−  =   r.  ( )0 25. −n  =      s.  n
n
+

+

1
1

 =       t.  n
n +

+
1

2  =  

4.  Find the sum of the following geometric series. 

a.  3 1
8

0







=

∞

∑
j

j
 =    b.  3 1

4
0

−





=

∞

∑
j

j
 =      c.  3 3

2

1

1







−

=

∞

∑
k

k
 =  

d.  5
100 1

1
k

k
+

=

∞

∑  =    e.  ∑
∞

=









0 3
1

j

j
 =       f.  ∑

∞

=







−

0 5
1

j

j
 =  
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5.  Find the sum of the following infinite geometric series. 

a.  5 1 1
5

1
25

− + − +  =      b.  − + − + +
1
2

2 8 32   =  

c.  1 1
6

1
36

1
216

+ + + +  =      d.  1 1
10

1
100

1
1000

+ + + +  =  

6.  Write the following repeating decimals as the quotient of two positive integers. 

a.  666666.0  =    b.  3027027027.   =            c.  0111111.  =  
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1.6 The Factorial Notation 
As was stated earlier, the product of several consecutive positive integers is usually written using 
a special symbol n! , read as “ n  factorial,” which is defined by 

n!  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )n n n n n− − − −1 2 3 4 4 3 2 1  

For example, 1!  (read as “one factorial”) through 10! (read as “ten factorial”) are written in their 
equivalent form as: 
1!  = 1           6! = 6 5 4 3 2 1⋅ ⋅ ⋅ ⋅ ⋅  = 720  
 
2! = 2 1⋅  = 2          7! = 7 6 5 4 3 2 1⋅ ⋅ ⋅ ⋅ ⋅ ⋅  = 5 040,  
 
3!  = 3 2 1⋅ ⋅  = 6         8!  = 8 7 6 5 4 3 2 1⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  = 40 320,  
 
4!  = 4 3 2 1⋅ ⋅ ⋅  = 24         9!  = 9 8 7 6 5 4 3 2 1⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  = 362 880,  
 
5!  = 5 4 3 2 1⋅ ⋅ ⋅ ⋅  = 120         10! = 10 9 8 7 6 5 4 3 2 1⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  = 3 628 800, ,  
 
Note that, for n 〉 1 , since n!  = ( )( )( )n n n n− − − ⋅ ⋅ ⋅1 2 3 4 3 2 1  and ( )n −1 ! = ( )( )( )n n n− − − ⋅ ⋅ ⋅1 2 3 4 3 2 1  

we can rewrite the recursive n!  relationship in the following way: 

n!  = ( )( )( )( )
( )

n n n n n

n

− − − − ⋅ ⋅ ⋅

−

1 2 3 4 4 3 2 1

1



  

!

 = ( )n n − 1 !  

( )n n −1 !  = ( )( )( )( )
( )

n n n n n

n

− − − − ⋅ ⋅ ⋅

−

1 2 3 4 4 3 2 1

2



  

!

 = ( ) ( )n n n− −1 2 !  

( )( )n n n− −1 2 !  = ( )( )( )( )
( )

n n n n n

n

− − − − ⋅ ⋅ ⋅

−

1 2 3 4 4 3 2 1

3



  

!

 = ( ) ( ) ( )n n n n− − −1 2 3 !  

( )( )( )n n n n− − −1 2 3 !  = ( )( )( )( )
( )

n n n n n

n

− − − − ⋅ ⋅ ⋅

−

1 2 3 4 4 3 2 1

4



  

!

 = ( ) ( ) ( ) ( )n n n n n− − − −1 2 3 4 !  

For example,  
7! = 7 6⋅ !  = 7 6 5⋅ ⋅ !  = 7 6 5 4⋅ ⋅ ⋅ !  = 7 6 5 4 3⋅ ⋅ ⋅ ⋅ !  = 7 6 5 4 3 2⋅ ⋅ ⋅ ⋅ ⋅ !  
 
10!  = 10 9⋅ !  = 10 9 8⋅ ⋅ !  = 10 9 8 7⋅ ⋅ ⋅ !  = 10 9 8 7 6⋅ ⋅ ⋅ ⋅ !  = 10 9 8 7 6 5⋅ ⋅ ⋅ ⋅ ⋅ !  
 
35!  = 35 34⋅ !  = 35 34 33⋅ ⋅ !  = 35 34 33 32⋅ ⋅ ⋅ !  = 35 34 33 32 31⋅ ⋅ ⋅ ⋅ !  = 35 34 33 32 31 30⋅ ⋅ ⋅ ⋅ ⋅ !  
 
( )n + 4 !  = ( )( )n n+ +4 3 !  = ( )( )( )n n n+ + +4 3 2 !  = ( ) ( ) ( ) ( )n n n n+ + + +4 3 2 1 !  
 
( )n + 8 !  = ( )( )n n+ +8 7 ! = ( )( )( )n n n+ + +8 7 6 !  = ( ) ( ) ( ) ( )n n n n+ + + +8 7 6 5 !  
 
( )2 2n + !  = ( ) ( )2 2 2 1n n+ + !  = ( )( )( )2 2 2 1 2n n n+ + !  = ( )( )( )( )2 2 2 1 2 2 1n n n n+ + − !  = ( )( )( )2 2 2 1 2n n n+ +  
 
( )( )2 1 2 2n n− − !  = ( ) ( ) ( ) ( ) ( ) ( )2 2 2 1 2 2 1 2 2 2 3n n n n n n+ + − − − !  
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( )2 5n + !  = ( )( )2 5 2 4n n+ + !  = ( )( )( )2 5 2 4 2 3n n n+ + + !  = ( )( )( )( )2 5 2 4 2 3 2 2n n n n+ + + + !  = ( )( )2 5 2 4n n+ +   
 
( )( )( )2 3 2 2 2 1n n n+ + + !  = ( ) ( ) ( ) ( ) ( ) ( )2 5 2 4 2 3 2 2 2 1 2n n n n n n+ + + + + !  

 
The above principal can be used to prove that 0 1!= .  Since 1!  = ( )1 1 1⋅ − ! = 1 0⋅ !  in order for 
equality on both sides of the equation to hold true 0! must be equal to one.  Hence, we state that  
0 1!= . 
Example 1.6-1   Expand and simplify the following factorial expressions. 

a.  13! =        b.  ( )6 2− ! =      c.  8
4

!
!
 =    d.  12

11
!
!
 =  

e.  10
5 4

!
! !

 =        f.  
( )

8
3 8 2

!
! !−

 =      g.  11 8
16

! !
!

 =    h.  ( )
( )

4 2 8
11 5 3

−
−
! !

! !
 =  

Solutions: 

a.  13!  = 13 12 11 10 9 8 7 6 5 4 3 2 1⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  = 6 227 020 800, , ,  
 
b.  ( )6 2− ! = 4! = 4 3 2 1⋅ ⋅ ⋅  = 24  
 

c.  8
4

!
!
 = 8 7 6 5 4

4
⋅ ⋅ ⋅ ⋅ !

!
 = 8 7 6 5 4

4
⋅ ⋅ ⋅ ⋅ /

/
!

!
 = 8 7 6 5⋅ ⋅ ⋅  = 1680  

 

d.  12
11

!
!
 = 12 11

11
⋅ !

!
 = 12 11

11
⋅ / /
/ /

!
!

 = 12  

 

e.  10
5 4

!
! !

 = 10 9 8 7 6 5
5 4

⋅ ⋅ ⋅ ⋅ ⋅ !
! !

 = 10 9 8 7 6 5
5 4

⋅ ⋅ ⋅ ⋅ ⋅ /
/

!
! !

 = 10 9 8 7 6
4

⋅ ⋅ ⋅ ⋅
!

 = 10 9 8
2

7 6
4 3 2 1
⋅ ⋅ /⋅ ⋅ /
/ ⋅ / ⋅ / ⋅

 = 10 9 2 7
1

⋅ ⋅ ⋅  = 1260  

 

f.  ( )
8

3 8 2
!

! !−
 = 8

3 6
!

! !
 = 8 7 6

3 6
⋅ ⋅ /
/

!
! !

 = 8 7
3
⋅
!

 = /⋅
⋅ / ⋅
8
4

7
3 2 1

 = 4 7
3
⋅  = 28

3
 

 

g.  11 8
16

! !
!

 = 11 8
16 15 14 13 12 11

! !
!⋅ ⋅ ⋅ ⋅ ⋅
 = / / ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅ / /
11 8 7 6 5 4 3 2 1
16 15 14 13 12 11

!
!

 = / ⋅ / ⋅ / ⋅ / ⋅ ⋅ ⋅ ⋅
/ /⋅ / /⋅ / /⋅ ⋅ / /

8 7 6 5 4 3 2 1
16
2

15
3

14
2

13 12
2

 = / ⋅ / ⋅ / ⋅
/ ⋅ / ⋅ / ⋅ ⋅ /

4 3 2 1
2 3 2 13 2

 = 1
13

 

 

h.  ( )
( )

4 2 8
11 5 3

−
−
! !

! !
 = /

/
2 8

11 2
! !
! !

 = 8
11

!
!

 = 8
11 10 9 8

!
!⋅ ⋅ ⋅
 = /

⋅ ⋅ ⋅ /
8

11 10 9 8
!

!
 = 1

990
 

Example 1.6-2   Write the following products in factorial form. 

a.  4 3 2 1⋅ ⋅ ⋅  =     b.  10 11 12 13⋅ ⋅ ⋅  =        c.  20 21 22 23 24⋅ ⋅ ⋅ ⋅  =  

d.  9 8 7 6 5⋅ ⋅ ⋅ ⋅  =    e.  3 4 5 6 7⋅ ⋅ ⋅ ⋅  =        f.  20  =  

g.  15 14 13 12 11⋅ ⋅ ⋅ ⋅  =    h.  8  =         i.  1 2 3 4 5 6⋅ ⋅ ⋅ ⋅ ⋅  =  
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Solutions: 

a.  4 3 2 1⋅ ⋅ ⋅  = 4!    b.  10 11 12 13⋅ ⋅ ⋅  = 13
9

!
!

        c.  20 21 22 23 24⋅ ⋅ ⋅ ⋅  = 24
19

!
!

 

d.  9 8 7 6 5⋅ ⋅ ⋅ ⋅  = 9
4
!
!

   e.  3 4 5 6 7⋅ ⋅ ⋅ ⋅  = 7
2
!
!

        f.  20  = 20
19

!
!

 

g.  15 14 13 12 11⋅ ⋅ ⋅ ⋅  = 15
10

!
!

  h.  8  = 8
7
!
!

         i.  1 2 3 4 5 6⋅ ⋅ ⋅ ⋅ ⋅  = 6!  

Example 1.6-3   Expand the following factorial expressions. 

a.  n!  =    b.  ( )n −1 ! =        c.  ( )!3−n  =     d.  ( )n − 5 ! =  

e.  ( )n − 8 !  =    f.  ( )2n ! =        g.  ( )!12 −n  =     h.  ( )3 5n − ! =  

i.  ( )!12 +n  =    j.  ( )!1+n  =        k.  ( )!3+n  =     l.  ( )!8+n  =  

m.  ( )!22 +n  =    n.  ( )!52 +n  =  
Solutions: 
a.  n!  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )n n n n n n n n n n− − − − − − − − − ⋅ ⋅ ⋅1 2 3 4 5 6 7 8 9 4 3 2 1  
 
b.  ( )n −1 !  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )n n n n n n n n n− − − − − − − − − ⋅ ⋅ ⋅1 2 3 4 5 6 7 8 9 4 3 2 1  
 
c.  ( )n − 3 !  = ( ) ( ) ( ) ( ) ( ) ( ) ( )n n n n n n n− − − − − − − ⋅ ⋅ ⋅3 4 5 6 7 8 9 4 3 2 1  
 
d.  ( )n − 5 ! = ( ) ( ) ( ) ( ) ( ) ( ) ( )n n n n n n n− − − − − − − ⋅ ⋅ ⋅5 6 7 8 9 10 11 4 3 2 1  
 
e.  ( )n − 8 !  = ( ) ( ) ( ) ( )n n n n− − − − ⋅ ⋅ ⋅8 9 10 11 4 3 2 1  
 
f.  ( )2n !  = ( ) ( ) ( ) ( ) ( )2 2 1 2 2 2 3 2 4 4 3 2 1n n n n n− − − − ⋅ ⋅ ⋅  
 
g.  ( )2 1n − !  = ( ) ( ) ( ) ( )2 1 2 2 2 3 2 4 4 3 2 1n n n n− − − − ⋅ ⋅ ⋅  
 
h.  ( )3 5n − !  = ( ) ( ) ( ) ( ) ( ) ( ) ( )3 5 3 6 3 7 3 8 3 9 3 10 3 11 4 3 2 1n n n n n n n− − − − − − − ⋅ ⋅ ⋅  
 
i.  ( )2 1n + !  = ( ) ( ) ( ) ( ) ( ) ( )2 1 2 2 1 2 2 2 3 2 4 4 3 2 1n n n n n n+ − − − − ⋅ ⋅ ⋅  
 
j.  ( )n +1 !  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )n n n n n n n n n n+ − − − − − − − − ⋅ ⋅ ⋅1 1 2 3 4 5 6 7 8 4 3 2 1  
 
k.  ( )n + 3 !  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )n n n n n n n n n n n n+ + + − − − − − − − − ⋅ ⋅ ⋅3 2 1 1 2 3 4 5 6 7 8 4 3 2 1  
 
l.  ( )n + 8 !  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )n n n n n n n n n n n n+ + + + + + + + − − − ⋅ ⋅ ⋅8 7 6 5 4 3 2 1 1 2 3 4 3 2 1  
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m.  ( )2 2n + !  = ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 1 2 2 1 2 2 2 3 2 4 4 3 2 1n n n n n n n+ + − − − − ⋅ ⋅ ⋅  
 
n.  ( )2 5n + !  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 5 2 4 2 3 2 2 2 1 2 2 1 2 2 2 3 2 4 4 3 2 1n n n n n n n n n n+ + + + + − − − − ⋅ ⋅ ⋅  

Example 1.6-4   Expand and simplify the following factorial expressions. 

a.  ( )
( )
n
n
−
−

1
3

!
!
 =    b.  ( )n

n
+ 2 !

!
 =        c.  ( )

( )
n
n
+
−

3
1

!
!
 =       d.  ( )( )

( )
n n

n
+ +

+
2 2

3
!

!
 =  

e.  ( ) ( )
( ) ( )
3 1 3 1

3 3 3
n n

n n
+ −

−
! !

! !
 =   f.  ( )

( ) ( )
n

n n
!
! !

2

1 1+ −
 =       g.  ( ) ( )

( ) ( )
2 2 2
2 1
n n
n n
−

−
! !

! !
 =  

Solutions: 

a.  ( )
( )
n
n
−
−

1
3

!
!
 = ( )

( )( )( )
n

n n n
−

− − −
1

3 2 1
!

!
 = ( )

( )( )( )
/ − /

− − / − /
n

n n n
1

3 2 1
!

!
 = ( ) ( )

1
3 2n n− −

 

 

b.  ( )n
n
+ 2 !

!
 = ( )( )n n n

n
+ +2 1 !

!
 = ( )( )n n n

n
+ + /

/

2 1 !
!

 = ( ) ( )n n+ +2 1  

 

c.  ( )
( )
n
n
+
−

3
1

!
!
 = ( )( )( )( )( )

( )
n n n n n

n
+ + + −

−
3 2 1 1

1
!

!
 = ( )( )( )( )( )

( )
n n n n n

n
+ + + / − /

/ − /
3 2 1 1

1
!

!
 = ( ) ( ) ( )n n n n+ + +3 2 1  

 

d.  ( )( )
( )

n n
n

+ +
+

2 2
3

!
!

 = ( )( )
( )( )
n n
n n
+ +
+ +

2 2
3 2

!
!

 = ( )( )
( )( )
n n
n n
+ / + /

+ / + /
2 2
3 2

!
!

 = n
n
+
+

2
3

 

 

e.  ( ) ( )
( ) ( )

3 1 3 1
3 3 3
n n

n n
+ −

−
! !

! !
 = 

( )( )[ ] ( )( )( )[ ]
( ) ( )

3 1 3 3 1 3 2 3 3
3 3 3

n n n n n
n n

+ − − −

−

! !
! !

 = 
( )( )[ ] ( )( )( )[ ]

( ) ( )
3 1 3 3 1 3 2 3 3

3 3 3
n n n n n

n n
+ / / − − / / − /

/ / / / − /

! !
! !

  

 

    = ( ) ( )( )3 1 3 1 3 2
1

n n n+ − −  = ( ) ( ) ( )3 1 3 1 3 2n n n+ − −  

 

f.  ( )
( ) ( )

n
n n

!
! !

2

1 1+ −
 = ( )( )

( )( )[ ] ( )
n n

n n n
! !

! !+ −1 1
 = ( )( )

( )( )[ ] ( )
n n

n n n
! !

! !
/

+ / −1 1
 = ( )( )

n
n n

!
!+ −1 1
 = ( )

( )( )
n n

n n
/ − /

+ / − /
1

1 1
!

!
 = n

n + 1
 

 

g.  ( ) ( )
( ) ( )
2 2 2
2 1
n n
n n
−

−
! !

! !
 = 

( ) ( )[ ]
( )( )( )[ ] ( )

2 2 2 1

2 2 1 2 2 1

n n n

n n n n

− −

− − −

! !

! !
 = 

( ) ( )[ ]
( )( )( )[ ] ( )

/ / − / / − /

− / / − / / − /

2 2 2 1

2 2 1 2 2 1

n n n

n n n n

! !

! !
 = ( )( )

2
2 2 1

n
n n −

  

 

     = ( )( )
/ /

/ / −
2

2 2 1
n

n n
 = 1

2 1n −
 

The factorial notation is used in expansion of the n
r





  read as “the binomial coefficient n r, ” in 

the following way: 

( )
n
r

n
r n r






 =

−
!

! !
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Example 1.6-5   Write the following expressions in factorial notation form.  Simplify the answer. 

a.  6
4





  =   b.  6

2





  =   c.  5

0





  =           d.  5

5





  =       e.  7

5





  =  

f.  10
5






  =   g.  8

4





  =   h.  n

n





  =           i.  n

n −






1

 =       j.  







− 4n

n  =  

Solutions: 

a.  
6
4





  = ( )

6
4 6 4

!
! !−

 = 6
4 2

!
! !⋅

 = ( ) ( )
6 5 4 3 2 1

4 3 2 1 2 1
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅

 = ( ) ( )
/⋅ ⋅ / ⋅ / ⋅ / ⋅ /
/ ⋅ / ⋅ / ⋅ / ⋅ / ⋅
6
3

5 4 3 2 1
4 3 2 1 2 1

 = 3 5
1
⋅  = 15  

 

b.  
6
2





  = ( )

6
2 6 2

!
! !−

 = 6
2 4

!
! !⋅

 = ( ) ( )
6 5 4 3 2 1

2 1 4 3 2 1
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅

 = ( ) ( )
/⋅ ⋅ / ⋅ / ⋅ / ⋅ /
/ ⋅ ⋅ / ⋅ / ⋅ / ⋅ /
6
3

5 4 3 2 1
2 1 4 3 2 1

 = 3 5
1
⋅  = 15  

 

c.  
5
0





  = ( )

5!
0 5 0! !−

 = 5!
0 5!! ⋅

 = /
⋅ /
5

1 5
!
!

 = 1
1

 = 1  

 

d.  
5
5





  = ( )

5!
5! 5 5− !

 = 5
5 0

!
! !⋅

 = /
/ ⋅
5

5 1
!

!
 = 1

1
 = 1  

 

e.  
7
5





  = ( )

7
5! 7 5

!
!−
 = 7

5 2
!

! !⋅
 = 7 6 5

5 2
⋅ ⋅
⋅

!
! !

 = 7 6
3

5
5 2 1
⋅ /⋅ /

/ ⋅ / ⋅
!

!
 = 7 3

1
⋅  = 21  

 

f.  
10
5






  = ( )

10
5 10 5

!
! !−

 = 10
5 5

!
! !⋅

 = ( ) ( )
10 9 8 7 6 5 4 3 2 1
5 4 3 2 1 5 4 3 2 1
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

 = ( ) ( )
/ /⋅ ⋅ /⋅ ⋅ / ⋅ / ⋅ / ⋅ / ⋅ / ⋅ /
/ ⋅ / ⋅ / ⋅ / ⋅ ⋅ / ⋅ / ⋅ / ⋅ / ⋅ /
10
2

9 8
2

7 6 5 4 3 2 1
5 4 3 2 1 5 4 3 2 1

 = 2 9 2 7
1

⋅ ⋅ ⋅  = 252  

 

g.  
8
4





  = ( )

8
4 8 4

!
! !−

 = 8
4 4

!
! !⋅

 = 8 7 6 5 4
4 4 3 2 1
⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

!
!

 = / ⋅ ⋅ /⋅ ⋅ /
/ ⋅ / ⋅ / ⋅ / ⋅
8 7 6

2
5 4

4 4 3 2 1
!

!
 = 7 2 5

1
⋅ ⋅  = 70  

 

h.  
n
n





  = ( )

n
n n n

!
! !−

 = n
n

!
! !0

 = /
/ ⋅

n
n

!
! 1

 = 1
1

 = 1  

 

i.  
n
n −






1

 = 
( ) ( )[ ]

n
n n n

!
! !− − −1 1

 = ( ) ( )
n

n n n
!

! !− / − / +1 1
 = ( )

n
n

!
! !−1 1

 = ( )
( )

n n
n
⋅ −
−

1
1

!
!

 = ( )
( )

n n
n
⋅ / − /

/ − /
1

1
!

!
 = n  

 

j.  
n
n −






4

 = 
( ) ( )[ ]

n
n n n

!
! !− − −4 4

 = ( ) ( )
n

n n n
!

! !− / − / +4 4
 = ( )

n
n

!
! !− 4 4

 = ( ) ( ) ( ) ( )
( )

n n n n n
n

⋅ − ⋅ − ⋅ − ⋅ −
−

1 2 3 4
4 4

!
! !

  

 

     = ( ) ( ) ( ) ( )
( )

n n n n n
n

⋅ − ⋅ − ⋅ − ⋅ / − /

/ − /
1 2 3 4

4 4
!

! !
 = ( ) ( ) ( )n n n n⋅ − ⋅ − ⋅ −

⋅ ⋅ ⋅
1 2 3
4 3 2 1

 = ( ) ( ) ( )n n n n⋅ − ⋅ − ⋅ −1 2 3
24
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An application of the binomial coefficient n r, , i.e., n
r





  is in its use for expansion of binomials 

of the form ( )a b n+  , where n  is a positive integer.  In general, the binomial equation of order n  
can be expanded in the following form: 

( )a b n+  = n
a

n
a b

n
a b

n
r

a b
n
n

bn n n n r r n
0 1 2 1

1 2 2 1 1




 +






 +






 + +

−






 + +






− − − + −

                      ( )1  

note that the above equation is used for expanding binomial expressions that are raised to the 
second, third, fourth, or higher powers.  For example, ( )x − 2 2 , ( )x + 3 3 , ( )x −1 5 , ( )x − 3 6 , ( )2 4x y+ , 

2
2

5
x y
−





, ( )x − 3
4 , ( )x y− 2 6 , ( )x y− 16 , etc. can all be expanded using the above equation.  The 

following examples show the steps as to how binomial coefficients are used in expanding 
binomial equations: 

Example 1.6-6   Expand the following binomial expressions. 

a.  ( )x −1 3  =          b.  ( )x + 2 5  =         c.  ( )x − 3 4  =  

Solutions: 

a.  First - Identify the a b, , and n  terms, i.e., a x= , b = −1, n = 3 . 

     Second - Use the general binomial expansion formula, i.e., equation ( )1  above to expand ( )x −1 3 . 

( )x −1 3  = ( ) ( ) ( )3
0

3
1

1
3
2

1
3
3

13 3 1 3 2 2 3 3 3




 +






 ⋅ − +






 − +






 −− − −x x x x  = 

3
0

3
1

3
2

3
3

3 2 0




 −






 +






 −






x x x x   

 

= 
3
0

3
1

3
2

3
3

13 2




 −






 +






 −






 ⋅x x x  = ( ) ( ) ( ) ( )

3
0 3 0

3
1 3 1

3
2 3 2

3
3 3 3

3 2!
! !

!
! !

!
! !

!
! !−

−
−

+
−

−
−

x x x   

 

= 3
3

3
2

3
2

3
3

3 2!
!

!
!

!
!

!
!

x x x− + −  = /
/

−
⋅ /
/

+
⋅ /
/

−
/
/

3
3

3 2
2

3 2
2

3
3

3 2!
!

!
!

!
!

!
!

x x x  = x x x3 23 3 1− + −  

 
b.  First - Identify the a b, , and n  terms, i.e., a x= , b = 2 , n = 5 . 

     Second - Expand ( )x + 2 5  using equation ( )1 . 

( )x + 2 5  = 
5
0

5
1

2
5
2

2
5
3

2
5
4

2
5
5

25 5 1 5 2 2 5 3 3 5 4 4 5 5 5




 +






 ⋅ +






 ⋅ +






 ⋅ +






 ⋅ +






 ⋅− − − − −x x x x x x   

 

= 
5
0

2
5
1

4
5
2

8
5
3

16
5
4

32
5
5

5 4 3 2 0




 +






 +






 +






 +






 +






x x x x x x  = 

5
0

2
5
1

4
5
2

8
5
3

5 4 3 2




 +






 +






 +






x x x x   

 

+





 +






16

5
4

32
5
5

x  = ( ) ( ) ( ) ( ) ( )
5

0 5 0
2 5

1 5 1
4 5

2 5 2
8 5

3 5 3
16 5

4 5 4
5 4 3 2!

! !
!

! !
!

! !
!

! !
!

! !−
+

−
+

−
+

−
+

−
x x x x x   
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( )
+

−
32 5

5 5 5
!

! !
 = 5

5
2 5

4
4 5

2 3
8 5

3 2
16 5

4
32 5

5
5 4 3 2!

!
!
!

!
! !

!
! !

!
!

!
!

x x x x x+ + + + +  = /
/

+
⋅ /
/

5
5

2 5 4
4

5 4!
!

!
!

x x  

 

!5
!532

!4
!4516

!2!3
!3458

!3!2
!3454 23

/
/

+
/
/⋅

+
/

/⋅⋅
+

/
/⋅⋅

+ xxx  = x x x x x5 4 3 210 40 80 80 32+ + + + +  

 
c.  First - Identify the a b, , and n  terms, i.e., a x= , b = −3 , n = 4 . 

     Second - Expand ( )x − 3 4  using equation ( )1 . 

( )x − 3 4  = ( ) ( ) ( ) ( )4
0

4
1

3
4
2

3
4
3

3
4
4

34 4 1 4 2 2 4 3 3 4 4 4




 +






 ⋅ − +






 − +






 − +






 −− − − −x x x x x  = 

4
0

3
4
1

4 3




 −






x x  

 
02

4
4

81
3
4

27
2
4

9 xxx 







+








−








+  = ( ) ( ) ( ) ( )

4
0 4 0

3 4
1 4 1

9 4
2 4 2

27 4
3 4 3

4 3 2!
! !

!
! !

!
! !

!
! !−

−
−

+
−

−
−

x x x x   

 

( )
+

−
81 4

4 4 4
!

! !
 = 4

4
3 4

3
9 4

2 2
27 4

3
81 4

4 0
4 3 2!

!
!
!

!
! !

!
!

!
! !

x x x x− + − +  = /
/

−
⋅ /
/

+
⋅ ⋅ /
/

4
4

3 4 3
3

9 4 3 2
2 2

4 3 2!
!

!
!

!
! !

x x x  

 

−
⋅ /
/

+
/
/

27 4 3
3

81 4
4 0

!
!

!
! !

x  = x x x x4 3 212 54 108 81− + − +  

Example 1.6-7   Use the general equation for binomial expansion to solve the following 
exponential numbers to the nearest hundredth. 

a.  ( )0 83 6.  =           b.  ( )105 8.  =         c.  ( )121 10.  =  

Solutions: 

a.  First - Write the exponential expression in the form of ( )0 83 6.  = ( )1 017 6− . . 

     Second - Identify the a b, , and n  terms, i.e., a = 1 , b = −017. , n = 6 . 

     Third - Use the general binomial expansion formula, i.e., equation ( )1  above to expand ( )1 017 6− . . 

( )1 017 6− .  = ( ) ( ) ( ) ( ) ( )6
0

1
6
1

1 017
6
2

1 017
6
3

1 017
6
4

1 017
6
5

1 0176 5 4 2 3 3 2 4 5




 +






 ⋅ − +






 ⋅ − +






 ⋅ − +






 ⋅ − +






 ⋅ −. . . . .   

 

( )+





 −

6
6

017 6.  = 
6
0

017
6
1

0 0289
6
2

0 0049
6
3






 −






 +






 −






 +. . .   = ( ) ( )

6
0 6 0

017 6
1 6 1

!
! !

. !
! !−

−
−

 

 

( ) ( ) +
−

−
−

+
!36!3

!60049.0
!26!2

!60289.0  = 6
6

017 6
5

0 0289 6
2 4

0 0049 6
3 3

!
!

. !
!

. !
! !

. !
! !

− + − +   

 

= /
/
−

⋅ /
/

+
⋅ ⋅ /
/

−
⋅ ⋅ ⋅ /

/
+

6
6

017 6 5
5

0 0289 6 5 4
2 4

0 0049 6 5 4 3
3 3

!
!

. !
!

. !
! !

. !
! !

  = 1 102 0 4335 0 098− + − +. . .   ≈  03155.  
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Therefore, ( )1 017 6− . , to the nearest hundredth, is equal to 0 32.  

b.  First - Write the exponential expression in the form of ( )105 8.  = ( )1 0 05 8+ . . 

     Second - Identify the a b, , and n  terms, i.e., a = 1 , b = 0 05. , n = 8 . 

     Third - Use the general binomial expansion formula, i.e., equation ( )1  above to expand ( )1 0 05 8+ . . 

( )1 0 05 8+ .  = ( ) ( ) ( ) ( ) ( )8
0

1
8
1

1 0 05
8
2

1 0 05
8
3

1 0 05
8
4

1 0 05
8
5

1 0 058 7 6 2 3 3 2 4 5




 +






 ⋅ +






 ⋅ +






 ⋅ +






 ⋅ +






 ⋅ +. . . . .    

 

= 
8
0

0 05
8
1

0 0025
8
2

0 000125
8
3






 +






 +






 +






 +. . .   = ( ) ( ) ( )

8
0 8 0

0 05 8
1 8 1

0 0025 8
2 8 2

!
! !

. !
! !

. !
! !−

+
−

+
−

 

 

( )
+

−
+0 000125 8

3 8 3
. !

! !
  = 8

8
0 05 8

7
0 0025 8

2 6
0 000125 8

3 5
!
!

. !
!

. !
! !

. !
! !

+ + + +   

 

= /
/
+

⋅ /
/

+
⋅ ⋅ /
/

+
⋅ ⋅ ⋅ /

/
+

8
8

0 05 8 7
7

0 0025 8 7 6
2 6

0 000125 8 7 6 5
3 5

!
!

. !
!

. !
! !

. !
! !

  = 1 0 4 0 07 0 007+ + + +. . .   ≈  1477.  

Therefore, ( )1 0 05 8+ . , to the nearest hundredth, is equal to 1 48.  

c.  First - Write the exponential expression in the form of ( )121 5.  = ( )1 0 21 5+ . . 

     Second - Identify the a b, , and n  terms, i.e., a = 1 , b = 0 21. , n = 5 . 

     Third - Use the general binomial expansion formula, i.e., equation ( )1  above to expand ( )1 0 21 5+ . . 

( )1 0 21 5+ .  = ( ) ( ) ( ) ( ) ( )5
0

1
5
1

1 0 21
5
2

1 0 21
5
3

1 0 21
5
4

1 0 21
5
5

0 215 4 3 2 2 3 4 5




 +






 ⋅ +






 ⋅ +






 ⋅ +






 ⋅ +






 ⋅. . . . .   

 

= 







+







+








+








+







+








5
5

0004.0
4
5

0019.0
3
5

00926.0
2
5

0441.0
1
5

21.0
0
5  = ( ) ( ) ( )

5
0 5 0

0 21 5
1 5 1

0 0441 5
2 5 2

!
! !

. !
! !

. !
! !−

+
−

+
−

 

 

( ) ( ) ( )!55!5
!50004.0

!45!5
!50019.0

!35!3
!500926.0

−
+

−
+

−
+  = 

!5
!50004.0

!1!4
!50019.0

!2!3
!500926.0

!3!2
!50441.0

!4
!521.0

!5
!5

+++++   

 

= 
!5
!50004.0

!4
!450019.0

!2!3
!34500926.0

!3!2
!3450441.0

!4
!4521.0

!5
!5

/
/

+
/
/⋅

+
/

/⋅⋅
+

/
/⋅⋅

+
/
/⋅

+
/
/  = 0004.00095.00926.0441.005.11 +++++   

 
= 594.2  

Therefore, ( )1 0 21 5+ . , to the nearest hundredth, is equal to 592.  

Note that in equation ( )1  the r th  term in a binomial expansion is given by  
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n
r

a bn r r
−







 − + −

1
1 1  = ( ) ( )

n
r n r

a bn r r!
! !− − +

− + −
1 1

1 1                                           ( )2  

this implies that we can use the above equation to find any specific term of a binomial.  For 
example, the sixth term of ( )x − 3 8  is equal to 

( )8
5

33 5




 −x  = ( ) ( )8

5 8 5
33 5!

! !−
−x  = ( )8

5!3
2433!

!
x ⋅ −  = − ⋅

⋅ ⋅ / ⋅ /
/ ⋅ / ⋅ / ⋅

243 8 7 6 5
5 3 2 1

3!
!

x  = −13 608 3, x  

and the fourth term of ( )x − 3 4  is equal to 

( )4
3

34 4 1 3




 −− +x  = ( ) ( )4

3 4 3
3 3!

! !−
−x  = ( )4

3 1
27!

! !
x ⋅ −  = − ⋅

⋅ /
/

27 4 3
3

!
!

x  = −108 x  

Example 1.6-8   Find the stated term of the following binomial expressions. 

a.  The sixth term of ( )x + 2 10      b.  The eighth term of ( )x y− 12  

c.  The fifth term of ( )w a− 13  =     d.  The tenth term of ( )x +1 20  

Solutions: 
a.  First - Identify the a b r, ,  and n  terms, i.e., a x= , b = 2 , r = 6 , and n = 10 . 

     Second - Use equation ( )2  above to find the sixth term of ( )x + 2 10 . 

( ) ( )
161610 2

!1610!16
!10 −+− ⋅

+−−
x  = 10

5 5
25 5!

! !
x  = 10 9 8 7 6 5

5 5
32 5⋅ ⋅ ⋅ ⋅ ⋅ /

/
!

! !
x  = / / ⋅ /⋅ /⋅ ⋅

/ ⋅ / ⋅ / ⋅ / ⋅
10 9

3
8
2

7 6
5 4 3 2 1

32 5x  = 6 7 6
1

32 5⋅ ⋅ x   

 

= 8064 5x  

b.  First - Identify the a b r, ,  and n  terms, i.e., a x= , b y= − , r = 8 , and n = 12 . 

     Second - Use equation ( )2  above to find the eighth term of ( )x y− 12 . 

( ) ( )
181812

!1812!18
!12 −+− ⋅

+−−
bx  = ( )12

7 5
5 7!

! !
x y−  = − ⋅ ⋅ ⋅ ⋅ ⋅ /

/
12 11 10 9 8 7

7 5
5 7!

! !
x y  = − / / ⋅ ⋅ / / ⋅ ⋅

/ ⋅ / ⋅ / ⋅ / ⋅
12 11 10 9 8

5 4 3 2 1
5 7x y   

 
= ( ) 758911 yx⋅⋅−  = −792 5 7x y  

c.  First - Identify the a b r, ,  and n  terms, i.e., a w= , b a= − , r = 5 , and n = 13. 

     Second - Use equation ( )2  above to find the fifth term of ( )w a− 13 . 

( ) ( ) ( )13
5 1 13 5 1

13 5 1 5 1!
! !− − +

−− + −w a  = ( )13
4 9

9 4!
! !

w a−  = 13 12 11 10 9
4 9

9 4⋅ ⋅ ⋅ ⋅ /
/

!
! !

w a  = 13 12 11 10
5

4 3 2 1
9 4⋅ / / ⋅ ⋅ / /

/ ⋅ / ⋅ / ⋅
w a   

 

= 13 11 5
1

9 4⋅ ⋅ w a  = 715 9 4w a  
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d.  First - Identify the a b r, ,  and n  terms, i.e., a x= , b = 1 , r = 10 , and n = 20 . 

     Second - Use equation ( )2  above to find the tenth term of ( )x +1 20 . 

( ) ( )
11011020 1

!11020!110
!20 −+− ⋅

+−−
x  = 911 1

!11!9
!20

⋅x  = 20 19 18 17 16 15 14 13 12 11
9 11

11⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ / /
/ /

!
! !

x   

 

= / / ⋅ ⋅ / / ⋅ ⋅ / /⋅ ⋅ / / ⋅ ⋅
⋅ / ⋅ / ⋅ / ⋅ / ⋅ / ⋅ / ⋅ / ⋅

20 19 18 17 16
2

15 14 13 12
9 8 7 6 5 4 3 2 1

11x  = 19 17 2 15 13 12
9

11⋅ ⋅ ⋅ ⋅ ⋅ x  = 167 960 11, x  

 

Section 1.6 Practice Problems - The Factorial Notation 

1.  Expand and simplify the following factorial expressions. 

a.  !11  =        b.  ( )10 3− !  =      c.  12
5

!
!

 =    d.  14
10

!
!
 =  

e.  15
8 4

!
! !

 =        f.  
( )
10

4 10 2
!

! !−
 =      g.  12 6

14
! !
!

 =    h.  ( )
( )!27!12

!9!37
−

−  =  

2.  Write the following products in factorial form. 

a.  7 6 5 4 3 2 1⋅ ⋅ ⋅ ⋅ ⋅ ⋅  =   b.  10 11 12 13 14 15⋅ ⋅ ⋅ ⋅ ⋅  =   c.  22 23 24 25⋅ ⋅ ⋅  =  

d.  8 7 6 5 4⋅ ⋅ ⋅ ⋅  =   e.  4 5 6 7 8 9⋅ ⋅ ⋅ ⋅ ⋅  =    f.  35  =  

3.  Expand the following factorial expressions. 

a.  ( )5 n!  =    b.  ( )n − 7 ! =      c.  ( )n +10 !  =   d.  ( )5 5n − !  =  

e.  ( )2 8n − !  =   f.  ( )2 6n + ! =      g. ( )2 5n − ! =    h.  ( )3 3n + ! =  

4.  Expand and simplify the following factorial expressions. 

a.  ( )
( )!4

!2
−
−

n
n  =   b.  ( )n

n
+ 4 !

!
 =        c.  ( )

( )
n
n
+
−

5
2

!
!
 =       d.  ( )( )

( )
n n

n
− +

+
1 1

2
!

!
 =  

e.  ( ) ( )
( ) ( )

3 3 2
3 1 3 4

n n
n n

! !
! !

−
+ −

 =  f.  ( )
( ) ( )

n

n n

−

+

1

2 2
!

! !
 =       g.  ( ) ( )

( ) ( )
2 3 2
2 2
n n
n n
−

−
! !

! !
 =  

5.  Write the following expressions in factorial notation form.  Simplify the answer. 

a.  5
3





  =   b.  10

6






  =   c.  8

0





  =           d.  8

8





  =       e.  6

3





  =  

f.  5
1





 =   g.  








−5n

n =   h.  2
2 1

n
n −







  =           i.  3

3 3
n
n −







  =       j.  








− 6n

n  =  

6.  Expand the following binomial expressions. 

a.  ( )x − 2 4  =          b.  ( )u + 2 7  =         c.  ( )y − 3 5  =  
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7.  Use the general equation for binomial expansion to solve the following exponential numbers  

to the nearest hundredth. 

a.  ( )0 95 5.  =           b.  ( )2 25 7.  =         c.  ( )405.1  =  

8.  Find the stated term of the following binomial expressions. 

a.  The eighth term of ( )x + 3 12     b.  The ninth term of ( )10yx −  

c.  The seventh term of ( )u a− 2 11     d.  The twelfth term of ( )x −1 18  
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Chapter 2 
Differentiation (Part I) 
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Chapter 2 - Differentiation 
 
The objective of this chapter is to improve the student’s ability to solve problems involving 
derivatives.  In Section 2.1 derivatives are computed using the Difference Quotient method.  
Various differentiation rules using the prime and 

dx
d  notation are introduced in Sections 2.2 and 

2.3, respectively.  The use of the Chain Rule in finding the derivative of functions that are being 
added, subtracted, multiplied, and divided are addressed in Section 2.4.  Implicit differentiation is 
discussed in Section 2.5.  Finding the derivative of exponential and radical expressions is 
addressed in Sections 2.6 and 2.7, respectively.  Finally, computation of second, third, fourth, or 
higher order derivatives are discussed in Section 2.8.  Each section is concluded by solving 
examples with practice problems to further enhance the student’s ability. 

2.1 The Difference Quotient Method 
In this section students learn how to differentiate functions using the difference quotient equation 

as the limit h  approaches zero.  The expression ( ) ( )f x h f x
h

+ −  is referred to as the difference 

quotient equation.  A function ( )f x  is said to be differentiable at x  if and only if 0lim →h  
( ) ( )f x h f x

h
+ −  exists.  If the limit exists, then the result is referred to as the derivative of ( )f x  at 

x  which is denoted by ( )′f x .  It should be noted that this approach is rather long and time 
consuming and is merely presented in order to show the usefulness of the differentiation rules 
which are addressed in the subsequent sections.  The following examples show the steps in 
finding derivatives of functions using the Difference Quotient method: 

Example 2.1-1:  Use the Difference Quotient method to find the derivative of the following 
functions. 
a.  ( )f x x= +3 1    b.  ( )f x x= 4 2     c.  ( )f x x= + 3  

d.  ( ) ( )f x x= −2 7 2    e.  ( )f x x= − +1    f.  ( )f x
x

=
+

1
1

 

Solutions: 

a.  To find the derivative of the function ( )xf  = 13 +x  

     First - Substitute ( )hxf +  = ( ) 13 ++ hx  = 133 ++ hx  and ( ) 13 += xxf  into the difference quotient  
 

     equation, i.e., ( ) ( )
h

xfhxf −+  = ( ) ( )
h

xhx 13133 +−++  = 
h

xhx 13133 /−//−/++//  = 
h
h
/
/3  = 3  

     Second - Compute ( )xf ′  as the 0lim →h  in the difference quotient equation, i.e.,  

     ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = 3lim 0→h  = 3  

b.  To find the derivative of the function ( )xf  = 24x  

     First - Substitute ( )hxf +  = ( )24 hx +  = ( )xhhx 24 22 ++  = xhhx 844 22 ++  and ( )xf  = 24x  into the  



Calculus I  2.1  The Difference Quotient Method 

Hamilton Education Guides   55 

     difference quotient equation, i.e., ( ) ( )
h

xfhxf −+  = ( )
h

xxhhx 222 4844 −++  = 
h

xxhhx 222 4844 // /−++//   

 

     = ( )
h

xhh
/
+/ 24  = ( )

1
24 xh +  = xh 84 +  

     Second - Compute ( )xf ′  as the 0lim →h  in the difference quotient equation, i.e.,  

     ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = ( )xhh 84lim 0 +→  = ( ) x804 +⋅  = x80+ = x8  

c.  To find the derivative of the function ( )f x x= + 3  

     First - Substitute ( )hxf +  = ( ) 3++ hx  = 3++ hx  and ( ) 3+= xxf  into the difference quotient  
 

     equation, i.e., ( ) ( )
h

xfhxf −+  = 
h

xhx 33 +−++  

     To remove the radical from the numerator multiply both the numerator and the denominator  

     by 33 ++++ xhx  to obtain the following: 

     ( ) ( )
h

xfhxf −+  = 
h

xhx 33 +−++  = 
33
3333

++++

++++
⋅

+−++

xhx
xhx

h
xhx  = 

33
1

++++ xhx
 

     Second - Compute ( )xf ′  as the 0lim →h  in the difference quotient equation, i.e.,  

     ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = 

33
1lim 0

++++
→

xhx
h  = 

33
1

+++ xx
 = 

32
1
+x

 

d.  To find the derivative of the function ( )xf  = ( )272 −x  

     First - Substitute ( )hxf +  = ( )[ ] 272 −+ hx  = ( ) ( )hxhx +−++ 28494 2  = hxxhhx 282849844 22 −−+++   
 

     and ( )xf  = ( ) 272 −x  = xx 28494 2 −+  into the difference quotient equation, i.e., ( ) ( )
h

xfhxf −+   

 

     = ( ) ( )
h

xxhxxhhx 28494282849844 222 −+−−−+++  = 
h

xxhxxhhx ///+//−//−−///−//+++// // 82944288294844 222
  

 

     = 
h

hxhh 2884 2 −+  = ( )
h

xhh
/

−+/ 2884  = 2884 −+ xh  

     Second - Compute ( )xf ′  as the 0lim →h  in the difference quotient equation, i.e.,  

     ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = ( )2884lim 0 −+→ xhh  = ( ) 28804 −+⋅ x  = 2880 −+ x  = 288 −x  

e.  To find the derivative of the function ( )xf  = 1+− x  

     First - Substitute ( )hxf +  = ( ) 1++− hx  = 1++− hx  and ( )xf  = 1+− x  into the difference  
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     quotient equation, i.e., ( ) ( )
h

xfhxf −+  = 
h

xhx 11 ++++
−  

     To remove the radical from the numerator multiply both the numerator and the denominator by  

     11 +−++ xhx  to obtain the following: 

     ( ) ( )
h

xfhxf −+  = 
h

xhx 11 ++++
−  = 

11
1111

+−++

+−++
⋅

++++
−

xhx
xhx

h
xhx  = 

11
1

++++
−

xhx
 

     Second - Compute ( )xf ′  as the 0lim →h  in the difference quotient equation, i.e.,  

     ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = 

11
1lim 0

++++
− →

xhx
h  = 

11
1

+++
−

xx
 = 

12
1
+

−
x

 

f.  To find the derivative of the function ( )xf  = 
1

1
+x

 

     First - Substitute ( )hxf +  = 
1

1
++ hx

 and ( )xf  = 
1

1
+x

 into the difference quotient equation,  

 

     i.e., ( ) ( )
h

xfhxf −+  = 
h

xhx 1
1

1
1

+
−

++  = 
11
11
++⋅+

++−+

hxxh
hxx  

     To remove the radical from the numerator multiply both the numerator and the denominator  

     by 11 ++++ hxx  to obtain the following: 

     ( ) ( )
h

xfhxf −+  = 
11
11

11
11

++++

++++
⋅

++⋅+

++−+

hxx
hxx

hxxh
hxx  = ( ) ( )

( ) ( ) 1111
11

+++++++

++−+

xhxhhxxh
hxx   

 

     = 
( ) ( ) 1111

11
+++++++

/−−/−/+/
xhxhhxxh

hxx  = 
( ) ( )[ ]1111 +++++++/

/−

xhxhxxh

h  = 
( ) ( ) 1111

1
+++++++

−

xhxhxx
 

Second - Compute ( )xf ′  as the 0lim →h  in the difference quotient equation, i.e.,  

     ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = 

( ) ( ) 1111
1lim 0

+++++++

−
→

xhxhxx
h  = 

( ) ( ) 1111
1

+++++

−

xxxx
  

 

     = 
( ) 112

1
++

−
xx

 

Example 2.1-2:  Given the derivative of the functions in example 2.1-1, find: 

a.  ( )′f 2             b.  ( )′f 3             c.  ( )′f 1  

d.  ( )′f 0             e.  ( )15f ′             f.  ( )0f ′  

Solutions: 

a.  Given ( )xf ′  = 3  then, ( )2f ′  = 3  
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Note that since the derivative is constant ( )xf ′  is independent of the x  value.  ( )2f ′  can also  

be calculated directly by using ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = ( )[ ] ( )

h
xhx

h
1313

lim 0
+−++

→   

 

and by replacing x  with 2 , i.e., ( )2f ′  = ( )[ ] ( )
h

h
h

16123
lim 0

+−++
→  = 

h
h

h
7136lim 0

−++
→   

= 
h
h

h /
/

→
3lim 0  = 3lim 0→h  = 3  

b.  Given ( )xf ′  = x8  then, ( )3f ′  = 38 ⋅  = 24  

( )3f ′  can also be calculated directly by using ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = ( )

h
xhx

h

22

0
44

lim
−+

→   

 

and by replacing x  with 3 , i.e., ( )3f ′  = ( )
h

h
h

22

0
3434

lim
⋅−+

→  = ( )
h

hh
h

36694
lim

2

0
−++

→   

 

= 
h

hh
h

3624436lim
2

0
−++

→  = ( )
h

hh
h /

+/
→

244lim 0  = 244lim 0 +→ hh  = 240+  = 24  

 

c.  Given ( )xf ′  = 
32

1
+x

 then, ( )1f ′  = 
312

1
+

 = 
42

1  = 
22

1
⋅

 = 
4
1  

Again, ( )1f ′  can also be calculated directly by using the equation ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim   

 

= ( )
h

xhx
h

33
lim 0

+−++
→  and by replacing x  with 1 , i.e., ( )1f ′  = ( )

h
h

h
3131

lim 0
+−++

→   

 

= 
h

h
h

44lim 0
−+

→  = 
44
4444lim 0

++

++
⋅

−+
→

h
h

h
h

h  = ( )24
lim 0

++
→

hh
h

h  = 
24

1lim 0
++

→
h

h   

 

= 
240

1
++

 = 
24

1
+

 = 
22

1
+

 = 
4
1  

 
d.  Given ( )xf ′  = 288 −x  then, ( )0f ′  = ( ) 2808 −×  = 28−  
 

e.  Given ( )xf ′  = 
12

1
+

−
x

 then, ( )15f ′  = 
1152

1
+

−  = 
162

1
−  = 

42
1
⋅

−  = 
8
1

−  

 

f.  Given ( )xf ′  = 
( )312

1

+
−

x
 then, ( )0f ′  = 

( )3102

1

+
−  = 

12
1
⋅

−  = 
2
1

−  

In problems 2.1-2 d, e, and f students may want to practice finding ( )xf ′  for the specific values of  
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x  by using the general equation ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim .  The answers should agree with the 

above stated solutions. 

Finally, it should be noted that every differentiable function is continuous.  However, not every 
continuous function is differentiable.  The proof of this statement is beyond the scope of this 
book and can be found in a calculus book.  In the following section we will learn simpler 
methods of finding derivative of functions using various differentiation rules. 

Section 2.1 Practice Problems – The Difference Quotient Method 

1.  Find the derivative of the following functions by using the Difference Quotient method. 

     a.  ( ) 12 −= xxf         b.  ( ) 123 −+= xxxf          c.  ( )
1−

=
x

xxf            d.  ( )
2

1
x

xf −=  

     e.  ( ) 320 2 −= xxf         f.  ( ) 3xxf =           g.  ( )
5

10
−

=
x

xf            h.  ( )
cx

baxxf +
=  

2.  Compute ( )xf ′  for the specified values by using the difference quotient equation as the 0lim →h . 

     a.  ( ) 3xxf =  at 1=x       b.  ( ) xxf 21+=  at 0=x            c.  ( ) 13 += xxf  at 1−=x  

     d.  ( ) ( )22 += xxxf  at 2=x       e.  ( ) 112 ++= −− xxxf  at 1=x         f.  ( ) 2+= xxf  at 10=x  
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2.2 Differentiation Rules Using the Prime Notation 
In the previous section we differentiated several functions by writing the difference quotient 
equation and taking the limit as h  approaches to zero.  This process, however - as was mentioned 
earlier, is rather long and time consuming.  Instead, we can establish some general rules that 
make the calculation of derivatives simpler.  These rules are as follows: 

Rule No. 1 - The derivative of a constant function is equal to zero, i.e.,  

if ( ) kxf = ,  then ( )′ =f x 0  

For example, the derivative of the functions ( )f x = 10 , ( )g x = −100 , and ( )s x = 250  is equal to 
( )′ =f x 0 , ( )′ =g x 0 , and ( )′ =s x 0 , respectively. 

Rule No. 2 - The derivative of the identity function is equal to one, i.e.,  

if ( )f x x= ,  then ( )′ =f x 1  

For example, the derivative of the functions ( )f x x= 5 , ( )g x x= −10 , and ( )s x x= 5  is equal to 
( ) 515 =⋅=′ xf , ( ) 10110 −=⋅−=′ xg , and ( ) 515 =⋅=′ xs , respectively. 

Rule No. 3A - The derivative of the function ( )f x x n=  is equal to ( )′ = −f x n x n 1 , where n  is a 
positive integer. 
For example, the derivative of the functions ( )f x x= , ( )f x x= 2 , ( )f x x= 3 , and ( )f x x= 4  is equal 
to ( )′ = ⋅ = =−f x x x1 11 1 0 , ( )′ = ⋅ = =−f x x x x2 2 22 1 1 , ( )′ = ⋅ =−f x x x3 33 1 2 , and ( ) 144 −⋅=′ xxf  = 34x , 
respectively. 

Rule No. 3B - The derivative of the function ( )f x x n=  is equal to ( )′ = −f x n x n 1 , where n  is a 
negative integer. 
For example, the derivative of the functions ( )f x x= −1, ( )f x x= −2 , ( )f x x= −3 , ( )f x x= −4 , and 

( )f x x=
−

1
8  is equal to ( )′ = − ⋅ = −− − −f x x x1 1 1 2 , ( )′ = − ⋅ = −− − −f x x x2 22 1 3 , ( )xf ′  = 413 33 −−− −=⋅− xx , 

and ( )′ = − ⋅ = −
− − −

f x x x1
8

1
8

1
8

1 9
8 , respectively. 

Note that this rule can also be used to obtain the derivative of functions that are in the form of 
( )f x

x n=
1  by rewriting the function in its equivalent form of ( )f x x n= − .  For example, the 

derivative of the functions ( ) 11 −== x
x

xf , ( ) 2
2

1 −== x
x

xf , ( ) 3
3

22 −−=−= x
x

xf , and ( ) 8
8

1 −== x
x

xf  

is equal to ( )′ = − ⋅ = −− − −f x x x1 1 1 2 , ( )′ = − ⋅ = −− − −f x x x2 22 1 3 , ( ) ( )′ = − ⋅ − ⋅ =− − −f x x x2 3 63 1 4 , and 
( ) 188 −−⋅−=′ xxf  98 −−= x , respectively. 

Rule No. 4 - If the function ( )f x  is differentiable at x , then a constant k  multiplied by ( )f x  is 
also differentiable at x , i.e.,  

( )k f x′  = ( )k f x′  
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Note that this rule is referred to as the scalar rule. 

For example, the derivative of the functions ( )f x x= 5 , ( )g x x= −10 , and ( )s x x= 5  is equal to 
( )′ =f x 5 , ( )′ = −g x 10 , and ( )′ =s x 5 , respectively. 

Rule No. 5 - If the function ( )f x  and ( )g x  are differentiable at x , then their sum is also 
differentiable at x , i.e.,  

( ) ( )xgf ′+  = ( ) ( )′ + ′f x g x  

In other words, the derivative of the sum of two differentiable functions, ( ) ( )xgf '+ , is equal to 
the derivative of the first function, ( )xf ' , plus the derivative of the second function, ( )xg ' .  Note 
that this rule is referred to as the summation rule. 

For example, the derivative of the functions ( ) ( )
( )

( )
( )

h x x x
f x g x

= − + −5 3 2 12
 

 

 and ( )
( )


( )
( )

s x x x
f x g x

= + +6 3 23
 

 is 

equal to ( ) ( ) ( )′ = ′ + ′ = +h x f x g x x5 4  and ( ) ( ) ( )′ = ′ + ′ = +s x f x g x x18 32 . 

Rule No. 6 - If the function ( )f x  and ( )g x  are differentiable at x , then their product is also 
differentiable at x , i.e.,  

( ) ( )xgf ′⋅  = ( ) ( ) ( ) ( )′ + ′f x g x g x f x  

In other words, the derivative of the product of two differentiable functions, ( ) ( )xgf '⋅ , is equal to 
the derivative of the first function multiplied by the second function, ( ) ( )xgxf ⋅' , plus the 
derivative of the second function multiplied by the first function, ( ) ( )xfxg ⋅' .  Note that this rule is 
referred to as the product rule. 

For example, the derivative of the functions ( ) ( )( )f x x x= − +3 5 6 1  and ( ) ( )g x x x= − −10 5 22 3  is equal 

to ( )′f x  = ( )[ ] ( )[ ]536163 −⋅++⋅ xx  = 18 3 18 5x x+ + −  = ( ) ( )351818 +−++ xx = 36 2x −  and  

( )′g x  = ( )[ ] [ ]223 10152520 xxxx −⋅+−⋅−  = 4 4100 40 150x x x− + −  = − +250 404x x  

Rule No. 7 - Using the rules 1 , 4 , 5 , and 6  we can write the formula for differentiating 
polynomials, i.e., 

if ( )f x  = a x a x a x a x a x a x an
n

n
n

n
n+ + + + + + +−

−
−

−
1

1
2

2
3

3
2

2
1

1
0  , then  

( )′f x  = ( ) ( )n a x n a x n a x a x a x an
n

n
n

n
n−

−
−

−
−+ − + − + + + +1

1
2

2
3

3
2

2 11 2 3 2  

For example, the derivative of the polynomials ( )f x x x= + −6 5 34 3 , ( )g x x x x= − −2 3 45 2 , and 

( )h x x x= − +
1
3

2 52  is equal to ( )′f x  = ( ) ( ) 1314 3546 −− ⋅+⋅ xx  = 24 153 2x x+ , ( )′g x  = ( ) ( ) 43225 4 −⋅−⋅ xx  

= 10 6 44x x− − , and ( )′h x  = 2
3
12 −





 ⋅ x  = 2

3
2x − , respectively. 

Rule No. 8 - If the function ( )f x  and ( )g x  are differentiable at x , then their quotient is also 
differentiable at x , i.e.,  
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( )f
g

x







′

 = ( ) ( ) ( ) ( )
( )[ ] 2xg

xfxgxgxf ′−′  

In other words, the derivative of the quotient of two differentiable functions, ( )x
g
f '








 , is equal to 

the derivative of the function in the numerator multiplied by the function in the denominator, 
( ) ( )xgxf ⋅' , minus the derivative of the function in the denominator multiplied by the function in 

the numerator, ( ) ( )xfxg ⋅' , all divided by the square of the denominator, ( )[ ] 2xg .  Note that this 
rule is referred to as the quotient rule. 

For example, the derivative of the functions ( )f x x
x

=
+
+

1 3
1

 and ( )g x x
x

=
+

+

3 5
1

2

3  is equal to ( )xf ′   

= ( )[ ] ( )[ ]
( )21

31113

x

xx

+

+⋅−+⋅  = 
( )

3 3 1 3

1 2
+ − −

+

x x

x
 = 

( )
2

1 2+ x
 and ( )xg ′  = 

( )[ ] ( )[ ]
( )23

223

1

53316

+

+⋅−+⋅

x

xxxx
  

= 
( )

6 6 9 15

1

4 4 2

3 2
x x x x

x

+ − −

+
 = 

( )
− −

+

3 9

1

4 2

3 2
x x

x
 

In the following examples the above rules are used in order to find the derivative of various 
functions: 
Example 2.2-1:  Differentiate the following functions. 

a.  ( )f x x= +5     b.  ( )f x x x= + −3 3 1      c.  ( )f x x= −2  

d.  ( )f x x x= + +10 5 53 2   e.  ( ) ( )xxxf 23 2 +=       f.  ( )f x ax bx c= + +3 2  

g.  ( )f x ax b= +2    h.  ( )f x x x x x
= − + −

5 4 3 2

10 4 6 4
     i.  ( )f x

x
=

10
2  

j.  ( )f x
x x

= −
1 1

3    k.  ( ) 5 3 13 2 10f x x x x− − −= + − +      l.  ( )f x x
x

=
+2

4
2  

m.  ( )f x x
x

=
−

4

1
   n.  ( )f x x

x
=

+

+

4

2
10
1

      o.  ( )f x x
x

=
+

−

3
53  

p.  ( )f x
x

x
x

=
+
+











2 2
1

3
   q.  ( ) ( )( )f x x x= + +2 1 5       r.  ( ) ( )( )f x x x= + +1 2  

s.  ( ) 







−






 +=

3
1111
xx

xf   t.  ( ) ( )f x x
x

x=
+







 +

3 5 1
2

     u.  ( )f x x
x

=
+

−

1
1

2

2  

v.  ( )f x x x
x

=
+ +

+

2 3 1
1

2

2    w.  ( )f x ax bx c
ax b

=
+ +

−

2

2       x.  ( )f x x

x

=
−

−

3
1 5

 

Solutions: 
a.  Given ( ) 5f x x= +  then ( )′f x  = 1 10 x −+  = 0x  = 1  
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b.  Given ( ) 3 3 1f x x x= + −  then ( )f x′  = 3 1 1 13 3 0x x− −+ ⋅ −  = 2 03 3x x+ ⋅  = 23 3 1x + ⋅  = 23 + 3x  
 
c.  Given ( ) 2f x x= −  then ( )f x′  = 1 10 x −−  = 0x−  = 1−  
 
d.  Given ( ) 3 210 5 5f x x x= + +  then ( )f x′  = 3 1 2 110 3 5 2 0x x− −⋅ + ⋅ +  = 230 +10x x  
 
e.  Given ( ) ( )23 2f x x x= +  then ( )f x′  = ( )2 1 1 13 2 2x x− −+ ⋅  = ( )03 2 2x x+ ⋅  = ( )3 2 2 1x + ⋅  = 6 + 6x  
 
f.  Given ( ) 3 2f x ax bx c= + +  then ( )f x′  = 3 1 2 13 2 0a x b x− −⋅ + ⋅ +  = 23 + 2ax bx  
 
g.  Given ( ) 2f x ax b= +  then ( )f x′  = 2 12 0a x −⋅ +  = 2ax  
 

h.  Given ( )
5 4 3 2

10 4 6 4
x x x xf x = − + −  then ( )f x′  = 5 1 4 1 3 1 2 11 1 1 15 4 3 2

10 4 6 4
x x x x− − − −⋅ − ⋅ + ⋅ − ⋅   

 

= 4 3 25 4 3 2
10 4 6 4

x x x x− + −  = 
4 3 2

+
2 1 2 2
x x x x− −    or, using the quotient rule we obtain 

 

( )f x′  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )5 1 5 4 1 4 3 1 3 2 1 2

2 2 2 2

5 10 0 4 4 0 3 6 0 2 4 0

10 4 6 4

x x x x x x x x− − − −⋅ − ⋅ ⋅ − ⋅ ⋅ − ⋅ ⋅ − ⋅
− + −   

 

 = 
4 3 250 16 18 8

100 16 36 16
x x x x− + −  = 

4 3 2
+

2 1 2 2
x x x x− −  

 

i.  Given ( ) 2
10f x
x

=  then ( )f x′  = ( ) ( )
( )

2 2 1

22

0 2 10x x

x

−⋅ − ⋅
 = ( )

4
0 2 10x

x
− ⋅  = 4 3

20x
x / =
− /  = 20

3x
−  

 

j.  Given ( ) 3
1 1f x
x x

= −  then ( )f x′  = ( ) ( ) ( ) ( )
( )

3 3 1

2 23

0 3 10 1 1 x xx
x x

−⋅ − ⋅⋅ − ⋅
−  = 

2

2 6 4
1 3x
x x

/

/ =− +  = 2 4
1 3+
x x

−  

 
k.  Given ( ) 5 3 13 2 10f x x x x− − −= + − +  then ( )f x′  = 5 1 3 1 1 15 3 3 2 1 0x x x− − − − − −− + ⋅− − ⋅− +   

 

= 6 4 25 9 + 2x x x− − −− −    or, we can rewrite ( )f x  as ( )f x
x x x

= + − +
1 3 2 105 3  and then find ( )′f x  

using the quotient rule. 

( )f x′  = ( ) ( )
( )

( ) ( )
( )

( ) ( )5 4 3 2

2 2 25 3

0 5 1 0 3 3 0 1 2
0

x x x x x
xx x

⋅ − ⋅ ⋅ − ⋅ ⋅ − ⋅
+ − +  = 26

2

10

4 295
xx

x
x
x

+−−  = 
4 2

6 4 210 6
5 9 2x x

x xx

/ /

/ / =/ =− − +   
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= 6 4 2

5 9 2
x x x

− − +  = −6 4 25 9 + 2x x x− −− −  

 

l.  Given ( )
2

4
2xf x

x
+=  then ( )f x′  = 

( )[ ] ( )[ ]
( )24

214412 2402

x

xxxx +⋅−⋅+ −−

 = 
[ ] ( )[ ]

8

234 242

x

xxxx +⋅−⋅
  

 

= 
5 5 3

8
2 4 8x x x

x
− −  = 

5 3

8
2 8x x

x
− −  = ( )3 2

8 5

2 4x x

x

/

/ =

− +
 = ( )

5

2 42

x

x +−  

 

m.  Given ( )
4

1
xf x

x
=

−
 then ( )f x′  = 

( )[ ] ( )[ ]
( ) 2

414

1

1014

x

xxx

−

⋅−−−⋅−

 = ( )
( )

3 4

2
4 1

1
x x x

x
− +

−
 = 

( )

3 4 4

2
4 4

1
x x x

x
− +

−
  

 

= 
( )

3 4

2
4 3

1
x x

x
−

−
 = 

( )

3 4

2
4 3

1
x x

x
−

−
 

 

n.  Given ( )
4

2
10
1

xf x
x
+=
+

 then ( )f x′  = 
( ) ( )[ ] ( ) ( )[ ]

( )22

412214

1

1002104

+

++−++ −−

x

xxxx
 = 

( ) ( )
( )22

423

1

10214

+

+−+

x

xxxx
  

 

= 
( )

5 3 5

22

4 4 2 20

1

x x x x

x

+ − −

+
 = 

( )22

35

1

2042

+

−+

x

xxx  = ( )
( )22

24

1

1022

+

−+

x

xxx  

 

o.  Given ( ) 3
3

5
xf x

x
+=
−

 then ( )f x′  = 
( ) ( )[ ] ( )( )[ ]

( )23

133

5

303510

−

+−−−+ −

x

xxx
 = ( ) ( )

( )

3 2

23

5 3 3

5

x x x

x

− − +

−
  

 

= 
( )

3 2 3

23

5 9 3

5

x x x

x

− − −

−
 = ( )23

23

5

592

−

−−−

x

xx  

 

p.  Given ( )
32 2

1
xf x

x x
 
  
 

+=
+

 then ( )f x′  = ( ) ( ) ( )( ) ( )( )
( )

3 1 33

2 2

0 3 1 1 0 20 1 2 2 2
1 1

x x xx x
x xx x

−                      
 

+ + − + +⋅ − ⋅ + +
+ +

  

 

= 
( ) ( )
( )

2 3

2

3 1 2

1

x x x

x

  
  
 
  

+ − +

+
 = 

( )

3 3 2 3

2 2
2 2 2 3 3 2

1 1
x x x x

x xx x

  
        

+ + − −− +
+ +

 = 
( )

3 3 2

2 2
2 2 2 2 3 2

1 1

x x x

x x x x

+ + −
− +

+ +

  
  

    
 

 
q.  Given ( ) ( )( )2 1 5f x x x= + +  then ( )f x′  = ( )( ) ( )( )2 1 22 0 5 1 0 1x x x−   

      
+ + + + +  = ( ) ( )22 5 1x x x+ + +   
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= 2 22 10 1x x x+ + +  = 23 +10 +1x x  

A second method would be to multiply the binomial terms by one another, using the FOIL 
method, and then taking the derivative of ( )xf  as follows: 

( )xf  = ( )( )512 ++ xx  = 55 23 +++ xxx  then ( )f x′  = ( ) 0253 111213 ++⋅+ −−− xxx  = 23 + 10 + 1x x  
 

r.  Given ( ) ( )( )1 2f x x x= + +  then ( )f x′  = ( )( ) ( )( )1 0 2 1 0 1x x      + + + + +  = ( ) ( )2 1x x+ + +  = 2 + 3x  

An alternative way is by multiplying the terms in parenthesis together and then taking the 
derivative of the product, i.e., 

( )f x  = ( )( )1 2x x+ +  = 2 2 2x x x+ + +  then ( )f x′  = 2 12 2 1 1 0x − + ⋅ + +  = 2 2 1x + +  = 2 + 3x  
 

s.  Given ( ) 







−






 +=

3
1111
xx

xf  then ( )f x′  = ( ) ( ) ( ) ( )3 3 1

2 3 6

0 3 10 1 1 1 10 1 0 1
x xx

x x x x

− ⋅ − ⋅ ⋅ − ⋅      + − + − +    
       

  

 

= 
2

2 3 6
1 1 3 11 1x

xx x x
   
   

  
− − + +  = 

2 2

5 72 6
1 1 3 3x x

x xx x
− + + +  = 

2 2

5 7 52 6 4
1 1 3 3x x

x xx x

/ /

=/ = /− + + +   

 

= 5 52 4
1 1 3 3

x xx x
− + + +  = 5 4 2

4 3 1+
x x x

−  

A perhaps simpler way is to write ( )xf  in the following form: 

( )f x′  = 







−






 +

3
1111
xx

 = ( ) ( )31 11 −− −+ xx  then ( )f x′  = ( ) ( )[ ] ( ) ( )[ ]113311 13010 −−−−−− +⋅++−⋅− xxxx  

 

= ( )[ ] ( )[ ]1432 131 −−−− +⋅+−⋅− xxxx  = ( ) ( )144322 33 −−−−−− +++− xxxx  = 5452 33 −−−− +++− xxxx  
 

= 245 34 −−− −+ xxx  = 5 4 2
4 3 1+
x x x

−  

 

t.  Given ( ) ( )
23 5 1xf x x a
x

 
  
 

+= +  then ( )f x′  = 
( )[ ] ( )[ ]

( )





















 +
⋅++















 +⋅−+⋅ −

x
xx

x

xxx 5311
531023 2

2

212

  

 

= ( ) 








 +
+












+









 −−
x

xx
x

xx 531536 2

2

22
 = ( )

    
    
    

2 2

2
3 5 3 + 5

+ 1 +
x x

x
xx

−
 

 

u.  Given ( )
2

2
1
1

xf x
x

+=
−

 then ( )f x′  = 
( ) ( )[ ] ( ) ( )[ ]

( )22

212212

1

120120

x

xxxx

−

+−−−+ −−

 = ( ) ( )
( )

2 2

22

2 1 2 1

1

x x x x

x

− + +

−
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= 2 2 2 2
2 1

3 3

4 2
x x x x

x x
− + +

− +
 = ( )

( )
2 2 2 2

1

3 3

2 2
x x x x

x

+ − / + /

−

/ /

 = 
( )22

4

1

x

x−
 

 

v.  Given ( )
2

2
2 3 1

1
x xf x

x
+ +=
+

 then ( )f x′  = 
( )( )[ ] ( )( )[ ]

( )22

212212

1

132021034

+

+++−+++ −−

x

xxxxx
  

 

= 
( ) ( )[ ] ( )[ ]

( )22

22

1

1322134

+

++−++

x

xxxxx
 = 

( )22

2323

1

2643344

+

−−//−+++// //

x

xxxxxx  = ( )22

2

1

323

+

++−

x

xx  

 

w.  Given ( )
2

2
ax bx cf x a

ax b
+ +=
−

 then ( )f x′  = 
( )( )[ ] ( )[ ]

( )22

212212 22

bax

cbxaxaxbaxbax

−

++−−+ −−

  

 

= 
( ) ( )[ ] ( )[ ]

( )22

22 22

bax

cbxaxaxbaxbax

−

++−−+
 = 

( )22

2322232 22222

bax

acxabxxababxabxxa

−

−−///−−+−/// ////
  

 

= 
( )22

22 22

bax

bacxabxabx

−

−−−−  = ( )
( )22

22 2

bax

bxcbaabx

−

−+−−  

 

x.  Given ( ) 3
1 5

xf x a

x

−=
−

 then ( )f x′  = 

( ) ( ) ( )2

2

0 1 111 5 3

1 5

x x
x x

x

      
          

 
 
 

⋅ − ⋅
− ⋅ − − −

−
 = 

( )2
2

1 15 3

1 5

x
x x

x

 
 
 

 
 
 

− + + −

−
  

 

= 
2

2

1 3 5

1 5

x
x x

x
 
 
 

−− + +

−
 = 

2
2

1 3 1 5

1 5

x xx

x
 
 
 

− + − +

−
 = 

2

2

3 2 5

1 10 25
xx

xx

− +

− +
 = 

2

3
2

3

3 2 5
1

10 25
1

x x
x

x x
x

− +

− +
 = 

2 3

3
2 3

3

3 2 5

10 25

x x x
x

x x x
x

− +

− +
  

 

= 
3 2

3 2
5 2 3
25 10

x x x
x x x
− +
− +

 = ( )
( )

2

2

5 2 3

25 10 1

x x x

x x x

− +/

− +/
 = 

2

2
5 2 + 3

25 10 +1
x x
x x

−
−

 

 
Example 2.2-2:  Find ( )′f 0 , ( )′f 1 , and ( )2−′f  for the following functions. 

a.  ( ) ( ) 25 xxxf +=    b.  ( )f x x= +3 12     c.  ( )f x x x x= − − +− − −5 4 22 3 1 

d.  ( ) ( )f x x x= +−1 2    e.  ( )f x x x
x

= + +3 2 1     f.  ( ) ( )f x x x= +2 1  
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g.  ( )f x x
x

=
+

+

2

2
4

3 1
  h.  ( )f x x x x= − + +5 22 3 10     i.  ( ) ( )( )132 −+= xxxf  

Solutions: 
a.  Given ( ) ( ) 25 xxxf += , then  

( )f x′  = ( ) ( )2 2 11 0 2 5x x x−   
   + ⋅ + ⋅ +  = ( )522 ++ xxx  = 2 22 10x x x+ +  = 23 10x x+  and  

 

( )0f ′  = ( ) ( )23 0 10 0⋅ + ⋅  = 0  
 

( )1f ′  = ( ) ( )23 1 10 1⋅ + ⋅  = 3 10+  = 13  
 

( )2f ′ −  = ( ) ( )23 2 10 2 
  
⋅ − + ⋅−  = ( )3 4 20⋅ −  = 12 20−  = 8−  

b.  Given ( )f x x= +3 12 , then  

( )f x′  = ( ) 023 12 +⋅ −x  = 6x  and 
 

( )0f ′  = 6 0⋅  = 0         ( )1f ′  = 6 1⋅  = 6    ( )2f ′ −  = 6 2⋅ −  = 12−  

c.  Given ( )f x x x x= − − +− − −5 4 22 3 1, then  

( )f x′  = ( ) ( ) 023425 121415 +−⋅−+−⋅−+− −−−−−− xxx  = 6 5 35 8 6x x x− − −− + +  = 56 3
5 8 6

xx x
− + +  and 

 

( )0f ′  = 56 3
5 8 6

00 0
− + +  = 

0
6

0
8

0
5

++−     ( )0f ′  is undefined due to division by zero 

 

( )1f ′  = 56 3
5 8 6

11 1
− + +  = 5 8 6

1 1 1
− + +  = 9  

 

( )2f ′ −  = 
( ) ( ) ( )56 3

5 8 6
22 2

− + +
−− −

 = 5 8 6
64 32 8

− + +
− −

 = 0.078 0.25 0.75− − −  = 1.078−  

d.  Given ( ) ( )f x x x= +−1 2 , then  

( )f x′  = ( ) ( )1 1 12 1x x x− − − 
 − + + ⋅  = ( )2 12x x x− − 

 − + +  = 2
2 1x

xx
 
 
 

+− +  = 2
1 2 1
x xx

− − +  = 2
2
x

−  and 

 

( )0f ′  = 2
2

0
−  = 

2

0
−      ( )0f ′  is undefined due to division by zero 

 

( )1f ′  = 2
2

1
−  = 2

1
−  = 2−  
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( )2f ′ −  = 
( )2

2
2

−
−

 = 2
4

−  = 1
2

−  

e.  Given ( )f x x x
x

x x x= + + = + + −3 3 12 1 2 , then  

( )f x′  = 3 1 1 1 1 13 2x x x− − − −+ −  = 2 23 2x x−+ −  and 
 

( )0f ′  = 2 23 2x x−+ −  = 2
2

13 2x
x

+ −  = 2
2

13 0 2
0

⋅ + −  = 
0
12 −  ( )0f ′  is undefined due to division by zero 

 

( )1f ′  = 2 23 2x x−+ −  = 2
2

13 2x
x

+ −  = 2
2
13 1 2
1

⋅ + −  = 13 2
1

+ −  = 3 2 1+ −  = 4  

 

( )2f ′ −  = 2 23 2x x−+ −  = ( )
( )

2
2

13 2 2
2

⋅ − + −
−

 = 13 4 2
4

⋅ + −  = 12 2 0.25+ −  = 13.75  

f.  Given ( ) ( )f x x x= +2 1 , then  

( )f x′  = ( ) ( )2 1 22 1 1x x x− 
 + + ⋅  = ( ) 22 1x x x  + +  = 2 22 2x x x+ +  = 23 2x x+  and 

 

( )0f ′  = ( ) ( )23 0 2 0⋅ + ⋅  = 0  
 

( )1f ′  = ( ) ( )23 1 2 1⋅ + ⋅  = 3 2+  = 5  
 

( )2f ′ −  = ( ) ( )23 2 2 2 
  
⋅ − + ⋅−  = ( )3 4 4⋅ −  = 12 4−  = 8  

g.  Given ( )f x x
x

=
+

+

2

2
4

3 1
, then  

( )f x′  = 
( ) ( )

( )

2 2

22

3 1 2 4 6

3 1

x x x x

x

   
      

+ ⋅ − + ⋅

+
 = ( ) ( )

( )

3 3

22

6 2 6 24

3 1

x x x x

x

+ − +

+
 = 

( )
3 3

22

6 2 6 24

3 1

x x x x

x

+ − −

+
 = 

( )22

22

3 1

x

x
−

+
  

 

( )0f ′  = 
( )22

22 0

3 0 1

⋅−
⋅ +

 = 
( )2

0
0 1

−
+

 = 2
0

1
−  = 0

1
−  = 0  

 

( )1f ′  = 
( )22

22 1

3 1 1

⋅−
⋅ +

 = 
( )2

22
3 1

−
+

 = 2
22
4

−  = 22
16

−  = 1.375−  

 

( )2f ′ −  = 
( )

22

22 2

3 2 1 
  

⋅ −−
⋅ − +

 = 
( )2

44
12 1
−−
+

 = 2
44

13
 = 44

169
 = 0.26  
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h.  Given ( )f x x x x= − + +5 22 3 10 , then  

( )f x′  = 5 1 2 15 2 2 3 0x x− −− ⋅ + +  = 45 4 3x x− +  
 

( )0f ′  = 45 0 4 0 3⋅ − ⋅ +  = 0 0 3− +  = 3  
 

( )1f ′  = 45 1 4 1 3⋅ − ⋅ +  = 5 4 3− +  = 4  
 

( )2f ′ −  = ( ) ( )45 2 4 2 3⋅ − + − ⋅− +  = ( )5 16 8 3⋅ + +  = 80 11+  = 91  

i.  Given ( ) ( )( )132 −+= xxxf , then  

( )f x′  = ( )[ ] ( )[ ]3112 2 +⋅+−⋅ xxx  = 2 22 2 3x x x− + +  = 23 2 3x x− +  
 

( )0f ′  = 23 0 2 0 3⋅ − ⋅ +  = 0 0 3− +  = 3  
 

( )1f ′  = 23 1 2 1 3⋅ − ⋅ +  = 3 2 3− + = 4  
 

( )2f ′ −  = ( ) ( )23 2 2 2 3⋅ − + − ⋅− +  = 3 4 4 3⋅ + + = 12 7+  = 19  

Example 2.2-3:  Given ( )g x
x

= +
1 1 and ( )h x x= , find ( )xf , ( )′f x  and ( )′f 0 . 

a.  ( ) ( )f x x g x=    b.  ( ) ( )f x x h x= −2 52    c.  ( ) ( ) ( )
f x g x x

h x
= +  

d.  ( ) ( )h x x f x= 3    e.  ( ) ( )h x f x= −1    f.  ( ) ( )3 2 1h x x f x= −  

Solutions: 

a.  Given ( )g x
x

= +
1 1 and ( ) ( )f x x g x= , then  

( )f x  = ( )xgx  = 1 1x
x

 
 
 
⋅ +  = 1 + x  therefore ( )f x′  = 1  and ( )0f ′  = 1  

b.  Given ( )h x x=  and ( ) ( )f x x h x= −2 52 , then  

( )f x  = ( )xhx 52 2 −  = 22 5x x− ⋅  = 22 5x x−  therefore ( )f x′  = ( ) 522 12 −⋅ −x  = 4 5x −  and  
 

( )0f ′  = ( ) 504 −⋅  = 5−  

c.  Given ( )g x
x

= +
1 1, ( )h x x= , and ( ) ( ) ( )

f x g x x
h x

= + , then  

( )f x  = ( ) ( )xh
xxg +  = 1 1 x

x x
 
 
 

+ +  = 1 1 1
x

 
 
 

+ +  = 1 2
x
+  = 1 + 2x−  therefore ( )f x′  = 1 1 0x− −− +   

 

= 2x−−  = 2
1
x

−  and ( )0f ′  = 2
1
0

−  = 1
0

−   which is undefined due to division by zero. 
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d.  Given ( )h x x=  and ( ) ( )h x x f x= 3 , then  

( )f x  = ( )
x
xh

3
 = 

3
x
x

 = 
3
1  therefore, ( )f x′  = 0  and ( )0f ′  = 0  

e.  Given ( )h x x=  and ( ) ( )h x f x= −1 , then  

( )f x  = ( )xh−1  = 1 x−  therefore, ( )f x′  = 1−  and ( )0f ′  = 1−  

f.  Given ( )h x x=  and ( ) ( )3 2 1h x x f x= − , then  

( )f x  = ( )
x

xh
2

13 +  = 
3 + 1

2

x

x
 therefore, ( )f x′  = [ ] ( )

( )2
2 3 2 3 1

2

x x

x

  ⋅ − ⋅ +  = 24
266

x
xx −//−//  = 2

2
4x

−   

 

= 2
1

2x
−  and ( )0f ′  = 2

1
2 0

−
⋅

 = 1
0

−   which is undefined due to division by zero. 

Section 2.2 Practice Problems - Differentiation Rules Using the Prime Notation 

1.  Find the derivative of the following functions.  Compare your answers with Practice Problem  
number 1 in Section 2.1. 

    a.  ( ) 12 −= xxf         b.  ( ) 123 −+= xxxf          c.  ( )
1−

=
x

xxf            d.  ( )
2

1
x

xf −=  

    e.  ( ) 320 2 −= xxf         f.  ( ) 3xxf =           g.  ( )
5

10
−

=
x

xf            h.  ( )
cx

baxxf +
=  

2.  Differentiate the following functions: 

    a.  ( ) 1102 ++= xxxf       b.  ( ) 13 28 −+= xxxf    c.  ( ) 523 24 +−= xxxf  

    d.  ( ) ( )xxxxf 5102 45 ++=      e.  ( ) 2232 cxbxaxf ++=   f.  ( ) ( ) xxxxf 312 +−=  

    g.  ( ) ( ) ( )51 23 −+= xxxf      h.  ( ) ( ) ( )113 2 −−+= xxxxf   i.  ( ) ( ) xxxxxf 45 23 −+=  

    j.  ( )
x

xxf 13 +
=       k.  ( )

2

25

3
12

x
xxxf −+

=    l.  ( ) ( ) xx
xxf

31

2

+−
=  

    m.  ( ) 





 +=

x
xxf 122       n.  ( ) ( )

1
21
−

⋅+=
x

xxxf    o.  ( )
4

3 13
x

xxxf −+
=  

    p.  ( ) ( ) 








 +
−=

x
xxxf 521

3
2      q.  ( )

1
23 24

−
++

=
x

xxxf   r.  ( )
2

1 1
−

− +=
x

xxf  

3.  Compute ( )xf ′  at the specified value of x .  Compare your answers with the practice problem  
 number 2 in Section 2.1. 

    a.  ( ) 3xxf =  at 1=x        b.  ( ) xxf 21+=  at 0=x            c.  ( ) 13 += xxf  at 1−=x  

    d.  ( ) ( )22 += xxxf  at 2=x       e.  ( ) 112 ++= −− xxxf  at 1=x         f.  ( ) 2+= xxf  at 10=x  
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4.  Find ( )0f ′  and ( )2f ′  for the following functions: 

    a.  ( ) 53 23 +−= xxxf      b.  ( ) ( ) ( )113 −+= xxxf   c.  ( ) ( )12 += xxxf  

    d.  ( ) xxxxf 4102 45 −+=      e.  ( ) xxxxf 532 12 +−= −−   f.  ( ) ( ) xxxxxf +−= − 352  

    g.  ( )
21 x

xxf
+

=       h.  ( ) 31 x
x

xf +=    i.  ( )
dcx
bxaxxf

−
+

=
2

 

5.  Given ( ) 12 += xxf  and ( ) 52 −= xxg , find ( )xh  and ( )xh′ . 

    a.  ( ) ( )xfxxh 3=       b.  ( ) ( )xhxf += 3    c.  ( ) ( ) 12 −= xhxg  

    d.  ( ) ( ) 123 −= xgxxh       e.  ( )[ ] ( ) 123 2 =− xhxf   f.  ( ) ( ) ( )xfxgxh 3⋅=  

    g.  ( ) ( ) 03 =− xfxh       h.  ( ) ( ) ( )xfxhxg =+2    i.  ( ) ( )xhxxxf ++= 23 5  

    j.  ( ) ( )xf
x

xxh −
+

=
13

      k.  ( ) ( ) ( )xgxfxh += 2    l.  ( )[ ] ( ) 102 =− xfxh  

    m.  ( ) ( )
( )xh

xgxf 2
=       n.  ( )

( ) xxh
xf 13
=     o.  ( ) ( ) 4

1
+

=
xh

xf  
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2.3 Differentiation Rules Using the d
dx

 Notation 

In the previous section the prime notation was used as a means to show the derivative of a 
function.  For example, derivative of the functions ( )y f x x x= = + +2 3 1  was represented as 

( ) 32 +=′=′ xxfy .  However, derivatives can also be represented by what is referred to as the 
“double-d” notation.  For example, the derivative of the function ( ) 132 ++== xxxfy  can be 

shown as ( ) 32 +== xxf
dx
d

dx
dy .  Following are the differentiation rules in the double-d notation 

form: 

Rule No. 1 - The derivative of a constant function is equal to zero, i.e.,  

if ( )f x k= ,  then ( )d
dx

f x = 0  

Rule No. 2 - The derivative of the identity function is equal to one, i.e.,  

if ( )f x x= ,  then ( )d
dx

f x = 1 

Rule No. 3 - The derivative of the function ( )f x x n=  is equal to ( )d
dx

f x n x n= −1 , where n  is a 

positive or negative integer. 

Rule No. 4 (scalar rule) - If the function ( )f x  is differentiable at x , then a constant k  
multiplied by ( )f x  is also differentiable at x , i.e.,  

( )[ ]d
dx

k f x  = ( )k d
dx

f x




 

Rule No. 5 (summation rule) - If the function ( )f x  and ( )g x  are differentiable at x , then their 
sum is also differentiable at x , i.e.,  

( )[ ]d
dx

f g x+  = ( ) ( )d
dx

f x d
dx

g x+  

Rule No. 6 (product rule) - If the function ( )f x  and ( )g x  are differentiable at x , then their 
product is also differentiable at x , i.e.,  

( ) ( )xgf
dx
d





 ⋅  = ( ) ( ) ( ) ( )d

dx
f x g x d

dx
g x f x





+ 





 

Rule No. 7 - Using the rules 1 , 4 , 5 , and 6  we can write the formula for differentiating 
polynomials, i.e., 

if ( )f x  = a x a x a x a x a x a x an
n

n
n

n
n+ + + + + + +−

−
−

−
1

1
2

2
3

3
2

2
1

1
0  then,  

( )d
dx

f x  = ( ) ( )n a x n a x n a x a x a x an
n

n
n

n
n−

−
−

−
−+ − + − + + + +1

1
2

2
3

3
2

2 11 2 3 2  

Rule No. 8 (quotient rule) - If the function ( )f x  and ( )g x  are differentiable at x , then their 
quotient is also differentiable at x , i.e.,  
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( )d
dx

f
g

x




















 = 
( ) ( ) ( ) ( )

( )[ ]

d
dx

f x g x d
dx

g x f x

g x







− 





2  

Note 1 - depending on the letter used to express the terms of a function, the double-d notation of a 

derivative is then shown as da
db

 ( )
( )

where a is equal to the letter used in the left hand side of the equation
where b is equal to the letter used in the right hand side of the equation

.  

For example,  
• if the function y  is represented by ( )xf , i.e., ( )y f x x x= = +2 2 , then its derivative is shown as 

( ) ( )dy
dx

d
dx

f x d
dx

x x x= = + = +2 2 2 2 . 

• if the function y  is represented by ( )tf , i.e., ( )y f t t t= = + +3 22 4 , then its derivative is shown 

as ( ) ( )dy
dt

d
dt

f t d
dt

t t t t= = + + = +3 2 22 4 3 4 . 

• if the function u  is represented by ( )vf , i.e., ( )u f v v v= = +3 3 , then its derivative is shown as 

( ) ( ) 333 23 +=+== vvv
dv
dvf

dv
d

dv
du . 

• if the function p  is represented by ( )rf , i.e., ( )p f r r r= = − −2 2 33 2 , then its derivative is 

shown as ( ) ( )dp
dr

d
dr

f r d
dr

r r r r= = − − = −2 2 3 3 43 2 2 . 

• if the function y  is represented by ( )zf , i.e., ( )y f z z z= = + +5 23 1, then its derivative is shown 

as ( ) ( )dy
dz

d
dz

f z d
dz

z z z z= = + + = +5 2 43 1 5 6 . 

• if the function v  is represented by ( )xf , i.e., ( )v f x x= = +8 4 , then its derivative is shown as 

( ) ( )dv
dx

d
dx

f x d
dx

x x= = + =8 74 8 , etc. 

In the following examples the above rules are used in order to find the derivative of various 
functions: 
Example 2.3-1:  Find dy

dx
 for the following functions. 

a.  y x x= − +3 22 5    b.  y x x= − −4 3 15 2    c.  y x
x

= +2 1  

d.  y x
x

=
+

3
1

2
    e.  y x x

x
= +

+
5 2

12    f.  ( )y x x= +3 2 1  

g.  ( ) ( )31 2 −+= xxy    h.  ( )15 += xxy     i.  y x
x

= +
−5 1  

j.  ( ) ( )21 −+= xxxy    k.  y x x
=

−





2 3
5

   l.  ( ) ( ) 211 −−+= xxy  

Solutions: 

a.  dy
dx

 = ( )3 22 5d x x
dx

− +  = ( ) ( ) ( )3 22 5d d dx x
dx dx dx

+ − +  = ( )23 2 2 0x x+ − ⋅ +  = 23 4x x−  



Calculus I  2.3  Differentiation Rules Using the d
dx

 Notation  

Hamilton Education Guides   73 

 

b.  dy
dx

 = ( )5 24 3 1d x x
dx

− −  = ( ) ( ) ( )5 24 3 1d d dx x
dx dx dx

+ − + −  = ( ) ( ) 02354 4 +⋅−+⋅ xx  = 420 6x x−  

 

c.  dy
dx

 = 2 1d x
dx x

 
 
 

+  = ( )12 −+ xx
dx
d  = ( ) ( )2 1d dx x

dx dx
−+  = ( )22x x−+ −  = 22x x−−  = 2

12x
x

−  

 

d.  dy
dx

 = 
23

1
d x
dx x

 
  
 +

 = 
( ) ( ) ( ) ( )

( )

2 2

2

1 3 3 1

1

d dx x x x
dx dx

x

   
      

+ − +

+
 = 

( )[ ] ( )[ ]
( ) 2

2

1

1361

x

xxx

+

⋅−⋅+
 = 

( )

2

2
3 + 6

1 +
x x

x
 

 

e.  dy
dx

 = 2
25

1
d xx
dx x

 
 
 

+
+

 = ( ) 2
25

1
d d xx
dx dx x

 
 
 

+
+

 = ( )
( ) ( ) ( )

( )

2 2

22

1 2 2 1
5

1

d dx x x xd dx dxx
dx x

   
      

+ − +
+

+
  

 

           = 
( ) [ ]

( )

2

22

1 2 2 2
5

1

x x x

x

 
  

+ ⋅ − ⋅
+

+
 = 

( )
2 2

22

2 2 45
1

x x

x

+ −+
+

 = 
( )

2

22

2 + 25 +
+1

x

x

−  

 

f.  dy
dx

 = ( )3 2 1d x x
dx

 
  

+  = ( ) ( ) ( )2 3 3 21 1d dx x x x
dx dx

   
      

+ + +  = ( )2 2 31 3 2x x x x+ ⋅ + ⋅  = 4 25 + 3x x  or, 

 

    dy
dx

 = ( )3 2 1d x x
dx

 
  

+  = ( )5 3d
x x

dx
+  = 35 x

dx
dx

dx
d

+  = 1315 35 −− + xx  = 4 25 + 3x x  

 

g.  dy
dx

 = ( )( )21 3d x x
dx

 
  

+ −  = ( ) ( ) ( ) ( )2 23 1 1 3d dx x x x
dx dx

   
      

− + + + −  = ( ) ( )2 3 1 1 2x x x      
− ⋅ + + ⋅   

 
           = 2 23 2 2x x x− + +  = 23 + 2 3x x −  or,  
 

     dy
dx

 = ( )( )21 3d x x
dx

 
  

+ −  = ( )33 23 −+− xxx
dx
d  = ( ) ( )3323 −+−++

dx
dx

dx
dx

dx
dx

dx
d  = 23 + 2 3x x −  

 

h.  dy
dx

 = ( )5 1
d

x x
dx

+    = ( ) ( ) ( ) ( )1 5 5 1d dx x x x
dx dx

   
      

+ + +  = ( ) [ ]1 5 5 1x x  + ⋅ + ⋅  = 5 5 5x x+ +  = 10 + 5x  or, 

 

     dy
dx

 = ( )5 1
d

x x
dx

+    = ( )25 5
d

x x
dx

+  = x
dx
dx

dx
d 55 2 +  = ( ) 1112 525 −− +⋅ xx  = 10 + 5x  

 

i.  dy
dx

 = 15d x
dx x

 
 
 

−+  = ( ) 15d d x
dx dx x

 
 
 

−+  = ( )
( ) ( ) ( )

2

1 1
5

d dx x x xd dx dx
dx x

   
      

− − −
+  = [ ] ( )

2
1 1 1

0
x x

x
  ⋅ − − − ⋅

+   
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          = 2
1x x

x
− − +  = 2

1
x

−  

 

j.  dy
dx

 = ( ) ( )[ ]21 −+ xxx
dx
d  = ( )( )2 2d x x x

dx
 
  

+ −  = ( ) ( ) ( ) ( )2 22 2d dx x x x x x
dx dx

   
      

− + + + −   

 
          = ( ) ( ) ( )22 2 1 1x x x x      

− ⋅ + + + ⋅  = 2 22 4 2x x x x x+ − − + +  = 23 2 2x x− −  or,  
 

   dy
dx

 = ( )( )1 2d x x x
dx

  + −  = ( )( )[ ]22 −+ xxx
dx
d  = ( )xxxx

dx
d 22 223 −+−  = ( )xxx

dx
d 223 −−   

 

         = ( ) ( )x
dx
dx

dx
dx

dx
d 223 −+−+  = 111213 223 −−− −−+ xxx  = 02 223 xxx −−  = 23 2 2x x− −  

 

k.  dy
dx

 = 2 3
5

d xx
dx

  
  

  

−  = ( ) ( )2 23 3
5 5

x d d xx x
dx dx

      
     
      

− −+  = ( )2
2

3 1 5 02
5 5

x x x     
    

      

− ⋅ −⋅ + ⋅   

 

            = 
2

22 6 1
5 5

x x x
          

− + ⋅  = 
2 22 6
5 5

x x x− +  = 
2 22 6

5
x x x− +  = 

23 6
5

x x−  = ( )
5

23 −xx  or,  

 

     dy
dx

 = 2 3
5

d xx
dx

  
  

  

−  = 
3 23

5
d x x
dx

 
  
 

−  = 
( ) ( ) ( )3 2 3 2

2

5 3 3 5

5

d dx x x x
dx dx

   
      

− − −
  

 

           = 
( ) ( )2 3 2

2

5 3 6 3 0

5

x x x x   
      

− − − ⋅
 = ( )2

2

5 3 6 0

5

x x− −
 = ( )2

2 1

5 3 6

5

x x
/ =

−/
 = 

23 6
5

x x−  = ( )
5

23 −xx  

 

l.  dy
dx

 = ( )( ) 21 1d x x
dx

− 
  

+ −  = ( ) ( ) ( ) ( )2 21 1 1 1d dx x x x
dx dx

− −   
      

− + + + −  = ( ) ( ) ( )2 31 1 1 2 1x x x− −   
      

− ⋅ + + ⋅− −   

 

          = ( ) ( )( )2 31 2 1 1x x x− −− − + −  = 
( )

( )
( ) 32 1

12

1
1

−

+
−

− x

x

x
 or,  

 

    dy
dx

 = ( )( ) 21 1d x x
dx

− 
  

+ −  = 
( )2

1
1

d x
dx x

 
 
 
 

+

−
 = 

( ) ( ) ( ) ( )

( )

2 2

4

1 1 1 1

1

d dx x x x
dx dx

x

   
      

− + − + −

−
 = 

( )[ ]
( )4

2

1

11

−

⋅−

x

x
 

 

         −
( ) ( )[ ]

( )41

121

−

−⋅+

x

xx
 = ( ) ( ) ( )

( )4
2

1

1121

−

−+−−

x

xxx  = ( )
( )

( ) ( )
( ) 3424

2

1

112

1

1
=/=/

/

−

−/+/−
−

−

x

xx

x

x  = 
( )

( )
( ) 32 1

12

1
1

−

+
−

− x

x

x
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Example 2.3-2:  Find the derivative of the following functions. 

a.  ( )d
dx

x x3 5 12 + − =    b.  ( )d
dx

x x x8 34 2+ +  =    c.  ( )( )[ ]d
du

u u3 5 1+ +  =  

d.  d
dt

t t
t

2 3 12

3
+ +







  =    e.  ( ) ( )[ ]d

dt
t t t1 12− + +  =   f.  d

dt
t
t

2

2
1
1

+

−









  =  

g.  













 −

4
23 tt

dt
d  =    h.  d

du
u

u
u

u1 1

2

−
+

+









  =    i.  d

ds
s s

s

3 2

3
3 1+ +







  =  

j.  ( ) 













+

w
w

dw
d 113  =    k.  d

dx
x

x
2

1 2+






 =    l.  d
ds

s
s

2

21+









  =  

m.  ( ) ( )[ ]d
dt

t t t3 2 1 3 1+ −  =   n.  d
du

u
u

4 23

2
+










 =    o.  













+12

3

x
x

dx
d  =  

Solutions: 

a.  ( )23 5 1d x x
dx

+ −  = ( ) ( ) ( )23 5 1d d dx x
dx dx dx

+ + −  = ( ) 2 1 1 13 2 5 0x x− −⋅ + +  = 06 5x x+  = 6 + 5x  

 

b.  ( )4 28 3d x x x
dx

+ +  = ( ) ( ) ( )4 28 3d d dx x x
dx dx dx

+ +  = ( ) ( )4 1 2 1 1 18 4 3 2x x x− − −⋅ + ⋅ +  = 332 + 6 +1x x  

 

c.  ( )( )3 5 1d u u
du

 
  

+ +  = ( ) ( ) ( ) ( )3 31 5 5 1d du u u u
du du

   
      

+ + + + +  = ( ) ( )2 31 3 5 1u u u  
    

+ ⋅ + + ⋅   

 
     = 3 2 33 3 5u u u+ + +  = 3 24 + 3 + 5u u  
 

d.  
2

3
2 3 1d t t

dt t
 
  
 

+ +  = 
( ) ( ) ( )3 2 2 3

6

2 3 1 2 3 1d dt t t t t t
dt dt

t

   
      

+ + − + +
 = 

( ) ( )3 2 2

6

4 3 2 3 1 3t t t t t

t

  
    

⋅ + − + + ⋅
  

 

     = ( ) ( )
6

23434 39634

t

ttttt ++−+  = 
4 3 4 3 2

6
4 3 6 9 3t t t t t

t
+ − − −  = 

4 3 2

6
2 6 3t t t

t
− − −  = ( )

6

22 362

t

ttt ++−   

 

      = ( )
46

22 362
=/

/ ++
−

t

ttt  = 
2

4
2 + 6 + 3t t

t
−  

 

e.  ( )( )21 1d t t t
dt

 
  

− + +  = ( )( )[ ] t
dt
dtt

dt
d

++− 11 2  = ( ) ( ) ( ) ( ) 11111 22 +












 +−+



 −+ t

dt
dtt

dt
dt   

 
     = ( ) ( ){ }21 2 1 1 1t t t      

+ ⋅− + − ⋅ +  = ( )2 22 2 1 1t t t− − + − +  = 2 22 2 1 1t t t− − + − +  = 23 2 + 2t t− −  
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f.  
2

2
1
1

d t
dt t
 
  
 

+
−

 = 
( ) ( ) ( ) ( )

( )

2 2 2 2

22

1 1 1 1

1

d dt t t t
dt dt

t

   
      

− + − + −

−
 = 

( ) ( )
( )

2 2

22

1 2 1 2

1

t t t t

t

− ⋅ − + ⋅

−

        = 
( ) ( )

( )

3 3

22

2 2 2 2

1

t t t t

t

− − +

−
  

 

     = 
( )

3 3

22

2 2 2 2

1

t t t t

t

− − −

−
 = 

( )22

4

1

t

t

−

−
 

 

g.  













−

4
23 tt

dt
d  = 














 −+














 −

4
2

4
2 33 t

dt
dtt

dt
dt  = 

( ) ( ) ( )



































 −−−
+








⋅





 −

2
32

4

4224
3

4
2 dt

dtt
dt
d

ttt   

 

     = [ ] ( )[ ]














 ⋅−−−⋅

+−
16

0224
4

6 3
3 ttt  = 














 −+−

16
8

4
6 3

3
tt  = 

24
6 33 tt

−−  = 
8

412 33 tt −−  = 
8

16 3t
−  = 32t−   

    A second way of solving this problem is to simplify 













−

4
23 tt

dt
d  as follows: 

     













−

4
23 tt

dt
d  = 










−

4
2 4t

dt
d  = 

















/
/

−

2

4

4
2t

dt
d  = 4

2
1 t

dt
d

−  = 144
2
1 −⋅− t  = 

2
4 3t

−  = 32t−  

 

h.  
2

1 1
d u u
du u u

 
  
 

+
− +

 = 
2

1 1
d u d u
du u du u

          
+

− +
 = 

( ) ( )

( )

( ) ( )

( )

2 2

2 2

1 1 1 1

1 1

d d d du u u u u u u u
du du du du

u u

       
              

− − − + − +
+

− +
  

 

     = ( )[ ] [ ]
( )

( )[ ] [ ]
( )2

2

2 1

121

1

111

u

uuu

u

uu

+

⋅−⋅+
+

−

−⋅−⋅−  = 
( ) ( )

2 2

2 2
1 2
1 1

u u u u u
u u

− + + −+
− +

 = 
( ) ( )2 2

1 2+
1 1 +

u
u u−

 

 

i.  
3 2

3
3 1d s s

ds s
 
  
 

+ +  = 
( ) ( )3 3 2 3 2 3

6

3 1 3 1d ds s s s s s
ds ds

s

   
      

+ + − + +
 = 

( ) ( )3 2 3 2 2

6

3 6 3 1 3s s s s s s

s

⋅ + − + + ⋅         

 

     = ( ) ( )
6

24545 39363

s

sssss ++−+  = 
5 4 5 4 2

6
3 6 3 9 3s s s s s

s
+ − − −  = 

4 2

6
3 3s s

s
− −  = 

( )2 2

6 4

3 1s s

s / =
− +

 = 
( )

4

2 13

s

s +−
 

 

j.  ( ) 













+

w
w

dw
d 113  = ( )3 11d w w

dw
− 

  
+  = ( )3 1 1d w w

dw
− −+  = 2 1d dw w

dw dw
−+  = 22w w−−  = 2

12w
w

−  

 

k.  2
1 2

d x
dx x

 
 
 +

 = 
( ) ( ) ( ) ( )

( )2
1 2 2 2 1 2

1 2

d dx x x x
dx dx

x

   
      

+ − +

+
 = 

( )[ ] [ ]
( )221

22221

x

xx

+

⋅−⋅+
 = 

( )2
2 4 4

1 2
x x

x
+ −

+
 = 

( )2
2

1 + 2x
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l.  
2

21
d s
ds s

 
  
 +

 = 
( ) ( )

( )

2 2 2 2

22

1 1

1

d ds s s s
ds ds

s

   
      

+ − +

+
 = 

( )
( )

2 2

22

1 2 2

1

s s s s

s

   
    

+ ⋅ − ⋅

+
 = 

( )
3 3

22

2 2 2

1

s s s

s

+ −

+
 = 

( )22

2

1 +

s

s
 

 

m.  ( )( )3 2 1 3 1d t t t
dt

 
  

+ −  = ( )( )5 3 3 1d t t t
dt

 
  

+ −  = ( ) ( ) ( ) ( )5 3 5 33 1 3 1d dt t t t t t
dt dt

   
      

− + + + −   

 

      = ( ) ( ) ( )4 2 5 33 1 5 3 3t t t t t   
      

− ⋅ + + + ⋅  = ( ) ( )5 3 4 2 5 315 9 5 3 3 3t t t t t t+ − − + +  = 5 4 3 218 5 12 3t t t t− + −   

     Another way of solving this problem is by multiplication of the binomial terms using the FOIL  
     method prior to taking the derivative of the function as follows. 

     ( )( )3 2 1 3 1d t t t
dt

 
  

+ −  = ( )[ ]133 233 −+− tttt
dt
d  = ( )3456 33 tttt

dt
d

−+−  = 5 4 3 218 5 12 3t t t t− + −  

 

n.  
3

2
4 2d u

du u
 
 
  

+  = 
( ) ( )2 3 3 2

4

4 2 4 2d du u u u
du du

u

   
      

+ − +
 = ( ) ( )2 2 3

4

12 4 2 2u u u u

u

⋅ − + ⋅
 = 

4 4

4
12 8 4u u u

u
− −   

 

     = 
4

4
4 4u u

u
−  = ( )3

4 3

4 1u u

u / =

−/
 = ( )3

3

4 1u

u

−
 = 









 −
3

3 14
u

u  = 









−

33

3 14
uu

u  = 







−

3
114

u
 

 

o.  












+12

3

x
x

dx
d  = 

( ) ( )
( )22

2332

1

11

+





 +−



 +

x

x
du
dxx

du
dx

 = 
( )[ ] ( )

( )22

322

1

231

+

⋅−⋅+

x

xxxx
 = 

( )22

424

1

233

+

−+

x

xxx   

 

     = 
( )22

24

1

3

+

+

x

xx  = 
( )

( )

2 2

22

+ 3

+ 1

x x

x
 

Example 2.3-3:  Find the derivative of the following functions at the specified value. 

a.  ( )( )[ ]d
dt

t t t+ − +1 2 3    at t = 1      b.  d
du

u
u

2

3
1
1

+

−









    at u = 2  

c.  
( )( )

d
dx

x
x x

−
+ +













1
1 2 1

   at x = 0      d.  
( ) ( )d

dx

x x

x

3

2

1 1

2

+ −















   at x = 2  

e.  d
ds

s s
s

2

2
3
1

+

+









    at s = −1     f.  d

dz
z z

z

2 3 5+ −







    at z = 2  

Solutions: 

a.  ( )( )1 2 3d t t t
dt

  + − +  = ( )( ) ( )1 2 3d dt t t
dt dt

  + − +  = ( ) ( ) ( ) ( ) ( )2 1 1 2 3d d dt t t t t
dt dt dt

 
  

− + + + − +   



Calculus I  2.3  Differentiation Rules Using the d
dx

 Notation  

Hamilton Education Guides   78 

 

    = ( ) ( )2 1 1 1 3t t  − ⋅ + + ⋅ +  = ( ) ( )2 1 3t t− + + +  = 2 1 3t t− + + +  = 2 2t +  
 

    Therefore, at t = 1   ( )( )1 2 3d t t t
dt

  + − +  = 2 2t +  = ( )2 1 2⋅ +  = 2 2+  = 4  

 

b.  
2

3
1
1

d u
du u

 
  
 

+
−

 = 
( ) ( ) ( ) ( )

( )

3 2 2 3

23

1 1 1 1

1

d du u u u
du du

u

   
      

− + − + −

−
 = 

( ) ( )
( )

3 2 2

23

1 2 1 3

1

u u u u

u

− ⋅ − + ⋅

−

         

 

    = 
( )

4 4 2

23

2 2 3 3

1

u u u u

u

− − −

−
 = 

( )
4 2

23

3 2

1

u u u

u

− − −

−
 = 

( )
( )

3

23

3 2

1

u u u

u

+ +
−

−
 

 

    Therefore, at u = 2   
2

3
1
1

d u
du u

 
  
 

+
−

 = ( )
( )23

3

1

23

−

++
−

u

uuu  = 
( )

( )

3

23

2 2 3 2 2

2 1

 
 ⋅ + ⋅ +

−
−

 = 2
2 16
7
⋅−  = 32

49
−  = 0.653−  

 

c.  
( )( )

1
1 2 1

d x
dx x x

 
 
  

−
+ +

 = 2
1

2 3 1
d x
dx x x

 
 
 

−
+ +

 = 
( ) ( ) ( ) ( )

( )

2 2

22

2 3 1 1 1 2 3 1

2 3 1

d dx x x x x x
dx dx

x x

   
      

+ + − − − + +

+ +
  

 

    = 
( ) ( ) ( )

( )

2

22

2 3 1 1 1 4 3

2 3 1

x x x x

x x

      
+ + ⋅ − − ⋅ +

+ +
 = ( ) ( )

( )

2 2

22

2 3 1 4 3 4 3

2 3 1

x x x x x

x x

+ + − + − −

+ +
 = ( ) ( )

( )

2 2

22

2 3 1 4 3

2 3 1

x x x x

x x

+ + − − −

+ +
  

 

    = 
( )

2 2

22

2 3 1 4 3

2 3 1

x x x x

x x

+ + − + +

+ +
 = 

( )
2

22

2 4 4

2 3 1

x x

x x

− + +

+ +
 

 

    Therefore, at x = 0   
( )( )

1
1 2 1

d x
dx x x

 
 
  

−
+ +

 = 
( )

2

22

2 4 4

2 3 1

x x

x x

− + +

+ +
 = ( ) ( )

( ) [ ]

2

22

2 0 4 0 4

2 0 3 0 1 
  

− ⋅ + ⋅ +

⋅ + ⋅ +
 = 4

1
 = 4  

 

d.  ( )( )3

2

1 1

2

x xd
dx x

 
 
 
  

+ −
 = 

4 3

2
1

2
d x x x
dx x

 
 
  

− + −  = 
( ) ( ) ( ) ( )

( )

2 4 3 4 3 2

22

2 1 1 2

2

d dx x x x x x x x
dx dx

x

   
      

− + − − − + −
 

 

    
( ) ( )2 3 2 4 3

4

2 4 3 1 1 4

4

x x x x x x x

x

   
      

− + − − + − ⋅
 = ( ) ( )5 4 2 5 4 2

4

8 6 2 4 4 4 4

4

x x x x x x x

x

− + − − + −
  

 
  



Calculus I  2.3  Differentiation Rules Using the d
dx

 Notation  

Hamilton Education Guides   79 

   
5 4 2 5 4 2

4
8 6 2 4 4 4 4

4
x x x x x x x

x
− + − + − +  = 

5 4 2

4
4 2 2 4

4
x x x x

x
− − +  = 

( )4 3

4 3

2 2 2

4

x x x x

x / =
− − +/

 = 
4 3

3
2 2

2
x x x

x
− − +  

 

    Therefore, at x = 2   ( )( )3

2

1 1

2

x xd
dx x

 
 
 
  

+ −
 = 

4 3

3
2 2

2
x x x

x
− − +  = ( )4 3

3

2 2 2 2 2

2 2

⋅ − − +

⋅
 = 24

16
 = 1.5  

 

e.  
2

2
3
1

d s s
ds s

 
  
 

+
+

 = 
( ) ( ) ( ) ( )

( )

2 2 2 2

22

1 3 3 1

1

d ds s s s s s
ds ds

s

   
      

+ + − + +

+
 = 

( )( ) ( )
( )

2 2

22

1 2 3 3 2

1

s s s s s

s

   
      

+ + − + ⋅

+
  

 

    = ( ) ( )
( )

3 2 3 2

22

2 3 2 3 2 6

1

s s s s s

s

+ + + − +

+
 = 

( )
3 2 3 2

22

2 3 2 3 2 6

1

s s s s s

s

+ + + − −

+
 = 

( )
2

22

3 2 3

1

s s

s

− + +

+
 

 

    Therefore, at s = −1  
2

2
3
1

d s s
ds s

 
  
 

+
+

 = 
( )

2

22

3 2 3

1

s s

s

− + +

+
 = 

( ) ( )

( )

2

22

3 1 2 1 3

1 1

 
  

 
  

− ⋅ − + ⋅− +

− +
 = 2

3 2 3
2

− − +  = 1
2

−  

 

f.  
2 3 5d z z

dz z
 
  
 

+ −  = 
( ) ( ) ( )2 2

2

3 5 3 5d dz z z z z z
dz dz

z

   
      

+ − − + −
 = 

( ) ( )2

2

2 3 3 5 1z z z z

z

      
⋅ + − + − ⋅

  

 

    = 
2 2

2
2 3 3 5z z z z

z
+ − − +  = 

2

2
5z

z
+  

 

    Therefore, at z = 2   
2 3 5d z z

dz z
 
  
 

+ −  = 
2

2
5z

z
+  = 

2

2
2 5

2
+  = 9

4
 = 2.25  

 

Example 2.3-4:  Given the functions below, find their derivatives at the specified value. 

a.  dy
dx

, given y x x
x

=
+ −2

3
2 1    at x = 2          b.  dv

du
, given v u

u
=

−

2

1
   at u = 4  

c.  dv
dx

, given ( )( )v x x= + +3 21 3 5    at x = 5         d.  du
dx

, given 
( )

u x

x
=

−

3

1 2
   at x = 2  

Solutions: 

a.  dy
dx

 = 
2

3
2 1d x x

dx x
 
  
 

+ −  = 
( ) ( ) ( )

( )

3 2 2 3

23

2 1 2 1d dx x x x x x
dx dx

x

   
      

+ − − + −
 = 

( ) ( )( )3 2 2

6

2 2 2 1 3x x x x x

x

  
    

+ − + −
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    = ( )4 3 4 3 2

6

2 2 3 6 3x x x x x

x

+ − + −
 = 

4 3 4 3 2

6
2 2 3 6 3x x x x x

x
+ − − +  = 

4 3 2

6
4 3x x x
x

− − +  

 

    Therefore, at x = 2   dy
dx

 = 
2

3
2 1d x x

dx x
 
  
 

+ −  = 
4 3 2

6
4 3x x x
x

− − +  = 
4 3 2

6
2 4 2 3 2

2
− − ⋅ + ⋅  = 36

64
−  = 0.56−  

 

b.  dv
du

 = 
2

1
d u
du u

 
  
 −

 = 
( ) ( ) ( )

( )

2 2

2

1 1

1

d du u u u
du du

u

   
      

− − −

−
 = 

( )[ ] [ ]
( )2

2

1

121

u

uuu

−

−⋅−⋅−
 = 

( )

2 2

2
2 2

1
u u u

u
− +

−
 = 

( )

2

2
2

1
u u

u
− +

−
 

 

    Therefore, at u = 4   dv
du

 = 
2

1
d u
du u

 
  
 −

 = 
( )

2

2
2

1
u u

u
− +

−
 = ( ) ( )

( )2
2

41

424

−

⋅+−  = 
( )23

816
−

+−  = 
9
8−  = 8890.−  

 

c.  dv
dx

 = ( )( )3 21 3 5d x x
dx

 
  

+ +  = ( ) ( ) ( ) ( )2 3 3 23 5 1 1 3 5dv dvx x x x
dx dx

+ + + + +  = ( ) ( )2 2 33 5 3 1 6x x x x+ ⋅ + + ⋅   
 
     = 4 2 49 15 6 6x x x x+ + +  = 4 215 15 6x x x+ +  
 

    Thus, at x = 5   dv
dx

 = 
2

3
2 1d x x

dx x
 
  
 

+ −  = 4 215 15 6x x x+ +  = 4 215 5 15 5 6 5⋅ + ⋅ + ⋅  = 9375 375 30+ +  = 9780  

 

d.  du
dx

 = 
( )2

3
1

d x
dx x

 
 
 
 −

 = 
( ) ( ) ( )

( )

2 2

4

1 3 3 1

1

d dx x x x
du du

x

   
      

− − −

−
 = 

( ) ( )

( )

2

4

1 3 3 2 1

1

x x x

x

      
− ⋅ − ⋅ −

−
 = ( ) ( )

( )4
2

1

1613

−

−−−

x

xxx   

 

     = ( )
( ) 4

22

1

66123

−

+−+−

x

xxxx  = 
( )

2 2

4
3 6 3 6 6

1
x x x x

x
− + − +

−
 = 

( )4
2

1
33

−

+−

x
x  

 

     Therefore, at x = 2   du
dx

 = 
( )2

3
1

d x
dx x

 
 
 
 −

 = 
( )4

2

1
33

−

+−

x
x  = ( )

( )4
2

12

323

−

+⋅−  = 12 + 3

1

−  = 
1
9

−  = 9−  

Section 2.3 - Differentiation Rules Using the dx
d  Notation 

1.  Find 
dx
dy  for the following functions: 

a.  13 25 ++= xxy         b.  53 2 += xy         c.  
x

xy 13 −=  

    d.  
3

2

1 x
xy
−

=         e.  
1

14 2
−

+=
x

xy         f.  
1
2

3

2

+

+
=

x
xxy  

    g.  ( )2523 −+= xxxy        h.  ( )( )132 −+= xxxy        i.  
3

15
x

xy −=  
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j.  ( )( )
2

31

x

xx
y

+−
=         k.  






 −

=
3

1xxy         l.  ( ) 12 3 −+= xxy  

    m.  





 −







+

=
5

3
1

x
x

xy        n.  







−
+=

1
113

x
xy        o.  








+
−

=
13
121

x
x

x
y  

    p.  
bx

cbxaxy ++
=

2
        q.  

3
2

4

3

−

−
=

x
xy         r.  

( ) 21
5

x
xy

+
=  

2.  Find the derivative of the following functions: 

    a.  ( )tt
dt
d 53 2 +  =        b.  ( )256 3 −+ xx

dx
d  =       c.  ( )52 23 ++ uu

du
d  =  

    d.  








 +
5

22 tt
dt
d  =        e.  









 −+
2

3 13
s

ss
ds
d  =        f.  











+
+

w
ww

dw
d

1

2
3  =  

    g.  ( )( )[ ]31 22 −+ ttt
dt
d  =       h.  ( )( )[ ]51 2 ++ xx

dx
d  =       i.  











+
−

− u
u

u
u

du
d

11

2
 =  

    j.  








 +−
r

rr
dr
d 123 23

 =       k.  









−

+ 23

2 1
1

3
ss

s
ds
d  =       l.  









 +
−

− 2

3 1
1 u

u
u

u
du
d  =  

3.  Find the derivative of the following functions at the specified value. 

    a.  ( )13 23 ++ xx
dx
d   at 2=x         b.  ( )( )[ ]11 2 −+ xx

dx
d   at 1=x         c.  ( )[ ]13 2 −ss

ds
d   at 0=s   

    d.  










−
+
1
12

t
t

dt
d   at 1−=t         e.  

( ) 











+ 2

3

1u
u

du
d   at 1=u          f.  ( )











 +
2

2

3

1

w

ww
dw
d   at 2=w  

    g.  ( )[ ]32 1 vv
dv
d

+  at  2−=v         h.  










+12

3

x
x

dx
d  at  0=x          i.  
























−u
uu

du
d

1

2
3   at 0=u  

4.  Given the functions below, find their derivatives at the specified value. 

    a.  ds
dt

, given ( ) ( )s t t= − + +2 21 3 2    at t = 2   b.  dy
dt

, given y t t
t

=
+ +3 23 1

2
   at t = 1 

    c.  dw
dx

, given ( )w x x= + +2 2
1 3    at x = −1   d.  dy

dx
, given ( ) xxxxy 312

232 +++=    at 0=x  
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2.4 The Chain Rule 
The chain rule is used for finding the derivative of the composition of functions.  In general, the 
chain rule for two and three differentiable functions are defined in the following way: 

a.  The chain rule for two differentiable functions ( )f x  and ( )g x  is defined as: 

( ) ( )xgf ′
  = ( )[ ]{ }xgf

dx
d  = ( )[ ] ( )′ ⋅ ′f g x g x   

b.  The chain rule for three differentiable functions ( )f x , ( )g x  and ( )h x is defined as: 

( ) ( )f g h x 

′  = ( )[ ]{ }[ ]xhgf
dx
d  = ( )[ ]{ } ( )[ ] ( )xhxhgxhgf ′⋅′⋅′   

The derivative of four or higher differentiable functions using the chain rule involves addition of 
additional link(s) to the chain.  Note that the pattern in finding the derivative of higher order 
functions is similar to obtaining the derivative of two or three functions, given that they are 
differentiable. 

One of the most common applications of the chain rule is in taking the derivative of functions 
that are raised to a power.  In general, the derivative of a function to the power of n  is defined as: 

( )[ ]d
dx

f x n  = ( )[ ] ( )n f x d
dx

f xn−
⋅

1  = ( )[ ] ( )n f x f xn−
⋅ ′

1  

which means, the derivative of a function raised to an exponent, ( )[ ]n
xf ' , is equal to the exponent 

times the function raised to the exponent reduced by one, ( )[ ] 1−nxfn , multiplied by the derivative 
of the function, ( )xf ' , i.e., ( )[ ] ( )xfxfn n '1 ⋅− . 
Note that the key in using the chain rule is that we always take the derivative of the functions by 
working our way from outside toward inside.  The following examples show in detail the use of 
chain rule in differentiating different types of functions.  Students are encouraged to spend 
adequate time working these examples. 

Example 2.4-1:  Find the derivative of the following functions.  (It is not necessary to simplify 
the answer to its lowest level.  The objective is to learn how to differentiate using the chain rule.) 

a.  ( ) ( )f x x= − −3 5 2    b.  ( ) ( )f x x= +1 6    c.  ( ) ( )f x x= +1 2 2 3
 

d.  ( ) ( )f x x x= −3 5 8
   e.  ( )f x

x
x= +







1
2

3
   f.  ( )f x

x
= +





1 1 3
 

g.  ( ) ( )f x x x= + 3 4
   h.  ( )f x

x
=

+









1
1 2

2
   i.  ( )f x a x b

c x d
=

+
−











2
 

j.  ( )f t
t

=
+







1
1 2

3
   k.  ( )r θ θ

θ
=

+











2 3

1
   l.  ( )p r r r

r
=

+
+











2 3

1
 

m.  ( ) ( )g u u u= +3 2 3
3    n.  ( )h t t

t
t=

−
+











3

4
2

2

1
   o.  ( ) ( )s t t= +







−

1 3 1 3
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p.  ( )f x x x
= −










−2 1

3
2
5

   q.  ( )r θ θ
θ

=
+








−

1 2

1
   r.  ( )f t t

t
=

+











3

2

4

1
 

s.  ( ) ( )f x x x x= + −






3 2 2

4
2   t.  ( ) ( )f x x x x= + +







− −1 3 2 3

  u.  ( ) ( )f x x= − − −
2 1 3

 

v.  ( ) ( )f x x x= + −






−1 2 2 3 2

5
  w.  ( ) ( )f x x x= − +







− − −

2 21 3 3
1
 

Solutions: 

a.  Given ( ) ( ) 23 5f x x −= −  then ( )f x′  = ( ) ( )1112 50532 −−− −⋅−− xx  = ( ) ( )5532 3 −⋅−− −x  = ( ) 35310 −− x  
 
b.  Given ( ) ( )61f x x= +  then ( )f x′  = ( ) ( )1116 016 −− +⋅+ xx  = ( ) 116 5 ⋅+ x  = ( ) 516 x+  
 

c.  Given ( ) ( )321 2f x x= +  then ( )f x′  = ( ) ( )12132 40213 −−
+⋅+ xx  = ( ) xx 4213

22 ⋅+  = ( )222112 xx +  
 

d.  Given ( ) ( )83 5f x x x= −  then ( )f x′  = ( ) ( )15131853 538 −−−
−⋅− xxxx  = ( ) ( )42753 538 xxxx −−  

 

e.  Given ( )
3

2
1f x x
x

 
 
 

= +  = ( )32x x− +  then ( )f x′  = ( ) ( )123 12132 +−⋅+ −−−− xxx  = ( ) ( )123 322 +−+ −− xxx  

 

f.  Given ( )
311f x

x
 
 
 

= +  = ( ) ( )311f x x−= +  then ( )f x′  = ( ) ( )11131 013 −−−− −⋅+ xx  = ( )− −−
22 13 1 +x x a  

 

g.  Given ( ) ( )43f x x x= +  then ( )f x′  = ( ) ( )xgf ′
  = ( ) ( )233 314 xxx ++  

 

h.  Given ( )
2

2
1

1
f x

x
 
 
 

=
+

 then ( )f x′  = ( )[ ] [ ]
( ) 











+

⋅−+⋅
⋅









+

−

22

212

2
1

1210
1

12
x

xx
x

 = 
( )2 22

2 2
1 1

x
x x

 
 
 

−⋅
+ +

  

 

     = 
( ) ( )222 11

22

xx

x

+⋅+

−⋅  = 
( ) 2121

4
+

+

−

x

x  = 
( )32

4

1 +

x

x

−  

 

    A second method is to rewrite ( )xf  = 
2

21
1










+ x
 = ( )

2121 x
− 

 
 

+  = ( ) 221 x
−

+  and then take the  

 

    derivative of ( )f x .  Hence, ( )f x′  = ( ) ( )xx 2012
122 +⋅+−
−−

 = ( ) ( )xx 212
32 ⋅+−
−

 = 
( )32

4

1 +

x

x

−  
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i.  Given ( )
2a x bf x

c x d
 
 
 

+=
−

 then ( )f x′  = ( )[ ] ( )[ ]
( ) 












−

+⋅−−⋅
⋅








−
+

−

2

12
2

dcx

baxcdcxa
dxc
bxa   

 

    = ( ) ( )
( ) 












−

+−−








−
+

2
2

dcx

bcacxadacx
dxc
bxa  = 

( ) 











−

−///−−///








−
+

2
2

dcx
bcxcaadxca

dxc
bxa  = 

( ) 











−

−−








−
+

2
2

dcx
bcad

dxc
bxa   

 

    = ( )( )
( )( )2

2

dcxdxc

bcadbxa

−−

−−+  = ( )( )
( ) 21

2
+−

++−

dxc

bcadbxa  = 
( ) ( )
( )3

2 + +ax b ad bc

cx d

−

−
 

 

j.  Given ( )
3

2
1

1
f t

t
 
 
 

=
+

 then ( )f t′  = ( )
( ) 














+

⋅−+⋅
⋅









+

−

22

213

2
1

1210
1

13
t

tt
t

 = 
( ) 














+

−









+ 22

2

2
1

2
1

13
t

t
t

  

 

    = 
( ) ( )2 22 2

3 2

1 1

t

t t

−⋅
+ +

 = 
( ) ( )2222 11

23

tt

t

+⋅+

−⋅  = 
( ) 2221

6
+

+

−

t

t  = 
( )42

6

1 +

t

t

−  

 

    A second method is to rewrite ( )tf  = 
3

21
1










+ t
 = ( )

3121 t
− 

 
 

+  = ( ) 321 t
−

+  and then take the  

 

    derivative of ( )f t .  Hence, ( )f t′ = ( ) ( )tt 2013
132 +⋅+−
−−

 = ( ) tt 213
42 −

+−  = 
( )42

6

1 +

t

t

−  

 

k.  Given ( )
32

1
r θθ

θ
 
  
 

=
+

 then ( )r θ′  = ( )[ ] [ ]
( ) 











+

⋅−+⋅
⋅











+

−

2

2132

1

112
1

3
θ

θθθ
θ

θ  = 
( ) 












+

−+











+ 2

2222

1
22

1
3

θ

θθθ
θ

θ   

 

     = 
( ) ( )2

2

2

4

1
2

1
3

θ

θθ

θ

θ

+

+
⋅

+
 = ( )

( ) ( )22

24

11

23

θθ

θθθ

+⋅+

+⋅  = ( )
( ) 22

4

1

23
++

+⋅

θ

θθθ  = ( )
( )4

14

1

23

θ

θθ

+

++
 = 

( )
( )

5

4
3 + 2

1 +

θ θ

θ
 

 

l.  Given ( )
32

1
r rp r

r
 
  
 

+=
+

 then ( )p r′  = ( ) ( )[ ] ( )[ ]
( ) 











+

+⋅−++
⋅











+
+

−

2

2132

1

1112
1

3
r

rrrr
r
rr   

 

    = ( ) ( ) 











+

−−+++











+
+

2

2222

1
122

1
3

r
rrrrr

r
rr  = ( )

( ) ( ) 











+

++









/+/
/+/

2

22

1
12

1
13

r
rr

r
rr  = ( )

( ) 











/+/

/+/
/

/

2

2
2

1

13
r

rr  = 23 1r ⋅  = 23r  
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    A simpler way is to note that ( )rp  = 
32

1 










+
+
r
rr  = ( )

( )

3
1

1
r r

r
 
 
  

+
+

 = ( )
( )

3
1

1
r r

r
 
 
  

/ + /
/ + /

 = 3r  then ( )p r′  = 23r  

 

m.  Given ( ) ( )33 23g u u u= +  then ( )g u′  = ( ) ( )[ ]uuuu 23333 21323 ⋅+⋅+
−

 = ( ) ( )uuuu 6333 2223 ++  
 

n.  Given ( )
23

2
4 1
th t t

t
 
  
 

= +
−

 then ( )h t′  = ( )[ ] ( )[ ]
( ) 











+
−

−⋅−⋅−
⋅










+

−

−

t
t

tttt
t

t
t 2

1

0431

1
2

24

332412
2

4

3
  

 

     = 
( ) 













+

−

−−










+

−
t

t

tttt
t

t 2
1

433
1

2
24

626
2

4

3
 = ( ) 













+

−

−−










+

−
t

t

ttt
t

t 2
1

3
1

2
24

26
2

4

3
 

 

o.  Given ( ) ( ) ( ) 33
313 11

−−
+=



 += ttts  then ( )s t′  = ( ) ( )2133 3013 tt +⋅+−

−−
 = ( ) 43 23 1 3t t

−
− + ⋅   

 

     = ( ) 42 39 1t t
−

− +  = 
( )

2

43

9

1 +

t

t
−  

 

p.  Given ( )
12 2

3 5
x xf x

−
 
  
 

= −  then ( )f x′  = 
1 12 2 2 2

3 5 3 5
x x x

− −
          

− − ⋅ −  = 
22 2 2 2

3 5 3 5
x x x

−
          

− − −  

 

q.  Given ( )
1

21
r θθ

θ

−
 
 
 

=
+

 then ( )r θ′  = ( )
( )

21 1

2 22

1 1 2

1 1

θ θ θθ
θ θ

− −  
  
  

   
 

⋅ + − ⋅
− ⋅

+ +
 = 

( )
2 2 2

2 22

1 2
1 1

θ θ θ
θ θ

−  
  
  

   
 

+ −−
+ +

  

 

     = 
( )

2 2

2 22

1
1 1

θ θ
θ θ

−
 
 
 

−− ⋅
+ +

 = 
( )

22 2

22

1 1

1

θ θ
θ θ

 
  
 

+ −− ⋅
+

 = ( )
( )

22 2

2 22

1 1

1

θ θ
θ θ

/

/

+ −− ⋅
+

 = 
2

2
1 θ
θ
−−  = 

2

2
1θ

θ
−  

 

r.  Given ( )
43

21
tf t

t
 
  
 

=
+

 then ( )f t′  = ( )
( )

4 1 2 2 33

2 22

3 1 2
4

1 1

t t t tt
t t

−  
   
       

 

⋅ + − ⋅
⋅

+ +
 = 

( )

33 2 4 4

2 22

3 3 24
1 1

t t t t
t t

 
   
       

 

+ −
+ +

  

 

     = 
( ) ( )

9 2 4

3 22 2

4 3

1 1

t t t

t t

+⋅
+ +

 = 
( )

( )
( )

2 29

3 22 2

34

1 1

t tt

t t

+
⋅

+ +
 = ( )

( ) 232

229

1

34
+

+

+

+

t

tt  = 
( )

( )

11 2

52

4 3 +

1 +

t t

t
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s.  Given ( ) ( )
423 22f x x x x 

 
 

= + −  then ( )f x′  = ( ) ( ) ( )








−



 +⋅+⋅



 −+

−−
xxxxxxx 2232224 2123

14
223   

 

     = ( ) ( )( )[ ]{ }xxxxxxx 2232224 23
3

223 −++⋅



 −+  

 

t.  Given ( ) ( )
321 3f x x x x− − 

 
 

= + +  then ( )f x′  = ( ) ( ) ( )








+



 −−+



 ++ −−−−−

−
−− 1323 421231

13231 xxxxxxx   

 

     = ( ) ( ) ( )[ ]{ }1323 4231
2231 +−−+



 ++ −−−−−− xxxxxxx  

 

u.  Given ( ) ( ) 312f x x
−−= −  then ( )f x′  = ( ) ( )2131 023 −−−− +⋅−− xx  = ( ) 24123 −−−−− xx  = 

( )
2

41

3

2

x

x

−

−

−

−
 

     = 
( )42 1

3

2x x−
−

−
 

 

v.  Given ( ) ( )
532 21 2f x x x− 

 
 

= + −  then ( )f x′  = ( ) ( ) 



 +⋅+⋅



 −+ −−−−

− 12132
15

232 24213215 xxxxx   

 

     = ( ) ( ) 



 ++



 −+ −− 322

4
232 22112215 xxxxx  

 

w.  Given ( ) ( )
131 32 2f x x x
−−− 

 
 

= − +  then ( )f x′  = ( ) ( ) 



 +⋅−−⋅



 +−− −−−−

−−−− 22131
11

331 62322 xxxxx   

 

     = ( ) ( )   
   
   

23 41 3 2 1 22 + 2 3 2 + 6x x x x x
−− −− − −− − − −  

 
Example 2.4-2:  Find the derivative at x = 0 , x = −1, and x = 1 in example 2.4-1 for problems a - g. 

Solutions: 
a.  Given ( )′f x  = ( )10 3 5 3− −x , then 

( )0f ′  = ( ) 310 3 5 0 −
  − ⋅  = [ ] 310 3 0 −−  = 310 3−⋅  = 3

110
3
⋅  = 10

27
 = 0.37  

 

( )1f ′ −  = ( ) 310 3 5 1 −
  − ⋅−  = [ ] 310 3 5 −+  = 310 8−⋅  = 3

110
8
⋅  = 10

512
 = 0.019  
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( )1f ′  = ( )[ ] 310 3 5 1 −
− ⋅  = [ ] 310 3 5 −

−  = 310 ( 2)−⋅ −  = 3
1

10
( 2)
⋅
−

 = 10
8−

 = 10
8

−  = −1.25  

b.  Given ( )′f x  = ( )6 1 5+ x , then 

( )0f ′  = ( )56 1 0+  = 56 1⋅  = 6 1⋅  = 6  
 

( )1f ′ −  = ( )56 1 1−  = 56 0⋅  = 6 0⋅  = 0  
 

( )1f ′  = ( )56 1 1+  = 56 2⋅  = 6 32⋅  = 192  

c.  Given ( )′f x  = ( )12 1 2 2 2
x x+ , then 

( )0f ′  = ( ) ( )[ ]22021012 ⋅+⋅  = ( ) 2010 +⋅  = 210 ⋅  = 10 ⋅  = 0  
 

( )1f ′ −  = ( ) ( )[ ]22121112 −⋅+−⋅  = ( ) 22112 +−  = 2312⋅−  = 912⋅−  = 108−  
 

( )1f ′  = ( ) ( )[ ]22121112 ⋅+⋅  = ( ) 22112 +  = 2312⋅  = 912⋅  = 108  

d.  Given ( )′f x  = ( ) ( )42753 538 xxxx −− , then 

( )0f ′  = ( ) [ ]42753 0503008 ⋅−⋅−  = 78 0 0⋅ ⋅  = 8 0 0⋅ ⋅  = 0  
 

( )1f ′ −  = ( ) ( )[ ] ( ) ( )[ ]42753 1513118 −⋅−−⋅−−−  = [ ] [ ]1513118 7 ⋅−⋅+−  = 78 0 2⋅ ⋅ −  = 8 0 2⋅ ⋅ − = 0  
 

( )1f ′  = ( ) [ ]42753 1513118 ⋅−⋅−  = ( ) ( )1513118 7 ⋅−⋅−  = ( )78 0 3 5⋅ −  = 8 0 2⋅ ⋅ −  = 0  

e.  Given ( )′f x  = ( ) ( )3 2 12 2 3x x x− −+ − +  = 3 1 2 12

2

3x
x

x
+







 − +







 , then 

( )0f ′  = 







+−








+ 1

0
20

0
13

3

2

2  = 





 +−






 + 1

0
20

0
13

2
   ( )0f ′  is undefined due to division by zero. 

 

( )1f ′ −  = 
( ) ( ) 










+

−
−










−

−
1

1
21

1
13

3

2

2  = ( ) ( )12113 2 +−  = 23 0 3⋅ ⋅  = 0  

 

( )1f ′  = 







+−








+ 1

1
21

1
13

3

2

2  = ( ) ( )12113 2 +−+  = 23 2 1⋅ ⋅ −  = 3 4 1⋅ ⋅ −  = 12−  

f.  Given ( )′f x  = ( )− +− −3 12 1 2
x x  = ( )

2

2113

x

x−+
−  = 

2

2113

x
x






 +

− , then 
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( )0f ′  = 2

2

0
0
113 





 +

−  = 
0

0
113

2






 +

−           ( )0f ′  is undefined due to division by zero. 

 

( )1f ′ −  = 
( )2

2

1

1
113

−









−
+

− = ( )
1

113 2−
−  = 

1
03 2⋅

−  = 
1
0

−  = 0  

 

( )1f ′  = 2

2

1
1
113 





 +

−  = ( )
1

113 2+
−  = 

23 2
1
⋅−  = 

1
43 ⋅

−  = −12  

g.  Given ( )′f x  = ( ) ( )233 314 xxx ++ , then 

( )0f ′  = ( ) ( )233 031004 ⋅++  = 34 0 1⋅ ⋅  = 4 0 1⋅ ⋅  = 0  
 

( )1f ′ −  = ( )[ ] ( )[ ]233 131114 −⋅+−+−  = ( ) ( )31114 3 +⋅−−⋅  = ( ) 424 3 ⋅−⋅  = ( ) 484 ⋅−⋅  = 128−  
 

( )1f ′  = ( ) ( )233 131114 ⋅++  = ( ) ( )34 1 1 1 3⋅ + ⋅ +  = 34 2 4⋅ ⋅  = 4 8 4⋅ ⋅  = 128  

Example 2.4-3:  Use the chain rule to differentiate the following functions.  Do not simplify the 
answer to its lowest term. 

a.  ( )d
dx

x2 5
3+  =    b.  ( )d

dx
x2 3 4

5 1+ +






 =    c.  ( ) ( )d

du
u u2 3

1 5+ +






 =  

d.  
( )d

dt

t

t

2 5
3

1

+

−
















 =    e.  ( )

( )
d

dθ

θ θ

θ

3 3

2

2

1

+

+

















 =    f.  ( )d
dr

r r2 2 4
3+





 =  

g.  ( ) ( )d
du

u u2 6 34 1+ −






 =   h.  ( ) ( ) 



 ++++

3223 112 tttt
dt
d  =  i.  d

dx
x x

x

3

2

8
3

1
+

−









  =  

j.  d
dx

x
x
+
−







2
2

2
 =    k.  ( )

( )
d
dx

x

x

2 5

1

3

2
+

+















 =    l.  ( )d
dx

x

x x

1

2

2

3
−

+














 =  

m.  d
dx

x
x

2
3

41
5

+
+







  =   n.  ( ) ( )d

dx
x x2 1 13 3 2 4

+ +






 =  

Solutions: 

a.  ( )d
dx

x2 5
3+  = ( ) ( )335 2152 ++

−
x

dx
dx  = ( ) xx 235

42 ⋅+  = ( )4210 + 3x x  

 

b.  ( )d
dx

x2 3 4
5 1+ +







 = ( ) ( ) 



 ++



 ++

−
15154

32
1432 x

dx
dx  = ( ) ( ) ( ) 



 +++⋅



 ++

−
0553154 2132

332 x
dx
dxx   
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     = ( ) ( ) 



 ⋅+⋅



 ++ xxx 253154

22
332  = ( ) ( )22

332 56154 +⋅



 ++ xxx  = ( ) ( )22

332 51524 +



 ++ xxx  

 

c.  ( ) ( )d
du

u u2 3
1 5+ +







 = ( ) ( ) ( ) ( )

3 32 25 1 1 5d du u u u
du du

   
   
   

+ + + + +  = ( ) ( ) ( )3 12 25 3 1 1du u u
du

−   
  
   

+ ⋅ + +   

 

    +  ( ) 



 ⋅+ 11

32u  = ( ) ( ) ( )3222 12135 ++












 ⋅+⋅+ uuuu  = ( )( ) ( )2 32 26 + 5 +1 + +1u u u u  

 

d.  
( )d

dt

t

t

2 5
3

1

+

−

















 = 
( ) ( ) ( ) ( )

( )

5 52 2

2

1 3 3 1

1

d dt t t t
dt dt

t

   
   
   

− + − + −

−
 = 

( ) ( ) ( ) ( )
( )

5 1 52 2 2

2

1 5 3 3 3 1

1

dt t t t
dt
t

−   
   

  
− ⋅ + ⋅ + − + ⋅

−
  

 

     = 
( ) ( ) ( )

( )2

5242

1

32351

−

+−



 ⋅+⋅−

t

tttt
 = 

( )( ) ( )
( )

4 52 2

2

10 1 + 3 + 3

1

t t t t

t

− −

−
 

 

e.  
( )
( )

d
dθ

θ θ

θ

3 3

2

2

1

+

+

















 = 
( ) ( ) ( ) ( )

( )

3 32 23 3

4

1 2 2 1

1

d d
d d

θ θ θ θ θ θ
θ θ

θ

   
   
   

+ + − + +

+
 = 

( ) ( ) ( )
( ) 4

31332

1

2231

+





 +⋅+⋅+

−

θ

θθ
θ

θθθ
d
d

  

 

     = 
( ) ( ) ( )

( )

3 2 13

4

2 2 1 1

1

d
d

θ θ θ θ
θ

θ

− 
 
 

− + ⋅ + ⋅ +

+
 = 

( ) ( ) ( ) ( ) ( )

( )

2 32 3 2 3

4

1 3 2 3 2 2 2 1 1

1

θ θ θ θ θ θ θ

θ

   
   
   

+ ⋅ + ⋅ + − + ⋅ + ⋅

+
  

 

     = 
( ) ( ) ( ) ( ) ( )

( ) 4

332232

1

12223213

+





 ++−



 +++

θ

θθθθθθθ
 

 

f.  ( )d
dr

r r2 2 4
3+





 = ( ) ( )4 42 2 2 23 3d dr r r r

dr dr
   
   
   

+ + +  = ( ) ( ) ( )4 4 12 2 2 23 2 4 3 3dr r r r r
dr

−   
   
   

+ ⋅ + ⋅ + ⋅ +   

 

    = ( ) ( )4 32 2 22 3 4 3 2r r r r r 
 
 

+ + + ⋅  = ( ) ( )4 32 3 22 3 8 3r r r r+ + +  = ( ) ( ) 
  

32 2 22 + 3 + 3 + 4r r r r  

 

g.  ( ) ( )d
du

u u2 6 34 1+ −






 = ( ) ( ) ( ) ( )6 63 2 2 31 4 4 1d du u u u

du du
   
   
   

− + + + −  = ( ) ( ) ( )



 +⋅+⋅−

−
4461 21623 u

du
duu   

 

    +  ( ) 



 ⋅+ 262 34 uu  = ( ) ( ) ( ) 



 ++



 ⋅+⋅−

622523 432461 uuuuu  = ( )( ) ( ) 



 ++



 +−

622523 434112 uuuuu   
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     = ( ) ( ) ( )[ ]41443 2352 ++−+ uuuuu  
 

h.  ( ) ( ) 



 ++++

3223 112 tttt
dt
d  = ( ) ( ) ( ) ( ) 



 +++++



 ++++

32232332 112121 tt
dt
dtttt

dt
dtt   

 

     = ( ) ( ) ( ) ( ) ( )



 ++⋅++⋅+++



 +⋅++

−
11312431 213223232 tt

dt
dtttttttt  = ( ) ( )



 +⋅++ tttt 431 232   

 

    +  ( ) ( ) ( )



 +⋅++⋅++ 121312

2223 ttttt  = ( ) ( )( )[ ] ( )( )[ ]{ }121234311 23222 +++++++++ ttttttttt  

 

i.  d
dx

x x
x

3

2

8
3

1
+

−









  = 











−

+
⋅











−

+
−

2

318

2

3

1
3

1
38

x
xx

dx
d

x
xx  = 

( ) ( ) ( ) ( )
( ) 22

23327

2

3

1

1331

1
38

x

x
dx
dxxxx

dx
dx

x
xx

−





 −+−



 +−
⋅











−

+   

 

     = 
( ) ( )[ ] ( ) ( )[ ]

( )22

3227

2

3

1

23331

1
38

x

xxxxx

x
xx

−

−⋅+−+⋅−
⋅











−

+  = 
( )( )[ ] ( )[ ]

( )22

22227

2

3

1

32331

1
38

x

xxxx

x
xx

−

+++−
⋅











−

+  

 

j.  d
dx

x
x
+
−







2
2

2
 = 

2 12 22
2 2

x d x
x dx x

−
   
   
   

+ +⋅
− −

 = 
( ) ( ) ( ) ( )

( )2
2 2 2 222

2 2

d dx x x xx dx dx
x x

   
        

 
 

− + − + −
+ ⋅
− −

  

 

     = ( ) ( )
( )2

2 1 2 122
2 2

x xx
x x

        
 
 

− ⋅ − + ⋅+ ⋅
− −

 = 
( )22

22
2
22

−

−/−−/⋅







−
+

x
xx

x
x  = 

( )22
4

2
22

−

−
⋅







−
+

xx
x  = 

( )
( )3
8 + 2

2

x

x
−

−
 

 

k.  ( )
( )

d
dx

x

x

2 5

1

3

2
+

+















 = 
( ) ( ) ( ) ( )

( )

2 3 3 2

4

1 2 5 2 5 1

1

d dx x x x
dx dx

x

   
      

+ + − + +

+
 = 

( ) ( ) ( )

( ) 4

132

1

525231

x

x
dx
dxx

+





 ++⋅+ −

  

 

   −
( ) ( ) ( )

( )4

123

1

11252

x

x
dx
dxx

+





 ++⋅+ −

 = 
( ) ( )[ ] ( ) ( )[ ]

( ) 4

322

1

1125225231

x

xxxx

+

⋅+⋅+−⋅+⋅+
 = 

( ) ( )[ ]
( ) 4

22

1

5216

x

xx

+

++
  

 

   −
( ) ( )[ ]

( ) 4

3

1

1522

x

xx

+

++
 = ( ) ( ) ( ) ( )[ ]

( ) 34

2

1

52135212
=/+

+−++/+/

x

xxxx  = ( ) ( )
( )3
2

1

5233522

x

xxx

+

−−++  = 
( ) ( )

( )

2

3
2 2 + 5 2

1 +

x x

x

−
 

 

l.  ( )d
dx

x

x x

1

2

2

3
−

+















 = 
( ) ( ) ( ) ( )

( )

2 23 3

23

2 1 1 2

2

d dx x x x x x
dx dx

x x

   
      

+ − − − +

+
 = 

( ) ( ) ( )

( )

2 13

23

2 2 1 1

2

dx x x x
dx

x x

− 
  

+ ⋅ − ⋅ −

+
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   −
( ) ( )

( )

2 2

23

1 3 2

2

x x

x x

− ⋅ +

+

 
   = 

( ) ( ) ( ) ( )
( )

23 2

23

2 2 1 1 1 3 2

2

x x x x x

x x

+ − ⋅ − − − +

+

       = 
( )( ) ( ) ( )

( )

  
      

23 2

23

2 + 2 1 1 3 + 2

+ 2

x x x x x

x x

− − − −
 

 

m.  d
dx

x
x

2
3

41
5

+
+







  = 

4 1
2 2

3 3
1 14

5 5
dx x
dxx x

−
   
   
   

+ ⋅ +
+ +

 = ( )
3

2 2
3

1 14 3 55
d dx x
dx dx xx

    
         

+ ⋅ +
++

  

 

     = 
( ) ( ) ( )

( )

3 33
2

3 23

5 1 1 514 2
5 5

d dx x
dx dxx x

x x

    
              
  

+ − ⋅ +
+ ⋅ +

+ +
 = 

( )

 
  
  

   
 

3 2
2

3 23

1 34 + 2
+ 5 + 5

xx x
x x

−  

 

n.  ( ) ( )d
dx

x x2 1 13 3 2 4
+ +







 = ( ) ( ) ( ) ( )4 3 3 42 3 3 21 2 1 2 1 1d dx x x x

dx dx
   
   
   

+ + + + +   

 

     = ( ) ( ) ( ) ( ) ( ) ( )4 3 1 3 4 12 3 3 3 2 21 3 2 1 2 1 2 1 4 1 1d dx x x x x x
dx dx

− −   
   
   

+ ⋅ + ⋅ + + + ⋅ + ⋅ +  = ( ) ( )x x x2 4 3 2 21 3 2 1 6+ ⋅ + ⋅






 

 

    +  ( ) ( )3 33 22 1 4 1 2x x x+ ⋅ + ⋅ 
  

 = ( ) ( ) ( ) ( )   
   
   

4 2 3 32 2 3 3 218 +1 2 +1 + 8 2 +1 +1x x x x x x  

In some instances students are asked to find the derivative of a function y , where y  is a function 
of u  and u  is a function of x .  We can solve this class of problems using one of two methods.  

The first method, and perhaps the easiest one, is performed by substituting u  into the y  equation 
and taking the derivative of y  with respect to x .  The second method is to find the derivative of 

y  by using the equation 
dx
du

du
dy

dx
dy

⋅= .  This method is most often used in calculus books and can 

be time consuming.  For example, let’s find the derivative of the function 12 += uy  where 1+= xu  
using each of these methods. 

First Method:  Given the function 12 += uy  where 1+= xu , substitute u  with 1+x  in the function 
y  and simplify, i.e., y  = 12 +u  = ( ) 11 2 ++x  = 1122 +++ xx  = 222 ++ xx .  Next, take the derivative 

of y  with respect to x , i.e., 
dx
dy  = ( )222 ++ xx

dx
dy  = 022 1112 ++ −− xx  = 22 +x . 

Second Method:  Given the function 12 += uy  where 1+= xu , find 
du
dy  and 

dx
du , i.e., 

du
dy  = 

02 12 +−u  = u2  and 
dx
du  = 011 +−x  = 0x  = 1 .  Next, substitute 

du
dy  and 

dx
du  in the equation 

dx
du

du
dy

dx
dy

⋅=  to find the derivative 
dx
dy , i.e., 

dx
dy  = 12 ⋅u  = u2 .  Substituting 1+= xu  in place of u  we 

obtain 
dx
dy  = u2  = ( )12 +x  = 22 +x . 
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The second method is generally beyond the scope of this book, therefore the first method is used 
in order to solve this class of problems.  Examples 2.4-4 and 2.4-5 below provide additional 
examples as to how these types of problems are solved. 
Example 2.4-4:  Find dy

dx
 given: 

a.  y
u

=
+
1

1
   and u x= +3 1           b.  y u u= + +2 2 1  and u x= +3 2  

c.  y u
u

=
+1 2  and u x= +5 1          d.  y u= +2 1 and u x

x
=

+

−

1
12  

e.  y u
u

=
+1
3  and u x= +2 1           f.  y u= +3 1  and ( )u x= +

−2 1
1  

Solutions: 

a.  Given y
u

=
+
1

1
 and u x= +3 1 , then 

( )
y

x
=

+ +
1

1 3 1
 = 1

3 2x +
 and  

    dy
dx

 = 
( ) ( ) ( )

( )2
3 2 1 1 3 2

3 2

d dx x
dx dx

x

   
      

+ − ⋅ +

+
 = 

( )2
0 3

3 2x
−

+
 = 

( )2
3

3 + 2x
−  

b.  Given y u u= + +2 2 1  and u x= +3 2 , then ( ) ( )y x x= + + + +3 2 2 3 2 12  = ( )3 2 6 52x x+ + +  and  

dy
dx

 = ( )23 2 6 5d d dx x
dx dx dx

+ + +  = ( ) ( )2 12 3 2 3 2 6 0dx x
dx

−+ ⋅ + + +  = ( )2 3 2 3 6x + ⋅ +  = ( )18 +1x  

c.  Given y u
u

=
+1 2  and u x= +5 1, then ( )

( )
y

x

x
=

+

+ +

5 1

1 5 1 2  and  

dy
dx

 = 
( ) ( ) ( ) ( )

( )

2 2

22

1 5 1 5 1 5 1 1 5 1

1 5 1

d dx x x x
dx dx

x

      
            

 
  

+ + + − + ⋅ + +

+ +
 = 

( )[ ]{ } ( ) ( )[ ]

( )[ ]22

2

151

5152155151

++

⋅+⋅+−⋅++

x

xxx
  

 

           = ( )[ ] ( )[ ]
( )[ ]22

22

151

15101515

++

+−++

x

xx  = ( ) ( )
( )[ ]22

22

151

15101555

++

+−++

x

xx  = ( )
( )[ ]22

2

151

1555

++

+−

x

x  

d.  Given y u= +2 1 and u x
x

=
+

−

1
12

, then y x
x

=
+

−







 +

1
1

12

2
 and  

dy
dx

 = 
2 1

2 2
1 12 0
1 1

x d x
dxx x

−             

+ +⋅ +
− −

 = 
( ) ( ) ( ) ( )

( )

2 2

2 22

1 1 1 112
1 1

d dx x x xx dx dx
x x

   
        

 
 

− + − + ⋅ −
+ ⋅
− −

  

 

           = 
( ) ( )

( )

2

2 22

1 1 1 212
1 1

x x xx
x x

        
 
 

− ⋅ − + ⋅+ ⋅
− −

 = 
( )

2 2

2 22

1 1 2 22
1 1

x x x x
x x

 
  
  

    
 

+ − − −⋅
− −

 = 
( )
2

2 22

1 2 12
1 1

x x x
x x

 
  
  

    
 

+ + +⋅ −
− −
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           = ( )

( )
2

2 22

112
1 1

xx
x x

 
 
 

++− ⋅
− −

 = ( )( )

( )( )
2

22 2

1 12
1 1

x x

x x

+ +
−

− −
 = ( )

( )
3

32

12
1

x

x

+
−

−
 =  

 
 

3

2
+12

1
x
x

−
−

 

e.  Given y u
u

=
+1
3  and u x= +2 1 , then 

( )
( )

y
x

x
=

+ +

+

1 1

1

2

2 3  = 
( )

x

x

2

2 3
2

1

+

+
 

dy
dx

 = 
( ) ( ) ( ) ( )

( )

3 32 2 2 2

62

1 2 2 1

1

d dx x x x
dx dx

x

   
   
   

+ ⋅ + − + ⋅ +

+
 = 

( ) ( ) ( ) ( )
( )

3 22 2 2 2

62

1 2 2 3 1 1

1

dx x x x x
dx

x

   
   
   

+ ⋅ − + ⋅ + +

+
  

 

           = 
( ) ( ) ( )

( )

3 22 2 2

62

2 1 2 3 1 2

1

x x x x x

x

   
   
   

+ − + ⋅ + ⋅

+
 = 

( ) ( )( )
( )

   
   
   

3 22 2 2

62

2 +1 6 + 2 +1

+1

x x x x x

x

−
 

f.  Given y u= +3 1  and ( )u x= +
−2 1

1 , then ( )y x= +






+

−2 1 3
1 1 = ( )x 2 3

1 1+ +
−

 

dy
dx

 = ( ) ( )3 12 23 1 1 0
d

x x
dx

− −
− + ⋅ + +
 
  

 = ( ) 423 1 2x x
−

− + ⋅  = ( ) 426 1x x
−

− +  = 
( )42

6

+1

x

x
−  

Example 2.4-5:  Find ′y  given that: 

a.  y u= −3 13  and u x= +2 1           b.  y u
u

=
+

3
1

2
 and u x= 2  

c.  y u
u

=
+
−

1
1

 and u x= +2 3           d.  y u
u

=
−1 5

2  and u x= −1  

e.  y u
u

=
+2 1

 and u x= −2 1           f.  y u= +
1
4

 and ( )u x= −2 1 4  

g.  
( )

y u

u
=

−

2

1 2  and u x= + 2            h.  y u= −4 1 and u x
x

=
+
−

1
1

 

Solutions: 

a.  Given y u= −3 13  and u x= +2 1 , then ( )y x= + −3 1 12 3
 and 

y′  = ( ) 02133
132 −⋅+⋅
−

xx  = ( ) xx 219
22 ⋅+  = ( )2218 +1x x  

b.  Given y u
u

=
+

3
1

2
 and u x= 2 , then y x

x
=

+

3
1

4

2
 and 

y′  = 
( ) ( )

( )

4 1 2 4

22

3 4 1 2 3

1

x x x x

x

−   
    

⋅ ⋅ + − ⋅

+
 = ( )

( )

3 2 5

22

12 1 6

1

x x x

x

+ −

+
 = 

( )
3 5

22

12 6

1

x x

x

+

+
 = 

( )
( )

3 2

22

6 2 +

1 +

x x

x
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c.  Given y u
u

=
+
−

1
1

 and u x= +2 3 , then 
( )
( )

y
x

x
=

+ +

+ −

2

2

3 1

3 1
 = x

x

2

2
4
2

+

+
 and 

y′  = 
( )[ ] ( )[ ]

( )22

212212

2

4222

+

+⋅−+⋅ −−

x

xxxx
 = 

( )[ ] ( )[ ]
( )22

22

2

4222

+

+−+

x

xxxx
 = 

( )
3 3

22

2 4 2 8

2

x x x x

x

+ − −

+
 = 

( )22

4

+ 2

x

x

−  

d.  Given y u
u

=
−1 5

2  and u x= −1 , then ( )
( )

y
x

x
=

− −

−

1 5 1

1 2  = 
( )

1 5 5

1 2
− +

−

x

x
 = 

( )
5 4

1 2
x

x

−

−
 

y′  = 
( )[ ] ( ) ( )[ ]

( ) 4

122

1

4511215

x

xxx

−

−⋅−⋅−−−⋅ −


 = ( ) ( )( )
( )

2

4
5 1 2 1 5 4

1

x x x

x

  − − − − −

−
 = ( ) ( ) ( )

( ) 4

2

1

451215

x

xxx

−

−−+−   

 

      = ( ) ( )
( )

2 2

4

5 2 1 2 5 4 5 4

1

x x x x x

x

− + + − − +

−
 = 

( )

2 2

4
5 10 5 10 18 8

1
x x x x

x
− + − + −

−
= 

( )

2

4
5 + 8 3

1
x x

x
− −

−
 

e.  Given y u
u

=
+2 1

 and u x= −2 1 , then 
( )

y x

x
=

−

− +

2 1

2 1 12
 and 

y′  = 
( ) ( ) ( )

( )

2 2 1

22

2 2 1 1 2 2 1 2 2 1

2 1 1

x x x

x

−   
      

 
  

⋅ − + − − ⋅ ⋅ −

− +
 = 

( ) ( ) ( )

( )

2

22

2 2 1 1 4 2 1 2 1

2 1 1

x x x

x

      

 
  

⋅ − + − − ⋅ −

− +
  

 

      = ( ) ( )

( )

2 2

22

2 2 1 2 4 2 1

2 1 1

x x

x 
  

− + − −

− +
 = ( )

( )

2

22

2 2 2 1

2 1 1

x

x 
  

− −

− +
 = 

( )[ ]
( )[ ]22

2

112

1212

+−

−−

x

x
 = ( )[ ]

( )[ ]22

2

112

1122

+−

−−−

x

x  

f.  Given y u= +
1
4

 and ( )u x= −2 1 4 , then ( )y x= − +2 1 1
4

4  and 

y′  = ( )4 14 2 1 2 0x −− ⋅ +  = ( )34 2 1 2x − ⋅  = ( )38 2 1x −  

g.  Given 
( )

y u

u
=

−

2

1 2  and u x= + 2 , then ( )
( )

y
x

x
=

+

+ −

2 2

2 1 2  = 
( )
2 4

1 2
x

x

+

+
 

y′  = 
( )[ ] ( ) ( )[ ]

( ) 4

122

1

421212

+

+⋅+−+⋅ −

x

xxx
 = ( ) ( )( )

( )

2

4
2 1 2 1 2 4

1
x x x

x
+ − + +

+
 = ( ) ( )

( )

2 2

4

2 2 1 2 2 6 4

1

x x x x

x

+ + − + +

+
  

 

      = 
( )

2 2

4
2 4 2 4 12 8

1
x x x x

x
+ + − − −

+
 = 

( )

2

4
2 8 6

1
x x
x

− − −

+
 = ( )

( ) 4

2

1

342

+

++−

x

xx  
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h.  Given y u= −4 1 and u x
x

=
+
−

1
1

, then y x
x

=
+
−







−
1
1

1
4

 and 

y′  = 
( )[ ] ( )[ ]

( )
0

1

1111

1
14

2

14
−

−

+⋅−−−⋅
⋅







−
+ −

x

xx

x
x  = ( ) ( )

( )

3

2
1 114

1 1
x xx

x x
 
 
 

− + ++ ⋅
− −

 = 
( )

3

2
1 24
1 1

x
x x

 
 
 

+ ⋅
− −

  

 

      = ( )
( ) ( ) 












−
⋅

−

+
23

3

1
2

1

14
xx

x  = ( )
( ) 23

3

1

18
+−

+

x

x  = 
( )
( )

3

5
8 1 +

1

x

x−
 

Section 2.4 Practice Problems - The Chain Rule 

1.  Find the derivative of the following functions.  Do not simplify the answer to its lowest term. 

    a.  ( )32 2+= xy         b.  ( ) 22 1
−

+= xy         c.  ( )53 1−= xy  

    d.  
2

2
11 







−=

x
y         e.  

2
3

3
12
x

xy +=         f.  
4

3

21









 +
=

r
xy  

    g.  
3

2
3

1






 +

=
xxy         h.  ( )[ ] 32 21 xxxy ++=        i.  

1
32

3

−







 −= xxy  

    j.  ( )423 13 ++= xxy         k.  
3

2

2

1 










+
=

t
ty         l.  ( ) 121

−−+= xy  

    m.  ( )
3

21
x

xy
−+

=         n.  
xx

y 1
1

1
2

3
+









−
=         o.  2

3

3

2
x

x
xy −
+

=  

2.  Find the derivative of the following functions at 0=x , 1=x , and 1−=x . 

    a.  ( )53 1+= xy         b.  ( )423 13 −+= xxy        c.  
2

1








+
=

x
xy  

    d.  ( )22 1+= xxy         e.  ( )323 12 ++= xxy        f.  
3

2

2

1 










+
=

x
xy  

    g.  
5

2 1









+
=

x
xy         h.  ( )

2
32 11

x
xy ⋅+=         i.  x

x
xy 5

1

23
+











−
=  

3.  Use the chain rule to differentiate the following functions. 

    a.  ( )










 +
2

31
t

t
dt
d  =         b.  ( )













 +
4

32

3

1

u

u
du
d  =        c.  ( )

( ) 











−

+
2

3

1

12

x

x
dx
d  =  

    d.  ( ) ( ) 



 +− 323 121 xx

dx
d  =        e.  

2

2
3

6
1










+
−

s
s

ds
d  =        f.  ( )















+

−

1

1
2

32

t

t
dt
d  =  
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    g.  ( )



















+
+

232
1

11
u

u
du
d  =        h.  

( )

2

3

2

1
3












−

+

θ

θ
θd
d  =        i.  

( ) 













+
32

7

2rr

r
dr
d  =  

4.  Given the following y  functions in terms of u find y ′ . 

    a.  12 2 −= uy  and 1−= xu   b.  
1−

=
u

uy  and 3xu =       c.  21 u
uy
+

=  and 12 += xu  

    d.  
2
12 −= uy  and 4xy =   e.  4uy =  and 

21
1
x

u
−

=      f.  
( )3

2

1+
=

u
uy  and 1−= xu  
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2.5 Implicit Differentiation 
In many instances an equation is explicitly represented in the form where y  is the only term in 
the left-hand side of the equation.  In these instances ′y  is obtained by applying the 
differentiation rules to the right hand side of the equation.  However, for cases where y  is not 
explicitly given, we must either first solve for y  (if y  can be factored) and then differentiate or 
use the implicit differentiation method.  For example, to differentiate the equation x y x y= +2  we 
can either solve for y  by bringing the y  terms to one side of the equation and then differentiate 
as follows: 

x y x y= +2  ; x y y x− = 2  ; ( )y x x− =1 2  ; 
1

2

−
=

x
xy   therefore, ′y  is equal to: 

 

′y  = 
( )[ ] [ ]
( )2

212

1

112

−

⋅−−⋅−

x

xxx
 = 

( )[ ]
( )2

2

1

12

−

−−

x

xxx
 = 

( )
2 2

1

2 2

2
x x x

x

− −

−
 = 

( )

2

2
2

1

x x

x

−

−
 

or, we can use the implicit differentiation method as shown below. 

x y x y= +2  ; ( )1 2 2 1⋅ + ′ ⋅ = + ′−y y x x y  ; y y x x y+ ′ = + ′2  ; ′ − ′ = −y x y x y2  ; ( )′ − = −y x x y1 2  ; ′ =
−
−

y
x y
x

2
1

 

Substituting y x
x

=
−

2

1
 into the ′y  equation we obtain: 

′y  = 2
1

x y
x
−
−

 = 
2

1
1

2
x x

x
x

−
−

−
 = 

( )2 1
1
1

2x x x
x
x

− −

−
−

 = 
( )2 1

1
1

1

2x x x
x
x

− −

−
−

 = 
( )[ ]

( ) ( )
2 1 1

1 1

2x x x

x x

− − ⋅

− ⋅ −
 = 

( )

2

2
2

1

x x

x

−

−
 

Note that the key in using the implicit differentiation method is that the chain rule must be 
applied each time we come across a term with y  in it.  Following are additional examples 
showing the two methods of differentiation when y  is not explicitly given: 

Example 2.5-1:  Given 3+=+ yxxy , find ′y . 
Solution: 

First Method:  Let’s solve for y  by bringing the y  terms to the left-hand side of the equation,  

i.e., 3+=+ yxxy  ; ( ) 31 +−=− xxy  ; 
1
3

−
+−

=
x
xy  

We can now solve for ′y  using the differentiation rule for division. 

′y  = 
( )[ ] ( )[ ]

( )21

3111

−

+−⋅−−⋅−

x

xx
 = 

( )21
31

−

−/++/−

x
xx  = 

( )2
2

1x

−

−
 

Second Method:  Use the implicit differentiation method to solve for ′y , i.e., given  

3+=+ yxxy  then, ( ) 011 +′=+⋅′+⋅ yxyy  ; xyyy ′−′=+1  ; ( ) 11 +=−′ yxy  ; 
x

yy
−
+

=′
1

1  
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Substituting 
1
3

−
+−

=
x
xy  into the ′y  equation we obtain: 

′y  = 
x

yy
−
+

=′
1

1  = 
x

x
x

−

+
−
+−

1

1
1
3

 = 
x

x
x

−

+
−
+−

1
1
1

1
3

 = 

( )[ ] ( )[ ]
( )

x
x

xx

−
⋅−

−⋅+⋅+−

1
11

1113

 = 
x

x
xx

−
−

−/++/−

1
1

13

 = 
x

x
−
−

1
1

2

 = 

1
1

1
2

x
x
−
−   

 

     = ( ) ( )xx −⋅−
⋅
11
12  = ( ) ( )11

2
−−⋅− xx

 = ( )( )11
2

−−
−

xx
 = 

( )2
2

1x

−

−
 

Example 2.5-2:  Given x y y x2 5 2+ = + , find ′y . 
Solution: 
First Method:  Let’s solve for y  by bringing the y  terms to the left-hand side of the equation,  

i.e., x y y x2 2 5− = −  ; ( )y x x2 1 2 5− = −  ; y x
x

=
−

−

2 5
12  

We can now solve for ′y  using the differentiation rule for division. 

′y  = 
( )[ ] ( )[ ]

( )22

122

1

52212

−

−⋅−−⋅ −

x

xxx
 = 

( )
2 2 4 10

1

2 2

2 2
x x x

x

− − +

−
 = 

( )
2

22

2 + 10 2

1

x x

x

− −

−
 

Second Method:  Use the implicit differentiation method to solve for ′y , i.e., given  

x y y x2 5 2+ = +  then, ( )2 0 22 1 1x y y x y x⋅ + ′ ⋅ + = ′ + −  ; 2 22xy y x y+ ′ = ′ +  ; ′ − ′ = −y x y xy2 2 2  
 

; ( )′ − = −y x x xy2 1 2 2  ; ′ =
−

−
y

xy
x

2 2
12  

Substituting y x
x

=
−

−

2 5
12

 into the ′y  equation we obtain: 

′y  = 2 2
12

−

−

xy
x

 = 
2 2 2 5

1
1

2

2

− ⋅
−

−
−

x x
x

x
 = 

2 4 10
1

1

2

2

2

−
−

−
−

x x
x

x
 = 

( ) ( )2 1 4 10

1
1

2 2

2

2

x x x

x
x

− − −

−
−

 = 

2 2 4 10
1
1

2 2

2

2

x x x
x
x

− − +

−
−

  

 

     = 

− + −

−
−

2 10 2
1
1

2

2

2

x x
x
x

 = 

− + −

−
−

2 10 2
1
1

1

2

2

2

x x
x
x

 = 
( )
( ) ( )
− + − ⋅

− ⋅ −

2 10 2 1

1 1

2

2 2

x x

x x
 = 

( )
2

22

2 + 10 2

1

x x

x

− −

−
 

In the previous examples, to find ′y  we could either first solve for y  and then differentiate or use 
the implicit differentiation rule.  However, sometimes we can not simply solve for y  by bringing 
the y  terms to the left-hand side of the equation.  In these instances, as is shown in the following 
examples, we can only use implicit differentiation in order to differentiate y . 



Calculus I  2.5  Implicit Differentiation  

Hamilton Education Guides   99 

Example 2.5-3:  Given x y y y2 2 33 1+ = − , find ′ =y
dy
dx

. 

Solution: 

( ) ( )2 2 33 1d dx y y y
dx dx

+ = −  ; ( ) ( )2 2 1 2 3 12 2 3 3 0x y y y x y y y− −′ ′ ′⋅ + ⋅ + = ⋅ ⋅ −  ; 2 2 22 2 9xy yy x y y y′ ′ ′+ + =   
 

; 2 2 22 9 2x y y y y y xy′ ′ ′− + = −  ; ( )2 2 22 9 1 2y x y y xy′ − + = −  ; ′
2

2 2
2=

2 9 +1
xyy

x y y
−

−
 

Example 2.5-4:  Given xy x y y x+ + =2 2 3 10 , find dy
dx

 in terms of x  and y . 

Solution: 

( ) ( )2 2 3 10d dxy x y y x
dx dx

+ + =  ; ( ) ( )2 2 22 2 3 10y x y x y x y y y y′ ′ ′+ + + + =   
 

; 2 2 22 3 2 10x y x y y y y x y y′ ′ ′+ + + = − − +  ; ( )2 2 22 3 2 10y x x y y x y y′ + + + = − − +  ; ′
2

2 2
2 +10=
+ 2 + 3
x y yy

x x y y
− −  

Example 2.5-5:  Given 3 2 13 3 2x y y y+ = + , find dy
dx

 in terms of x  and y . 

Solution: 

( ) ( )3 3 23 2 1d dx y y y
dx dx

+ = +  ; ( ) ( )2 3 2 33 3 3 4 0x y y y x y y y′ ′ ′+ + = +  ; 2 3 3 29 9 4x y x y y y y y′ ′ ′+ + =   
 

; 3 2 2 39 4 9x y y y y y x y′ ′ ′+ − = −  ; ( )3 2 2 39 4 1 9y x y y x y′ + − = −  ; ′
2 3

3 2
9=

9 + 4 1
x yy

x y y
−

−
 

Example 2.5-6:  Given x y x y+ =3 3 5 , find dy
dx

 in terms of x  and y . 

Solution: 

( ) ( )3 3 5d dx y x y
dx dx

+ =  ; ( ) ( )2 3 2 31 3 3 0y y x x y y y x′ ′⋅ + ⋅ + ⋅ + ⋅ =  ; 2 3 3 23 3 0y x y x y x y y′ ′+ + + =   
 

; 3 2 2 33 3x y x y y x y y′ ′+ = − −  ; ( )3 2 2 33 3y x x y x y y′ + = − −  ; ′
2 3

3 2
3 +=

+ 3
x y yy

x x y
−  

Example 2.5-7:  Given ( )3 2 2x y y x y+ = + , find dy
dx

 in terms of x  and y . 

Solution: 

( ) ( )2 23d dx y y x y
dx dx

+ = +  ; ( )3 1 2 2y y x y x y y′ ′ ′⋅ + ⋅ + = +  ; 3 3 2 2y x y y x y y′ ′ ′+ + = +   
 

; 3 2 2 3x y y y y x y′ ′ ′+ − = −  ; ( )3 1 2 2 3y x y x y′ + − = −  ; ′ 2 3=
3 2 +1

x yy
x y

−
−
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Example 2.5-8:  Given 1 1 102x y
x+ = , find dy

dx
 in terms of x  and y . 

Solution: 

( )x
dx
d

yxdx
d 1011

2
=










+  ; ( ) ( )1 2 10d dx y x

dx dx
− −+ =  ; 2 32 10x y y− − ′− − =  ; 3 22 10y y x− −′− = +   

 

; 3

2

2
10
−

−

−

+
=′

y
xy  ; 

3

2

2

101

y

xy
−

+
=′  ; 

3

2

2

2

101

y

x
x

y
−

+

=′  ; 
( )

2

23

2

101

x

xy
y

−

+
=′  ; ′

 
 
 

3

2
1

= + 10
2

y
y

x
−  

Example 2.5-9:  Given xy yx x2 2 2+ = , find dy
dx

 in terms of x  and y . 

Solution: 

( ) ( )2 2 2d dxy yx x
dx dx

+ =  ; ( ) ( )2 21 2 2 2y y y x y x x y x′ ′⋅ + ⋅ + ⋅ + ⋅ =  ; 2 22 2 2y x y y x y x y x′ ′+ + + =   
 

; 2 22 2 2x y y x y y x y x′ ′+ = − − +  ; ( )2 22 2 2y x x y y x y x′ + = − − +  ; ′
2

2
2 + 2=
+ 2

y x y xy
x x y

− −  

Example 2.5-10:  Given yyxy =+ 33
2

, find dy
dx

 in terms of x  and y . 

Solution: 

( )y
dx
dyxy

dx
d

=







+ 33

2
 ; ( ) yxyyxyy ′=⋅′+⋅+′⋅

− 321
3

3
2 3

2
 ; yyxyxyy ′=′++′

− 323
3
2 3

1
 

 

; yxyyxyy 23 3
3
2 3

1
−=′−′+′

−  ; yxxyy 23 31
3
2 3

1
−=








−+′

−  ; 
1

3
2

3

3

2

3
1

−+

−
=′

−
xy

yxy  

Example 2.5-11:  Given xy y y+ =2
1
8 , find dy

dx
 in terms of x  and y . 

Solution: 

( )
1

2 8d dxy y y
dx dx

 
  
 

+ =  ; ( ) ( )
1 1811 2

8
y y x yy y y

−
  ′ ′ ′⋅ + ⋅ + = ⋅  ; 

7
812

8
y x y y y y y

−
′ ′ ′+ + =   

 

; 
7
812

8
x y y y y y y

−
′ ′ ′+ − = −  ; 

7
812

8
y x y y y

− 
  
 
′ + − = −  ; 

8
7

8
12

−
−+

−=′

yyx

yy  

Example 2.5-12:  Given xy y x2 2 3+ = + , find dy
dx

 in terms of x  and y . 

Solution: 

( ) ( )2 2 3d dxy y x
dx dx

+ = +  ; ( ) ( )21 2 2 0y y y x y x 
  

′ ′⋅ + ⋅ + = +  ; 2 2 2y xy y y x′ ′+ + =  ; 22 2xy y y x y′ ′+ = −   

 

; ( ) 22 1 2y xy x y′ + = −  ; ′
22=

2 +1
x yy
xy
−  



Calculus I  2.5  Implicit Differentiation  

Hamilton Education Guides   101 

Example 2.5-13:  Given x y y x4 3 2 4+ = + , find dy
dx

 in terms of x  and y . 

Solution: 

( ) ( )4 3 2 4d dx y y x
dx dx

+ = +  ; ( ) ( )3 3 2 44 3 2 1 0x y y y x y y 
  

′ ′⋅ + ⋅ + = +  ; 3 3 4 24 3 2 1x y x y y y y′ ′+ + =   

 

; 4 2 3 33 2 1 4x y y y y x y′ ′+ = −  ; ( )4 2 3 33 2 1 4y x y y x y′ + = −  ; ′
3 3

4 2
1 4=

3 + 2
x yy

x y y
−  

Example 2.5-14:  Given y x y x6 3 5 2 5+ + = , find dy
dx

 in terms of x  and y . 

Solution: 

( ) ( )6 3 5 2 5d dy x y x
dx dx

+ + =  ; ( ) ( )5 2 5 4 36 3 5 2 0y y x y y y x x 
  

′ ′+ ⋅ + ⋅ + =  ; 5 2 5 3 46 3 5 2 0y y x y x y y x′ ′+ + + =   

 

; 5 3 4 2 56 5 3 2y y x y y x y x′ ′+ = − −  ; ( )5 3 4 2 56 5 3 2y y x y x y x′ + = − −  ; ′
2 5

5 3 4
3 + 2=
6 + 5

x y xy
y x y

−  

Section 2.5 Practice Problems - Implicit Differentiation 

Use implicit differentiation method to solve the following functions. 

a.  yxyx =+2     b.  03 2 =+− yxyx    c.  322 3yyyx =+  

d.  xyyx 53 =+    e.  124 244 −=+ yyyx    f.  01022 =−+ yxyx  

g.  22 xyyx =+    h.  xyxyx =+ 33    i.  xyxy =+ 22
1

 

j.  4
1

22 yyyx =+    k.  322 −=+ xyx    l.  324 −=+ yyx  

m.  8427 =−− xyxy    n.  ( ) xyx −=+ 223    o.  xyyx −=+ 2523  
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2.6 The Derivative of Functions with Fractional Exponents 
The derivative of a function ( )f x  with fractional exponent is obtained by applying the chain rule 
in the following way: 

( )[ ]d
dx

f x
a
b  = ( )[ ] ( )[ ]a

b
f x d

dx
f x

a
b
−
⋅

1  

For example, the derivative of ( )f x x
a
b=  is equal to  

d
dx

x
a
b  = a

b
x d

dx
x

a
b
−
⋅

1
 = a

b
x

a
b
−
⋅

1
1 = a

b
x

a
b
−1

 = a
b

x
a b

b
−

 

Note that the steps in finding the derivative of a function with fractional exponent is similar to 
finding the derivative of a function that is raised to a power as discussed in Section 2.4.  The 
following examples illustrate how to obtain the derivative of exponential functions: 
Example 2.6-1:  Find the derivative for the following exponential expressions. 

a.  y x=
2
3     b.  ( )y x= 3 2

1
3     c.  ( )y x x= +3 23

1
4  

d.  ( )y x x= +3 62
2
5    e.  ( )y x= +2 1

3
4     f.  ( )y x= +3 82

2
7  

g.  ( ) ( )y x x= + +2
1
3 3

52 1    h.  ( )3
2

12 += xxy    i.  ( ) ( ) 3
1

2
1

31 2 ++= xxy  

j.  
( )

y
x

x
=

+2 1
1
2

   k.  ( )
y

x

x
=

+ 3
1
5

2
3

    l.  
( )3

2
1

3

+
=

x

xy  

m.  ( )
7
1

11
x

xy ⋅+=   

Solutions: 

a.  Given 
2
3y x=  then ′y  = 13

2

3
2 −

x  = 1
3
2 1

1
3
2

⋅
−

x  = 3
32

3
2 −

x  = 3
1

3
2 −

x  = 
3
1

1
3
2

x
⋅  = 3

1
3
2

x
⋅  = 33

2
x

 

Note that the answer does not necessarily need to be in radical form.  We can simply stop 

when ′y  = 3
1

3
2 −

x .  However, for review purposes only, the answer to some of the problems are 

shown in radical form (see Sections 1.1 and 1.2 from Mastering Algebra – Advanced Level to 
review the subjects of exponents and radicals). 

b.  Given ( )
1
323y x=  then ′y  = ( ) xx 63

3
1 12 3

1
⋅

−
 = ( ) 1

1
3
1

23
3
6 −

xx  = ( ) 3
31

232
−

xx  = ( ) 3
2

232
−

xx  = 
( ) 3

2
23

12
x

x   

 = 
( )3 223

12
x

x  = 
3 49

12
x

x  = 3 9
2

xx
x

/

/  = 3 9
2

x
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c.  Given ( )
1
433 2y x x= +  then ′y  = ( ) ( )2923

4
1 213 4

1
++

−
xxx  = ( ) ( )2923

4
1 23 1

1
4
1

++
−

xxx   

 

= ( ) ( )2923
4
1 23 4

41

++
−

xxx  = ( ) ( )2923
4
1 23 4

3
++

−
xxx  = 

( ) 4
3

234

29

3

2

xx

x

+

+  = 
( )4 33

2

234

29

xx

x

+

+  

 

d.  Given ( )2
2
53 6y x x= +  then ′y  = ( ) ( )6663

5
2 12 5

2
++

−
xxx  = ( ) ( )163

5
12 1

1
5
2

2 ++
−

xxx  = ( ) ( )163
5

12 5
52

2 ++
−

xxx   

 

= ( ) ( )163
5

12 5
3

2 ++
−

xxx  = ( )
( ) 5

3
63

11
5

12

2 xx
x

+

⋅+  = 
( )5 32 63

1
5

12

xx

x

+

+
⋅  = ( )

( )5 32 635

112

xx

x

+

+  

 

e.  Given ( )
3
42 1y x= +  then ′y  = ( ) 212

4
3 14

3
⋅+ −x  = ( ) 1

1
4
3

12
4
6 −+x  = ( ) 4

43
12

2
3 −

+x  = ( ) 4
1

12
2
3 −+x   

 

= 
( ) 4

1
12

1
2
3

+
⋅

x
 = 4 12

1
2
3

+
⋅

x
 = 4 122

3
+x

 

 

f.  Given ( )
2
723 8y x= +  then ′y  = ( ) xx 683

7
2 12 7

2
⋅+

−
 = ( ) 1

1
7
2

83
7

12 2 −
+xx  = ( ) 7

72

83
7

12 2
−

+xx   

 

= ( ) 7
5

83
7

12 2 −
+xx  = 

( ) 7
5

83

1
7

12

2 +

⋅

x

x  = 
( )7 52 83

1
7

12

+

⋅

x

x  = 
( )7 52 837

12

+x

x  

 

g.  Given ( ) ( ) ( ) 5
3

3
2

5
3

3
1

12122 ++=++= xxxxy  then ′y  = ( ) 212
5
3

3
2 11

5
3

3
2

⋅++ −−
xx  = ( ) 1

1
5
3

1
1

3
2

12
5
6

3
2 −−

++ xx   

 

= ( ) 5
53

3
32

12
5
6

3
2 −−

++ xx  = ( ) 5
2

3
1

12
5
6

3
2 −−

++ xx  = 
( ) 5

2
3
1

12

1
5
61

3
2

+
⋅+⋅

xx
 = 

( )5 23
125

6
3

2

+
+

xx
 

 

h.  Given ( ) 3
2

12 += xxy  then ′y  = ( ) ( )












⋅











⋅++












+⋅

−
xxxx 21

3
211

122 3
2

3
2

 = ( ) ( ) 1
1

3
2

3
2

1
3

41 2
2

2 −
+++ xxx   

 

= ( ) ( ) 3
32

3
2

1
3

41 2
2

2
−

+++ xxx  = ( ) ( ) 3
1

3
2

1
3

41 2
2

2 −
+++ xxx  = ( )

( ) 3
1

3
2

13

41
2

2
2

+

++

x

xx  = ( )
3 2

2
3 22

13

41
+

++
x

xx  

 

i.  Given ( ) ( ) 3
1

2
1

31 2 ++= xxy  then ′y  = ( ) ( ) ( ) ( )











+⋅⋅++












+⋅⋅+

−− 2
13

1
3
1

2
1

123
3
1311

2
1 1221 xxxxx  
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= ( ) ( ) ( ) ( )











+⋅++












+⋅+

−− 2
13

2
3
1

2
1

13
3

231
2
1 22 xxxxx  = ( )

( )
( )

( ) 















+

⋅+⋅+














+
⋅+⋅

3
2

2
1

2
1

3
1

3

11
3

2

1

13
2
1

2

2

x
xx

x
x   

 

= 
( )
( )

( )

( )

1
1

3
2

1 2
2 3

2

2

3 2 1

2 1 3 3

x x x

x x

+ +
+

+ +

 = 
( )3 22

3 2

33

12
12
3

+

+
+

+

+

x

xx
x

x  

 

j.  Given ( )
1
22 1x

y
x
+

=  then ′y  = 
( ) ( )

2

212 2
1

2
1

1121
2
1

x

xxxx











+⋅−













⋅











⋅+

−

 = 
( ) ( )

2

22
2

2
1

2
1

11
2

2

x

xxx
+−+

−

  

 

= ( )
( )

2

2

2

2 2
1

2
1

1
1

1

x

x
x

x +−

+  = 2

2
2

2
1

1
x

x
x

x
+−

+  = 

( )
2

2

22

1

1

x
x

xx

+

+−

 = 2

2 1

1

x
x +

−

 = 
1

1
22 +

−

xx
 

 

k.  Given ( )
1
5

2
3

3xy
x

+
=  then ′y  = 

( ) ( )

3
4

5
1

3
2

3
2

5
1

3
3
23

5
1 11

x

xxxx











+⋅−












⋅+

−−

 = 
( ) ( )

3
4

5
1

3
1

5
4

3
2

3
3
23

5
1

x

xxxx











+−












+

−−

  

 

= ( )
( )

3
4

3
1

5
1

5
4

3
2

3
3
2

35
1

x

x

x

x

x +
⋅−

+
⋅

 = ( )
( )

3
4

3
1

5
1

5
4

3
2

3

32

35

x

x

x

x

x +
−

+  = 
( )

3 4

3

5

5 4

3 2

3
32

35

x

x
x

x

x +
−

+
 

 

l.  Given 
( ) 3

2
1

3

+
=

x

xy  then ′y  = 
( ) ( )

( ) 3
4

3
2

3
2

1

1
3
213 3113

+





 ⋅+−



 +⋅ −−

x

xxxx
 = 

( ) ( )

( ) 3
4

3
1

3
2

1

1
3

213
3

2

+












+−



 + −

x

xxxx

  

 

= 
( ) ( )

( ) 3
4

3
1

3

3
2

1

13
13

2
2

+

+
+

−

x

xx
x

x

 = 
( )

( )3 4

3

3
3 22

1

13
213

+

+
−+

x

x
xxx

 = 
( )

( ) 3

3

3
3 22

11
13

213

++
+

−+

xx
x
xxx

 

 

m.  Given ( )
7
1
111

7
1 x

x

x
xy +

=⋅+=  then ′y  = 
( )

7
2

7
1

7
1

1
7
11

1

x

xxx











+⋅−












⋅

−

 = 
7
2

7
6

7
1

7
1

x

xxx
−+

−
 = 

7
2

7
6

7
1 1

7
1

x

x

xx ⋅
+

−

  

 

= 
7 2

7 6
7 1

7
1

x

x

xx ⋅
+

−

 = 
7 2

7 6
7

7

1

x

x

xx +
−
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Example 2.6-2:  Find d
dx

 of the following functions. 

a.  








 − 3
2

x
dx
d  =     b.  ( ) 4

1
1 −+x

dx
d  =    c.  ( )8113 +x

dx
d  =  

d.  ( )8743 2 xx
dx
d

+  =    e.  ( ) 3
2

12 −
+xx

dx
d  =    f.  ( ) 3

1
43 3 −

+x
dx
d  =  

g.  ( )












 + −

x
x

dx
d 2

1
1  =    h.  ( )41532 ++ xx

dx
d  =    i.  ( )( ) 



 −+ 4

5
11 xx

dx
d  =  

j.  ( ) 6
1

52 −
+x

dx
d  =    k.  ( )












+ 4

1
5
3

12xx
dx
d  =    l.  

( ) 













+ −3
1

1

2

x

x
dx
d  =  

Solutions: 

a.  






 − 3
2

x
dx
d  = ( )x

dx
dx ⋅−

−− 13
2

3
2  = 1

3
2 1

1
3
2

⋅−
−−

x  = 3
32

3
2 −−

− x  = 3
5

3
2 −

− x  = 
3
5

1
3
2

x
⋅−  = 

3 53

2

x

−  = 
3 23

2

xx

−  

 

b.  ( ) 4
1

1 −+x
dx
d  = ( ) ( )11

4
1 14

1
+⋅+− −− x

dx
dx  = ( ) 11

4
1

1
1

4
1

⋅+− −−x  = ( ) 4
41

1
4
1 −−

+− x  = ( ) 4
5

1
4
1 −+− x   

 

     = 
( )4

5
1

1
4
1

+
⋅−

x
 = 

( )4 514

1

+
−

x
 = ( )4 114

1
++

−
xx

 

 

c.  ( )8113 +x
dx
d  = ( ) ( )11

8
1 313 8

1
+⋅+

−
x

dx
dx  = ( ) 23 31

8
1 1

1
8
1

xx ⋅+
−

 = ( ) 8
81

1
8
3 32

−

+xx  = ( ) 8
7

1
8
3 32 −

+xx   

 

     = 
( )871

1
8
3

3

2

+

⋅

x
x  = 

( )8718

3

3

2

+x

x  = 
( )8 73

2

18

3

+x

x  

 

d.  ( )8743 2 xx
dx
d

+  = ( ) ( )xx
dx
dxx 4343

8
7 212 8

7
+⋅+

−
 = ( ) ( )4643

8
7 1

1
8
7

2 +⋅+
−

xxx  = ( ) ( )4643
8
7 8

87
2 +⋅+

−

xxx   

 

     = ( ) ( )4643
8
7 8

1
2 +⋅+

−
xxx  = 

( )8143

46
8
7

2 xx

x

+

+
⋅  = ( )

8 2 438

467

xx

x

+

+  

 

e.  ( ) 3
2

12 −
+xx

dx
d  = ( ) ( ) 3

2
3
2

11 22 −−
+⋅+⋅+ x

dx
dxx

dx
dx  = ( ) ( ) 122 3

2
3
2

1
3
211

−−−
+⋅−⋅+ xxx   

 

     = ( ) ( ) 1
1

3
2

3
2

1
3

21 22 −−−
+−+ xxx  = ( ) ( ) 3

32
3
2

1
3

21 22
−−

+−+
−

xxx  = ( ) ( ) 3
5

3
2

1
3

21 22
−

+−+
−

xxx  
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     = 
( ) ( )353

2
1

1
3

2

1

1

22 +

⋅−

+ x

x

x
 = 

( ) ( )3 523 22 13

2

1

1

+

−

+ x

x

x
 = 

( ) ( ) ( )3 2223 22 113

2

1

1

++

−

+ xx

x

x
 

 

f.  ( ) 3
1

43 3 −
+x

dx
d  = ( ) ( )4343

3
1 313 3

1
+⋅+−

−−
x

dx
dx  = ( ) 23 943

3
1 1

1
3
1

xx ⋅+−
−−

 = ( ) 3
31

43
3

9 3
2 −−

+− xx   

 

     = ( ) 3
4

433 32 −
+− xx  = 

( )3
4

43

13
3

2

+

⋅−

x
x  = 

( )3 43

2

43

3

+

−

x

x  = ( )3 33

2

4343

3

++
−

xx

x  

 

g.  ( )












 + −

x
x

dx
d 2

1
1  = 

( ) ( ) ( )
2

2
1

2
1

11

x

x
dx
dxx

dx
dx 



 ⋅+−



 +⋅ −−

 = 
( ) ( ) ( )

2

1 1111
2
1

2
1

2
1

x

xx
dx
dxx 



 ⋅+−



 +⋅+−⋅ −−−

 

 

     = 
( ) ( )

2

2
1

1
1

2
1

111
2

x

xxx −−− +−



 ⋅+−

 = 
( ) ( )

2

2
1

2
21

11
2

x

xxx −+−+−
−−

 = 
( ) ( )

2

2
1

2
3

11
2

x

xxx −+−+−
−

 

 

h.  ( )41532 ++ xx
dx
d  = ( ) ( )5353

4
1 212 4

1
++⋅++

−
xx

dx
dxx  = ( ) ( )3253

4
1 1

1
4
1

2 +⋅++
−

xxx  = ( ) ( )3253
4
1 4

41
2 +⋅++

−
xxx  

 

     = ( ) ( )3253
4
1 4

3
2 +++

−
xxx  = 

( )4353

1
4

32

2 ++

⋅
+

xx

x  = 
( )4 32 53

1
4

32

++

⋅
+

xx

x  = 
4

32 534

32






 ++

+

xx

x  

 

i.  ( )( ) 



 −+ 4

5
11 xx

dx
d  = ( ) ( ) ( ) ( ) 



 −++



 +− 4

5
4
5

1111 x
dx
dxx

dx
dx  = ( ) ( ) ( ) ( )



 −⋅−⋅++



 ⋅− − 11

4
5111 14

5
4
5

x
dx
dxxx   

 

     = ( ) ( ) ( ) 



 ⋅−⋅++− − 11

4
511 1

1
4
5

4
5

xxx  = ( ) ( ) ( ) 



 −⋅++−

−
4

45
4
5

1
4
511 xxx  = ( ) ( )( )414

5
11

4
51 −++− xxx  

 

j.  ( ) 6
1

52 −
+x

dx
d  = ( ) ( )55

6
1 212 6

1
+⋅+−

−−
x

dx
dx  = ( ) xx 25

6
1 1

1
6
1

2 ⋅+−
−−

 = ( ) 6
61

5
6

2 2
−−

+− xx  = ( ) 6
7

5
3

2 −
+− xx  

 

     = 
( )6

7
5

1
3 2 +

⋅−

x

x  = 
( )6 72 5

1
3

+

⋅−

x

x  = ( )6 22 553 ++
−

xx

x  

 

k.  ( )











+ 4

1
5
3

12xx
dx
d  = ( ) ( )












++












+ 4

1
5
3

5
3

4
1

11 22 x
dx
dxx

dx
dx  = ( ) ( ) ( )












+⋅++












⋅+

−−
11

4
1

5
31 21212 4

1
5
3

5
3

4
1

x
dx
dxxxx   

 

     = ( ) ( )











⋅++












⋅+

−−
xxxxx 21

4
11

5
3 1

1
4
1

5
3

1
1

5
3

4
1

22  = ( ) ( )















+⋅

⋅
+












⋅+

−−
4
415

3

5
53

4
1

1
4

21
5
3 22 xxxxx  



Calculus I  2.6  The Derivative of Functions with Fractional Exponents  

Hamilton Education Guides   107 

     = ( ) ( )















+⋅+
















+⋅

−
−

4
35

8

4
15

2

1
2

1
5

3 22 xxxx  

 

l.  
( ) 














+ −3
1

1

2

x

x
dx
d  = ( ) 



 + 3

1
12 xx

dx
d  = ( ) ( ) 



 ++



 + 3

1
3
1

11 22 x
dx
dxx

dx
dx   

 

    = ( ) ( ) ( )



 +⋅+⋅+



 ⋅+ − 11

3
121 12 3

1
3
1

x
dx
dxxxx  = ( ) ( ) 



 ⋅+⋅++ − 11

3
112 1

1
3
1

3
1 2 xxxx  = ( ) ( ) 3

2
3
1

1
3

12
2

−+++ xxxx  

 
Example 2.6-3:  Find ( )′y 1  in example 5.6-1 a  through i . 

Solutions: 
In Example 2.6-1 we obtained the derivative of the exponential functions a  through e  to be equal 
to the following: 

a.  Given 33
2

x
y =′  then ( )′y 1  = 3 13

2  = 
3
2  = 670.  

 

b.  Given 
3 49

2

x

xy =′  then ( )′y 1  = 
3 419

32

⋅

−⋅  = 3 9
6

−  = 33.09
6

−  = 
08.2
6

−  = 882.−  

 

c.  Given 
( )4 33

2

23

29

xx

xy
+

+
=′  then ( )′y 1  = 

( )4 33

2

1213

219

⋅+⋅

+⋅  = 
4 35

11  = 25.0125
11  = 

343.3
11  = 293.  

 

d.  Given ( )

( )5 32 635

112

xx

xy
+

+
=′  then ( )′y 1  = ( )

( )5 32 16135

1112

⋅+⋅

+  = 5 7295
24  = 2.07295

24
⋅

 = 
74.35

24
⋅

 = 281.  

 

e.  Given 4 122
3
+

=′
x

y  then ( )′y 1  = 4 1122
3
+⋅

 = 4 122
3
+

 = 4 32
3  = 25.032

3
⋅

 = 
32.12

3
⋅

 = 141.  

 

Section 2.6 Practice Problems - The Derivative of Functions with Fractional Exponents 

1.  Find the derivative of the following exponential expressions. 

    a.  5
1

xy =     b.  ( )2
1

34xy =     c.  ( )3
1

12 += xy  

    d.  ( )8112 2 += xy    e.  ( )5332 3 xxy +=    f.  ( )3
2

83 += xy  

    g.  ( ) ( )3
12

1
133 −−= xxy   h.  ( )8

1
12 += xxy    i.  ( ) 2

1
5
2

13 xxy ++=  

    j.  
3
2
1

x

xy +
=     k.  ( )

2

2 2
1

1
x

xy +
=    l.  ( )

3
1

21

x

xy +
=
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2.  Use the 
dx
d  notation to find the derivative of the following exponential expressions. 

    a.  
2

5
1









x

dx
d  =    b.  ( )2

1
1−x

dx
d  =    c.  ( )3112 +x

dx
d  =  

    d.  ( ) 4
1

13 −
+x

dx
d  =    e.  ( )













 −
2

2
1

1
x

x
dx
d  =    f.  ( )8123 xx

dx
d

+  =  

    g.  ( )( )











+ 3

1
23 1 xx

dx
d  =   h.  

( ) 















+

⋅
2
1

1

1

2

3

x
x

dx
d  =    i.  

( ) 















+ 3
2

13

5

x

x
dx
d  =  

    j.  ( ) ( ) 



 +− 3

1
2
1

11 xx
dx
d  =   k.  ( )












+ 2

1
123 xx

dx
d    l.  ( )












+

−3
1

123 xx
dx
d  =  
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2.7 The Derivative of Radical Functions 
In this section finding the derivative of radical expressions and the steps as to how it is calculated 
is discussed.  The derivative of radical functions is found by using the following steps: 

First - Write the radical expression in its equivalent fraction form, i.e., write 3x  as 2
3

x . 

Second - Apply the differentiation rules to find the derivative of the exponential expression. 

Third – Change the answer from an expression with fractional exponent to an expression with  
             radical expression (optional). 
The following examples show the steps in solving functions containing radical terms.  Students 
who have difficulty with simplifying radical expressions may want to review radicals addressed 
in Chapter 5 of the “Mastering Algebra - An Introduction”. 
Example 2.7-1:  Find the derivative for the following radical expressions. 

a.  ( )f x x= +3 1    b.  ( )f x x x= + +2 3 1    c.  ( )f x x= +2 15  

d.  ( )f u u u= +35 3    e.  ( )f t t t= + +2 1    f.  ( )g x x x x= + −2 3 5  

g.  ( )h w w= +23 1    h.  ( )f z z z z= − +3 24    i.  ( )f x
x

=
+

1

12
 

j.  ( )f x x

x
=

−2 1
   k.  ( )r θ θ

θ
=

+

+

3

2

1

1
   l.  ( )p r r

r
=

−

3

3 1
 

m.  ( )g u u
u

=
−

+

1
1

   n.  ( )h t t

t
=

+23

3

1    o.  ( )s r r
r

=
−

−

2 1
1

 

Solutions: 

a.  Given ( )f x  = x3 1+  = ( )2
1

13 +x , then 

( )′f x  = ( ) 1313 31
2
1 2

1
−−

⋅+ xx  = ( ) 23 31
2
1 2

1
xx ⋅+

−
 = ( ) 2

1
1

2
3 32 −

+xx  = 
( )2

1
1

2
3

3

2

+x

x  = 
12

3
3

2

+x

x  

b.  Given ( )f x  = 132 ++ xx  = ( )2
1

132 ++ xx , then 

( )′f x  = ( ) ( )111212 3213
2
1 2

1
−−−

+⋅++ xxxx  = ( ) ( )3213
2
1 2

1
2 +⋅++

−
xxx  = 

( )2
1

132

32

2 ++

+

xx

x  = 
132

32
2 ++

+

xx

x  

c.  Given ( )f x  = 2 15x +  = ( )2
1

12 5 +x , then 

( )′f x  = ( ) ( )05212
2
1 1515 2

1
+×⋅+ −−

xx  = ( ) 45 1012
2
1 2

1
xx ⋅+

−
 = 

( )2
1

122

01

5

45

+/

//

x

x  = 
12

5
5

4

+x

x  

d.  Given ( )f u  = u u35 3+  = uu 35
3
+ , then 

( )′f u  = 111
3

5
3 5

3
−−

+ uu  = 03
5
3 5

2
uu +

−  = 3
5
3 5

2
+

−
u  = 3

5

3

5
2
+

u
 = 3

5

3
5 2

+
u
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e.  Given ( )f t  = t t2 1+ +  = ( )2
1

12 ++ tt , then 

( )′f t  = ( ) 11112 2
1

1
2
12 −−− ⋅++ ttt  = ( ) 02

1
1

2
12 ttt ⋅++ −  = 

( )2
1

12

12
+

+
t

t  = 
12

12
+

+
t

t  

f.  Given ( )g x  = x x x2 3 5+ −  = ( )2
1

532 −+ xxx , then 

( )′g x  = ( ) ( ) ( ) 2111313312 035
2
152 2

1
2
1

xxxxxxxx











++⋅−++












−+ −−−−  = ( ) ( ) 2

1
2
1

5
2
152 33 −

−++−+ xxxxx   

 

          = ( ) 22 13 xx +  = ( ) ( )
( )2

1
2
1

52

13
52

3

22
3

−+

+
+−+

xx

xx
xxx  = ( )

52

1352
3

22
3

−+

+
+−+

xx

xxxxx  

g.  Given ( )h w  = w23 1+  = ( )w2
1
31+ , then 

( )′h w  = ( ) ( )021
3
1 1212 3

1
++ −−

ww  = ( ) ww 21
3
1 3

2
2 ⋅+

−
 = 

( )3
2

13

2

2 +w

w  = 
( )3 22 13

2

+w

w  

h.  Given ( )f z  = z z z3 24 − +  = ( )z z z3 2
1
4− + , then 

( )′f z  = ( ) ( ) 123
4
1 1213123 4

1
+−− −−−

zzzz  = ( ) ( ) 1
4

23 223 4
3

+
−−

−
zzzz  = ( )

( )
1

4

233

4
3

23

2
+

−

−

zz

zz  = 
( )

1
4

23

4 323

2
+

−

−

zz

zz  

i.  Given ( )f x  = 1

12x +
 = 

( )2
1

1

1

2 +x
 = ( ) 2

1
12 −

+x , then 

( )′f x  = ( ) ( )021
2
1 1212 2

1
++− −−−

xx  = ( ) xx 21
2
1 2

3
2 /⋅+

/
−

−
 = 

( )2
3

12 +

−

x

x  = 
( )
−

+

x

x2 3
2 1

 = ( ) 11 22 ++

−

xx

x  

j.   Given ( )f x  = x

x2 1−
 = 

( )2
1

12 −x

x , then 

( )′f x  = 
( ) ( ) ( )

1

021
2
111

2

12122 2
1

2
1

−












⋅−−−












−⋅ −−

x

xxxx

 = 
( ) ( )

1

21
2
11

2

222 2
1

2
1

−












/⋅−

/
−−

−

x

xxx

 = 

( )
( )
1

1
1

2

2

2
2

2
1

2
1

−

−

−−

x
x

xx

  

 

          = 

( )
( )
1

1
1

1

2

2

22

2
1

2
1

−

−

−
−

x
x

xx

 = 

( ) ( )
( )

1
1

11

2

2

222

2
1

2
1

2
1

−

−

−−⋅−

x
x

xxx

 = 

( )
( )

1
1

1

2

2

22

2
1

2
1

2
1

−

−

−−
+

x
x

xx

 = ( )
1

1

1

2

2

22

2
1

−

−

/−−/ //

x
x

xx

 

 

          = 
( ) ( )11

1

22 2
1

−−

−

xx
 = 

( ) 12 2
1

1

1
+

−

−

x
 = 

( )231

1

2 −

−

x
 = 

( )32 1

1

−

−

x
 = ( ) 11

1
22 −−

−
xx
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k.  Given ( )r θ  = θ

θ

3

2

1

1

+

+
 = 

( )2
1

1

1

2

3

+

+

θ

θ , then 

( )′r θ  = 
( )( ) ( ) ( )( )

1

1021
2
1103

2

31212213 2
1

2
1

+












+++−












++ −−−

θ

θθθθθ

 = 
( ) ( )

1

1
2
113

2

222 2
1

2
1

+

+−











+

−

θ

θθθ

  

 

         = 
( )2 1

1

3

2

θ θ

θ

+

+
 = 

( ) ( )
( )

1
12

1213

2

2

3
22

2
1

2
1

+

+

+
−+

θ

θ

θθθθ

 = 

( )
( )

1
12

2216

2

2

422

2
1

+

+

−−+

θ

θ

θθθθ

 = 
( ) ( )112

2266

22

424

2
1

++

−−+

θθ

θθθθ   

 

         = 
( ) 12

24

2
1

12

264
+

+

−+

θ

θθθ  = ( )
( )2

3
12

1322

2

3

+/

−+/

θ

θθθ  = ( )
( )32

3

1

132

+

−+

θ

θθθ  = ( )
( ) 11

132
22

3

++

−+

θθ

θθθ  

l.  Given ( )p r  = r

r

3

3 1−
 = 

( )2
1

13

3

−r

r , then 

( )′p r  = 
( ) ( ) ( )

1

031
2
113

3

1313313 2
1

2
1

−












−−−












− −−−

r

rrrr

 = 
( ) ( )

1

31
2
113

3

32332 2
1

2
1

−

⋅











−−












−

−

r

rrrrr

  

 

          = 

( )
( )

1
12

313

3

3

5
32

2
1

2
1

−

−

−−

r
r

rrr

 = 

( )
( )

1
12

313

3

3

5
32

2
1

2
1

−

−

−−

r
r

rrr

 = 

( )
( )

1
12

316

3

3

532

2
1

−

−

−−

r
r

rrr

 = ( )
1
12

366

3

3

525

2
1

−

−

−−

r
r

rrr

  

 

          = 
( )( )2

1
112

63

33

25

−−

−

rr

rr  = ( )
( ) 13

32

2
1

12

23
+

−

−

r

rr  = ( )
( )2

3
12

23

3

32

−

−

r

rr  = ( )
( )33

32

12

23

−

−

r

rr  = ( )
( ) 112

23
33

32

−−

−

rr

rr  

m.  Given ( )g u  = u
u
−
+

1
1

 = ( )
( )2

1
2
1

1

1

+

−

u

u , then 

( )′g u  = 
( ) ( ) ( ) ( )

1

11
2
111

2
1

2
1

2
1

2
1

2
1 11

+





 −+−



 +− −−

u

uuuu
 = 

( ) ( ) ( ) ( )

1

11
2
111

2
1

2
1

2
1

2
1

2
1

+





 −+−



 +− −−

u

uuuu
 

 

          = 

( )
( )

( )
( )

1
12

1

12

1

2
1

2
1

2
1

2
1

+















+

−
−















−

+

u
u

u

u

u

 = 

( ) ( )
( ) ( )

1
114

1212

2
1

2
1

+
+−

−−+

u
uu

uu

 = ( ) ( )
1

114

2222

2
1

2
1

+
+−

+//−+//

u
uu

uu

 = ( ) ( )
1

114

4

2
1

2
1

+
+−

u
uu  

 

          = 
( ) ( ) ( )2

1
2
1

1114

4

+−+/

/

uuu
 = 

( ) ( ) ( )2
1

2
1

111

1

−++ uuu
 = ( ) 111

1
−++ uuu
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n.  Given ( )h t  = t

t

23

3

1+  = ( )
2
3

3
1

2 1

t

t + , then 

( )′h t  = 
( ) ( ) ( )

3

211212 3
1

2
3

2
3

3
1

1
2
3021

3
1

t

ttttt











+⋅−












+⋅+

−−−

 = 
( ) ( )

3

22 3
1

2
1

2
3

3
2

1
2
321

3
1

t

ttttt











+−












⋅+

−

  

 

         = 
( ) ( )

3

221 3
1

2
1

3
2

2
3

1
2
31

3
2

t

tttt











+−












+

−+

 = 
( )

( )
3

2

2

3
1

2
1

3
2

2
5

1
2
3

13

2

t

tt
t

t











+−

















+  = ( )
( )

3

2

2 1

1
2
3

13

2
3
1

2
1

3
2

2
5

t

tt

t

t +
−

+  

 

         = 

( ) ( )
( )

3

2

22

3
2

3
2

3
1

2
1

2
5

13

131
2
32

t
t

tttt

+

+⋅+−

 = 
( )

( )3
2

3
2

3
1

2
1

2
5

13

1
2
92

23

2

+

+−
+

tt

ttt
 = 

( )

( )3 223

2
2

13

2
192

+

+
−

tt

tttt
 

o.  Given ( )s r  = r
r

2 1
1

−

−
 = 

( )2
1

1

12

−

−

r

r , then 

( )′s r  = 
( )( ) ( ) ( )

1

11
2
1102 2112 2

1
2
1

−





 −−−



 −− −−

r

rrrr
 = 

( ) ( ) ( )
1

11
2
112 22

1
2
1

−





 −−−



 − −

r

rrrr
  

 

         = 

( ) ( )
( )

1
12

112
2
1

2
1 2

−















−

−
−



 −

r
r

rrr

 = 

( ) ( )
( )

1
12

1
1

12

2
1

2
1 2

−















−

−
−













 −

r
r

rrr

 = 

( ) ( )
( )

1
12

114

2
1

2

−
−

−−−

r
r

rrr

 = ( )
1
12

144

2
1

22

−
−

+−−

r
r

rrr

  
 

         = 
( ) ( )2

1
112

143 2

−−

+−

rr

rr  = 
( ) 112

143 2

−−

+−

rr
rr  

Example 2.7-2:  Use the chain rule to differentiate the following radical expressions. 

a.  1d xdx x
 
  
 

−    b.  2
3 1

d x
dx x

 
 
 
 

+
+

   c.  
2

2 1
d x
dx x

 
 
 
 +

 

d.  
3

1
d x
dt x

 
 
 
 

+
    e.  3 2 2d x xdx

− 
 
 

+    f.  5 3 1d xdx +  

Solutions: 

a.  1d xdx x
 
  
 

−  =  
1
2

1
2

1d xdx
x

 
 
 
 
 

−  = 
1 1
2 2d x xdx

− 
 
 
 

−  = 
1 1
2 2d dx xdx dx

−
−  = 

1 11 12 21 1
2 2x x

− − −
+  
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     = 2
3

2
1

2
1

2
1 −−

+ xx  = 
2
3

2
1

2

1

2

1

xx
+  = 

32

1
2

1

xx
+  = 

xxx 2
1

2
1

+  

 

b.  2
3 1

d x
dx x

 +
  + 

 = 
2
1

13
2








+
+

x
x

dx
d  = 








+
+

⋅







+
+ −

13
2

13
2

2
1 12

1

x
x

dx
d

x
x  = 

( )[ ] ( )[ ]
( ) 
















+

+⋅−+⋅








+
+ −

213

23131

13
2

2
1 2

1

x

xx

x
x   

 

     = 
( ) 














+

−//−+//









+
+

213
6313

13
22

1

2
1 x

xx

x
x

 = 
( ) 














+

−









+
+

213
5

13
22

1

2
1 x

x
x

 = 
( ) 213

13
22

5

2
1

+







+
+

−

x
x

x
 = ( )

( ) ( ) 21322

135

2
1

2
1

++

+
−

xx

x   

 

     = 
( ) ( ) ( ) 2

1
2
1

131322

5
2 −+++

−
xxx

 = 
( ) ( ) 2

1
2
1 2

1322

5
−

++
−

xx
 = 

( ) ( ) 2
14

2
1

1322

5
−

++
−

xx
 = 

( ) ( )2
3

2
1

1322

5

++
−

xx
  

 

     = 
( ) ( ) 31322

5

++
−

xx
 = ( )( ) 131322

5

+++
−

xxx
 

 

c.  
2

2 1
d x
dx x

 
 

+ 
 = 

( ) 2
1

12

2

+x

x
dx
d  = 

( ) ( )
1

11

2

2222 2
1

2
1

+

+−+

x

x
dx
dxx

dx
dx

 = 
( ) ( ) ( )

1

021
2
112

2

212122 2
1

2
1

+









++−+ −−

x

xxxxx
 

 

     = 
( ) ( )

1

21
2
112

2

222 2
1

2
1

+

⋅











/⋅+

/
−+

−

x

xxxxx

 = ( ) ( )
1

112
2

232 2
1

2
1

+

+−+
−

x

xxxx  = 

( )
( )
1

1
12

2

2

3
2

2
1

2
1

+

+

−+

x

x

xxx

  

 

     = 

( ) ( )
( )

1

1

112

2

2

322

2
1

2
1

2
1

+

+

−++

x

x

xxxx

 = 

( )
( )

1

1

12

2

2

32

2
1

+

+

−+

x

x

xxx

 = 
( ) ( )11

22

22

33

2
1

++

−+

xx

xxx  = 
( ) 12

3

2
1

1

2
+

+

+

x

xx  = 
( ) 2

3
1

2

2

3

+

+

x

xx   

 

     = 
( )32

3

1

2

+

+

x

xx  = ( )
( ) 11

2
22

2

++

+

xx

xx  

 

d.  














+1

3

x
x

dt
d  = 

















+1

2
3

x
x

dt
d  = 

( ) ( )

( ) 21

11 2
3

2
3

+









+−








⋅+

x

x
dx
dxx

dx
dx

 = 
( )

( ) 2

1

1

1
2
31 2

3
2
3

+









⋅−








⋅+

−

x

xxx
  

 

     = 
( )

( ) 21

1
2
3 2

3
2
1

+

−+

x

xxx
 = 

( ) 2

1

1
2
3

2
3 2

3
2
1

2
1

+

−+
+

x

xxx
 = 

( ) 21
2
3

2
3 2

3
2
1

2
3

+

−+

x

xxx
 = 

( ) 21
2
31

2
3 2

1
2
3

+

+





 −

x

xx
 = 

( ) 21
2
3

2
1 2

1
2
3

+

+

x

xx
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     = 
( ) 21

2
3 2

1
2
3

+

+

x

xx

 = 
( ) 212

3 2
1

2
3

+

+

x
xx  = 

( ) 2

3

12
3

+

+

x
xx  = 

( ) 212

3

+

+

x

xxx  = ( )
( ) 212

3

+

+

x

xx  

 

e.  





 + −23 2 xx

dx
d  = 








+ − 23

2
xx

dx
d  = 23

2
−+ x

dx
dx

dx
d  = 121

2
3
2 3

2
−−−

− xx  = 32
3
2 3

32
−−

−

xx  = 32
3
2 3

1
−−

− xx  

 

     = 3
2

3

2

3
1 xx
−  = 33

2
3

2
xx

−  

 

f.  5 3 1d x
dx

+  = ( ) 5
1

13 +x
dx
d  = ( ) ( )11

5
1 313 5

1
+⋅+

−
x

dx
dx  = ( ) ( )031

5
1 133 5

4
++ −−

xx  = ( ) 23 31
5
1 5

4
xx ⋅+

−
  

 

     = ( )
5

13 5
4

32 −
+xx  = 

( ) 5
4

15

3

3

2

+x

x  = 
( )5 43

2

15

3

+x

x  

Example 2.7-3:  Use the chain rule to differentiate the following radical expressions. 

a.  123 −= xxy    b.  13 2 ++= xxy    c.  y x x= + +3 2 1  

d.  y x x= + −5 25 1    e.  y x x= − ⋅ +2 1 1    f.  ( )y x x= +1 3  

g.  ( )y x x= + −2 5
5 1    h.  32 1+= xxy     i.  ( ) 3 531 xxy −=  

Solutions: 

a.  Given y x x= −3 2 1  = ( ) 2
1

123 −xx , then  

y′  = ( ) ( )











⋅⋅−+












−⋅

− 31222 21
2
113 2

1
2
1

xxxxx  = ( ) ( )











−+












−

− 1
1

2
1

2
1

1
2

213 2
4

22 xxxx  = ( ) 







− 2

1
13 22 xx   

 

  + ( )











−

−
2

21

124 xx  = ( ) ( ) 2
1

2
1

113 2422 −
−+− xxxx  = ( )

( ) 2
1

2
1

1
13

2

4
22

−

+−

x

xxx  = 
1

13
2

4
22

−
+−

x

xxx   

b.  Given 13 2 ++= xxy  = ( )2
1

13 2 ++ xx , then  

y′  = ( ) ( ) 112 2
1

1
2
123

−− ++⋅ xx  = ( ) 2
21

1
2
16

−
++ xx  = ( ) 2

1
1

2
16 −++ xx  = 

( ) 2
1

12

16
+

+
x

x  = 
12

16
+

+
x

x  

c.  Given y x x= + +3 2 1  = ( ) 2
1

123 ++ xx , then  

y′  = ( ) ( )xxxx 231
2
1 2123 2

1
+⋅++

−
 = ( ) 1

1
2
1

1
2

23 23
2 −

++








 + xxxx  = ( ) 2
21

1
2

23 23
2 −

++








 + xxxx   
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= ( ) 2
1

1
2

23 23
2 −

++








 + xxxx  = 
( ) 2

1
1

1
2

23

23

2

++

⋅








 +

xx

xx  = 
12

23
23

2

++

+

xx

xx  

d.  Given y x x= + −5 25 1  = ( ) 5
1

125 −+ xx , then  

y′  = ( ) ( )xxxx 251
5
1 4125 5

1
+⋅−+

−
 = ( ) 1

1
5
1

1
5

25 25
4 −

−+








 + xxxx  = ( ) 5
51

1
5

25 25
4 −

−+








 + xxxx   

 

= ( ) 5
4

1
5

25 25
4 −

−+








 + xxxx  = 
( ) 5

4
1

1
5

25

25

4

−+

⋅








 +

xx

xx  = 
( )5 425

4

15

25

−+

+

xx

xx  

e.  Given y x x= − ⋅ +2 1 1  = ( ) ( ) 2
12

1
112 +⋅− xx , then  

y′  = ( ) ( ) ( ) ( ) 







−⋅++








+⋅⋅−

−− 2
1

2
1

2
1

2
1

11121
2
1 2112 xxxxx  = ( ) ( ) ( ) ( )












−⋅++












+⋅−

/
/ −− 2

1
1
1

2
1

2
1

1
1

2
1

11
2
111

2
2 22 xxxxx   

 

= ( ) ( ) ( ) ( )











−⋅++












+⋅− −− 2

1
2
1

2
12

1
11

2
111 22 xxxxx  = 

( )
( )

( )
( )
















−⋅

+
+
















+⋅

−
⋅ 2

1

2
1

2
1

2
1

1
12

11
1

1 2

2
x

x
x

x
x   

 

= 







−⋅

+
+












+⋅

−
⋅ 1

12
11

1

1 2
2

x
x

x
x

x  = 
12
1

1

1 2

2 +

−
+

−

+

x
x

x

xx  

f.  Given ( )y x x= +1 3  = ( ) 312
1

+xx , then  

y′  = ( ) ( ) 







⋅++








+⋅

− 2
1

2
1

231
131

2
1 xxxx  = ( ) ( ) 








++












⋅

+ − 2
1

1
1

2
1

2
3

13
2
1

xxx
x  = ( ) ( ) 








++











 + − 2
1

2
1

2
3

13
2
1 xxxx   

 

= ( ) ( ) 







++














⋅

+ 2
1

2
1

2
3

131
2
1 xx

x

x  = ( ) ( ) 2
3

13
2

1
++

+
xx

x
x  

g.  Given ( )y x x= + −2 5
5 1  = ( ) 2

1
52 15 



 −+ xx  = ( ) 2

5
152 −+ xx , then  

y′  = ( ) ( )5215
2
5 12 2

5
+⋅−+

−
xxx  = ( ) ( ) 1

1
2
5

15
2

525 2 −
−+⋅

+
xx

x  = ( ) ( ) 2
25

15
2

525 2
−

−+⋅
+

xx
x   

 

= ( ) ( ) 2
3

15
2

525 2 −+⋅
+

xx
x = ( ) ( )32 15

2
525

−+⋅
+

xx
x  = ( )( )

2
1515525 22 −+−++ xxxxx  

h.  Given 32 1+= xxy  = ( ) 3
1

12 +xx , then  
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y′  = ( ) ( ) 



 ⋅++



 +⋅ − 213

1
3
1

1
3
112 xxxx  = ( ) ( )












++








+

− 1
1

3
1

3
1

1
3

12
2

xxxx  = ( ) ( ) 3
31

3
1

1
3

12
2 −

+++ xxxx   

 

= ( ) ( ) 3
2

3
1

1
3

12
2

−+++ xxxx  = ( )
( ) 3

2
3
1

1

1
3

12
2

+
⋅++

x

xxx  = 
( )3 2

2
3

13
12

+
++

x

xxx  

i.  Given ( ) 3 531 xxy −=  = ( ) ( ) 3
1

531 xx −  = ( ) 3
5

31 xx − , then  

y′  = ( ) ( ) 







−⋅+








⋅−

− 312 1
3
513 3

5
3
5

xxxx  = ( ) ( )











−+








−

−
32 1

3
513 3

35
3
5

xxxx  = ( ) ( ) 







−+








− 32 1

3
513 3

2
3
5

xxxx   

 

= ( ) ( ) 33 223 2 1
3
513 −+− xxxxx  

Example 2.7-4:  Find dy
dx

 by implicit differentiation. 

a.  x y+ = 10    b.  x y x2 2+ =    c.  25 33 2 =+ yx  

d.  2 1 2x y+ =     e.  3
25 2 1 yx =+     f.  xyx =4 22  

g.  27 2 3xyx =     h.  233 =+ yx     i.  yxx =−12  

Solutions: 

a.  ( ) ( )10
dx
dyx

dx
d

=+  ; 02
1

2
1

=







+ yx

dx
d  ; ( ) ( ) 0

2
1

2
1 11 2

1
2
1

=⋅+⋅
−−

y
dx
dyx

dx
dx  ; 0

2
11

2
1 2

1
2
1

=′⋅+⋅
−−

yyx   

 

; 2
1

2
1

2
1

2
1 −−

−=′ xyy  ; 
2
1

2
1

1
2
1

2
1

xy

y
⋅−=

′
⋅  ; 

2
1

2
1

2
1

2
1 1

2
12

2
12

x
y

y

yy ⋅
/

−⋅/=
′

⋅
/

⋅/  ; 
2
1

2
1

x

yy −
=′  ; 

x

y
y

−
=′  ; 

x
yy −=′  

 

b.  ( )x
dx
dyx

dx
d

=





 + 22  ; ( ) 12

1
22 =+ yx

dx
d  ; ( ) 1

2
1 22122 2

1
=






 ++

−
y

dx
dx

dx
dyx  ; ( ) ( ) 122

2
1 2

1
22 =′++

−
yyxyx   

 

; 
( )

1
2

22

2
1

22
=

+

′+

yx

yyx  ; ( ) 2
1

22222 yxyyx +=′+  ; ( )
y

xyx
y

2
22 2

1
22 −+

=′  ; 
y

xyx
y

−+
=′

22
 

 

c.  ( )25 33 2
dx
dyx

dx
d

=





 +  ; ( ) ( ) 05

1
3
1

32 =











+ yx

dx
d  ; 05

3
3
2

=







+ yx

dx
d  ; ( ) ( ) 0

5
3

3
2 11 5

3
3
2

=⋅+⋅
−−

y
dx
dyx

dx
dx   

 

; 0
5
31

3
2 5

2
3
1

=′⋅+⋅
−−

yyx  ; 3
1

5
2

3
2

5
3 −− −

=′ xyy  ; 
3
1

5
2

3

2

5

3

xy

y −
=

′
 ; 5

2
3
1

109 yyx −=′  ; 
3
1

5
2

9

10

x

yy −
=′  ; 3

5 2

9

10

x

y
y −=′  
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d.  ( ) ( )212 y
dx
dx

dx
d

=+ ; ( ) ( )y
dx
dyx

dx
d

⋅=+ 212 2
1

 ; ( ) 2
21

1
2
16

−
++ xx  ; ( ) yyxx ′⋅=⋅+ − 2212

2
1

2
1

  

 

; ( ) 2
1

122 −+=′ xxyy  ; ( )
y

xx
y

2
12 2

1−+
=′  ; 

( )2
1

122 +
=′

xy

x
y  ; 

122 +
=′

xy
xy  

 

e.  







=






 + 3

25 2 1 y
dx
dx

dx
d  ; ( ) ( )y

dx
dyx

dx
d

⋅=+
−12 3

2
5
1

3
21  ; ( ) ( ) ( ) ( )y

dx
dy

dx
dx

dx
dx ⋅=



 +⋅+

−− 1212 3
2

5
1

3
211

5
1   

 

; ( ) yyxx ′⋅=⋅+
−−

3
1

5
4

3
221

5
1 2  ; ( ) 5

4
3
1

1
5

2
3
2 2 −−

+=′ xxyy  ; 
( ) 5

4
3
1

15

2

3

2

2 +
=

′

x

x

y

y  ; ( ) 3
1

5
4

6110 2 yxyx =′+   

 

; 
( ) 5

4

3
1

110

6

2 +
=′

x

yx
y  ; 

( )5 42

3

15

3

+

=′

x

yx
y  

 

f.  ( )x
dx
dyx

dx
d

=





 4 22  ; ( ) 14

1
22 =yx

dx
d  ; ( ) ( ) 1

4
1 22122 4

1
=



−

yx
dx
dyx  ; ( ) ( ) 1221

4
1 2222 4

3
=′+−

−
yyxxyyx   

 

; 
( )

1
14

22

4
3

22

22
=

−

′+

yx

yyxxy  ; ( )
( )

1
14

2

4
3

22

22
=

−

′+

yx

yyxxy  ; ( ) 4
3

12 2222 −=′+ yxyyxxy  ; ( ) 2222 4
3

12 xyyxyyx −−=′   

 

; ( )
yx

xy

yx

yx
y

2

2

2

22 4
3

12
−

−
=′  ; 

( )
x
y

yx

yx
y −

−
=′

2

22 4
3

12
 

 

g.  ( )27 2 3x
dx
dxy

dx
d

=





  ; ( ) xxy

dx
d 67

1
2 =  ; ( ) ( ) xxy

dx
dxy 6

7
1 212 7

1
=⋅

−
 ; ( ) ( ) xxyyyxy 621

7
1 22 7

6
=⋅′+⋅

−
  

 

; 
( )

x
xy

xyyy
6

7

2

7
6

2

2
=

′+  ; ( ) 7
6

22 762 xyxxyyy ⋅=′+  ; ( ) 22 7
6

422 yxyxxyy −=′  ; 
yx

yyxy
2

42 27
12

7
13

−
=′  

 

h.  ( )233
dx
dyx

dx
d

=





 +  ; ( ) 02

1
33 =+ yx

dx
d  ; ( ) 0

2
1 33133 2

1
=






 +⋅+

−
y

dx
dx

dx
dyx  ; ( ) ( ) 033

2
1 2233 2

1
=′+⋅+

−
yyxyx  

 

( ) ( ) 0
2

3
2

3 2
1

2
1

33
2

33
2

=+
′

++
−−

yxyyyxx  ; ( ) ( ) 2
1

2
1

33
2

33
2

2
3

2
3 −−

+−=+
′

yxxyxyy  ; 22 xyy −=′  ; 2

2

y
xy −=′  

 

i.  ( )yx
dx
dx

dx
d

=





 −12  ; ( ) ( )y

dx
dxyx

dx
d

⋅+⋅=− 11 2
1

2  ; ( ) yxyxx ′+=⋅−
−

21
2
1 12 2

1
 ; ( ) yxyxx ′+=−

− 2
1

12   
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; ( ) 2
1

12 −
−=′+ xxyxy  ; ( ) yxxyx −−=′

− 2
1

12  ; ( )
x

yxx
y

−−
=′

− 2
1

12
 

Example 2.7-5:  Compute the derivative for the following Radical expressions. 

a.  ( )xx
dx
d

+2  =    b.  ( )1+x
dx
d  =    c.  






 +3 2 1x

dx
d  =  

d.  





 + 3xx

dx
d  =    e.  






 −35x

dx
d  =    f.  ( )13 +xx

dx
d  =  

g.  






 +

x
x

dx
d 1  =    h.  











+1
1

xdx
d  =    i.  










3

2

x
x

dx
d  =  

Solutions: 

a.  ( )xx
dx
d

+2  = x
dx
dx

dx
d

+2  = 2
1

2 x
dx
dx

dx
d

+  = 12
1

2
12

−
+ x  = 2

1

2
12

−
+ x  = 

2
1

2

12
x

+  = 
x2

12+  

 

b.  ( )1+x
dx
d  = ( )2

1
1+x

dx
d  = ( ) 11

2
1 12

1
⋅+ −x  = ( ) 2

1
1

2
1 −+x  = 

( )2
1

12

1

+x
 = 

12
1
+x

 

 

c.  





 +3 2 1x

dx
d  = ( ) 3

1
12 +x

dx
d  = ( ) xx 21

3
1 12 3

1
⋅+

−
 = ( ) 3

2
1

3
2 2 −

+xx  = 
( ) 3

2
13

2

2 +x

x  = 
( )3 22 13

2

+x

x  

 

d.  





 + 3xx

dx
d  = 








+ 2

3
xx

dx
d  = 2

3
x

dx
dx

dx
d

+  = 12
3

2
31

−
+ x  = 2

1

2
31 x+  = x

2
31 +  

 

e.  





 −35x

dx
d  = 








−32

5
x

dx
d  = ( )32

5
−+

dx
dx

dx
d  = 0

2
5 12

5
+

−
x  = 2

3

2
5 x  = 3

2
5 x  = 

2
5 xx  

 

f.  ( )13 +xx
dx
d  = ( ) 



 + 2

1
13 xx

dx
d  = ( ) ( )2

1
2
1

11 33 +++ x
dx
dxx

dx
dx  = ( ) ( ) 132 2

1
2
1

1
2
131 −+⋅+⋅+ xxxx   

 

= ( ) ( ) 2
1

2
1

1
2

13
3

2 −+++ xxxx  = ( )
( )2

1
2
1

12
13

3
2

+
++

x

xxx  = ( ) ( )
( )2

1

2
1

2
1

12

1213 32

+

++⋅+

x

xxxx  = ( )
12

16 32

+

++

x
xxx  

 

= 
12

66 323

+

++

x
xxx  = 

12
67 23

+

+

x
xx  = ( )

12
672

+

+

x
xx  

 

g.  






 +

x
x

dx
d 1  = 













 +

2
1
1

x

x
dx
d  = 

( ) ( )

x

x
dx
dxx

dx
dx 








⋅+−








+⋅ 2

1
2
1

11
 = 

( )

x

xxx 







⋅+−








⋅

−12
1

2
1

2
111
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= 
( )

x

xxx 







⋅+−

− 2
1

2
1

2
11

 = 
x

x

xx
2
1

2
1

2

1+
−

 = 

( )

x
x

xxx

2
1

2
1

2
1

2

12 +−⋅

 = 
x

x
xx

2
12 −−

 = 
x

x
x
2

1−

 = 
xx

x
2

1−   

 

h.  










+1
1

xdx
d  = 









+1
1

xdx
d  = 

( ) 













+ 2
1

1

1

xdx
d  = 

( ) ( ) ( )

1

1111 2
1

2
1

+





 +⋅−



 ⋅+

x

x
dx
d

dx
dx

 = 
( )

1

1
2
10 12

1

+

+− −

x

x
  

 

= 
( )

1

1
2
1

2
1

+

+− −

x

x
 = ( )

( )1
12

1

2
1

+
+

−

x
x  = 

( ) ( )112

1

2
1

++
−

xx
 = 

( )2
3

12

1

+
−

x
 = 

( ) 312

1

+
−

x
 = 

( ) 112
1

++
−

xx
 

 

i.  









3

2

x
x

dx
d  = 















3
1

2

x

x
dx
d  = 








⋅

− 3
1

2 xx
dx
d  = 3

12 −
x

dx
d  = 3

16−

x
dx
d  = 3

5

x
dx
d  = 

1
3
5

3
5 −

x  = 3
2

3
5 x  = 

3
5 3 2x  

Example 2.7-6:  Evaluate the derivative of the following equations at the given values. 

a.  y  = ( )x2 3
1+  at x = 2          b.  y  = x x3 2+ +  at x = 10      c.  y  = x x2 1+  at x = 5 

d.  y  = 23 23x x+  at x = 2          e.  y  = 6 1
2

x
x
+  at x = 3      f.  y  = 1

12x +
 at x = −5  

g.  y  = 5 1
2 1

x
x
+
+

 at x = 3         h.  y  = x x x2 10 2− +  at x = 5     i.  y  = ( )x x2 31+  at x = 1 

j.  y  = x
x

2

2
1

1
+

−
 at x = 0          k.  y  = x

x

5 1
2
+  at x = 2       l.  y  = x

x

+

+

1

13
 at x = 1 

Solutions: 

a.  Given y  = ( ) 32 1+x  = ( ) 2
3

12 +x , then  

y′  = ( ) ( )021
2
3 1212 2

3
++ −−

xx  = ( ) xx 21
2
3 2

23
2 /⋅+

/

−

 = ( ) 2
1

13 2 +xx  = 13 2 +xx  

Substituting x = 2  in place of x  in the ′y  equation we obtain the following value: 

y′  = ( ) 1223 2 +⋅  = 6 5  = 13.42  

b.  Given y  = x x3 2+ +  = 22
1

3
1

++ xx , then  

y′  = 0
2
1

3
1 11 2

1
3
1

++
−−

xx  = 2
1

3
2

2
1

3
1 −−

+ xx  = 
2
1

3
2

2

1

3

1

xx
+  = 

xx 2
1

3

1
3 2

+  

Substituting x = 10  in place of x  in the ′y  equation we obtain the following value: 
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′y  = 
2
1

3
2

102

1

103

1

⋅
+

⋅
 = 

162.32
1

634.43
1

⋅
+

⋅
 = 158.0072.0 +  = 230.  

c.  Given y  = x x2 1+  = ( )2
1

12 +xx , then  

′y  = ( ) ( ) ( )











⋅+⋅++












+⋅ −−

xxxx 021
2
111 12122 2

1
2
1

 = ( ) ( )











/⋅+

/
++

− 222 21
2
11 2

1
2
1

xxx  = ( ) ( ) 2
1

2
1

11 222 −
+++ xxx  

 

     = ( )
( )2

1
2
1

1
1

2

2
2

+

++

x

xx  = ( ) ( )
( )2

1

2
1

2
1

1

11

2

222

+

+++

x

xxx  = ( )
( )2

1

2
1

2
1

1

1

2

22

+

++
+

x

xx  = 
( )2

1
1

1

2

22

+

++

x

xx  = 
1

12
2

2

+

+

x

x  

Substituting x = 5 in place of x  in the ′y  equation we obtain the following value: 

′y  = 
( )2

1
15

152

2

2

+

+⋅  = 
( )2

1
125

1252

+

+⋅  = 
2
1

26

150+  = 
1.5

51  = 10  

d.  Given y  = 23 23x x+  = ( ) 3
2

3
1

2 xx + , then  

′y  = ( ) 11 3
2

3
1

3
22

3
1 −− + xx  = ( ) 3

1
3
2

3
22

3
1 −− + xx  = 

( ) 3
1

3
2

3

2

23

1

xx
+  = 

( ) 33 2 3
2

23

1
xx

+  

Substituting x = 2  in place of x  in the ′y  equation we obtain the following value: 

′y  = 
( ) 3

1
3
2

23

2

223

1

⋅
+

⋅⋅
 = 

3
1

3
2

23

2

43

1

⋅
+

⋅
 = 

26.13
2

53.23
1

⋅
+

⋅
 = 53.0132.0 +  = 6620.  

e.  Given y  = 6 1
2

x
x
+  = ( )

2
16 2

1

x
x + , then  

′y  = 
( ) ( )

4

1221 162066
2
1

2
1

2
1

x

xxxx












 +⋅−









⋅



 +⋅ −−

 = 
( ) ( )

4

2 16266
2
1

2
1

2
1

x

xxxx












 +⋅−









⋅



 ⋅−

  

 

     = ( ) ( )
4

2 26263 2
1

2
1

x
xxxxx −−−

 

Substituting x = 3 in place of x  in the ′y  equation we obtain the following value: 

′y  = ( ) ( )
4

2

3
3236323633 2

1
2
1

⋅−⋅⋅⋅−⋅⋅⋅ −
 = ( ) ( )

81
61861827 2

1
2
1

−⋅−⋅ −
 = ( ) ( )27 0 236 6 4 243 6

81
⋅ − ⋅ −. .   

 

     = 6372 25 458 6
81

. .− −  = − 25 086
81
.  = −0 31.  
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f.  Given y  = 1

12x +
 = 

( )2
1

1

1

2 +x
, then  

′y  = 
( ) ( ) ( )

1

1021
2
110

2

12122 2
1

2
1

+












⋅+⋅+−












+⋅ −−

x

xxx

 = 
( )

1

21
2
10

2

2 2
1

+












/⋅+

/
−

−

x

xx

 = ( )
1
1

2

2 2
1

+

+−
−

x
xx   

 

     = 
( )( )2

1
11 22 ++

−

xx

x  = 
( ) 2

112 1
+

+

−

x

x  = 
( )2

3
12 +

−

x

x  = 
( )32 1+

−

x

x  = ( ) 11 22 ++

−

xx

x  

Substituting x = −5  in place of x  in the ′y  equation we obtain the following value: 

′y  = 
( )[ ]32 15

5

+−

−
−  = 

( )3125

5

+
 = 

17576
5  = 5

132 57.
 = 0 038.  

g.  Given y  = 5 1
2 1

x
x
+
+

 = ( )
12

15 2
1

+
+
x

x , then  

′y  = 
( ) ( ) ( ) ( )( )

( )2

11111

12

1502120515
2
1

2
1

2
1

+





 ++−



 +⋅+⋅+ −−−

x

xxxxx
 = 

( ) ( ) ( )

( )212

15212155.2 2
1

2
1

+





 +−



 +⋅+ −

x

xxx
 

Substituting x = 3 in place of x  in the ′y  equation we obtain the following value: 

′y  = 
( ) ( ) ( )

( )216

1152161155.2 2
1

2
1

+





 +−



 +⋅+ −

 = 
( ) ( )

27

162165.17 2
1

2
1





 ⋅−



 ⋅ −

 = [ ] [ ]17 5 0 25 2 4
49

. .⋅ − ⋅
 = −0 074.  

h.  Given y  = x x x2 10 2− +  = ( ) xxx 210 2
1

2 +− , then  

′y  = ( ) ( ) ( ) 1112122 202105.0101 2
1

2
1

−−−
+












⋅−⋅−+












−⋅ xxxxx  = ( ) ( ) 21010 2

1
2
1

222 +











−+−

−
xxx  

Substituting x = 5 in place of x  in the ′y  equation we obtain the following value: 

′y  = ( ) ( ) 21055105 2
1

2
1

222 +











−+−

−
 = 2152515 2

1
2
1

+







⋅+

−  = [ ]3873 25 0 258 2. .+ ⋅ +  = 12 323.  

i.  Given y  = ( )x x2 31+  = ( )2
3

12 +xx , then  

′y  = ( ) ( ) ( ) 



 ⋅+⋅++



 +⋅ −−− 211112 01

2
312 2

3
2
3

xxxxx  = ( ) ( ) 



 ++



 + 2

1
2
3

1
2
312 3 xxxx  

Substituting x = 1 in place of x  in the ′y  equation we obtain the following value: 

′y  = ( ) ( ) 



 ++



 + 2

1
2
3

11
2
3112  = 








⋅+








⋅ 2

1
2
3

2
2
322  = 5 657 2121. .+  = 7 778.  
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j.  Given y  = x
x

2

2
1

1
+

−
 = 

2
1

2

2

1
1











−

+

x
x , then  

′y  = ( ) ( )
( ) 














−

++−











−

+
−

22

221

2

2

1

1212
1

1
2
1 2

1

x

xxxx
x

x  = 
( ) 














−

+/+/−











−

+ //−

22

33

2

2

1

2222
1

1
2
1 2

1

x

xxxx
x

x  = 
( )222

2

1

4
1

1
2
1 2

1

x

x
x

x

−











−

+
−

  

Substituting x = 0  in place of x  in the ′y  equation we obtain the following value: 

′y  = 
( )201

04
01
10

2
1 2

1

−

⋅
⋅







−
+ −

 = 01
2
1 2

1
⋅⋅

−  = 0  

k.  Given y  = x
x

5 1
2
+  = ( )

x
x

2
1 2

1
5 + , then  

′y  = 
( ) ( )

( )2

511415

2

12251
2
1 2

1
2
1

x

xxxxx











+⋅−












/⋅+

/
−−

 = 
( ) ( )

2

555

4

1215 2
1

2
1

x

xxx











+⋅−












+

−

 

Substituting x = 2  in place of x  in the ′y  equation we obtain the following value: 

′y  = 
( ) ( )

44

1322132160 2
1

2
1

⋅





 +⋅−



 + −

 = 
[ ] [ ]

16

744.52174.0160 ⋅−⋅
 = 27 8 115

16
. .−  = 1 02.  

l.  Given y  = x

x

+

+

1

13
 = 

( )2
1

1

1

3 +

+

x

x , then  

′y  = 
( ) ( ) ( ) ( )

1

1031
2
111

3

2133 2
1

2
1

+













+











++−












+⋅

−

x

xxxx

 = 
( ) ( ) ( )

1

131
2
11

3

233 2
1

2
1

+













+











+−+

−

x

xxxx

 

 

     = 

( ) ( )

( )
1

1

1
2
3

1

3

3

2
3

2
1

2
1

+

+

+
−+

x
x

xx
x

 = 

( )
( )
1

12

33
1

1

3

3

233

2
1

2
1

+

+

+
−

+

x
x

xxx

 = 

( ) ( )
( )

1
12

33121

3

3

2333

2
1

2
1

2
1

+

+

−−++

x
x

xxxx

 = 

( )
( )

1
12

3312

3

3

233

2
1

+

+

−−+

x
x

xxx

 

 

     = 
( ) ( )112

3322

33

233

2
1

++

−−+

xx

xxx  = 
( ) ( )112

23

33

23

2
1

++

+−−

xx

xx  = 
( ) 13

23

2
1

12

23
+

+

+−−

x

xx  = 
( )2

3
12

23

3

23

+

+−−

x

xx   

Substituting x = 1 in place of x  in the ′y  equation we obtain the following value: 

′y  = ( )
( )2

3
112

2131

3

23

+

+⋅−−  = 
2
3

22

231

⋅

+−−  = 
828.22
2

⋅/
/−  = 

828.2
1−  = 3540.−  
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Section 2.7 Practice Problems - The Derivative of Radical Functions 

1.  Find the derivative of the following radical expressions.  Do not simplify the answer to its 
lowest  
     term. 

    a.  12 += xy    b.  533 −+= xxy    c.  12 −+= xxy  

    d.  
x

xy 1+
=    e.  

12

2

−
=

x

xy     f.  23 3xxy +=  

    g.  
1
32

+

+
=

x
xy    h.  

x
xy

4 3 1−
=     i.  

xx
xy
2

3
=  

2.  Use the 
dx
d  notation to find the derivative of the following radical expressions. 

    a.  





 +

x
x

dx
d 12  =    b.  











−1x
x

dx
d  =    c.  











+1

3

x
x

dx
d  =  

    d.  








 +
x

x
dx
d 5  =    e.  










+

x
xx

dx
d 3  =    f.  










+

3
21
x

x
dx
d  =  

3.  Find the derivative of the following radical expressions. 

    a.  ( )x
dx
dyx

dx
d

=





 +3   b.  ( ) ( )23

dx
dyx

dx
d

=+    c.  ( ) ( )x
dx
dyx

dx
d

=  

    d.  ( ) 03 =+ xy
dx
d    e.  ( )x

dx
dyx

dx
d

=





 + 24   f.  ( ) ( )31 y

dx
dx

dx
d

=+  

    g.  ( ) ( )22
dx
dxyx

dx
d

=+   h.  ( ) 03 =+





 yx

dx
dx

dx
d   i.  ( ) ( )y

dx
dyx

dx
d

=+ 3  

4.  Evaluate the derivative of the following radical expressions for the specified values of x . 

    a.  233 xxy +=  at 1=x   b.  ( ) xxy 12 +=  at 0=x   c.  
2

2

4

1

x

xy −
=  at 2=x  

    d.  
12 +

=
x

xy  at 1=x   e.  33 41 xxy ++=  at 0=x   f.  
3

2 1

x

xy +
=  at 3=x  
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2.8 Higher Order Derivatives 
If the function ( )y f x=  is differentiable, then we can form a new function ( )′ = ′y f x  which is 
referred to as the first derivative of ( )y f x= .  Consequently, if ( )′ = ′y f x  is differentiable, then 
we can form another new function ( )′′ = ′′y f x  called the second derivative of ( )y f x= .  This 
process of obtaining a new function can continue as long as we have differentiability.  First, 
second, third, and higher order derivatives are denoted in various notations.  In general, however, 
first, second, third, and nth derivatives are shown in the following forms: 

′y  = ( )′f x  = dy
dx

 = ( )d
dx

f x  = D y  = ( )D f x  

 

′′y  = ( )′′f x  = d y
dx

2

2  = d
dx

dy
dx







 = ( )d
dx

f x
2

2  = ( )d
dx

d
dx

f x





 = D y2  = ( )D f x2  

 

′′′y  = ( )′′′f x  = d y
dx

3

3  = d
dx

d y
dx

2

2









  = ( )d

dx
f x

3

3  = ( )d
dx

d
dx

f x
2

2













 = D y3  = ( )D f x3  

  

y n  = ( )f xn  = d y
dx

n

n  = d
dx

d y
dx

n

n

−

−











1

1  = ( )d
dx

f x
n

n  = ( )d
dx

d
dx

f x
n

n

−

−













1

1  = D yn  = ( )D f xn  

Students are encouraged to become familiar with these notations for finding the derivative of 
different functions.  Note that the prime notation is not used beyond the third derivative.  In 
general, the fourth or higher derivatives are shown as ( )y f x4 4= ; ( )y f x5 5= ; ( )y f x6 6= ;  ; 

( )y f xn n=  instead of ( )xfy vivi = ; ( )xfy vv = ; ( )xfy iviv = , etc.  For example, given 
( )f x x x= + +6 3 1, then ( )′ = +f x x x6 35 2 , ( )′′ = +f x x x30 64 , ( )′′′ = +f x x120 63 , ( )f x x4 2360= , 
( )f x x5 720= , ( )f x6 720= , and all derivatives higher than 7  are equal to zero.  The following 

examples show in detail how higher order derivatives are obtained: 

Example 2.8-1:  Find the second derivative of the following functions. 

a.  ( )f x x x= − +5 3 18 3    b.  ( ) ( )f x x x x= + +3 2 5    c.  ( )f x x
x

= +2 1  

d.  ( )f u u
u

=
−
+

3 1
1

   e.  ( )g x x
x

= +2
3

1    f.  ( ) ( )h x a x= +2 3 2
 

g.  ( ) ( )f x x= +
−2 1

1    h.  ( )
( )

r θ θ
θ

= +
+

2
3

1

1
   i.  ( ) ( )322 1+= rrrs  

j.  ( )f t t t
=

+ +3 2 1
10

   k.  ( )p r r
r

= −2 1    l.  ( )f x x
x

=
+

3

1
 

Solutions: 
a.  Given ( )f x  = 5 3 18 3x x− + , then  

( )′f x  = ( ) ( )5 8 3 3 08 1 3 1⋅ − ⋅ +− −x x  = 40 97 2x x−  and 
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( )′′f x  = ( ) ( )40 7 9 27 1 2 1⋅ − ⋅− −x x  = 280 186x x−  

b.  Given ( )f x  = ( )x x x3 2 5+ + , then  

( )′f x  = ( )[ ] ( )[ ]3 5 2 1 03 1 2 2 1 1 1 3x x x x x x− − −⋅ + + + + + ⋅  = ( )[ ] ( )[ ]3 5 2 12 2 3x x x x x+ + + + ⋅   

 
          = 3 3 15 24 3 2 4 3x x x x x+ + + +  = 5 4 154 3 2x x x+ +  and  

 
( )′′f x  = ( ) ( ) ( )5 4 4 3 15 24 1 3 1 2 1⋅ + ⋅ + ⋅− − −x x x  = 20 12 303 2x x x+ +  

c.  Given ( )f x  = x
x

2 1
+ , then  

    ( )′f x  = [ ] ( )
2

0 1 12 1
2x

x

x
− +

⋅ − ⋅
 = 2 0 1

2x
x

+
−  = 2 1

2
x

x
−  

 

    A second way is to rewrite ( )f x  as ( ) 12 −+= xxxf  and find its derivative, i.e.,  
 

    ( )′f x  = 2 12 1 1 1x x− − −− ⋅  = 2 2x x− −  = 2 1
2

x
x

−  and 

 

    ( )′′f x  = ( )2 1 21 1 2 1x x− − −+ − ⋅−  = 2 20 3x x+ −  = 2 2 3+ −x  = 2 2
3

+
x

 

d.  Given ( )f u  = u
u

3 1
1
−
+

, then  

    ( )′f x  = 
( ) ( )[ ] ( ) ( )[ ]

( )2
31113

1

10103

+

−⋅+−+⋅− −−

u

uuuu
 = 

( ) ( )
( )

3 1 1

1

2 3

2

u u u

u

⋅ + − −

+
 = 

( )
3 3 1

1

3 2 3

2
u u u

u

+ − +

+
 = 

( )
2 3 1

1

3 2

2
u u

u

+ +

+
 

 

    ( )′′f x  = 
( ) ( )[ ] ( ) ( )[ ]

( )4
231221213

1

13212102332

+

++⋅+−+⋅+⋅+⋅ −−−

u

uuuuuu
  

 

               = 
( )( )[ ] ( )( )[ ]

( )4
2322

1

13212166

+

+++−++

u

uuuuuu
 = 

( )( )[ ] ( ) ( )[ ]
( )4

2322

1

13222166

+

++−−+++

u

uuuuuu
 

e.  Given ( )g x  = x
x

2
3

1
+ , then  

    ( )′g x  = 
( ) ( )

6

133
12 130

2
x

xx
x

⋅−⋅
+

−
−  = 2 3 2

6x x
x

+
−  = 2 3 2

6 4x x
x

−
/

/=  = 2 3
4

x
x

−  

 
    A second way is to rewrite ( )g x  as ( ) 32 −+= xxxg  and find its derivative, i.e., 
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    ( )′g x  = 2 32 1 1 3x x− − −− ⋅  = 2 3 4x x− −  = 2 3
4

x
x

−  and  

    ( )′′g x  = ( ) 1411 432 −−− −⋅−+ xx  = 2 120 5x x+ −  = 2 12 5+ −x  = 2 12
5

+
x

 

f.  Given ( )h x  = ( )a x2 3 2
+ , then  

    ( )′h x  = ( ) ( )2 0 32 3 2 1 3 1a x x+ ⋅ +
− −  = ( )2 32 3 2a x x+ ⋅  = ( )6 2 2 3x a x+  = 6 62 2 5a x x+  = 6 65 2 2x a x+  

 

    ( )′′h x  = ( ) ( )6 5 6 25 1 2 2 1⋅ + ⋅− −x a x  = 30 124 2x a x+  

g.  Given ( )f x  = ( )x2 1
1+
−

, then  

    ( )′f x  = ( ) ( )− ⋅ +






⋅ +

− − −1 1 2 02 1 1 2 1x x  = ( )− +






⋅

−
x x2 2

1 2  = ( )− +
−

2 12 2
x x  

 

    ( )′′f x  = ( ) ( ) ( )− ⋅ + + − + ⋅ +














− − − −2 1 1 2 1 2 02 2 2 2 1 2 1x x x  = ( ) ( )− + + − + ⋅














− −
2 1 2 1 22 2 2 3

x x x   

 

              = ( ) ( )− + − +








− −
2 1 4 12 2 2 3

x x x  = ( ) ( )− + + +
− −

2 1 8 12 2 2 3
x x x  

h.  Given ( )r θ  = 
( )

θ
θ

2
3

1

1
+

+
, then  

    ( )′r θ  = 
( )[ ] ( )[ ]

( )6
133

12

1

11310
2

+

⋅+−+⋅
+

−
−

θ

θθ
θ  = ( )

( )
2

0 3 1

1

2

6θ
θ

θ
+

− +

+
 = ( )

( )
2

3 1

1

2

6 4θ
θ

θ
−

+

+

/

/=  = 
( )

2 3

1 2
θ

θ
−

+
 and  

 

    ( )′′r θ  = 
( )[ ] ( )[ ]

( )4
122

11

1

31210
2

+

⋅+−+⋅
−

−
−

θ

θθ
θ  = ( )

( )
2

0 6 1

1 4−
− +

+

θ

θ
 = ( )

( )
2

6 1

1 4 3+
/ + /

+ / =

θ

θ
 = 

( )
2

6

1 3
+

+θ
 

i.  Given ( )s r  = ( )r r2 2 3
1+ , then  

    ( )′s r  = ( ) ( ) ( )2 1 3 1 2 02 1 2 3 2 3 1 2 1 2r r r r r− − −⋅ +






+ + ⋅ +






⋅  = ( ) ( )2 1 3 1 22 3 2 2 2r r r r r+







+ + ⋅






⋅  

 

            = ( ) ( )2 1 6 12 3 3 2 2
r r r r+ + +  and  

 

    ( )′′s r  = ( ) ( ) ( ) ( ) ( ) ( )2 1 1 3 1 2 0 6 3 1 2 1 2 02 3 2 3 1 2 1 3 1 2 2 2 2 1 2 1 3⋅ +






+ + ⋅ +






⋅








+ ⋅ +







+ + ⋅ +






⋅









− − − − −r r r r r r r r r   
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            = ( ) ( ) ( ) ( )[ ]2 1 3 1 2 6 3 1 2 1 22 3 2 3 1 2 2 2 2 3r r r r r r r r r+ + + ⋅






⋅








+ +







+ + ⋅ ⋅









−
  

 

            = ( ) ( ) ( ) ( )[ ]








++



 ++













 +++ 141361612 2422222232 rrrrrrr  

j.  Given ( )f t  = t t3 2 1
10
+ + , then  

    ( )′f t  = 
( )[ ] ( )[ ]

2

231213

10

1010023 ++⋅−⋅++ −− tttt
 = 

( )10 3 2 0

100

2t t+ −
 = 

( )/ / +

/ / / =

10 3 2

100 10

2t t
 = 3 2

10

2t t+  and  

 

    ( )′′f t  = 
( )[ ] ( )[ ]

2

21112

10

23010223 tttt +⋅−⋅+⋅ −−

 = ( )10 6 2 0
100
t + −

 = ( )/ / +

/ / / =

10 6 2
100 10

t
 = ( )

501
132

=//
+/ t  = 

5
13 +t  

k.  Given ( )p r  = r
r

2 1
−  which is equal to ( )p r  = r r2 1− − , then  

    ( )′p r  = ( )2 12 1 1 1r r− − −− − ⋅  = 2 2r r+ −  and  
 
    ( )′′p r  = 2 21 1 2 1r r− − −−  = 2 20 3r r− −  = 2 2 3− −r  

l.  Given ( )f x  = x
x

3

1+
, then  

    ( )′f x  = 
( )[ ] ( )[ ]

( )

3 1 1 0

1

3 1 1 1 3

2

x x x x

x

− −⋅ + − ⋅ + ⋅

+
 = ( )

( )
3 1

1

2 3

2
x x x

x

+ −

+
 = 

( )
3 3

1

3 2 3

2
x x x

x

+ −

+
 = 

( )
2 3

1

3 2

2
x x

x

+

+
 and  

 

    ( )′′f x  = 
( ) ( )[ ] ( ){ } ( ) ( ){ }

( )

2 3 3 2 1 2 1 2 3

1

2 2 3 2

4

⋅ + ⋅ ⋅ + − + ⋅ +

+

x x x x x x

x
 = 

( )( )[ ] ( ) ( )[ ]
( )4

2322

1

3212166

+

++−++

x

xxxxxx
 

Example 2.8-2:  Find d y
dx

3

3  for the following functions. 

a.  ( )y x= −1 5 3         b.  ( )y a bx= −
−2 2

   c.  y x x
x

=
+ +
+

2 3 1
1

 

d.  y x x x= + +
1
5

1
4

5 4        e.  y ax b
c

=
+2

   f.  y x
x

=
+2

3
1  

Solutions: 
a.  Given ( )y x= −1 5 3 , then  

    ′y  = ( ) ( )3 1 5 0 53 1 1 1− ⋅ −− −x x  = ( ) ( )3 1 5 52− ⋅ −x  = ( )− −15 1 5 2x  
 
    ′′y  = ( ) ( ) ( )− ⋅ − ⋅ −− −15 2 1 5 0 52 1 1 1x x  = ( ) ( )− − ⋅ −30 1 5 5x  = ( )150 1 5− x  
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    ′′′y  = ( )150 0 5 1 1− −x  = ( )150 5⋅ −  = −750  

b.  Given ( )y a bx= −
−2 2

, then  

    ′y  = ( ) ( )− − ⋅ −
− −

2 0 22 2 1
a bx bx  = ( ) ( )− − ⋅ −

−
2 22 3

a bx bx  = ( )4 2 3
bx a bx−

−
 

 

    ′′y  = ( ) ( ) ( ) ( ) ( )4 1 3 0 2 42 3 2 3 1
b a bx a bx bx bx⋅ −







+ − − ⋅ −







⋅









− − −
 = ( ) ( ) ( )4 6 42 3 2 4

b a bx bx a bx bx−






+ − ⋅






− −

  

 

         = ( ) ( )4 242 3 2 2 2 4
b a bx b x a bx−









 + −











− −
 

 

    ′′′y  = ( ) ( ) ( ) ( ) ( )( ) ( )− − ⋅ −






+ ⋅ − + − − ⋅ −






− − − − −

12 2 48 96 22 3 1 2 2 4 2 2 2 4 1
b a bx bx b x a bx b x a bx bx   

 

          = ( ) ( ) ( )24 48 1922 2 4 2 2 4 3 3 2 5
b x a bx b x a bx b x a bx−









 + − + −











− − −
 

c.  Given y x x
x

=
+ +
+

2 3 1
1

, then  

    ′y  = 
( ) ( )[ ] ( ) ( )[ ]

( )2
2111112

1

1301032

+

++⋅+−+⋅++ −−−

x

xxxxxx
 = 

( ) ( )[ ] ( )[ ]
( )2

2

1

131132

+

++⋅−+⋅+

x

xxxx
  

 

         = 
( ) ( )

( )

2 2 3 3 3 1

1

2 2

2

x x x x x

x

+ + + − + +

+
 = 

( )
2 5 3 3 1

1

2 2

2
x x x x

x

+ + − − −

+
 = 

( )
x x

x

2

2
2 2

1

+ +

+
 

 

    ′′y  = 
( ) ( )[ ] ( ) ( )[ ]

( )4
21221112

1

22121022

+

++⋅+−+⋅++ −−−

x

xxxxxx
 = 

( )( )[ ] ( ) ( )[ ]
( )4

22

1

2212122

+

+++−++

x

xxxxx
  

 

          = 
( ) ( )[ ] ( ) ( )[ ]

( )4
22

1

2212122

+

+++−++

x

xxxxx
 = 

[ ] [ ]
( )4

2323

1

48622662

+

+++−+++

x

xxxxxx
  

 

         = 
( )

2 6 6 2 2 6 8 4

1

3 2 3 2

4
x x x x x x

x

+ + + − − − −

+
 = 

( )41

22

+

−−

x

x  

 

    ′′′y  = 
( ) ( )[ ] ( ) ( )[ ]

( )8
14411

1

2214102

+

−−⋅+−+⋅+− −−

x

xxxx
 = 

( )[ ] ( ) ( )[ ]
( )8

34

1

88112

+

++++−

x

xxx
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d.  Given y x x x= + +
1
5

1
4

5 4 , then  

    ′y  = 1
5

5 1
4

45 1 4 1 1 1⋅ + ⋅ +− − −x x x  = x x4 3 1+ +       ′′y  = 4 3 04 1 3 1x x− −+ +  = 4 33 2x x+  and  
 

    ′′′y  = ( ) ( )4 3 3 23 1 2 1⋅ + ⋅− −x x  = 12 62x x+  

e.  Given y ax b
c

=
+2

, then  

    ′y  = 
( )[ ] ( )[ ]

2

212 002

c

baxcxa +⋅−⋅+⋅ −

 = ( )2 0
2

ax c

c

⋅ −
 = 2

2 1
acx

c
/

/ =  = 2ax
c

      ′′y  = 2a
c

 and ′′′y  = 0  

f.  Given y x
x

=
+2

3
1 , then  

    ′y  = 
( )[ ] ( )[ ]

6

213312 1302

x

xxxx +⋅−⋅+ −−

 = 
[ ] ( )[ ]

6

223 132

x

xxxx +⋅−⋅
 = 2 3 34 4 2

6
x x x

x
− −  = − −x x

x

4 2

6
3   

 

         = 
( )− +/

/=

x x

x

2 2

6 4

3
 = − +x

x

2

4
3  

 

    ′′y  = 
( )[ ] ( )[ ]

8

214412 3402

x

xxxx +⋅−⋅+
−

−−

 = 
[ ] ( )[ ]

8

234 342

x

xxxx +⋅−⋅
−  = − − −2 4 125 5 3

8
x x x

x
  

 

          = − − −2 125 3

8
x x

x
 = 

( )x x

x

/

/=

+3 2

8 5

2 12
 = 2 122

5
x

x
+  

 

    ′′′y  = 
( )[ ] ( )[ ]

10

215512 122504

x

xxxx +⋅−⋅+ −−

 = 
[ ] ( )[ ]

10

245 12254

x

xxxx +⋅−⋅
 = 4 10 606 6 4

10
x x x

x
− −   

 

          = − −6 606 4

10
x x

x
 = 

( )x x

x

/

/ / =

− −4 2

10 6

6 60
 = − +6 602

6
x

x
 

Example 2.8-3:  Find ( )′′f 0  and ( )′′f 1  for the following functions. 

a.  ( )f x x x= + −6 7 27 2    b.  ( ) ( )25 1−= xxxf          c.  ( )f x x
x

= −
1  

d.  ( )f x x
x

=
+3 1    e.  ( )f x x

x
= −

+
3 1

1
         f.  ( ) ( )f x ax b= + 2  

g.  ( ) ( )f x x= − −1 2    h.  ( ) ( )
f x

x
x

=
+1 2

         i.  ( ) ( )( )f x x x= + + +1 1 52  

j.  ( ) ( )f x x= +1 5 3    k.  ( )
3

1
x

xxf +
=           l.  ( )f x x x x= + + +

1
3

1
2

103 2  
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Solutions: 
a.  Given ( )f x  = 6 7 27 2x x+ − , then  

( )′f x  = 6 7 7 2 07 1 2 1⋅ + ⋅ −− −x x  = 42 146x x+  and ( )′′f x  = 42 6 14 16 1 1 1⋅ + ⋅− −x x  = 252 145x +  
 

Therefore, ( )′′f 0  = 252 0 145⋅ +  = 0 14+  = 14  and ( )′′f 1  = 252 1 145⋅ +  = 252 14+  = 266  

b.  Given ( )f x  = ( )x x5 21− , then  

( )′f x  = ( ) ( ) ( )[ ]5 1 1 2 1 15 1 2 5x x x x− ⋅ ⋅ − + − ⋅ ⋅  = ( ) ( )5 1 2 14 2 5x x x x− + −  = ( )5 1 2 24 2 6 5x x x x− + −  and  
 

( )′′f x  = ( ) ( )[ ]5 4 1 2 1 5 2 6 2 54 1 2 4 6 1 5 1⋅ − + − ⋅ + ⋅ − ⋅− − −x x x x x x  = ( ) ( )20 1 10 1 12 103 2 4 5 4x x x x x x− + − + −   

 
          = ( )20 2 1 10 10 12 103 2 5 4 5 4x x x x x x x− + + − + −  = 45345 2022204020 xxxxx −++−   

 

          = 345 206042 xxx +−   Therefore,  
 

( )′′f 0  = 345 020060042 ⋅+⋅−⋅  = 0  and ( )′′f 1  = 345 120160142 ⋅+⋅−⋅  = 206042 +−  = 2  

c.  Given ( )f x  = x
x

−
1 , then  

( )′f x  = 1 0 1 1
2−

⋅ − ⋅x
x

 = 1 1
2+

x
 and ( )′′f x  = 0 0 2 1

4+
⋅ − ⋅x x

x
 = − 2

4
x

x
 = − 2

3x
 

 

Therefore, ( )′′f 0  = − 2
03  = − 2

0
 which is not defined and ( )′′f 1  = − 2

13  = − 2
1

 = −2  

d.  Given ( )f x  = x
x

3 1+ , then  

( )′f x  = 
[ ] ( )[ ]

2

32 113

x

xxx +⋅−⋅
 = 3 13 3

2
x x

x
− −  = 2 13

2
x
x
−  and  

 

( )′′f x  = 
[ ] ( )[ ]

4

322 1226

x

xxxx −⋅−⋅
 = 4

44 246
x

xxx +−  = 4

4 22
x

xx +  = ( )
34

3 12
=/
+/

x
xx  = ( )

3

3 12
x

x +   

 

Therefore, ( )′′f 0  = ( )
3

3

0

102 +  = 2
0

 which is not defined and ( )′′f 1  = ( )
3

3

1

112 +  = 
1
4  = 4  

e.  Given ( )f x  = x
x

3 1
1

−
+

, then  

( )′f x  = ( )
( )

3
0 1 1 1

1
3 1

2x
x

x
− −

⋅ + − ⋅

+
 = 

( )
3 1

1
2

2x
x

+
+

 and  
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( )′′f x  = ( ) ( )
( )

3 2
0 1 2 1 1

1
2 1

2 2 1

4⋅ +
⋅ + − + ⋅

+
−

−

x
x x

x
 = ( )

( )
6

2 1

1 4x
x

x
−

+

+
 = 

( )
6 2

1 3x
x

−
+

  Therefore,  

 

( )′′f 0  = 
( )

6 0 2

0 1 3⋅ −
+

 = − 2
1

 = −2  and ( )′′f 1  = 
( )

6 1 2

1 1 3⋅ −
+

 = 6 2
23−  = 6 2

8
−  = 6 1

4
−  = 5 75.  

f.  Given ( )f x  = ( )ax b+ 2 , then  

( )′f x  = ( )2 2 1ax b a+ ⋅−  = ( )2a ax b+  = 2 22a x ab+  and ( )′′f x  = 02 2 +a  = 22a  
 
Therefore, ( )′′f 0  = 2 2a  and ( )′′f 1  = 2 2a  

Note that since ( )′′f x  is independent of x , ( )′′f x  is equal to 22a  for all values of x . 

g.  Given ( )f x  = ( )x − −1 2 , then  

( )′f x  = ( )− − ⋅− −2 1 12 1x  = ( )− − −2 1 3x  and ( )′′f x  = ( )[ ]− ⋅ − − ⋅− −2 3 1 13 1x  = ( )6 1 4x − −   Therefore, 
 

( )′′f 0  = ( )6 0 1 4− −  = 
( )

6

1 4−
 = 6

1
 = 6  and ( )′′f 1  = ( )6 1 1 4− −  = 6

04  = 6
0

 which is undefined 

h.  Given ( )f x  = ( )x
x
+1 2

, then  

( )′f x  = 
( )[ ] ( )[ ]

2

212 11112

x

xxx +⋅−⋅⋅+ −

 = ( ) ( )2 1 1 2

2
x x x

x

+ − +  = 2 2 2 12 2

2
x x x x

x
+ − − −  = x

x

2

2
1−  and  

 

( )′′f x  = 
[ ] ( )[ ]

4

22 122

x

xxxx −⋅−⋅
 = 2 2 23 3

4
x x x

x
− +  = 2

4
x

x
 = 2

3x
 

 

Therefore, ( )′′f 0  = 2
03  = 2

0
 which is undefined and ( )′′f 1  = 2

13  = 2
1

 = 2  

i.  Given ( )f x  = ( )( )x x+ + +1 1 52  = x x x3 2 1 5+ + + +  = x x x3 2 6+ + + , then  
 

( )′f x  = 3 2 12x x+ +  and ( )′′f x  = 6 2x +  
 

Therefore, ( )′′f 0  = 6 0 2⋅ +  = 2  and ( )′′f 1  = 6 1 2⋅ +  = 8  

j.  Given ( )f x  = ( )1 5 3+ x , then  

( )′f x  = ( )3 1 5 53 1+ ⋅−x  = ( )15 1 5 2+ x  and ( )′′f x  = ( ) ( )0 1 5 2 1 5 5 152⋅ + + + ⋅ ⋅x x  = ( )150 1 5+ x  
 
Therefore, ( )′′f 0  = ( )150 1 5 0+ ⋅  = 150  and ( )′′f 1  = ( )150 1 5 1+ ⋅  = ( )150 1 5+  = 150 6⋅  = 900  
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k.  Given ( )f x  = 1
3
+ x
x

, then  

( )′f x  = ( )1 3 13 2

6
⋅ − +x x x

x
 = x x x

x

3 2 3

6
3 3− −  = − −2 33 2

6
x x

x
 = ( )

46

2 32
=/

/ +−

x
xx  = 4

32
x
x −−  

 

( )xf ′′  = 
[ ] ( )[ ]

8

34 3242

x

xxx −−−⋅−
 = 8

344 1282
x

xxx ++−  = 8

34 126
x

xx +  = ( )
58

3 26
=/

/ +

x
xx  = 5

126
x

x +  

 

Therefore, ( )′′f 0  = 50
1206 +⋅  = 

0
12  which is not defined and ( )′′f 1  = 51

1216 +⋅  = 
1

18  = 18  

l.  Given ( )f x  = 1
3

1
2

103 2x x x+ + + , then  

( )′f x  = 3
3

2
2

03 1 2 1 1 1x x x− − −+ + +  = x x2 1+ +  and ( )′′f x  = 2 02 1 1 1x x− −+ +  = 2 1x +  
 
Therefore, ( )′′f 0  = 2 0 1⋅ +  = 1  and ( )′′f 1  = 2 1 1⋅ +  = 3  

Example 2.8-4:  Find dy
dx

, d y
dx

2

2 , and d y
dx

3

3  for the following functions. 

a.  y x x x= + + +4 3 25 6 1        b.  y x
x

= +
1           c.  ( )y x x= +1 3 

d.  ( )y x= +
−2 2

1         e.  y x x= + +3 23 10           f.  y
x

=
+
1

1
 

g.  y x
x

= −
1          h.  y ax bx= +3           i.  y x

x
=

+3

2
1  

Solutions: 
a.  Given y x x x= + + +4 3 25 6 1 , then  

dy
dx

 = d
dx

x d
dx

x d
dx

x d
dx

4 3 25 6 1+ + +  = ( ) ( )4 5 3 6 2 04 1 3 1 2 1x x x− − −+ ⋅ + ⋅ +  = 4 15 123 2x x x+ +  
 

d y
dx

2

2  = 4 15 123 2d
dx

x d
dx

x d
dx

x+ +  = ( ) ( ) ( )4 3 15 2 12 13 1 2 1⋅ + ⋅ + ⋅− −x x  = 12 30 122x x+ +  

 
d y
dx

3

3  = 12 30 122d
dx

x d
dx

x d
dx

+ +  = ( ) ( )12 2 30 1 02 1 1 1⋅ + ⋅ +− −x x  = 24 301 0x x+  = 24 30x +  

b.  Given y x
x

= +
1  which is the same as y x x= + −1 , then  

dy
dx

 = d
dx

x d
dx

x+ −1  = ( )1 1 1 1+ − ⋅ − −x  = 1 2− −x  
 

d y
dx

2

2  = d
dx

d
dx

x1 2− −  = ( )0 2 2 1− − ⋅ − −x  = 2 3x−  
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d y
dx

3

3  = 2 3d
dx

x−  = ( )2 3 3 1⋅ − − −x  = − −6 4x  

c.  Given ( )y x x= +1 3 , then  

dy
dx

 = ( ) ( )x d
dx

x x d
dx

x+




+ +





1 13 3  = ( )[ ] ( )[ ]x x x+ ⋅ + ⋅ + ⋅−1 1 3 1 13 3 1  = ( ) ( )x x x+ + +1 3 13 2  

 
d y
dx

2

2  = ( ) ( ) ( )d
dx

x x d
dx

x x d
dx

x+ + +




+ +





1 3 1 3 13 2 2  = ( )[ ] ( )[ ] ( )[ ]3 1 1 3 1 1 3 2 1 13 1 2 2 1x x x x+ ⋅ + + ⋅ + ⋅ + ⋅− −   

 

         = ( ) ( ) ( )3 1 3 1 6 12 2x x x x+ + + + +  = ( ) ( )6 1 6 12x x x+ + +  
 

d y
dx

3

3  = ( ) ( ) ( )












 ++



 +++ 161616 2 x

dx
dxx

dx
dxx

dx
d  = ( )[ ] ( )[ ] ( )[ ]{ }1161161112 1112 ⋅+⋅+⋅++⋅+ −− xxxx   

 
         = ( ) ( ) ( )01616112 +++++ xxxx  = ( ) xx 6118 ++  = xx 61818 ++  = 1824 +x  = ( )346 +x  

d.  Given ( )y x= + −1 2 , then  

dy
dx

 = ( )d
dx

x + −1 2  = ( )[ ] ( )− + ⋅ +− −2 1 12 1x d
dx

x  = ( )− + ⋅−2 1 13x  = ( )− + −2 1 3x  

 
d y
dx

2

2  = ( )− + −2 1 3d
dx

x  = ( ) ( )[ ] ( )− ⋅ − + ⋅ +− −2 3 1 13 1x d
dx

x  = ( )6 1 14x + ⋅−  = ( )6 1 4x + −  

 
d y
dx

3

3  = ( )6 1 4d
dx

x + −  = ( ) ( )[ ] ( )6 4 1 14 1⋅ − + ⋅ +− −x d
dx

x  = ( )− + ⋅−24 1 15x  = ( )− + −24 1 5x  

e.  Given y x x= + +3 23 10 , then  

dy
dx

 = d
dx

x d
dx

x d
dx

3 23 10+ +  = d
dx

x d
dx

x3 23 0+ +  = ( )3 3 23 1 2 1x x− −+ ⋅  = 3 62x x+  

 
d y
dx

2

2  = d
dx

x d
dx

x3 62 +  = 3 62d
dx

x d
dx

x+  = ( ) ( )3 2 6 12 1⋅ + ⋅−x  = 6 6x +  

 
d y
dx

3

3  = d
dx

x d
dx

6 6+  = 6 0d
dx

x +  = 6 1⋅  = 6  

f.  Given y
x

=
+
1

1
, then  

dy
dx

 = 
( ) ( )

( )

1 1 1 1

1 2

+




− ⋅ +





+

x d
dx

d
dx

x

x
 = ( )

( )
0 1 1

1 2
− ⋅

+ x
 = 

( )
−

+

1

1 2x
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d y
dx

2

2  = 
( ) ( )

( )
−

+




− ⋅ +





+

1 1 1 1

1

2 2

4

x d
dx

d
dx

x

x
 = 

( ) ( )[ ]
( )4

12

1

1210

x

x

+

+⋅−
−

−

 = ( )
( )

2 1

1 4 3
/ + /

+ /=

x

x
 = 

( )
2

1 3+ x
 

 

d y
dx

3

3  = 
( ) ( )

( )

1 2 2 1

1

3 3

6

+




− ⋅ +





+

x d
dx

d
dx

x

x
 = 

( ) ( )[ ]
( )6

13

1

1320

x

x

+

+⋅− −

 = ( )
( )

−
+

+

/

/=

6 1

1

2

6 4
x

x
 = 

( )
−

+

6

1 4x
 

g.  Given y x
x

= −
1  which is the same as y x x= − −1 , then  

dy
dx

 = d
dy

x d
dx

x− −1  = 1 1 1+ − −x  = 1 2+ −x  

 
d y
dx

2

2  = d
dy

d
dx

x1 2+ −  = 0 2 2 1− − −x  = − −2 3x  

 
d y
dx

3

3  = − −2 3d
dy

x  = ( )− ⋅ − − −2 3 3 1x  = 6 4x−  

h.  Given y ax bx= +3 , then  

dy
dx

 = d
dx

ax d
dx

bx3 +  = a d
dx

x b d
dx

x3 +  = ( ) ( )a x b x⋅ + ⋅− −3 13 1 1 1  = 3 2 0ax bx+  = 3 2ax b+  
 
d y
dx

2

2  = d
dx

ax d
dx

b3 2 +  = 3 02a d
dx

x +  = ( )3 2 2 1a x⋅ −  = 6ax  

 
d y
dx

3

3  = d
dx

ax6  = 6a d
dx

x  = 6 1a ⋅  = 6a  

i.  Given y x
x

=
+3

2
1 , then  

dy
dx

 = 
( ) ( )

4

2332 11

x

x
dx
dxx

dx
dx 



 +−



 +

 = 
( )x d

dx
x d

dx
x x

x

2 3 3

4

1 1 2+




− + ⋅

 = 
[ ] ( )

4

3132 1203

x

xxxx +−+−

  

 

      = 3 2 24 4

4
x x x

x
− −  = x x

x

4

4
2−  = 

( )/ −
/=

x x

x

3

4 3

2
 = x

x

3

3
2−  

 

d y
dx

2

2  = 
( ) ( )

6

3333 22

x

x
dx
dxx

dx
dx 



 −−



 −

 = 
( )x d

dx
x d

dx
x x

x

3 3 3 2

6

2 2 3−




− − ⋅

 = 
[ ] ( )

6

32133 2303

x

xxxx −−−−

 

 

        = 3 3 65 5 2

6
x x x

x
− +  = 6 2

6 4
x

x

/

/ =  = 6
4x
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d y
dx

3

3  = 
x d

dx
d
dx

x

x

4 4

8

6 6−
 = 

( ) ( )x x

x

4 4 1

8

0 6 4⋅ − ⋅ −

 = 0 24 3

8
− x

x
 = −

/

/=
24 3

8 5
x

x
 = − 24

5x
 

Example 2.8-5:  Find ′y  and ′′y  for the following functions.  Do not simplify the answer to its 
lowest term. 

a.  x y2 2 2+ =         b.  xy y+ =2 1  c.  1 2 2+ =x y x    d.  13 =+ yyx  

Solutions: 

a.  Given x y2 2 2+ = , then y′  is equal to 2 2 02 1x y y− + ⋅ ′ =  ; 2 2 0x y y+ ′ =  ; 2 2y y x′ = −  ; ′ =
−y x

y
2

2
 

 

; ′ = −y x
y

 and ( ) ( )
2

1

y

xyyy ⋅′−⋅
−=′′  ; ′′ = −

− ′y y y x
y2  

 
b.  Given xy y+ =2 1, then y′  is equal to ( ) 021 =′⋅+⋅′+⋅ yyxyy  ; y y x y y+ ′ + ′ =2 0  ; ( )′ + = −y x y y2  
 

; ′ = −
+

y y
x y2

 and 
( )[ ] ( )[ ]

( )22

212

yx

yyyxy
y

+

⋅′+−+⋅′
−=′′  ; 

( )
′′ = −

′ + ′ − − ′

+
y

xy y y y y y

x y

2 2

2 2  ; 
( )

′′ = −
′ −

+
y xy y

x y2 2  

 
c.  Given 1 2 2+ =x y x , then y′  is equal to ( ) 1220 22 =⋅′+⋅+ xyyyx  ; 2 2 12 2x y y y x+ ′ =   
 

; 2 1 22 2y y x x y′ = −  ; ′ =
−y x y

x y
1 2

2

2

2  and 
( )[ ] ( ){ } ( )( ){ }

( )22

2222

2

212222120

yx

xyyxxyyxxyyy
y

−′+−⋅′+⋅−
=′′   

 

; 
( ) ( )( )

′′ =
− + ′ − + ′ −

y
x y y xyy xy x y xy

x y

4 2 2 2 1 2

4

2 2 2 2

4 2  

 

d.  Given x y y3 1+ =  ; ( ) 113 =+xy  ; 
1

1
3 +

=
x

y , then y ′  = 
( )[ ] [ ]

( )23

23

1

1310

+

⋅−+⋅

x

xx
 = ( )23

2

1

3

+

−

x

x  and  

 

y ′′  = 
( ) ( )[ ]

( )43

22323

1

331216

+

−⋅⋅+−



 +⋅−

−
x

xxxxx
 = ( ) ( )

( )43

3423

1

11816

+

+++−

x

xxxx  = 
( ) ( )[ ]

( )43

333

1

3116

+

++−+

x

xxxx
 

 

= 
( )
( )33

33

1

316

+

+−−

x

xxx
 = 

( )
( )33

3

1

126

+

−

x

xx
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Example 2.8-6:  Find the first, second, and third derivative of the following functions. 

a.  ( ) 276 27 −+= xxxf       b.  ( )f x x x x= − + +3 2 5 94 2  

c.  ( )f x x x x x= + + +− − −4 3 23      d.  ( )f x x x x x= + + + −7 5 36 8 3  

e.  ( )f x
x x x

= + +
3 2 1
3 2       f.  ( ) ( )f x x x= +2 1 3  

g.  ( )f x x
x

= +3
3

1       h.  ( ) ( )f x x x= + −1 2 3  

Solutions: 
a.  Given ( )f x  = 6 7 27 2x x+ − , then  

( )′f x  = ( ) ( )6 7 7 2 07 1 2 1⋅ + ⋅ −− −x x  = 42 146x x+  
 

( )′′f x  = ( )42 6 146 1 1 1⋅ +− −x x  = 252 145x +  
 

( )′′′f x  = ( )252 5 05 1⋅ +−x  = 1260 4x  

b.  Given ( )f x  = 3 2 5 94 2x x x− + + , then  

( )′f x  = ( ) ( )3 4 2 2 5 04 1 2 1 1 1⋅ − ⋅ + +− − −x x x  = 12 4 53x x− +  
 

( )′′f x  = ( )12 3 43 1 1 1⋅ −− −x x  = 36 42x −  
 

( )′′′f x  = ( )36 2 02 1⋅ −−x  = 72x  

c.  Given ( )f x  = x x x x− − −+ + +4 3 23 , then  

( )′f x  = ( )− + ⋅ − − +− − − − − − −4 3 3 24 1 3 1 2 1 1 1x x x x  = − − − +− − −4 9 2 15 4 3x x x  
 

( )′′f x  = ( ) ( ) ( )− ⋅ − + − ⋅ − + − ⋅ − +− − − − − −4 5 9 4 2 3 05 1 4 1 3 1x x x  = 20 36 66 5 4x x x− − −+ +  
 

( )′′′f x  = ( ) ( ) ( )20 6 36 5 6 46 1 5 1 4 1⋅ − + ⋅ − + ⋅ −− − − − − −x x x  = − − −− − −120 180 247 6 5x x x  

d.  Given ( )f x  = x x x x7 5 36 8 3+ + + − , then  

( )′f x  = ( ) ( )7 6 5 8 3 37 1 5 1 1 1 3 1x x x x− − − − −+ ⋅ + + ⋅ −  = 7 30 8 96 4 4x x x+ + − −  
 

( )′′f x  = ( ) ( ) ( )7 6 30 4 0 9 46 1 4 1 4 1⋅ + ⋅ + + − ⋅ −− − − −x x x  = 42 120 365 3 5x x x+ + −  
 

( )′′′f x  = ( ) ( ) ( )42 5 120 3 36 55 1 3 1 5 1⋅ + ⋅ + ⋅ −− − − −x x x  = 210 360 1804 2 6x x x+ − −  
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e.  Given ( )f x  = 3 2 1
3 2x x x
+ +  which is equal to ( )f x  = 3 23 2 1x x x− − −+ + , then  

( )′f x  = ( ) ( )3 3 2 23 1 2 1 1 1⋅ − + ⋅ − −− − − − − −x x x  = − − −− − −9 44 3 2x x x  
 

( )′′f x  = ( ) ( ) ( )− ⋅ − + − ⋅ − + − ⋅ −− − − − − −9 4 4 3 1 24 1 3 1 2 1x x x  = 36 12 25 4 3x x x− − −+ +  
 

( )′′′f x  = ( ) ( ) ( )36 5 12 4 2 35 1 4 1 3 1⋅ − + ⋅ − + ⋅ −− − − − − −x x x  = − − −− − −180 48 66 5 4x x x  

f.  Given ( )f x  = ( )x x2 1 3+ , then  

( )′f x  = ( )[ ] ( )[ ]1 2 1 3 2 1 23 3 1⋅ + + + ⋅ ⋅−x x x  = ( ) ( )2 1 6 2 13 2x x x+ + +  

 

( )′′f x  = ( )[ ] ( ) ( )[ ]3 2 1 2 6 2 1 2 2 1 2 63 1 2 2 1x x x x+ ⋅ + ⋅ + + + ⋅ ⋅− −  = ( ) ( ) ( )6 2 1 6 2 1 24 2 12 2x x x x+ + + + +  
 

                = ( ) ( )12 2 1 24 2 12x x x+ + +  
 

( )′′′f x  = ( )( )[ ] ( ) ( )[ ]12 2 2 1 2 24 2 1 2 1 2 242 1 1 1⋅ + ⋅ + ⋅ + + + ⋅ ⋅− −x x x x  = ( ) ( )[ ]48 2 1 24 2 1 48x x x+ + + +   
 

           = ( )72 2 1 48x x+ +  

g.  Given ( )f x  = x
x

3
3

1
+  which is equal to ( )f x  = x x3 3+ − , then  

( )′f x  = 3 33 1 3 1x x− − −−  = 3 32 4x x− −  
 

( )′′f x  = ( ) ( )3 2 3 42 1 4 1⋅ + − ⋅ −− − −x x  = 6 12 5x x+ −  
 

( )′′′f x  = ( )6 12 51 1 5 1x x− − −+ ⋅ −  = 6 600 6x x− −  = 6 60 6− −x  

h.  Given ( )f x  = ( )x x+ −1 2 3 , then  

( )′f x  = ( )[ ]2 1 1 32 1 3 1x x+ ⋅ −− −  = ( )2 1 3 2x x+ −  = 2 2 3 2x x+ −  = − + +3 2 22x x  

 
( )′′f x  = ( )− ⋅ + +− −3 2 2 02 1 1 1x x  = − +6 2 0x x  = − +6 2x  

 

( )′′′f x  = − +−6 01 1x  = −6 0x  = −6  

Section 2.8 Practice Problems - Higher Order Derivatives 

1.  Find the second derivative of the following functions. 

    a.  153 23 −++= xxxy          b.  ( )22 1+= xxy        c.  xxy 503 3 +=  
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    d.  
2

5 1
x

xy +=           e.  2
3

5
1

x
x
xy −
+

=        f.  ( )123 −= xxy  

    g.  
10

57 58
4 xxxxy +−
+=          h.  

1
12
+

−=
x

xy        i.  x
x

y 31
2
−=  

2.  Find y ′′′  for the following functions. 

    a.  106 35 ++= xxy           b.  
x

xy 12 +=        c.  ( )23 14 −= xxy  

    d.  
1+

=
x

xy            e.  10510 58 −+−= xxxy       f.  3
2

51 x
x

xy +
−

=  

3.  Find ( )0f ′′  and ( )1f ′′  for the following functions. 

    a.  ( ) 536 35 ++= xxxf          b.  ( ) ( )23 1+= xxxf       c.  ( ) ( )21−+= xxxf  

    d.  ( ) ( ) 31 −−= xxf           e.  ( ) ( )( )11 2 +−= xxxf       f.  ( ) ( ) xxxf 21
23 +−=  
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Chapter 3 
Differentiation (Part II) 

 
Quick Reference to Chapter 3 Problems 
3.1       Differentiation of Trigonometric Functions ............................................................ 140 












x
x

dx
d

cot
tan 2

 = ;   







x
x

dx
d

2cos
3sin  = ;   








+ 3
4sin

x
x

dx
d  =  

3.2       Differentiation of Inverse Trigonometric Functions .............................................. 158 

( )[ ]3tan 21 +− x
dx
d  = ;   











xarc
x

dx
d

tan
3 2

 = ;   







+ 35

sin
x

x
xarc

dx
d  =  

3.3       Differentiation of Logarithmic and Exponential Functions .................................. 166 

( )xe
dx
d x tanln  = ;   ( )xxee

dx
d 35cos −  = ;   ( )[ ]xx

dx
d csclnln 3 +  =  

3.4       Differentiation of Hyperbolic Functions .................................................................. 181 

( )xx
dx
d 3coshsinh 3 +  = ;   ( )22 coshsinh xx

dx
d

+  = ;   





 + xx

dx
d 103sinh

6
1  =  

3.5       Differentiation of Inverse Hyperbolic Functions .................................................... 187 

( )321 lnsinh xx
dx
d

+−  = ;   ( )xex
dx
d ln2tanh 1 +−  = ;   ( )xx

dx
d 5tanh 31 +−  =  

3.6       Evaluation of Indeterminate Forms Using L’Hopital’s Rule ................................ 193 

10
lim

10

10 −
−

→ x
ee x

x  = ;   
125
25lim

3

3

5
−

−
→

x
xx

x  = ;   
xx

xx
x

ln33

ln2
lim

2

2

+

−
∞+→  =  
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Chapter 3 – Differentiation (Part II) 
 
The objective of this chapter is to improve the student’s ability to solve additional problems 
involving derivative of functions that was not addressed in the previous chapter.  The derivative 
of trigonometric functions is addressed in Section 3.1.  Finding the derivative of inverse 
trigonometric functions is discussed in Section 3.2.  How to obtain the derivative of exponential 
and logarithmic expressions is addressed in Section 3.3.  Differentiation of hyperbolic and 
inverse hyperbolic functions is addressed in Sections 3.4 and 3.5, respectively.  Finally, 
evaluation of indeterminate forms of the type 0

0 , ∞
∞ , ∞⋅0 , ∞−∞ , ∞1 , 0∞ , 00  using L’Hopital’s 

rule is discussed in Section 3.6.  Each section is concluded by solving examples with practice 
problems to further enhance the student’s ability. 

3.1 Differentiation of Trigonometric Functions 
The differential formulas involving trigonometric functions are defined as: 
 

Table 3.1:  Differentiation Formulas for Trigonometric Functions 

dx
duuu

dx
d

⋅= cossin  
dx
duuu

dx
d

⋅−= 2csccot  

dx
duuu

dx
d

⋅−= sincos  
dx
duuuu

dx
d

⋅= tansecsec  

dx
duuu

dx
d

⋅= 2sectan  
dx
duuuu

dx
d

⋅−= cotcsccsc  

 
In the following examples we will solve problems using the above differentiation formulas: 

Example 3.1-1:  Find the derivative of the following trigonometric functions: 

a.  xxy 3cos8sin −=    b.  43sin xy =     c.  32 tancos xxy +=  

d.  ( )231tan xy +=    e.  xxy cossin 3 +=    f.  xy 3cos=  

g.  xy 5sec=     h.  3 26sin xy =    i.  xxy 3sin 23=  

j.  ( ) 2cot1 xxy +=    k.  xy 5sin=     l.  xy 5csc=  

Solutions: 

a.  Given xxy 3cos8sin −=  then 
dx
dy  = ( )xx

dx
d 3cos8sin −  = x

dx
dxx

dx
dx 33sin88cos ⋅+⋅  = xx 3sin38cos8 +  

 

b.  Given 43sin xy =  then 
dx
dy  = ( )43sin x

dx
d  = 44 33cos x

dx
dx ⋅  = 144 123cos −⋅ xx  = 43 3cos12 xx  

 

c.  Given 32 tancos xxy +=  then 
dx
dy  = ( )32 tancos xx

dx
d

+  = 33222 secsin x
dx
dxx

dx
dx ⋅+⋅−   
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     = 2322 3sec2sin xxxx ⋅+⋅− = 3222 sec3sin2 xxxx +−  
 

d.  Given ( )231tan xy +=  then 
dx
dy  = ( )231tan x

dx
d

+  = ( ) ( )222 3131sec x
dx
dx +⋅+  = ( ) ( )xx 6031sec 22 +⋅+  

 

     = ( ) xx 631sec 22 ⋅+  = ( )22 31sec6 xx +  

 

e.  Given xxy cossin 3 +=  then 
dx
dy  = 






 + xx

dx
d cossin 3  = 








+ 2

1
2
3

cossin xx
dx
d   

 

     = 2
1

2
3

cossin x
dx
dx

dx
d

+  = 2
1

2
1

2
3

2
3

sincos x
dx
dxx

dx
dx ⋅−⋅  = 11 2

1
2
1

2
3

2
3

2
1sin

2
3cos

−−
⋅−⋅ xxxx   

 

     = 2
1

2
1

2
1

2
3

2
1sin

2
3cos

−
⋅−⋅ xxxx  = 2

1
2
1

2
3

2
1

sin
2
1cos

2
3 xxxx

−
−  = 2

1
2
3

sin
2

1cos
2
3 x

x
xx −  

 

f.  Given xy 3cos=  then 
dx
dy  = x

dx
d 3cos  = ( )3cos x

dx
d  = ( ) ( )x

dx
dx coscos3

2
⋅   

 

     = ( ) ( )x
dx
dxx ⋅−⋅ sincos3

2  = ( ) 2
1

sincos3
2

x
dx
dxx ⋅−⋅  = ( ) 12 2

1

2
1sincos3

−
⋅−⋅ xxx   

 

     = ( ) 2
1

sin
2
1cos3

2 −
⋅−⋅ xxx  = ( ) xxx sincos

2
3 22

1
⋅−

−  = xx
x

sincos
2

3 2−  

 

g.  Given xy 5sec=  then 
dx
dy  = x

dx
d 5sec  = ( ) 5sec x

dx
d  = ( ) ( )x

dx
dx secsec5 4⋅   

 

     = ( )x
dx
dxxx ⋅⋅ tansecsec5 4  = 14 2

1

2
1tansecsec5

−
⋅⋅ xxxx  = 2

1
tansecsec

2
5 4 −

⋅⋅ xxxx   

 

     = xxx
x

tansecsec
2

5 4 ⋅  = xx
x

tansec
2

5 5  

 

h.  Given 3
2

63 26 sinsin xxy ==  then 
dx
dy  = 

6
3
2

sin 







x

dx
d  = 3

2
3
2

sinsin6
5

x
dx
dx ⋅







  = 3
2

3
2

3
2

cossin6 5 x
dx
dxx ⋅⋅   

 

     = 15 3
2

3
2

3
2

3
2cossin6

−
⋅⋅ xxx  = 3

1
3
2

3
2

3
2cossin6 5 −
⋅⋅ xxx  = 3

2
3
2

cossin
3
12 5
3

xx
x

⋅  = 3
2

3
2

cossin4 5
3

xx
x

 

 

i.  Given xxy 3sin 23=  then 
dx
dy  = ( )xx

dx
d 3sin 23  = x

dx
dxx

dx
dx 3sin3sin 2332 ⋅+⋅   
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     = ( )2322 3sin33sin x
dx
dxxx ⋅+⋅  = x

dx
dxxxx 3sin3sin23sin3 322 ⋅⋅+  = x

dx
dxxxxx 33cos3sin23sin3 322 ⋅⋅⋅+   

 
     = 33cos3sin23sin3 322 ⋅⋅⋅+ xxxxx  = xxxxx 3cos3sin63sin3 322 +  

 

j.  Given ( ) 2cot1 xxy +=  then 
dx
dy  = ( )[ ]2cot1 xx

dx
d

+  = ( ) ( ) 22 cot11cot x
dx
dxx

dx
dx +++   

 

     = ( ) 2222 csc11cot x
dx
dxxx ⋅−⋅++⋅  = ( ) xxxx 2csc1cot 222 ⋅⋅+−  = ( ) 222 csc12cot xxxx +−  

 

k.  Given ( )2
1

5sin5sin xxy ==  then 
dx
dy  = ( )2

1
5sin x

dx
d  = ( ) x

dx
dx 5sin5sin

2
1 12

1 −  = ( ) x
dx
dxx 55cos5sin

2
1

2
1

⋅⋅−   

 

     = ( ) 55cos5sin
2
1

2
1

⋅⋅− xx  = 
( ) 2

1
5sin

5cos
2
5

x

x
⋅  = 

x
x

5sin
5cos

2
5
⋅  

 

l.  Given ( )2
1

5csc5csc xxy ==  then 
dx
dy  = ( )2

1
5csc x

dx
d  = ( ) x

dx
dx 5csc5csc

2
1 12

1 −   

 

     = ( ) x
dx
dxxx 55cot5csc5csc

2
1

2
1

⋅−⋅−  = ( ) 55cot5csc5csc
2
1

2
1

⋅−⋅− xxx  = 
( ) 2

1
5csc

5cot5csc
2
5

x

xx
⋅−   

 

     = ( ) xxx 5cot5csc5csc
2
5

2
1
⋅⋅⋅− −  = ( ) xx 5cot5csc

2
5

2
11 ⋅⋅− −  = ( ) xx 5cot5csc

2
5

2
1
⋅⋅−  = xx 5cot5csc

2
5

−  

 
Example 3.1-2:  Find the derivative of the following trigonometric functions: 

a.  
2

csc

x

x
y =     b.  

3
sin 2

+
=

x
x

y     c.  xy 5sin=  

d.  5sin xy =     e.  xy 5sin=     f.  ( )1tan 2 += xy  

g.  ( ) 32 1tan += xy    h.  ( )1tan 23 += xy    i.  3cos xy =  

j.  xy 3cos=     k.  xy 10csc=     l.  10csc xy =  

a.  Given 2
csc

x

x
y =  then 

dx
dy  = 








2

csc

x

x
dx
d  = 

( ) ( )
4

22 csccsc

x

xxxx dx
d

dx
d ⋅−⋅

 = 4

2 2csccotcsc

x

xxxxx ⋅−−⋅   

 

     = 4

2 csc2cotcsc

x

xxxxx −−  = ( )
34

2cotcsc
=/

+/−

x

xxxx  = 
( )

3

2cotcsc

x

xxx +−
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b.  Given 
3

sin 2

+
=

x
x

y  then 
dx
dy  = 











+ 3
sin 2

x
x

dx
d  = 

( )[ ] ( )[ ]
( )2

22

3

3sinsin3

+

+⋅−⋅+

x

xxxx dx
d

dx
d

  

 

     = 
( )

( )2
222

3

1sincos3

+

⋅−⋅⋅+

x

xxxx dx
d

 = ( )
( )2

22

3

sin2cos3

+

−⋅⋅+

x

xxxx  = ( )
( ) 2

22

3

sincos32

+

−+

x

xxxx  

 

c.  Given xy 5sin=  then 
dx
dy  = x

dx
d 5sin  = x

dx
dx 55cos ⋅  = 55cos ⋅x  = x5cos5  

 

d.  Given 5sin xy =  then 
dx
dy  = 5sin x

dx
d  = 55cos x

dx
dx ⋅  = 45 5cos xx ⋅  = 54 cos5 xx  

 

e.  Given xy 5sin=  then 
dx
dy  = x

dx
d 5sin  = ( )5sin x

dx
d  = ( ) x

dx
dx sinsin5 4 ⋅  = ( ) x

dx
dxx ⋅⋅cossin5 4   

 
     = ( ) 1cossin5 4 ⋅⋅ xx  = xx cossin5 4  
 

f.  Given ( )1tan 2 += xy  then 
dx
dy  = ( )1tan 2 +x

dx
d  = ( ) ( )11sec 222 +⋅+ x

dx
dx  = ( )1sec2 22 +xx  

 

g.  Given ( ) 32 1tan += xy  then 
dx
dy  = ( ) 32 1tan +x

dx
d  = ( ) ( )32322 11sec +⋅+ x

dx
dx   

 

     = ( ) ( ) ( )1131sec 222322 +⋅+⋅+ x
dx
dxx  = ( ) ( ) xxx 2131sec

22322 ⋅+⋅+  = ( ) ( ) 32222 1sec16 ++ xxx  

 

h.  Given ( ) ( )[ ]3223 1tan1tan +=+= xxy  then 
dx
dy  = ( )[ ]32 1tan +x

dx
d  = ( )[ ] ( )1tan1tan3 222 +⋅+ x

dx
dx   

 

     = ( ) ( ) ( )11sec1tan3 22222 +⋅+⋅+ x
dx
dxx  = ( ) ( ) xxx 21sec1tan3 2222 ⋅+⋅+  = ( ) ( )1sec1tan6 2222 ++ xxx  

 

i.  Given 3cos xy =  then 
dx
dy  = 3cos x

dx
d  = 33sin x

dx
dx ⋅−  = 23 3sin xx ⋅−  = 32 sin3 xx−  

 

j.  Given ( )33 coscos xxy ==  then 
dx
dy  = ( )3cos x

dx
d  = ( ) x

dx
dx coscos3 2 ⋅  = ( ) x

dx
dxx ⋅−⋅ sincos3 2   

 
     = ( ) 1sincos3 2 ⋅−⋅ xx  = ( ) 2cossin3 xx−  
 

k.  Given xy 10csc=  then 
dx
dy  = x

dx
d 10csc  = x

dx
dxx 1010cot10csc ⋅−  = xx 10cot10csc10−  
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l.  Given 10csc xy =  then 
dx
dy  = 10csc x

dx
d  = 101010 cotcsc x

dx
dxx ⋅−  = 10109 cotcsc10 xxx−  

 
Example 3.1-3:  Find the derivative of the following trigonometric functions. 

a.  xy 10csc=     b.  45sec xy =     c.  44 5sec xy =  

d.  xxy cotsec ⋅=    e.  ( )1secsin 2 +⋅= xxy    f.  ( ) xxy 22 cos1sin ⋅+=  

g.  xxy 22 cossin +=    h.  xy 4cos4+=    i.  22sin xy =  

j.  xxy 22 tansec −=    k.  ( )21cos xy −=    l.  ( )23cos2 += xy  

Solutions: 

a.  Given xy 10csc=  then 
dx
dy  = ( )x

dx
d 10csc  = x

dx
dx csccsc10 9 ⋅  = x

dx
dxxx ⋅−⋅ cotcsccsc10 9   

 
     = 1cotcsccsc10 9 ⋅−⋅ xxx  = xx cotcsc10 10−  
 

b.  Given 45sec xy =  then 
dx
dy  = ( )45sec x

dx
d  = ( )444 55tan5sec x

dx
dxx ⋅⋅  = ( ) 1444 455tan5sec −⋅⋅⋅ xxx   

 
     = 344 205tan5sec xxx ⋅⋅  = 443 5tan5sec20 xxx  
 

c.  Given ( )4444 5sec5sec xxy ==  then 
dx
dy  = ( )445sec x

dx
d  = ( ) ( )434 5sec5sec4 x

dx
dx ⋅  = ( ) 434 5sec5sec4 xx ⋅  

 

     = ( )44 55tan x
dx
dx ⋅×  = ( ) 34434 205tan5sec5sec4 xxxx ⋅⋅⋅  = ( ) 4443 5tan5sec80 xxx  

 

d.  Given xxy cotsec ⋅=  then 
dx
dy  = ( )xx

dx
d cotsec ⋅  = 






 ⋅+






 ⋅ x

dx
dxx

dx
dx cotsecseccot   

 

     = 





 ⋅−⋅+






 ⋅⋅ x

dx
dxxx

dx
dxxx 2cscsectanseccot  = ( ) ( )1cscsec1tanseccot 2 ⋅−⋅+⋅⋅ xxxxx   

 

     = xxxxx 2cscsectanseccot −⋅+⋅  = ( )xxxx 2csccottansec −  
 

e.  Given ( )1secsin 2 +⋅= xxy  then 
dx
dy  = ( )[ ]1secsin 2 +⋅ xx

dx
d  = ( ) ( )1secsinsin1sec 22 +⋅+⋅+ x

dx
dxx

dx
dx   

 

     = ( ) ( ) ( ) ( )11tan1secsincossin21sec 2 +⋅+⋅+⋅+⋅⋅⋅+ x
dx
dxxxx

dx
dxxx  = ( ) 1cossin21sec ⋅⋅⋅+ xxx   
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     ( ) ( ) 11tan1secsin 2 ⋅++⋅+ xxx  = ( ) ( ) ( )1tan1secsin1seccossin2 2 ++++ xxxxxx   

 
     = ( ) ( )[ ]1tansincos21secsin +++ xxxxx  
 

f.  Given ( ) xxy 22 cos1sin ⋅+=  then 
dx
dy  = ( )[ ]xx

dx
d 22 cos1sin ⋅+  = ( ) 



 +⋅ 1sincos 22 x

dx
dx   

 

    ( ) 



 ⋅++ x

dx
dx 22 cos1sin  = ( ) ( ) ( ) 



 ⋅⋅++



 +⋅+⋅ x

dx
dxxx

dx
dxx coscos21sin11coscos 2222   

 

     = ( )[ ] ( )[ ]xxxxxx sincos21sin21coscos 222 −⋅⋅++⋅+⋅  = ( ) ( )1sincossin21coscos2 222 +−+ xxxxxx  
 

g.  Given xxy 22 cossin +=  then 
dx
dy  = ( )xx

dx
d 22 cossin +  = x

dx
dx

dx
d 22 cossin +  = x

dx
dx sinsin2 ⋅  

 

     = x
dx
dx coscos2 ⋅+  = x

dx
dxxx

dx
dxx ⋅−⋅+⋅⋅ sincos2cossin2  = 1sincos21cossin2 ⋅−⋅+⋅⋅ xxxx   

 
     = xxxx cossin2cossin2 −  = 0  

 
     A second way of solving this problem is by noting that 1cossin 22 =+ xx .  Therefore, given  
 

     1cossin 22 =+= xxy  then 
dx
dy  = ( )xx

dx
d 22 cossin +  = ( )1

dx
d  = 0  

 

h.  Given ( )2
1

4cos44cos4 xxy +=+=  then 
dx
dy  = ( )2

1
4cos4 x

dx
d

+  = ( ) ( )x
dx
dx 4cos44cos4

2
1 12

1
+⋅+ −   

 

     = ( ) 





 +⋅+ − x

dx
d

dx
dx 4cos44cos4

2
1

2
1

 = ( ) 





 ⋅−⋅+ − x

dx
dxx 44sin04cos4

2
1

2
1

 = ( ) ( )xx 4sin44cos4
2
1

2
1

−⋅+ −   

 

     = ( ) 2
1

4cos4
2

4sin4
2

−+⋅
/

/
− x

x  = ( ) 2
1

4cos44sin2 −+⋅− xx  = 
( )2

1
4cos4

4sin2

x

x

+
−  

 

i.  Given 22sin xy =  then 
dx
dy  = ( )22sin x

dx
d  = ( )22sin x

dx
d  = 22 sinsin2 x

dx
dx ⋅  = 222 cossin2 x

dx
dxx ⋅⋅   

 
     = xxx 2cossin2 22 ⋅⋅  = 22 cossin4 xxx  
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j.  Given xxy 22 tansec −=  then 
dx
dy  = ( )xx

dx
d 22 tansec −  = x

dx
dx

dx
d 22 tansec −  = x

dx
dx secsec2 ⋅  

 

     = x
dx
dx tantan2 ⋅−  = x

dx
dxxx

dx
dxxx ⋅⋅−⋅⋅ 2sectan2tansecsec2  = 1sectan21tansec2 22 ⋅⋅−⋅⋅ xxxx   

 
     = xxxx tan2sectansec2 22 −  = 0  
 
     A second way of solving this problem is by noting that 1tansec 22 =− xx .  Therefore, given  
 

     1tansec 22 =−= xxy  then 
dx
dy  = ( )xx

dx
d 22 tansec −  = ( )1

dx
d  = 0  

 

k.  Given ( )21cos xy −=  then 
dx
dy  = ( )[ ]21cos x

dx
d

−  = ( ) ( )22 11sin x
dx
dx −⋅−−  = ( )21sin2 xx −  

 

l.  Given ( )23cos2 += xy  then 
dx
dy  = ( )[ ]23cos2 +x

dx
d  = ( )[ ]223cos +x

dx
d  = ( ) ( )23cos23cos2 +⋅+ x

dx
dx   

 

     = ( ) ( ) ( )2323sin23cos2 +⋅+−⋅+ x
dx
dxx  = ( ) ( ) 323sin23cos2 ⋅+−⋅+ xx  = ( ) ( )23sin23cos6 ++− xx  

 
     Note that since ααα cossin22sin =  the above answer can also be written as: 
 

     
dx
dy  = ( ) ( )23sin23cos6 ++− xx  = ( ) ( )[ ]23cos23sin23 ++⋅− xx  = ( )[ ]232sin3 +⋅⋅− x  = ( )46sin3 +− x  

 
Example 3.1-4:  Find the derivative of the following trigonometric functions: 

a.  xxy 2sin32=        b.  
x
xy

cos
sin 2

=        c.  
x
xy

cot
tan 2

=  

d.  xy 10sec2=         e.  xy 2cos3=        f.  53 cot xxy =  

g.  
x

xy
2sin

=         h.  ( )xy 31cos2 +=        i.  xxy 35 cot=  

j.  xxy 5sin4tan=        k.  
x
x

y
2cos
3sin

=        l.  
3

4sin
+

=
x

x
y  

Solutions: 

a.  
dx
dy  = ( )xx

dx
d 2sin 32  = x

dx
dxx

dx
dx 2sin2sin 3223 ⋅+⋅  = x

dx
dxxxx 2sin2sin322sin 223 ⋅⋅+⋅   

 

     = x
dx
dxxxxx 22cos2sin32sin2 223 ⋅⋅⋅+  = 22cos2sin32sin2 223 ⋅⋅⋅+ xxxxx  = 23 62sin2 xxx +   
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     xx 2cos2sin 2×  = ( )xxxxx 2cos32sin2sin2 2 +  

 

b.  
dx
dy  = 











x
x

dx
d

cos
sin 2

 = 
( ) ( )

x

xxxx dx
d

dx
d

2

22

cos

cossinsincos ⋅−⋅
 = 

( ) ( )
x

xxxxx dx
d

2

2

cos

sinsinsinsin2cos −⋅−⋅⋅
  

 

     = 
( )

x

xxxx
2

3

cos

sincossin2cos +⋅⋅
 = 

x

xxx
2

32

cos

sincossin2 +
 = 

( )
x

xxx
2

22

cos

sincos2sin +
 

 

c.  
dx
dy  = 











x
x

dx
d

cot
tan 2

 = 
( ) ( )

x

xxxx dx
d

dx
d

2

22

cot

cottantancot ⋅−⋅
 = 

( ) ( )
x

xxxxx dx
d

2

22

cot

csctantantan2cot −⋅−⋅⋅
  

 

     = 
( )

x

xxxxx
2

222

cot

csctansectan2cot +⋅⋅
 = 

( )
x

xxxxx
2

22

cot

csctanseccot2tan +
 

 

d.  
dx
dy  = ( )x

dx
d 10sec2  = ( )x

dx
dx 10sec10sec2 ⋅  = ( )x

dx
dxxx 1010tan10sec10sec2 ⋅⋅  = xx 10sec10sec2 ⋅   

 

     x
dx
dx ⋅⋅× 1010tan = 1010tan10sec2 2 ⋅xx  = xx 10tan10sec20 2  

 

e.  
dx
dy  = ( )x

dx
d 2cos3  = ( )x

dx
dx 2cos2cos3 2 ⋅  = x

dx
dxx 22sin2cos3 2 ⋅−⋅  = x

dx
dxx ⋅⋅−⋅ 22sin2cos3 2   

 
     = 22sin2cos3 2 ⋅−⋅ xx  = xx 2sin2cos6 2−  
 

f.  
dx
dy  = ( )53 cot xx

dx
d  = 5335 cotcot x

dx
dxx

dx
dx ⋅+⋅  = 552325 csc3cot x

dx
dxxxx ⋅−⋅+⋅   

 

     = 452352 5csccot3 xxxxx ⋅⋅−  = 52752 csc5cot3 xxxx −  = ( )52552 csc5cot3 xxxx −  
 

g.  
dx
dy  = 











x
x

dx
d 2sin  = 

( ) ( )
2

22 sinsin

x

xxxx dx
d

dx
d ⋅−⋅

 = 
( ) ( )

2

2 1sinsinsin2

x

xxxx dx
d ⋅−⋅⋅

 

 

     = 
( )

2

2sincossin2

x

xxxx −⋅⋅
 = 2

2sincossin2

x

xxxx −
 = 

( )
2

sincos2sin

x

xxxx −
 

 



Calculus I  3.1  Differentiation of Trigonometric Functions  

Hamilton Education Guides   148 

h.  
dx
dy  = ( )[ ]x

dx
d 31cos2 +  = ( ) ( )x

dx
dx 31cos31cos2 +⋅+  = ( ) ( ) ( )x

dx
dxx 3131sin31cos2 +⋅+−⋅+   

 

     = ( ) ( ) 





 +⋅+⋅+− x

dx
d

dx
dxx 3131sin31cos2  = ( ) ( ) ( )3031sin31cos2 +⋅+⋅+− xx  = ( ) ( )xx 31sin31cos6 ++−  

 

i.  
dx
dy  = ( )xx

dx
d 35 cot  = x

dx
dxx

dx
dx 3553 cotcot ⋅+⋅  = x

dx
dxxxx cotcot35cot 2543 ⋅⋅+⋅   

 

     = x
dx
dxxxxx ⋅−⋅⋅+ 22534 csccot3cot5  = 1csccot3cot5 22534 ⋅⋅⋅− xxxxx  = ( )xxxxx 224 csc3cot5cot −  

 

j.  
dx
dy  = ( )xx

dx
d 5sin4tan  = x

dx
dxx

dx
dx 4tan5sin5sin4tan ⋅+⋅  = x

dx
dxxx

dx
dxx 44sec5sin55cos4tan 2 ⋅⋅+⋅⋅   

 
     = 44sec5sin55cos4tan 2 ⋅⋅+⋅⋅ xxxx  = xxxx 4sec5sin45cos4tan5 2+  
 

k.  
dx
dy  = 








x
x

dx
d

2cos
3sin  = 

( ) ( )
x

xxxx dx
d

dx
d

2cos

2cos3sin3sin2cos
2

⋅−⋅
 = 

( ) ( )
x

xxxxxx dx
d

dx
d

2cos

22sin3sin33cos2cos
2

⋅−⋅−⋅⋅
  

 

     = 
( ) ( )

x

xxxx

2cos

22sin3sin33cos2cos
2

⋅−⋅−⋅⋅
 = 

x
xxxx

2cos
2sin3sin22cos3cos3

2
+  

 

l.  
dx
dy  = 








+ 3

4sin
x

x
dx
d  = 

( )[ ] ( )[ ]
( )23

34sin4sin3

+

+⋅−⋅+

x

xxxx dx
d

dx
d

 = 
( )[ ] [ ]

( )23

14sin44cos3

+

⋅−⋅⋅+

x

xxxx dx
d

  

 

     = 
( )[ ]

( )23

4sin44cos3

+

−⋅⋅+

x

xxx
 = ( )

( ) 23

4sin4cos34

+

−+

x

xxx  

 
Example 3.1-5:  Find the derivative of the following trigonometric functions: 

a.  xy 3cotsin =    b.  xy 5tan3cos =    c.  ( ) 2cos1sin xy =+  

d.  xy 10cossin =    e.  ( ) xy 5sin23tan =+    f.  xy cscsec2 =  

g.  ( )yxyx += sincos    h.  ( )yxyx 53cos2sin2 +=   i.  xyx cottan =  

a.  Given xy 3cotsin = , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= . 

     x
dx
dxy

dx
dy 33csccos 2 ⋅−=⋅  ; 33csccos 2 ⋅−=′⋅ xyy  ; 

y
xy

cos
3csc3 2

−=′  
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b.  Given xy 5tan3cos = , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= . 

     x
dx
dxy

dx
dy 55sec33sin 2 ⋅=⋅−  ; 55sec33sin 2 ⋅=′⋅− xyy  ; xyy 5sec53sin3 2=′⋅−  ; 

y
xy

3sin3
5sec5 2

−=′  

c.  Given ( ) 2cos1sin xy =+ , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= . 

     ( ) ( ) 22sin11cos x
dx
dxy

dx
dy ⋅−=+⋅+  ; ( ) xxyy 2sin1cos 2 ⋅−=′⋅+  ; 

( )1cos

sin2 2

+
−=′

y

xxy  

d.  Given xy 10cossin = , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= .  

     x
dx
dxy

dx
dy 1010sincos ⋅−=⋅  ; 1010sincos ⋅−=′⋅ xyy  ; 

y
xy

cos
10sin10

−=′  

e.  Given ( ) xy 5sin23tan =+ , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= . 

     ( ) ( ) x
dx
dxy

dx
dy 55cos2323sec2 ⋅=+⋅+  ; ( ) 55cos323sec2 ⋅=′⋅+ xyy  ; 

( )23sec3

5cos5
2 +

=′
y

xy  

f.  Given xy cscsec2 = , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= .  

     x
dx
dxxy

dx
dy ⋅−=⋅ cotcscsecsec2  ; 1cotcsctansecsec2 ⋅−=⋅⋅ xxy

dx
dyyy  ; xxyyy cotcsctansec2 2 −=′⋅   

 

     ; 
yy

xx
y

tansec2

cotcsc
2

−
=′  ; 

yy

xxy
tansec2

cotcsc
2

−=′  

g.  Given ( )yxyx += sincos , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= . 

     ( ) ( )yx
dx
dyxy

dx
dxx

dx
dy +⋅+=⋅+⋅ coscoscos  ; ( ) 






 +⋅+=⋅−⋅+⋅ y

dx
dx

dx
dyxy

dx
dyxy cossin1cos   

 
     ; ( ) ( )yyxyyxy ′+⋅+=′⋅−⋅+⋅ 1cossin1cos  ; ( ) ( )yxyyxyyxy +′++=′− coscossincos   

 
     ; ( ) ( ) yyxyxyyyx coscoscossin −+=+′−′−  ; ( ) ( )yxyyxyyyx +−=+′+′ coscoscossin   

 

     ; ( )[ ] ( )yxyyxyxy +−=++′− coscoscossin  ; 
( )
( )yxyx

yxy
y

++

+−
−=′

cossin

coscos
 

h.  Given ( )yxyx 53cos2sin2 += , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= . 

     ( ) ( )yx
dx
dyxy

dx
dxx

dx
dy 5353sin2sin2sin 22 +⋅+−=⋅+⋅  ; ( )yxy

dx
dyxxy 53sin22cos22sin 2 +−=⋅⋅+⋅   
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     





 +× y

dx
dx

dx
d 53  ; ( ) ( )yyxyyxxy ′+⋅+−=′⋅⋅+⋅ 5353sin22cos22sin 2  ; yxyyx 2cos22sin2 2′+   

 
     ( ) ( )yxyyx 53sin553sin3 +′−+−=  ; ( ) ( ) yxyxyxyyxy 2sin253sin353sin52cos2 2 −+−=+′+′   

 

     ; ( )[ ] ( ) yxyxyxyxy 2sin253sin353sin52cos2 2 −+−=++′  ; ( )
( )[ ]yxyx

yxyxy
53sin52cos2

2sin253sin3
2 ++

++
−=′  

i.  Given xyx cottan = , let’s take the derivative on both sides of the equation to obtain y
dx
dy ′= . 

     x
dx
dxy

dx
dxx

dx
dy ⋅−=⋅+⋅ 2csctantan  ; 1cscsec1tan 22 ⋅−=⋅⋅+⋅ xy

dx
dyxy  ; xyyxy 22 cscsectan −=′⋅⋅+   

 

     yxyyx tancscsec 22 −−=⋅′⋅  ; 
yx

yxy
2

2

sec

tancsc +
−=′  

 
Example 3.1-6:  Find the first and second derivative of the following trigonometric functions: 

a.  xy 5sin=     b.  xy 5sin 2=     c.  ( )310cos += xy  

d.  xy 2tan=     e.  2tan xy =     f.  xy 2tan=  

g.  xxy 3cos3sin +=    h.  xxy sin=     i.  ( )15tan += xy  

j.  xxxy cossin −=    k.  xy 2sin2+=    l.  ( )22sin xy =  

Solutions: 

a.  
dx
dy  = ( )x

dx
d 5sin  = ( )x

dx
dx 55cos ⋅  = 55cos ⋅x  = x5cos5  

 

2

2

dx

yd  = ( )x
dx
d 5cos5  = x

dx
dx 55sin5 ⋅−  = 55sin5 ⋅− x  = x5sin25−  

 

b.  
dx
dy  = ( )x

dx
d 5sin 2  = ( )25sin x

dx
d  = ( )x

dx
dx 5sin5sin2 ⋅  = ( )x

dx
dxx 55cos5sin2 ⋅⋅  = xx 5cos5sin10  

 

2

2

dx

yd  = ( )xx
dx
d 5cos5sin10  = ( )xx

dx
d 5cos5sin10  = ( ) ( )



 ⋅+⋅ x

dx
dxx

dx
dx 5cos5sin5sin5cos10   

 

= ( )xxxx 5sin5sin55cos55cos10 ⋅−⋅  = ( )xx 5sin55cos510 22 −  = ( )xx 5sin5cos50 22 −  

Note that since ααα cossin22sin =  the first derivative can also be written as: 



Calculus I  3.1  Differentiation of Trigonometric Functions  

Hamilton Education Guides   151 

dx
dy  = ( )xx 5cos5sin25  = ( )x52sin5 ⋅  = x10sin5 .  Thus, 

2

2

dx

yd  = x
dx
dx 1010cos5 ⋅⋅  = x10cos50  

c.  
dx
dy  = ( )[ ]310cos +x

dx
d  = ( ) ( )310310sin +⋅+− x

dx
dx  = ( ) 10310sin ⋅+− x  = ( )310sin10 +− x  

 

2

2

dx

yd  = ( )[ ]310sin10 +− x
dx
d  = ( ) ( )310310cos10 +⋅+− x

dx
dx  = ( ) 10310cos10 ⋅+− x  = ( )310cos100 +− x  

 

d.  
dx
dy  = ( )x

dx
d 2tan  = ( )x

dx
dx 22sec2 ⋅  = 22sec2 ⋅x  = x2sec2 2  

 

2

2

dx

yd  = ( )x
dx
d 2sec2 2  = ( )22sec2 x

dx
d

⋅  = x
dx
dx 2sec2sec22 ⋅⋅  = x

dx
dxxx 22tan2sec2sec4 ⋅⋅   

 
= 22tan2sec2sec4 ⋅⋅ xxx  = xxx 2tan2sec2sec8  = xx 2tan2sec8 2  

 

e.  
dx
dy  = ( )2tan x

dx
d  = ( )222sec x

dx
dx ⋅  = xx 2sec 22 ⋅  = 22sec2 xx  

 

2

2

dx

yd  = ( )22sec2 xx
dx
d  = ( )22sec2 xx

dx
d  = ( ) ( )2222 sec22sec x

dx
dxx

dx
dx ⋅+⋅   

 

= ( ) ( ) ( )2222 secsec222sec x
dx
dxxx ⋅⋅+⋅  = ( ) ( ) 222222 tansecsec222sec x

dx
dxxxxx ⋅⋅⋅+⋅   

 

= xxxxx 2tansec222sec 22222 ⋅⋅+⋅  = 222222 tansec8sec2 xxxx +  = ( )2222 tan41sec2 xxx +  

 

f.  
dx
dy  = ( )x

dx
d 2tan  = ( )2tan x

dx
d  = x

dx
dx tantan2 ⋅  = x

dx
dxx ⋅⋅ 2sectan2  = 1sectan2 2 ⋅⋅ xx  = xx 2sectan2  

 

2

2

dx

yd  = ( )xx
dx
d 2sectan2  = 






 ⋅+⋅ x

dx
dxx

dx
dx 22 sectantansec2  = 






 ⋅⋅+⋅ x

dx
dxxxx secsec2tansecsec2 22   

 

= ( )xxxxx tansecsec2tansec2 4 ⋅⋅+  = ( )xxx 224 tansec2sec2 +  = ( )xxx 222 tan2secsec2 +  
 

g.  
dx
dy  = ( )xx

dx
d 3cos3sin +  = x

dx
dx

dx
d 3cos3sin +  = x

dx
dxx

dx
dx 33sin33cos ⋅−⋅  = xx 3sin33cos3 −  

 

2

2

dx

yd  = ( )xx
dx
d 3sin33cos3 −  = x

dx
dx

dx
d 3sin33cos3 −  = x

dx
dxx

dx
dx 33cos333sin3 ⋅−⋅−   
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= 33cos333sin3 ⋅−⋅− xx  = xx 3cos93sin9 −−  = ( )xx 3cos3sin9 +−  

 

h.  
dx
dy  = ( )xx

dx
d sin  = x

dx
dxx

dx
dx sinsin ⋅+⋅  = xxx cos1sin ⋅+⋅  = xxx cossin +  

 

2

2

dx

yd  = ( )xxx
dx
d cossin +  = ( )xx

dx
dx

dx
d cossin +  = 






 ⋅+⋅+⋅ x

dx
dxx

dx
dxx

dx
dx coscoscos   

 
= ( )xxxx sin1cos1cos ⋅−⋅+⋅  = xxxx sincoscos −+  = xxx sincos2 −  

 

i.  
dx
dy  = ( )[ ]15tan +x

dx
d  = ( ) ( )1515sec2 +⋅+ x

dx
dx  = ( ) 515sec2 ⋅+x  = ( )15sec5 2 +x  

 

2

2

dx

yd  = ( )[ ]15sec5 2 +x
dx
d  = ( )[ ]215sec5 +⋅ x

dx
d  = ( ) ( )15sec15sec25 +⋅+⋅ x

dx
dx   

 

= ( ) ( ) ( ) ( )1515tan15sec15sec10 +⋅++⋅+ x
dx
dxxx  = ( ) ( ) 515tan15sec10 2 ⋅++ xx  = ( ) ( )15tan15sec50 2 ++ xx  

 

j.  
dx
dy  = ( )xxx

dx
d cossin −  = ( )xx

dx
dx

dx
d cossin −  = 






 ⋅+⋅−⋅ x

dx
dxx

dx
dxx

dx
dx coscoscos   

 
     = ( )xxxx sin1cos1cos ⋅−⋅−⋅  = xxxx sincoscos +−  = xx sin  

 

2

2

dx

yd  = ( )xx
dx
d sin  = x

dx
dxx

dx
dx sinsin ⋅+⋅  = xxx cos1sin ⋅+⋅  = xxx cossin +  

 

k.  
dx
dy  = ( )x

dx
d 2sin2+  = ( )2

1
2sin2 x

dx
d

+  = ( ) ( )x
dx
dx 2sin22sin2

2
1 12

1
+⋅+ −  = ( ) 2

1
2sin2

2
1 −+ x   

 

     





 +× x

dx
d

dx
d 2sin2  = ( ) ( )xx 2cos202sin2

2
1

2
1

+×+ −  = 
( )

x
x

2cos2
2sin2

1
2
1

2
1

/⋅
+

⋅
/

 = 
x

x
2sin2

2cos
+

 

 

2

2

dx

yd  = 













+ x
x

dx
d

2sin2
2cos  = 

( ) ( )

x

xxxx dx
d

dx
d

2sin2

2sin22cos2cos2sin2 2
1

2
1

+







 +⋅−






 ⋅+

  

 

= 
( ) ( ) ( )

x

xxxxxx dx
d

dx
d

2sin2

2sin22sin22cos22sin2sin2 1
2
1 2

1
2
1

+







 +⋅+⋅−






 ⋅−⋅+ −

 = 
( )

x

xx

2sin2

22sin2sin2 2
1

+







 ⋅−⋅+
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( )

x

xxx

2sin2

2cos22sin22cos 2
1

2
1

+







 /⋅+⋅− −

/
 = 

( ) ( )

x

xxxx

2sin2

2sin22cos2sin22sin2 2
1

2
1 2

+







 +⋅−






 +⋅− −

 

 

l.  
dx
dy  = ( )22sin x

dx
d  = 22 sinsin2 x

dx
dx ⋅  = 222 cossin2 x

dx
dxx ⋅  = xxx 2cossin2 22 ⋅  = 22 cossin4 xxx  

 
Note that since ααα cossin22sin =  the first derivative can also be written as: 

dx
dy  = ( )22 cossin22 xxx  = 22sin2 xx  and the second derivative is equal to the following: 

2

2

dx

yd  = ( )22sin2 xx
dx
d  = 






 ⋅+⋅ 22 2sin2sin2 x

dx
dxx

dx
dx  = 






 ⋅⋅+⋅ 222 22cos12sin2 x

dx
dxxx   

 
= ( )xxxx 42cos2sin2 22 ⋅⋅+  = ( )222 2cos42sin2 xxx +  = 222 2cos82sin2 xxx +  

 
Example 3.1-7:  Find the derivative of the following trigonometric functions: 

a.  74sin 32 ++= xxy    b.  ( )xy 5sin10 −=    c.  ( )35cot += xy  

d.  ( )14cos5 −= xy    e.  232sin xxy += π    f.  2103sec xxy +=  

g.  3cossin +−= xxy   h.  xxxy 238sin5 2 +−=   i.  ( ) xxy 1010csc7 ++=  
 

a.  
dx
dy  = ( )74sin 32 ++ xx

dx
d  = 74sin 32

dx
dx

dx
dx

dx
d

++  = ( ) 034cos 222 +⋅+⋅ xx
dx
dx  = 22 122cos xxx +⋅   

 

= 22 12cos2 xxx +  = ( )xxx 6cos2 2 +  
 

b.  
dx
dy  = ( )[ ]x

dx
d 5sin10 −  = ( ) ( )x

dx
dx 55cos10 −⋅−  = ( ) 55cos10 −⋅− x  = ( )x5cos50 −−  

 

c.  
dx
dy  = ( )[ ]35cot +x

dx
d  = ( ) ( )3535csc2 +⋅+− x

dx
dx  = ( ) 535csc2 ⋅+− x  = ( )35csc5 2 +− x  

 

d.  
dx
dy  = ( )[ ]14cos5 −x

dx
d  = ( ) ( )1414sin5 −⋅−− x

dx
dx  = ( ) 414sin5 ⋅−− x  = ( )14sin20 −− x  

 

e.  
dx
dy  = ( )232sin xx

dx
d

+π  = 232sin x
dx
dx

dx
d

+π  = xx
dx
dx 622cos +⋅ ππ  = xx 62cos2 +ππ  

 

f.  
dx
dy  = ( )2103sec xx

dx
d

+  = 2103sec x
dx
dx

dx
d

+  = xx
dx
dxx 2033tan3sec +⋅  = xxx 203tan3sec3 +  
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g.  
dx
dy  = ( )3cossin +− xx

dx
d  = 3cossin

dx
dx

dx
dx

dx
d

+−  = 0sincos +⋅+⋅ x
dx
dxx

dx
dx   

 

= 
x

x
x

x
2

1sin
2

1cos ⋅+⋅  = 
x
x

x
x

2
sin

2
cos

+  = 
x

xx
2

sincos +  

 

h.  
dx
dy  = ( )xxx

dx
d 238sin5 2 +−  = x

dx
dx

dx
dx

dx
d 238sin5 2 +−  = 2688cos5 +−⋅ xx

dx
dx  = 268cos40 +− xx  

 

i.  
dx
dy  = ( )[ ]xx

dx
d 1010csc7 ++  = ( ) x

dx
dx

dx
d 1010csc7 ++  = ( ) ( ) ( ) 101010cot10csc7 ++⋅++− x

dx
dxx   

 
= ( ) ( ) 10110cot10csc7 +⋅++− xx  = ( ) ( ) 1010cot10csc7 +++− xx  

 
Example 3.1-8:  Given the following trigonometric functions find 

dx
dy . 

a.  ty cos1+=  and ttx sin+=      b.  21 ty +=  and ttx sin=  

c.  θ3sin=y  and θ2cos=x      d.   α3sin=y  and α3cos=x  

e.  tety =  and tex t cos=      f.   23ln5 ty =  and 3ln tx =  

g.  tey t cos=  and ttx ln=      h.  ty 2sin=  and tx 4sec=  

i.  ( )1cos2 += θy  and 2sin θ=x      j.  ωsin3=y  and 23cos ω=x  

k.  3 2ty =  and tx +=1      l.  θθ −=y  and θθ cos2=x  

Solutions: 

a.  Given ty cos1+=  and ttx sin+=  then 
dt
dy  = ( )t

dt
d cos1+  = t

dt
d

dt
d cos1+  = tsin−  and 

dt
dx   

 

= ( )tt
dt
d sin+  = t

dt
dt

dt
d sin+  = tcos1+   Therefore 

dtdx
dtdy  = 

dxdt
dtdy
⋅
⋅  = 

dx
dy  = 

t
t

cos1
sin
+
−  

 

b.  Given 21 ty +=  and ttx sin=  then  
dt
dy  = ( )21 t

dt
d

+  = 21 t
dt
d

dt
d

+  = t20+  = t2  and 
dt
dx   

 

= tt
dt
d sin  = t

dt
dtt

dt
dt sinsin ⋅+⋅  = ttt cos1sin ⋅+⋅  = ttt cossin +   So 

dtdx
dtdy  = 

dx
dy  = 

ttt
t

cossin
2
+

 

 

c.  Given θ3sin=y  and θ2cos=x  then  
θd

dy  = θ
θ

3sin
d
d  = ( ) 3sin θ

θd
d  = θ

θ
θ sinsin3 2

d
d

⋅   

 

= θθ cossin3 2  and 
θd

dx  = θ
θ

2cos
d
d  = ( ) 2cosθ

θd
d  = θ

θ
θ coscos2

d
d

⋅  = θθ sincos2 −⋅   
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= θθ cossin2−   Therefore 
θ
θ

ddx
ddy  = 

dx
dy  = 

θθ
θθ

cossin2
cossin3 2

−
 = θsin

2
3

−  

 

d.  Given α3sin=y  and α3cos=x  then  
αd

dy  = α
α

3sin
d
d  = ( ) 3sin α

αd
d  = α

α
α sinsin3 2

d
d

⋅   

 

= αα cossin3 2  and 
αd

dx  = α
α

3cos
d
d  = ( ) 3cosα

αd
d  = α

α
α coscos3 2

d
d

⋅  = αα sincos3 2 −⋅   

 

= αα 2cossin3−   Therefore 
α
α

ddx
ddy  = 

dx
dy  = 

αα

αα
2

2

cossin3

cossin3

−
 = 

α
α

cos
sin

−  = αtan−  

 

e.  Given tety =  and tex t cos=  then 
dt
dy  = tet

dt
d  = tt e

dt
dtt

dt
de ⋅+⋅  = tt ete ⋅+⋅1  = tt ete +   

 

= ( )tet +1  and 
dt
dx  = te

dt
d t cos  = t

dt
dee

dt
dt tt coscos ⋅+⋅  = teet tt sincos −⋅+⋅  = tete tt sincos −   

 

= ( )ttet sincos −   Therefore 
dtdx
dtdy  = 

dx
dy  = ( )

( )tte

te
t

t

sincos

1

−

+  = 
tt

t
sincos

1
−
+  

 

f.  Given 23ln5 ty =  and 3ln tx =  then 
dt
dy  = 23ln5 t

dt
d  = 2

2
3

3
15 t

dt
d

t
⋅⋅  = t

t
6

3
15

2
⋅⋅  = 23

30
t

t  = 
t

10  and  

 

dt
dx  = 3ln t

dt
d  = 3

3
1 t

dt
d

t
⋅  = 2

3
31 t

t
⋅  = 3

23
t
t  = 

t
3   Therefore 

dtdx
dtdy  = 

dx
dy  = 

t
t

3
10  = 

3
10  

 

g.  Given tey t cos=  and ttx ln=  then  
dt
dy  = te

dt
d t cos  = t

dt
dee

dt
dt tt coscos ⋅+⋅   

 

= teet tt sincos −⋅+⋅  = tete tt sincos −  = ( )ttet sincos −  and 
dt
dx  = tt

dt
d ln  = t

dt
dtt

dt
dt lnln ⋅+⋅   

 

= 
t

tt 11ln ⋅+⋅  = 1ln +t   Therefore 
dtdx
dtdy  = 

dx
dy  = ( )

1ln
sincos

+
−

t
tte t

 

 

h.  Given ty 2sin=  and tx 4sec=  then 
dt
dy  = t

dt
d 2sin  = ( )2

sin t
dt
d  = t

dt
dt sinsin2 ⋅   

 

= t
dt
dtt ⋅⋅cossin2  = 

t
tt

2
1cossin2 −⋅⋅  = 

t

tt cossin
−  and 

dt
dx  = t

dt
d 4sec   
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= ( )4
sec t

dt
d  = t

dt
dt secsec4 3 ⋅  = t

dt
dttt ⋅⋅ tansecsec4 3  = 

t
tt

2
1tansec4 4 −⋅⋅   

 

= 
t

tt tansec2 4
−   Therefore 

dtdx
dtdy  = 

dx
dy  = 

ttt

ttt

tansec2

cossin
4−

−
 = 

tt

tt

tansec2

cossin
4  

 

i.  Given ( )1cos2 += θy  and 2sin θ=x  then 
θd

dy  = ( )1cos2 +θ
θd
d  = ( )[ ] 21cos +θ

θd
d   

 

= ( ) ( )1cos1cos2 +⋅+ θ
θ

θ
d
d  = ( ) ( ) ( )11sin1cos2 +⋅+−⋅+ θ

θ
θθ

d
d  = ( ) ( ) 11sin1cos2 ⋅+⋅+− θθ   

 

= ( ) ( )1cos1sin2 ++− θθ  and 
θd

dx  = 2sin θ
dt
d  = 22cos θθ

dt
d

⋅  = θθ 2cos 2 ⋅  = 2cos2 θθ   

 

Therefore 
θ
θ

ddx
ddy  = 

dx
dy  = ( ) ( )

2cos2

1cos1sin2

θθ

θθ ++−  = ( ) ( )
2cos

1cos1sin

θθ

θθ ++
−  

 

j.  Given ϕsin3=y  and 23cos ϕ=x  then 
ϕd

dy  = ϕ
ϕ

sin3
d
d  = ϕcos3  and 

ϕd
dx  = 23cos ϕ

dt
d   

 

= 22 33sin ϕϕ
dt
d

⋅−  = ϕϕ 63sin 2 ⋅−  = 23sin6 ϕϕ−   So 
ϕ
ϕ

ddx
ddy  = 

dx
dy  = 23sin6

cos3

ϕϕ

ϕ

−
 = 23sin2

cos

ϕϕ

ϕ
−  

 

k.  Given 3 2ty =  and tx +=1  then 
dt
dy  = 3 2t

dt
d  = 3

2
t

dt
d  = 13

2

3
2 −

t  = 3
1

3
2 −

t  = 
3
1

3

2

t
 = 33

2
t

 and  

 

dt
dx  = ( )t

dt
d

+1  = t
dt
d

dt
d

+1  = 
t2

10+  = 
t2

1   So 
dtdx
dtdy  = 

dx
dy  = 

t
t

21
32 3

 = 331

22

t

t

⋅

⋅
 = 33

4

t

t
 

 

l.  Given θθ −=y  and θθ cos2=x  then 
θd

dy  = ( )θθ
θ

−
d
d  = θ

θ
θ

θ d
d

d
d

−  = 
θ2

11−  = 
θ

θ
2

12 −   

 

and 
θd

dx  = ( )θθ cos2
dt
d  = θθθθ coscos 22

dt
d

dt
d

⋅+⋅  = θθθθ sin2cos 2 −⋅+⋅  = θθθθ sincos2 2−    

 

Therefore 
θ
θ

ddx
ddy  = 

dx
dy  = 

θθθθ

θθ

sincos2

212
2−

−  = ( )θθθθθ

θ

sincos22

12
2−

−  
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Section 3.1 Practice Problems – Differentiation of Trigonometric Functions 

1.  Find the derivative of the following trigonometric functions: 

a.  ( )13sin += xy    b.  3cos5 xy =     c.  23 cos xxy =  

d.  xxy 3tan5sin ⋅=    e.  32tan xy =     f.  ( )33cot += xy  

g.  75 cos xxy =    h.  34sec xy =    i.  323sec xxy +=  

j.  5tan xy =     k.  xy 5tan=     l.  ( )1csc 3 += xy  
 
2.  Find the derivative of the following trigonometric functions: 

a.  
x
x

y
csc
tan

=     b.  
( )

2

3 1sin

x

x
y

+
=    c.  

3csc

sec

x

x
y =  

d.  35 tan xxy =    e.  25 sin xxy =     f.  ( ) xxy cos5 2+=  

g.  532 tan xxy =    h.  3sin xxy +=    i.  ( )51sin xy +=  

j.  32cot xy =    k.  ( )xy 51sin 3 +=    l.  35 csc xxy =  
 
3.  Find the derivative of the following trigonometric functions: 

a.  xy 7sin=    b.  3cos xy =     c.  3cot xy =  

d.  23 tan xxy =    e.  ( )9cot += xy    f.  ( )25sin 32 ++= xxy  

g.  3sin += xy    h.  32 cossin xxy +=    i.  32 sin xxy =  
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3.2 Differentiation of Inverse Trigonometric Functions 

The differential formulas involving inverse trigonometric functions are defined as: 

Table 3.2-1:  Differentiation Formulas for Inverse Trigonometric Functions 

uarc
dx
d sin  = u

dx
d 1sin −  = 

dx
du

u
⋅

− 21

1  uarc
dx
d cot  = u

dx
d 1cot −  = 

dx
du

u
⋅

+
−

21
1  

uarc
dx
d cos  = u

dx
d 1cos−  = 

dx
du

u
⋅

−
−

21

1  uarc
dx
d sec  = u

dx
d 1sec−  = 

dx
du

uu
⋅

−1

1
2

 

uarc
dx
d tan  = u

dx
d 1tan −  = 

dx
du

u
⋅

+ 21
1  uarc

dx
d csc  = u

dx
d 1csc−  = 

dx
du

uu
⋅

−
−

1

1
2

 

 
Let’s differentiate some inverse trigonometric functions using the above differentiation formulas. 

Example 3.2-1:  Find the derivative of the following inverse trigonometric functions: 

a.  ( )43sin −= xarcy    b.  2sin xarcy =    c.  ( )1tan 21 += − xy  

d.  xarcxy 2sin2=    e.  
x

xy
3

sin 1−
=     f.  22 coscos xarcxy +=  

g.  ( ) xxy 1cot1 −+=    h.  
x

arcy 5tan=    i.  
x
xy

cos
cos 1−

=  

j.  
x

xarc
y

cos
sin

=     k.  xarcxy tan5 +=    l.  3 2cot xarcy =  

Solutions: 

a.  Given ( )43sin −= xarcy  then 
dx
dy  = ( )[ ]43sin −xarc

dx
d  = 

( )
( )43

431

1
2

−⋅
−−

x
dx
d

x
 = 

( )2431

3

−− x
 

 

= 
( )xx 241691

3

2 −+−
 = 

xx 241691

3
2 +−−

 = 
15249

3
2 −+− xx

 

 

b.  Given 2sin xarcy =  then 
dx
dy  = ( )2sin xarc

dx
d  = 2

41

1 x
dx
d

x
⋅

−
 = x

x
2

1

1
4
⋅

−
 = 

41

2

x

x

−
 

 

c.  Given ( )1tan 21 += − xy  then 
dx
dy  = ( )[ ]1tan 21 +− x

dx
d  = 

( )
( )1

11

1 2
22

+⋅
++

x
dx
d

x
 = 

( )
x

x
2

11

1
22
⋅

++
 

 

= x
xx

2
121

1
4

⋅
+++

 = 
22

2
4 ++ xx

x  

 

d.  Given xarcxy 2sin2=  then 
dx
dy  = ( )xarcx

dx
d 2sin2  = xarc

dx
dxx

dx
dxarc 2sin2sin 22 ⋅+⋅   
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= 
( )

x
dx
d

x
xxxarc 2

21

122sin
2

2 ⋅
−

⋅+⋅  = 2
41

12sin2
2

2 ⋅
−

⋅+
x

xxarcx  = 
2

2

41

22sin2
x

xxarcx
−

+  

 

e.  Given 
x

xy
3

sin 1−
=  then 

dx
dy  = 









 −

x
x

dx
d

3
sin 1

 = 
( ) ( )

( )2
11

3

3sinsin3

x

xxxx dx
d

dx
d ⋅−⋅ −−

 = 2

1

1
1

9

3sin3
2

x

xx
x

⋅−⋅ −

−  

 

= 2

1

1

3

9

sin3
2

x

x
x

x −

−
−

 = 2
1

sin133

9

2

12

x

x

xxx

−

−− −

 = 
22

12

19

sin133

xx

xxx

−

−− −

 = 
22

12

13

sin1

xx

xxx

−

−− −
 

 

f.  Given 22 coscos xarcxy +=  then 
dx
dy  = ( )22 coscos xarcx

dx
d

+  = 22 coscos xarc
dx
dx

dx
d

+   

 

= 2
4

22

1

1sin x
dx
d

x
x

dx
dx ⋅

−

−
+⋅−  = x

x
xx 2

1

12sin
4

2 ⋅
−

−⋅−  = 
















−
+−

4
2

1

1sin2
x

xx  

 

g.  Given ( ) xxy 1cot1 −+=  then 
dx
dy  = ( )[ ]xx

dx
d 1cot1 −+  = ( ) ( ) x

dx
dxx

dx
dx 11 cot11cot −− ⋅+++⋅   

 

= ( )
2

1

1
111cot
x

xx
+

−
⋅++⋅−  = 2

1

1
1cot

x
xx

+

+
−−  

 

h.  Given 
x

arcy 5tan=  then 
dx
dy  = 








x
arc

dx
d 5tan  = 

( ) xdx
d

x

5

1

1
25
⋅

+
 = 225

5
1

1

2 x
x

−
⋅

+
 = 225

51

2
2 x
x

x

−
⋅

+
 

 

= 22

2 5
25 xx

x −
⋅

+
 = 

( )25

5
22

2

+
−

/

/

xx

x  = 
25

5
2 +

−
x

 

 

i.  Given 
x
xy

cos
cos 1−

=  then 
dx
dy  = 









 −

x
x

dx
d

cos
cos 1

 = 
( ) ( )

( )2
11

cos

coscoscoscos

x

xxxx dx
d

dx
d ⋅−⋅ −−

  

 

= 

( )

x

xxx
x

2

1

1

1

cos

sincoscos
2

−⋅−⋅ −

−

−

 = 
x

xx
x

x

2

1

1

cos

cos

cossin
2

−

−

− +

 = 
xx

xxxx
22

12

cos1

cossin1cos

−

−+− −

 

 

j.  Given 
x

xarc
y

cos
sin

=  then 
dx
dy  = 









x
xarc

dx
d

cos
sin  = 

( ) ( )
( )2cos

cossinsincos

x

xxarcxarcx dx
d

dx
d ⋅−⋅
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= 

( )

x

xxarcx
x

2

1

1

cos

sinsincos
2

−⋅−⋅
−

 = 
x

xarcx
x

x

2

1

cos

cos

sinsin
2

+
−

 = 
xx

xarcxxx
22

2

cos1

sinsin1cos

−

−+  

 

k.  Given xarcxy tan5 +=  then 
dx
dy  = ( )xarcx

dx
d tan5 +  = xarc

dx
dx

dx
d tan5 +   

 

= 
( )

x
dx
d

x
x ⋅

+
+

2
4

1

15  = 2
1

1
15 4 x

dx
d

x
x ⋅

+
+  = 14 2

1

2
1

1
15

−
⋅

+
+ x

x
x  = ( )x

xx
+

+
−

12
5

2
1

4  = ( )xx
x

+
+

12
15 4  

 

l.  Given 3 2cot xarcy =  then 
dx
dy  = 3 2cot xarc

dx
d  = 3

2
cot xarc

dx
d  = 3

2

3
4

1

1 x
dx
d

x
⋅

+
−   

 

= 13
2

3
4 3

2

1

1 −
⋅

+
− x

x
 = 3

1

3
4 3

2

1

1 −
⋅

+
− x

x
 = 33

2

1

1

3
4 xx
⋅

+
−  = 33 4 3

2

1

1
xx

⋅
+

−  = 
( )33 13

2

xxx +
−  

 
Example 3.2-2:  Find the derivative of the following inverse trigonometric functions: 

a.  
a

xarcy
2

cos=       b.  
5

cot
3
1 xarcy =      c.  xxy tancot 1 −= −  

d.  ( )3tan 21 += − xy       e.  35
sin

x
x

xarc
y +=      f.  xxy 1tancos −+=  

g.  
xarc

xy
tan

3 2
=       h.  xxy 1sinsin −+=      i.  xarcy 5tan3sin =  

j.  xy 1sincos −=       k.  ( ) 2cos1sin xarcy =+     l.  xy 1tancot −=  

Solutions: 

a.  Given 
a

xarcy
2

cos=  then 
dx
dy  = 

a
xarc

dx
d 2

cos  = 
a

x
dx
d

a
x

2

22
1

1
⋅






−

−  = 
a
x

a
x

2

1

1
22
⋅






−

−  

 

= 
a
x

a
x

2

1

1

2
4
⋅

−
−  = 

a
x

a
xa

21

2
42
⋅−

−
 = 

a
x

xaa

21
421
⋅

−
−  = 

a
x

xa

a
/

⋅
−

/−
2

42
 = 

42

2

xa

x

−
−  

 

b.  Given 
5

cot
3
1 xarcy =  then 

dx
dy  = 








5
cot

3
1 xarc

dx
d  = 








5
cot

3
1 xarc

dx
d  = 

( ) 51

1
3
1

2
5

x
dx
d

x
⋅

+

−   
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= 
5
1

1

1
3
1

25
2
⋅

+

−
x

 = 
25

25 2
1

15
1

x+

−  = 225
25

15
1

x+

−  = ( )2253

5

x+
−  

 

c.  Given xxy tancot 1 −= −  then 
dx
dy  = ( )xx

dx
d tancot 1 −−  = x

dx
dx

dx
d tancot 1 −−  = x

x
2

2
sec

1
1

−
+

−  

 

d.  Given ( )3tan 21 += − xy  then 
dx
dy  = ( )3tan 21 +− x

dx
d  = 

( )
( )3

31

1 2
22

+⋅
++

x
dx
d

x
 = 

( )22 31

2

++ x

x  

 

= 
( )24 691

2

xx

x

+++
 = 

106
2

24 ++ xx
x  

e.  Given 35
sin

x
x

xarc
y +=  then 

dx
dy  = 








+ 35

sin
x

x
xarc

dx
d  = 

( ) ( )
2

2
15

sinsin
x

x

xarcxxxarc dx
d

dx
d

+
⋅−⋅

  

 

= 
( )

2
2

1
1

15

1sin
2

x
x

xarcx
x

+

⋅−









⋅

−
 = 2

2
1

15

sin
2

x
x

xarc
x

x

+

−−
−  = 2

22

2
15

1

1sin
x

xx

xxarcx
+

−

−−
 

 

f.  Given xxy 1tancos −+=  then 
dx
dy  = ( )xx

dx
d 1tancos −+  = x

dx
dx

dx
d 1tancos −+  = 21

1sin
x

x
+

+−  

 

g.  Given 
xarc

xy
tan

3 2
=  then 

dx
dy  = 











xarc
x

dx
d

tan
3 2

 = 
( ) ( )

xarc

xarcxxxarc dx
d

dx
d

2

22

tan

tan33tan ⋅−⋅
 

 

= 
( )

xarc

xxxarc
x

2
1

12

tan

36tan 2 






⋅−⋅
+  = 

xarc

xarcx
x

x

2
1
3

tan

tan6 2
2

+
−

 = 
( )
( ) xarcx

xxarcxx

22

22

tan1

3tan16

+

−+
 

 

h.  Given xxy 1sinsin −+=  then 
dx
dy  = ( )xx

dx
d 1sinsin −+  = x

dx
dx

dx
d 1sinsin −+  = 

21

1cos
x

x
−

+  

 
i.  Given xarcy 5tan3sin =  let’s take the derivative of both sides of the equation to obtain: 

 

( )
x

dx
d

x
y

dx
dy 5

51
133cos

2
⋅

+
=⋅  ; 5

251
133cos

2
⋅

+
=′⋅

x
yy  ; 2251

53cos3
x

yy
+

=′⋅  ; 
y

y x

3cos3

2251
5

+
=′  
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; 
1

3cos3
251
5

2

y
xy +=′  ; 

( ) yx
y

3cos3251

15
2 ⋅+

⋅
=′  ; ( ) yx

y
3cos2513

5
2+

=′  

 
j.  Given xy 1sincos −=  let’s take the derivative of both sides of the equation to obtain: 

 

x
dx
d

x
y

dx
dy ⋅

−
=⋅−

21

1sin  ; 1
1

1sin
2
⋅

−
=′⋅−

x
yy  ; 

21

1sin
x

yy
−

=′⋅−  ; 
y

y
x

sin

21
1

−
=′

−  ; 
1

sin
1
1

2

y
x

y
−

−
=′  

 

; 
yx

y
sin1

11
2 −⋅−

⋅
=′  ; 

yx
y

sin1

1
2−

−=′  

 
k.  Given ( ) 2cos1sin xarcy =+  let’s take the derivative of both sides of the equation to obtain: 

 

( ) ( ) 2
41

111cos x
dx
d

x
y

dx
dy ⋅

−

−
=+⋅+  ; ( ) x

x
yy 2

1

11cos
4
⋅

−

−
=′⋅+  ; ( )

41

21cos
x

xyy
−

−
=′⋅+   

 

; ( )1cos

41

2

+
=′

−

−

y
y

x

x

 ; ( )
1

1cos
1

2
4

+

−

−

=′
y
x

x

y  ; 
( )1cos1

12
4 +⋅−

⋅−
=′

yx

xy  ; 
( )1cos1

2
4 +−

−=′
yx

xy  

 
l.  Given xy 1tancot −=  let’s take the derivative of both sides of the equation to obtain: 

 

x
dx
d

x
y

dx
dy ⋅

+
=⋅−

2
2

1
1csc  ; 1

1
1csc

2
2 ⋅

+
=′⋅−

x
yy  ; 2

2

1
1csc
x

yy
+

=′⋅−  ; 
y

y x
2

1
1

csc

2

−
=′

+  ; 
1

csc
1

1

2

2

y
xy

−

+=′  

 

; 
( ) yx

y
22 csc1

11

−⋅+

⋅
=′  ; ( ) yx

y
22 csc1

1

+
−=′  

 

Example 3.2-3:  Find the derivative of the following inverse trigonometric functions: 

a.  xxy 13 sin −=       b.  xarcy 2sin=       c.  21sin xy −=  

d.  ( )1tan 32 += xarcy       e.  xarcy 2cot3=       f.  xxy 1cotcot −⋅=  

g.  xarcy 10csc=       h.  10csc xarcy =       i.  xarcy 10csc=  

Solutions: 

a.  
dx
dy  = xx

dx
d 13 sin −  = x

dx
dxx

dx
dx 1331 sinsin −− ⋅+⋅  = 

2
321

1

13sin
x

xxx
−

⋅+⋅−  = 
2

3
12

1
sin3

x

xxx
−

+−  
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b.  
dx
dy  = xarc

dx
d 2sin  = ( )2sin xarc

dx
d  = ( )xarc

dx
dxarc sinsin2 ⋅  = 

21

1sin2
x

xarc
−

⋅  = 
21

sin2

x

xarc

−
 

 

c.  
dx
dy  = 21sin x

dx
d −  = 2

41

1 x
dx
d

x
⋅

−
 = x

x
2

1

1
4
⋅

−
 = 

41

2

x

x

−
 

 

d.  
dx
dy  = ( )[ ]1tan 32 +xarc

dx
d  = ( )[ ]23 1tan +xarc

dx
d  = ( ) ( )1tan1tan2 33 +⋅+ xarc

dx
dxarc   

 

= ( ) ( ) ( )1
11

11tan2 3
23

3 +⋅
++

⋅+ x
dx
d

x
xarc  = ( )

( )
2

23
3 3

11

11tan2 x
x

xarc ⋅
++

⋅+  = ( )
( )23

32

11

1tan6

++

+

x

xarcx  

 

e.  
dx
dy  = xarc

dx
d 2cot3  = ( )32cot xarc

dx
d  = ( ) xarc

dx
dxarc 2cot2cot3 2 ⋅  = ( )

( )
x

dx
d

x
xarc 2

21
12cot3

2
2 ⋅

+

−
⋅   

 

= ( ) 2
41
12cot3

2
2 ⋅

+

−
⋅

x
xarc  = ( )

2

2

41

2cot6

x

xarc

+

−  

 

f.  
dx
dy  = ( )xx

dx
d 1cotcot −⋅  = x

dx
dxx

dx
dx 11 cotcotcotcot −− ⋅+⋅  = 2

21

1
1cotcsccot
x

xxx
+

−
⋅+−⋅−   

 

= 2
12

1

cot
cotcsc

x

x
xx

+
−− −  = 

( )
2

122

1

cotcotcsc1

x

xxxx

+

++
−

−

 

 

g.  
dx
dy  = ( )xarc

dx
d 10csc  = 

( )
x

dx
d

xx
10

11010

1
2

⋅
−

−  = 01
110001

1
2

//⋅
−//

−
xx

 = 
1100

1
2 −

−
xx

 

 

h.  
dx
dy  = ( )10csc xarc

dx
d  = 10

2010 1

1 x
dx
d

xx
⋅

−
−  = 9

2010
10

1

1 x
xx

⋅
−

−  = 
1

10
20 −

−
xx

 

 

i.  
dx
dy  = ( )xarc

dx
d 10csc  = ( )10csc xarc

dx
d  = ( ) xarc

dx
dxarc csccsc10 9 ⋅  = ( )

1

1csc10
2

9

−

−
⋅

xx
xarc  

 

= ( )
1

1
1
csc10

2

9

−

−
⋅

xx

xarc  = ( )
1

csc10
2

9

−

−

xx

xarc  
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Example 3.2-4:  Given that the inverse sine function is given by yxxy sinsin 1 =⇔= −  where 

22
ππ

≤≤− y  and 11 ≤≤− x , show that 
2

1

1

1sin
x

x
dx
d

−
=− . 

Solution: 

Given xy =sin  then x
dx
dy

dx
d

=sin  ; 1cos =⋅ y
dx
dy  ; 

ydx
dy

cos
1

=  

Since xy 1sin −=  we can state that 
ydx

dy
cos

1
=  ; 

y
x

dx
d

cos
1sin 1 =−   

To express ycos  in terms of x  we can use the relation 1cossin 22 =+ yy  ; yy 22 sin1cos −=   

; 22 1cos xy −= .  Therefore, 21cos xy −=  and we have shown that 
2

1

1

1
cos

1sin
xy

x
dx
d

−
==−  

Example 3.2-5:  Given that the inverse sine function is given by yxxy coscos 1 =⇔= −  where 

π≤≤ y0  and 11 ≤≤− x , show that 
2

1

1

1cos
x

x
dx
d

−

−
=− . 

Solution: 
Given xy =cos  then x

dx
dy

dx
d

=cos  ; 1sin =⋅− y
dx
dy  ; 

yydx
dy

sin
1

sin
1 −

=
−

=  

Since xy 1cos−=  we can state that 
ydx

dy
sin

1−
=  ; 

y
x

dx
d

sin
1cos 1 −

=−   

To express ysin  in terms of x  we can use the relation 1cossin 22 =+ yy  ; yy 22 cos1sin −=   

; 22 1sin xy −= .  Therefore, 21sin xy −=  and we have shown that 
2

1

1

1
sin

1cos
xy

x
dx
d

−

−
=

−
=−  

Example 3.2-6:  Given that the inverse tangent function is given by yxxy tantan 1 =⇔= −  where 

22
ππ y−  for all x , show that 

2
1

1
1tan
x

x
dx
d

+
=− . 

Solution: 

Given xy =tan  then x
dx
dy

dx
d

=tan  ; 1sec2 =⋅ y
dx
dy  ; 

ydx
dy

2sec
1

=  

Since xy 1tan −=  we can state that 
ydx

dy
2sec
1

=  ; 
y

x
dx
d

2
1

sec
1tan =−  

To express y2sec  in terms of x  we can use the relation 1tansec 22 =− yy  ; yy 22 tan1sec +=   

; 22 1sec xy += .  Therefore, we have shown that 22
1

1
1

sec
1tan

xy
x

dx
d

+
==−  

Example 3.2-7:  Given that the inverse tangent function is given by yxxy cotcot 1 =⇔= −  where 

πy0  for all x , show that 
2

1

1
1cot
x

x
dx
d

+

−
=− . 
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Solution: 

Given xy =cot  then x
dx
dy

dx
d

=cot  ; 1csc2 =⋅− y
dx
dy  ; 

yydx
dy

22 csc
1

csc
1 −

=
−

=  

Since xy 1cot −=  we can state that 
ydx

dy
2csc
1−

=  ; 
y

x
dx
d

2
1

csc
1cot −

=−  

To express y2csc  in terms of x  we can use the relation 1cotcsc 22 =− yy  ; yy 22 cot1csc +=   

; 22 1csc xy += .  Therefore, we have shown that 
22

1

1
1

csc
1cot

xy
x

dx
d

+
−=

−
=−  

Note:  Similar steps can be taken to show that: 

1.  
1

1sec
2

1

−
=−

xx
x

dx
d  where the inverse secant function is given by yxxy secsec 1 =⇔= −  for  

2
0 πy≤  or 

2
3ππ y≤  and 1≥x  or 1−≤x  and 

2.  
1

1csc
2

1

−

−
=−

xx
x

dx
d  where the inverse cosecant function is given by yxxy csccsc 1 =⇔= −  for  

2
0 πy  or 

2
3ππ ≤y  and 1≥x  or 1−≤x . 

Section 3.2 Practice Problems – Differentiation of Inverse Trigonometric Functions 

1.  Find the derivative of the following inverse trigonometric functions: 

a.  xy 3sin 1−=    b.  xarcxy 5cos3 +=    c.  45 tan xarcxy =  

d.  ( )2sin 3 += xarcy   e.  
3

1cot
x

arcy =    f.  
2

3sin

x

xarc
y =  

g.  
x

xy
1tan −

=    h.  xarc
x
xy sin

5

3
−

+
=    i.  xxy 1cos−+=  

2.  Find the derivative of the following inverse trigonometric functions: 

a.  axarcxy sin2 +=   b.  xy 6cos 1−=     c.  3sin xarcxy +=  

d.  xarcy 2tan=    e.  2tan xarcxy −=    f.  xarcxy sin2 −=  

g.  31tan xy −=    h.  xy 5tan 1−=     i.  25sin xarcy =  
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3.3 Differentiation of Logarithmic and Exponential Functions 
When differentiating logarithmic functions the following two rules should be kept in mind: 

1.  The derivative of a logarithmic function to the base e , i.e., xxe lnlog =  is equal to: 

( )
xx

e
x

x
dx
d

dx
dy

ee
111log1log =⋅=⋅==  

or, 

( )
x

x
dx
d

dx
dy 1ln ==                                       ( )1  

2.  The derivative of a logarithmic function to the base other than e , i.e., xalog  is equal to: 

( ) x
x

x
dx
d

dx
dy

aa log1log ==                           ( )2  

Let’s differentiate some logarithmic functions using the above differentiation formulas. 

Example 3.3-1:  Find the derivative of the following logarithmic functions: 

a.  xy 5ln=     b.  3ln xy =     c.  23ln5 xy =  

d.  ( )3ln 2 ++= xxy    e.  ( ) 42 1ln ++= xxy    f.  ( )1ln2 += xxy  

g.  xxxy −= ln     h.  32 ln xxxy −=    i.  ( )1lnln += xy  

j.  
3

2ln

x

x
y =     k.  








−
+

=
3
1ln

x
xy    l.  ( )xxy 5cos3sinln +=  

Solutions: 

a.  Given xy 5ln=  then 
dx
dy  = ( )x

dx
d 5ln  = ( )x

dx
d

x
5

5
1
⋅  = 5

5
1
⋅

x
 = 

x5
5
/
/  = 

x
1  

 

b.  Given 3ln xy =  then 
dx
dy  = ( )3ln x

dx
d  = ( )3

3
1 x

dx
d

x
⋅  = 2

3
31 x

x
⋅  = 13

23
=/

/

x
x  = 

x
3  

 

c.  Given 23ln5 xy =  then 
dx
dy  = ( )23ln5 x

dx
d  = ( )2

2
3

3
15 x

dx
d

x
⋅⋅  = x

x
6

3
5

2
⋅  = 123

30
=/
/

x
x  = 

x3
03
/
//  = 

x
10  

 

d.  Given ( )3ln 2 ++= xxy  then 
dx
dy  = ( )[ ]3ln 2 ++ xx

dx
d  = ( )3

3
1 2

2
++⋅

++
xx

dx
d

xx
 = 

3
12

2 ++

+

xx
x  

 

e.  Given ( ) 42 1ln ++= xxy  then 
dx
dy  = ( )[ ]42 1ln ++ xx

dx
d  = 

( )
( ) 42

42
1

1

1
++⋅

++
xx

dx
d

xx
  

 

     = ( )
( ) ( )[ ]1214

1

1 32
42

+⋅++⋅
++

xxx
xx

 = ( ) ( )
( ) 142

32

1

1214
=/

/

++

+⋅++

xx

xxx  = ( )
1

124
2 ++

+

xx

x  = 
1

48
2 ++

+

xx
x  
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f.  Given ( )1ln2 += xxy  then 
dx
dy  = ( )[ ]1ln2 +xx

dx
d  = ( ) ( ) ( )[ ]



 +⋅+



 ⋅+ 1ln1ln 22 x

dx
dxx

dx
dx   

 

     = ( )[ ] ( )



 +⋅

+
⋅+⋅+ 1

1
121ln 2 x

dx
d

x
xxx  = ( )[ ] 



 ⋅

+
⋅+⋅+ 1

1
121ln 2

x
xxx  = ( )

1
1ln2

2

+
++

x
xxx  

 

g.  Given xxxy −= ln  then 
dx
dy  = ( )xxx

dx
d

−ln  = ( ) ( )x
dx
dxx

dx
d

−ln  = ( ) ( ) ( )x
dx
dx

dx
dxx

dx
dx −



 +⋅ lnln   

 

     = ( ) 11ln1
−



 ⋅+⋅⋅ xx

dx
d

x
x  = 1ln −




 +
/
/ x
x
x  = 1ln1 −+ x  = xln  

 

h.  Given 32 ln xxxy −=  then 
dx
dy  = ( )32 ln xxx

dx
d

−  = ( ) ( )32 ln x
dx
dxx

dx
d

−  = ( ) ( )



 ⋅+⋅ x

dx
dxx

dx
dx lnln 22   

 

     ( )3x
dx
d

−  = ( ) 22 312ln xx
dx
d

x
xxx −



 ⋅⋅+⋅  = 22 311ln2 x

x
xxx −



 ⋅⋅+  = 2

12
3ln2 x

x
xxx −













/
+

=/
  

 
     = 23ln2 xxxx −+  = ( )1ln23 2 ++− xxx  

 

i.  Given ( )1lnln += xy  then 
dx
dy  = ( )1ln

1ln
1

+⋅
+

x
dx
d

x
 = ( ) ( )



 +⋅

+
1ln

1ln
1

dx
dx

dx
d

x
 = ( ) 



 +⋅⋅

+
01

1ln
1 x

dx
d

xx
  

 

     = 



 +⋅⋅

+
011

1ln
1

xx
 = 

xx
1

1ln
1

⋅
+

 = 
( )1ln

1

+xx
 

 

j.  Given 3

2ln

x

x
y =  then 

dx
dy  = 










3

2ln

x

x
dx
d  = 

( )[ ] ( )[ ]
6

3223 lnln

x

xxxx dx
d

dx
d ⋅−⋅

 = 
[ ]

6

2213 3ln22

x

xxxx
x

⋅−



 ⋅⋅

  

 

     = 
( )

6

22
2

24
ln32

x

xx
x
x

−
/

=/

 = 
( )

6

222 ln32

x

xxx −
 = 

( )
46

22 ln32
=/

−

x

xx
 = 4

2ln32

x

x−  

 

k.  Given 







−
+

=
3
1ln

x
xy  then 

dx
dy  = 








−
+

3
1ln

x
x

dx
d  = 








−
+

⋅

−
+ 3

11

3
1 x

x
dx
d

x
x  = 

( ) ( )[ ] ( ) ( )[ ]
( )2

3
1 3

31131
−

−⋅+−+⋅−
⋅

−
+ x

xxxx dx
d

dx
d

x
x   

 

     = 
( )[ ] ( )[ ]

( )2
3
1 3

11131
−

⋅+−⋅−
⋅

−
+ x

xx

x
x  = 

( ) ( )

( )2
3
1

1
1

3

13

−

+−−
⋅

−
+ x

xx

x
x  = ( )

( )
( ) ( )

( )23

13

11
31

−

+−−
⋅

⋅+
−⋅

x

xx

x
x  = 

( )23
13

1
3

−

−/−−/⋅
+
−

x
xx

x
x   
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     = ( )
( ) 123

4
1
3

=/−

−
⋅

+
−

xx
x  = 

( ) ( )31

4

−+
−

xx
 

 

l.  Given ( )xxy 5cos3sinln +=  then 
dx
dy  = ( )xx

dx
d

xx
5cos3sin

5cos3sin
1

+⋅
+

 = [ x
dx
d

xx
3sin

5cos3sin
1

⋅
+

  

 

     ( ) ]x
dx
d 5cos+  = ( )xx

xx
5sin53cos3

5cos3sin
1

−⋅
+

 = 
xx

xx
5cos3sin

5sin53cos3
+
−  

 
Example 3.3-2:  Find the derivative of the following logarithmic expressions: 

a.  ( ) 23 ln1 xxy ⋅+=    b.  ( ) ( )xxy 5lncos3lnsin −=   c.  xxxy −= ln2  

d.  ( ) ( )xxy secln1ln 3 −−=   e.  x
x

x
y +=

5

3ln    f.  ( )xxy 5tan5secln +=  

g.  ( ) xxy += lnsin    h.  ( ) ( )xxy lncoslnsin +=   i.  ( )3ln
3
1 5 += xxy  

j.  ( )xxy csclnln 3 +=    k.  










+
=

1
ln

2

x
xy    l.  ( )xxy cscsecln +=  

Solutions: 

a.  Given ( ) 23 ln1 xxy ⋅+=  then 
dx
dy  = ( ) ( ) ( )



 +⋅+



 ⋅+ 1lnln1 3223 xx

dx
dxx

dx
d  = 22 ln3 xx   

 

     ( ) ( )







+⋅⋅+ 11 32

2
xx

dx
d

x
 = ( )








+⋅/⋅+

=/
121ln3 3

12
22 xx

x
xx  = 

( )
x

x
xx

12
ln3

3
22 +
+  

 

b.  Given ( ) ( )xxy 5lncos3lnsin −=  then 
dx
dy  = ( ) ( )[ ]xx

dx
d 5lncos3lnsin −  = ( ) ( )x

dx
dx

dx
d 5lncos3lnsin −   

 

     = ( ) ( ) x
dx
dxx

dx
dx 5ln5lnsin3ln3lncos ⋅+⋅  = ( ) ( ) ( ) ( )x

dx
d

x
xx

dx
d

x
x 5

5
15lnsin3

3
13lncos ⋅⋅+⋅⋅   

 

     = ( ) ( ) 5
5
15lnsin3

3
13lncos ⋅⋅+⋅⋅

x
x

x
x  = ( ) ( )

x

x

x
x

5

5lnsin5

3
3lncos3

/

/
+

/
/  = ( ) ( )

x

x

x
x 5lnsin3lncos

+  

 

c.  Given xxxy −= ln2  then 
dx
dy  = ( ) ( ) ( )x

dx
dxx

dx
dxx

dx
d

−



 ⋅+⋅ 22 lnln  = ( ) 11ln2 2 −



 ⋅⋅+⋅ xx

dx
d

x
xx   

 

     = 111ln2 2 −



 ⋅⋅+⋅ x

x
xx  = 1ln2

12
−













/
+

=/

x
xxx  = 1ln2 −+ xxx  
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d.  Given ( ) ( )xxy secln1ln 3 −−=  then 
dx
dy  = ( ) ( )[ ]xx

dx
d secln1ln 3 −−  = ( ) ( )x

dx
dx

dx
d secln1ln 3 −−   

 

     = ( ) ( )x
dx
d

x
x

dx
d

x
sec

sec
11

1
1 3

3
⋅−−⋅

−
 = xx

x
x

x
tansec

sec
13

1
1 2

3
⋅−⋅

−
 = x

x
x tan

1
3
3

2
−

−
 

 

e.  Given x
x

x
y +=

5

3ln  then 
dx
dy  = 










+ x

x

x
dx
d

5

3ln  = x
dx
d

x

x
dx
d

+










5

3ln  = 
( ) ( )

1
lnln

10

5335

+
⋅−⋅

x

xxxx dx
d

dx
d

  

 

     = 
( )

1
5ln

10

43315
3

+
⋅−





 ⋅⋅

x

xxxx dx
d

x  = 
( )

1
ln53

10

34215
3

+
−





 ⋅⋅

x

xxxx
x  = 

( )
1

ln53

10

34
3

47

+
−







/

=/

x

xx
x

x

  

 

     = 
( ) ( )

1
ln53

10

344

+
−

x

xxx
 = 

( )
1

ln53
601

34

+
−

=//

/

x

xx
 = 1ln53

6

3
+

−

x
x  

 

f.  Given ( )xxy 5tan5secln +=  then 
dx
dy  = ( )[ ]xx

dx
d 5tan5secln +  = ( )[ ]xx

dx
d

xx
5tan5sec

5tan5sec
1

+⋅
+

  

 

     = 





 +⋅

+
x

dx
dx

dx
d

xx
5tan5sec

5tan5sec
1  = 






 ⋅+⋅⋅

+
x

dx
dxx

dx
dxx

xx
55sec55tan5sec

5tan5sec
1 2   

 

     = 
xx

xxx
5tan5sec

55sec55tan5sec 2

+
⋅+⋅  = 

( )

( )xx

xxx

5tan5sec

5sec5tan5sec5

+

+
 = x5sec5  

 

g.  Given ( ) xxy += lnsin  then 
dx
dy  = ( )[ ]xx

dx
d

+lnsin  = ( ) x
dx
dx

dx
d

+lnsin  = ( ) ( ) 1lnlncos +⋅ x
dx
dx   

 

     = ( ) 11lncos +⋅⋅ x
dx
d

x
x  = ( ) 111lncos +⋅⋅

x
x  = ( )

1lncos
+

x
x  

 

h.  Given ( ) ( )xxy lncoslnsin +=  then 
dx
dy  = ( ) ( )[ ]xx

dx
d lncoslnsin +  = ( ) ( )x

dx
dx

dx
d lncoslnsin +   

 

     = ( ) ( )x
dx
dx

dx
d lncoslnsin +  = ( ) ( ) ( ) ( )x

dx
dxx

dx
dx lnlnsinlnlncos ⋅−⋅  = ( ) ( ) x

dx
d

x
xx

dx
d

x
x ⋅⋅−⋅⋅

1lnsin1lncos   

 

     = ( ) ( ) 11lnsin11lncos ⋅⋅−⋅⋅
x

x
x

x  = ( ) ( )
x

x
x

x lnsinlncos
−  = ( ) ( )[ ]xx

x
lnsinlncos1

−  

 

i.  Given ( )3ln
3
1 5 += xxy  then 

dx
dy  = ( ) ( ) 



 ⋅+++⋅ 55 3ln3ln

3
1 xx

dx
dxx

dx
d  = ( ) 














 +++ 54 3ln3ln5

3
1 x

dx
dx

dx
dxx   
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      = ( ) ( ) 







⋅





 +⋅++ 54 013ln5

3
1 xx

dx
d

x
xx  = ( ) 








⋅





 ⋅++ 54 113ln5

3
1 x

x
xx  = ( )













/
++

=/

x
xxx

45
4 3ln5

3
1   

 

     = ( )[ ]44 3ln5
3
1 xxx ++  = ( )

3
3ln

3
5 4

4 xxx ++  = 
33

15
3
ln5 444 xxxx

++  = 
3

16
3
ln5 44 xxx

+          or, 

 

     Given ( ) 555 ln
3
13ln

3
1 xxxxxy +=+=  then 

dx
dy  = ( ) ( ) 555 lnln

3
1 x

dx
dxx

dx
dxx

dx
d

+



 ⋅+⋅   

 

     = ( ) ( ) 454 51ln5
3
1 xxx

dx
d

x
xx +



 ⋅⋅+⋅  = ( ) 454 511ln5

3
1 xx

x
xx +



 ⋅⋅+⋅  = 4

45
4 5ln5

3
1 x

x
xxx +













/
+

=/
  

 

     = [ ] 444 5ln5
3
1 xxxx ++  = 4

44
5

33
ln5

xxxx
++  = 

1
5

33
ln5 444 xxxx

++  = 
( ) ( )

13

351

3
ln5

444

⋅

⋅+⋅
+

xxxx   

 

     = 
3
15

3
ln5 444 xxxx +

+  = 
3

16
3
ln5 44 xxx

+  

 

j.  Given ( )xxy csclnln 3 +=  then 
dx
dy  = ( )[ ]xx

dx
d csclnln 3 +  = ( )x

dx
dx

dx
d csclnln 3 +   

 

     = ( ) ( )x
dx
d

x
x

dx
d

x
csc

csc
11 3

3
⋅+⋅  = xx

x
x

x
cotcsc

csc
131 2

3
−⋅+⋅  = 

x
xx

x
x

csc
cotcsc3

23

2
−

=/

/
 = x

x
cot3

−  

 

k.  Given 










+
=

1
ln

2

x
xy  then 

dx
dy  = 











+
⋅

+
1

1 2

1
2 x

x
dx
d

x
x

 = 
( ) ( )[ ] ( )[ ]

( )2

22

1

1
1

1

11

2 +

+⋅−⋅+
⋅

+
x

xxxx dx
d

dx
d

x
x

  

 

     = ( ) ( )[ ] [ ]
( )2

2

2 1

121

1
11

+

⋅−⋅+
⋅

⋅

+⋅

x

xxx

x
x  = ( )

( )2
22

2 1
221

+

−+
⋅

+

x
xxx

x
x  = ( )

( ) 12

2

2 1
21
=/+

+
⋅

/+/

x
xx

x
x  = ( )

( )1

2
12 +

+/
=/ xx

xx  = 
( )1

2

+

+

xx

x  

 

l.  Given ( )xxy cscsecln +=  then 
dx
dy  = ( )[ ]xx

dx
d cscsecln +  = ( )xx

dx
d

xx
cscsec

cscsec
1

+⋅
+

  

 

     = ( )xxxx
xx

cotcsctansec
cscsec

1
−⋅

+
 = 

xx
xxxx

cscsec
cotcsctansec

+
−  
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Example 3.3-3:  Find the derivative of the following logarithmic functions: 

a.  ( )
2

5secln

x

x
y =    b.  2cscln xy =     c.  

x
xy
sin

1ln +
=  

d.  ( )2lntan xy =    e.  ( )53lncot xy =    f.  ( ) ( )xxy lncotlntan −=  

g.  ( )xxy 5sinln5sin +=    h.  1ln 2 += xy    i.  ( )3ln 2 +⋅= xxy  

j.  3 1ln −= xy     k.  ( ) xarcxy tan21ln 2 ++=   l.  ( ) 233tanln xxarcy +=  

Solutions: 

a.  
dx
dy  = 2

5secln

x

x
dx
d  = 

[ ] [ ]
4

22 5secln5secln

x

xxxx dx
d

dx
d ⋅−⋅

 = 
( ) ( )[ ]

4
5sec

12 25secln5sec

x

xxxx dx
d

x ⋅−



 ⋅⋅

  

 

     = 4

5sec 5secln255tan5sec
2

x

xxxxx dx
d

x
x −



 ⋅⋅⋅

 = ( )
4

2 5secln255tan

x

xxxx −⋅⋅  = ( )
4

2 5secln25tan5

x

xxxx −   

 

     = 
( )

34

5secln25tan5
=/

−/

x

xxxx
 = 

( )
3

5secln25tan5

x

xxx −
 

 

b.  
dx
dy  = ( )2cscln x

dx
d  = 2

2
csc

csc
1 x

dx
d

x
⋅  = 222

2
cotcsc

csc
1 x

dx
dxx

x
⋅⋅−⋅  = xxx

x
2cotcsc

csc
1 22

2
⋅⋅−⋅   

 

     = xxx
x

2cotcsc
csc
1 22

2
⋅⋅///−⋅

///

/
/

 = 2cot2 xx−  

 

c.  
dx
dy  = 







 +
x

x
dx
d

sin
1ln  = 







 +
⋅

+ x
x

dx
d

x
x sin

11

sin
1  = 

( )[ ] ( )[ ]
( )2sin

1
1
1

sin

sin11sin

x

xxxx dx
d

dx
d

x
x

⋅+−+⋅
⋅

+
 = ( ) 11

sin1
⋅+

⋅
x

x   

 

     [ ] ( )[ ]
( )2sin

cos11sin

x

xxx ⋅+−⋅
×  = ( )

( ) 12sin

cos1sin
1

nis
=/

+−
⋅

+
////

x

xxx
x

x  = ( )
x

xxx
x sin

cos1sin
1

1 +−
⋅

+
 = ( )

( ) xx
xxx

sin1
cos1sin

+
+−  

 

d.  
dx
dy  = ( )[ ]2lntan x

dx
d  = ( ) 222 lnlnsec x

dx
dx ⋅  = ( ) 2

2
22 1lnsec x

dx
d

x
x ⋅⋅  = ( ) x

x
x 21lnsec

2
22 ⋅⋅   

 

     = ( )
12

22 2lnsec
=/
/⋅

x
xx  = 

( )
x

x 22 lnsec2
 

 

e.  
dx
dy  = ( )[ ]53lncot x

dx
d  = ( ) ( )552 3ln3lncsc x

dx
dx ⋅−  = ( ) ( )5

5
52 3

3
13lncsc x

dx
d

x
x ⋅⋅−   
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     = ( ) 4
5

52 15
3

13lncsc x
x

x ⋅⋅−  = ( )
15

5245

3
3lncsc51

=/

/

/

//
−

x
xx  = 

( )
x

x 52 3lncsc5
−  

 

f.  
dx
dy  = ( ) ( )[ ]xx

dx
d lncotlntan −  = ( ) ( )x

dx
dx

dx
d lncotlntan −  = ( ) ( ) ( ) ( )x

dx
dxx

dx
dx lnlncsclnlnsec 22 +⋅   

 

     = ( ) ( ) x
dx
d

x
xx

dx
d

x
x ⋅⋅+⋅⋅

1lncsc1lnsec 22  = ( ) ( ) 11lncsc11lnsec 22 ⋅⋅+⋅⋅
x

x
x

x  = ( ) ( )[ ]xx
x

lncsclnsec1 22 +  

 

g.  
dx
dy  = ( )[ ]xx

dx
d 5sinln5sin +  = ( )x

dx
dx

dx
d 5sinln5sin +  = ( )x

dx
d

x
x

dx
dx 5sin

5sin
155cos ⋅+   

 

     = x
dx
dx

x
x 55cos

5sin
155cos ⋅⋅+⋅  = 55cos

5sin
15cos5 ⋅⋅+ x

x
x  = 

x
x

x
5sin
5cos5

5cos5 +  = 







+

x
x

5sin
115cos5  

 

h.  
dx
dy  = 






 +1ln 2x

dx
d  = 1

1

1 2
2

+⋅
+

x
dx
d

x
 = ( )2

1
1

1

1 2
2

+⋅
+

x
dx
d

x
 = ( ) ( )121

2
1

1

1 12
2

2
1

+⋅+⋅
−

−
x

dx
dx

x
  

 

     = ( ) xx
x

21
2
1

1

1 1
1

2
1

2
2

⋅+⋅
+

−
 = ( ) 2

1
1

2
2

1

1 2
2

−
+

/
/

⋅
+

xx

x
 = 

( ) 2
1

1

1

1 22
+

⋅
+ xx

x  = 
( ) ( ) 2

1
2
1

1

1

1 22 +

⋅

+ xx

x   

 

     = 
( ) 2

1
2
1

12 +
+x

x  = 
12 +x

x  

 

i.  
dx
dy  = ( )[ ]3ln 2 +⋅ xx

dx
d  = ( ) 








+⋅ 3ln 22

1
xx

dx
d  = ( ) ( ) 








+⋅+








⋅+ 3ln3ln 22 2

1
2
1

x
dx
dxx

dx
dx   

 

     = ( ) ( ) 







+⋅

+
⋅+








⋅+

−
3

3
1

2
13ln 2

2
12 2

1
2
1

x
dx
d

x
xxx  = ( ) 








⋅

+
⋅+








⋅+

−
x

x
xxx 2

3
1

2
13ln

2
2 2

1
2
1

  

 

     = ( )
3

2

2

3ln
2

2 2
1

2
1 +

⋅
+

+

x
xx

x

x  = = 
( )

3

2
2

3ln
2

2

+
+

+

x

xx
x

x
 

 

j.  
dx
dy  = ( )3 1ln −x

dx
d  = 3

3
1

1
1

−⋅
−

x
dx
d

x
 = ( )3

1
1

1
1

3
−⋅

−
x

dx
d

x
 = ( ) 1

3
3
1

1
3
1

1
1 −−⋅
−

x
x

 = ( ) 3
2

1
3
1

1
1

3
−−⋅

−
x

x
  

 

     = 
( ) 3

2
13

1
1

1
3

−
⋅

− xx
 = 

( ) ( ) 3
2

3
1

13

1

1

1

−
⋅

− xx
 = 

( ) 3
2

3
1

13

1
+−x

 = 
( ) 3

21
13

1
+

−x
 = 

( )3
3

13

1

/
/

−x
 = 

( )13

1

−x
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k.  
dx
dy  = ( )[ ]xarcx

dx
d tan21ln 2 ++  = ( ) ( )xarc

dx
dx

dx
d tan21ln 2 ++  = ( ) x

dx
d

x
x

dx
d

x
⋅

+
⋅++⋅

+ 2
2

2 1
121

1
1   

 

     = 1
1

122
1

1
22
⋅

+
⋅+⋅

+ x
x

x
 = 22 1

2
1

2
xx

x
+

+
+

 = 21
22

x
x
+

+  = 
( )

21

12

x

x

+

+
 

 

l.  
dx
dy  = ( )[ ]233tanln xxarc

dx
d

+  = ( ) ( )233tanln x
dx
dxarc

dx
d

+  = ( ) xxarc
dx
d

xarc
63tan

3tan
1

+⋅   

 

     = 
( )

xx
dx
d

xxarc
63

31
1

3tan
1

2
+⋅

+
⋅  = x

xxarc
63

91
1

3tan
1

2
+⋅

+
⋅  = ( )

x
xarcx

6
3tan91

3
2

+
+

 

 
When differentiating exponential functions the following two rules should be kept in mind: 

Given uey = , then 
dx
due

dx
dy u ⋅=  

Given uay = , then 
dx
duaa

dx
dy u ⋅⋅= ln  

Let’s differentiate some exponential functions using the above differentiation formulas. 

Example 3.3-4:  Find the derivative of the following exponential functions: 

a.  xey 10=     b.  xexy 2=     c.  xexy 52=  

d.  ( ) 238 xexy +=    e.  xey 5sin=     f.  xey x 2sin5=  

g.  xey x 3cos2=    h.  xey x tanln=    i.  xarcey x sin+=  

j.  xarcey x cos5=    k.  
xeey =     l.  xxeey 35cos −=  

Solutions: 

a.  Given xey 10=  then 
dx
dy  = ( )xe

dx
d 10  = ( )x

dx
de x 1010 ⋅  = 1010 ⋅xe  = xe1010  

 

b.  Given xexy 2=  then 
dx
dy  = ( )xex

dx
d 2  = ( ) ( )xx e

dx
dxx

dx
de 22 ⋅+⋅  = x

dx
dexe xx 21 22 ⋅⋅+⋅   

 
     = 222 ⋅⋅+ xx exe  = xx exe 22 2+  = ( )xe x 212 +  
 

c.  Given xexy 52=  then 
dx
dy  = ( )xex

dx
d 52  = ( ) ( )xx e

dx
dxx

dx
de 5225 ⋅+⋅  = x

dx
dexxe xx 52 525 ⋅⋅+⋅   

 
     = 52 525 ⋅⋅+⋅ xx exxe  = xx exex 525 52 +  = ( )xex x 525 +  
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d.  Given ( ) 238 xexy +=  then 
dx
dy  = ( ) 



 +

238 xex
dx
d  = ( ) ( ) 














⋅++



 +⋅

22 33 88 xx e
dx
dxx

dx
de   

 

     = ( ) 



 ⋅⋅++



 ⋅ 233 381

22
x

dx
dexe xx  = ( ) xexe xx 68

22 33 ⋅⋅++  = ( )[ ]861
23 ++ xxe x  = ( )1486 23 2

++ xxe x  

 

e.  Given xey 5sin=  then 
dx
dy  = ( )xe

dx
d 5sin  = ( )x

dx
de x 5sin5sin ⋅  = xe x 5cos55sin ⋅  = xex 5sin5cos5  

 

f.  Given xey x 2sin5=  then 
dx
dy  = ( )xe

dx
d x 2sin5  = ( ) ( )



 ⋅+



 ⋅ x

dx
dee

dx
dx xx 2sin2sin 55   

 

     = 



 ⋅⋅+



 ⋅⋅ x

dx
dxex

dx
dex xx 22cos52sin 55  = [ ] [ ]22cos52sin 55 ⋅⋅+⋅⋅ xeex xx  = ( )xxe x 2cos22sin55 +  

 

g.  Given xey x 3cos2=  then 
dx
dy  = ( )xe

dx
d x 3cos2  = ( ) ( )



 ⋅+



 ⋅ x

dx
dee

dx
dx xx 3cos3cos 22   

 

     = 



 ⋅−⋅+



 ⋅⋅ x

dx
dxex

dx
dex xx 33sin23cos 22  = [ ] [ ]33sin23cos 22 ⋅−⋅+⋅⋅ xeex xx  = ( )xxe x 3sin33cos22 −  

 

h.  Given xey x tanln=  then 
dx
dy  = ( )xe

dx
d x tanln  = ( ) ( )



 ⋅+



 ⋅ x

dx
dee

dx
dx xx tantan lnln   

 

     = ( ) [ ]xex
dx
dex xx 2lnln seclntan ⋅+



 ⋅⋅  = [ ]xe

x
ex xx 2lnln sec1tan ⋅+



 ⋅⋅  = 








+ x

x
xe x 2ln sectan  

 

i.  Given xarcey x sin+=  then 
dx
dy  = 






 + xarce

dx
d x sin  = xarc

dx
de

dx
d x sin+  = xarc

dx
de

dx
d x

sin2 +   

 

     = x
dx
d

x

x
dx
de

x
⋅

−
+⋅

21

1
2

2  = 1
1

1
2
1

2
2 ⋅

−
+⋅

x
e

x
 = 

21

1
2

2

x

e
x

−
+  

 

j.  Given xarcey x cos5=  then 
dx
dy  = ( )xarce

dx
d x cos5  = ( ) ( )



 ⋅+



 ⋅ xarc

dx
dee

dx
dxarc xx coscos 55   

 

     = 















⋅

−
−⋅+






 ⋅⋅ x

dx
d

x
ex

dx
dexarc xx

2
55

1

15cos  = ( )















⋅

−
−⋅+⋅⋅ 1

1

15cos
2

55

x
eexarc xx   
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     = 
2

55

1

15cos
x

eexarc xx

−
⋅−⋅  = 

2

5
5

1
cos5

x

exarce
x

x

−
−  = 















−
−

2
5

1

1cos5
x

xarce x  

 

k.  Given 
xeey =  then 

dx
dy  = 

xee
dx
d  = xe e

dx
de

x
⋅  = x

dx
dee xex

⋅⋅  = 1⋅⋅ xe ee
x

 = xe ee
x

 = xe x
e +  

 

l.  Given xxeey 35cos −=  then 
dx
dy  = ( )xxee

dx
d 35cos −  = ( ) ( )



 ⋅+



 ⋅ −− xxxx e

dx
dee

dx
de 35cos5cos3   

 

     = ( ) ( )



 −⋅⋅+



 ⋅⋅ −− x

dx
deex

dx
dee xxxx 35cos 35cos5cos3  = [ ]355sin 35cos5cos3 −⋅⋅+



 ⋅−⋅⋅ −− xxxx eex

dx
dxee   

 
     = [ ] [ ]355sin 35cos5cos3 −⋅⋅+⋅−⋅⋅ −− xxxx eexee  = xxxx eeeex 35cos5cos3 35sin5 −− −−   

 
     = ( )35sin535cos +− − xee xx  = ( )35sin535cos +− − xe xx  

 
Example 3.3-5:  Differentiate the following exponential functions 

a.  xx eey −−=
2ln    b.  

x
ey

x

5cot

3
=     c.  xexy 53 −=  

d.  23 cos xarcey x ⋅=    e.  3tanln
2

xxarcey x ++=   f.  xarcey x sin
2
−=  

g.  3ln 2
xey x +=    h.  xearcy sin=    i.  xearcxy 3sin=  

Solutions: 

a.  Given xx eey −+=
2ln  then 

dx
dy  = 






 − −xx ee

dx
d 2ln  = xx e

dx
de

dx
d −−

2ln  = ( )x
dx
dex

dx
de xx −⋅−⋅ −2ln ln

2
  

 

     = 11 2
2

ln 2
−⋅−⋅⋅ −xx ex

dx
d

x
e  = xx ex

x
e −

=/
+/⋅⋅ 21

12
ln 2

 = x
x

e
x

e −+
2ln2  

 

b.  Given 
x

ey
x

5cot

3
=  then 

dx
dy  = 











x
e

dx
d x

5cot

3
 = 

( )[ ] ( )[ ]
x

xeex dx
dxx

dx
d

5cot

5cot5cot

2

33 ⋅−⋅
  

 

     = 
[ ] [ ]

x

xxexex dx
dx

dx
dx

5cot

55csc35cot

2

233 ⋅−⋅−⋅⋅
 = 

x

xeex xx

5cot

55csc35cot
2

233 ⋅⋅+⋅⋅  = 
( )

x

xxe x

5cot

5csc55cot3
2

23 +
 

 

c.  Given xexy 53 −=  then 
dx
dy  = ( )xex

dx
d 53 −  = 






 ⋅+






 ⋅ −− 3553 x

dx
dee

dx
dx xx  = ( )



 −⋅⋅ − x

dx
dex x 553   
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     [ ]25 3xe x ⋅+ −  = ( ) ( )2553 35 xeex xx ⋅+−⋅⋅ −−  = xx exex 5253 35 −− +−  = ( )3552 +−− xex x  

 

d.  Given 23 cos xarcey x=  then 
dx
dy  = ( )23 cos xarce

dx
d x  = 2332 coscos xarc

dx
dee

dx
dxarc xx ⋅+⋅   

 

     = 2
4

332

1

13cos x
dx
d

x
ex

dx
dexarc xx ⋅

−
−⋅+⋅⋅  = x

x
eexarc xx 2

1

13cos
4

332 ⋅
−

−⋅+⋅⋅  

 

     = 
4

3
23

1

2cos3
x

xexarce
x

x

−
−  = 














−
−

4
23

1

2cos3
x

xxarce x  

 

e.  Given 3tanln
2

xxarcey x ++=  then 
dx
dy  = 






 ++ 3tanln

2
xxarce

dx
d x  = 3tanln

2
x

dx
dxarc

dx
de

dx
d x ++   

 

     = 2
2

3
1

11 2

2
x

x
e

dx
d

e

x
x

+
+

+⋅  = 2
2

2 3
1

11 2

2
x

x
x

dx
de

e

x
x

+
+

+⋅⋅  = 2
2

3
1

12
2

2

x
x

x
e

e
x

x
+

+
+⋅  = 2

2

1
123
x

xx
+

++  

 

f.  Given xarcey x sin
2
−=  then 

dx
dy  = 






 − xarce

dx
d x sin

2
 = xarc

dx
de

dx
d x sin

2
−  = 

2
2

1

12

x
x

dx
de x

−
−⋅  

 

     = 
21

12
2

x
xe x

−
−⋅  = 

21

12
2

x
ex x

−
−  

 

g.  Given 3ln 2
xey x +=  then 

dx
dy  = 






 + 3ln 2

xe
dx
d x  = 3ln 2

x
dx
de

dx
d x +  = 22ln 3ln

2
xx

dx
de x +⋅   

 

     = 22
2

ln 312
xx

dx
d

x
e x +⋅⋅  = 2

12
ln 3212

xx
x

e x +/⋅⋅
=/

 = 2ln 322
x

x
e x +⋅  = 2

ln
32

2

x
x

e x
+  

 

h.  Given xearcy sin=  then 
dx
dy  = ( )xearc

dx
d sin  = x

x
e

dx
d

e
⋅

− 21

1  = x
dx
de

e

x
x

⋅⋅
− 21

1  = 
x

x

e

e
21−

 

 

i.  Given xearcxy 3sin=  then 
dx
dy  = ( )xearcx

dx
d 3sin  = xx earc

dx
dxx

dx
dearc 33 sinsin ⋅+⋅   

 

     = x
x

x e
dx
d

e
xearc 3

6
3

1

11sin ⋅
−

⋅+⋅  = x
dx
de

e
xearc x

x
x 3

1

1sin 3
6

3 ⋅⋅
−

⋅+  = 
x

x
x

e

xeearc
6

3
3

1

3sin
−

+  
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• In order to find the derivative of the functions of the form ( )xgxy =  first multiply both sides of 
the equation by natural logarithm ( lnlog =e ) and then apply the logarithmic rules prior to taking 
the derivative.  The following examples show how to differentiate this class of functions: 

 
Example 3.3-6:  Find the derivative of the following functions: 

a.  xxy = , 0x         b.  xxy sin= , 0x       c.  ( ) xxy sin= , 0x  

d.  xxy
1

= , 0x         e.  xxy ln= , 0x       f.  
xexy =  

Solutions: 

a.  The function xxy =  is equivalent to xxy lnln =  ; xxy lnln =  thus xx
dx
dy

dx
d lnln =   

 

; x
dx
dxx

dx
dx

dx
dy

y
lnln1

⋅+⋅=⋅  ; 
x

xxy
y

11ln1
⋅+⋅=′⋅  ; 1ln1

+=′⋅ xy
y

 ; ( )1ln +=′ xyy  ; ( )1ln +=′ xxy x  

 

b.  The function xxy sin=  is equivalent to xxy sinlnln =  ; xxy lnsinln =  thus: 

 

xx
dx
dy

dx
d lnsinln =  ; x

dx
dxx

dx
dx

dx
dy

y
lnsinsinln1

⋅+⋅=⋅  ; 
x

xxxy
y

1sincosln1
⋅+⋅=′⋅   

 

; 
x

x
xxy

y
sin

cosln1
+=′⋅  ; 








+=′

x
x

xxyy
sin

cosln  ; 






 +=′
x

xxxxy x sincoslnsin  

 
c.  The function ( ) xxy sin=  is equivalent to ( ) xxy sinlnln =  ; ( )xxy sinlnln =  thus: 

 

( )xx
dx
dy

dx
d sinlnln =  ; ( ) ( )x

dx
dxx

dx
dx

dx
dy

y
sinlnsinln1

⋅+⋅=⋅  ; ( ) x
x

xxy
y

cos
sin

11sinln1
⋅⋅+⋅=′⋅   

 

; ( )
x
xx

xy
y sin

cos
sinln1

+=′⋅  ; ( )[ ]xxxyy cotsinln +=′  ; ( ) ( )[ ]xxxxy x cotsinlnsin +=′  

 

d.  The function xxy
1

=  is equivalent to xxy
1

lnln =  ; x
x

y ln1ln =  thus: 

 







 ⋅= x

xdx
dy

dx
d ln1ln  ; x

dx
d

xxdx
dx

dx
dy

y
ln11ln1

⋅+⋅=⋅  ; 
xxx

xy
y

111ln1
2

⋅+−⋅=′⋅  ; 22
1ln1

xx

x
y

y
+−=′⋅  

 

; 






 −
=′

2
ln1

x

x
yy  ; 







 −
=′

2
ln11

x

x
xy x  = ( )x

x
xy

x
ln12

1

−=′  
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e.  The function xxy ln=  is equivalent to xxy lnlnln =  ; xxy lnlnln ⋅=  = xy 2lnln =  thus: 

 

x
dx
dy

dx
d 2lnln =  ; x

dx
dx

dx
dy

y
lnln21

⋅=⋅  ; x
dx
d

x
xy

y
⋅⋅=′⋅

1ln21  = 11ln21
⋅⋅=′⋅

x
xy

y
 = 

x
xy

y
1ln21
⋅=′⋅  

 

; 
x

x
y

y
ln21

=′⋅  ; 







=′

x
x

yy
ln2  ; 








=′

x
xxy x ln2 ln  

 
f.  The function 

xexy =  is equivalent to 
xexy lnln =  ; xey x lnln =  thus: 

 

xe
dx
dy

dx
d x lnln =  ; x

dx
dee

dx
dx

dx
dy

y
xx lnln1
⋅+⋅=⋅  ; x

dx
d

x
ex

dx
dexy

y
xx ⋅⋅+⋅⋅=′⋅

1ln1   

 

; 111ln1
⋅⋅+⋅⋅=′⋅

x
eexy

y
xx  ; 

x
exey

y

x
x +=′⋅ ln1  ; 






 +=′

x
xeyy x 1ln  ; 







 +=′
x

xexy xe x 1ln  

 
Example 3.3-7:  Find the derivative of the following functions: 

a.  exy 3=     b.  ( ) πxy sin=     c.  5xy =  

d.  π2xy =     e.  axy ln=     f.  3sin xxy += θ  

 

Solutions: 

a.  Given exy 3=  then 
dx
dy  = 133 −exe  

Note that we could have solved this problem, and other problems in this example, by first 
multiplying both sides of the equation by natural logarithm ( lnlog =e ) and taking the 
derivative as shown below.  However, this is a more difficult way of solving this class of 
functions and is not recommended. 
 

exy 3=  ; exy 3lnln =  then ex
dx
dy

dx
d 3lnln =  ; e

e
x

dx
d

xdx
dy

y
3

3
11

⋅=⋅  ; 13
3

311 −⋅=′⋅ e
e

xe
x

y
y

  

 
; ( )ee xxeyy 3133 −− ⋅=′  ; ( )eexeyy 3133 −−=′  ; ( )13 −=′ xeyy  ; ( )13 3 −=′ xexy e  ; 133 −=′ exey  

 

b.  Given ( )πxy sin=  then 
dx
dy  = ( ) x

dx
dx sinsin 1 ⋅−ππ  = ( ) xx cossin 1−ππ  

 

c.  Given 2
5

5 xxy ==  then 
dx
dy  = 12

5

2
5 −

x  = 2
3

2
5 x  = 3

2
5 x  = xx

2
5  
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d.  Given π2xy =  then 
dx
dy  = π2x

dx
d  = 122 −ππ x  

 

e.  Given axy ln=  then 
dx
dy  = ax

dx
d ln  = 1lnln −axa  

 

f.  Given 3sin xxy += θ  then 
dx
dy  = ( )3sin xx

dx
d

+θ  = 3sin x
dx
dx

dx
d

+θ  = 21sin 3sin xx +−θθ  

Note:  The problems in this example can be written in the standard form of axy =  where 
dx
dy  is 

equal to 1−=′ axay .  Therefore, students should not get confused if the constant a  is replaced 

with numbers such as 3 , 
3
1 , e , 2

1
e , α , π , η , θsin , etc.  The process of finding the derivative 

remains the same. 

• The derivative of the functions of the form auu ea ln=  is equal to the following: 

ua
dx
d  = aue

dx
d ln  = au

dx
de au lnln ⋅  = u

dx
dae au ⋅⋅ lnln  = 

dx
duae

ua ⋅⋅ lnln  = 
dx
duaau ln   Thus, 

 

dx
duaaa

dx
d uu ln=  

 
The following examples show how to differentiate this class of functions: 
 
Example 3.3-8:  Find the derivative of the following functions: 

a.  xy 2=          b.  xy sin5=        c.  xy π=  

d.  xy
1

10=          e.  xy ln10=        f.  
3

5
xey =  

 
Solutions: 

a.  Given xy 2=  then 
dx
dy  = x

dx
d 2  = x

dx
dx ⋅⋅ 2ln2  = 12ln2 ⋅⋅x  = ( ) x22ln  

 

b.  Given xy sin5=  then 
dx
dy  = x

dx
d sin5  = x

dx
dx sin5ln5sin ⋅⋅  = xx cos5ln5sin ⋅⋅  = ( ) xx cos55ln sin  

 

c.  Given xy π=  then 
dx
dy  = x

dx
d π  = x

dx
dx ⋅⋅ ππ ln  = 1ln ⋅⋅ ππ x  = ( ) xππln  

 

d.  Given xy
1

10=  then 
dx
dy  = x

dx
d 1

10  = 
xdx

dx 110ln10
1

⋅⋅  = 2
110ln10

1

x
x −⋅⋅  = ( )

2

1
1010ln

x

x
−  
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e.  Given xy ln10=  then 
dx
dy  = x

dx
d ln10  = x

dx
dx ln10ln10ln ⋅⋅  = 

x
x 110ln10ln ⋅⋅  = ( )

x

xln1010ln  

 

f.  Given 
3

5
xey =  then 

dx
dy  = 

3
5

xe
dx
d  = 

33
5ln5 xe e

dx
dx

⋅⋅  = 333
5ln5 x

dx
de xex

⋅⋅⋅  = 235ln5
33

xe xex
⋅⋅⋅   

 

= ( ) 33
535ln 2 xe ex

x
 

 

Section 3.3 Practice Problems – Differentiation of Logarithmic and Exponential Functions 

1.  Find the derivative of the following logarithmic functions: 
a.  xy 10ln=    b.  35ln10 xy =     c.  ( )3ln 2 += xy  

d.  xxy ln3=    e.  25ln xxxy −=    f.  ( ) 23 ln2 xxy +=  

g.  ( )2lnsin xy =    h.  xy cscln=     i.  3ln xy =  

j.  ( )2lncos xy =    k.  
1
1ln

−
+

=
x
xy     l.  xxxy 5ln3 +=  

 
2.  Find the derivative of the following exponential and trigonometric functions: 

a.  xexy 23=     b.  ( ) xexy 32 3+=    c.  xey 3sin=  

d.  
2ln xey =     e.  xey x 5sin9=    f.  xarcey x sin2=  

g.  ( ) xexy −−= 5    h.  ( )1ln += xey     i.  
x

ey
x

tan
=  

j.  xx ey ⋅= 3     k.  xarcxy sin3=    l.  ( )15cos5 += xey x   
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3.4 Differentiation of Hyperbolic Functions 
Hyperbolic functions are defined as: 

Table 3.4-1:  Hyperbolic Functions 

xsinh  = 
2

xx ee −−  xcoth  = 
x
x

sinh
cosh  = 

xx

xx

ee
ee
−

−

−

+     where 0≠x  

xcosh  = 
2

xx ee −+  xhsec  = 
xcosh

1  = 
xx ee −+

2  

xtanh  = 
x
x

cosh
sinh  = 

xx

xx

ee
ee
−

−

+

−  xhcsc  = 
xsinh

1  = 
xx ee −−

2      where 0≠x  

 
The differential formulas involving hyperbolic functions are defined as: 

Table 3.4-2:  Differentiation Formulas for Hyperbolic Functions 

u
dx
d sinh  = 

dx
duu ⋅cosh  u

dx
d coth  = 

dx
duuh ⋅− 2csc  

u
dx
d cosh  = 

dx
duu ⋅sinh  uh

dx
d sec  = 

dx
duuuh ⋅− tanhsec  

u
dx
d tanh  = 

dx
duuh ⋅2sec  uh

dx
d csc  = 

dx
duuuh ⋅− cothcsc  

 
Let’s differentiate some hyperbolic functions using the above formulas: 

Example 3.4-1:  Find the derivative of the following hyperbolic functions: 

a.  xy 6sinh5=     b.  xxy 3coshsinh 3 +=    c.  32 5cosh xy =  

d.  xxy sinh3=    e.  22 coshsinh xxy +=    f.  ( )13tanh 2 −= xy  

g.  xxy 103sinh
6
1

+=    h.  xy 3coshln=    i.  33tanhln xy =  

Solutions: 

a.  Given xy 6sinh5=  then 
dx
dy  = ( )x

dx
d 6sinh5  = ( )x

dx
dx 66cosh5 ⋅  = 66cosh5 ⋅x  = x6cosh30  

 

b.  Given xxy 3coshsinh 3 +=  then 
dx
dy  = ( )xx

dx
d 3coshsinh 3 +  = ( ) ( )x

dx
dx

dx
d 3coshsinh 3 +   

 

     = x
dx
dxx

dx
dx 33sinhcosh 33 ⋅+⋅  = 33sinh3cosh 23 ⋅+⋅ xxx  = xxx 3sinh3cosh3 32 +  

 

c.  Given 32 5cosh xy =  then 
dx
dy  = ( )32 5cosh x

dx
d  = ( )235cosh x

dx
d  = 33 5cosh5cosh2 x

dx
dx ⋅   

 

     = 333 55sinh5cosh2 x
dx
dxx ⋅⋅  = 233 155sinh5cosh2 xxx ⋅⋅  = 332 5cosh5sinh30 xxx  
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d.  Given xxy sinh3=  then 
dx
dy  = ( )xx

dx
d sinh3  = x

dx
dxx

dx
dx sinhsinh 33 ⋅+⋅   

 

     = x
dx
dxxxx ⋅⋅+⋅ cosh3sinh 32  = 2

1

2
1coshsinh3 32 −
⋅+ xxxxx  = 

x
xxxx

2
coshsinh3

3
2 +  

 

e.  Given 22 coshsinh xxy +=  then 
dx
dy  = ( )22 coshsinh xx

dx
d

+  = 22 coshsinh x
dx
dx

dx
d

+   

 

     = 2222 sinhcosh x
dx
dxx

dx
dx ⋅+⋅  = xxxx 2sinh2cosh 22 ⋅+⋅  = 22 sinh2cosh2 xxxx +  

 

f.  Given ( )13tanh 2 −= xy  then 
dx
dy  = ( )[ ]13tanh 2 −x

dx
d  = ( ) ( )1313sec 222 −⋅− x

dx
dxh  = ( )13sec6 22 −xhx  

 

g.  Given xxy 103sinh
6
1

+=  then 
dx
dy  = 






 + xx

dx
d 103sinh

6
1  = x

dx
dx

dx
d 103sinh

6
1

+





   

 

     = 1033cosh
6
1

+⋅ x
dx
dx  = 103cosh

6
3

+x  = 103cosh
2
1

+x  

 

h.  Given xy 3coshln=  then 
dx
dy  = ( )x

dx
d 3coshln  = ( )x

dx
d

x
3cosh

3cosh
1

⋅  = x
dx
dx

x
33sinh

3cosh
1

⋅⋅   

 

     = 33sinh
3cosh

1
⋅⋅ x

x
 = 

x
x

3cosh
3sinh

3 ⋅  = x3tanh3  

 

i.  Given 33tanhln xy =  then 
dx
dy  = ( )33tanhln x

dx
d  = ( )3

3
3tanh

3tanh
1 x

dx
d

x
⋅  = 3

3

32
3

3tanh

3sec
x

dx
d

x

xh
⋅   

 

     = 2
3

32
9

3tanh

3sec
x

x

xh
⋅  = 3

322

3tanh

3sec9

x

xhx  

 
Example 3.4-2:  Find the derivative of the following hyperbolic functions: 

a.  2
1coth
x

y =     b.  ( )1cosh
sinh 2

+
=

x
x

y    c.  
5

2

3cosh

10sinh

x

x
y =  

d.  
3

3

cosh

sinh

x

e
y

x
=     e.  22 sinh xxy =    f.  ( ) xxy cosh1+=  

g.  xxy coshsinh 3 +=   h.  xxy 5sinh 23=    i.  3 2csc xxhy +=  

Solutions: 

a.  Given 2
1coth

x
y =  then 

dx
dy  = 








2

1coth
xdx

d  = 22
2 11csc

xdx
d

x
h ⋅−  = 32

2 21csc
xx

h −
⋅−  = 2

2
3

1csc2
x

h
x
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b.  Given ( )1cosh
sinh 2

+
=

x
x

y  then 
dx
dy  = ( )











+1cosh
sinh 2

x
x

dx
d  = 

( )[ ] ( )[ ]
( )1cosh

1coshsinhsinh1cosh

2

22

+

+⋅−⋅+

x

xxxx dx
d

dx
d

  

 

     = 
( )[ ] ( ) ( )[ ]

( )1cosh

11sinhsinhcosh1cosh

2

222

+

+⋅+−⋅+

x

xxxxxx dx
d

dx
d

 = 
( )[ ] ( )[ ]

( )1cosh

11sinhsinh2cosh1cosh
2

22

+

⋅+−⋅+

x

xxxxx
  

 

     = ( ) ( )
( )1cosh

sinh1sinh1coshcosh2
2

22

+

+−+

x
xxxxx  

 

c.  Given 5

2

3cosh

10sinh

x

x
y =  then 

dx
dy  = 










5

2

3cosh

10sinh

x

x
dx
d  = 

[ ] [ ]
52

5225

3cosh

3cosh10sinh10sinh3cosh

x

xxxx dx
d

dx
d ⋅−⋅

  

 

     = 
[ ] [ ]

52

552225

3cosh

33sinh10sinh1010cosh3cosh

x

xxxxxx dx
d

dx
d ⋅−⋅

 = 
[ ]

52

25

3cosh

2010cosh3cosh

x

xxx ⋅⋅
  

 

     = 
[ ]

52

452

3cosh

153sinh10sinh

x

xxx ⋅⋅−
 = 52

25452

3cosh
10sinh3sinh153cosh10cosh20

x
xxxxxx −  

 

d.  Given 3

3

cosh

sinh

x

e
y

x
=  then 

dx
dy  = 










3

3

cosh

sinh

x

e
dx
d x

 = 
[ ] [ ]

32

3333

cosh

coshsinhsinhcosh

x

xeex dx
dxx

dx
d ⋅−⋅

  

 

     = 32

333333

cosh

sinhsinhcoshcosh

x

xxeeex dx
dxx

dx
dx ⋅⋅−⋅⋅

 = 32

233333

cosh

3sinhsinh3coshcosh

x

xxeeex xxx ⋅⋅−⋅⋅   

 

     = 32

332333

cosh
sinhsinh3coshcosh3

x
exxxee xxx −  

 

e.  Given 22 sinh xxy =  then 
dx
dy  = ( )22 sinh xx

dx
d  = 2222 sinhsinh x

dx
dxx

dx
dx ⋅+⋅   

 

     = 2222 cosh2sinh x
dx
dxxxx ⋅⋅+⋅  = xxxxx 2coshsinh2 222 ⋅⋅+  = 232 cosh2sinh2 xxxx +  

 

f.  Given ( ) xxy cosh1+=  then 
dx
dy  = ( )[ ]xx

dx
d cosh1+  = ( ) ( ) x

dx
dxx

dx
dx cosh11cosh ⋅+++⋅   

 
     = ( ) xxx sinh11cosh ⋅++⋅  = ( ) xxx sinh1cosh ++  
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g.  Given xxy coshsinh 3 +=  then 
dx
dy  = 






 + xx

dx
d coshsinh 3  = x

dx
dx

dx
d coshsinh 3 +   

 

     = 2
1

2
3

coshsinh x
dx
dx

dx
d

+  = 2
1

2
1

2
3

2
3

sinhcosh x
dx
dxx

dx
dx ⋅+⋅  = 11 2

1
2
1

2
3

2
3

2
1sinh

2
3cosh

−−
⋅+⋅ xxxx  

 

     = 2
1

2
1

2
1

2
3

2
1sinh

2
3cosh

−
⋅+⋅ xxxx  = 2

1
2
1

2
3

2
1

sinh
2
1cosh

2
3 xxxx

−
+  = x

x
xx sinh

2
1cosh

2
3 3 +  

 

h.  Given xxy 5sinh 23=  then 
dx
dy  = ( )xx

dx
d 5sinh 23  = x

dx
dxx

dx
dx 5sinh5sinh 2332 ⋅+⋅   

 

     = x
dx
dxxxx 5sinh5sinh235sinh 322 ⋅⋅+⋅  = x

dx
dxxxxx 55cosh5sinh235sinh 322 ⋅⋅⋅+⋅   

 
     = 55cosh5sinh235sinh 322 ⋅⋅⋅+⋅ xxxxx  = xxxxx 5cosh5sinh105sinh3 322 +  
 

i.  Given 3 2csc xxhy +=  then 
dx
dy  = 






 + 3 2csc xxh

dx
d  = 3 2csc x

dx
dxh

dx
d

+  = 3
2

csc x
dx
dxh

dx
d

+  

 

     = 13
2

3
2cothcsc

−
+⋅− xx

dx
dxxh  = 3

1

3
21cothcsc

−
+⋅− xxxh  = 33

2cothcsc
x

xxh +−  

 
Example 3.4-3:  Find the first and second derivative of the following hyperbolic functions: 

a.  xy 8sinh=     b.  xy 3sinh 2=     c.  ( )310cosh += xy  

d.  xy cosh=     e.  ( )1sinh 2 += xy    f.  xxy sinh=  

g.  23cosh xxy −=    h.  xy 5tanh=     i.  2coth xy =  

Solutions: 

a.  
dx
dy  = ( )x

dx
d 8sinh  = ( )x

dx
dx 88cosh ⋅  = 88cosh ⋅x  = x8cosh8  

 

2

2

dx

yd  = ( )x
dx
d 8cosh8  = ( )x

dx
dx 88sinh8 ⋅  = 88sinh8 ⋅x  = x8sinh64  

 

b.  
dx
dy  = ( )x

dx
d 3sinh 2  = ( )23sinh x

dx
d  = x

dx
dx 3sinh3sinh2 ⋅  = x

dx
dxx 33cosh3sinh2 ⋅⋅   

 
= 33cosh3sinh2 ⋅⋅ xx  = xx 3cosh3sinh6  
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2

2

dx

yd  = ( )xx
dx
d 3cosh3sinh6  = ( )xx

dx
d 3cosh3sinh6  = 






 ⋅+⋅ x

dx
dxx

dx
dx 3cosh3sinh3sinh3cosh6   

 

= 





 ⋅⋅+⋅⋅ x

dx
dxxx

dx
dxx 33sinh3sinh33cosh3cosh6  = ( )33sinh3sinh33cosh3cosh6 ⋅⋅+⋅⋅ xxxx   

 

= ( )xx 3sinh33cosh36 22 +  = ( )xx 3sinh3cosh18 22 +  
 

c.  
dx
dy  = ( )310cosh +x

dx
d  = ( ) ( )310310sinh +⋅+ x

dx
dx  = ( ) 10310sinh ⋅+x  = ( )310sinh10 +x  

 

2

2

dx

yd  = ( )[ ]310sinh10 +x
dx
d  = ( ) ( )310310cosh10 +⋅+ x

dx
dx  = ( ) 10310cosh10 ⋅+x  = ( )310cosh100 +x  

 

d.  
dx
dy  = ( )x

dx
d cosh  = ( )x

dx
dx ⋅sinh  = 2

1
sinh x

dx
dx ⋅  = 2

1

2
1sinh

−
⋅ xx  = 

x
x

2
sinh  

 

2

2

dx

yd  = 













x
x

dx
d

2
sinh  = 

2
1

2
1

sinh
2
1

x

x
dx
d

⋅  = 
x

xxxx dx
d

dx
d 2

1
2
1

2
1

2
1

sinhsinh

2
1 ⋅−⋅
⋅  = 

x

xxx dx
d 2

1
2
1

2
1

cosh

2
1 ⋅⋅
⋅   

 

1

sinh 2
1

2
1

2
1 −
⋅− xx

 = 
x

xxxxx 2
1

2
1

2
1

2
1

2
1

2
1

2
1 sinhcosh

2
1

−−
⋅−⋅⋅

⋅  = 
x

xxx
xx 2

1
2

1 2
1

2
1

sinhcosh

2
1 ⋅−⋅⋅/
⋅ /   

 

= 
x

xx
x2

1
2
1 2

1
2
1

sinhcosh

2
1 ⋅−⋅
⋅  = 

x
x

x
x

sinh
cosh

4
1

−
⋅  = 

x
x

xxx

4

sinhcosh −

 = 
xx

xxx
4

sinhcosh −  

 

e.  
dx
dy  = ( )1sinh 2 +x

dx
d  = ( ) ( )11cosh 22 +⋅+ x

dx
dx  = ( ) xx 21cosh 2 ⋅+  = ( )1cosh2 2 +xx  

 

2

2

dx

yd  = ( )[ ]1cosh2 2 +xx
dx
d  = ( )[ ]1cosh2 2 +xx

dx
d  = ( ) ( )



 +⋅+⋅+ 1cosh1cosh2 22 x

dx
dxx

dx
dx  

 

( ) ( ) ( )



 +⋅+⋅+⋅+ 11sinh11cosh2 222 x

dx
dxxx  = ( ) ( )[ ]1sinh21cosh2 222 +++ xxx  

 

f.  
dx
dy  = xx

dx
d sinh  = xx

dx
dx

dx
dx ⋅+⋅ sinhsinh  = xx

dx
dxx ⋅⋅+⋅ cosh1sinh  = xxx coshsinh +  
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2

2

dx

yd  = ( )xxx
dx
d coshsinh +  = xx

dx
dx

dx
d coshsinh +  = xx

dx
dx

dx
dxx

dx
dx ⋅+⋅+⋅ coshcoshcosh   

 
= xxxx ⋅+⋅+⋅ sinh1cosh1cosh  = xxxx sinhcoshcosh ++  = xxx sinhcosh2 +  

 

g.  
dx
dy  = ( )23cosh xx

dx
d

−  = 23cosh x
dx
dx

dx
d

−  = xx
dx
dx 233sinh −⋅  = xx 233sinh −⋅  = xx 23sinh3 −  

 

2

2

dx

yd  = ( )xx
dx
d 23sinh3 −  = x

dx
dx

dx
d 23sinh3 −  = 233cosh3 −⋅ x

dx
dx  = 233cosh3 −⋅x  = 23cosh9 −x  

 

h.  
dx
dy  = ( )x

dx
d 5tanh  = ( )x

dx
dxh 55sec 2 ⋅  = 55sec 2 ⋅xh  = xh 5sec5 2  

 

2

2

dx

yd  = ( )xh
dx
d 5sec5 2  = xh

dx
dxh 5sec5sec25 ⋅⋅  = x

dx
dxxhxh 55tanh5sec5sec25 ⋅−⋅⋅   

 
= 55tanh5sec5sec25 ⋅⋅⋅− xxhxh  = xxh 5tanh5sec50 2−  

 

i.  
dx
dy  = ( )2coth x

dx
d  = 22csc x

dx
dxh ⋅−  = xxh 2csc 2 ⋅−  = 2csc2 xhx−  

 

2

2

dx

yd  = ( )2csc2 xhx
dx
d

−  = ( )2csc2 xhx
dx
d

−  = 





 ⋅+⋅− 22 csccsc2 xh

dx
dxx

dx
dxh  

 

= ( )xxxhxxh 2cothcsc1csc2 222 ⋅⋅−⋅−  = ( )222 coth2csc2 xxxh −−  = ( )222 coth21csc2 xxxh −−  
 

Section 3.4 Practice Problems – Differentiation of Hyperbolic Functions 

Find the derivative of the following hyperbolic functions: 

a.  ( )5cosh 3 += xy    b.  xxy sinh3=    c.  ( ) 3sinh6 xxy +=  

d.  ( )xy sinhln=    e.  xey sinh=     f.  53cosh xy =  

g.  
x

xy
2tanh

=     h.  
3

1coth
x

y =     i.  ( ) xxy tanh92 +=  

j.  23sinh xy =     k.  xy 5tanh=     l.  ( )1coth 35 += xxy  
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3.5 Differentiation of Inverse Hyperbolic Functions 
Inverse hyperbolic functions are defined as: 

Table 3.5-1:  Inverse Hyperbolic Functions 

x1sinh −  = 





 ++ 1ln 2xx           for all x  x1coth −  = 








−
+

1
1ln

2
1

x
x                  12x  

x1cosh−  = 





 −+ 1ln 2xx          1≥x  xh 1sec −  = 













 −+
x

x 211ln           10 ≤x  

x1tanh −  = 






−
+

x
x

1
1ln

2
1                 12x  xh 1csc −  = 













 +
+

x
x

x

211ln          0≠x  

 
The differential formulas involving inverse hyperbolic functions are defined as: 

Table 3.5-2:  Differentiation Formulas for Inverse Hyperbolic Functions 

u
dx
d 1sinh −  = 

dx
du

u
⋅

+1

1
2

           u
dx
d 1coth −  = 

dx
du

u
⋅

− 21
1                   1u  

u
dx
d 1cosh−  = 

dx
du

u
⋅

−1

1
2

           1u  uh
dx
d 1sec −  = 

dx
du

uu
⋅

−

−
21

1               10 u  

u
dx
d 1tanh −  = 

dx
du

u
⋅

− 21
1              1u  uh

dx
d 1csc −  = 

dx
du

uu
⋅

+

−
21

1            0≠u  

 
Let’s differentiate some inverse hyperbolic functions using the above formulas: 

Example 3.5-1:  Find the derivative of the following inverse hyperbolic functions: 

a.  xy 10sinh 1−=       b.  21cosh xy −=       c.  xy 1sinh −=  

d.  31tanh xxy −=       e.  xey 21sinh −=       f.  xxy 13 coth −+=  

g.  xexy 21cosh += −       h.  
x

xy
3

sinh 1−
=       i.  xehy 1sec −=  

Solutions: 

a.  Given xy 10sinh 1−=  then 
dx
dy  = x

dx
d 10sinh 1−  = 

( )
x

dx
d

x
10

110

1
2

⋅
+

 = 10
1100

1
2

⋅
+x

 = 
1100

10
2 +x

 

 

b.  Given 21cosh xy −=  then 
dx
dy  = 21cosh x

dx
d −  = 

( )
2

22 1

1 x
dx
d

x
⋅

−
 = x

x
2

1

1
4

⋅
−

 = 
1

2
4 −x

x  

 

c.  Given xy 1sinh −=  then 
dx
dy  = x

dx
d 1sinh −  = 

( )
x

dx
d

x
⋅

+1

1
2

 = 2
1

1
1 x

dx
d

x
⋅

+
 = 12

1

2
1

1
1 −

⋅
+

x
x
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     = 2
1

2
1

1
1 −

⋅
+

x
x

 = 
xx 2

1
1

1
⋅

+
 = 

12
1

+xx
 

 

d.  Given 31tanh xxy −=  then 
dx
dy  = ( )31tanh xx

dx
d −  = 3131 tanhtanh x

dx
dxx

dx
dx −− ⋅+⋅   

 

      = 3
6

31

1
11tanh x

dx
d

x
xx ⋅

−
⋅+⋅−  = 2

6
31 3

1
1tanh x
x

xx ⋅
−

⋅+−  = 6

3
31

1
3tanh

x
xx
−

+−  

 

e.  Given xey 21sinh −=  then 
dx
dy  = xe

dx
d 21sinh −  = 

( )
x

x
e

dx
d

e

2

22 1

1
⋅

+
 = x

dx
de

e

x
x

2
1

1 2
4

⋅⋅
+

  

 

      = 2
1

1 2
4

⋅⋅
+

x
x

e
e

 = 
1

2
4

2

+x

x

e

e  

 

f.  Given xxy 13 coth −+=  then 
dx
dy  = ( )xx

dx
d 13 coth −+  = x

dx
dx

dx
d 13 coth −+  = 2

2

1
13
x

x
−

+  

 

g.  Given xexy 21cosh += −  then 
dx
dy  = ( )xex

dx
d 21cosh +−  = xe

dx
dx

dx
d 21cosh +−  = xe

dx
d

x

2
2 1

1
+

−
  

 

     = xe
dx
d

x

2
2 1

1
+

−
 = x

dx
de

x

x 2
1

1 2
2

⋅+
−

 = 2
1

1 2
2

⋅+
−

xe
x

 = xe
x

2
2

2
1

1
+

−
 

 

h.  Given 
x

xy
3

sinh 1−
=  then 

dx
dy  = 









 −

x
x

dx
d

3
sinh 1

 = 2

11

9

3sinhsinh3

x

xxxx dx
d

dx
d ⋅−⋅ −−

 = 2

1

1
1

9

3sinh3
2

x

xx
x

⋅−⋅ −

+   

 

     = 2

1

1

3

9

sinh3
2

x

x
x

x −

+
−

 = 
19

sinh133
22

12

+

+− −

xx

xxx  = 
13

sinh1
22

12

+

+− −

xx

xxx  

 

i.  Given xehy 1sec −=  then 
dx
dy  = 

( )
x

xx
e

dx
d

ee
⋅

−

−
2

1

1  = x
xx

e
ee

⋅
−

−
21

1  = 
xe 21

1

−
−  

 
Example 3.5-2:  Find the derivative of the following inverse hyperbolic functions: 

a.  321 lnsinh xxy += −    b.  xy sintanh 1−=    c.  xy coscoth 1−=  

d.  xxhy secsec 1 ⋅= −    e.  xey 3sinh 1−=    f.  ( )310coth 1 += − xy  

g.  xy lncosh 1−=    h.  xexy ln2tanh 1 += −    i.  xxy += −1tanh  

j.  xey x 1sinh −=    k.  xxy 1cosh−=    l.  xxy 5tanh 31 += −  
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Solutions: 

a.  
dx
dy  = ( )321 lnsinh xx

dx
d

+−  = 321 lnsinh x
dx
dx

dx
d

+−  = 3
3

2
4

1

1

1 x
dx
d

x
x

dx
d

x
⋅+⋅

+
 = x

x
2

1

1
4

⋅
+

 

 
2

3
31 x

x
⋅+  = 13

2

4

3

1

2
=/

/
+

+ x
x

x

x  = 
xx

x 3

1

2
4

+
+

 

 

b.  
dx
dy  = x

dx
d sintanh 1−  = x

dx
d

x
sin

sin1
1

2
⋅

−
 = x

x
cos

sin1
1

2
⋅

−
 = 

x

x
2sin1

cos

−
 = 

x

x
2cos

cos  = 
xcos

1  

 

c.  
dx
dy  = x

dx
d coscoth 1−  = x

dx
d

x
cos

cos1
1

2
⋅

−
 = x

x
sin

cos1
1

2
−⋅

−
 = 

x

x
2cos1

sin

−

−  = 
x

x
2sin

sin
−  = 

xsin
1

−  

 

d.  
dx
dy  = xxh

dx
d secsec 1 ⋅−  = x

dx
dxhxh

dx
dx secsecsecsec 11 ⋅+⋅ −−  = xxxh

xx
x tansecsec

1

1sec 1
2

⋅+
−

−
⋅ −   

 

= xhxx
xx

x 1
2

sectansec
1

sec −+
−

−  = 
2

12

1

sectansec1sec

xx

xhxxxxx

−

−+− −

 

 

e.   
dx
dy  = xe

dx
d 3sinh 1−  = 

( )
x

x
e

dx
d

e
3

13

1
2

⋅

+
 = x

dx
de

e

x
x

⋅⋅
+

3
19

1
2

 = 13
19

1
2

⋅⋅
+

x
x

e
e

 = 
19

3
2 +x

x

e

e  

 

f.  
dx
dy  = ( )3coth 1 +− x

dx
d  = 

( )
( )3

31
1

2
+⋅

+−
x

dx
d

x
 = 

( )
1

691

1
2

⋅
++− xx

 = 
86

1
2 −−− xx

 = 
86

1
2 ++

−
xx

 

 

g.  
dx
dy  = x

dx
d lncosh 1−  = 

( )
x

dx
d

x
ln

1ln

1
2

⋅
−

 = x
dx
d

xx
⋅⋅

−

1

1ln

1
2

 = 11

1ln

1
2

⋅⋅
− xx

 = 
1ln

1
2 −xx

 

 

h.  
dx
dy  = ( )xex

dx
d ln2tanh 1 +−  = xe

dx
dx

dx
d ln2tanh 1 +−  = 

( )
x

x
e

dx
d

e
x

dx
d

x
⋅+⋅

−

12
21
1

2  = x
x

e
ex

⋅+⋅
−

12
41
1

2  

 

= x

x

e
e

x
+

− 241
2  = 1

41
2

2
+

− x
 = 2

2

21
412
x

x
−

−+  = 
12
34

2

2

+−

+−

x
x  

 

i.  
dx
dy  = ( )xx

dx
d

+−1tanh  = x
dx
dx

dx
d

+−1tanh  = 1
1

1
2

+⋅
−

x
dx
d

x
 = 11

1
1

2
+⋅

− x
 = 1

1
1

2
+

− x
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j.  
dx
dy  = ( )xe

dx
d x 1sinh −  = x

dx
dee

dx
dx xx 11 sinhsinh −− ⋅+⋅  = x

dx
d

x
ex

dx
dex xx ⋅

+
⋅+⋅⋅−

1

1sinh
2

1   

 

= 1
1

11sinh
2

1 ⋅
+

⋅+⋅⋅−

x
eex xx  = 

1
sinh

2
1

+
+−

x

exe
x

x  = 













+
+−

1

1sinh
2

1

x
xe x  

 

k.  
dx
dy  = ( )xx

dx
d 1cosh−  = x

dx
dxx

dx
dx 11 coshcosh −− ⋅+⋅  = 

1

11cosh
2

1

−
⋅+⋅−

x
xx  = 

1
cosh

2
1

−
+−

x

xx  

 

l.  
dx
dy  = ( )xx

dx
d 5tanh 31 +−  = x

dx
dx

dx
d 5tanh 31 +−  = 5

1
1 3

6
+⋅

−
x

dx
d

x
 = 53

1
1 2

6
+⋅

−
x

x
 = 5

1
3

6

2
+

− x
x  

 
Example 3.5-3:  In the following examples find 

dx
dy : 

a.  ttx 1sinh −+=  and ty cos=      b.  tx 1cosh−=  and ttty ++= 23 3  

c.  21sinh tx −=  and ty 2sin=      d.  α1tanh −=x  and αsin=y  

e.  θθ 1coth −=x  and θ=y      f.  ttx 12 sinh −=  and tety =  

g.  tex 1cosh−=  and tey 2=      h.  ttx 33 +=  and ty 1cosh−=  

Solutions: 

a.  Given ttx 1sinh −+=  and ty cos=  then 
dt
dx  = ( )tt

dt
d 1sinh −+  = 

1

11
2 +

+
t

 = 
1

11
2

2

+

++

t

t
 and  

 

dt
dy  = t

dt
d cos  = tsin−   So 

dtdx
dtdy  = 

1

11
2

2

sin

+

++

−

t

t

t  = 

1

11

1
sin

2

2

+

++

−

t

t

t

 = 
111

1sin
2

2

++⋅

+⋅
−

t

tt
 = 

11

1sin
2

2

++

+
−

t

tt
 

 

b.  Given tx 1cosh−=  and ttty ++= 23 3  then 
dt
dx  = t

dt
d 1cosh−  = 

1

1
2 −t

 and 
dt
dy  = ( )ttt

dt
d

++ 23 3   

 

= 163 2 ++ tt   So 
dtdx
dtdy  = 

1

1

2

2

163

−

++

t

tt  = 

1

1
1

163

2

2

−

++

t

tt

 = 
( )

11
1163 22

⋅

−⋅++ ttt
 = ( ) 1163 22 −++ ttt  

 

c.  Given 21sinh tx −=  and ty 2sin=  then 
dt
dx  = 21sinh t

dt
d −  = 

1

1
4 +t

 and 
dt
dy  = t

dt
d 2sin   
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=   ( )2sin t
dt
d  = t

dt
dt sinsin2 ⋅  = tt cossin2   Therefore 

dtdx
dtdy  = 

1

1
4

cossin2

+t

tt  = 

1

1
1

cossin2

4+t

tt

  

 

= 
11

1cossin2 4

⋅

+⋅ ttt
 = 

1
1cossin2 4 +ttt

 = ttt cossin12 4 +  

 

d.  Given α1tanh −=x  and αsin=y  then 
αd

dx  = α1tanh −  = 21
1
α−

 and 
αd

dy  = α
α

sin
d
d  = αcos    

 

Therefore 
α
α

ddx
ddy  = 

21
1

cos

α

α

−

 = 
21

1
1

cos

α

α

−

 = 
( )

11

1cos 2

⋅

−⋅ αα
 = 

( )
1

1cos 2αα −
 = ( ) αα cos1 2−  

 

e.  Given θθ 1coth −=x  and θ=y  then 
θd

dx  = ( )θθ
θ

1coth −

d
d  = θ

θ
θθ

θ
θ 11 cothcoth −− ⋅+⋅

d
d

d
d   

 

= θ
θθ

θθ
d
d

⋅
−

⋅+⋅−
2

1

1
11coth  = 2

1

1
coth

θ

θθ
−

+−  = 
( )

2

12

1

coth1

θ

θθθ

−

+− −

 and 
θd

dy  = θ
θd
d  = 1    

 

Therefore 
θ
θ

ddx
ddy  = 

( ) 212 1coth1

1

θθθθ −+− −
 = ( )

( ) 1coth1

11
12

2

⋅



 +−

−⋅

− θθθ

θ  = ( ) θθθ

θ

+−

−
−12

2

coth1

1  

 

f.  Given ttx 12 sinh −=  and tety =  then 
dt
dx  = ( )tt

dt
d 12 sinh −  = t

dt
dtt

dt
dt 1221 sinhsinh −− ⋅+⋅   

 

= 
1

12sinh
2

21

+
⋅+⋅−

t
ttt  = 

1
sinh2

2

2
1

+
+−

t

ttt  = 
1

sinh12
2

212

+

++ −

t

tttt  and 
dt
dy  = tet

dt
d   

 

= tt e
dt
dtt

dt
de ⋅+⋅  = tt ete ⋅+⋅1  = ( )tet +1   Therefore 

dtdx
dtdy  = ( )

1sinh12

1
2212 +++

+
− ttttt

tet
  

 

= ( )
1sinh12

11
2212 +++

+
− ttttt

tet
 = ( )

212

2

sinh12

11

tttt

tte t

++

++
−

  

 

g.  Given tex 1cosh−=  and tey 2=  then 
dt
dx  = te

dt
d 1cosh−  = t

t
e

dt
d

e
⋅

−1

1
2

 = t
t

e
e

⋅
−1

1
2
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= 
12 −t

t

e

e  and 
dt
dy  = te

dt
d 2  = t

dt
de t 22 ⋅  = 22 ⋅te  = te22   Therefore 

dtdx
dtdy  = 

1

2
2

2

−tt

t

ee

e   

 

= t

tt

e
ee 12 22 −  = 

1
12 22 −⋅ − ttt eee  = 12 22 −− ttt ee  = 12 2 −tt ee  

 

h.  Given ttx 33 +=  and ty 1cosh−=  then 
dt
dx  = ( )tt

dt
d 33 +  = t

dt
dt

dt
d 33 +  = 33 2 +t  and 

dt
dy   

 

= t
dt
d 1cosh−  = t

dt
d

t
⋅

−1
1  = 

tt 2
1

1
1

⋅
−

 = 
12

1
−tt

  Therefore 
dtdx
dtdy  = 

33

121
2 +

−

t

tt   

 

= 
( ) 1233

1
2 −⋅+ ttt

 = ( ) 116

1
2 −+ ttt

  

 

Section 3.5 Practice Problems – Differentiation of Inverse Hyperbolic Functions 

Find the derivative of the following inverse hyperbolic functions: 

a.  xxy 3sinh 1−=    b.  ( )5cosh 1 += − xy    c.  xy 1tanh −=  

d.  
3

1sinh
x

xy
−

=     e.  
x
xy

3cosh
sinh 1−

=     f.  
5

1cosh
x

xy
−

=  

g.  ( ) xxy 12 coth3 −+=    h.  xey x 13 cosh−=    i.  513 tanh xxy −+=  

j.  
2

ln7sinh 1 xexy += −    k.  ( )xey 21tanh−=    l.  ( )53coth 1 += − xy  
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule 
In Chapter 1 the concept of limits and how they are used in finding a solution to an expression as 
the limit of a variable, within the expression, approaches a constant or infinity was addressed.  In 
Chapter 2 and this Chapter finding the derivative of various class of functions was discussed.  In 
this section, we will use what we have learned in the previous chapters in order to solve 
expressions of the form referred to as indeterminate forms. 
We stated earlier that the derivative of a differentiable function ( )xf  is defined as  

( ) ( )
( ) xxx

xfxxf
x −∆+

−∆+
→∆ 0lim                                                 ( )1  

As the limit 0→∆ x  the above expression reduces to: 

( ) ( )
( ) xxx

xfxxf
x −∆+

−∆+
→∆ 0lim  = ( ) ( )

( ) xx
xfxf

−+
−+

0
0  = ( ) ( )

xx
xfxf

−
−  = 

0
0  

Since the limit on both the numerator and the denominator is zero, equation ( )1  is referred to as 

indeterminate form of the type 
0
0 .  Similarly, when both the numerator and the denominator are 

equal to ∞ , i.e., 
∞
∞  the resulting expression is also referred to as indeterminate form.  Note that 

indeterminate forms of the type ∞⋅0 , ∞−∞ , 00 , 0∞ , and ∞1  need to be transformed to one of the  

types 
0
0  or 

∞
∞  first.  These types of indeterminate forms will be discussed later in this section. 

To solve expressions that result in indeterminate forms of the type 
0
0  or 

∞
∞  we apply a rule that 

is referred to as the L’Hopital’s rule. 

L’Hopital’s Rule – Given that ( )xf  and ( )xg  are differentiable and ( ) 0≠xg  and assuming that 
( ) ( ) 0lim ==→ afxfax  and ( ) ( ) 0lim ==→ agxgax , then  

( )
( )

( )
( )xg
xf

xg
xf

axax ′
′

= →→ limlim  

is referred to as the L’Hopital’s rule provided that ( )af ′  and ( )ag ′  exist and ( ) 0≠′ ag  

Note that we proceed to differentiate ( )xf  and ( )xg , i.e., continue to apply the L’Hopital’s rule, 

as long as we still obtain the indeterminate forms of the type 
0
0  or 

∞
∞  as the limit x  approaches 

to a .  We stop differentiation as soon as either the numerator or the denominator has a finite 
nonzero limit.  The following examples show application of the L’Hopital’s rule. 

Example 3.6-1:  Evaluate the limit of the following functions: 

a.  
30

1lim
x

e x

x
−

→  =    b.  
x

x
x

ln
lim ∞→    c.  

xxx
xxx

x
+−

−+−
→ 24

234

1
2

1lim  

d.  
x

ee xx

x sin
2lim 0

−+ −

→    e.  
92
15lim

23

23

3
−−

−−−
→

xx
xxx

x   f.  
30

sin
lim

x

xx
x

−
→  
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g.  
x

x
x cos

2lim
2

π
π

−
→

   h.  
34

1lim
3

3

1
−−

−
→

tt
t

t    i.  
x

x
x

3sin
lim 0→  

Solutions: 

a.  30
1lim

x
e x

x
−

→  = 3

0

0
1−e  = 

0
11−  = 

0
0  which is an indeterminate function.  Let’s apply the  

 

L’Hopital’s rule 30
1lim

x
e x

x
−

→  = 
( )

30
1

lim
x

e

dx
d

x
dx
d

x
−

→  = 20
3

1
lim

x

e dx
dx

dx
d

x
−

→  = 20
3

0
lim

x

xe dx
dx

x
−⋅

→   

 

= 20
3

1lim
x

e x

x
⋅

→  = 20
3

lim
x

e x

x→  = 2

0

03 ⋅
e  = 

0
1  = ∞  

 

b.  
x

x
x

ln
lim ∞→  = 

∞
∞ln  = 

∞
∞  which is an indeterminate function.  Let’s apply the L’Hopital’s 

rule 
 

x
x

x
ln

lim ∞→  = 
x

x

dx
d

dx
d

x
ln

lim ∞→  = 
1

lim
1 xdx

d
x

x
⋅

∞→  = 
1

1
lim

1 ⋅
∞→

x
x  = 

1
lim

1
x

x ∞→  = 
xx
1lim ∞→  = 

∞
1  = 0  

 

c.  
xxx

xxx
x

+−

−+−
→ 24

234

1
2

1lim  = 
1121
1111

24

234

+⋅−

−+−  = 
121

1111
+−
−+−  = 

22
22

−
−  = 

0
0   Apply the L’Hopital’s rule 

 

xxx
xxx

x
+−

−+−
→ 24

234

1
2

1lim  = 
( )
( )xxx

xxx

dx
d

dx
d

x
+−

−+−
→

24

234

1
2

1
lim  = 

xxx

xxx

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

x
+−

−+−
→ 24

234

1
2

1
lim   

 

= 
144

0234lim
3

23

1
+−

−+−
→

xx
xxx

x  = 
11414

121314
3

23

+⋅−⋅

⋅+⋅−⋅  = 
144
234

+−
+−  = 

1
36−  = 

1
3  = 3  

 

d.  
x

ee xx

x sin
2lim 0

−+ −

→  = 
x

e xe
x

x sin

2
lim

1

0

−+
→  = 

0sin

20
10 −+
e

e
 = 

0

21 1
1 −+

 = 
0

211 −+  = 
0

22−  = 
0
0   Apply  

 

the L’Hopital’s rule 
x

ee xx

x sin
2lim 0

−+ −

→  = 
( )

x

ee

dx
d

xx
dx
d

x
sin

2
lim 0

−+ −

→  = 
x

ee

dx
d

dx
dx

dx
dx

dx
d

x
sin

2
lim 0

−+ −

→   

 

= 
( )

x

xee dx
dxx

x cos

0
lim 0

−−⋅+ −

→  = 
x

ee xx

x cos
1lim 0
−⋅+ −

→  = 
x

ee xx

x cos
lim 0

−

→
−  = 

x

e xe
x

x cos
lim

1

0

−
→   
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= 
0cos

0
10
e

e −
 = 

1

1 1
1−

 = 
1

11−  = 
1
0  = 0  

 

e.  
92
15lim

23

23

3
−−

−−−
→

xx
xxx

x  = 
9323
15333

23

23

−⋅−

−−−  = 
91827
153927

−−
−−−  = 

2727
2727

−
−  = 

0
0   Apply the L’Hopital’s  

 

rule 
92
15lim

23

23

3
−−

−−−
→

xx
xxx

x  = 
( )
( )92

15
lim

23

23

3
−−

−−−
→

xx

xxx

dx
d

dx
d

x  = 
92

15
lim

23

23

3
dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

x
xx

xxx

−−

−−−
→   

 

= 
043

0123lim
2

2

3
−−

−−−
→

xx
xx

x  = 
xx

xx
x

43
123lim

2

2

3
−

−−
→  = 

3433
13233

2

2

⋅−⋅

−⋅−⋅  = 
1227

1627
−
−−  = 

15
727 −  = 

15
20  = 

3
4  

 

f.  30
sin

lim
x

xx
x

−
→  = 30

0sin0−  = 
0

00−  = 
0
0   Apply the L’Hopital’s rule 30

sin
lim

x

xx
x

−
→   

 

= 
( )

30
sin

lim
x

xx

dx
d

dx
d

x
−

→  = 30
sin

lim
x

xx

dx
d

dx
d

dx
d

x
−

→  = 20
3

cos1
lim

x

x
x

−
→  = 203

0cos1

⋅

−  = 
0

11−  = 
0
0  

 

Apply the L’Hopital’s rule again 20
3

cos1
lim

x

x
x

−
→  = 

( )
20

3

cos1
lim

x

x

dx
d

dx
d

x
−

→  = 20
3

cos1
lim

x

x

dx
d

dx
d

dx
d

x
−

→   

 

= 
x

x
x 6

sin0
lim 0

+
→  = 

x
x

x 6
sin

lim 0→  = 
06
0sin

⋅
 = 

0
0   Apply the L’Hopital’s rule again 

x
x

x 6
sin

lim 0→   

 

= 
x

x

dx
d

dx
d

x
6

sin
lim 0→  = 

6
cos

lim 0
x

x→  = 
6

0cos  = 
6
1  

 

g.  
x

x
x cos

2lim
2

π
π

−
→  = 

2

2

cos

2
π

π π−⋅
 = 

0
ππ −  = 

0
0   Apply the rule 

x
x

x cos
2lim

2

π
π

−
→  = 

( )
x

x

dx
d

dx
d

x cos

2
lim

2

π
π

−
→  

 

= 
x

x

dx
d

dx
d

dx
d

x cos

2
lim

2

π
π

−
→  = 

xx sin
02lim

2 −
−

→π  = 
2sin

2
π−

 = 
1

2
−

 = 2−  

 

h.  
34

1lim
3

3

1
−−

−
→

tt
t

t  = 
3114

11
3

3

−−⋅

−  = 
314

11
−−

−  = 
44
11

−
−  = 

0
0   Apply the L’Hopital’s rule 
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34
1lim

3

3

1
−−

−
→

tt
t

t  = 
( )

( )34

1
lim

3

3

1
−−

−
→

tt

t

dt
d

dt
d

t  = 
34

1
lim

3

3

1
dt
d

dt
d

dt
d

dt
d

dt
d

t
tt

t

−−

−
→  = 

0112

03
lim

2

2

1
−−

−
→

t

t
t   

 

= 
112

3lim
2

2

1
−

→
t
t

t  = 
1112

13
2

2

−⋅

⋅  = 
112

3
−

 = 
11
3  

 

i.  
x

x
x

3sin
lim 0→  = 

0
0sin  = 

0
0   Apply the L’Hopital’s rule 

x
x

x
3sin

lim 0→  = 
x

x

dx
d

dx
d

x
3sin

lim 0→   

 

= 
1

33cos
lim 0

xx dx
d

x
⋅

→  = 
1

33cos
lim 0

⋅
→

x
x  = xx 3cos3lim 0→  = xx 3coslim3 0→  = ( )03cos3 ⋅   

 
= 0cos3  = 13 ⋅  = 3  

 
Example 3.6-2:  Evaluate the limit of the following functions: 

a.  
θπ
θ

πθ −→
sin

lim
2

   b.  
xx

x
x

+
→ 0lim    c.  

5
5lim

25
−

−
→

t
t

t  

d.  
1

lim 0
−

→ xx
e

x    e.  ( )xxx cotcsclim 0 −→   f.  
x

e x

x 3tan
1lim

2

0
−

→  

g.  
x
x

x 7tan
5tan

lim 0→    h.  
x
x

x

2

0
sin

lim →    i.  ( )
xx

xx
x −

−
→ sin

1cos
lim 0  

Solutions: 

a.  
θπ
θ

πθ −→
sin

lim
2

 = 
2

2sin
π

π

π −
 = 

2

1
π  = 

π
2  

 

b.  
xx

x
x

+
→0lim  = 

00
0
+

 = 
0
0   Apply the L’Hopital’s rule 

xx
x

x
+

→0lim  = 
( )xx

x

dx
d

dx
d

x
+

→0lim  

 

= 
xx

x

dx
d

dx
d

dx
d

x
+

→0lim  = 
x

x

2
10

1
1lim

+
→  = 

02
11

1

⋅
+

 = 
0
11

1
+

 = 
0
11

1
+

 = 
∞+1

1  = 
∞
1  = 0  

 

c.  
5

5lim
25
−

−
→

t
t

t  = 
55

55
2 −

−  = 
525

0
−

 = 
20
0  = 0  

 

d.  
1

lim 0
−

→ xx
e

x  = 
1

0
0 −e

 = 
11

0
−

 = 
0
0   Apply the L’Hopital’s rule 

1
lim 0

−
→ xx

e
x  = 

( )1
lim 0

−
→

x
dx
d

dx
d

x
e

x
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= 
1

lim 0
dx
dx

dx
d

dx
d

x
e

x

−
→  = 

0
1lim 0
−

→ xx
e

 = xx
e
1lim 0→  = 0

1
e

 = 
1
1  = 1  

 

e.  ( )xxx cotcsclim 0 −→  = 







−→ x

x
xx sin

cos
sin

1lim 0  = 
x

x
x sin

cos1
lim 0

−
→  = 

0sin
0cos1−  = 

0
11−  = 

0
0   Apply  

 

the L’Hopital’s rule to the expression 
x

x
x sin

cos1
lim 0

−
→  = 

( )
x

x

dx
d

dx
d

x
sin

cos1
lim 0

−
→  = 

x

x

dx
d

dx
d

dx
d

x
sin

cos1
lim 0

−
→   

 

= 
x

x
x cos

sin0
lim 0

+
→  = 

x
x

x cos
sin

lim 0→  = xx tanlim 0→  = 0tan  = 0  

 

f.  
x

e x

x 3tan
1lim

2

0
−

→  = 
03tan
102

⋅
−⋅e  = 

0tan
10 −e  = 

0
11−  = 

0
0   Apply the L’Hopital’s rule 

x
e x

x 3tan
1lim

2

0
−

→   

 

= 
( )

x

e

dx
d

x
dx
d

x
3tan

1
lim

2

0
−

→  = 
x

e

dx
d

dx
dx

dx
d

x
3tan

1
lim

2

0
−

→  = 
xx

e

dx
d

x

x
33sec

02lim
2

2

0
⋅

−
→  = 

33sec
2lim
2

2

0
⋅

→
x

e x

x   

 

= 
x

x

x
e

3cos
1

2

0
23

2lim
⋅

→  = 
x

x

x
e

3cos
3

2

0
2

2lim →  = 
3

3cos2lim
22

0
xe x

x→  = 
3

03cos2 202 ⋅⋅⋅e  = 
3

0cos2 20 ⋅e  = 
3
2  

 

g.  
x
x

x 7tan
5tan

lim 0→   = 
07tan
05tan
⋅
⋅  = 

0tan
0tan  = 

0
0   Apply the L’Hopital’s rule 

x
x

x 7tan
5tan

lim 0→   

 

= 
x

x

dx
d
dx
d

x
7tan

5tan
lim 0→  = 

xx

xx

dx
d
dx
d

x
77sec

55sec
lim

2

2

0
⋅

⋅
→  = 

77sec
55seclim

2

2

0
⋅

⋅
→

x
x

x  = 
x
x

x
7sec7
5sec5lim

2

2

0→  = 
x

x
x

7cos
7

5cos
5

0
2

2
lim →  

 

= 
x
x

x
5cos7
7cos5lim

2

2

0
⋅

⋅
→  = 

05cos7
07cos5

2

2

⋅⋅

⋅⋅  = 
0cos7
0cos5

2

2

⋅

⋅  = ( )
( )2

2

0cos7

0cos5

⋅

⋅  = 2

2

17
15
⋅

⋅  = 
17
15
⋅
⋅  = 

7
5  

 

h.  
x
x

x

2

0
sin

lim →  = 
0
0sin 2

 = 
0

0sin  = 
0
0   Apply the L’Hopital’s rule 

x
x

x

2

0
sin

lim →  = 
x

x

dx
d

dx
d

x

2

0
sin

lim →   

 

= 
x

xx

dx
d

dx
d

x

22

0
cos

lim
⋅

→  = 
1

2cos
lim

2

0
xx

x
⋅

→  = 
1

020cos 2 ⋅⋅  = 
1

021 ⋅⋅  = 
1
0  = 0  

 

i.  ( )
xx

xx
x −

−
→ sin

1cos
lim 0  = 

xx
xxx

x −
−

→ sin
cos

lim 0  = 
00sin

00cos0
−
−⋅  = 

00
010

−
−⋅  = 

00
00

−
−  = 

0
0   Apply the L’Hopital’s  
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rule 
( )
( )xx

xxx

dx
d

dx
d

x
−

−
→

sin

cos
lim 0  = 

( )
xx

xxxxx

dx
d

dx
d

dx
d

dx
d

dx
d

x
−

−⋅+⋅
→

sin

coscos
lim 0  = ( )

1cos
1sin1cos

lim 0 −
−−⋅+⋅

→ x
xxx

x  

 

= ( )
1cos

1sincos
lim 0 −

−−
→ x

xxx
x  = ( )

10cos
10sin00cos

−
−⋅−  = ( )

11
1001

−
−⋅−  = 

11
11

−
−  = 

0
0   Apply the  

 

L’Hopital’s rule again to the expression ( )
1cos

1sincos
lim 0 −

−−
→ x

xxx
x  = 

( )[ ]
( )1cos

1sincos
lim 0

−

−−
→

x

xxx

dx
d

dx
d

x   

 

= 
1cos

1sincos
lim 0

dx
d

dx
d

dx
d

dx
d

dx
d

x
x

xxx

−

−−
→  = 

0cos

0sincos
lim 0

−

−−
→

x

xxx

dx
d

dx
d

dx
d

x  = 
x

xxx

dx
d

dx
d

dx
d

x
cos

sincos
lim 0

−
→   

 

= 
( )

x

xxxxx dx
d

dx
d

x sin

sinsinsin
lim 0 −

⋅+⋅−−
→  = ( )

x
xxxx

x sin
cossinsin

lim 0 −
+−−

→  = 
x

xxx
x sin

cossin2
lim 0 −

−−
→   

 

= 
x

xxx
x sin

cossin2
lim 0

+
→  = 

0
1002 ⋅+⋅  = 

0
0   Apply the L’Hopital’s rule again to the expression  

 

x
xxx

x sin
cossin2

lim 0
+

→  = 
( )

x

xxx

dx
d

dx
d

x
sin

cossin2
lim 0

+
→  = 

x

xxxxx dx
d

dx
d

x cos

coscoscos2
lim 0

⋅+⋅+
→   

 

= 
x

xxxx
x cos

sin1coscos2
lim 0

⋅−⋅+
→  = 

x
xxxx

x cos
sincoscos2

lim 0
−+

→  = 
x

xxx
x cos

sincos3
lim 0

−
→   

 

0cos
0sin00cos3 ⋅−  = 

1
0013 ⋅−⋅  = 

1
03−  = 

1
3  = 3  

 
Example 3.6-3:  Evaluate the limit of the following functions: 

a.  
xx

xee xx

x 32sin
4lim 0 −

−− −

→   b.  
x
x

x
sin

lim 0→    c.  
30

1lim
x

e x

x
−

→  

d.  
xx
xx

x 3sin
3sin

lim 0 −
+

→    e.  
12

232lim
3

23

1
+−

−+−
→

xx
xxx

x   f.  
x
x

x 2
ln

lim ∞+→  

g.  
x
x

x
2
ln3

lim ∞+→    h.  
x

x

x
e
xe
−

→
1

2lim 0    i.  
2

25lim
x

x
x

+
∞→  
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Solutions: 

a.  
xx

xee xx

x 32sin
4lim 0 −

−− −

→  = 
xx

xe xe
x

x 32sin

4
lim

1

0 −

−−
→  = 

0302sin

040
10

⋅−⋅

⋅−−
e

e
 = 

00

01 1
1

−

−−
 = 

0
11−  = 

0
0   Apply the  

 

L’Hopital’s rule 
xx

xee xx

x 32sin
4lim 0 −

−− −

→  = 
( )
( )xx

xee

dx
d

xx
dx
d

x
32sin

4
lim 0

−

−− −

→  = 
xx

xee

dx
d

dx
d

dx
dx

dx
dx

dx
d

x
32sin

4
lim 0

−

−− −

→   

 

= 
( )

322cos

4
lim 0

−⋅

−−⋅− −

→
xx

xee

dx
d
dx
dxx

x  = ( )
322cos

41
lim 0 −⋅

−−⋅− −

→ x
ee xx

x  = 
32cos2

4
lim

1

0 −

−+
→ x

e xe
x

x  = ( ) 302cos2

40
10

−⋅

−+
e

e
  

 

= 
30cos2

411
−

−+  = ( ) 312
411
−⋅
−+  = 

1
2
−
−  = 2  

 

b.  
x
x

x
sin

lim 0→  = 
0
0sin  = 

0
0   Apply the L’Hopital’s rule  

x
x

x
sin

lim 0→  = 
x

x

dx
d

dx
d

x
sin

lim 0→   

 

= 
x

x
x

2
10

cos
lim →  = 

x

x

x

2
1
1

cos

0lim →  = 
11
2cos

lim 0 ⋅
⋅

→
xx

x  = 
1
cos2

lim 0
xx

x→  = xxx cos2lim 0→   

 
= 0cos02 ⋅⋅  = 0cos0 ⋅  = 10 ⋅  = 0  
 

c.  30
1lim

x
e x

x
−

→  = 3

0

0
1−e  = 

0
11−  = 

0
0   Apply the L’Hopital’s rule 30

1lim
x

e x

x
−

→  = 
( )

30
1

lim
x

e

dx
d

x
dx
d

x
−

→   

 

= 20
3

1
lim

x

e dx
dx

dx
d

x
−

→  = 20
3

0lim
x

e x

x
−

→  = 2

0

03 ⋅
e  = 

0
1  = ∞  

 

d.  
xx
xx

x 3sin
3sin

lim 0 −
+

→  = ( )
( )03sin0

03sin0
⋅−
⋅+  = 

00
00

−
+  = 

0
0   Apply the L’Hopital’s rule 

xx
xx

x 3sin
3sin

lim 0 −
+

→   

 

= 
( )
( )xx

xx

dx
d
dx
d

x
3sin

3sin
lim 0

−

+
→  = 

xx

xx

dx
d

dx
d

dx
d

dx
d

x
3sin

3sin
lim 0

−

+
→  = 

xx

xx

dx
d
dx
d

x
33cos1

33cos1
lim 0

⋅−

⋅+
→  = 

33cos1
33cos1

lim 0 ⋅−
⋅+

→ x
x

x   

 

= 
x
x

x 3cos31
3cos31

lim 0 −
+

→  = ( )
( )03cos31

03cos31
⋅−
⋅+  = 

0cos31
0cos31

−
+  = ( )

( )131
131
⋅−
⋅+  = 

31
31

−
+  = 

2
4
−

 = 2−  
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e.  
12

232lim
3

23

1
+−

−+−
→

xx
xxx

x  = 
1121

213121
3

23

+⋅−

−⋅+⋅−  = 
121

2321
+−
−+−  = 

22
44

−
−  = 

0
0   Apply the L’Hopital’s rule 

 

12
232lim

3

23

1
+−

−+−
→

xx
xxx

x  = 
( )

( )12

232
lim

3

23

1
+−

−+−
→

xx

xxx

dx
d

dx
d

x  = 
12

232
lim

3

23

1
dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

x
xx

xxx

+−

−+−
→   

 

= 
0123

013223lim
2

2

1
+⋅−

−⋅+⋅−
→

x
xx

x  = 
23

343lim
2

2

1
−

+−
→

x
xx

x  = 
213

31413
2

2

−⋅

+⋅−⋅  = 
23

343
−
+−  = 

1
2  = 2  

 

f.  
x
x

x 2
ln

lim ∞+→  = 
∞⋅
∞

2
ln  = 

∞
∞   Apply the L’Hopital’s rule 

x
x

x 2
ln

lim ∞+→  = 
x

x

dx
d

dx
d

x
2

ln
lim ∞+→   

 

= 
2

lim
1
x

x ∞+→  = 
xx 2

1lim ∞+→  = 
∞⋅2

1  = 
∞
1  = 0  

 

g.  
x
x

x
2
ln3

lim ∞+→  = 
∞⋅

∞

2
ln3  = 

∞
∞   Apply the L’Hopital’s rule 

x
x

x
2
ln3

lim ∞+→  = 
x

x

dx
d

dx
d

x
2

ln3
lim ∞+→   

 

= 
x

x
x

2
1

1

2

3
lim

⋅

⋅
∞+→  = 

x

x
x 1

3
lim ∞+→  = 

x
x

x
3

lim ∞+→  = 
∞
∞⋅3  = 

∞
∞   Apply the L’Hopital’s rule  

 

again 
x

x
x

3
lim ∞+→  = 

x

x

dx
d

dx
d

x
3

lim ∞+→  = 
1

lim 2
3

x
x ∞+→  = 

x
x

2
3lim ∞+→  = 

∞⋅2
3  = 

∞
3  = 0  

 

h.  x

x

x
e
xe
−

→
1

2lim 0  = 0

0

1
02
e

e
−

⋅⋅  = 
11

102
−

⋅⋅  = 
0
0   Apply the L’Hopital’s rule x

x

x
e
xe
−

→
1

2lim 0   

 

= 
( )x

dx
d

x
dx
d

x
e

xe

−
→

1

2
lim 0  = 

( )
x

dx
d

dx
d

x
dx
d

dx
dx

x
e

exxe

−

⋅+⋅
→

1

2
lim 0  = 

( )
x

xx

x
e

exe

−

⋅+⋅
→

0

12
lim 0   

 
( )

x

xx

x
e

exe

−

+
→

2
lim 0  = 

( )
0

00 02

e

ee

−

⋅+
 = 

( )
1

012

−

+
 = 

1
2
−

 = 2−  

 

i.  2

25lim
x

x
x

+
∞→  = 15lim

2
+∞→

x
x  = 15

2
+

∞
 = 15

+
∞

 = 10+  = 1  = 1  
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Example 3.6-4:  Evaluate the limit of the following functions: 

a.  
10

lim
10

10 −
−

→ x
ee x

x    b.  
125
25lim

3

3

5
−

−
→

x
xx

x    c.  
x
x

x
ln

lim ∞→  

d.  
1

5lim
34

+

++
∞→ xx

e
xx    e.  

xx
e
x

2

2 13lim −
∞→    f.  

xe
x

xx
25

2lim
2

+
∞→  

g.  
xe

e
x

x

x
53

lim
+

∞→    h.  
xx
xx

x ln2
ln57

lim
+
+

∞+→    i.  
xx

xx
x

ln33

ln2
lim

2

2

+

−
∞+→  

j.  
x

ee xx

x sin5
lim

55

0

−

→
−    k.  

x
ee xx

x

−

→
−

0lim    l.  
x

x
x sin

1cos
lim 0

−
→  

Solutions: 

a.  
10

lim
10

10 −
−

→ x
ee x

x  = 
1010

1010

−
− ee  = 

0
0   Apply the L’Hopital’s rule 

10
lim

10

10 −
−

→ x
ee x

x   

 

= 
( )
( )10

lim
10

10
−

−
→

x

ee

dx
d

x
dx
d

x  = 
10

lim
10

10
dx
d

dx
d

dx
dx

dx
d

x
x

ee

−

−
→  = 

01
0lim 10 −

−
→

x

x
e  = x

x e10lim →  = 10e  

 

b.  
125
25lim

3

3

5
−

−
→

x
xx

x  = 
1255

5255
3

3

−

⋅−  = 
125125
125125

−
−  = 

0
0   Apply the L’Hopital’s rule 

125
25lim

3

3

5
−

−
→

x
xx

x   

 

= 
( )
( )125

25
lim

3

3

5
−

−
→

x

xx

dx
d

dx
d

x  = 
125

25
lim

3

3

5
dx
d

dx
d

dx
d

dx
d

x
x

xx

−

−
→  = 

03
253lim

2

2

5
−

−
→

x
x

x  = 2

2

53
2553

⋅

−⋅  = 
75

2575−  = 
75
50  = 

3
2  

 

c.  
x
x

x
ln

lim ∞→  = 
∞

∞ln  = 
∞
∞   Apply the L’Hopital’s rule 

x
x

x
ln

lim ∞→  = 
x

x

dx
d

dx
d

x
ln

lim ∞→   

 

= 
x

x
x

2
1

1
lim ∞→  = 

x
x

x
2lim ∞→  = 

x
x

2lim ∞→  = 
∞

2  = 
∞
2  = 0  

 

d.  
1

5lim
34

+

++
∞→ xx

e
xx  = 

1
534

+

+∞+∞
∞e

 = 
∞
∞   Apply the L’Hopital’s rule 

1
5lim

34

+

++
∞→ xx

e
xx   

 

= 
( )

( )1

5
lim

34

+

++
∞→

x
dx
d

dx
d

x
e

xx
 = 

1

5
lim

34

dx
dx

dx
d

dx
d

dx
d

dx
d

x
e

xx

+

++
∞→  = 

0
034lim

23

+

++
∞→ xx

e
xx  = xx

e
xx 23 34lim +

∞→  
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= 
∞

∞⋅+∞⋅

e

23 34  = 
∞
∞   Apply the L’Hopital’s rule again to the expression xx

e
xx 23 34lim +

∞→   

 

= 
( )

x
dx
d

dx
d

x
e

xx 23 34
lim

+
∞→  = x

dx
d

dx
d

dx
d

x
e

xx 23 34
lim

+
∞→  = xx

e
xx 612lim

2 +
∞→  = 

∞
∞⋅+∞⋅

e
612 2

 = 
∞
∞  

 

Apply the L’Hopital’s rule again to the expression xx
e

xx 612lim
2 +

∞→  = 
( )

x
dx
d

dx
d

x
e

xx 612
lim

2 +
∞→  

 

= x
dx
d

dx
d

dx
d

x
e

xx 612
lim

2 +
∞→  = xx

e
x 624lim +

∞→  = 
∞
+∞⋅

e
624  = 

∞
∞   Apply the L’Hopital’s rule again  

 

to the expression xx
e
x 624lim +

∞→  = 
( )

x
dx
d

dx
d

x
e

x 624
lim

+
∞→  = x

dx
d

dx
d

dx
d

x
e

x 624
lim

+
∞→  = xx

e
024lim +

∞→  

 

= xx
e
24lim ∞→  = 

∞e
24  = 

∞
24  = 0  

e.  xx
e
x

2

2 13lim −
∞→  = 

∞⋅
−∞⋅

2

2 13
e

 = 
∞
∞  Apply the L’Hopital’s rule xx

e
x

2

2 13lim −
∞→  = 

( )
x

dx
d

dx
d

x
e

x
2

2 13
lim

−
∞→   

 

= x
dx
d

dx
d

dx
d

x
e

x
2

2 13
lim

−
∞→  = xx

e
x

22
06lim −

∞→  = xx
e

x
22

6lim ∞→  = 
∞⋅⋅

∞⋅
22

6
e

 = 
∞
∞   Apply the L’Hopital’s  

 

rule again to the expression xx
e

x
22

6lim ∞→  = x
dx
d
dx
d

x
e

x
22

6
lim ∞→  = xx

e24
6lim ∞→  = 

∞⋅⋅ 24
6
e

 = 
∞
6  = 0  

 

f.  
xe

x
xx

25
2lim

2

+
∞→  = 

∞⋅+⋅

∞⋅
∞ 25
2 2

e
 = 

∞
∞   Apply the L’Hopital’s rule 

xe
x

xx
25

2lim
2

+
∞→   

 

= 
( )xe

x

x
dx
d

dx
d

x
25

2
lim

2

+
∞→  = 

xe

x

dx
dx

dx
d

dx
d

x
25

2
lim

2

+
∞→  = 

25
4lim
+

∞→ xx
e

x  = 
25

4
+⋅

∞⋅
∞e

 = 
∞
∞   Apply the  

 

L’Hopital’s rule again to the expression 
25

4lim
+

∞→ xx
e

x  = 
( )25

4
lim

+
∞→

x
dx
d

dx
d

x
e

x
 = 

25

4
lim

dx
dx

dx
d

dx
d

x
e

x

+
∞→  
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= 
05

4lim
+

∞→ xx
e

 = xx
e5
4lim ∞→  = 

∞⋅e5
4  = 

∞
4  = 0  

 

g.  
xe

e
x

x

x
53

lim
+

∞→  = 
∞⋅+⋅ ∞

∞

53 e
e  = 

∞
∞   Apply the L’Hopital’s rule 

xe
e
x

x

x
53

lim
+

∞→   

 

= 
( )xe

e

x
dx
d

x
dx
d

x
53

lim
+

∞→  = 
xe

e

dx
dx

dx
d

x
dx
d

x
53

lim
+

∞→  = 
53

lim
+

∞→ x

x

x
e
e  = 

53 +⋅ ∞

∞

e
e  = 

∞
∞   Apply the  

 

L’Hopital’s rule again to the expression 
53

lim
+

∞→ x

x

x
e
e  = 

( )53
lim

+
∞→

x
dx
d

x
dx
d

x
e

e
 = 

53
lim

dx
dx

dx
d

x
dx
d

x
e

e

+
∞→   

 

= 
03

lim
+

∞→ x

x

x
e
e  = x

x

x
e
e
3

lim ∞→  = 
3
1lim ∞→x  = 

3
1  

 

h.  
xx
xx

x ln2
ln57

lim
+
+

∞+→  = 
∞⋅+∞
∞⋅+∞⋅

∞+→ ln2
ln57

lim x  = 
∞
∞   Apply the L’Hopital’s rule 

xx
xx

x ln2
ln57

lim
+
+

∞+→   

 

= 
( )
( )xx

xx

dx
d

dx
d

x
ln2

ln57
lim

+

+
∞+→  = 

xx

xx

dx
d

dx
d

dx
d

dx
d

x
ln2

ln57
lim

+

+
∞+→  = 

x

x
x 2

5

1

7
lim

+

+
∞+→  = 

∞

∞

+

+
2

5

1

7
 = 

01
07

+
+  = 

1
7  = 7  

 

i.  
xx

xx
x

ln33

ln2
lim

2

2

+

−
∞+→  = 

∞+∞⋅

∞−∞⋅

ln33

ln2
2

2
 = 

∞
∞   Apply the L’Hopital’s rule 

xx

xx
x

ln33

ln2
lim

2

2

+

−
∞+→   

 

= 
( )
( )xx

xx

dx
d

dx
d

x
ln33

ln2
lim

2

2

+

−
∞+→  = 

xx

xx

dx
d

dx
d

dx
d

dx
d

x
ln33

ln2
lim

2

2

+

−
∞+→  = 

x

x
x

x

x
3

1

6

4
lim

+

−
∞+→  = 

∞

∞

+∞⋅

−∞⋅
3

1

6

4
 = 

0
0

+∞
−∞   

 

= 
∞
∞   Apply the L’Hopital’s rule again to the expression 

x

x
x

x

x
3

1

6

4
lim

+

−
∞+→  = 

( )
( )xdx

d
xdx

d

x
x

x

3

1

6

4
lim

+

−
∞+→   

 

= 
xdx

d
dx
d

xdx
d

dx
d

x
x

x
3

1

6

4
lim

+

−
∞+→  = 

2

2

3

1

6

4
lim

x

x
x

−

+
∞+→  = 

2

2

3

1

6

4

∞

∞

−

+
 = 

06
04

−
+  = 

6
4  = 

3
2  

 

j.  
x

ee xx

x sin5
lim

55

0

−

→
−  = 

x

e xe
x

x sin5
lim

5
15

0

−
→  = 

0sin5
05

105

⋅

− ⋅
⋅

e
e

 = 
05

0
10

⋅

−
e

e
 = 

0

1 1
1−

 = 
0

11−  = 
0
0   Apply the  

 

L’Hopital’s rule 
x

ee xx

x sin5
lim

55

0

−

→
−  = 

( )
x

ee

dx
d

xx
dx
d

x
sin5

lim
55

0

−

→
−

 = 
x

ee

dx
d

x
dx
dx

dx
d

x
sin5

lim
55

0

−

→
−
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= 
x
ee xx

x cos5
55lim

55

0

−

→
+  = 

x

e xe
x

x cos5

5
lim

5
55

0

+
→  = 

0cos5

5 05
505

⋅

+⋅ ⋅
⋅

e
e

 = 
15

5 0
50

⋅

+⋅
e

e
 = 

5

15 1
5+⋅

 = 
5

55+  = 
5

10  = 2  

 

k.  
x
ee xx

x

−

→
−

0lim  = 
x

e xe
x

x

1

0lim
−

→  = 
0

0
10
e

e −
 = 

0

1 1
1−

 = 
0

11−  = 
0
0   Apply the L’Hopital’s rule 

 

x
ee xx

x

−

→
−

0lim  = 
( )

x

ee

dx
d

xx
dx
d

x

−

→
−

0lim  = 
x

ee

dx
d

x
dx
dx

dx
d

x

−

→
−

0lim  = 
1

lim 0

xx

x
ee −

→
+   

 

= 
1

lim
1

0
xe

x

x

e +
→  = 








+→ x

x
x

e
e 1lim 0  = 0

0 1
e

e +  = 
1
11+  = 11+  = 2  

 

l.  
x

x
x sin

1cos
lim 0

−
→  = 

0sin
10cos −  = 

0
11−  = 

0
0   Apply the L’Hopital’s rule 

x
x

x sin
1cos

lim 0
−

→   

 

= 
( )

x

x

dx
d

dx
d

x
sin

1cos
lim 0

−
→  = 

x

x

dx
d

dx
d

dx
d

x
sin

1cos
lim 0

−
→  = 

x
x

x cos
0sin

lim 0
−−

→  = 
0cos
0sin−  = 

1
0  = 0  

 
Example 3.6-5:  Evaluate the limit of the following functions: 

a.  
9

27lim
2

3

3
−

−
→

x
x

x    b.  
42
16lim

4

2 −
−

→ x
x

x    c.  
17

56lim
2

2

+

−
∞→

x
xx

x  

d.  
t
t

t

2

0
sin

lim →    e.  
u

u
u

10sin
lim 0→    f.  

20
sin

lim
t

tt
t

−
→  

g.  
30
sin

lim
t

tt
t

−
→    h.  

2
11

lim
x

x
x

−+
∞+→    i.  

30
sin

lim
x

x
x →  

j.  
20

cos33
lim

xx

x
x

+

−
→    k.  

3

22lim
x

x
x

+
∞→    l.  

13cos
1cos

lim 0 −
−

→ x
x

x  

Solutions: 

a.  
9

27lim
2

3

3
−

−
→

x
x

x  = 
93

273
2

3

−

−  = 
99
2727

−
−  = 

0
0   Apply the L’Hopital’s rule 

9
27lim

2

3

3
−

−
→

x
x

x   

 

= 
( )
( )9

27
lim

2

3

3
−

−
→

x

x

dx
d

dx
d

x  = 
9

27
lim

2

3

3
dx
d

dx
d

dx
d

dx
d

x
x

x

−

−
→  = 

02
03lim

2

3 −
−

→ x
x

x  = 
x

x
x 2

3lim
2

3→  = 
32

33 2

⋅
⋅  = 

6
27  = 

2
9  

 

b.  
42
16lim

4

2 −
−

→ x
x

x  = 
422

1624

−⋅
−  = 

44
1616

−
−  = 

0
0   Apply the L’Hopital’s rule 

42
16lim

4

2 −
−

→ x
x

x   
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= 
( )
( )42

16
lim

4

2
−

−
→

x

x

dx
d

dx
d

x  = 
42

16
lim

4

2
dx
d

dx
d

dx
d

dx
d

x
x

x

−

−
→  = 

02
04lim

3

2 −
−

→
x

x  = 
2

4lim
3

2
x

x→  = 
2
24 3⋅  = 

2
32  = 16  

 

c.  
17

56lim
2

2

+

−
∞→

x
xx

x  = 
17

56
2

2

+∞⋅

∞⋅−∞⋅  = 
17

56
2

2

+∞⋅

∞⋅−∞⋅  = 
∞
∞   Apply the L’Hopital’s rule 

17
56lim

2

2

+

−
∞→

x
xx

x   

 

= 
( )
( )17

56
lim

2

2

+

−
∞→

x

xx

dx
d

dx
d

x  = 
17

56
lim

2

2

dx
d

dx
d

dx
d

dx
d

x
x

xx

+

−
∞→  = 

014
512lim

+
−

∞→ x
x

x  = 
x

x
x 14

512lim −
∞→  = 

∞⋅
−∞⋅

14
512   

 

= 
∞
∞   Apply the L’Hopital’s rule again to the expression 

x
x

x 14
512lim −

∞→  = 
( )

x

x

dx
d

dx
d

x
14

512
lim

−
∞→   

= 
x

x

dx
d

dx
d

dx
d

x
14

512
lim

−
∞→  = 

14
012lim −

∞→x  = 
14
12  = 

7
6  

 

d.  
t
t

t

2

0
sin

lim →  = 
0
0sin 2

 = 
0
0   Apply the L’Hopital’s rule 

t
t

t

2

0
sin

lim →  = 
t

t

dt
d

dt
d

t

2

0
sin

lim →   

 

= 
1

cos
lim

22

0
tt dt

d

t
⋅

→  = ttt 2coslim 2
0 ⋅→  = 2

0 cos2lim ttt→  = 20cos02 ⋅⋅  = 102 ⋅⋅  = 0  

 

e.  
u

u
u

10sin
lim 0→  = 

0
010sin ⋅  = 

0
0sin  = 

0
0   Apply the L’Hopital’s rule 

u
u

u
10sin

lim 0→   

 

= 
u

u

du
d

du
d

u
10sin

lim 0→  = 
1

1010cos
lim 0

uu du
d

u
⋅

→  = 
1

1010cos
lim 0

⋅
→

u
u  = uu 10cos10lim 0→  = 010cos10 ⋅   

 
= 0cos10  = 110 ⋅  = 10  
 

f.  20
sin

lim
t

tt
t

−
→  = 20

0sin0−  = 
0
0   Apply the L’Hopital’s rule 20

sin
lim

t

tt
t

−
→  = 

( )
20
sin

lim
t

tt

dt
d

dt
d

t
−

→   

 

= 
t

t
t 2

cos1
lim 0

−
→  = 

02
0cos1

⋅
−  = 

0
11−  = 

0
0   Apply the L’Hopital’s rule again to the expression  

 

t
t

t 2
cos1

lim 0
−

→  = 
( )

t

t

dt
d

dt
d

t
2

cos1
lim 0

−
→  = 

t

t

dt
d

dt
d

dt
d

t
2

cos1
lim 0

−
→  = 

2
sin0

lim 0
t

t
+

→  = 
2

0sin  = 
2
0  = 0  
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g.  30
sin

lim
t

tt
t

−
→  = 30

0sin0−  = 
0

00−  = 
0
0   Apply the L’Hopital’s rule 30

sin
lim

t

tt
t

−
→   

 

= 
( )

30
sin

lim
t

tt

dt
d

dt
d

t
−

→  = 20
3

sin
lim

t

tt dt
d

dt
d

t
−

→  = 20
3

cos1
lim

t

t
t

−
→  = 203

0cos1

⋅

−  = 
0

11−  = 
0
0   Apply the  

 

rule again to the expression 20
3

cos1
lim

t

t
t

−
→  = 

( )
20

3

cos1
lim

t

t

dt
d

dt
d

t
−

→  = 20
3

cos1
lim

t

t

dt
d

dt
d

dt
d

t
−

→  

 

= 
t

t
t 6

sin0
lim 0

+
→  = 

t
t

t 6
sin

lim 0→  = 
06
0sin

⋅
 = 

0
0   Apply the rule again to the expression  

 

t
t

t 6
sin

lim 0→  = 
t

t

dt
d

dt
d

t
6

sin
lim 0→  = 

6
cos

lim 0
t

t→  = 
6

0cos  = 
6
1  

 

h.  20
11

lim
x

x
x

−+
→  = 20

101 −+
 = 

0
11 −

 = 
0

11−  = 
0
0  Apply the L’Hopital’s rule 20

11
lim

x

x
x

−+
→   

 

= 
( )

20
11

lim
x

x

dx
d

dx
d

x
−+

→  = 
x
x

2

0
12
1 −
+  = 

x
x

x 2
lim

12
1

0
+

→  = 
02

012
1

⋅
+  = 

0
2
1

 = 
1
0
2
1

 = 
02
11
⋅
⋅  = 

0
1  = ∞  

 

i.  30
sin

lim
x

x
x→  = 30

0sin  = 
0
0   Apply the L’Hopital’s rule 30

sin
lim

x

x
x→  = 30

sin
lim

x

x

dx
d

dx
d

x→   

 

= 20
3

cos
lim

x

x
x→  = 203

0cos

⋅
 = 

0
1  = ∞  

 

j.  20
cos33

lim
xx

x
x

+

−
→  = 200

0cos33

+

−  = 
0

133 ⋅−  = 
0

33−  = 
0
0  Apply the L’Hopital’s rule 20

cos33
lim

xx

x
x

+

−
→   

 

= 
( )

( )2
0

cos33
lim

xx

x

dx
d

dx
d

x
+

−
→  = 20

cos33
lim

xx

x

dx
d

dx
d

dx
d

dx
d

x
+

−
→  = 

x
x

x 21
sin30

lim 0 +
+

→  = 
021
0sin3
⋅+

 = 
1
03 ⋅  = 

1
0  = 0  

 

k.  3

22lim
x

x
x

+
∞→  = 3

22
∞

∞+  = 
∞
∞   Apply the L’Hopital’s rule 3

22lim
x

x
x

+
∞→  = 

( )
3

22
lim

x

x

dx
d

dx
d

x
+

∞→  
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= 3

22
lim

x

x

dx
d

dx
d

dx
d

x
+

∞→  = 23
20lim

x
x

x
+

∞→  = 23
2lim
x
x

x ∞→  = 
xx 3

2lim ∞→  = 
∞⋅3

2  = 
∞
2  = 0  

 
Note:  Think of the division of 2  by ∞  as the division of 2  by a very large number.  In that 
case, the result would then be very close to zero. 
 

l.  
13cos
1cos

lim 0 −
−

→ x
x

x  = ( ) 103cos
10cos
−⋅

−  = 
10cos
10cos

−
−  = 

11
11

−
−  = 

0
0  Apply the L’Hopital’s rule 

13cos
1cos

lim 0 −
−

→ x
x

x   

 

= 
( )
( )13cos

1cos
lim 0

−

−
→

x

x

dx
d
dx
d

x  = 
13cos

1cos
lim 0

dx
d

dx
d

dx
d

dx
d

x
x

x

−

−
→  = 

03sin3
0sin

lim 0 −−
−−

→ x
x

x  = 
x

x
x 3sin3

sin
lim 0→   

 

= ( )03sin3
0sin
⋅

 = 
0sin3

0sin  = 
03

0
⋅

 = 
0
0   Apply the L’Hopital’s rule again to the expression  

 

x
x

x 3sin3
sin

lim 0→  = 
x

x

dx
d
dx
d

x
3sin3

sin
lim 0→  = 

x
x

x 3cos9
cos

lim 0→  = ( )03cos9
0cos
⋅

 = 
0cos9

0cos  = 
19

1
⋅

 = 
9
1  

 
Solving indeterminate types of the form ∞⋅0  and ∞−∞ : 

Indeterminate forms of the type ∞⋅0  and ∞−∞  can sometimes be transformed to the indeterminate 

forms of the type 
0
0  or 

∞
∞  by changing the given expression algebraically.  For example, the 

expression x
x ex 22lim −

∞→  result in the indeterminate form of the type 0⋅∞  as the limit x  

approaches infinity , i.e.,  x
x ex 22lim −

∞→  = ∞⋅−⋅∞ 22 e  = 
∞⋅

⋅∞
2

2 1
e

 = 
∞
⋅∞

1  = 0⋅∞ .  However, by 

rewriting the given expression in the form of 
xx

e
x
2

2
lim ∞→  result in the indeterminate form of the 

type 
∞
∞  as the limit x  approaches infinity.  Thus, the L’Hopital’s rule can be applied, i.e., 

xx
e
x
2

2
lim ∞→  = 

x
dx
d
dx
d

x
e

x
2

2

lim ∞→  = 
xe

x

dx
dxx

2
2lim

2 ⋅
∞→  = 

2
2lim

2 ⋅
∞→ xx

e
x  = 

xx
e

x
2

lim ∞→  = 
∞⋅

∞
2e

 = 
∞
∞ .  

Applying the L’Hopital’s rule again to the expression 
xx

e
x
2

lim ∞→  we obtain:  
xx

e
x
2

lim ∞→   

= 
x

dx
d
dx
d

x
e

x
2

lim ∞→  = 
xe dx

dxx
2

1lim
2 ⋅

∞→  = 
2

1lim
2 ⋅

∞→ xx
e

 = 
xx

e22
1lim ∞→  = 

∞⋅22
1

e
 = 

∞⋅2
1  = 

∞
1  = 0  

The following are additional examples of expressions that result in the indeterminate forms of 
the  
 

type ∞⋅0  and ∞−∞  and can be changed to the indeterminate forms of the type 
0
0  or 

∞
∞ : 
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Example 3.6-6:  Evaluate the limit of the algebraic expression 







−

−
−

→ 2
1

4
4lim

22 xx
x . 

Solution: 









−

−
−

→ 2
1

4
4lim

22 xx
x  = 

22
1

42
4

2 −
−

−
 = 

22
1

44
4

−
−

−
 = 

0
1

0
4
−  = ∞−∞   Since the limit leads to  

the indeterminate form of the type ∞−∞  we need to see if the given expression can be  

rewritten in a different algebraic form.  Let’s change the algebraic expression to the form that 
leads to the indeterminate form of the type 

0
0  by taking the common denominator of the 

algebraic expression and simplifying the numerator and the denominator. 









−

−
−

→ 2
1

4
4lim

22 xx
x  = ( ) ( )

( )( )24

424
lim

2

2

2
−−

−−−
→

xx

xx
x  = 

842
484lim

23

2

2
+−−

+−−
→

xxx
xx

x  = 
842

44lim
23

2

2
+−−

−+−
→

xxx
xx

x   

 

= 
824222

4242
23

2

+⋅−⋅−

−⋅+−  = 
8888

484
+−−
−+−  = 

0
0   Apply the L’Hopital’s rule to 

842
44lim

23

2

2
+−−

−+−
→

xxx
xx

x   

 

= 
( )

( )842

44
lim

23

2

2
+−−

−+−
→

xxx

xx

dx
d

dx
d

x  = 
443

42lim
22

−−

+−
→

xx
x

x  = 
42423

422
2 −⋅−⋅

+⋅−  = 
4812

44
−−

+−  = 
0
0   Apply the  

 

L’Hopital’s rule again to 
443

42lim
22

−−

+−
→

xx
x

x  = 
( )

( )443

42
lim

2
2

−−

+−
→

xx

x

dx
d

dx
d

x  = 
46

2lim 2 −
−

→ xx  = 
426

2
−⋅

−   

 

= 
412

2
−
−  = 

8
2−  = 

4
1

−  

Example 3.6-7:  Evaluate the limit of the algebraic expression 
x

xx
1sinlim ∞→ . 

Solution: 

x
xx

1sinlim ∞→  = 
∞

⋅∞
1sin  = 0sin⋅∞  = 0⋅∞   Since the limit leads to the indeterminate form of  

the type 0⋅∞  we need to see if the given expression can be rewritten in a different algebraic  

form.  Let’s change the algebraic expression to the form that leads to the indeterminate form 
of the type 

0
0  by letting 

t
x 1
=  and by allowing 0→t . 

x
xx

1sinlim ∞→  = 
t

t t 10
1sin1lim →  = t

tt sin1lim 0→  = 
t

t
t

sin
lim 0→  = 

0
0sin  = 

0
0   Apply the  
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L’Hopital’s rule to 
t

t
t

sin
lim 0→  = 

t

t

dt
d

dt
d

t
sin

lim 0→  = 
1

cos
lim 0

t
t→  = tt coslim 0→  = 0cos  = 1  

 

Solving indeterminate types of the form ∞1 , 0∞ , and 00 : 

Similarly, indeterminate forms of the type ∞1 , 0∞ , and 00  may first be transformed to the  
 

indeterminate forms of the type 
0
0  or 

∞
∞  by multiplying both sides of the function 

( )xfy axax →→ = limlim  by logarithm ( )ln .  For example, ( ) xxx
1

coslim 0→  result in the indeterminate 

form of the type ∞1  as the limit x  approaches zero, i.e.,  ( ) xxx
1

coslim 0→  = 0
1

0cos   

= 0
1

0cos  = ∞1 .  However, if we let ( ) xxy
1

cos=  and take the logarithm of both sides of the 

equation the solution has an indeterminate limit of the type 
0
0 , i.e., given ( ) xxy

1
cos= , then 

( ) xxy
1

coslnln =  and yln  = ( ) xxx
1

coslnlim 0→  = ( )x
xx cosln1lim 0→  ; ( )

x
x

x
cosln

lim 0→  = ( )
0

0cosln   

= 
0

1ln  = 
0
0 .  Since the limit result in an indeterminate form of the type 

0
0  the L’Hopital’s rule 

can be applied to the expression ( )
x

x
x

cosln
lim 0→  = 

( )
x

x

dx
d

dx
d

x
cosln

lim 0→  = 
1

cos
lim cos

1

0

xdx
d

x
x

⋅
→   

= x
xx sin

cos
1lim 0 −⋅→  = 

x
x

x cos
sin

lim 0 −→  = xx tanlim 0 −→  = 0tan−  = 0 .  Thus, yln  = 0 .  To solve 

for y  we raise both sides of the equation by e  and solve for y , i.e., 0ln ee y =  ; 0ey =  ; 1=y . 

Therefore, indeterminate forms of the type ∞1 , 0∞ , and 00  may first be transformed to the 

indeterminate forms of the type 
0
0  or 

∞
∞  by rewriting the function ( )xfy axax →→ = limlim  in a 

different form and solving the algebraic expression.  The following are additional examples of  

expressions that result in the indeterminate forms of the type ∞1 , 0∞ , and 00  which may be rewritten 

in a different form and solved: 

Example 3.6-8:  Evaluate the limit of the algebraic expression x
x xsin

0lim → . 

Solution: 
x

x xsin
0lim →  = 0sin0  = 00   Since the limit leads to the indeterminate form of the type 00  let  

 
xxy sin=  then by taking the logarithm of both sides of the equation we obtain yx lnlim 0→   

 

= x
x xsin

0 lnlim →  = xxx lnsinlim 0→  = 
x
x

x csc
ln

lim 0→  = 
0csc
0ln  = 

∞
∞   Apply the L’Hopital’s rule to 
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x
x

x csc
ln

lim 0→  = 
x

x

dx
d
dx
d

x
csc

ln
lim 0→  = 

xx
x

x cotcsc
lim

1

0 −→  = 
x
x

x

x
x

sin
cos

sin
1

1

0lim
⋅−

→  = 
x
x

x
x

2sin
cos

1

0lim
−

→   

 

= 
xx
x

x cos
sin1lim

2

0 ⋅
⋅

−→  = 
xx
x

x cos
sinlim

2

0 −→  = 
0cos0

0sin 2

⋅
−  = 

10
0sin
⋅

−  = 
0
0   Apply the L’Hopital’s rule  

 

again to the expression 
xx
x

x cos
sinlim

2

0 −→  = 
xx

x

dx
d
dx
d

x
cos

sin
lim

2

0 −→  = 
xxxx

xx

dx
d

dx
d

dx
d

x
coscos

sinsin2
lim 0

⋅+⋅

⋅
−→   

 

= 
xxx

xx
x sin1cos

cossin2
lim 0 −⋅+⋅

⋅
−→  = 

0sin00cos
0cos0sin2

⋅−
⋅⋅

−  = 
001
102
⋅−
⋅⋅

−  = 
01

0
−

−  = 
1
0

−  = 0   

 
Thus, 0ln =y  ; 0ln ee y =  ; 0ey =  ; 1=y  

Example 3.6-9:  Evaluate the limit of the algebraic expression 
x

x x








∞→
1coslim . 

Solution: 
x

x x








∞→
1coslim  = 

∞









∞
1cos  = ( )∞0cos  = ∞1   Since the limit leads to the indeterminate form 

of  

the type ∞1  let 
x

x
y 






=

1cos  then by taking the logarithm of both sides of the equation we  

obtain yx lnlim ∞→  = 
x

x x








∞→
1coslnlim  = 








∞→ x
xx

1coslnlim  = 
x

x
x 1

1cosln
lim









∞→  = 
∞









∞
1

1cosln
  

 

= ( )
0

0cosln  = 0
1ln  = 

0
0   Apply the L’Hopital’s rule to 

x

x
x 1

1cosln
lim









∞→  = 
xdx

d
dx
d

x
x 1

1cosln
lim









∞→   

 

= 
( )

2
1

1cos
1 1cos

lim
x

dx
d

x x

x −

⋅

∞→  = 
( )

2
1

1cos
1 11sin

lim
x

dx
d

x xx

x −

⋅−⋅

∞→  = 
( )

2
1

21cos
1 11sin

lim
x

x xx

x −

−⋅−⋅

∞→   

 

= ( )
1

1sin1cos
1

lim x
x

x −⋅

∞→  = 
( ) xx

x
1sinlim

1cos
1 −⋅∞→  = ( )

( )x
x

x 1cos
1sin

lim −∞→  = ( )
( )∞

∞
−

1cos
1sin  = 

0cos
0sin

−   

 

= 
1
0

−  = 0   Thus, 0ln =y  ; 0ln ee y =  ; 0ey =  ; 1=y  
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Example 3.6-10:  Evaluate the limit of the algebraic expression ( ) x
x x costanlim

2
π→

. 

Solution: 

( ) x
x x costanlim

2
π→  = ( ) 2cos

2tan
π

π  = 
2cos

2

2

cos

sin
π

π

π














 = 

0

0
1






  = 0∞   Since the limit leads to the  

indeterminate form of the type 0∞  let ( ) xxy costan=  then by taking the logarithm of both sides  
 
of the equation we obtain  yx lnlim

2
π→  = ( ) x

x x costanlnlim
2
π→  = ( )xxx tanlncoslim

2
π→   

 

= ( )
x

x
x sec

tanln
lim

2
π→  = 

( )
2

2

sec

tanln

π

π

 = 
∞
∞ln  = 

∞
∞   Apply the L’Hopital’s rule to ( )

x
x

x sec
tanln

lim
2
π→  

 

= 
( )

x

x

dx
d

dx
d

x sec

tanln
lim

2
π→  = 

xx

xdx
d

x
x tansec

tan
lim tan

1

2

⋅

→π  = 
xx

xx
x tansec

sec
lim

2
tan

1

2

⋅

→π  = 
xx

x
x 2

2

tansec
seclim

2
π→   

 

= 
x

x
x 2tan

sec
lim

2
π→  = 

x
x

x
x

2
2

2
cos
sin

cos
1

lim π→  = 
xx

x
x 2

2

sincos
coslim

2
π→  = 

x

x
x 2sin

cos
lim

2
π→  = 

2
2

2

sin

cos
π

π

 = 
1
0  = 0  

 
Thus, 0ln =y  ; 0ln ee y =  ; 0ey =  ; 1=y  
 
Section 3.6 Practice Problems - Evaluation of Indeterminate Forms Using L’Hopital’s Rule 

Evaluate the limit for the following functions by applying the L’Hopital’s rule, if needed: 

a.  
2

ln
lim

x

x
x ∞→  =    b.  

1

sin
lim 0

−
→ xx

e

x  =    c.  
30

cos1
lim

x

x
x

−
→  =  

d.  
12

2lim
22

−+

−
→

tt
t

t  =    e.  
2

cos
lim

2 ππ
−→ x

x
x  =    f.  

t
tt

t sin2
cos

lim 0→  =  

g.  
64
8lim

28
−

−
→

x
x

x  =    h.  
x
x

x −→ ππ
sin

lim  =    i.  
x

x
x 3

8sinlim 0→  =  

j.  
24
38lim

−
+

∞→ t
t

t  =    k.  20
1coslim

x
x

x
−

→  =    l.  
x
x

x 2cos1
sin1lim

2
+
−

→
π  =  
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Chapter 4 
Integration (Part I) 

 
Quick Reference to Chapter 4 Problems 
4.1       Integration Using the Basic Integration Formulas ................................................. 213 

 

( )∫ ++ dxxx 326  = ;   ∫ 







++ dx

xx
611

25  = ;   ( )∫ ++ dxxxx 53  =  

4.2       Integration Using the Substitution Method ............................................................. 222 

∫
−

dx
x

x
3 2 1

 = ;   ∫
++

+ dx
xx

xx

53

64
24

3
 = ;   ∫

−−

− dx
xx

x
4 2 3

12  =  

4.3       Integration of Trigonometric Functions .................................................................. 232 

∫
+

dx
x

xx
2sin

2sin2cos  = ;   ∫ dxxe x 5cos5sin  = ;   ∫ dxxe x 5sec25tan  =  

4.4       Integration of Expressions Resulting in Inverse Trigonometric Functions ......... 259 

∫
− 2916 x

dx  = ;   dx
x

x
∫ + 6

2

9
 = ;   ∫ + 259 2x

dx  =  

4.5       Integration of Expressions Resulting in Exponential or Logarithmic Functions 273 

( ) dxee xx 23∫ +  = ;   ∫ +
+ dx

x
x

5
6  = ;   dx

xx∫ ++ 2410
1

2  =  
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Chapter 4 – Integration (Part I) 
 
The objective of this chapter is to improve the student’s ability to solve problems involving 
integration of various classes of functions.  Integration using the basic integration formulas is 
addressed in Section 4.1.  Integration of functions using the Substitution method is discussed in 
Section 4.2.  How to find the integral of trigonometric functions is addressed in Section 4.3.  
Integration of expressions resulting in inverse trigonometric functions is addressed in Section 
4.4.  Finally, the steps in integrating expressions that result in exponential or logarithmic 
functions is discussed in Section 4.5.  Each section is concluded by solving examples with 
practice problems to further enhance the student’s ability. 

4.1 Integration Using the Basic Integration Formulas 
A function ( )xF  is called a solution of the differential equation ( )xf

dx
dy

=  over a defined interval 

I  if the function ( )xF  is differentiable at every point on that interval and if ( ) ( )xfxF
dx
d

=  at 

every point on that interval as well.  Note that the function ( )xF  is referred to as the 
antiderivative of ( )xf .  The set of all antiderivatives of a function ( )xf  is called the indefinite 
integral of f  with respect to x .  The indefinite integral is shown by the notation ( )∫ dxxf .  The 

solution to the indefinite integral is given by ( ) cxF +  and is shown as ( ) ( ) cxFdxxf +=∫ .  The 

symbol ∫ is referred to as the integral sign.  The function ( )xf  is called the integrand of the 

integral.  The dx  indicates that the variable of integration is x  and c  is the constant of 
integration.  In the following examples we will solve problems using the following basic 
indefinite integration formulas: 

∫ dxa  = cax +        0≠a  

( )∫ dxxfa  = ( )∫ dxxfa         0≠a  

( ) ( )[ ]∫ + dxxgxf  = ( ) ( )∫∫ + dxxgdxxf  

∫ dxx n  = c
n
x n

+
+

+

1

1
       1−≠n  

Let’s integrate some integrals using the above basic integration formulas. 
 
Example 4.1-1:  Evaluate the following integrals. 

a.  ∫ dx  =     b.  ∫ dxa  =     c.  ∫ dx5  =  

d.  ∫ dxa 210  =     e.  ∫ dxx3  =     f..  ∫ dxx3  =  

g.  ( )∫ + dxxba 5  =    h.  ( )∫ + dxxx3  =    i.  ( )∫ ++ dxxx 326  =  

Solutions: 

a.  ∫ dx  = ∫ dxx0  = cx +
+

+10
10

1  = cx +  
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Check:  Let cxy += , then y′  = 011 +−x  = 0x  = 1  
 

b.  ∫ dxa  = ∫ dxa  = ∫ dxxa 0  = cxa
+

+
+10

10
 = cax +  

 

Check:  Let caxy += , then y′  = 011 +−ax  = 0ax  = 1⋅a  = a  
 

c.  ∫ dx5  = ∫ dx5  = ∫ dxx05  = cx +
+

+10
10

5  = cx +5  
 

Check:  Let cxy += 5 , then y′  = 05 11 +−x  = 05x  = 15 ⋅  = 5  
 

d.  ∫ dxa 210  = ∫ dxa 210  = ∫ dxxa 0210  = cxa
+

+
+10

2

10
10  = cxa +210  

 

Check:  Let cxay += 210 , then y′  = 010 112 +−xa  = 0210 xa  = 110 2 ⋅a  = 210a  
 

e.  ∫ dxx3  = ∫ dxx3  = ∫ dxx13  = cx +
+

+11
11

3  = cx +2
2
3  

 

Check:  Let cxy += 2
2
3 , then y′  = 02

2
3 12 +⋅ −x  = x3  

 

f.  ∫ dxx3  = cx +
+

+13
13

1  = cx +4
4
1  

 

Check:  Let cxy += 4
4
1 , then y′  = 04

4
1 14 +⋅ −x  = 3x  

 

g.  ( )∫ + dxxba 5  = ( ) ∫+ dxxba 5  = cxba
+

+
+ +15

15
 = cxba

+
+ 6
6

 

or we can find the solution to the above integral in the following way – which is rather long: 

( )∫ + dxxba 5  = ( ) dxbxax∫ + 55  = dxbxdxax ∫∫ + 55  = dxxbdxxa ∫∫ + 55  = 





 +

+
+

1
15

15
1 cxa   

 







 +

+
+ +

2
15

15
1 cxb  = 2

6
1

6
66

cbxbcaxa
+++  = ( )21

6
66

cbcaxba
++






 +  = cxba

+
+ 6
6

 

 

Check:  Let cxbay +
+

= 6
6

, then y′  = 06
6

16 +⋅
+ −xba  = ( ) 5xba +  

 

h.  ( )∫ + dxxx3  = ∫∫ + dxxdxx3  = cxx +
+

+
+

++ 1113
11

1
13

1  = cxx ++ 24
2
1

4
1  

 

Check:  Let cxxy ++= 24
2
1

4
1 , then y′  = 02

2
14

4
1 1214 +⋅+⋅ −− xx  = xx +3  

 

i.  ( )∫ ++ dxxx 326  = ∫∫∫ ++ dxdxxdxx 326  = cxxx +
+

+
+

+
+

+++ 101216
10

3
12

1
16

1  = cxxx +++ 3
3
1

7
1 37   
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Check:  Let cxxxy +++= 3
3
1

7
1 37 , then y′  = 033

3
17

7
1 111317 ++⋅+⋅ −−− xxx  = 326 ++ xx  

 

Example 4.1-2:  Evaluate the following integrals. 

a.  ∫ 3x
dx  =     b.  ∫ 








++ dx

xx
611

25
 =   c.  ∫ dxx5  =  

d.  ∫ dxx3 2  =     e.  ( )∫ ++ dxxxx 53  =   f.  ( )∫ ++ dxxx 1035  =  

g.  dt
t∫

1  =     h.  dx
x

∫ 5 2

1  =    i.  ∫ 












+ dzz

z

2
3 2

1  =  

Solutions: 

a.  ∫ 3x
dx  = ∫ − dxx 3  = cx +

+−
+− 13

13
1  = cx +− −2

2
1  = c

x
+−

22
1  

Check:  Let cxy +−= −2
2
1 , then y′  = 02

2
1 12 +−⋅− −−x  = 3−x  = 

3
1
x

 

b.  ∫ 







++ dx

xx
611

25  = xddx
x

dx
x∫ ∫∫ ++ 611

25  = ∫ ∫∫ ++ −− dxxdxxdxx 025 6  = 1215
12

1
15

1 +−+−

+−
+

+−
xx   

 

cx +
+

+ +10
01

6  = cxxx ++−− −− 6
4
1 14  = cx

xx
++−− 61

4
1

4  

 

Check:  Let cxxxy ++−−= −− 6
4
1 14 , then y′  = 064

4
1 111114 +++−⋅− −−−−− xxx  = 025 6xxx ++ −−  

625 ++ −− xx  = 611
25
++

xx
 

Exception:  Note that we can not apply the same integration technique 





 +

+
= +∫ cx

n
dxx nn 1

1
1  

in order to find the integral of dx
x∫
1 .  This is because division by zero is undefined, i.e., 

dx
x∫
1  = ∫ − dxx 1  = cx +

+−
+− 11

11
1  = cx +0

0
1 .  As we will see in Section 4.5, dx

x∫
1  = cx +ln . 

 

c.  ∫ dxx5  = ∫ dxx 5
1

 = cx +
+

+1

5
1

5
1

1
1  = cx +

+

+
5
51

5
15

1  = cx +5
6

5
6
1  = cx +5

6

6
5  

 

Check:  Let cxy += 5
6

6
5 , then y′  = 0

5
6

6
5 15

6
+⋅

−
x  = 5

56−
x  = 5

1
x  = 5x  

 

d.  ∫ dxx3 2  = ∫ dxx 3
2

 = cx +
+

+1

3
2

3
2

1
1  = cx +

+

+
3

32

3
23

1  = cx +3
5

3
5
1  = cx +3

5

5
3  

 

Check:  Let cxy += 3
5

5
3 , then y′  = 0

3
5

5
3 13

5
+⋅

−
x  = 3

35−
x  = 3

2
x  = 3 2x  
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e.  ( )∫ ++ dxxxx 53  = ∫ 







++ dxxxx 52

1
3
1

 = ∫ ∫∫ ++ dxxdxxx
dx

52
1

3
1

 = 1

2
1

1

3
1

2
1

3
1

1
1

1
1 ++

+
+

+
xx   

 

cx +
+

+ +11
11

5  = cxxx +++
++

++
2

2
12

3
13 2

511 2
21

3
31

 = cxxx +++ 2

2
3

3
4 2

511 2
3

3
4

 = cxxx +++ 2
2
5

3
2

4
3 2

3
3
4

 

 

Check:  Let cxxxy +++= 2
2
5

3
2

4
3 2

3
3
4

, then y′  = 02
2
5

2
3

3
2

3
4

4
3 1211 2

3
3
4

+⋅+⋅+⋅ −−−
xxx  = xxx 52

23
3

34
++

−−
  

= xxx 52
1

3
1

++  = xxx 53 ++  
 

f.  ( )∫ ++ dxxx 1035  = ∫ 







++ dxxx 1035

1
 = ∫ ∫∫ ++ dxdxxx

dx
1035

1
 = cxxx ++

+
+

+
++

10
31

1
1

1 131

5
1

5
1

  

 

cxxx +++
+

+
10

4
11 4

5
15

5
51

 = cxxx +++ 10
4
1

6
5 45

6
 

 

Check:  Let cxxxy +++= 10
4
1

6
5 45

6
, then y′  = 0104

4
1

5
6

6
5 111415

6
++⋅+⋅ −−−

xxx  = 03 105
56

xxx ++
−

  

= 1035
1

++ xx  = 1035 ++ xx  
 

g.  dt
t∫

1  = dt
t
∫

2
1
1  = dtt∫

− 2
1

 = ct +
−

− 2
11

2
11

1  = ct +
−

−
2

12

2
12

1  = ct +2
1

2  = ct +2  

 

Check:  Let cty += 2
1

2 , then y′  = 0
2
12

12
1

+⋅
−

t  = 2
21−

t  = 2
1−

t  = 
2
1
1

t
 = 

t
1  

h.  dx
x

∫ 5 2

1  = dx
x
∫

5
2

1  = dxx∫
− 5

2
 = cx +

−

− 5
21

5
21

1  = cx +
−

−
5

25

5
25

1  = cx +5
3

3
5  = cx +5 3

3
5  

 

Check:  Let cxy += 5
3

3
5 , then y′  = 0

5
3

3
5 15

3
+⋅

−
x  = 5

53−
x  = 5

2−
x  = 

5
2

1

x
 = 

5 2

1

x
 

i.  ∫ 












+ dzz

z

2
3 2

1  = dzz
z

∫ 












+ 2

3
2

1  = dzzz∫ 







+

− 23
2

 = dzzdzz∫ ∫+
− 23

2
 = czz +

+
+

−
+− 121

3
2 12

1
1

1 3
2

  

 

= czz ++
−

−
3

3
23 3

11 3
23

 = czz ++ 3
3
13 3

1
 = czz ++ 33

3
13  

Check:  Let czzy ++= 3
3
13 3

1
, then y′  = 03

3
1

3
13 1313

1
+⋅+⋅ −−

zz  = 23
31

zz +
−

 = 23
2

zz +
−  = 2

3 2

1 z
z

+  



Calculus I  4.1  Integration Using the Basic Integration Formulas 

Hamilton Education Guides   217 

Example 4.1-3:  Evaluate the following integrals. 

a.  ( ) dxxx∫ + 21  =    b.  ( )( )dxxx∫ −+ 112  =    c.  ( ) dxx∫ − 235  =  

d.  ( ) dxxx∫ + 212  =    e.  ( ) dxba∫ + 3  =    f.  ( ) dxxa∫ + 3  =  

g.  ( ) dxxa∫ − 3  =    h.  dy
y

yyy
∫

−+
2

234 64  =   i.  dy
y

yy
∫

++
2

23 53  =  

Solutions: 

a.  ( ) dxxx∫ + 21  = ( )dxxxx∫ + 2  = dxxxdxx∫ ∫+ 2  = dxxxdxx∫ ∫+ 2
1

2
1

2  = dxxdxx∫ ∫
+

+ 2
1

2
1 2   

 

= dxxdxx∫ ∫+ 2
5

2
1

 = cxx +
+

+
+

++ 1

2
3

1

2
1

2
5

2
1

1
1

1
1  = cxx ++

++

++
2

25
2
21

2
52

2
12

11  = cxx ++ 2
7

2
3

7
2

3
2   

 

= cxx ++ 73
7
2

3
2  = cxxxxxx +⋅⋅⋅+⋅ 2222

7
2

3
2  = cxxxx ++ 3

7
2

3
2  = cxxxx

++
7

2
3

2 3
 

 

Check:  Let cxxy ++= 2
7

2
3

7
2

3
2 , then y′  = 0

2
7

7
2

2
3

3
2 11 2

7
2
3

+⋅+⋅
−−

xx  = 2
27

2
23 −−
+ xx  = 2

5
2
1

xx +  
 

b.  ( )( )dxxx∫ −+ 112  = ( )dxxxx∫ −+− 123  = ∫∫∫∫ −+− dxdxxdxxdxx 23  = ∫∫∫∫ −+− dxxdxxdxxdxx 023   
 

= cxxxx +
+

−
+

+
+

−
+

++++ 10111213
01

1
11

1
21

1
31

1  = cxxxx +−+− 234
2
1

3
1

4
1  

 

Check:  Let cxxxxy +−+−= 234
2
1

3
1

4
1 , then y′  = 012

2
13

3
14

4
1 121314 +−⋅+⋅−⋅ −−− xxx  = 123 −+− xxx  

 

c.  ( ) dxx∫ − 235  = ( )dxxx∫ +− 93025 2  = ∫ ∫∫ +− dxdxxdxx 93025 2  = cxxx +
+

+
+

−
+

+++ 101112
10

9
11

30
12

25   

 

cxxx ++− 9
2

30
3
25 23  = cxxx ++− 915

3
25 23  

 

Check:  Let cxxxy ++−= 915
3
25 23 , then y′  = 092153

3
25 1213 ++⋅−⋅ −− xx  = 93025 2 +− xx  

 

d.  ( ) dxxx∫ + 212  = ( )dxxxx∫ ++ 144 2  = ( )dxxxx∫ ++ 23 44  = dxxdxxdxx ∫∫∫ ++ 23 44   
 

= cxxx +
+

+
+

+
+

+++ 111213
11

1
12

4
13

4  = cxxx +++ 234
2
1

3
4

4
4  = cxxx +++ 234

2
1

3
4  
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Check:  Let cxxxy +++= 234
2
1

3
4 , then y′  = 02

2
13

3
44 121314 +⋅+⋅+ −−− xxx  = xxx ++ 23 44  

 

e.  ( ) dxba∫ + 3  = ( ) ∫+ dxba 3  = ( ) ∫+ dxxba 03  = ( ) cxba +
+

⋅+ +103
10

1  = ( ) cxba ++ 3  
 

Check:  Let ( ) cxbay ++= 3 , then y′  = ( ) 0113 ++ −xba  = ( ) 03 xba +  = ( )3ba +  
 

f.  ( ) dxxa∫ + 3  = ( )dxaxxaxa∫ +++ 2233 33  = ( )dxaxaaxx∫ +++ 3223 33  = ∫ ∫∫ ++ dxxadxaxdxx 223 33   
 

∫+ dxa3  = cxaxaxax +
+

+
+

+
+

+
+

++++ 10
3

11
2

1213
1011

3
12

3
13

1  = cxaxaaxx ++++ 32
2

34
2

3
4
1  

 

Check:  Let cxaxaaxxy ++++= 32
2

34
2

3
4
1 , then y′  = 02

2
334

4
1 11312

2
1314 ++⋅+⋅+⋅ −−−− xaxaxax   

= 03223 33 xaxaxax +++  = 3223 33 axaxax +++  = 2233 33 axxaxa +++  = ( )3xa +  
 

g.  ( ) dxxa∫ − 3  = ( )dxaxxaxa∫ −+− 2233 33  = ( )dxaxaaxx∫ ++−− 3223 33  = ∫ ∫∫ +−− dxxadxaxdxx 223 33   
 

∫+ dxa3  = cxaxaxax +
+

+
+

+
+

−
+

− ++++ 10
3

11
2

1213
1011

3
12

3
13

1  = cxaxaaxx +++−− 32
2

34
2

3
4
1  

 

Check:  Let cxaxaaxxy +++−−= 32
2

34
2

3
4
1 , then y′  = 02

2
334

4
1 11312

2
1314 ++⋅+⋅−⋅− −−−− xaxaxax   

= 03223 33 xaxaxax ++−−  = 3223 33 axaxax ++−−  = 2233 33 axxaxa −+−  = ( )3xa −  
 

h.  dy
y

yyy
∫

−+
2

234 64  = dy
y

y

y

y

y

y
∫ 










−+

2

2

2

3

2

4 64  = ( )dyyy∫ −+ 642  = ∫ ∫∫ −+ dydyydyy 642   

 

= cyyy +
+

−
+

+
+

+++ 101112
10

6
11

4
12

1  = cyyy +−+
1
6

2
4

3
1 23  = cyyy +−+ 62

3
1 23  

 

Check:  Let cyyyw +−+= 62
3
1 23 , then w′  = 06223

3
1 111213 +−⋅+⋅ −−− yyy  = 642 −+ yy  

i.  dy
y

yy
∫

++
2

23 53  = dy
yy

y

y

y
∫ 










++

22

2

2

3 53  = ( )dyyy∫ −++ 253  = ∫ ∫∫ −++ dyydydyy 253   

 

= cyyy +
+−

+
+

+
+

+−++ 121011
12

5
10

3
11

1  = cyyy +−+ −12 53
2
1  = c

y
yy +−+

53
2
1 2  

 

Check:  Let cyyyw +−+= −12 53
2
1 , then w′  = 0532

2
1 111112 +−⋅−+⋅ −−−− yyy  = 253 −++ yy  
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Example 4.1-4:  Evaluate the following integrals. 

a.  ( )∫ − dxxx 63  =    b.  ∫ − dxx 1  =    c.  ∫ + dxx 530  =  

d.  ( )∫ − dxxx 52  =    e.  ∫ + dxx 1
5
2  =    f.  ∫ + dxx 23  =  

g.  ( )∫ − dxx 312  =    h.  ( )∫ + dxx 212  =    i.  ( )∫ + dxxx 16 32  =  

Solutions: 

a.  ( )∫ − dxxx 63  = ∫ 







− dxxx 2

1
63  = ∫∫ − dxxdxx 2

1
63  = cxx +

+
−

+
++ 1

2
1

13 2
1

1
6

13
1  = cxx +−

+

+
2
21

2
21

4 6
4
1  

 

= cxx +− 2
3

3
12

4
1 4  = cxx +− 2

3
4

4
1 4  = cxx +− 34 4

4
1  = cxxx +− 4

4
1 4  

 

Check:  Let cxxy +−= 2
3

4
4
1 4  then y′  = 0

2
344

4
1 114 2

3
+⋅−⋅

−− xx  = 2
1

63 xx −  = xx 63 −  
 

b.  ∫ − dxx 1  = ( )∫ − dxx 2
1

1  = ( ) cx +−
+

+1

2
1

2
1

1
1

1  = ( ) cx +− 2
3

1
3
2  = ( ) cx +− 31

3
2  = ( ) cxx

+−
− 1

3
12  

 

Check:  Let ( ) cxy +−= 2
3

1
3
2  then y′  = ( ) 01

2
3

3
2 12

3
+−⋅ −x  = ( ) 2

23
1

−
−x  = ( )2

1
1−x  = 1−x  

 

c.  ∫ + dxx 530  = ( )∫ + dxx 2
1

530  = ( ) cx ++
+

+1

2
1

2
1

5
1

30  = ( ) cx ++
+

+
2
21

530

2
21  = ( ) cx ++ 2

3
5

3
60   

 

= ( ) cx ++ 3520  = ( ) cxx +++ 5520  
 

Check:  Let ( ) cxy ++= 2
3

5
3

60  then y′  = ( ) 05
2
3

3
60 12

3
++⋅ −x  = ( ) 2

23
530

−
+x  = ( )2

1
530 +x  = 530 +x  

 

d.  ( )∫ − dxxx 52  = ∫∫ − dxxdxx 2
1

52  = cxx +
+

−
+

++ 1

2
1

12 2
1

1
5

12
1  = cxx +−

+

+
2
21

2
21

3 5
3
1  = cxx +− 2

3

3
10

3
1 3   

 

= cxx +− 33
3

10
3
1  = cxxx +−

3
10

3
1 3  = ( ) cxxx +−10

3
1 2  

 

Check:  Let cxxy +−= 2
3

3
10

3
1 3  then y′  = 0

2
3

3
103

3
1 113 2

3
+⋅−⋅

−− xx  = 2
23

6
30

3
3 2

−
− xx  = 2

1
52 xx −   

= xx 52 −  
 

e.  ∫ + dxx 1
5
2  = ( )∫ + dxx 2

1
1

5
2  = ( ) cx ++

+
⋅ +1

2
1

2
1

1
1

1
5
2  = ( ) cx ++⋅

+

+
2
21

11
5
2

2
21  = ( ) cx ++⋅ 2

3
1

3
2

5
2   
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= ( ) cx ++ 2
3

1
15
4  = ( ) cx ++ 31

15
4  = ( ) cxx +++ 11

15
4  

 

Check:  Let ( ) cxy ++= 2
3

1
15
4  then y′  = ( ) 01

2
3

15
4 12

3
++⋅ −x  = ( ) 2

23
1

30
12 −

+x  = ( )2
1

1
5
2

+x  = 1
5
2

+x  
 

f.  ∫ + dxx 23  = ( )∫ + dxx 2
1

23  = ( ) cx ++
+

+1

2
1

2
1

23
1

1  = ( ) cx ++
+

+
2
21

231

2
21  = ( ) cx ++ 2

3
23

3
2   

 

= ( ) cx ++ 323
3
2  = ( ) cxx +++ 2323

3
2  

 

Check:  Let ( ) cxy ++= 2
3

23
3
2  then y′  = ( ) 023

2
3

3
2 12

3
++⋅ −x  = ( ) 2

23
23

6
6 −

+x  = ( )2
1

23 +x  = 23 +x  
 

g.  ( )∫ − dxx 312  = ( ) ( )[ ] dxxxx∫ ⋅⋅−⋅⋅+− 2233 12312312  = ( )dxxxx∫ −+− 61218 23  = ∫ ∫+ dxxdxx 23 128   

 

∫∫ −− dxdxx6  = cxxxx +
+

−
+

−
+

+
+

++++ 10111213
10

1
11

6
12

12
13

8  = cxxxx +−−+ 234 342  
 

Check:  Let cxxxxy +−−+= 234 342 , then y′  = 0233442 11121314 +−⋅−⋅+⋅ −−−− xxxx   

= 16128 23 −−+ xxx  = ( )312 −x  
 

h.  ( )∫ + dxx 212  = ( )∫ ++ dxxx 144 2  = ∫∫∫ ++ dxdxxdxx 44 2  = cxxx +
+

+
+

+
+

+++ 101112
10

1
11

4
12

4   
 

= cxxx +++ 23
2
4

3
4  = cxxx +++ 23 2

3
4  

 

Check:  Let cxxxy +++= 23 2
3
4  then y′  = 01223

3
4 1213 ++⋅+⋅ −− xx  = 144 2 ++ xx  = ( )212 +x  

 

i.  ( )∫ + dxxx 16 32  = ( )dxxx∫ + 25 66  = dxxdxx ∫∫ + 25 66  = cxx +
+

+
+

++ 1215
12

6
15

6  = cxx ++ 36
3
6

6
6  

 

= cxx ++ 36
1
2  = cxx ++ 36 2  

 

Check:  Let cxxy ++= 36 2 , then y′  = 0326 1316 +⋅+ −− xx  = 25 66 xx +  
 
In the next section we will discuss a more systematic method of integration, referred to as the 
substitution method, in evaluating more difficult integrals. 
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Section 4.1 Practice Problems – Integration Using the Basic Integration Formulas 

1.  Evaluate the following indefinite integrals: 

a.  ∫− dx3  =    b.  ∫ dxk5  =     c.  ∫ dxx
3
2  =  

d.  ∫ dxx5  =     e.  ∫ dxax7  =     f.  ( )∫ + dxxx 34  =  

g.  ∫ 4x
dx  =     h.  ∫ 








− dx

xx 24
11  =    i.  ∫ dxx3 6  =  

2.  Evaluate the following indefinite integrals: 

a.  ∫ 





 + dxxx3 2  =    b.  dt

t∫− 2
1  =    c.  dx

x
∫ 7 2

1  =  

d.  ( ) dxxx∫ +1  =    e.  ( ) ( )dxxx∫ −+ 112 2  =   f.  ( ) dxxx∫ − 213  =  

g.  ( ) dxx∫ + 32  =    h.  ( ) dxx∫ − 32  =    i.  dy
y

yy
∫

+
2

25 4  =  
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4.2 Integration Using the Substitution Method 
A method of solving integrals in which a change in variable can often change a difficult integral 
into a simpler form is referred to as the Substitution method.  In this section we will learn how to 
use this method.   
Given the integral ( )[ ] ( )dxxgxgf∫ ′⋅  , where ( )xf  and ( )xg ′  are continuous functions, use the 

following steps in order to solve the integral by the Substitution method: 

First - Let ( )xgu = , then ( )xg
dx
du ′=  which implies ( ) dxxgdu ⋅′=  and ( )xg

dudx
′

= .   

Second - Replace ( )xg  with u  and dx  with ( )xg
du
′

 to obtain 

( )[ ] ( )dxxgxgf∫ ′⋅  = [ ] ( ) ( )∫ ′
⋅′⋅

xg
duxguf  = [ ]∫ ⋅duuf  

Third - Solve the integral by integrating the function ( )uf  with respect to u  using integration  
formulas. 

Fourth - Change the solution back to its original form by replacing u  with ( )xg . 

Fifth - Check the answer by taking the derivative of the solution. 
 
In the following examples we will solve integrals using the above substitution method. 
 
Example 4.2-1:  Evaluate the following indefinite integrals: 

a.  ( )∫ − dxxx 254 35  =    b.  ( )∫ + dxxx
232 1  =    c.  ( )∫ − dxxx

343 14  =  

d.  ∫ − dxxx 212  =    e.  ∫ + dxxx 32  =    f.  ∫ + dxx 110  =  

g.  ∫ − dxx3 15  =    h.  ∫ + dxxx 5 2 236  =    i.  ∫ +
dx

x 6
1  =  

Solutions: 

a.  Given ( )∫ − dxxx 254 35  let 35 −= xu , then 
dx
du  = ( )35 −x

dx
d  = 45x  which implies that dxxdu 45=   

and 
45x

dudx = .  Substituting the equivalent values of 35 −x  and dx  back into the integral we obtain 

( )∫ − dxxx
254 35  = ∫ ⋅⋅

4
24

5
5

x
duux  = ∫ duu 2  = cu +

+
+12

12
1  = cu +3

3
1  = ( ) cx +−

35 3
3
1  

 

Check:  Let ( ) cxy +−=
35 3

3
1 , then y′  = ( ) 0533

3
1 4135 +⋅−⋅ − xx  = ( ) 254 35 −xx  

 

b.  Given ( )∫ + dxxx
232 1  let 13 += xu , then 

dx
du  = ( )13 +x

dx
d  = 23x  which implies that dxxdu 23=   

and 
23x

dudx = .  Substituting the equivalent values of 13 +x  and dx  back into the integral we obtain 
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( )∫ + dxxx
232 1  = ∫ ⋅⋅

2
22

3x
duux  = ∫ duu 2

3
1  = cu +

+
+12

12
1

3
1  = cu +3

9
1  = ( ) cx ++

33 1
9
1  

 

Check:  Let ( ) cxy ++=
33 1

9
1 , then y′  = ( ) 0313

9
1 2133 +⋅+⋅ − xx  = ( ) 223 31

3
1 xx ⋅+  = ( ) 232 1+xx  

 

c.  Given ( )∫ − dxxx 343 14  let 14 −= xu , then 
dx
du  = ( )14 −x

dx
d  = 34x  which implies that dxxdu 34=   

and 
34x

dudx = .  Substituting the equivalent values of 14 −x  and dx  back into the integral we obtain 

( )∫ − dxxx
343 14  = ∫ ⋅⋅

3
33

4
4

x
duux  = ∫ duu 3  = cu +

+
+13

13
1  = cu +4

4
1  = ( ) cx +−

44 1
4
1  

 

Check:  Let ( ) cxy +−=
44 1

4
1 , then y′  = ( ) 0414

4
1 3144 +⋅−⋅ − xx  = ( ) 343 14 −xx  

 

d.  Given ∫ − dxxx 212  let 21 xu −= , then 
dx
du  = ( )21 x

dx
d

−  = x2−  which implies that dxxdu 2−=   

and 
x

dudx
2−

= .  Substituting the equivalent values of 21 x−  and dx  back into the integral we obtain 

∫ − dxxx 212  = ∫ −
⋅⋅

x
duux
2

2  = ∫− duu 2
1

 = cu +
+

−
+1

2
1

2
1

1
1  = cu +− 2

3

3
2  = ( ) cx +−− 2

3
21

3
2  

 

Check:  Let ( ) cxy +−−= 2
3

21
3
2 , then y′  = ( ) 021

2
3

3
2 12 2

3
+−⋅−⋅−

−
xx  = ( )2

1
212 xx −  = 212 xx −  

 

e.  Given ∫ + dxxx 32  let 32 += xu , then 
dx
du  = ( )32 +x

dx
d  = x2  which implies that dxxdu 2=   

and 
x

dudx
2

= .  Substituting the equivalent values of 32 +x  and dx  back into the integral we obtain 

∫ + dxxx 32  = ∫ ⋅⋅
x

duux
2

 = ∫ duu 2
1

2
1  = cu +

+
⋅

+1

2
1

2
1

1
1

2
1  = cu +⋅ 2

3

3
2

2
1  = cu +2

3

3
1  = ( ) cx ++ 2

3
3

3
1 2  

 

Check:  Let ( ) cxy ++= 2
3

3
3
1 2 , then y′  = ( ) 023

2
3

3
1 12 2

3
+⋅+⋅

−
xx  = ( )2

1
32 +xx  = 32 +xx  

 

f.  Given ∫ + dxx 110  let 110 += xu , then 
dx
du  = ( )110 +x

dx
d  = 10  which implies that dxdu 10=  and  

10
dudx = .  Substituting the equivalent values of 110 +x  and dx  back into the integral we obtain 

∫ + dxx 110  = ∫ ⋅
10
duu  = ∫ duu

10

2
1

 = cu +
+

⋅
+1

2
1

2
1

1
1

10
1  = cu +⋅ 2

3

3
2

10
1  = cu +2

3

15
1  = ( ) cx ++ 2

3
110

15
1  
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Check:  Let ( ) cxy ++= 2
3

110
15
1 , then y′  = ( ) 010110

2
3

15
1 12

3
+⋅+⋅ −x  = ( )2

1
110 +x  = 110 +x  

 

g.  Given ∫ − dxx3 15  let 15 −= xu , then 
dx
du  = ( )15 −x

dx
d  = 5  which implies that dxdu 5=  and  

5
dudx = .  Substituting the equivalent values of 15 −x  and dx  back into the integral we obtain 

∫ − dxx3 15  = ∫ ⋅
5

3 duu  = ∫ duu 3
1

5
1  = cu +

+
⋅

+1

3
1

3
1

1
1

5
1  = cu +⋅ 3

4

4
3

5
1  = cu +3

4

20
3  = ( ) cx +− 3

4
15

20
3  

 

Check:  Let ( ) cxy +−= 3
4

15
20
3 , then y′  = ( ) 0515

3
4

20
3 13

4
+⋅−⋅ −x  = ( )3

1
15 −x  = 3 15 −x  

 

h.  Given ∫ + dxxx 5 2 236  let 23 2 += xu  then 
dx
du  = ( )23 2 +x

dx
d  = x6  which implies that dxxdu 6=  

and 
x

dudx
6

= .  Substituting the equivalent values of 23 2 +x  and dx  back into the integral we 

obtain 

∫ + dxxx 5 2 236  = ∫ ⋅⋅
x

duux
6

6 5  = ∫ duu 5
1

 = cu +
+

+1

5
1

5
1

1
1  = cu +5

6

6
5  = ( ) cx ++ 5

6
23

6
5 2  

 

Check:  Let ( ) cxy ++= 5
6

23
6
5 2 , then y′  = ( ) 0623

5
6

6
5 12 5

6
+⋅+⋅

−
xx  = ( )51236 2 +xx  = 5 2 236 +xx  

 

i.  Given ∫ +
dx

x 6
1  let 6+= xu , then 

dx
du  = ( )6+x

dx
d  = 1  which implies that dxdu = .  Substituting  

the equivalent values of 6+x  and dx  back into the integral we obtain 
 

∫ +
dx

x 6
1  = ∫ du

u
1  = ∫

−
duu 2

1
 = cu +

−

− 2
11

2
11

1  = cu +
−

−
2

12

2
12

1  = cu +2
1

2  = ( ) cx ++ 2
1

62  

 

Check:  Let ( ) cxy ++= 2
1

62 , then y′  = ( ) 016
2
12 12

1
+⋅+⋅ −x  = ( ) 2

1
6 −+x  = 

( )2
1

6

1

+x
 = 

6
1
+x

 

Example 4.2-2:  Evaluate the following indefinite integrals: 

a.  ∫ −
dx

x 5
10  =    b.  ∫

−
dx

x

x

32
 =    c.  ∫

−
dx

x

x
3 2 1

 =  

d.  ∫
+

dx
x

x

13

2
 =    e.  ∫

+
dx

x

x

3

5
5

4
 =    f.  ∫

+
dx

x

x
5 5

4

3

5  =  

g.  ∫
++

+ dx
xx

xx

53

64
24

3
 =   h.  ∫

−+

+ dx
xx

xx
3 23

2

12

43  =   i.  ∫
−−

− dx
xx

x
4 2 3

12  =  
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Solutions: 

a.  Given ∫ −
dx

x 5
10  let 5−= xu , then 

dx
du  = ( )5−x

dx
d  = 1  which implies that dxdu = .  Substituting  

the equivalent values of 5−x  and dx  back into the integral we obtain 
 

∫ −
dx

x 5
10  = ∫ du

u
10  = ∫

−
duu 2

1
10  = cu +

−

− 2
11

2
11

10  = cu +
−

−
2

12

2
12

10  = cu +2
1

20  = ( ) cx +− 2
1

520  

 

Check:  Let ( ) cxy +−= 2
1

520 , then y′  = ( ) 05
2
120 12

1
+−⋅ −x  = ( ) 2

1
510 −−x  = 

( ) 2
1

5

10

−x
 = 

5
10
−x

 

b.  Given ∫
−

dx
x

x

32
 let 32 −= xu , then 

dx
du  = ( )32 −x

dx
d  = x2  which implies that dxxdu 2=  and  

x
dudx
2

= .  Substituting the equivalent values of 32 −x  and dx  back into the integral we obtain 

∫
−

dx
x

x

32
 = ∫ ⋅

x
du

u
x

2
 = ∫

−
duu 2

1

2
1  = cu +

−
⋅

− 2
11

2
11

1
2
1  = cu +⋅

−

−
2

12

2
12

1
2
1  = cu +2

1
 = ( ) cx +− 2

1
32  

 

Check:  Let ( ) cxy +−= 2
1

32 , then y′  = ( ) 03
2
1 12 2

1
+−

−
x  = ( ) xx 23

2
1 2

1
2 ⋅−

−  = 
( ) 2

1
32 −x

x  = 
32 −x

x  

c.  Given ∫
−

dx
x

x
3 2 1

 let 12 −= xu , then 
dx
du  = ( )12 −x

dx
d  = x2  which implies that dxxdu 2=  and  

x
dudx
2

= .  Substituting the equivalent values of 12 −x  and dx  back into the integral we obtain 

∫
−

dx
x

x
3 2 1

 = ∫ ⋅
x

du
u
x

23  = ∫
−

duu 3
1

2
1  = cu +

−
⋅

−3
11

3
11

1
2
1  = cu +⋅

−

−
3

13

3
13

1
2
1  = cu +3

2

4
3  = ( ) cx +− 3

2
1

4
3 2  

 

Check:  Let ( ) cxy +−= 3
2

1
4
3 2 , then y′  = ( ) 021

3
2

4
3 12 3

2
+⋅−⋅

−
xx  = ( ) xx 21

2
1 3

32
2 ⋅−

−

 = ( ) 3
1

12 −
−xx  

= 
( ) 3

1
12 −x

x  = 
3 2 1−x

x  

d.  Given ∫
+

dx
x

x

13

2
 let 13 += xu , then 

dx
du  = ( )13 +x

dx
d  = 23x  which implies that dxxdu 23=   

and 
23x

dudx = .  Substituting the equivalent values of 13 +x  and dx  back into the integral we obtain 

 

∫
+

dx
x

x

13

2
 = ∫ ⋅

2

2

3x
du

u
x  = ∫

−
duu 2

1

3
1  = cu +

−
⋅

− 2
11

2
11

1
3
1  = cu +⋅

−

−
2

12

2
12

1
3
1  = cu +2

1

3
2  = ( ) cx ++ 2

1
1

3
2 3  

 

Check:  Let ( ) cxy ++= 2
1

1
3
2 3 , then y′  = ( ) 031

2
1

3
2 213 2

1
+⋅+⋅

−
xx  = ( ) 23 31

3
1 2

21
xx ⋅+

−
 = ( ) 2

1
132 −

+xx   
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= 
( ) 2

1
13

2

+x

x  = 
13

2

+x

x  

e.  Given ∫
+

dx
x

x

3

5
5

4
 let 35 += xu , then 

dx
du  = ( )35 +x

dx
d  = 45x  which implies that dxxdu 45=   

and 
45x

dudx = .  Substituting the equivalent values of 35 +x  and dx  back into the integral we 

obtain 

∫
+

dx
x

x

3

5
5

4
 = ∫ ⋅

4

4

5
5

x
du

u
x  = ∫

−
duu 2

1
 = cu +

−

− 2
11

2
11

1  = cu +
−

−
2

12

2
12

1  = cu +2
1

2  = ( ) cx ++ 2
1

32 5  

 

Check:  Let ( ) cxy ++= 2
1

32 5 , then y′  = ( ) 053
2
12 415 2

1
+⋅+⋅

−
xx  = ( ) 45 53 2

21
xx ⋅+

−
 = ( ) 2

1
35 54 −

+xx   

= 
( ) 2

1
3

5

5

4

+x

x  = 
3

5
5

4

+x

x  

f.  Given ∫
+

dx
x

x
5 5

4

3

5  let 35 += xu , then 
dx
du  = ( )35 +x

dx
d  = 45x  which implies that dxxdu 45=   

and 
45x

dudx = .  Substituting the equivalent values of 35 +x  and dx  back into the integral we 

obtain 

∫
+

dx
x

x
5 5

4

3

5  = ∫ ⋅
45

4

5
5

x
du

u
x  = ∫

−
duu 5

1
 = cu +

−

−5
11

5
11

1  = cu +
−

−
5

15

5
15

1  = cu +5
4

4
5  = ( ) cx ++ 5

4
3

4
5 5  

 

Check:  Let ( ) cxy ++= 5
4

3
4
5 5 , then y′  = ( ) 053

5
4

4
5 415 5

4
+⋅+⋅

−
xx  = ( ) 45 53 5

54
xx ⋅+

−

 = ( ) 5
1

35 54 −
+xx   

= 
( ) 5

1
3

5

5

4

+x

x  = 
5 5

4

3

5

+x

x  

g.  Given ∫
++

+ dx
xx

xx

53

64
24

3
 let 53 24 ++= xxu , then 

dx
du  = ( )53 24 ++ xx

dx
d  = xx 64 3 +  which implies  

 

that ( )dxxxdu 64 3 +=  and 
xx

dudx
64 3 +

= .  Substituting the equivalent values of 53 24 ++ xx  and dx   

 

back into the integral we obtain ∫
++

+ dx
xx

xx

53

64
24

3
 = ∫ +

⋅
+

xx
du

u
xx

64
64

3

3
 = ∫ u

du = ∫
−

duu 2
1

  

 

= cu +
−

− 2
11

2
11

1  = cu +
−

−
2

12

2
12

1  = cu +2
1

2  = ( ) cxx +++ 2
1

532 24  = cxx +++ 532 24  

Check:  Let ( ) cxxy +++= 2
1

532 24 , then y′  = ( ) ( ) 06453
2
12 3124 2

1
++++⋅

−
xxxx  = ( ) 2

21
53 24

−

++ xx   
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( )xx 64 3 +×  = ( ) ( )xxxx 6453 324 2
1

+++
−  = 

( ) 2
1

53

64

24

3

++

+

xx

xx  = 
53

64
24

3

++

+

xx

xx  

h.  Given ∫
−+

+ dx
xx

xx
3 23

2

12

43  let 12 23 −+= xxu , then 
dx
du  = ( )12 23 −+ xx

dx
d  = xx 43 2 +  which implies  

 

that ( )dxxxdu 43 2 +=  and 
xx

dudx
43 2 +

= .  Substituting the equivalent values of 12 23 −+ xx  and dx   

 

back into the integral we obtain ∫
−+

+ dx
xx

xx
3 23

2

12

43  = ∫ +
⋅

+

xx
du

u
xx

43
43

23

2
 = ∫ 3 u

du = ∫
−

duu 3
1

  

 

= cu +
−

−3
11

3
11

1  = cu +
−

−
3

13

3
13

1  = cu +3
2

2
3  = ( ) cxx +−+ 3

2
12

2
3 23  = ( ) cxx +−+3 223 12

2
3  

 

Check:  Let ( ) cxxy +−+= 3
2

12
2
3 23 , then y′  = ( ) ( ) 04312

3
2

2
3 2123 3

2
++−+⋅

−
xxxx  = ( ) 3

32
12 23

−

−+ xx   
 

( )xx 43 2 +×  = ( ) ( )xxxx 4312 223 3
1

+−+
−  = 

( ) 3
1

12

43

23

2

−+

+

xx

xx  = 
3 23

2

12

43

−+

+

xx

xx  

i.  Given ∫
−−

− dx
xx

x
4 2 3

12  let 32 −−= xxu , then 
dx
du  = ( )32 −− xx

dx
d  = 12 −x  which implies that  

 

( ) dxxdu 12 −=  and 
12 −

=
x
dudx .  Substituting the equivalent values of 32 −− xx  and dx  back into  

 

the integral we obtain ∫
−−

− dx
xx

x
4 2 3

12  = ∫ −
⋅

−
12

12
4 x

du
u

x  = ∫ 4 u
du = ∫

−
duu 4

1
 = cu +

−

− 4
11

4
11

1   

 

 = cu +
−

−
4

14

4
14

1  = cu +4
3

3
4  = ( ) cxx +−− 4

3
3

3
4 2  = ( ) cxx +−−4 32 3

3
4  

 

Check:  Let ( ) cxxy +−−= 4
3

3
3
4 2 , then y′  = ( ) ( ) 0123

4
3

3
4 12 4

3
+−−−⋅

−
xxx  = ( ) ( )123 4

43
2 −−−

−

xxx   
 

= ( ) ( )123 4
1

2 −−−
−

xxx  = 
( ) 4

1
3

12

2 −−

−

xx

x  = 
4 2 3

12

−−

−

xx

x  
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Example 4.2-3:  Evaluate the following indefinite integrals: 

a.  dx
xx

x
∫

++

+
5 3

2

36

2  =    b.  dx
xxx

xx
∫

+−

+−
45

34 145  =    c.  ∫
−

− dx
xx

x

10

2
5

4
 =  

d.  ∫
−

dz
z

z

12 2
 =    e.  ∫

−
dx

x

x

14

3
 =    f.  

( )∫
+ xx

dx
21

 =  

g.  
( )∫
−

dx
x

x
224

 =    h.  ( )∫ − dxxx 5
1

132  =    i.  ∫
−

dx
x

x

3

8
2

 =  

Solutions: 

a.  Given dx
xx

x
∫

++

+
5 3

2

36

2  let 363 ++= xxu , then 
dx
du  = ( )363 ++ xx

dx
d  = 63 2 +x  which implies that  

( )dxxdu 63 2 +=  and 
63 2 +

=
x
dudx .  Substituting the equivalent values of 363 ++ xx  and dx  back  

into the integral we obtain dx
xx

x
∫

++

+
5 3

2

36

2  = 
( )∫

+
⋅

+

23

2
25

2

x

du
u

x  = ∫ 53
1

u
du  = ∫

−
duu 5

1

3
1   

 

= cu +
−

⋅
−5

11

5
11

1
3
1  = cu +⋅

−

−
5

15

5
15

1
3
1  = cu +5

4

12
5  = ( ) cxx +++ 5

4
36

12
5 3  = ( ) cxx +++5 43 36

12
5  

 

Check:  Let ( ) cxxy +++= 5
4

36
12
5 3 , then y′  = ( ) ( ) 06336

5
4

12
5 213 5

4
++⋅++⋅

−
xxx  = ( ) 5

54
36

3
1 3

−

++ xx   

( )63 2 +× x  = ( ) ( )2336
3
1 23 5

1
+⋅++

−
xxx  = 

( ) 5
1

36

2

3

2

++

+

xx

x  = 
5 3

2

36

2

++

+

xx

x  

b.  Given dx
xxx

xx
∫

+−

+−
45

34 145  let xxxu +−= 45 , then 
dx
du  = ( )xxx

dx
d

+− 45  = 145 34 +− xx  which implies  

that ( )dxxxdu 145 34 +−=  and 
145 34 +−

=
xx

dudx .  Substituting the equivalent values of xxx +− 45   

and dx  back into the integral we obtain dx
xxx

xx
∫

+−

+−
45

34 145  = ∫ +−
⋅

+−

145
145

34

34

xx
du

u
xx  = ∫ u

du  

 

∫
−

duu 2
1

 = cu +
−

− 2
11

2
11

1  = cu +
−

−
2

12

2
12

1  = cu +2
1

2  = ( ) cxxx ++− 2
1

452  = cxxx ++− 452  

Check:  Let ( ) cxxxy ++−= 2
1

452 , then y′  = ( ) ( ) 0145
2
12 34145 2

1
++−+−⋅

−
xxxxx  = ( ) 2

1
45 −
+− xxx  



Calculus I  4.2  Integration Using the Substitution Method  

Hamilton Education Guides   229 

( )145 34 +−× xx  = 
( ) 2

1
45

34 145

xxx

xx

+−

+−  = 
xxx

xx

+−

+−
45

34 145  

c.  Given ∫
−

− dx
xx

x

10

2
5

4
 let xxu 105 −= , then 

dx
du  = ( )xx

dx
d 105 −  = 105 4 −x  which implies that  

( )dxxdu 105 4 −=  and 
( )25 4 −

=
x

dudx .  Substituting the equivalent values of xx 105 −  and dx  back  

into the integral we obtain ∫
−

− dx
xx

x

10

2
5

4
 = 

( )∫
−

⋅
−

25

2
4

4

x

du
u

x  = ∫ u
du

5
1 = ∫

−
duu 2

1

5
1   

 

= cu +
−

⋅
− 2

11

2
11

1
5
1  = cu +⋅

−

−
2

12

2
12

1
5
1  = cu +2

1

5
2  = ( ) cxx +− 2

1
10

5
2 5  = cxx +−10

5
2 5  

Check:  Let ( ) cxxy +−= 2
1

10
5
2 5 , then y′  = ( ) ( ) 010510

2
1

5
2 415 2

1
+−−⋅

−
xxx  = ( ) ( )10510

5
1 45 2

1
−−

−
xxx   

= ( ) ( )2510
5
1 45 2

1
−⋅−

−
xxx  = 

( ) 2
1

10

2

5

4

xx

x

−

−  = 
xx

x

10

2
5

4

−

−  

d.  Given ∫
−

dz
z

z

12 2
 let 12 2 −= zu , then 

dz
du  = ( )12 2 −z

dz
d  = z4  which implies that dzzdu 4=   

and 
z

dudz
4

= .  Substituting the equivalent values of 12 2 −z  and dx  back into the integral we obtain 

∫
−

dz
z

z

12 2
 = ∫ ⋅

z
du

u
z

4
 = ∫

−

duu
4

2
1

 = cu +
−

⋅
− 2

11

2
11

1
4
1  = cu +⋅

−

−
2

12

2
12

1
4
1  = cu +2

1

2
1  = ( ) cz +− 2

1
12

2
1 2  

Check:  Let ( ) czy +−= 2
1

12
2
1 2 , then y′  = ( ) 0412

2
1

2
1 12 2

1
+⋅−⋅

−
zz  = ( ) zz ⋅−

− 2
1

12 2  = 
12 2 −z

z  

e.  Given ∫
−

dx
x

x

14

3
 let 14 −= xu , then 

dx
du  = ( )14 −x

dx
d  = 34x  which implies that dxxdu 34=  and  

34x
dudx = .  Substituting the equivalent values of 14 −x  and dx  back into the integral we obtain 

∫
−

dx
x

x

14

3
 = ∫ ⋅

3

3

4x
du

u
x  = ∫

−

duu
4

2
1

 = cu +
−

⋅
− 2

11

2
11

1
4
1  = cu +⋅

−

−
2

12

2
12

1
4
1  = cu +2

1

2
1  = ( ) cx +− 2

1
1

2
1 4  

 

Check:  Let ( ) cxy +−= 2
1

1
2
1 4 , then y′  = ( ) 041

2
1

2
1 314 2

1
+⋅−⋅

−
xx  = ( ) 34 2

1
1 xx ⋅−

−  = 
14

3

−x

x  
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f.  Given 
( )∫
+ xx

dx
21

 let xu +=1 , then 
dx
du  = ( )x

dx
d

+1  = 
x2

1  which implies that 
x

dxdu
2

=   

and duxdx 2= .  Substituting the equivalent values of x+1  and dx  back into the integral we 
obtain 

( )∫
+ xx

dx
21

 = ∫ xu

dux
2

2
 = ∫ 2

2

u

du = ∫ − duu 22  = cu +
−

−21
21

2  = cu +− −12  = c
u
+−

2  = c
x
+

+
−

1
2

 

 

Check:  Let c
x

y +
+

−=
1

2 , then y′  = 
( )

0
1

20

2

2
1

+
+

⋅−
−

x

x  = 
( ) 2

1

1 x

x

+
 = 

( )2
1

1

xx +

 

 

g.  Given 
( )∫

−
dx

x

x
224

 let 24 xu −= , then 
dx
du  = ( )24 x

dx
d

−  = x2−  which implies that xdxdu 2−=   

and 
x

dudx
2−

= .  Substituting the equivalent values of 24 x−  and dx  back into the integral we 

obtain 

( )∫
−

dx
x

x
224

 = ∫ −
⋅

x
du

u
x

22  = ∫ −− duu 2
2
1  = cu +

+−
⋅− +− 12

12
1

2
1  = cu +−1

2
1  = c

u
+

2
1  = ( )

c
x

+
− 242

1  

 

Check:  Let 
( )

c
x

y +
−

=
242

1 , then y′  = 
( )

0
44

40
22

+
−

+

x

x  = 
( ) 2244

4

x

x

−
 = 

( ) 224 x

x

−
 

 

h.  Given ( )∫ − dxxx 5
1

132  let 13 −= xu , then 
dx
du  = ( )13 −x

dx
d  = 23x  which implies that dxxdu 23=   

and 
23x

dudx = .  Substituting the equivalent values of 13 −x  and dx  back into the integral we obtain 

( )∫ − dxxx 5
1

132  = ∫ ⋅
2

2

3
5
1

x
duux  = duu

∫ 3

5
1

= cu +
+

⋅
+ 5

11

5
11

1
3
1  = cu +⋅

+

+
5

15

5
15

1
3
1  = cu +5

6

18
5  = ( ) cx +− 5

6
1

18
5 3  

 

Check:  Let ( ) cxy +−= 5
6

1
18
5 3 , then y′  = ( ) 031

5
6

18
5 213 5

6
+⋅−⋅

−
xx  = ( ) 23 31

3
1 5

56
xx ⋅−

−

 = ( ) 5
1

132 −xx  
 

i.  Given ∫
−

dx
x

x

3

8
2

 let 32 −= xu , then 
dx
du  = ( )32 −x

dx
d  = x2  which implies that xdxdu 2=  and  

x
dudx
2

= .  Substituting the equivalent values of 32 −x  and dx  back into the integral we obtain 

∫
−

dx
x

x

3

8
2

 = ∫ ⋅
x

du
u
x

2
8  = ∫

−
duu 2

1
4  = cu +

−
⋅

− 2
11

2
11

14  = cu +⋅
−

−
2

12

2
12

14  = cu +2
1

8  = ( ) cx +− 2
1

38 2  

Check:  Let ( ) cxy +−= 2
1

38 2 , then y′  = ( ) 023
2
18

12 2
1

+⋅−⋅
−

xx  = ( ) xx 234 2
1

2 ⋅−
−  = 

3

8
2 −x

x  
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Section 4.2 Practice Problems – Integration Using the Substitution Method 

1.  Evaluate the following indefinite integrals: 

a.  ( )∫ + dttt 32 1  =      b.  ∫ − dxxx 5618 32  =     c.  ∫
+

dx
x 5

5  =  

d.  ( )∫ − dxxx 5
1

22  =     e.  ∫
+

dx
x

x

3

3

2
 =      f.  ∫ − dttt 21

2
 =  

g.  ( )∫ − dxxx
232 1  =     h.  ∫

+
dx

x

x

34

3
 =      i.  ( )∫ + dxxx

298 12  =  

2.  Evaluate the following indefinite integrals: 

a.  ( )∫ − dxxx 126 32  =     b.  ∫ + dxxx 21  =      c.  ∫ + dxx5 17  =  

d.  ∫ − dxxx 3 2 13  =      e.  ∫
+

dx
x

x

12
 =      f.  ( )∫ − dxxx

221  =  

g.  ∫
+

dx
x

x

36

5
 =      h.  ∫

−
dx

x

x

1

3

2
 =      i.  ∫

++

+ dx
xx

xx

13

65

25

4
 =  
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4.3 Integration of Trigonometric Functions 
In the following examples we will solve problems using the formulas below: 
 

Table 4.3-1:  Integration Formulas for Trigonometric Functions 

1.  cxdxx +−=∫ cossin  2.  cxdxx +=∫ sincos  3.  cxdxx +=∫ seclntan  

4.  cxdxx +=∫ sinlncot  5.  cxxdxx ++=∫ tanseclnsec  6.  cxxdxx +−=∫ cotcsclncsc  

7.  cxdxxx +=∫ secsectan  8.  cxdxxx +−=∫ csccsccot  9.  c
xxdxx +−=∫ 4

2sin
2

sin 2  

10.  c
xxdxx ++=∫ 4

2sin
2

cos2  11.  cxxdxx +−=∫ tantan 2  12.  cxxdxx +−−=∫ cotcot 2  

13.  cxdxx +=∫ tansec2  14.  cxdxx +−=∫ cotcsc2   

 
Additionally, the following formulas (identities) hold for the trigonometric functions: 

1.  Unit Circle Formulas 

1cossin 22 =+ xx    1tansec 22 =− xx    1cotcsc 22 =− xx  

2.  Addition Formulas 
( ) yxyxyx sincoscossinsin +=+  ( )1    ( ) yxyxyx sincoscossinsin −=−    ( )2  

( ) yxyxyx sinsincoscoscos −=+  ( )3    ( ) yxyxyx sinsincoscoscos +=−    ( )4  

( )
yx

yx
yx

tantan1
tantan

tan
−

+
=+      ( )

yx
yx

yx
tantan1

tantan
tan

+
−

=−  

Note that from the identities ( )1  and ( )2  above we can obtain the formulas 

( ) ( )[ ]yxyxyx ++−= sinsin
2
1cossin     ( ) ( )[ ]yxyxyx −−+= cossin

2
1sincos  

and from the identities ( )3  and ( )4  above we can obtain the formulas 

( ) ( )[ ]yxyxyx +−−= coscos
2
1sinsin     ( ) ( )[ ]yxyxyx ++−= coscos

2
1coscos  

3.  Half Angle Formulas 

( )xx cos1
2
1

2
1sin 2 −=  or   xx

2
1sin2cos1 2=−  therefore ( )xx 2cos1

2
1sin 2 −=  

( )xx cos1
2
1

2
1cos2 +=  or   xx

2
1cos2cos1 2=+  therefore ( )xx 2cos1

2
1cos2 +=  

4.  Double Angle Formulas 

xxx cossin22sin =  or  xxx 2sin
2
1cossin =   xxx 22 sincos2cos −=      and  
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( ) ( )xxxxx 4cos1
8
12sin

4
12sincossin 22

2
122 −===  

Also, the tangent, cotangent, secant, and cosecant functions are defined by  

x
x

x
cos
sin

tan =       
x
x

x
x

sin
cos

tan
1cot ==    

x
x

cos
1sec =      

x
x

sin
1csc =  

We should also note that sine, tangent, cotangent, and cosecant are odd functions.  This implies that  
 

( ) xx sinsin −=−            ( ) xx tantan −=−           ( ) xx cotcot −=−            ( ) xx csccsc −=−  
 
on the other hand, cosine and secant are even functions.  This implies that  
 

( ) xx coscos =−             ( ) xx secsec =−  
 
Finally, we need to know how to differentiate the trigonometric functions (addressed in Chapter 
3, Section 3.1) in order to check the answer to the given integrals below.  The derivatives of 
trigonometric functions are repeated here and are as follows: 
 

Table 4.3-2:  Differentiation Formulas for Trigonometric Functions 

dx
duuu

dx
d

⋅= cossin  
dx
duuu

dx
d

⋅−= 2csccot  

dx
duuu

dx
d

⋅−= sincos  
dx
duuuu

dx
d

⋅= tansecsec  

dx
duuu

dx
d

⋅= 2sectan  
dx
duuuu

dx
d

⋅−= cotcsccsc  

 
Let’s integrate some trigonometric functions using the above integration formulas. 
 
Example 4.3-1:  Evaluate the following indefinite integrals:  

a.  ∫ dxx3sin  =    b.  ∫ dxx
8
1sin  =    c.  ∫ dxx5cos  =  

d.  ∫ dxx
4
1cos  =    e.  ( )∫ + dxxx 2cos4sin  =   f.  ∫ dxx5csc  =  

g.  ∫ dxx5csc2  =    h.  ∫ dxx
2
1csc2  =    i.  ∫ dxxx 322 sec  =  

j.  ( )∫ + dxxx 1sec 22  =    k.  ∫ dxxx 22csc  =    l.  ( ) ( )∫ ++ dxxxx 22csc12  =  

Solutions: 

a.  Given ∫ dxx3sin  let xu 3= , then x
dx
d

dx
du 3=  = 3  which implies 

3
dudx = .  Therefore,  

 

∫ dxx3sin  = ∫ ⋅
3

sin duu  = ∫ duusin
3
1  = cu +− cos

3
1  = cx +− 3cos

3
1  
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Check:  Let cxy +−= 3cos
3
1 , then y ′  = c

dx
dx

dx
d

+⋅− 3cos
3
1  = 033sin

3
1

+⋅−⋅− x
dx
dx  = 33sin

3
1

⋅−⋅− x   

= x3sin
3
3
⋅  = x3sin  

b.  Given ∫ dxx
8

sin  let 
8
xu = , then 

8
x

dx
d

dx
du

=  = 
8
1  which implies dudx 8= .  Therefore,  

 

∫ dxx
8

sin  = ∫ ⋅ duu 8sin  = ∫ duusin8  = cu +− cos8  = cx
+−

8
cos8  

 

Check:  Let cxy +−=
8

cos8 , then y ′  = c
dx
dx

dx
d

+⋅−
8

cos8  = 0
88

sin8 +⋅−⋅−
x

dx
dx  = 

8
1

8
sin8 ⋅−⋅−

x  

= 
8

sin
8
8 x
⋅  = 

8
sin x  

c.  Given ∫ dxx5cos  let xu 5= , then x
dx
d

dx
du 5=  = 5  which implies 

5
dudx = .  Therefore,  

 

∫ dxx5cos  = ∫ ⋅
5

cos duu  = ∫ duucos
5
1  = cu +sin

5
1  = cx +5sin

5
1  

 

Check:  Let cxy += 5sin
5
1 , then y ′  = c

dx
dx

dx
d

+⋅ 5sin
5
1  = 055cos

5
1

+⋅⋅ x
dx
dx  = 55cos

5
1

⋅⋅ x   

= x5cos
5
5
⋅  = x5cos  

d.  Given ∫ dxx
4

cos  let 
4
xu = , then 

4
x

dx
d

dx
du

=  = 
4
1  which implies dudx 4= .  Therefore,  

 

∫ dxx
4

cos  = ∫ ⋅ duu 4cos  = ∫ duucos4  = cu +sin4  = cx
+

4
sin4  

 

Check:  Let cxy +=
4

sin4 , then y ′  = c
dx
dx

dx
d

+⋅
4

sin4  = 0
44

cos4 +⋅⋅
x

dx
dx  = 

4
1

4
cos4 ⋅⋅

x  

= 
4

cos
4
4 x
⋅  = 

4
cos x  

e.  Given ( )∫ + dxxx 2cos4sin  = ∫∫ + dxxdxx 2cos4sin  let:   

a.  xu 4= , then x
dx
d

dx
du 4= ; 4=

dx
du ; dxdu 4= ;

4
dudx =  and  

b.  xv 2= , then x
dx
d

dx
dv 2= ; 2=

dx
dv ; dxdv 2= ;

2
dvdx = .   

Therefore, ∫∫ + dxxdxx 2cos4sin  = ∫∫ ⋅+⋅
2

cos
4

sin dvvduu  = ∫∫ + dvvduu cos
2
1sin

4
1  = 1cos

4
1 cu +−  

 

2sin
2
1 cv ++  = 212sin

2
14cos

4
1 ccxx +++−  = cxx ++− 2sin

2
14cos

4
1  

 



Calculus I  4.3  Integration of Trigonometric Functions  

Hamilton Education Guides   235 

Check:  Let cxxy ++−= 2sin
2
14cos

4
1  then y ′  = c

dx
dx

dx
dx

dx
d

+⋅+⋅− 2sin
2
14cos

4
1  = x

dx
dx 44sin

4
1

⋅⋅   

022cos
2
1

+⋅⋅+ x
dx
dx = xx 2cos

2
24sin

4
4

⋅+⋅  = xx 2cos4sin +  

f.  Given ∫ dxx5csc  let xu 5= , then 55 == x
dx
d

dx
du  which implies dxdu 5= ;

5
dudx = .  Therefore,  

 

∫ dxx5csc  = ∫ ⋅
5

csc duu  = ∫ duucsc
5
1  = cuu +− cotcscln

5
1  = cxx +− 5cot5cscln

5
1  

 

Check:  Let cxxy +−= 5cot5cscln
5
1 , then y ′  = c

dx
dxx

dx
d

+−⋅ 5cot5cscln
5
1  = 

xx 5cot5csc
1

5
1

−
⋅   

( ) c
dx
dxx

dx
d

+−× 5cot5csc  = ( ) 055csc55cot5csc
5cot5csc

1
5
1 2 +⋅+⋅⋅−⋅

−
⋅ xxx

xx
  

= ( )
xx

xxx
5cot5csc

5cot5csc5csc5
5
1

−
−

⋅  = 
5

5csc5 x  = x5csc  

g.  Given ∫ dxx5csc2  let xu 5= , then x
dx
d

dx
du 5= ; 5=

dx
du ; dxdu 5= ;

5
dudx = .  Therefore, 

 

∫ dxx5csc2  = ∫ ⋅
5

csc2 duu  = ∫ duu2csc
5
1  = cu +− cot

5
1  = cx +− 5cot

5
1  

 

Check:  Let cxy +−= 5cot
5
1 , then y ′  = c

dx
dx

dx
d

+⋅− 5cot
5
1  = 055csc

5
1 2 +⋅−⋅− x

dx
dx  = 55csc

5
1 2 ⋅⋅ x   

= x5csc
5
5 2⋅  = x5csc2  

h.  Given ∫ dxx
2
1csc2  let xu

2
1

= , then 
2
x

dx
d

dx
du

= ; 
2
1

=
dx
du ; dxdu =2 ; dudx 2= .  Therefore, 

 

∫ dxx
2
1csc2  = ∫ ⋅ duu 2csc2  = ∫ duu2csc2  = cu +− cot2  = cx +−

2
1cot2  

 

Check:  Let cxy +−=
2

cot2 , then y ′  = c
dx
dx

dx
d

+⋅−
2

cot2  = 0
22

csc2 2 +⋅−⋅−
x

dx
dx  = 

2
1

2
csc2 2 ⋅

x  

= 
2

csc
2
2 2 x  = 

2
csc2 x  = x

2
1csc2  

i.  Given ∫ dxxx 322 sec  let 3xu = , then 3x
dx
d

dx
du

= ; 23x
dx
du

= ; dxxdu 23= ;
23x

dudx = .  Therefore, 

 

∫ dxxx 322 sec  = ∫ //
⋅

2
22

3
sec

x
duux  = ∫ duu2sec

3
1  = cu +tan

3
1  = cx +3tan

3
1  

 

Check:  Let cxy += 3tan
3
1 , then y ′  = c

dx
dx

dx
d

+⋅ 3tan
3
1  = 0sec

3
1 332 +⋅⋅ x

dx
dx  = 232 3sec

3
1 xx ⋅⋅   

= 32
2

sec
3

3 xx
⋅  = 322 sec xx  
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j.  Given ( )∫ + dxxx 1sec 22  let 12 += xu , then ( )12 += x
dx
d

dx
du ; x

dx
du 2= ; dxxdu 2= ;

x
dudx
2

= .  Therefore, 
 

( )∫ + dxxx 1sec 22  = ∫ ⋅
x

duux
2

sec2  = ∫ duu2sec
2
1  = cu +tan

2
1  = ( ) cx ++1tan

2
1 2  

 

Check:  Let ( ) cxy ++= 1tan
2
1 2 , then y ′  = ( ) c

dx
dx

dx
d

++⋅ 1tan
2
1 2  = ( ) ( ) 011sec

2
1 222 ++⋅+⋅ x

dx
dx   

= ( ) xx 21sec
2
1 22 ⋅+⋅  = ( )1sec

2
2 22 +⋅ xx  = ( )1sec 22 +xx  

k.  Given ∫ dxxx 22csc  let 2xu = , then 2x
dx
d

dx
du

= ; x
dx
du 2= ; dxxdu 2= ;

x
dudx
2

= .  Therefore,  
 

∫ dxxx 22csc  = ∫ ⋅
x

duux
2

csc2  = ∫ duu2csc
2
1  = cu +− cot

2
1  = cx +− 2cot

2
1  

 

Check:  Let cxy +−= 2cot
2
1 , then y ′  = c

dx
dx

dx
d

+⋅− 2cot
2
1  = 0csc

2
1 222 +⋅−⋅− x

dx
dx  = xx 2csc

2
1 22 ⋅⋅   

= 22csc
2

2 xx
⋅  = 22csc xx  

l.  Given ( ) ( )∫ ++ dxxxx 22csc12  let xxu += 2 , then ( )xx
dx
d

dx
du

+= 2 ; 12 += x
dx
du ; ( ) dxxdu 12 += ; 

 

12 +
=

x
dudx .  Therefore, ( ) ( )∫ ++ dxxxx 22csc12  = ( ) ( )∫ +

⋅+
12

csc12 2
x
duux  = ∫ duu2csc   

 

= cu +− cot  = ( ) cxx ++− 2cot  
 

Check:  Let ( ) cxxy ++−= 2cot , then y ′  = ( ) c
dx
dxx

dx
d

++− 2cot  = ( ) ( ) 0csc 222 ++⋅+ xx
dx
dxx   

= ( ) ( )12csc 22 +⋅+ xxx  = ( ) ( )xxx ++ 22csc12   
 
Example 4.3-2:  Evaluate the following indefinite integrals: 

a.  ∫ dxx3sec2  =    b.  ∫ dxx3sec  =    c.  ∫ dxxx 2csc  =  

d.  ( ) ( )∫ ++ dxxx 1cos1sin 5  =   e.  ∫ dxxx sincos5  =    f.  ∫ dxxx 3sin3cos5  =  

g.  ∫ dxxx
3

sin
3

cos4  =    h.  ∫ dxxx 32 cos  =    i.  ∫ dxee xx sec  =  

Solutions: 

a.  Given ∫ dxx3sec2  let xu 3= , then x
dx
d

dx
du 3= ; 3=

dx
du ; dxdu 3= ;

3
dudx = .  Therefore,  

∫ dxx3sec2  = ∫ ⋅
3

sec2 duu  = ∫ duu2sec
3
1  = cu +tan

3
1  = cx +3tan

3
1  
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Check:  Let cxy += 3tan
3
1 , then y ′  = c

dx
dx

dx
d

+3tan  = 033sec
3
1 2 +⋅x  = x3sec

3
3 2  = x3sec2  

 

b.  Given ∫ dxx3sec  let xu 3= , then x
dx
d

dx
du 3= ; 3=

dx
du ; dxdu 3= ;

3
dudx = .  Therefore,  

∫ dxx3sec  = ∫ ⋅
3

sec duu  = ∫ duusec
3
1  = cuu ++ tansecln

3
1  = cxx ++ 3tan3secln

3
1  

 

Check:  Let cxxy ++= 3tan3secln
3
1 , then y ′  = 03sec33tan3sec3

3tan3sec
1

3
1 2 ++⋅

+
⋅ xxx

xx
  

= ( )
xx

xxx
3tan3sec

3tan3sec3sec3
3
1

+
+

⋅  = x3sec
3
3  = x3sec  

c.  Given ∫ dxxx 2csc  let 2xu = , then 2x
dx
d

dx
du

= ; x
dx
du 2= ; dxxdu 2= ;

x
dudx
2

= .  Therefore,  

∫ dxxx 2csc  = ∫ ⋅
x

duux
2

csc  = ∫ duucsc
2
1  = cuu +− cotcscln

2
1  = cxx +− 22 cotcscln

2
1  

 

Check:  Let cxxy +−= 22 cotcscln
2
1 , then y ′  = 0csc2cotcsc2

cotcsc
1

2
1 2222

22
++−⋅

−
⋅ xxxxx

xx
  

= ( )
22

222

cotcsc

cotcsccsc2
2
1

xx

xxxx

−

−
⋅  = 2csc

2
2 xx  = 2csc xx  

d.  Given ( ) ( )∫ ++ dxxx 1cos1sin 5  let ( )1sin += xu , then ( )1sin += x
dx
d

dx
du ; ( )1cos += x

dx
du ; 

( ) dxxdu ⋅+= 1cos ; ( )1cos +
=

x
dudx .  Therefore,  

( ) ( )∫ ++ dxxx 1cos1sin 5  = ( ) ( )∫ +
⋅+

1cos
1cos5

x
duxu  = ∫ duu5  = cu +6

6
1  = ( ) cx ++1sin

6
1 6  

 

Check:  Let ( ) cxy ++= 1sin
6
1 6 , then y ′  = ( ) ( ) 01cos1sin6

6
1 5 ++⋅+⋅ xx  = ( ) ( )1cos1sin 5 ++ xx   

e.  Given ∫ dxxx sincos5  let xu cos= , then x
dx
d

dx
du cos= ; x

dx
du sin−=  ; 

x
dudx
sin−

= .  Therefore, 

∫ dxxx sincos5  = ∫ −
⋅

x
duxu
sin

sin5  = ∫− duu5  = cu +− 6
6
1  = cx +− 6cos

6
1  

 

Check:  Let cxy +−= 6cos
6
1 , then y ′  = 0sincos6

6
1 5 +−⋅⋅− xx  = xx sincos

6
6 5  = xx sincos5  

f.  Given ∫ dxxx 3sin3cos5  let xu 3cos= , then x
dx
d

dx
du 3cos= ; x

dx
du 3sin3−=  ; 

x
dudx

3sin3−
= .  Thus, 
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∫ dxxx 3sin3cos5  = ∫ −
⋅

x
duxu

3sin3
3sin5  = ∫− duu5

3
1  = cu +⋅− 6

6
1

3
1  = cx +− 3cos

18
1 6  

 

Check:  Let cxy +−= 3cos
18
1 6 , then y ′  = 03sin33cos6

18
1 5 +−⋅⋅− xx  = xx 3sin3cos

18
18 5  = xx 3sin3cos5  

g.  Given ∫ dxxx
3

sin
3

cos4  let 
3

cos xu = , then 
3

cos x
dx
d

dx
du

= ; 
3

sin
3
1 x

dx
du

−=  ; 
3sin

3
x

dudx −= .  Therefore, 

∫ dxxx
3

sin
3

cos4  = ∫ −⋅
3

4

sin
3

3
sin

x
duxu  = ∫− duu 43  = cu +− 5

5
3  = cx

+−
3

cos
5
3 5  

 

Check:  Let cxy +−=
3

cos
5
3 5 , then y ′  = 0

3
1

3
sin

3
cos5

5
3 4 +⋅−⋅⋅−

xx  = 
3

sin
3

cos
15
15 4 xx  = 

3
sin

3
cos4 xx  

 

h.  Given ∫ dxxx 32 cos  let 3xu = , then 3x
dx
d

dx
du

= ; 23x
dx
du

= ; dxxdu ⋅= 23 ; 
23x

dudx = .  Therefore, 

∫ dxxx 32 cos  = ∫ ⋅
2

2

3
cos

x
duux  = ∫ duucos

3
1  = cu +⋅sin

3
1  = cx +3sin

3
1  

 

Check:  Let cxy += 3sin
3
1 , then y ′  = cxx +⋅⋅ 23 3cos

3
1  = 0cos

3
3 32 +xx  = 32 cos xx  

i.  Given ∫ dxee xx sec  let xeu = , then xe
dx
d

dx
du

= ; xe
dx
du

= ; dxedu x ⋅= ; 
xe

dudx = .  Therefore,  

∫ dxee xx sec  = ∫ ⋅
x

x

e
duue sec  = ∫ duusec  = cuu ++ tansecln  = cee xx ++ tansecln  

 

Check:  Let ceey xx ++= tansecln , then y ′  = 0sectansec
tansec

1 2 ++⋅
+

xxxxx
xx

eeeee
ee

  

= ( )
xx

xxxx

ee

eeee

tansec

tansecsec

+

+  = xx ee sec   

 

Example 4.3-3:  Evaluate the following indefinite integrals: 

a.  ∫ dxxx 27 sectan  =    b.  ( ) ( )∫ −− dxxx 1sec1tan 24  =   c.  ∫ dxxx 23 csccot  =  

d.  ∫ dxxx 2csc2cot 25  =   e.  ∫ dxx8tan  =    f.  ∫ dxx
4

tan  =  

g.  ∫ dxxx 9tan9sec  =    h.  ∫ dxxx
2

tan
2

sec  =    i.  ∫ dxxx 3tan3sec5  =  

j.  ∫ dxxx 32 cot  =    k.  ∫ dxxx 23cot  =    l.  ∫ x
dxxsec  =  
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Solutions: 

a.  ∫ dxxx 27 sectan  let xu tan= , then x
dx
d

dx
du tan=  ; x

dx
du 2sec=  ; dxxdu 2sec= ; 

x
dudx

2sec
= .  Thus, 

 

∫ dxxx 27 sectan  = ∫ ⋅⋅
x

duxu
2

27

sec
sec  = ∫ duu 7  = cu +

+
+17

17
1  = cu +8

8
1  = cx +8tan

8
1  

 

Check:  Let cxy += 8tan
8
1 , then y ′  = ( ) 0sectan8

8
1 218 +⋅⋅ − xx  = ( ) xx 27 sectan  = xx 27 sectan  

 

b.  ( ) ( )∫ −− dxxx 1sec1tan 24  let ( )1tan −= xu , then ( )1tan −= x
dx
d

dx
du  ; ( )1sec2 −= x

dx
du c ; ( ) dxxdu 1sec2 −=  

 

; 
( )1sec2 −

=
x

dudx .  Therefore, ( ) ( )∫ −− dxxx 1sec1tan 24  = ( )
( )∫ −

⋅−⋅
1sec

1sec
2

24

x
duxu  = ∫ duu 4   

 

= cu +
+

+14
14

1  = cu +5
5
1  = ( ) cx +−1tan

5
1 5  

 

Check:  Let ( ) cxy +−= 1tan
5
1 5 , then y ′  = ( )[ ] ( ) 01sec1tan5

5
1 215 +−⋅−⋅ − xx  = ( ) ( )1sec1tan 24 −− xx  

 

c.  Given ∫ dxxx 23 csccot  let xu cot= , then x
dx
d

dx
du cot=  ; x

dx
du 2csc−= c ; dxxdu 2csc−=   

 

; 
x

dudx
2csc

−= .  Therefore, ∫ dxxx 23 csccot  = ∫
−

⋅⋅
x

duxu
2

23

csc
csc  = ∫− duu3  = cu +

+
− +13

13
1   

 

= cu +− 4
4
1  = cx +− 4cot

4
1  

 

Check:  Let cxy +−= 4cot
4
1 , then y ′  = ( ) 0csccot4

4
1 214 +−⋅⋅− − xx  = xx 23 csccot  

 

d.  Given ∫ dxxx 2csc2cot 25  let xu 2cot= , then x
dx
d

dx
du 2cot=  ; x

dx
du 2csc2 2−=  ; dxxdu 2csc2 2−=   

 

; 
x

dudx
2csc2 2

−= .  Therefore, ∫ dxxx 2csc2cot 25  = ∫
−

⋅⋅
x

duxu
2csc2

2csc
2

25  = ∫− duu 5
2
1   

 

= cu +
+

⋅− +15
15

1
2
1  = cu +− 6

12
1  = cx +− 2cot

12
1 6  

 

Check:  Let cxy +−= 2cot
12
1 6 , then y ′  = ( ) 02csc22cot6

12
1 216 +−⋅⋅⋅− − xx  = xx 2csc2cot 25  

 

e.  Given ∫ dxx8tan  let xu 8= , then x
dx
d

dx
du 8=  ; 8=

dx
du  ; dxdu 8=  ; 

8
dudx = .  Therefore,  
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∫ dxx8tan  = ∫ ⋅
8

tan duu  = ∫ duutan
8
1  = cu +secln

8
1  = cx +8secln

8
1  

 

Check:  Let cxy += 8secln
8
1 , then y ′  = 088tan8sec

8sec
1

8
1

+⋅⋅⋅ xx
x

 = x8tan
8
8  = x8tan  

 

f.  Given ∫ dxx
4

tan  let 
4
xu = , then 

4
x

dx
d

dx
du

=  ; 
4
1

=
dx
du  ; dxdu =4  ; dudx 4= .  Therefore,  

 

∫ dxx
4

tan  = ∫ ⋅ duu 4tan  = ∫ duutan4  = cu +secln4  = cx
+

4
secln4  

 

Check:  Let cxy +=
4

secln4 , then y ′  = 0
4
1

4
tan

4
sec

sec
14

4

+⋅⋅⋅
xx

x
 = 

4
tan

4
4 x  = 

4
tan x  

 

g.  Given ∫ dxxx 9tan9sec  let xu 9= , then x
dx
d

dx
du 9=  ; 9=

dx
du  ; dxdu 9=  ; 

9
dudx = .  Therefore, 

 

∫ dxxx 9tan9sec  = ∫ ⋅⋅
9

tansec duuu  = ∫ duuu tansec
9
1  = cu +sec

9
1  = cx +9sec

9
1  

 

Check:  Let cxy += 9sec
9
1  then y ′  = 099tan9sec

9
1

+⋅⋅ xx  = xx 9tan9sec
9
9
⋅  = xx 9tan9sec  

 

h.  Given ∫ dxxx
2

tan
2

sec  let 
2
xu = , then 

2
x

dx
d

dx
du

=  ; 
2
1

=
dx
du  ; dxdu =2  ; dudx 2= .  Therefore, 

 

∫ dxxx
2

tan
2

sec  = ∫ ⋅⋅ duuu 2tansec  = ∫ duuu tansec2  = cu +sec2  = cx
+

2
sec2  

 

Check:  Let cxy +=
2

sec2 , then y ′  = 0
2
1

2
tan

2
sec2 +⋅⋅

xx  = 
2

tan
2

sec
2
2 xx
⋅  = 

2
tan

2
sec xx  

 

i.  Given ∫ dxxx 3tan3sec5  let xu 3= , then x
dx
d

dx
du 3=  ; 3=

dx
du  ; dxdu 3=  ; 

3
dudx = .  Therefore, 

 

∫ dxxx 3tan3sec5  = ∫ ⋅⋅
3

tansec5 duuu  = ∫ duuu tansec
3
5  = cu +sec

3
5  = cx +3sec

3
5  

 

Check:  Let cxy += 3sec
3
5 , then y ′  = 033tan3sec

3
5

+⋅⋅ xx  = xx 3tan3sec
3

15
⋅  = xx 3tan3sec5  

 

j.  Given ∫ dxxx 32 cot  let 3xu = , then 3x
dx
d

dx
du

=  ; 23x
dx
du

=  ; dxxdu 23=  ; 
23x

dudx = .  Therefore, 
 

∫ dxxx 32 cot  = ∫ ⋅⋅
2

2

3
cot

x
duux  = ∫ ⋅duucot

3
1  = cu +sinln

3
1  = cx +3sinln

3
1  

 

Check:  Let cxy += 3sinln
3
1 , then y ′  = 03cos

sin
1

3
1 23

3 +⋅⋅⋅ xx
x

 = 3

32

sin
cos

3
3

x
xx

⋅  = 32 cot xx  
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k.  Given ∫ dxxx 23cot  let 23xu = , then 23x
dx
d

dx
du

=  ; x
dx
du 6=  ; dxxdu 6=  ; 

x
dudx
6

= .  Therefore, 
 

∫ dxxx 23cot  = ∫ ⋅⋅
x

duux
6

cot  = ∫ ⋅duucot
6
1  = cu +sinln

6
1  = cx +23sinln

6
1  

 

Check:  Let cxy += 23sinln
6
1 , then y ′  = 063cos

3sin
1

6
1 2

2 +⋅⋅⋅ xx
x

 = 
2

2

3sin

3cos
6

6
x

xx
⋅  = 23cot xx  

 

l.  Given ∫ x
dxxsec  let 2

1
xu = , then 2

1
x

dx
d

dx
du

=  ; 
x

x
dx
du

2
1

2
1 2

1
==

−  ; duxdx 2= .  Therefore, 

 

∫ x
dxxsec  = ∫ ⋅

x
dux

u
2

sec  = ∫ ⋅duusec2  = cuu ++ tansecln2  = cxx ++ tansecln2  

 

Check:  Let cxxy ++= tansecln2 , then y ′  = 0
2

sectansec
tansec

12
2

+
+

⋅
+

⋅
x

xxx
xx

  

= ( )
x

xxx
xx 2

sectansec
tansec

12
+

⋅
+

⋅  = 
x

x
2
sec2  = 

x
xsec  

 
Example 4.3-4:  Evaluate the following indefinite integrals: 

a.  ∫ 3
3 2sec

x
dxx  =    b.  ∫ 5 2

5 3csc
x

dxx  =    c.  ∫ dxxx 32 csc5  =  

d.  ∫ dx
x3cos

1  =    e.  ∫
+

dx
x

xx
2sin

2sin2cos  =   f.  ∫ 






 +
dx

x
x

sin
cos1  =  

g.  ( )∫ dxxx 3csc3sin5  =   h.  ( )∫ + dtttta 22sec2cos  =   i.  ∫ dxxe x 5cos5sin  =  

j.  ∫ dxxe
x

2
1sin2

1cos3  =   k.  ∫ dxxe x 5sec25tan  =   l.  ∫ dxxe
x

3csc23cot2
1

 =  

Solutions: 

a.  Given ∫ 3
3 2sec

x
dxx  let 3

2
xu = , then 3

2
x

dx
d

dx
du

=  ; 
33
2

3
2 3

1

x
x

dx
du

==
−  ; duxdx 3

2
3

= .  Therefore, 

 

∫ 3
3 2sec

x
dxx  = ∫ ⋅⋅

3

3

2
3sec

x
dux

u  = ∫ ⋅duusec
2
3  = cuu ++ tansecln

2
3  = cxx ++ 3 23 2 tansecln

2
3  

 

Check:  Let cxxy ++= 3 23 2 tansecln
2
3 , then y ′  = 

3

3 223 23 2

3 23 2 3
sec2tansec2

tansec

1
2
3

x
xxx

xx

+
⋅

+
⋅   

= 
3

3 23 23 2

3 23 2

tansecsec

3
2

tansec

1
2
3

x

xxx

xx







 +

⋅⋅
+

⋅  = 
3

3 2sec
6
6

x
x

⋅  = 
3

3 2sec
x
x  
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b.  Given ∫ 5 2

5 3csc
x

dxx  let 5
3

xu = , then 5
3

x
dx
d

dx
du

=  ; 
5 25

3
5
3 5

2

x
x

dx
du

==
−  ; duxdx 5 2

3
5

= .  Thus, 

 

∫ 5 2

5 3csc
x

dxx  = ∫ ⋅⋅
5 2

5 2

3
5csc

x

dux
u  = ∫ ⋅duucsc

3
5  = cuu +− cotcscln

3
5  = cxx +− 5 35 3 cotcscln

3
5  

 

Check:  Let cxxy +−= 5 35 3 cotcscln
3
5 , then y ′  = 

5 2

5 325 35 3

5 35 3 5

csc3cotcsc3

cotcsc

1
3
5

x

xxx

xx

+−
⋅

−
⋅   

= 
5 2

5 35 35 3

5 35 3

cotcsccsc

5
3

cotcsc

1
3
5

x

xxx

xx







 −

⋅⋅
−

⋅  = 
5 2

5 3csc
15
15

x

x
⋅  = 

5 2

5 3csc

x

x  

 

c.  Given ∫ dxxx 32 csc5  let 3xu = , then 3x
dx
d

dx
du

=  ; 23x
dx
du

=  ; dxxdu 23=  ; 
23x

dudx = .  Therefore, 

 

∫ dxxx 32 csc5  = ∫ ⋅⋅
2

2

3
csc5

x
duux  = ∫ ⋅duucsc

3
5  = cuu +− cotcscln

3
5  = cxx +− 33 cotcscln

3
5  

 

Check:  Let cxxy +−= 33 cotcscln
3
5 , then y ′  = 0

cotcsc
3csc3cotcsc

3
5

33

232233
+

−

⋅+⋅−
⋅

xx
xxxxx   

= ( )
33

3332

cotcsc
cotcsccsc3

3
5

xx
xxxx

−

−
⋅  = 3

2
csc

3
15 xx

⋅  = 32 csc5 xx  

 

d.  Given ∫ dx
x3cos

1  = ∫ dxx3sec  let xu 3= , then x
dx
d

dx
du 3=  ; 3=

dx
du  ; dxdu 3=  ; 

3
dudx = .  Thus, 

 

∫ dx
x3cos

1  = ∫ dxx3sec  = ∫ ⋅
3

sec duu  = ∫ duusec
3
1  = cuu ++ tansecln

3
1  = cxx ++ 3tan3secln

3
1  

 

Check:  Let cxxy ++= 3tan3secln
3
1 , then y ′  = 0

3tan3sec
33sec33tan3sec

3
1 2

+
+

⋅+⋅−
⋅

xx
xxx   

= ( )
xx

xxx
3tan3sec

3tan3sec3sec3
3
1

+
+

⋅  = x3sec
3
3
⋅  = x3sec  = 

x3cos
1  

 

e.  Given ∫
+

dx
x

xx
2sin

2sin2cos  = ∫ 







+ dx

x
x

1
2sin
2cos  = ( )∫ + dxx 12cot  = ∫∫ + dxdxx2cot  let xu 2= , then  

 

x
dx
d

dx
du 2=  ; 2=

dx
du  ; dxdu 2=  ; 

2
dudx = .  Therefore, 

 

∫
+

dx
x

xx
2sin

2sin2cos  = ∫∫ + dxdxx2cot  = xduu +∫ cot
2
1  = cxu ++sinln

2
1  = cxx ++2sinln

2
1  
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Check:  Let cxxy ++= 2sinln
2
1 , then y ′  = 01

2sin
22cos

2
1

++
⋅

⋅
x

x  = 1
2sin
2cos

2
2

+⋅
x
x  = 12cot +x  

 

f.  ∫ 






 +
dx

x
x

sin
cos1  = ∫ 








+ dx

x
x

x sin
cos

sin
1  = ∫∫ + dxxdxx cotcsc  = cxxx ++− sinlncotcscln   

 

Check:  Let cxxxy ++−= sinlncotcscln , then y ′  = 0
sin
cos

cotcsc
csccotcsc 2

++
−

+−
x
x

xx
xxx   

= ( )
x
x

xx
xxx

sin
cos

cotcsc
cotcsccsc

+
−

−  = 
x
x

x
sin
cos

csc +  = 
x
x

x sin
cos

sin
1

+  = 
x

x
sin

cos1+  

 

g.  ( )∫ dxxx 3csc3sin5  = ∫ ⋅ dx
x

x
3sin

13sin5  = ∫ dx
x
x

3sin
3sin

5  = ∫ dx5  = cx +5  

 

Check:  Let cxy += 5 , then y ′  = 05 11 +⋅ −x  = 05 x⋅  = 5  
 

h.  ( )∫ + dtttta 22sec2cos  = ∫∫ +⋅ dttadt
t

ta 2
2cos

12cos  = ∫∫ + dttadta 2  = ctaat ++ 3
3

 

 

Check:  Let ctaaty ++= 3
3

, then y ′  = 03
3

211 +⋅+− tata  = 2ata +  
 

i.  Given ∫ dxxe x 5cos5sin  let xu 5sin= , then x
dx
d

dx
du 5sin=  ; x

dx
du 5cos5=  ; 

x
dudx

5cos5
= .  Thus, 

 

∫ dxxe x 5cos5sin  = ∫ ⋅
x

duxeu
5cos5

5cos  = ∫ dueu

5
 = ∫ dueu

5
1  = ceu +

5
1  = ce x +5sin

5
1  

 

Check:  Let cey x += 5sin
5
1 , then y ′  = 055cos

5
1 5sin +⋅⋅⋅ xe x  = xe x 5cos

5
5 5sin⋅  = xe x 5cos5sin  

 

j.  Given ∫ dxxe
x

2
1sin2

1cos3  let xu
2
1cos3= , then x

dx
d

dx
du

2
1cos3=  ; x

dx
du

2
1sin

2
3

−=  ; dxxdu
2
1sin

2
3

−=   

; 
x

dudx
2
1sin3

2
−= .  Therefore, 

∫ dxxe
x

2
1sin2

1cos3  = ∫
−

⋅
x

duxeu

2
1sin3

2
2
1sin  = ∫− dueu

3
2  = ceu +−

3
2  = ce

x
+− 2

1cos3

3
2  

 

Check:  Let cey
x
+−= 2

1cos3

3
2 , then y ′  = 0

2
1

2
1sin3

3
2 2

1cos3
+⋅−⋅− xe

x  = xe
x

2
1sin2

1cos3   
 

k.  Given ∫ dxxe x 5sec25tan  let xu 5tan= , then x
dx
d

dx
du 5tan=  ; x

dx
du 5sec5 2=  ; dxxdu 5sec5 2=   

; 
x

dudx
5sec5 2

= .  Therefore, 
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∫ dxxe x 5sec25tan  = ∫ ⋅
x

duxeu

5sec5
5sec

2
2  = ∫ dueu

5
1  = ceu +

5
1  = ce x +5tan

5
1  

 

Check:  Let cey x += 5tan
5
1 , then y ′  = 055sec

5
1 25tan +⋅⋅ xe x  = xe x 5sec25tan   

 

l.  Given ∫ dxxe x 2cot csc  let xu 3cot
2
1

= , then x
dx
d

dx
du 3cot

2
1

=  ; x
dx
du 3csc

2
3 2−=  ; dxxdu 3csc

2
3 2−=   

; 
x

dudx
3csc3

2
2

−= .  Therefore, 

∫ dxxe
x

3csc23cot2
1

 = ∫
−

⋅
x

duxeu

3csc3
23csc

2
2  = ∫− dueu

3
2  = ceu +−

3
2  = ce

x
+−

3cot2
1

3
2  

 

Check:  Let cey
x
+−=

3cot2
1

3
2 , then y ′  = 033csc

2
1

3
2 23cot2

1
+⋅−⋅− xe

x  = xe
x

3csc23cot2
1

  
 

• To integrate even powers of xsin  and xcos  use the following identities: 

1cossin 22 =+ xx    ( )xx 2cos1
2
1sin 2 −=    ( )xx 2cos1

2
1cos2 +=  

To integrate odd powers of xsin  and xcos  use the following equalities: 

∫ + dxxn 12sin  = ∫ dxxxn sinsin 2  = ( )∫ dxxx
n

sinsin 2  = ( )∫ − dxxx
n

sincos1 2   ( let xu cos= ) 

∫ + dxxn 12cos  = ∫ dxxxn coscos2  = ( )∫ dxxx
n

coscos2  = ( )∫ − dxxx
n

cossin1 2   ( let xu sin= ) 

• To integrate products of mxsin , nxsin , mxcos , and nxcos  (where m  and n  are integers) use 
the trigonometric identities below: 

∫ dxnxmx sinsin  = ( ) ( )[ ]dxxnmxnm∫ +−− coscos
2
1  

∫ dxnxmx coscos  = ( ) ( )[ ]dxxnmxnm∫ ++− coscos
2
1  

∫ dxnxmx cossin  = ( ) ( )[ ]dxxnmxnm∫ ++− sinsin
2
1  

• To integrate xntan , set 

xntan  = xxn 22 tantan −  = ( )1sectan 22 −− xxn  = xxx nn 222 tansectan −− −  

• To integrate xncot , set 

xncot  = xxn 22 cotcot −  = ( )1csccot 22 −− xxn  = xxx nn 222 cotcsccot −− −  

• To integrate xnsec  

For even powers, set    xnsec  = xxn 22 secsec −  = ( ) xx
n

22 sec1tan 2
2−

+  

For odd powers change the integrand to a product of even and odd functions, i.e., write  
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dxx∫ 3sec  as dxxx secsec2∫  (see Example 4.3-6, problem letter h). 

• To integrate xncsc  

For even powers, set    xncsc  = xxn 22 csccsc −  = ( ) xx
n

22 csc1cot 2
2−

+  

For odd powers change the integrand to a product of even and odd functions, i.e., write  

dxx∫ 3csc  as dxxx csccsc2∫  (see Example 4.3-6, problem letter i). 

In the following examples we use the above general rules in order to solve integral of products 
and powers of trigonometric functions: 

Example 4.3-5:  Evaluate the following indefinite integrals: 

a.  ∫ dxxx 7cos5sin  =    b.  ∫ dxxx cossin  =    c.  ∫ dxxx 2cos3cos  =  

d.  ∫ dxxx 5sin3sin  =    e.  ∫ dxxx 5cos3cos  =    f.  ∫ dxx5sin  =  

g.  ∫ dxx3sin  =    h.  ∫ dxx5cos  =    i.  ∫ dxx4tan  =  

j.  ∫ dxx7sin  =    k.  ∫ dxx4sec  =    l.  ∫ dxx3cos  =  

Solutions: 

a.  ∫ dxxx 7cos5sin  = ( ) ( )[ ]dxxx∫ ++− 75sin75sin
2
1  = ( ) ( )[ ]dxxx∫ +− 12sin2sin

2
1  = ( ) dxxx∫ − 2sin12sin

2
1  

 

= dxxdxx ∫∫ − 2sin
2
112sin

2
1  = cxx +−⋅−−⋅ 2cos

2
1

2
112cos

12
1

2
1  = cxx ++− 2cos

4
112cos

24
1  

 

Check:  Let cxxy ++−= 2cos
4
112cos

24
1 , then y ′  = 02sin2

4
112sin12

24
1

+−⋅+−⋅− xx  = xx 2sin
4
212sin

24
12

−   

= xx 2sin
2
112sin

2
1

−  = ( )xx 2sin
2
112sin

2
1

−+  = ( ) ( )xx 75sin
2
175sin

2
1

−++  = xx 7cos5sin  

 

b.  ∫ dxxx cossin  = ( ) ( )[ ]dxxx∫ ++− 11sin11sin
2
1  = ( ) ( )[ ]dxxx∫ + 2sin0sin

2
1  = ( ) dxx∫ + 2sin0

2
1  

 

= dxx∫ 2sin
2
1  = cx +−⋅ 2cos

2
1

2
1  = cx +− 2cos

4
1  

 

Check:  Let cxy +−= 2cos
4
1 , then y ′  = 02sin2

4
1

+−⋅− x  = x2sin
2
1  = xx cossin2

2
1
⋅  = xx cossin   

 

c.  ∫ dxxx 2cos3cos  = ( ) ( )[ ]dxxx∫ ++− 23cos23cos
2
1  = ( ) dxxx∫ + 5coscos

2
1  = dxxdxx ∫∫ + 5cos

2
1cos

2
1  

 

= cxx +⋅+⋅ 5sin
5
1

2
1sin

2
1  = cxx ++ 5sin

10
1sin

2
1  
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Check:  Let cxxy ++= 5sin
10
1sin

2
1 , then y ′  = 05cos5

10
1cos

2
1

+⋅+⋅ xx  = xx 5cos
10
5cos

2
1

+   

= xx 5cos
2
1cos

2
1

+  = ( ) ( )xx 23cos
2
123cos

2
1

++−  = xx 2cos3cos  
 

d.  ∫ dxxx 5sin3sin  = ( ) ( )[ ]dxxx∫ +−− 53cos53cos
2
1  = ( ) ( )[ ]dxxx∫ −− 8cos2cos

2
1  = ( ) dxxx∫ − 8cos2cos

2
1  

 

= dxxdxx ∫∫ − 8cos
2
12cos

2
1  = cxx +⋅−⋅ 8sin

8
1

2
12sin

2
1

2
1  = cxx +− 8sin

16
12sin

4
1  

 

Check:  Let cxxy +−= 8sin
16
12sin

4
1 , then y ′  = 088cos

16
122cos

4
1

+⋅⋅−⋅⋅ xx  = xx 8cos
16
82cos

4
2

−   

= xx 8cos
2
12cos

2
1

−  = ( ) ( )[ ]xx 8cos2cos
2
1

−−  = ( ) ( )[ ]xx 53cos53cos
2
1

+−−  = xx 5sin3sin  
 

e.  ∫ dxxx 5cos3cos  = ( ) ( )[ ]dxxx∫ ++− 53cos53cos
2
1  = ( ) ( )[ ]dxxx∫ +− 8cos2cos

2
1  = ( ) dxxx∫ + 8cos2cos

2
1   

 

= dxxdxx ∫∫ + 8cos
2
12cos

2
1  = cxx +⋅+⋅ 8sin

8
1

2
12sin

2
1

2
1  = cxx ++ 8sin

16
12sin

4
1  

 

Check:  Let cxxy ++= 8sin
16
12sin

4
1 , then y ′  = 088cos

16
122cos

4
1

+⋅⋅+⋅⋅ xx  = xx 8cos
16
82cos

4
2

+   

= xx 8cos
2
12cos

2
1

+  = ( ) ( )[ ]xx 8cos2cos
2
1

+−  = ( ) ( )[ ]xx 53cos53cos
2
1

++−  = xx 5cos3cos  
 

f.  ∫ dxx5sin  = ∫ dxxx sinsin 4  = ( )∫ dxxx sinsin
22  = ( )∫ − dxxx sincos1

22 .  Let xu cos= , then  

x
dx
d

dx
du cos=  ; x

dx
du sin−=  ; dxxdu sin−=  ; 

x
dudx

sin
−= .  Therefore, 

∫ dxx5sin  = ( )∫ − dxxx sincos1
22  = ( )∫ − dxxu sin1

22  = ( )∫ −
⋅+−

x
duxuu
sin

sin12 24   

 

= ( )∫ +−− duuu 12 24  = ∫ ∫∫ −+− duduuduu 24 2  = cuuu +−+− 35
3
2

5
1  = cxxx +−+− coscos

3
2cos

5
1 35  

 

Check:  Let cxxxy +−+−= coscos
3
2cos

5
1 35 , then y ′  = 0sinsincos3

3
2sincos5

5
1 24 ++−⋅⋅+−⋅⋅− xxxxx   

= xxxxx sincossin2cossin 24 +−  = ( )1cos2cossin 24 +− xxx  = ( )22cos1sin xx −   

= ( )22sinsin xx  = xx 4sinsin  = x5sin  
 

g.  ∫ dxx3sin  = ∫ dxxx sinsin 2  = ( )∫ − dxxx sincos1 2 .  Let xu cos= , then x
dx
d

dx
du cos=  ; x

dx
du sin−=   



Calculus I  4.3  Integration of Trigonometric Functions  

Hamilton Education Guides   247 

; dxxdu sin−=  ; 
x

dudx
sin

−= .  Therefore, 

∫ dxx3sin  = ( )∫ − dxxx sincos1 2  = ( )∫ −⋅−
x

duxu
sin

sin1 2  = ( )∫ −− duu 21  = ∫ ∫− duduu 2  

 

= cuu +−3
3
1  = cxx +− coscos

3
1 3

 

 

Check:  Let cxxy +−= coscos
3
1 3 , then y ′  = 0sinsincos3

3
1 2 ++−⋅⋅ xxx  = xxx sincossin 2 +−   

= ( )xx 2cos1sin −  = xx 2sinsin  = x3sin  
 

h.  ∫ dxx5cos  = ∫ dxxx coscos4  = ( )∫ dxxx coscos
22  = ( )∫ − dxxx cossin1

22 .  Let xu sin= , then  

x
dx
d

dx
du sin=  ; x

dx
du cos=  ; dxxdu cos=  ; 

x
dudx

cos
= .  Therefore, 

∫ dxx5cos  = ( )∫ − dxxx cossin1
22  = ( )∫ ⋅−

x
duxu

cos
cos1

22  = ( )∫ − duu
221  = ( )∫ +− duuu 12 24   

 

= ∫ ∫∫ +− duduuduu 24 2  = cuuu ++− 35
3
2

5
1  = cxxx ++− sinsin

3
2sin

5
1 35

 

 

Check:  Let cxxxy ++−= sinsin
3
2sin

5
1 35 , then y ′  = 0coscossin3

3
2cossin5

5
1 24 ++⋅⋅−⋅⋅ xxxxx   

= xxxxx cossincos2sincos 24 +−  = ( )1sin2sincos 24 +− xxx  = ( )22sin1cos xx −   

= ( )22coscos xx  = xx 4coscos  = x5cos  
 

i.  ∫ dxx4tan  = ∫ dxxx 22 tantan  = ( )∫ − dxxx 1sectan 22  = dxxdxxx ∫∫ − 222 tansectan   

= ( )dxxdxxx ∫∫ −− 1secsectan 222  = ∫∫∫ +− dxdxxdxxx 222 secsectan .  To solve the first  

integral let  xu tan= , then x
dx
d

dx
du tan=  ; x

dx
du 2sec=  ; dxxdu 2sec=  ; 

x
dudx

2sec
= .  Therefore, 

∫ dxxx 22 sectan  = ∫ ⋅
x

duxu
2

22

sec
sec  = ∫ duu 2  = 3

3
1 u  = x3tan

3
1 .  Grouping the terms we find 

∫ dxx4tan  = ∫∫∫ +− dxdxxdxxx 222 secsectan  = ∫∫ +− dxdxxx 23 sectan
3
1  = cxxx ++− tantan

3
1 3  

 

Check:  Let cxxxy ++−= tantan
3
1 3 , then y ′  = 01secsectan

3
3 222 ++−⋅ xxx  = 1secsectan 222 +−⋅ xxx   

= ( ) 11tansec 22 +−xx  = ( )( ) 11tan1tan 22 +−+ xx  = 11tantantan 224 +−+− xxx  = x4tan  
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j.  ∫ dxx7sin  = ∫ dxxx sinsin 6  = ( )∫ dxxx sinsin
32  = ( )∫ − dxxx sincos1

32 .  Let xu cos= , then  

x
dx
d

dx
du cos=  ; x

dx
du sin−=  ; dxxdu sin−=  ; 

x
dudx

sin
−= .  Therefore, 

∫ dxx7sin  = ( )∫ − dxxx sincos1
32  = ( )∫ − dxxu sin1

32  = ( )∫ −
⋅−+−

x
duxuuu
sin

sin331 642   

 

= ( )∫ −+−− duuuu 642 331  = ∫ ∫∫∫ −+− duduuduuduu 246 33  = cuuuu +−⋅+⋅− 357
3
13

5
13

7
1   

 

= cxxxx +−+− coscoscos
5
3cos

7
1 357

 

 

Check:  Let cxxxxy +−+−= coscoscos
5
3cos

7
1 357 , then y ′  = xxxx sincos5

5
3sincos7

7
1 46 −⋅⋅−−⋅⋅  

0sinsincos3 2 ++−⋅+ xxx  = xxxxxxx sincossin3cossin3cossin 246 +−+−   

= ( )1cos3cos3cossin 246 +−+− xxxx  = ( )32cos1sin xx −  = ( )32sinsin xx  = xx 6sinsin  = x7sin  
 

k.  ∫ dxx4sec  = ∫ dxxx 22 secsec  = ( )∫ + dxxx 22 tan1sec  = ∫∫ + dxxxdxx 222 sectansec   

= ( ) ∫∫ ++ dxxxdxx 222 sectantan1  = ∫∫∫ ++ dxxxdxxdx 222 sectantan .  To solve the third integral 

let  xu tan= , then x
dx
d

dx
du tan=  ; x

dx
du 2sec=  ; dxxdu 2sec=  ; 

x
dudx

2sec
= .  Therefore, 

∫ dxxx 22 sectan  = ∫ ⋅
x

duxu
2

22

sec
sec  = ∫ duu 2  = 3

3
1 u  = x3tan

3
1 .  Grouping the terms we find 

∫ dxx4sec  = ∫∫∫ ++ dxxxdxxdx 222 sectantan  = xdxxdx 32 tan
3
1tan ++ ∫∫  = cxxxx ++−+ 3tan

3
1tan  

 

( ) cxxxx +−++ tantan
3
1 3  = cxx ++ tantan

3
1 3  

 

Check:  Let cxxy ++= tantan
3
1 3 , then y ′  = 0secsectan

3
3 222 ++⋅ xxx  = xxx 222 secsectan +⋅   

= ( )1tansec 22 +xx  = xx 22 secsec  = x4sec  
 

l.  ∫ dxx3cos  = ( )∫ dxxx coscos2  = ( )∫ − dxxx cossin1 2 .  Let xu sin= , then x
dx
d

dx
du sin=  ; x

dx
du cos=   

; dxxdu cos=  ; 
x

dudx
cos

= .  Therefore, 

∫ dxx3cos  = ( )∫ − dxxx cossin1 2  = ( )∫ ⋅−
x

duxu
cos

cos1 2  = ( )∫ − duu 21  = ∫∫ +− duduu 2  
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= cuu ++− 3
3
1  = cxx ++− sinsin

3
1 3  

 

Check:  Let cxxy ++−= sinsin
3
1 3 , then y ′  = 0coscossin3

3
1 2 ++⋅⋅− xxx  = xxx cossincos 2 +−  

= ( )xx 2sin1cos −  = ( )xx 2coscos  = x3cos   
 

Example 4.3-6:  Evaluate the following indefinite integrals: 

a.  ∫ dxx4cos  =    b.  ∫ dxx5cos2 =    c.  ∫ dxx4sin  =  

d.  ∫ dxx3tan  =    e.  ∫ dxx4cot  =    f.  ∫ dxx6tan  =  

g.  ∫ dxx3cot  =    h.  ∫ dxx3sec  =    i.  ∫ dxx3csc  =  

j.  ∫ dxx5tan  =    k.  ∫ dxx5cot  =    l.  ∫ dxx6cot  =  

Solutions: 

a.  ∫ dxx4cos  = ( )∫ dxx
22cos  = ( ) dxx∫ 



 +

2
2cos1

2
1  = ( ) dxx∫ + 22cos1

4
1  = ( )dxxx∫ ++ 2cos22cos1

4
1 2  

 

= dxxdxxdx ∫∫∫ ++ 2cos
4
22cos

4
1

4
1 2  = ( ) xdxxx 2sin

2
1

2
14cos1

2
1

4
1

4
⋅+++ ∫  = ∫⋅+ dxx

2
1

4
1

4
 

 

xdxx 2sin
4
14cos

8
1

++ ∫  = cxxxx
++⋅++ 2sin

4
14sin

4
1

8
1

84
 = cxxx +++ 2sin

4
14sin

32
1

8
3  

 

Check:  Let cxxxy +++= 2sin
4
14sin

32
1

8
3 , then y ′  = 0

4
2cos2

32
4cos4

8
3

+++
xx  = xx 2cos

4
24cos

8
1

8
3

++   

= xx 2cos
4
24cos

8
1

8
1

4
1

++





 +  = ( ) xx 2cos

4
24cos1

8
1

4
1

+++  = ( ) xx 2cos
4
24cos1

2
1

4
1

4
1

++⋅+   

= xx 2cos
4
22cos

4
1

4
1 2 +⋅+  = ( )xx 2cos22cos1

4
1 2 ++  = ( )22cos1

4
1 x+  = ( )

2
2cos1

2
1





 + x  

= ( )22cos x  = x4cos  

b.  ∫ dxx5cos2  = ( )∫ − dxx5sin1 2  = ∫∫ − dxxdx 5sin 2  = ( )∫∫ −− dxxdx 10cos1
2
1  = ∫∫ +− dxxdxx 10cos

2
1

2
1   

 

= cxxx +⋅+− 10sin
10
1

2
1

2
 = cxx ++






 − 10sin

20
1

2
11  = cxx

++
20
10sin

2
 

 

Check:  Let c
xxy ++=

20
10sin

2
, then y ′  = 01010cos

20
1

2
1

+⋅⋅+ x  = x10cos
20
10

2
1

⋅+  = x10cos
2
1

2
1
+   
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= x10cos
2
1

2
11 +





 −  = 






 −− x10cos

2
1

2
11  = ( )x10cos1

2
11 −−  = x5sin1 2−  = x5cos2  

c.  ∫ dxx4sin  = ( )∫ dxx
22sin  = ( ) dxx∫ 



 −

2
2cos1

2
1  = ( ) dxx∫ − 22cos1

4
1  = ( )dxxx∫ −+ 2cos22cos1

4
1 2  

 

= dxxdxxdx ∫∫∫ −+ 2cos
4
22cos

4
1

4
1 2  = ( ) xdxxx 2sin

2
1

2
14cos1

2
1

4
1

4
⋅−++ ∫  = ∫⋅+ dxx

2
1

4
1

4
 

 

xdxx 2sin
4
14cos

8
1

−+ ∫  = cxxxx
+−⋅++ 2sin

4
14sin

4
1

8
1

84
 = cxxx +−+ 2sin

4
14sin

32
1

8
3  

 

Check:  Let cxxxy +−+= 2sin
4
14sin

32
1

8
3 , then y ′  = 0

4
2cos2

32
4cos4

8
3

+−+
xx  = xx 2cos

4
24cos

8
1

8
3

−+   

= xx 2cos
4
24cos

8
1

8
1

4
1

−+





 +  = ( ) xx 2cos

4
24cos1

8
1

4
1

−++  = ( ) xx 2cos
4
24cos1

2
1

4
1

4
1

−+⋅+   

= xx 2cos
4
22cos

4
1

4
1 2 −⋅+  = ( )xx 2cos22cos1

4
1 2 −+  = ( )22cos1

4
1 x−  = ( )

2
2cos1

2
1





 − x  

= ( )22sin x  = x4sin  

d.  ∫ dxx3tan  = ∫ dxxx tantan 2  = ( )∫ − dxxx tan1sec2  = ∫∫ − dxxdxxx tantansec2 .  To solve the first  

integral let xu tan= , then x
dx
d

dx
du tan=  ; x

dx
du 2sec=  ; dxdu 2sec=  ; 

x
dudx

2sec
= .  Thus, 

∫ dxxx tansec2  = ∫ ⋅⋅
x

duux
2

2

sec
sec  = ∫ duu  = 2

2
1 u  = x2tan

2
1 .  Combining the term  

 

∫ dxx3tan  = ∫ dxxx tantan 2  = ( )∫ − dxxx tan1sec2  = ( )∫ − dxxxx tantansec2  = ∫ dxxx tansec2   

 

∫− dxxtan  = ∫− dxxx tantan
2
1 2  = cxx +− seclntan

2
1 2

 

 

Check:  Let cxxy +−= seclntan
2
1 2 , then y ′  = 0tansec

sec
1sectan2

2
1 2 +⋅−⋅⋅− xx

x
xx   

= 
x

xx
xx

sec
tansec

sectan 2 −  = xxx tansectan 2 −  = ( )1sectan 2 −xx  = xx 2tantan  = x3tan  

 

e.  ∫ dxx4cot  = ∫ dxxx 22 cotcot  = ( )∫ − dxxx 1csccot 22  = dxxdxxx ∫∫ − 222 cotcsccot   

= ( )dxxdxxx ∫∫ −− 1csccsccot 222  = ∫∫∫ +− dxdxxdxxx 222 csccsccot .  To solve the first  

integral let  xu cot= , then x
dx
d

dx
du cot=  ; x

dx
du 2csc−=  ; dxxdu 2csc−=  ; 

x
dudx

2csc
−= .  Therefore, 
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∫ dxxx 22 csccot  = ∫ −⋅
x

duxu
2

22

csc
csc  = ∫− duu 2  = 3

3
1 u−  = x3cot

3
1

− .  Grouping the terms we find 

∫ dxx4cot  = ∫∫∫ +− dxdxxdxxx 222 csccsccot  = ∫∫ +−− dxdxxx 23 csccot
3
1  = cxxx +++− cotcot

3
1 3  

 

Check:  Let cxxxy +++−= cotcot
3
1 3 , then y ′  = 1csccsccot

3
3 222 +−−⋅− xxx  = 1csccsccot 222 +− xxx   

= ( ) 11cotcsc 22 +−xx  = ( )( ) 11cot1cot 22 +−+ xx  = 11cotcotcot 224 +−+− xxx  = x4cot  
 

f.  ∫ dxx6tan  = ∫ dxxx 24 tantan  = ( )∫ − dxxx 1sectan 24  = ( )∫ − dxxxx 424 tansectan  = ∫ dxxx 24 sectan  

dxx∫− 4tan .  In example 4.3-5, problem letter i, we found that dxx∫ 4tan  = cxxx ++− tantan
3
1 3 .  Thus,  

∫ dxx6tan  = ∫ dxxx 24 tantan  = ( )∫ − dxxx 1sectan 24  = dxxdxxx ∫∫ − 424 tansectan   

 

= 





 ++−−∫ cxxxdxxx tantan

3
1sectan 324  = cxxxx +−+− tantan

3
1tan

5
1 35  

 

Check:  Let cxxxxy +−+−= tantan
3
1tan

5
1 35 , then y ′  = 01secsectan

3
3sectan5

5
1 22224 +−+⋅−⋅⋅ xxxxx   

= 1secsectansectan 22224 −+⋅−⋅ xxxxx  = ( ) 11tantansec 242 −+− xxx   

= ( )( ) 11tantantan1 242 −+−+ xxx  = 1tantantan1tantan 24624 −+−++− xxxxx  = x6tan  
 

g.  ∫ dxx3cot  = ∫ dxxx cotcot 2  = ( )∫ − dxxx cot1csc2  = ∫∫ − dxxdxxx cotcotcsc2 .  To solve the first  

integral let xu cot= , then x
dx
d

dx
du cot=  ; x

dx
du 2csc−=  ; dxdu 2csc−=  ; 

x
dudx

2csc
−= .  Thus, 

∫ dxxx cotcsc2  = ∫ −⋅⋅
x

duux
2

2

csc
csc  = ∫− duu  = 2

2
1 u−  = x2cot

2
1

− .  Combining the term  

 

∫ dxx3cot  = ∫ dxxx cotcot 2  = ( )∫ − dxxx cot1csc2  = ( )∫ −⋅ dxxxx cotcotcsc2  = ∫ dxxx cotcsc2   

 

∫− dxxcot  = ∫−− dxxx cotcot
2
1 2  = cxx +−− sinlncot

2
1 2

 

 

Check:  Let cxxy +−−= sinlncot
2
1 2 , then y ′  = 0cos

sin
1csccot2

2
1 2 +⋅−−⋅⋅− x

x
xx   

= 
x
x

xx
sin
cos

csccot 2 −  = xxx cotcsccot 2 −  = ( )1csccot 2 −xx  = xx 2cotcot  = x3cot  
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h.  ∫ dxx3sec  = ∫ dxxx secsec2  = ( )∫ + dxxx sec1tan 2  = ∫∫ + dxxdxxx secsectan 2  = ∫ ⋅ dxxxx sectantan  

∫+ dxxsec .  To solve the first integral let xu tan=  and dxxxdv sectan= , then dxxdu 2sec=  and  

∫∫ = dxxxdv sectan  which implies xv sec= .  Using the integration by parts formula ∫∫ −= duvvudvu  

we obtain ∫ dxxx sectan 2  = ∫ ⋅ dxxxx sectantan  = ∫ ⋅−⋅ dxxxxx 2secsecsectan  = ∫− dxxxx 3secsectan  

Combining the terms we have ∫ dxx3sec  = dxxdxxxx ∫∫ +⋅ secsectantan  = ∫− dxxxx 3secsectan .   

∫+ dxxsec .  Moving the ∫ dxx3sec  term from the right hand side of the equation to the left hand  

side we obtain ∫∫ + dxxdxx 33 secsec  = ∫ dxx3sec2  = ∫+ dxxxx secsectan .  Therefore,  

∫ dxx3sec  = ( )∫+ dxxxx secsectan
2
1  = cxxxx +++ tansecln

2
1sectan

2
1

 

 

Check:  Let cxxxxy +++= tansecln
2
1sectan

2
1 , then y ′  = 

2
tantansecsecsec2 xxxxx ⋅+⋅   

( ) 0
tansec2

sectansec 2
+

+
+

+
xx

xxx  = ( )
( )xx

xxxxxx
tansec2

tansecsec
2

tansecsec 23

+
+

+
+  = 

2
sec

2
tansecsec 23 xxxx

+
+  

= 
2

sectansecsec 23 xxxx ++  = ( )
2

1tansecsec 23 ++ xxx  = 
2

secsecsec 23 xxx +  = 
2

secsec 33 xx +   

= 
2

sec2 3 x  = x3sec  

i.  ∫ dxx3csc  = ∫ dxxx csccsc2  = ( )∫ + dxxx csccot1 2  = ∫∫ + dxxdxxx csccsccot 2  = ∫ ⋅ dxxxx csccotcot  

∫+ dxxcsc .  To solve the first integral let xu cot=  and dxxxdv csccot= , then dxxdu 2csc−=  and  

∫∫ = dxxxdv csccot  which implies xv csc−= .  Using the integration by parts formula ∫∫ −= duvvudvu  

we obtain ∫ dxxx csccot 2  = ∫ ⋅ dxxxx csccotcot  = ∫ ⋅−−⋅ dxxxxx 2csccsccsccot  = ∫−− dxxxx 3csccsccot  

Combining the terms we have ∫ dxx3csc  = dxxdxxxx ∫∫ +⋅ csccsccotcot  = ∫−− dxxxx 3csccsccot .   

∫+ dxxcsc .  Moving the ∫ dxx3csc  term from the right hand side of the equation to the left hand  

side we obtain ∫∫ + dxxdxx 33 csccsc  = ∫ dxx3csc2  = ∫+− dxxxx csccsccot .  Therefore,  

∫ dxx3csc  = ( )∫+− dxxxx csccsccot
2
1  = cxxxx +−+− cotcscln

2
1csccot

2
1
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Check:  Let cxxxxy +−+−= cotcscln
2
1csccot

2
1 , then y ′  = ( )

2
cotcotcsccsccsc2 xxxxx ⋅−⋅−−   

( ) 0
cotcsc2

csccotcsc 2
+

−
+−

+
xx

xxx  = ( )
( )xx

xxxxxx
cotcsc2

cotcsccsc
2

cotcsccsc 23

−
−

+
+  = 

2
csc

2
cotcsccsc 23 xxxx

+
+  

= 
2

csccotcsccsc 23 xxxx ++  = ( )
2

1cotcsccsc 23 ++ xxx  = 
2

csccsccsc 23 xxx +  = 
2

secsec 33 xx +   

= 
2

csc2 3 x  = x3csc  

j.  ∫ dxx5tan  = ∫ dxxx 23 tantan  = ( )∫ − dxxx 1sectan 23  = ∫∫ − dxxdxxx 323 tansectan .  To solve the  

first integral let xu tan= , then x
dx
d

dx
du tan=  ; x

dx
du 2sec=  ; dxxdu 2sec=  ; 

x
dudx

2sec
= .  Therefore, 

∫ dxxx 23 sectan  = ∫ ⋅
x

duxu
2

23

sec
sec  = ∫ duu3  = cu +4

4
1  = cx +4tan

4
1 .  Also, in Example 4.3-6, 

problem letter d, we found that ∫ dxx3tan  = cxx +− seclntan
2
1 2 .  Grouping the terms together 

 

∫ dxx5tan  = ∫ dxxx 23 tantan  = ( )∫ − dxxx 1sectan 23  = ∫∫ − dxxdxxx 323 tansectan   

 

= ∫− dxxx 34 tantan
4
1  = 






 +−− cxxx seclntan

2
1tan

4
1 24  = cxxx ++− seclntan

2
1tan

4
1 24

 

 

Check:  Let cxxxy ++−= seclntan
2
1tan

4
1 24 , then y ′  = 0

sec
tansec

sectan
2
2sectan4

4
1 223 ++⋅−⋅⋅

x
xx

xxxx   

= xxxxx tansectansectan 223 +−  = ( ) xxxx tantantansec 32 +−  = ( )( ) xxxx tantantantan1 32 +−+   

= xxxx tantantantantan 353 +−+−  = x5tan  
 

k.  ∫ dxx5cot  = ∫ dxxx 23 cotcot  = ( )∫ − dxxx 1csccot 23  = ∫∫ − dxxdxxx 323 cotcsccot .  To solve the  

first integral let xu cot= , then x
dx
d

dx
du cot=  ; x

dx
du 2csc−=  ; dxxdu 2csc−=  ; 

x
dudx

2csc
−= .  Thus, 

∫ dxxx 23 csccot  = ∫ −⋅
x

duxu
2

23

csc
csc  = ∫− duu3  = cu +− 4

4
1  = cx +− 4cot

4
1 .  Also, in example 4.3-6, 

problem letter g, we found that ∫ dxx3cot  = cxx +−− sinlncot
2
1 2 .  Grouping the terms together 

 

∫ dxx5cot  = ∫ dxxx 23 cotcot  = ( )∫ − dxxx 1csccot 23  = ∫∫ − dxxdxxx 323 cotcsccot   

 

= ∫−− dxxx 34 cotcot
4
1  = 






 +−−−− cxxx sinlncot

2
1cot

4
1 24  = cxxx +++− sinlncot

2
1cot

4
1 24
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Check:  Let cxxxy +++−= sinlncot
2
1cot

4
1 24 , then y ′  = 0

sin
cos

2
csccot2

4
csccot4 223

++
−⋅⋅

+
−⋅⋅−

x
xxxxx   

= xxxxx cotcsccotcsccot 223 +−  = ( ) xxxx cotcotcotcsc 32 +−  = ( )( ) xxxx cotcotcotcot1 32 +−+   

= xxxx cotcotcotcotcot 353 +−+−  = x5cot  
 

l.  ∫ dxx6cot  = ∫ dxxx 24 cotcot  = ( )∫ − dxxx 1csccot 24  = ( )∫ − dxxxx 424 cotcsccot  = ∫ dxxx 24 csccot  

dxx∫− 4cot .  In example 4.3-6, problem letter e,  we found that dxx∫ 4cot  = cxxx +++− cotcot
3
1 3 . 

Thus, ∫ dxx6cot  = ∫ dxxx 24 cotcot  = ( )∫ − dxxx 1csccot 24  = dxxdxxx ∫∫ − 424 cotcsccot   

 

= 





 +++−−∫ cxxxdxxx cotcot

3
1csccot 324  = cxxxx +−−+− cotcot

3
1cot

5
1 35  

 

Check:  Let cxxxxy +−−+−= cotcot
3
1cot

5
1 35 , then y ′  = 1csc

3
csccot3

5
csccot5 2

2224
−+

−⋅⋅
+

−⋅⋅
− xxxxx   

= 1csccsccotcsccot 22224 −+⋅−⋅ xxxxx  = ( ) 11cotcotcsc 242 −+− xxx   

= ( )( ) 11cotcotcot1 242 −+−+ xxx  = 1cotcotcot1cotcot 24624 −+−++− xxxxx  = x6cot   
 

Example 4.3-7:  Evaluate the following indefinite integrals: 

a.  ∫ dxxx 22 cossin  =    b.  ∫ dxxx 52 cossin =    c.  ∫ dxxx 24 cossin  =  

d.  ∫ dxxx 23 cossin  =    e.  ∫ dxxx sectan 2 =    f.  ∫ dxxx 35 sectan  =  

g.  ∫ dxxx 45 sectan  =    h.  ∫ dxxx 43 sectan  =    i.  ∫ dxxx 33 sectan  =  

j.  ∫ dxxx 22 csccot  =    k.  ∫ dxxx 33 csccot  =    l.  ∫ dxxx 43 csccot  =  

Solutions: 

a.  ∫ dxxx 22 cossin  = ∫ dxx2sin
4
1 2  = ( )∫ − dxx4cos1

2
1

4
1  = ( )∫ − dxx4cos1

8
1  = dxxdx ∫∫ − 4cos

8
1

8
1  

 

= cxx
+⋅− 4sin

4
1

8
1

8
 = cxx +− 4sin

32
1

8
1  

 

Check:  Let cxxy +−= 4sin
32
1

8
1 , then y ′  = 0

32
4cos4

8
1

+−
x  = x4cos

8
1

8
1
−  = ( )x4cos1

8
1

−  

= ( )x4cos1
2
1

4
1

−⋅  = x2sin
4
1 2⋅  = xx 22 cossin  

b.  ∫ dxxx 52 cossin  = ∫ dxxxx coscossin 42  = ( )∫ dxxxx coscossin
222 = ( )∫ − dxxxx cossin1sin

222   
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= ( )∫ −+ dxxxxx cossin2sin1sin 242  = ( )∫ −+ dxxxxxxx cossin2cossincossin 462   
 

= ∫ ∫ ∫−+ dxxxdxxxdxxx cossin2cossincossin 462  = cxxx +−+ 573 sin
5
2sin

7
1sin

3
1  

 

Check:  Let cxxxy +−+= 573 sin
5
2sin

7
1sin

3
1 , then y ′  = 0

5
cossin10

7
cossin7

3
cossin3 462

+−+
xxxxxx   

= xxxxxx cossin2cossincossin 462 −+  = ( )xxxx 242 sin2sin1cossin −+  

= ( )222 sin1cossin xxx +  = ( )222 coscossin xxx  = xxx 42 coscossin  = xx 52 cossin  
 

c.  ∫ dxxx 24 cossin  = ( )∫ dxxxx 22 sincossin  = ( ) ( )∫ −⋅ dxxx 2cos1
2
12sin

2
2
1  = dxx∫ 2sin

8
1 2   

 

dxxx∫− 2cos2sin
8
1 2  = ( ) dxxxdxx ∫∫ −− 2cos2sin

8
14cos1

2
1

8
1 2  = xdxxdx 2sin

6
1

8
14cos

16
1

16
1 3⋅−−∫ ∫  

 

cxxx +−⋅− 2sin
48
14sin

4
1

16
1

16
1 3  = cxxx +−− 2sin

48
14sin

64
1

16
1 3  

 

Check:  Let cxxxy +−−= 2sin
48
14sin

64
1

16
1 3 , then y ′  = 0

48
2cos2sin6

64
4cos4

16
1 2

+−−
xxx   

= ( ) xxx 2cos2sin
8
14cos1

16
1 2−−  = ( ) xxx 2cos2sin

8
14cos1

2
1

8
1 2−−⋅  = xxx 2cos2sin

8
12sin

8
1 22 −⋅   

= ( )xx 2cos1
2
12sin

2
1 2

−⋅





  = ( ) xxx 22 sincossin  = xxx 222 sincossin ⋅  = xx 24 cossin  

d.  ∫ dxxx 23 cossin  = ( )∫ − dxxx 23 sin1sin  = ( )∫ − dxxx 53 sinsin  = dxxdxx ∫∫ − 53 sinsin .  In Example, 

4.3-5, problem letters f and g, we found that ∫ dxx5sin  = cxxx +−+− coscos
3
2cos

5
1 35   

and ∫ dxx3sin  = cxx +− coscos
3
1 3 .  Therefore,  

∫ dxxx 23 cossin  = dxxdxx ∫∫ − 53 sinsin  = 





 +−+−−+− cxxxcxx coscos

3
2cos

5
1coscos

3
1 353   

 

= cxxxxx ++−−+ coscoscos
3
2cos

3
1cos

5
1 335  = cxx +− 35 cos

3
1cos

5
1  

 

Check:  Let cxxy +−= 35 cos
3
1cos

5
1 , then y ′  = 0sincos

3
3sincos5

5
1 24 +−⋅⋅−−⋅⋅ xxxx   

= xxxx 24 cossincossin +−  = ( )xxx 22 cos1cossin −  = xxx 22 sincossin  = xx 23 cossin  
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e.  ∫ dxxx sectan 2  = ( )∫ − dxxx sec1sec2  = dxxdxx ∫∫ − secsec3 .  In Example 4.3-6, problem letter  

h, we found that ∫ dxx3sec  = cxxxx +++ tansecln
2
1sectan

2
1 .  Therefore,  

∫ dxxx sectan 2  = dxxdxx ∫∫ − secsec3  = cxxxxxx ++−++ tanseclntansecln
2
1sectan

2
1   

 

cxxxx ++− tansecln
2
1sectan

2
1

 

Check:  Let cxxxxy ++−= tansecln
2
1sectan

2
1 , then y ′  = ( ) ( )xx

xxx
xxx

tansec2
sectansec

tansecsec
2
1 2

23
+
+

−+   

= ( ) ( )
( )xx

xxx
xxx

tansec2
tansecsec

tansecsec
2
1 23

+
+

−+  = 
2

sec
tansec

2
1sec

2
1 23 x

xxx −+   

= ( )1tansecsec
2
1 22 −+ xxx  = ( )xxx 22 tantansec

2
1

+  = xx 2tan2sec
2
1

⋅  = xx sectan 2  
 

f.  ∫ dxxx 35 sectan  = ∫ dxxxxx tansecsectan 24  = ( )∫ − dxxxxx tansecsec1sec 222   
 

= ( )∫ −+ dxxxxxx tansecsecsec21sec 224  = ( )∫ −+ dxxxxxx tansecsec2secsec 426   
 

= cxxx +−+ 537 sec
5
2sec

3
1sec

7
1  = cxxx ++− 357 sec

3
1sec

5
2sec

7
1

 

 

Check:  Let cxxxy ++−= 357 sec
3
1sec

5
2sec

7
1 , then y ′  = xxxxxx tansecsec

5
10tansecsec

7
7 46 ⋅−⋅   

0tansecsec
3
3 2 +⋅+ xxx  = xxxxxxxxx tansecsectansecsec2tansecsec 246 ⋅+⋅−⋅   

= ( ) xxxxx tansecsec2secsec 426 −+  = ( ) xxxxx tansecsecsec21sec 224 −+   

= ( ) xxxx tansecsec1sec 222 −  = xxxx tansecsectan 24  = xx 35 sectan  
 

g.  ∫ dxxx 45 sectan  = ∫ dxxxx 225 secsectan  = ( )∫ + dxxxx 225 sec1tantan  = ∫ dxxx 27 sectan  
 

∫+ dxxx 25 sectan  = cxx ++ 68 tan
6
1tan

8
1  

 

Check:  Let cxxy ++= 68 tan
6
1tan

8
1 , then y ′  = 0sectan6

6
1sectan8

8
1 2527 +⋅⋅+⋅⋅ xxxx   

= xxxx 2527 sectansectan +  = ( )1tansectan 225 +xxx  = xxx 225 secsectan  = xx 45 sectan  
 

h.  ∫ dxxx 43 sectan  = ∫ dxxxx 223 secsectan  = ( )∫ + dxxxx 223 sec1tantan  = ∫ dxxx 25 sectan  
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∫+ dxxx 23 sectan  = cxx ++ 46 tan
4
1tan

6
1  

 

Check:  Let cxxy ++= 46 tan
4
1tan

6
1 , then y ′  = 0sectan4

4
1sectan6

6
1 2325 +⋅⋅+⋅⋅ xxxx   

= xxxx 2325 sectansectan +  = ( )1tansectan 223 +xxx  = xxx 223 secsectan  = xx 43 sectan  
 

i.  ∫ dxxx 33 sectan  = ∫ ⋅ dxxxxx sectansectan 22  = ( )∫ ⋅− dxxxxx sectansec1sec 22  = ∫ ⋅ dxxxx sectansec4   
 

∫ ⋅ dxxxx sectansec2 .  To solve the first and the second integral let xu sec= , then x
dx
d

dx
du sec=   

; xx
dx
du tansec=  ; dxxxdu tansec=  ; 

xx
dudx

tansec
= .  Therefore,  

∫ dxxx 33 sectan  = ∫ ⋅ dxxxxx sectansectan 22  = ∫∫ ⋅−⋅ dxxxxdxxxx sectansecsectansec 24   
 

= ∫∫ ⋅⋅−⋅⋅
xx

duxxu
xx

duxxu
sectan

sectan
sectan

sectan 24  = ∫∫ − duuduu 24  = cuu +− 35
3
1

5
1   

 

= cxx +− 35 sec
3
1sec

5
1  

Check:  Let cxxy +−= 35 sec
3
1sec

5
1 , then y ′  = 0tansecsec

3
3tansecsec

5
5 24 +⋅−⋅ xxxxxx   

= xxxxxx tansecsectansecsec 24 ⋅−⋅  = ( ) xxxx tansecsecsec 24 −  = ( ) xxxx tansecsec1sec 22 −   

= xxxx tansecsectan 22  = xx 33 sectan  
 

j.  Given ∫ dxxx 22 csccot  let xu cot= , then x
dx
d

dx
du cot=  ; x

dx
du 2csc−=  ; dxxdu 2csc−=  ; 

x
dudx
2csc

−
= . 

Therefore, ∫ dxxx 22 csccot  = ∫ −
⋅

x
duxu

2
22

csc
csc  = ∫− duu 2  = cu +− 3

3
1  = cx +− 3cot

3
1  

 

Check:  Let cxy +−= 3cot
3
1 , then y ′  = 0csccot3

3
1 22 +−⋅⋅− xx  = xx 22 csccot

3
3
⋅  = xx 22 csccot  

 

k.  ∫ dxxx 33 csccot  = ∫ dxxxx 32 csccotcot  = ( )∫ − dxxxx 22 csc1csccot  = ∫ dxxx cotcsc4  
 

∫− dxxx cotcsc2  = cxx ++− 35 csc
3
1csc

5
1  

 

Check:  Let cxxy ++−= 35 csc
3
1csc

5
1 , then y ′  = 0cotcsccsc3

3
1cotcsccsc5

5
1 24 +−⋅⋅+−⋅⋅− xxxxxx   

= xxxx cotcsccotcsc 35 ⋅−⋅  = ( )1csccotcsc 23 −xxx  = xxx 23 cotcotcsc  = xx 33 csccot  
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l.  ∫ dxxx 43 csccot  = ∫ dxxxx 223 csccsccot  = ( )∫ + dxxxx 223 csc1cotcot  = ∫ dxxx 25 csccot  
 

∫+ dxxx 23 csccot  = cxx +−− 46 cot
4
1cot

6
1  

 

Check:  Let cxxy +−−= 46 cot
4
1cot

6
1 , then y ′  = 0csccot4

4
1csccot6

6
1 2325 +−⋅⋅−−⋅⋅− xxxx   

= xxxx 2325 csccotcsccot +  = ( )1cotcsccot 223 +xxx  = xxx 223 csccsccot  = xx 43 csccot  
 

Section 4.3 Practice Problems – Integration of Trigonometric Functions 

1.  Evaluate the following integrals: 

a.  ∫ dxx
5

3sin  =    b.  ∫ dxx2cos3  =    c.  ( )∫ − dxxx 7cos5sin  =  

d.  ∫ dxx3csc2 2  =    e.  ∫ dxxx 22sec  =    f.  ∫ dxx5sec8  =  

g.  ∫ dxxx cossin3  =   h.  ∫ dxxx sincos3  =    i.  ∫ dxxx 2cos
2

 =  

2.  Evaluate the following integrals: 

a.  ∫ dxee xx 33 sec  =    b.  ∫ dxxx 29 sectan  =    c.  ∫ dxxx 25 csccot  =  

d.  ∫ dxxx 2tan2sec  =   e.  ∫ dxxx 2cot  =    f.  ∫ dxxx 32 csc
3
1  =  

g.  ( )∫ dxxx 5csc5sin  =   h.  ( )∫ ++ dttttt 235sec5cos  =   i.  ∫ dxxe x 2cot csc  =  

3.  Evaluate the following integrals: 

a.  ∫ dxxx 5cos3sin  =   b.  ∫ dxxx 4cos6cos  =    c.  ∫ dxx3sin5  =  

d.  ∫ dxx2tan4  =    e.  ∫ dxax2cos  =    f.  ∫ dxx5tan3  =  

g.  ∫ dxx3cot4  =    h.  ∫ dxx2cot3  =    i.  ∫ dxx3cot6  =  
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4.4 Integration of Expressions Resulting in Inverse Trigonometric Functions 
In the following examples we will solve problems using the following formulas: 

∫
−

dx
xa 22

1  = c
a
xarc

a
+sin1  = c

a
x

a
+−1sin1  

∫ +
dx

xa 22
1  = c

a
xarc

a
+tan1  = c

a
x

a
+−1tan1  

∫
−

dx
axx 22

1  = c
a
xarc

a
+sec1  = c

a
x

a
+−1sec1  

Let’s integrate some algebraic expressions using the above integration formulas. 
 
Example 4.4-1:  Evaluate the following indefinite integrals: 

a.  ∫
− 2916 x

dx  =        b.  ∫
− 236 x

dx  =        c.  ∫
− 8

3

1 x

dxx  =  

d.  ∫
− 6

2

16 x

dxx  =        e.  dx
x

x
∫ + 6

2

9
 =        f.  dx

x
x

∫ + 54
=  

g.  ∫ + 259 2x
dx  =        h.  ∫ + 8

3

449 x
dxx  =        i.  ∫ + 6

2

95 x
dxx  =  

Solutions: 

a.  First - Write the given integral in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
, i.e., ∫

− 2916 x

dx   

= 
( )∫

− 22 34 x

dx   

Second - Use substitution method by letting xu 3= , then xx
dx
d

dx
du 33 ==  which implies  

dxxdu 3=  ; 
3

dudx = .  Therefore, 
( )∫

− 22 34 x

dx  = 
34

1
22

du

u
⋅

−
∫  = ∫

− 2243
1

u

du  = 
4

sin
3
1 uarc  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
4

sin
3
1  = cxarc +

4
3sin

3
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
4

3sin
3
1  then  

y ′  = 
( )

0
4

3

1

1
3
1

2
4

3
+⋅

−

x
dx
d

x
 = 

4
3

1

1
3
1

16
9 2

⋅
− x

 = 
16
916 2

1
12
3

x−
 = 

2916

4
4
1

x−
 = 

2916

1

x−
 

b.  First - Write the given integral in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
, i.e., ∫

− 236 x

dx   

= ∫
− 226 x

dx   
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Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  

Therefore, ∫
− 236 x

dx  = ∫
− 226 u

du  = cuarc +
6

sin  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
6

sin  = cxarc +
6

sin  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
6

sin  then  

y ′  = 
( )

0
6

1

1
2

6

+⋅
−

x
dx
d

x
 = 

6
1

1

1

36
2
⋅

− x
 = 

36
36 2

1
6
1

x−
 = 

236

6
6
1

x−
 = 

236

1

x−
 

c.  First - Write the given integral in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
, i.e., ∫

− 8

3

1 x

dxx   

= 
( )∫

− 242

3

1 x

dxx   

Second - Use substitution method by letting 4xu = , then 34 4xx
dx
d

dx
du

==  which implies  

dxxdu 34=  ; 
34x

dudx = .  Therefore, 
( )∫

−
242

3

1 x

dxx  = 
322

3

41 x
du

u

x
⋅

−
∫  = ∫

− 2214
1

u

du  = cuarc +
1

sin
4
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
1

sin
4
1  = cxarc +4sin

4
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy += 4sin
4
1  then  

y ′  = 
( )

0
1

1
4
1 4

24
+⋅

−
x

dx
d

x
 = 3

8
4

1

1
4
1 x

x
⋅

−
 = 

8

3

14
4

x

x

−
 = 

8

3

1 x

x

−
 

d.  First - Write the given integral in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
, i.e., ∫

− 6

2

16 x

dxx   

= 
( )∫

− 232

2

4 x

dxx   

Second - Use substitution method by letting 3xu = , then 23 3xx
dx
d

dx
du

==  which implies  

dxxdu 23=  ; 
23x

dudx = .  Therefore, 
( )∫

− 232

2

4 x

dxx  = 
222

2

34 x
du

u

x
⋅

−
∫  = ∫

− 2243
1

u

du  = cuarc +
4

sin
3
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
4

sin
3
1  = cxarc +

4
sin

3
1 3

 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
4

sin
3
1 3

 then  

y ′  = 0
4

1

1
3
1 3

2

4
3

+⋅






−

x
dx
d

x

 = 
4

3

1

1
3
1 2

16
6

x

x
⋅

−
 = 

16
16

2

64
1

x

x

−
 = 

6

2

16

4
4
1

x

x

−
 = 

6

2

16 x

x

−
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e.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., dx

x
x

∫ + 6

2

9
  

= 
( )∫

+
2323 x

dx   

Second - Use substitution method by letting 3xu = , then 23 3xx
dx
d

dx
du

==  which implies  

dxxdu 23=  ; 
23x

dudx = .  Therefore, 
( )∫

+
2323 x

dx  = 
222 33

1
x
du

u
⋅

+∫  = ∫ + 2233
1

u
du  = cuarc +

3
tan

9
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
3

tan
9
1  = cxarc +

3
tan

9
1 3

 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
3

tan
9
1 3

 then 

y ′  = 0
3

1

1
9
1 3

2

3
3

+⋅






+

x
dx
d

x
 = 

3
3

1

1
9
1 2

9
6

x
x

⋅
+

 = 
9

9

2

69
1

x

x
+

 = 
6

2

9
9

9
1

x
x
+

 = 
6

2

9 x
x
+

 

f.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., dx

x
x

∫ + 54
  

= dx
x

x
∫ + 45

 = 
( ) ( )∫

+
2225 x

dxx   

Second - Use substitution method by letting 2xu = , then xx
dx
d

dx
du 22 ==  which implies dxxdu 2=   

; 
x

dudx
2

= .  Therefore, 
( ) ( )∫

+
2225 x

dxx  = 
( ) x

du

u

x
25 22
⋅

+
∫  = 

( )∫
+ 2252

1

u

du  = cuarc +
5

tan
52

1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
5

tan
52

1  = cxarc +
5

tan
52

1 2
 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
5

tan
52

1 2
 then  

y ′  = 0
5

1

1
52

1 2

2

5

2
+⋅






+

x
dx
d

x
 = 

5
2

1

1
52

1

5
4

x
x

⋅
+

 = 
5

5 4
2

10
1

x

x
+

 = 
45

5
5
1

x
x

+
 = 

45 x
x
+

 

g.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., ∫ + 259 2x

dx   

= ∫ + 2925 x
dx  = 

( )∫
+ 2

9
259 x

dx  = ∫ + 2
9
259

1
x

dx  = 
( )∫

+ 22
3
59

1

x

dx  

Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  

Therefore, 
( )∫

+ 22
3
59

1

u

dx  = cuarc +⋅
3
5

3
5

tan1
9
1  = cuarc +⋅

5
3tan

5
3

9
1  = cuarc +

5
3tan

15
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
5

3tan
15
1  = cxarc +

5
3tan

15
1  
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Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
5

3tan
15
1  then  

y ′  = 
( )

0
5

3

1

1
15
1

2
5

3
+⋅

+

x
dx
d

x
 = 

5
3

1

1
15
1

25
9 2

⋅
+ x

 = 
25
925 2

1
75
3

x+
 = 

2925
25

75
3

x+
 = 

2925
75

75
1

x+
 = 

2925
1

x+
 

Note that another way of solving this class of problems is by rewriting the integral in the 
following way: 

∫ + 259 2x
dx  = ∫ + 2925 x

dx  = 
( )∫ + 22 35 x

dx .  Now, let xu 3= , then 33 == x
dx
d

dx
du  which implies  

dxdu 3=  ; 
3

dudx = .  Therefore, 
( )∫ + 22 35 x

dx  = 
35

1
22

du
u

⋅
+∫  = ∫ + 2253

1
u

du  = cuarc +⋅
5

tan
5
1

3
1   

= cuarc +
5

tan
15
1  = cxarc +

5
3tan

15
1  

h.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., ∫ + 8

3

449 x
dxx   

= ( )∫ + 8
4
49

3

4 x
dxx  = ∫ + 8

4
49

3

4
1

x
dxx  = 

( ) ( )∫
+

242
2
7

3

4
1

x

dxx  

Second - Use substitution method by letting 4xu = , then 34 4xx
dx
d

dx
du

==  which implies 

dxxdu 34=  ; 
34x

dudx = .  Therefore, 
( ) ( )∫

+
242

2
7

3

4
1

x

dxx  = 
( ) 322
2
7

3

44
1

x
du

u

x
⋅

+
∫  = 

( )∫
+ 22

2
716

1

u

du   

= cuarc +⋅
2
7

2
7

tan1
16
1  = cuarc +⋅

7
2tan

7
2

16
1  = cuarc +

7
2tan

56
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
7

2tan
56
1  = cxarc +

7
2tan

56
1 4

 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
7

2tan
56
1 4

 then  

y ′  = 0
7

2

1

1
56
1 4

2

7
2 4

+⋅






+

x
dx
d

x
 = 

7
8

1

1
56
1 3

49
4 8

x
x

⋅
+

 = 
49

449

3

849
1

x

x
+

 = 
8

3

449
49

49
1

x
x

+
 = 

8

3

449 x
x
+

 

or, the alternative approach would be to rearrange the integral in the following way: 

∫ + 8

3

449 x
dxx  = 

( )∫
+

242

3

27 x

dxx .  Now, let 42xu = , then 34 82 xx
dx
d

dx
du

==  which implies dxxdu 38=  

; 
38x

dudx = .  Therefore, 
( )∫

+
242

3

27 x

dxx  = 
322

3

87 x
du

u
x

⋅
+∫  = ∫ + 2278

1
u

du  = cuarc +⋅
7

tan
7
1

8
1   

= cuarc +
7

tan
56
1  = cxarc +

7
2tan

56
1 4

 

i.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., ∫ + 6

2

95 x
dxx   
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= ( )∫ + 6
9
5

2

9 x
dxx  = ∫ + 6

9
5

2

9
1

x
dxx  = 

( )∫
+





 23

2

3
5

2

9
1

x

dxx  

Second - Use substitution method by letting 3xu = , then 23 3xx
dx
d

dx
du

==  which implies 

dxxdu 23=  ; 
23x

dudx = .  Therefore, 
( )∫

+




 23

2

3
5

2

9
1

x

dxx  = 
2

2
2

3
5

2

39
1

x
du

u

x
⋅

+






∫  = ∫
+





 2

2

3
527

1

u

du  = 

cuarc +⋅

3
5

3
5

tan1
27
1  = cuarc +⋅

5
3tan

5
3

27
1  = cuarc +

5
3tan

59
1  

Third - Write the answer in terms of the x  variable, i.e., cuarc +
5

3tan
59

1  = cxarc +
5

3tan
59

1 3
 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
5

3tan
59

1 3
 then  

y ′  = 0
5

3

1

1
59

1 3

2

5
3 3

+⋅






+

x
dx
d

x
 = 

5
9

1

1
59

1 2

5
9 6

x
x

⋅
+

 = 
5
95

2

65
1

x

x
+

 = 
6

2

95
5

5
1

x
x

+
 = 

6

2

95 x
x
+

 

or, the alternative approach would be to rearrange the integral in the following way: 

∫ + 6

2

95 x
dxx  = 

( ) ( )∫
+

232

2

35 x

dxx .  Now, let 33xu = , then 23 93 xx
dx
d

dx
du

==  which implies dxxdu 29=  

; 
29x

dudx = .  Therefore, 
( ) ( )∫

+
232

2

35 x

dxx  = 
( ) 222

2

95 x
du

u

x
⋅

+
∫  = 

( )∫
+ 22

59
1

u

du  = cuarc +⋅
5

tan
5

1
9
1   

= cuarc +
5

tan
59

1  = cxarc +
5

3tan
59

1 3
  

 

Example 4.4-2:  Evaluate the following indefinite integrals: 

a.  ∫
− 44xx

dx  =    b.  ∫
−925 2xx

dx  =    c.  ∫
− 252xx

dx  =  

d.  ∫
−96 2xx

dx  =    e.  ∫
− 2516 4xx

dx  =    f.  dx
e

e
x

x

∫ + 42
 =  

g.  dx
e

e
x

x

∫ +169 2
 =    h.  

( )∫
+− 2425 x

dx  =    i.  
( )∫
−− 223 x

dx  =  

Solutions: 

a.  First - Write the given integral in its standard form c
a
xarc

aaxx

dx
+=

−
∫ sec1

22
, i.e.,  

∫
− 44xx

dx  = 
( )∫

− 222 2xx

dx   
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Second - Use substitution method by letting 2xu = , then xx
dx
d

dx
du 22 ==  which implies 

dxxdu 2=  ; 
x

dudx
2

= .  Therefore, 
( )∫

− 222 2xx

dx  = 
x

du

ux 22

1
22
⋅

−
∫  = ∫

− 222 22
1

ux

du   

= ∫
− 22 22

1

uu

du  = cuarc +⋅
2

sec
2
1

2
1  = cuarc +

2
sec

4
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
2

sec
4
1  = cxarc +

2
sec

4
1 2

 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
2

sec
4
1 2

 then  

y ′  = 0
2

1

1
4
1 2

2

22
22

+⋅

−






x
dx
d

xx

 = 
2

2

1

1
4
1

42
42

x

xx
⋅

−
 = 

4
4

2
424

1

−xx

x  = 
4

4
4
1

42 −xx

x  = 
4

1
4 −xx

 

b.  First - Write the given integral in its standard form c
a
xarc

aaxx

dx
+=

−
∫ sec1

22
, i.e.,  

∫
−925 2xx

dx  = ∫
− 25

9225 xx

dx  = ∫
− 25

925 xx

dx  = 
( )∫

−
2

5
325

1

xx

dx   

Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  

Therefore, 
( )∫

−
2

5
325

1

xx

dx  = 
( )∫

−
2

5
325

1

uu

du  = cuarc +⋅
5
3

5
3

sec1
5
1  = cuarc +

3
5sec

3
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
3

5sec
3
1  = cxarc +

3
5sec

3
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
3

5sec
3
1  then  

y ′  = 
( )

0
3

5

1

1
3
1

2
3

5
3

5
+⋅

−

x
dx
d

xx
 = 

3
5

1

1
3
1

9
25

3
5 2

⋅
−xx

 = 
9

925
3

5 2

1
9
5

−xx
 = 

9255

9
9
5

2 −xx
 = 

925

1
2 −xx

 

or, the alternative approach would be to rearrange the integral in the following way: 

∫
−925 2xx

dx  = 
( )∫

− 22 35xx

dx .  Now, let xu 5= , then 55 == x
dx
d

dx
du  which implies dxdu 5=  

; 
5

dudx = .  Therefore, 
( )∫

− 22 35xx

dx  = 
53

1
22

5

du

uu
⋅

−
∫  = ∫

− 22 3

5
5
1

uu

du  = ∫
− 22 3uu

du   

= cuarc +
3

sec
3
1  = cxarc +

3
5sec

3
1  

c.  First - Write the given integral in its standard form c
a
xarc

aaxx

dx
+=

−
∫ sec1

22
, i.e.,  

∫
− 252xx

dx  = ∫
− 22 5xx

dx   
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Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  

Therefore, ∫
− 22 5xx

dx  = ∫
− 22 5uu

du  = cuarc +
5

sec
5
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
5

sec
5
1  = cxarc +

5
sec

5
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
5

sec
5
1  then  

y ′  = 
( )

0
5

1

1
5
1

2
55

+⋅
−

x
dx
d

xx
 = 

5
1

1

1
5
1

255
2

⋅
−xx

 = 
25

252

1
5
1

−xx
 = 

25

5
5
1

2 −xx
 = 

25

1
2 −xx

 

d.  First - Write the given integral in its standard form c
a
xarc

aaxx

dx
+=

−
∫ sec1

22
, i.e.,  

∫
−96 2xx

dx  = ∫
− 6

926 xx

dx  = ∫





−

2

6
326 xx

dx  = ∫





−

2

6
326

1

xx

dx   

Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  

Therefore, ∫





−

2

6
326

1

xx

dx  = ∫





−

2

6
326

1

uu

du  = cuarc +⋅

6
3

6
3

sec1
6

1  = cuarc +
3
6sec

3
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
3
6sec

3
1  = cxarc +

3
6sec

3
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
3
6sec

3
1  then y ′   

= 0
3
6

1

1
3
1

2

3
6

3
6

+⋅

−






x
dx
d

xx

 = 
3
6

1

1
3
1

9
6

3
6 2

⋅
−xx

 = 
9

96
3
6 2

1
9
6

−xx
 = 

966

9
9
6

2 −xx
 = 

96

1
2 −xx

 

or, the alternative approach would be to rearrange the integral in the following way: 

∫
−96 2xx

dx  = 
( )∫

− 22
36xx

dx .  Now, let xu 6= , then 66 == x
dx
d

dx
du  which implies dxdu 6=  

; 
6

dudx = .  Therefore, 
( )∫

− 22
36xx

dx  = 
63

1
22

6

du

uu
⋅

−
∫  = ∫

− 22 3

6
6

1

uu

du  = ∫
− 22 3uu

du   

= cuarc +
3

sec
3
1  = cxarc +

3
6sec

3
1  

e.  First - Write the given integral in its standard form c
a
xarc

aaxx

dx
+=

−
∫ sec1

22
, i.e.,  

∫
− 2516 4xx

dx  = ∫
− 16

25416 xx

dx  = 
( ) ( )∫

−
2

4
5224 xx

dx  = 
( ) ( )∫

−
2

4
5224

1

xx

dx   
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Second - Use substitution method by letting 2xu = , then xx
dx
d

dx
du 22 ==  which implies  

dxxdu 2=  ; 
x

dudx
2

= .  Thus, 
( ) ( )∫

−
2

4
5224

1

xx

dx  = 
( )∫ ⋅

−
x

du

ux
2

1
4
1

2
4
52

 = 
( )∫

−
2

4
5228

1

ux

du   

= 
( )∫

−
2

4
528

1

uu

du  = cuarc +⋅
4
5

4
5

sec1
8
1  = cuarc +

5
4sec

10
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
5

4sec
10
1  = cxarc +

5
4sec

10
1 2

 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
5

4sec
10
1 2

 then  

y ′  = 0
5

4

1

1
10
1 2

2

5
4

5
4 22

+⋅

−






x
dx
d

xx

 = 
5

8

1

1
10
1

25
16

5
4 42

x

xx
⋅

−
 = 

25
2516

5
4 4250

8

−xx

x  = 
2516

1
4 −xx

 

or, the alternative approach would be to rearrange the integral in the following way: 

∫
− 2516 4xx

dx  = 
( )∫

− 222 54xx

dx .  Now, let 24xu = , then xx
dx
d

dx
du 84 2 ==  which implies  

dxxdu 8=  ; 
x

dudx
8

= .  Therefore, 
( )∫

− 222 54xx

dx  = 
x

du

ux 85

1
22
⋅

−
∫  = ∫

− 222 58
1

ux

du   

= ∫
− 22

4 58
1

u

du
u

 = ∫
− 22 5

4
8
1

uu

du  = ∫
− 22 52

1

uu

du  = cuarc +⋅
5

sec
5
1

2
1  = cxarc +

5
4sec

10
1 2

  

f.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., dx

e
e
x

x

∫ + 42
  

= dx
e

e
x

x

∫ + 24
 = 

( )
dx

e

e
x

x

∫
+

222
 

Second - Use substitution method by letting xeu = , then xx ee
dx
d

dx
du

==  which implies dxedu x=  

; 
xe

dudx = .  Therefore, 
( )

dx
e

e
x

x

∫
+

222
 = 

x

x

e
du

u
e

⋅
+∫ 222

 = ∫ + 222 u
du  = cuarc +

2
tan

2
1   

Third - Write the answer in terms of the x  variable, i.e., cuarc +
2

tan
2
1  = cearc

x
+

2
tan

2
1  

Fourth - Check the answer by differentiating the solution, i.e., let cearcy
x
+=

2
tan

2
1  then  

y ′  = 0
2

1

1
2
1

2

2

+⋅






+

x

e

e
dx
d

x
 = 

21

1
2
1

4
2

x

e

e
x
⋅

+
 = 

4
4 24

1
xe

xe
+

 = 
x

x

e
e

24
4

4
1

+
 = 

x

x

e
e

24+
 = 

42 +x

x

e
e  

g.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., dx

e
e
x

x

∫ +169 2
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= dx
e

e
x

x

∫ + 2916
 = 

( )∫
+ x

x

e

dxe
2

9
169

 = ∫ + x

x

e
dxe

2
9

169
1  = 

( ) ( )∫
+

22
3
49

1
x

x

e

dxe  

Second - Use substitution method by letting xeu = , then xx ee
dx
d

dx
du

==  which implies dxedu x=  

; 
xe

dudx = .  Therefore, 
( ) ( )∫

+
22

3
49

1
x

x

e

dxe  = 
( ) x

x

e
du

u

e
⋅

+
∫ 22

3
49

1  = 
( )∫

+ 22
3
49

1

u

du   

= cuarc +⋅
3
4

3
4

tan1
9
1  = cuarc +⋅

4
3tan

4
3

9
1  = cuarc +

4
3tan

12
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
4

3tan
12
1  = cearc

x
+

4
3tan

12
1  

Fourth - Check the answer by differentiating the solution, i.e., let cearcy
x
+=

4
3tan

12
1  then  

y ′  = 0
4

3

1

1
12
1

2

4
3

+⋅






+

x

e

e
dx
d

x
 = 

4
3

1

1
12
1

16
9 2

x

e

e
x
⋅

+
 = 

16
916 216

1
xe

xe
+

 = 
x

x

e
e

2916
16

16
1

+
 = 

x

x

e
e

2916+
 = 

169 2 +x

x

e
e  

or, the alternative approach would be to rearrange the integral in the following way: 

dx
e

e
x

x

∫ + 2916
 = 

( )∫
+

22 34 x

x

e

dxe .  Now, let xeu 3= , then xx ee
dx
d

dx
du 33 ==  which implies dxedu x3=  

; 
xe

dudx
3

= .  Therefore, 
( )∫

+
22 34 x

x

e

dxe  = 
x

x

e
du

u
e

34 22
⋅

+∫  = ∫ + 2243
1

u
du  = cuarc +⋅

4
tan

4
1

3
1   

= cuarc +
4

tan
12
1  = cearc

x
+

4
3tan

12
1  

h.  Write the given integral 
( )∫
+− 2425 x

dx  in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
 by letting  

4+= xu .  Therefore, 
( )∫
+− 2425 x

dx  = ∫
− 225 u

dx  = ∫
− 225 u

dx  = cuarc +
5

sin  = cxarc +
+
5

4sin  

Check:  Let cxarcy +
+

=
5

4sin  then y ′  = 
( )

0
5

4

1

1
2

5
4

+
+

⋅
− +

x
dx
d

x
 = 

( ) 5
1

1

1

25
4 2

⋅

− +x
 = 

( )
25

425 2

1
5
1

+− x
 

= 
( )2425

5
5
1

+− x
 = 

( )2425

1

+− x
 

i.  Write the given integral 
( )∫
−− 223 x

dx  in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
 by letting  

2−= xu .  Therefore, 
( )∫
−− 223 x

dx  = 
( )∫

− 22
3 u

dx  = cuarc +
3

sin  = cxarc +
−

3
2sin  

Check:  Let cxarcy +
−

=
3
2sin  then y ′  = 0

3
2

1

1
2

3
2

+
−

⋅






− −

x
dx
d

x

 = 
( ) 3

1

1

1

3
2 2

⋅

− −x
 = 

( )
3

23 2

1
3

1

−− x
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= 
( )223

3

3
1

−− x
 = 

( )223

1

−− x
  

 
Example 4.4-3:  Evaluate the following indefinite integrals: 

a.  
( )∫ ++ 239 x
dx  =    b.  

( )∫
++ 22 949 x

dxx  =    c.  ( )
( )∫ −+

− dx
x

x
6

2

29

2  =  

d.  ( )
( )

dx
x

x
∫ ++

+
8

3

14

1  =    e.  ∫
−362xx

dx  =    f.  
( ) ( )∫

−−− 4933 2xx

dx  =  

g.  ∫ +− 1782 xx
dx  =    h.  ∫ ++ 120202 yy

dy  =    i.  ∫ ++ 1362 tt
dt  =  

Solutions: 

a.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., 

( )∫ ++ 239 x
dx   

Second - Use substitution method by letting 3+= xu , then ( ) 13 =+= x
dx
d

dx
du  which implies 

dxdu = .  Therefore, 
( )∫ ++ 239 x
dx  = ∫ + 223 u

du  = cuarc +
3

tan
3
1  

Third - Write the answer in terms of the x  variable, i.e., cuarc +
3

tan
3
1  = cxarc +

+
3

3tan
3
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +
+

=
3

3tan
3
1  then  

y ′  = 
( )

0
3

3

1

1
3
1

2
3

3
+






 +

⋅
+ +

x
dx
d

x
 = 

( ) 3
1

1

1
3
1

9
3 2

⋅
+ +x

 = 
( )239

9
9
1

++ x
 = 

( )239
1
++ x

 

b.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., 

( )∫
++

22 949 x

dxx   

= 
( )∫

++
222 97 x

dxx   

Second - Use substitution method by letting 92 += xu , then ( ) xx
dx
d

dx
du 292 =+=  which implies 

dxxdu 2=  ; 
x

dudx
2

= .  Therefore, 
( )∫

++
222 97 x

dxx  = ∫ ⋅
+ x

du
u

x
27 22

 = ∫ + 2272
1

u

du  = cuarc +⋅
7

tan
7
1

2
1  

Third - Write the answer in terms of the x  variable, i.e., cuarc +
7

tan
14
1  = cxarc +

+
7

9tan
14
1 2

 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +
+

=
7

9tan
14
1 2

 then  
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y ′  = 0
7

9

1

1
14
1 2

2

7
92

+








 +
⋅






+ +

x
dx
d

x
 = 

( ) 7
2

1

1
14
1

49
9

22

x

x
⋅

+ +
 = 

( )22 949

49
49
1

++ x

x  = 
( )22 949 ++ x

x  

c.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., ( )

( )∫ −+

− dx
x

x
6

2

29

2   

= ( )
( )[ ]∫
−+

− dx
x

x
23

2

29

2  = ( )
( )[ ]∫
−+

− dx
x

x
232

2

23

2  

Second - Use substitution method by letting ( )32−= xu , then ( ) ( )23 232 −=−= xx
dx
d

dx
du  which 

implies ( ) dxxdu 223 −=  ; 
( )223 −

=
x
dudx .  Thus, ( )

( )[ ]∫
−+

− dx
x

x
232

2

23

2  = ( )
( )∫ −

⋅
+

−
222

2

233
2

x
du

u
x   

= ∫ + 2233
1

u
du  = cuarc +⋅

3
tan

3
1

3
1  = cuarc +

3
tan

9
1  

Third - Write the answer in terms of the x  variable, i.e., cuarc +
3

tan
9
1  = ( ) cxarc +

−
3
2tan

9
1 3

 

Fourth - Check the answer by differentiating the solution, i.e., let ( ) cxarcy +
−

=
3
2tan

9
1 3

 then  

y ′  = 
( )

( ) 0
3
2

1

1
9
1 3

2

3
2 3

+








 −
⋅








+ −

x
dx
d

x
 = 

( )
( )

3
23

1

1
9
1 2

9
2 6

−
⋅

+ −

x
x

 = ( )
( )6

2

29

227
27
1

−+

−

x

x  = ( )
( )6

2

29

2

−+

−

x

x  

d.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., ( )

( )
dx

x

x
∫ ++

+
8

3

14

1   

= ( )
( )[ ]∫
++

+ dx
x

x
24

3

14

1  = ( )
( )[ ]∫
++

+ dx
x

x
242

3

12

1  

Second - Use substitution method by letting ( )41+= xu , then ( ) ( )34 141 +=+= xx
dx
d

dx
du  which 

implies ( ) dxxdu 314 +=  ; 
( )314 +

=
x
dudx .  Thus, ( )

( )[ ]∫
++

+ dx
x

x
242

3

12

1  = ( )
( )∫ +

⋅
+

+
322

3

142
1

x
du

u
x   

= ∫ + 2224
1

u
du  = cuarc +⋅

2
tan

2
1

4
1  = cuarc +

2
tan

8
1  

Third - Write the answer in terms of the x  variable, i.e., cuarc +
2

tan
8
1  = ( ) cxarc +

+
2
1tan

8
1 4

 

Fourth - Check the answer by differentiating the solution, i.e., let ( ) cxarcy +
+

=
2
1tan

8
1 4

 then  

y ′  = 
( )

( ) 0
2
1

1

1
8
1 4

2

2
1 4

+








 +
⋅








+ +

x
dx
d

x
 = 

( )
( )

2
14

1

1
8
1 3

4
1 8

+
⋅

+ +

x
x

 = ( )
( )8

3

14

116
16
1

++

+

x

x  = ( )
( )8

3

14

1

++

+

x

x  
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e.  First - Write the integral in its standard form c
a
xarc

a
dx

axx
+=

−
∫ sec11

22
, i.e., ∫

−362xx

dx   

= ∫
− 22 6xx

dx   

Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .   

Therefore, ∫
− 22 6xx

dx  = ∫
− 22 6uu

du  = cuarc +
6

sec
6
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
6

sec
6
1  = cxarc +

6
sec

6
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
6

sec
6
1  then  

y ′  = 
( )

0
6

1

1
6
1

2
66

+⋅

−

x
dx
d

xx
 = 

6
1

1

1
6
1

366
2

⋅
−xx

 = 
36

362

6
36
1

−xx
 = 

36

36
36
1

2 −xx
 = 

36

1
2 −xx

 

f.  First - Write the given integral in its standard form c
a
xarc

a
dx

axx
+=

−
∫ sec11

22
, i.e.,  

( ) ( )∫
−−− 4933 2xx

dx  = 
( ) ( )∫

−−− 22 733 xx

dx   

Second - Use substitution method by letting 3−= xu , then 13 =−= x
dx
d

dx
du  which implies dxdu = . 

Therefore, 
( ) ( )∫

−−− 22 733 xx

dx  = ∫
− 22 7uu

du  = cuarc +
7

sec
7
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
7

sec
7
1  = cxarc +

−
7

3sec
7
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +
−

=
7

3sec
7
1  then y ′   

= 
( )

0
7

3

1

1
7
1

2
7

3
7

3
+

−
⋅

−−−

x
dx
d

xx
 = 

( ) 7
1

1

1
7
1

49
3

7
3 2

⋅

−−− xx
 = 

( )
49

493 2
3

7
49
1

−−− xx
 = 

( ) 4933

49
49
1

2 −−− xx
  

= 
( ) 4933

1
2 −−− xx

 

g.  First - Write the integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., ∫ +− 1782 xx

dx   

= 
( )∫

++− 11682 xx

dx  = 
( )∫ +− 14 2x

dx  = 
( )∫ −+ 241 x
dx  

Second - Use substitution method by letting 4−= xu , then ( ) 14 =−= x
dx
d

dx
du  which implies 

dxdu = .  Therefore, 
( )∫ −+ 241 x
dx  = ∫ + 21 u

du  = cuarc +tan  
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Third - Write the answer in terms of the x  variable, i.e., cuarc +tan  = ( ) cxarc +− 4tan  

Fourth - Check the answer by differentiating the solution, i.e., let ( ) cxarcy +−= 4tan  then  

y ′  = 
( )

( ) 04
41

1
2

+−⋅
−+

x
dx
d

x
 = 

( )
1

41
1

2
⋅

−+ x
 = 

( )241
1
−+ x

 

h.  First - Write the integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., ∫ ++ 120202 yy

dy   

= 
( )∫

+++ 20100202 yy

dy  = 
( )∫ ++ 2010 2y

dy  = 
( )∫ ++ 21020 y

dy  = 
( ) ( )∫

++ 22
1020 y

dy  

Second - Use substitution method by letting 10+= yu , then ( ) 110 =+= y
dy
d

dy
du  which implies  

dydu = .  Therefore, 
( ) ( )∫

++ 22
1020 y

dy  = 
( )∫

+ 22
20 u

du  = cuarc +
20

tan
20
1  

Third - Write the answer in terms y , i.e., cuarc +
20

tan
20
1  = cyarc +

+

20
10tan

20
1  

Fourth - Check the answer by differentiating the solution, i.e., let cyarcw +
+

=
20
10tan

20
1  then  

w′  = 0
20
10

1

1
20
1

2

20
10

+






 +
⋅






+ +

y
dy
d

y
 = 

( ) 20
1

1

1
20
1

20
10 2

⋅
+ +y

 = 
( )21020
20

20
1

++ y
 = 

( )21020
1
++ y

 

i.  First - Write the integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22
, i.e., ∫ ++ 1362 tt

dt   

= 
( )∫

+++ 4962 tt

dt  = 
( )∫ ++ 43 2t

dt  = 
( )∫ ++ 234 t
dt  = 

( )∫ ++ 22 32 t
dt  

Second - Use substitution method by letting 3+= tu , then ( ) 13 =+= t
dt
d

dt
du  which implies  

dtdu = .  Therefore, 
( )∫ ++ 22 32 t
dt  = ∫ + 222 u

du  = cuarc +
2

tan
2
1  

Third - Write the answer in terms of the variable t , i.e., cuarc +
2

tan
2
1  = ctarc +

+
2

3tan
2
1  

Fourth - Check the answer by differentiating the solution, i.e., let ctarcw +
+

=
2

3tan
2
1  then  

w′  = 
( )

0
2

3

1

1
2
1

2
2
3

+





 +

⋅
+ +

t
dy
d

t
 = 

( ) 2
1

1

1
2
1

4
3 2

⋅
+ +t

 = 
( )234

4
4
1

++ t
 = 

( )234
1
++ t
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Section 4.4 Practice Problems – Integration of Expressions Resulting in Inverse Trigonometric Functions 

1.  Evaluate the following indefinite integrals: 

a.  ∫
− 2925 x

dx  =      b.  ∫
− 24 x

dx  =      c.  ∫
− 6

2

25 x

dxx  =  

d.  ∫ +169 2x
dx  =      e.  ∫ + 6

2

97 x
dxx  =      f.  ∫

− 254xx

dx  =  

2.  Evaluate the following indefinite integrals: 

a.  ∫
−162xx

dx  =      b.  ∫
− 47 2xx

dx  =      c.  dx
e

e
x

x

∫ + 94 2
 =  

d.  
( )∫
−− 2325 x

dx      e.  
( )∫ ++ 2425 x
dx  =      f.  ∫ +− 26102 xx

dx  =  
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4.5 Integration of Expressions Resulting in Exponential or Logarithmic Functions 
In the following examples we will solve problems using the following formulas: 
 

∫ dx
x
1  = cx +ln  

∫ xdxln  = cxxx +−ln  

∫ dxa x  = c
a

a x
+

ln
      10 ≠aanda  

∫ dxe x  = ce x +  

Let’s integrate some exponential and algebraic expressions using the above integration formulas. 
 
Example 4.5-1:  Evaluate the following indefinite integrals: 

a.  ∫ + 5x
dx  =     b.  ∫ +15x

dx  =     c.  ∫ −
dx

x
x

32
 =  

d.  ∫ +
dx

x
x

12 3

2
 =    e.  ∫ −

dx
x

x
3

4
4

3
 =    f.  ∫ 








−
+

+
dx

xx 1
2

1
5  =  

g.  dx
x

xx∫ 








+
−

1
2
2

3  =    h.  dxxe x∫
2

 =     i.  ∫ dxex x322  =  

Solutions: 

a.  Given ∫ + 5x
dx  let 5+= xu , then ( )5+= x

dx
d

dx
du  ; 1=

dx
du  ; dudx = .  Therefore, 

 

∫ + 5x
dx  = ∫ ⋅du

u
1  = cu +ln  = cx ++ 5ln  

 

Check:  Let cxy ++= 5ln , then y ′  = 0
5

1
+

+x
 = 

5
1
+x

 

 

b.  Given ∫ +15x
dx  let 15 += xu , then ( )15 += x

dx
d

dx
du  ; 5=

dx
du  ; dxdu 5=  ; 

5
dudx = .  Therefore, 

 

∫ +15x
dx  = ∫ ⋅

5
1 du
u

 = ∫ du
u
1

5
1  = cu +ln

5
1  = cx ++15ln

5
1  

 

Check:  Let cxy ++= 15ln
5
1 , then y ′  = 05

15
1

5
1

+⋅
+

⋅
x

 = 
15

1
5
5

+
⋅

x
 = 

15
1
+x

 

 

c.  Given ∫ −
dx

x
x

32
 let 32 −= xu , then ( )32 −= x

dx
d

dx
du  ; x

dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Thus, 

 

∫ −
dx

x
x

32  = ∫ ⋅
x

du
u
x

2
 = ∫ du

u
1

2
1  = cu +ln

2
1  = cx +− 3ln

2
1 2  
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Check:  Let cxy +−= 3ln
2
1 2 , then y ′  = 02

3
1

2
1

2
+⋅

−
⋅ x

x
 = 

32
2

2 −
⋅

x
x  = 

32 −x
x  

 

d.  Given ∫ +
dx

x
x

12 3

2
 let 12 3 += xu , then ( )12 3 += x

dx
d

dx
du  ; 26x

dx
du

=  ; dxxdu 26=  ; 
26x

dudx = .  Thus, 

 

∫ +
dx

x
x

12 3

2
 = ∫ ⋅

2

2

6x
du

u
x  = ∫ du

u
1

6
1  = cu +ln

6
1  = cx ++12ln

6
1 3  

 

Check:  Let cxy ++= 12ln
6
1 3 , then y ′  = 06

12
1

6
1 2

3
+⋅

+
⋅ x

x
 = 

126
6

3

2

+
⋅

x
x  = 

12 3

2

+x
x  

 

e.  Given ∫ −
dx

x
x

3
4
4

3
 let 34 −= xu , then ( )34 −= x

dx
d

dx
du  ; 34 −= x

dx
du  ; dxxdu 34=  ; 

34x
dudx = .  Thus, 

 

∫ −
dx

x
x

3
4
4

3
 = ∫ ⋅

3

3

4
4

x
du

u
x  = ∫ du

u
1  = cu +ln  = cx +− 3ln 4  

 

Check:  Let cxy +−= 3ln 4 , then y ′  = 04
3

1 3
4

+⋅
−

x
x

 = 
3

4
4

3

−x
x  

 

f.  Given ∫ 







−
+

+
dx

xx 1
2

1
5  = ∫ ∫ −

+
+

dx
x

dx
x 1

2
1

5  let 11 += xu  and 12 −= xu  respectively.  Therefore, 

 

∫ ∫ −
+

+
dx

x
dx

x 1
2

1
5  = ∫∫ + 2

2
1

1

1215 du
u

du
u

 = cuu ++ 21 ln2ln5  = cxx +−++ 1ln21ln5  

 

Check:  Let cxxy +−++= 1ln21ln5 , then y ′  = 0
1

2
1

5
+

−
+

+ xx
 = 

1
2

1
5

−
+

+ xx
 

 

g.  Given dx
x

xx∫ 








+
−

1
2
2

3  = ∫ ∫ +
− dx

x
xdxx

1
2
2

3  let 12 += xu , then x
dx
du 2=  ; 

x
dudx
2

= .  Therefore, 

 

∫ ∫ +
− dx

x
xdxx

1
2
2

3  = ∫ ⋅−
x

du
u
xx

2
2

4
1 4  = ∫− du

u
x 1

4
1 4  = cux +− ln

4
1 4  = cxx ++− 1ln

4
1 24  

 

Check:  Let cxxy ++−= 1ln
4
1 24 , then y ′  = 02

1
14

4
1

2
3 +⋅

+
−⋅ x

x
x  = 

1
2
2

3

+
−

x
xx  

 

h.  Given dxxe x∫
2

 let 2xu = , then 2x
dx
d

dx
du

=  ; x
dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Therefore, 
 

dxxe x∫
2

 = ∫ ⋅
x

duxeu
2

 = ∫ dueu
2
1  = ceu +

2
1  = ce x +

2

2
1  

 

Check:  Let cey x +=
2

2
1 , then y ′  = 02

2
1 2

+⋅⋅ xe x  = 
2

2
2 xex⋅  = 

2xex  
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i.  Given ∫ dxex x322  let 3xu = , then 3x
dx
d

dx
du

=  ; 23x
dx
du

=  ; dxxdu 23=  ; 
23x

dudx = .  Therefore, 

 

∫ dxex x322  = ∫ ⋅
2

2

3
2

x
duex u  = ∫ dueu

3
2  = ceu +

3
2  = ce x +

3

3
2  

 

Check:  Let cey x +=
3

3
2 , then y ′  = 03

3
2 23

+⋅⋅ xe x  = 
32

3
6 xex⋅  = 

322 xex  

 

Example 4.5-2:  Evaluate the following indefinite integrals: 

a.  dyee yy∫ + 35  =    b.  ∫ −
dx

e
e

x

x

1
 =    c.  ∫ +

dx
e

e
x

x

3

3

1
2  =  

d.  dxe x∫ −  =     e.  dxe x∫ −3  =     f.  dxe x

∫
+−

2

25
 =  

g.  ( )∫ −−+ dxeex xx 32  =   h.  ∫ + dx
x
e x

2

1

1  =    i.  dx
x

e x

∫ 3

2
1

 =  

Solutions: 

a.  Given dyee yy∫ + 35  let yeu 35+= , then ( )ye
dy
d

dy
du 35+=  ; ye

dy
du 3=  ; 

ye
dudy

3
= .  Therefore, 

 

dyee yy∫ + 35  = ∫ ⋅⋅
y

y

e
duue

3
 = ∫ duu 2

1

3
1  = 2

11

2
11

1
3
1 +

+
⋅ u  = 2

3

3
2

3
1 u⋅  = 2

3

9
2 u  = ( ) 2

3
35

9
2 ye+  

 

Check:  Let ( )2
3

35
9
2 yey += , then y ′  = ( ) yy ee 335

2
3

9
2 12

3
⋅+⋅

−
 = ( )2

1
35

3
3 yy ee +  = yy ee 35+  

 

b.  Given ∫ −
dx

e
e

x

x

1
 let xeu −=1 , then ( )xe

dx
d

dx
du

−= 1  ; xe
dx
du

−=  ; dxedu x−=  ; 
xe

dudx −= .  Thus, 

 

∫ −
dx

e
e

x

x

1
 = ∫ −⋅

− xx

x

e
du

e
e

1
 = ∫− du

u
1  = cu +− ln  = ce x +−− 1ln  

 

Check:  Let cey x +−−= 1ln , then y ′  = 0
1

1
+−⋅

−
− x

x
e

e
 = 

x

x

e
e
−1

 

 

c.  Given ∫ +
dx

e
e

x

x

3

3

1
2  let xeu 31+= , then ( )xe

dx
d

dx
du 31+=  ; xe

dx
du 33=  ; dxedu x33=  ; 

xe
dudx

33
= .  Thus, 

 

∫ +
dx

e
e

x

x

3

3

1
2  = ∫ ⋅

x

x

e
du

u
e

3

3

3
2  = ∫ du

u
1

3
2  = cu +ln

3
2  = ce x ++ 31ln

3
2  

 

Check:  Let cey x ++= 31ln
3
2 , then y ′  = 03

1
1

3
2 3

3
+⋅

+
x

x
e

e
 = 

x

x

e
e

3

3

13
6

+
⋅  = 

x

x

e
e

3

3

1
2
+
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d.  Given dxe x∫ −  let xu −= , then ( )x
dx
d

dx
du

−=  ; 1−=
dx
du  ; dxdu −=  ; dudx −= .  Therefore, 

 

dxe x∫ −  = ∫ −⋅ dueu  = ∫− dueu  = ceu +−  = ce x +− −  
 

Check:  Let cey x +−= − , then y ′  = 01+−⋅− −xe  = xe−  
 

e.  Given dxe x∫ −3  let xu 3−= , then ( )x
dx
d

dx
du 3−=  ; 3−=

dx
du  ; dxdu 3−=  ; 

3
dudx −= .  Therefore, 

 

dxe x∫ −3  = ∫ −⋅
3

dueu  = ∫− dueu
3
1  = ceu +−

3
1  = ce x +− −3

3
1  

 

Check:  Let cey x +−= −3
3
1 , then y ′  = 03

3
1 3 +−⋅− − xe  = xe 3

3
3 −  = xe 3−  

 

f.  Given dxe x

∫
+−

2

25
 let 25 +−= xu , then ( )25 +−= x

dx
d

dx
du  ; 5−=

dx
du  ; dxdu 5−=  ; 

5
dudx −= .  Thus, 

 

dxe x

∫
+−

2

25
 = ∫ −⋅

52
dueu

 = ∫− dueu
10
1  = ceu +−

10
1  = ce x +− +− 25

10
1  

 

Check:  Let cey x +−= +− 25
10
1 , then y ′  = 05

10
1 25 +−⋅− +− xe  = 25

10
5 +− xe  = 25

2
1 +− xe  

 

g.  ( )∫ −−+ dxeex xx 32  = dxedxedxx xx∫ ∫∫ −−+ 32  = ceex xx +++ −33
3
1

3
1  

 

Check:  Let ceexy xx +++= −33
3
1

3
1  then y ′  = 03

3
13

3
1 32 +−⋅⋅++⋅ − xx eex  = xx eex 32 −−+  

h.  ∫ + dx
x
e x

2

1

1  = ∫∫ + dx
x
edx

x

2

1

 let 
x

u 1
= , then 

xdx
d

dx
du 1

=  ; 
2

1
xdx

du
−=  ; dxdux −=2  ; duxdx 2−= .  Thus, 

 

∫ + dx
x
e x

2

1

1  = ∫ −⋅+ dux
x
ex

u
2

2  = ∫− duex u  = cex u +−  = cex x +−
1

 

Check:  Let cexy x +−=
1

, then y ′  = 011
2

1
+−⋅−

x
e x  = 

2

1

1
x
e x

+  

i.  dx
x

e x

∫ 3

2
1

 let 
2

1
x

u = , then 
2

1
xdx

d
dx
du

=  ; 
3

2
xdx

du
−=  ; dxdux 23 −=  ; duxdx

2

3
−= .  Therefore, 

dx
x

e x

∫ 3

2
1

 = ∫ −⋅ dux
x
eu

2

3

3  = ∫− dueu
2
1  = ceu +−

2
1  = ce x +− 2

1

2
1  

Check:  Let cey x +−= 2
1

2
1 , then y ′  = 02

2
1

3
2
1

+−⋅⋅−
x

e x  = 
3

1
2
2 2

1

x
e x ⋅⋅  = 

3

2
1

x
e x

 



Calculus I                                       4.5  Integration of Expressions Resulting in Exponential or Logarithmic Functions  

Hamilton Education Guides   277 

Example 4.5-3:  Evaluate the following indefinite integrals: 

a.  dx
x

e x

∫ 43

3
2

 =     b.  ∫
+

dx
x

e x

2

52

 =    c.  ∫
−

dx
x

e x

3

2
1

 =  

d.  ( )∫ − dxee xx 1  =    e.  ( ) dxee xx 23∫ +  =    f.  ( )∫ −− − dxee xx 31  =  

g.  dx
x

x
∫ + 4

3

41
 =    h.  ∫ −

dx
x

x
3

2

1
 =    i.  dx

x
x

∫ − 5

4

31
10  =  

Solutions: 

a.  Given dx
x

e x

∫ 43

3
2

 let 
3

2
x

u = , then 
3

2
xdx

d
dx
du

=  ; 
4

6
xdx

du
−=  ; dxdux 64 −=  ; duxdx

6

4
−= .  Therefore, 

dx
x

e x

∫ 43

3
2

 = ∫ −⋅ dux
x

eu

63

4

4  = ∫− dueu
18
1  = ceu +−

18
1  = ce x +− 3

2

18
1  

Check:  Let cey x +−= 3
2

18
1 , then y ′  = 06

18
1

4
3
2

+−⋅⋅−
x

e x  = 
4

1
18
6 3

2

x
e x ⋅⋅  = 

43

3
2

x
e x

 

b.  Given ∫
+

dx
x

e x

2

52

 let 52
+=

x
u , then 






 += 52

xdx
d

dx
du  ; 

2
2

xdx
du

−=  ; dxdux 22 −=  ; duxdx
2

2
−= .  Thus, 

∫
+

dx
x

e x

2

52

 = ∫ −⋅ dux
x
eu

2

2

2  = ∫− dueu
2
1  = ceu +−

2
1  = ce x +−

+52

2
1  

Check:  Let cey x +−=
+52

2
1 , then y ′  = 02

2
1

2
52

+−⋅⋅−
+

x
e x  = 

2
5 1

2
2 2

x
e x ⋅⋅

+  = 
2

52

x
e x+

 

c.  Given ∫
−

dx
x

e x

3

2
1

 let 
2

1
x

u −= , then 2−−= x
dx
d

dx
du  ; 32 −= x

dx
du  ; dxxdu 32 −=  ; duxdx

2

3
= .  Thus, 

∫
−

dx
x

e x

3

2
1

 = ∫ ⋅ dux
x
eu

2

3

3  = ∫ dueu
2
1  = ceu +

2
1  = ce x +

− 2
1

2
1  

Check:  Let cey x +=
− 2

1

2
1 , then y ′  = 02

2
1 32

1

+⋅ −
−

xe x  = 
3

1
2
2 2

1

x
e x ⋅⋅
−

 = 
3

2
1

x
e x
−

 

 

d.  Given ( )∫ − dxee xx 1  let 1−= xeu , then ( )1−= xe
dx
d

dx
du  ; xe

dx
du

=  ; dxedu x=  ; 
xe

dudx = .  Thus, 

 

( )∫ − dxee xx 1  = ∫ ⋅⋅
x

x

e
dueu  = ∫ duu  = cu +2

2
1  = ( ) ce x +−

2
1

2
1  
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Check:  Let ( ) cey x +−= 21
2
1 , then y ′  = ( ) 012

2
1

+⋅−⋅ xx ee  = ( ) xx ee 1
2
2

−  = ( ) xx ee 1−  
 

e.  Given ( ) dxee xx 23∫ +  let 3+= xeu , then ( )3+= xe
dx
d

dx
du  ; xe

dx
du

=  ; dxedu x=  ; 
xe

dudx = .  Thus, 

 

( ) dxee xx 2
3∫ +  = ∫ ⋅⋅

x
x

e
dueu 2  = ∫ duu 2  = cu +3

3
1  = ( ) ce x ++

3
3

3
1  

 

Check:  Let ( ) cey x ++= 33
3
1 , then y ′  = ( ) 033

3
1 2 +⋅+⋅ xx ee  = ( ) xx ee

2
3

3
3

+  = ( ) xx ee 23+  

 

f.  Given ( )∫ −− − dxee xx 31  let 1−= −xeu , then ( )1−= −xe
dx
d

dx
du  ; xe

dx
du −−=  ; 

xe
dudx
−

−= .  Therefore, 

 

( )∫ −− − dxee xx 3
1  = ∫ −

− −⋅⋅
x

x

e
dueu3  = ∫− duu3  = cu +− 4

4
1  = ( ) ce x +−− − 4

1
4
1  

 

Check:  Let ( ) cey x +−−= − 4
1

4
1 , then y ′  = ( ) 014

4
1 3

+−⋅−⋅− −− xx ee  = ( ) xx ee −− −
3

1
4
4  = ( ) xx ee −− −

3
1  

 

g.  Given dx
x

x
∫ + 4

3

41
 let 441 xu += , then ( )441 x

dx
d

dx
du

+=  ; 316x
dx
du

=  ; 
316x

dudx = .  Therefore, 

 

dx
x

x
∫ + 4

3

41
 = ∫ ⋅

3

3

16x
du

u
x  = ∫ du

u
1

16
1  = cu +ln

16
1  = cx ++ 441ln

16
1  

 

Check:  Let cxy ++= 441ln
16
1 , then y ′  = 016

41
1

16
1 3

4
+⋅

+
⋅ x

x
 = 

4

3

4116
16

x
x
+

⋅  = 
4

3

41 x
x
+

 

 

h.  Given ∫ −
dx

x
x

3

2

1
 let 31 xu −= , then ( )31 x

dx
d

dx
du

−=  ; 23x
dx
du

−=  ; 
23x

dudx −= .  Therefore, 

 

∫ −
dx

x
x

3

2

1
 = ∫ −⋅

2

2

3x
du

u
x  = ∫− du

u
1

3
1  = cu +− ln

3
1  = cx +−− 31ln

3
1  

 

Check:  Let cxy +−−= 31ln
3
1 , then y ′  = 03

1
1

3
1 2

3
+⋅

−
⋅− x

x
 = 

3

2

13
3

x
x
−

⋅  = 
3

2

1 x
x
−

 

 

i.  Given dx
x

x
∫ − 5

4

31
10  let 531 xu −= , then ( )531 x

dx
d

dx
du

−=  ; 415x
dx
du

−=  ; 
415x

dudx −= .  Therefore, 

 

dx
x

x
∫ − 5

4

31
10  = ∫ −⋅

4

4

15
10

x
du

u
x  = ∫− du

u
1

15
10  = cu +− ln

3
2  = cx +−− 531ln

3
2  

 

Check:  Let cxy +−−= 531ln
3
2 , then y ′  = 015

31
1

3
2 4

5
+−⋅

−
⋅− x

x
 = 

5

4

313
30

x
x
−

⋅  = 
5

4

31
10

x
x

−
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Example 4.5-4:  Evaluate the following indefinite integrals: 

a.  dx
x
x
∫ +

+
1
3  =     b.  ∫ +

+ dx
x
x

5
6  =    c.  ∫ +

+ dx
x
x

4
8  =  

d.  ∫ dxa x3  =     e.  ∫ dxxa x2
 =     f.  ∫ + dxxa x 52

 =  

g.  ∫ dxxa x 23
 =    h.  ∫ 2

34
dxxa x

 =    i.  ∫ + dxxa x 213
3  =  

Solutions: 

a.  dx
x
x
∫ +

+
1
3  = ( ) dx

x
x

∫ +
++
1

21  = ∫ ∫ +
+

+
+ dx

x
dx

x
x

1
2

1
1  = ∫ ∫ +

+ dx
x

dx
1

2  = cxx +++ 1ln2  
 

Check:  Let cxxy +++= 1ln2 , then y ′  = 01
1

21 +⋅
+

+
x

 = 
1

21
+
++

x
x  = 

1
3

+
+

x
x  

 

b.  ∫ +
+ dx

x
x

5
6  = ( ) dx

x
x

∫ +
++

5
15  = ∫ ∫ +

+
+
+ dx

x
dx

x
x

5
1

5
5  = ∫ ∫ +

+ dx
x

dx
5

1  = cxx +++ 5ln  
 

Check:  Let cxxy +++= 5ln , then y ′  = 01
5

11 +⋅
+

+
x

 = 
5

15
+
++

x
x  = 

5
6

+
+

x
x  

 

c.  ∫ +
+ dx

x
x

4
8  = ( ) dx

x
x

∫ +
++
4

44  = ∫ ∫ +
+

+
+ dx

x
dx

x
x

4
4

4
4  = ∫ ∫ +

+ dx
x

dx
4

4  = cxx +++ 4ln4  
 

Check:  Let cxxy +++= 4ln4 , then y ′  = 01
4

41 +⋅
+

+
x

 = 
4

44
+
++

x
x  = 

4
8

+
+

x
x  

 

d.  Given ∫ dxa x3  let xu 3= , then x
dx
d

dx
du 3=  ; 3=

dx
du  ; dxdu 3=  ; 

3
dudx = .  Therefore, 

 

∫ dxa x3  = ∫ ⋅
3

duau  = ∫ duau
3
1  = c

a
au

+
ln3

1  = c
a

a x
+

ln3
1 3

 

 

Check:  Let c
a

ay
x
+=

ln3
1 3

, then y ′  = 03ln
ln3
1 3 +⋅⋅ aa

a
x  = xa

a
a 3

ln3
ln3

⋅  = xa3  

 

Reminder:  In Section 3.3 “Differentiation of Exponential and Logarithmic Functions” we  

learned that the derivative of auu ea ln=  is equal to the following: 

ua
dx
d  = aue

dx
d ln  = au

dx
de au lnln ⋅  = 

dx
duae

ua ⋅⋅ lnln  = 
dx
duaau ln .  Therefore,

dx
duaaa

dx
d uu ln=  

 

e.  Given ∫ dxxa x2
 let 2xu = , then 2x

dx
d

dx
du

=  ; x
dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Therefore, 
 

∫ dxxa x2
 = ∫ ⋅⋅

x
duxau
2

 = ∫ duau
2
1  = c

a
au

+
ln2

1  = c
a

a x
+

ln2
1

2
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Check:  Let c
a

ay
x

+=
ln2

1
2

, then y ′  = 02ln
ln2
1 2

+⋅⋅ xaa
a

x  = xa
a
a x ⋅⋅

2

ln2
ln2  = xa x2

 

 

f.  Given ∫ + dxxa x 52
 let 52 += xu , then ( )52 += x

dx
d

dx
du  ; x

dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Therefore, 
 

∫ + dxxa x 52
 = ∫ ⋅⋅

x
duxau
2

 = ∫ duau
2
1  = c

a
au

+
ln2

1  = c
a

a x
+

+

ln2
1 52

 

 

Check:  Let c
a

ay
x

+=
+

ln2
1 52

, then y ′  = 02ln
ln2
1 52

+⋅⋅ + xaa
a

x  = xa
a
a x ⋅⋅ +52

ln2
ln2  = xa x 52+  

 

g.  Given ∫ dxxa x 23
 let 3xu = , then 3x

dx
d

dx
du

=  ; 23x
dx
du

=  ; dxxdu 23=  ; 
23x

dudx = .  Therefore, 

 

∫ dxxa x 23
 = ∫ ⋅⋅

2
2

3x
duxau  = ∫ duau

3
1  = c

a
au

+
ln3

1  = c
a

a x
+

ln3
1

3

 

 

Check:  Let c
a

ay
x

+=
ln3

1
3

, then y ′  = 03ln
ln3
1 23

+⋅⋅ xaa
a

x  = 23

ln3
ln3

xa
a
a x ⋅⋅  = 23

xa x  

 

h.  Given ∫ 2

34
dxxa x

 let 4xu = , then 4x
dx
d

dx
du

=  ; 34x
dx
du

=  ; dxxdu 34=  ; 
34x

dudx = .  Therefore, 

 

∫ 2

34
dxxa x

 = ∫ ⋅⋅
3

3

8x
duxau  = ∫ duau

8
1  = c

a
au

+
ln8

1  = c
a

a x
+

ln8
1

4

 

 

Check:  Let c
a

ay
x

+=
ln8

1
4

, then y ′  = 04ln
ln8
1 34

+⋅⋅ xaa
a

x  = 34

ln8
ln4

xa
a
a x ⋅⋅  = 34

2
1 xa x  

 

i.  Given ∫ + dxxa x 213
3  let 13 += xu , then ( )13 += x

dx
d

dx
du  ; 23x

dx
du

=  ; dxxdu 23=  ; 
23x

dudx = .  Thus, 

 

∫ + dxxa x 213
3  = ∫ ⋅⋅

2
2

3
3

x
duxau  = ∫ duau

3
3  = c

a
au

+
ln

 = c
a

a x
+

+

ln

13

 

 

Check:  Let c
a

ay
x

+=
+

ln

13

, then y ′  = 03ln
ln

1 213
+⋅⋅ + xaa

a
x  = 21 3

ln
ln 3

xa
a
a x ⋅⋅ +  = 213

3 xa x +  

 

Example 4.5-5:  Evaluate the following indefinite integrals: 

a.  ∫ dxxa x 2
2

 =    b.  ( )dxea xx∫ ++ + 11  =    c.  ( )∫ ++ dxa x 332  =  

d.  ∫ + dxa x 355  =    e.  ( ) dxee xx∫ +
5

1  =    f.  ∫ +
+ dx

x
x

1
2  =  
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Solutions: 

a.  Given ∫ dxxa x 2
2

 let 2xu = , then 2x
dx
d

dx
du

=  ; x
dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Thus, 
 

∫ dxxa x 2
2

 = ∫ ⋅⋅
x

duxau
2

2  = ∫ duau  = c
a

au
+

ln
 = c

a
a x

+
ln

2

 

 

Check:  Let c
a

ay
x

+=
ln

2

, then y ′  = 02ln
ln

1 2
+⋅⋅ xaa

a
x  = xa

a
a x 2

ln
ln 2

⋅⋅  = xa x 2
2

 

 

b.  Given ( )dxea xx∫ ++ + 11  = dxedxa xx ∫∫ ++ + 11  let 1+= xu , then ( )1+= x
dx
d

dx
du  ; 1=

dx
du  ; dudx = .  Thus, 

 

dxedxa xx ∫∫ ++ + 11  = ∫∫ + duedua uu  = ce
a

a u
u

++
ln

 = ce
a

a x
x

++ +
+

1
1

ln
 

 

Check:  Let ce
a

ay x
x

++= +
+

1
1

ln
, then y ′  = 011ln

ln
1 11 +⋅+⋅⋅ ++ xx eaa

a
 = 11

ln
ln ++ +⋅ xx ea

a
a  = 11 ++ + xx ea  

 

c.  Given ( )∫ ++ dxa x 332  = ∫∫ ++ dxdxa x 332  let 32 += xu , then ( )32 += x
dx
d

dx
du  ; 2=

dx
du  ; 

2
dudx = .  Thus, 

 

∫∫ ++ dxdxa x 332  = xduau 3
2
+⋅∫  = xduau 3

2
1

+∫  = cx
a

au
++ 3

ln2
1  = cx

a
a x

++
+

3
ln2

32
 

 

Check:  Let cx
a

ay
x

++=
+

3
ln2

32
, then y ′  = 032ln

ln2
1 32 ++⋅⋅ + aa

a
x  = 3

ln2
ln2 32 +⋅ +xa

a
a  = 332 ++xa  

 

d.  Given ∫ + dxa x 355  let 35 += xu , then ( )35 += x
dx
d

dx
du  ; 5=

dx
du  ; dxdu 5=  ; 

5
dudx = .  Thus, 

 

∫ + dxa x 355  = xduau 3
5

5 +⋅∫  = ∫ duau
5
5  = ∫ duau  = c

a
au

+
ln

 = c
a

a x
+

+

ln

35
 

 

Check:  Let c
a

ay
x

+=
+

ln

35
, then y ′  = 05ln

ln
1 35 +⋅⋅ + aa

a
x  = 35

ln
ln5 +⋅ xa

a
a  = 355 +xa  

 

e.  Given ( ) dxee xx∫ +
5

1  let 1+= xeu , then ( )1+= xe
dx
d

dx
du  ; xe

dx
du

=  ; dxedu x=  ; 
xe

dudx = .  Therefore, 

 

( ) dxee xx∫ +
5

1  = ∫ ⋅⋅
x

x

e
dueu 5  = ∫ duu5  = cu +6

6
1  = ( ) ce x ++

6
1

6
1  
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Check:  Let ( ) cey x ++=
6

1
6
1 , then y ′  = ( ) 016

6
1 5

+⋅+⋅ xx ee  = ( ) xx ee
5

1
6
6

+  = ( ) xx ee
5

1+  

 

f.  ∫ +
+ dx

x
x

1
2  = ( ) dx

x
x

∫ +
++

1
11  = ∫ ∫ +

+
+
+ dx

x
dx

x
x

1
1

1
1  = ∫ ∫ +

+ dx
x

dx
1

1  = cxx +++ 1ln  
 

Check:  Let cxxy +++= 1ln , then y ′  = 01
1

11 +⋅
+

+
x

 = 
1

11
+
++

x
x  = 

1
2

+
+

x
x  

 

In the following examples we will solve problems using the following two formulas: 

∫ −
dx

ax 22
1  = c

ax
ax

a
+

+
−ln

2
1  

∫ −
dx

xa 22
1  = c

xa
xa

a
+

−
+ln

2
1  

Example 4.5-6:  Evaluate the following indefinite integrals: 

a.  dx
x∫ − 4

1
2

 =    b.  dx
x∫ − 2536

1
2

 =    c.  
( )

dx
x∫ −− 161

1
2

 =  

 

d.  dx
xx∫ ++ 2410

1
2

 =   e.  dx
xx∫ +− 34

1
2

 =    f.  dx
xx∫ +− 14

1
2

 =  

 

g.  dx
xx∫ ++ 7518

1
2

 =   h.  dx
x∫ − 2916

1  =    i.  
( )

dx
x∫ −− 214
1  =  

 

j.  
( )

dt
t∫ +− 2316
1  =   k.  dx

x
dx

xx
x

∫∫ −
+

+

+
22 36

1
3
32  =   l.  ∫∫ −

+
− 22 4

3

5 x

dx

x
dx  =  

 

Solutions: 

a.  dx
x∫ − 4

1
2  = dx

x∫ − 22 2
1  = c

x
x

+
+
−

⋅ 2
2ln

22
1  = c

x
x

+
+
−

2
2ln

4
1  

 

Check:  Let c
x
xy +
+
−

=
2
2ln

4
1  then y ′  = ( ) ( )

( )
0

2

21211
4
1

2
2
2

+
+

−⋅−+⋅
⋅⋅

+
− x

xx

x
x

 = 
( )22

22
2
2

4
1

+

+−+
⋅

−
+

⋅
x

xx
x
x   

= 
2

4
2

1
4
1

+
⋅

−
⋅

xx
 = ( )( )22

1
+− xx

 = 
422

1
2 −−+ xxx

 = 
4

1
2 −x

 

 

b.  dx
x∫ − 2536

1
2  = 

( )
dx

x
∫

− 36
25236

1  = 
( )

dx
x
∫

−
2

6
52

1
36
1  = c

x

x
+

+

−

⋅ 6
5
6
5

6
5

ln
2

1
36
1  = c

x
x

+
+
−

56
56ln

60
1  

 

Check:  Let c
x
xy +
+
−

=
56
56ln

60
1  then y ′  = ( ) ( )

( )
0

56

5665661
60
1

2
56
56

+
+

−⋅−+⋅
⋅⋅

+
− x

xx

x
x

 = 
56
56

60
1

−
+

⋅
x
x   
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( ) 256
30363036

+

+−+
×

x
xx  = 

56
60

56
1

60
1

+
⋅

−
⋅

xx
 = ( )( )5656

1
+− xx

 = 
25303036

1
2 −−+ xxx

 = 
2536

1
2 −x

 

 

c.  
( )

dx
x∫ −− 161

1
2  = 

( )
dx

x∫ −− 22 41
1  = ( )

( ) c
x
x

+
+−
−−

⋅ 41
41ln

42
1  = c

x
x

+
+
−

3
5ln

8
1  

 

Check:  Let c
x
xy +
+
−

=
3
5ln

8
1  then y ′  = ( ) ( )

( )
0

3

51311
8
1

2
3
5

+
+

−⋅−+⋅
⋅⋅

+
− x

xx

x
x

 = 
( )23

53
5
3

8
1

+

+−+
⋅

−
+

⋅
x

xx
x
x   

= 
3

8
5

1
8
1

+
⋅

−
⋅

xx
 = ( )( )35

1
+− xx

 = 
1553

1
2 −−+ xxx

 = 
152

1
2 −− xx

 = 
( ) 161

1
2 −−x

 

 

d.  dx
xx∫ ++ 2410

1
2  = ( ) dx

xx∫ −++ 12510
1

2  = 
( )

dx
x∫ −+ 15

1
2  = ( )

( ) c
x
x

+
++
−+

⋅ 15
15ln

12
1  = c

x
x

+
+
+

6
4ln

2
1  

 

Check:  Let c
x
xy +
+
+

=
6
4ln

2
1  then y ′  = ( ) ( )

( )
0

6

41611
2
1

2
6
4

+
+

+⋅−+⋅
⋅⋅

+
+ x

xx

x
x

 = 
( )26

46
4
6

2
1

+

−−+
⋅

+
+

⋅
x

xx
x
x   

= 
6

2
4

1
2
1

+
⋅

+
⋅

xx
 = ( )( )64

1
++ xx

 = 
2446

1
2 +++ xxx

 = 
2410

1
2 ++ xx

 

 

e.  dx
xx∫ +− 34

1
2  = ( ) dx

xx∫ −+− 144
1

2  = 
( )

dx
x∫ −− 12

1
2  = ( )

( ) c
x
x

+
+−
−−

⋅ 12
12ln

12
1  = c

x
x

+
−
−

1
3ln

2
1  

 

Check:  Let c
x
xy +
−
−

=
1
3ln

2
1  then y ′  = ( ) ( )

( )
0

1

31111
2
1

2
1
3

+
−

−⋅−−⋅
⋅⋅

−
− x

xx

x
x

 = 
( )21

31
3
1

2
1

−

+−−
⋅

−
−

⋅
x

xx
x
x   

= 
1

2
3

1
2
1

−
⋅

−
⋅

xx
 = ( )( )13

1
−− xx

 = 
33

1
2 +−− xxx

 = 
34

1
2 +− xx

 

 

f.  dx
xx∫ +− 14

1
2  = 

( )
dx

xx
∫

−+− 344

1
2

 = 
( ) ( )

dx
x

∫
−−

22 32

1  = ( )
( )

c
x
x

+
+−

−−

32
32ln

32
1  

 

Check:  Let c
x
xy +

+−

−−
=

32
32ln

32
1  then y ′  = ( ) ( )

( )
0

27.0

73.3127.011
46.3
1

2
27.0
73.3

+
−

−⋅−−⋅
⋅⋅

−
− x

xx

x
x

 = 
46.3
1   

( )227.0
73.327.0

73.3
27.0

−

+−−
⋅

−
−

×
x

xx
x
x  = 

27.0
46.3

73.3
1

46.3
1

−
⋅

−
⋅

xx
 = ( )( )27.073.346.3

46.3
−− xx

  

= 
173.327.0

1
2 +−− xxx

 = 
14

1
2 +− xx

 

 

g.  dx
xx∫ ++ 7518

1
2  = 

( )
dx

xx
∫

−++ 68118

1
2

 = 
( ) ( )

dx
x

∫
−+

22 69

1  = ( )
( )

c
x
x

+
++

−+

⋅ 69
69ln

62
1   

 

= ( )
( ) c
x
x

+
++
−+

⋅ 45.29
45.29ln

45.22
1  = c

x
x

+
+
+

45.11
55.6ln

9.4
1  
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Check:  Let c
x
xy +
+
+

=
45.11
55.6ln

9.4
1  then y ′  = ( ) ( )

( )
0

45.11

55.6145.1111
9.4

1
2

45.11
55.6

+
+

+⋅−+⋅
⋅⋅

+
+ x

xx

x
x

 = 
55.6
45.11

9.4
1

+
+

⋅
x
x   

( )245.11
55.645.11

+

−−+
×

x
xx = 

45.11
9.4

55.6
1

9.4
1

+
⋅

+
⋅

xx
 = ( )( )45.1155.6

1
++ xx

 = 
7518

1
2 ++ xx

 

 

h.  dx
x∫ − 2916

1  = ( ) dx
x∫ − 2

9
169

1  = dx
x∫ − 2

9
16

1
9
1  = ( ) dx

x∫ − 22
3
4

1
9
1  = c

x

x
+

−

+

⋅
⋅

3
4
3
4

3
4

ln
2

1
9
1   

 

= c
x

x
+⋅

−

+

3
34

3
34

ln
8
3

9
1  = ( )

( ) c
x
x

+
−
+

343
343

ln
72
3  = c

x
x

+
−
+

34
34ln

24
1  

 

Check:  Let c
x
xy +

−
+

=
34
34ln

24
1  then y ′  = ( ) ( )

( )
0

34

3433431
24
1

2
34
34

+
−

+⋅+−⋅
⋅⋅

−
+ x

xx

x
x

 = 
x
x

34
34

24
1

+
−

⋅   

( )234
912912

x
xx

−

++−
×  = 

xx 34
24

34
1

24
1

−
⋅

+
⋅  = ( )( )xx 3434

1
−+

 = 
29121216

1
xxx −+−

 = 
2916

1
x−

 

 

i.  
( )

dx
x∫ −− 214
1  = 

( )
dx

x∫ −− 22 12
1  = ( )

( ) c
x
x

+
−−
−+

⋅ 12
12ln

22
1  = c

x
x

+
+−
−+

12
12ln

4
1  = c

x
x

+
−
+

3
1ln

4
1  

 

Check:  Let c
x
xy +

−
+

=
3
1ln

4
1  then y ′  = ( ) ( )

( )
0

3

11311
4
1

2
3
1

+
−

+⋅+−⋅
⋅⋅

−
+ x

xx

x
x

 = 
( )23

13
1
3

4
1

x
xx

x
x

−

++−
⋅

+
−

⋅   

= 
xx −

⋅
+

⋅
3

4
1

1
4
1  = ( )( )xx −+ 31

1  = 
233

1
xxx −+−

 = 
223

1
xx −+

 = 
( )214

1
−− x

 

 

j.  
( )

dt
t∫ +− 2316
1  = 

( )
dx

t∫ +− 22 34
1  = ( )

( ) c
t
t

+
+−
++

⋅ 34
34

ln
42

1  = c
t
t

+
−−
++

34
34ln

8
1  = c

t
t
+

−
+

1
7ln

8
1  

 

Check:  Let c
t
ty +

−
+

=
1
7ln

8
1  then y ′  = ( ) ( )

( )
0

1

71111
8
1

2
1
7

+
−

+⋅+−⋅
⋅⋅

−
+ t

tt

t
t

 = 
( )21

71
7
1

8
1

t
tt

t
t

−

++−
⋅

+
−

⋅   

= 
tt −

⋅
+

⋅
1

8
7

1
8
1  = ( )( )tt −+ 17

1  = 
277

1
ttt −+−

 = 
267

1
tt −−

 = 
( )2316
1
+− t

 

 

k.  dx
x

dx
xx

x
∫∫ −

+
+

+
22 36

1
3
32  = ∫∫ −

+
+

+
22632

32
x

dx
x
du

u
x  = ∫∫ −

+
226 x

dx
u
du  = 

x
x

u
du

−
+

⋅
+∫ 6

6ln
62

1   

 

= c
x
xu +

−
+

+
6
6ln

12
1ln  = c

x
xxx +

−
+

++
6
6ln

12
13ln 2  

 

Check:  Let cxxy ++= 3ln 2
1  then '

1y  = 0
3
32

2
+

+

+

xx
x  = 

xx
x

3
32

2 +

+ .  Let c
x
xy +

−
+

=
6
6ln

12
1

2   
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then '
2y  = ( ) ( )

( )
0

6

61611
12
1

2
6
6

+
−

−⋅++⋅
⋅⋅

−
+ x

xx

x
x

 = 
( )26

66
6
6

12
1

x
xx

x
x

−

−++
⋅

+
−

⋅  = 
xx −

⋅
+

⋅
6
12

6
1

12
1   

= ( )( )xx −+ 66
1  = 

26636
1

xxx −+−
 = 

236
1

x−
 

 

l.  ∫∫ −
+

− 22 4

3

5 x

dx

x
dx  = 

( ) ∫∫ −
+

−
2222 2

3

5 x

dx

x

dx  = c
x
x

x
x

+
−
+

+
+

−
2
2ln

4
3

5
5ln

52
1  

 

Check:  Let c
x
xy +
+

−

⋅
=

5
5ln

52
1

1  then '
1y  = ( ) ( )

( )
0

5

51511
52

1
2

5
5

+
+

−⋅−+⋅
⋅⋅

+
− x

xx

x
x

 = 
5
5

52
1

−

+
⋅

x
x   

( )25

55

+

+−+
×

x

xx  = 
5

52
5

1
52

1
+

⋅
−

⋅
xx

 = 
( )( )55

1

+− xx
 = 

555
1

2 −−+ xxx
 = 

5
1

2 −x
.  

Let c
x
xy +

−
+

=
2
2ln

4
3

2  then '
2y  = ( ) ( )

( )
0

2

21211
4
3

2
2
2

+
−

−⋅++⋅
⋅⋅

−
+ x

xx

x
x

 = 
( )22

22
2
2

4
3

x
xx

x
x

−

−++
⋅

+
−

⋅   

= 
xx −

⋅
+

⋅
2

4
2

1
4
3  = ( )( )xx −+ 22

3  = 
2224

3
xxx −+−

 = 
24

3
x−

 

 

Section 4.5 Practice Problems – Integration of Expressions Resulting in Exponential or Logarithmic Functions 

1.  Evaluate the following indefinite integrals. 

a.  ∫ +12x
dx  =      b.  ∫ −

dx
ax

x
2

 =      c.  ∫ −
dx

x
x

14

3
 =  

d.  ∫ 







−
+

+
dx

xx 5
3

3
1  =     e.  dxxe x∫

23  =      f.  ∫ −
dx

e
e

x

x

5

5

1
 =  

g.  dxe ax∫ −3  =      h.  ( )∫ −−+ dxeex xx 523  =     i.  dx
x

e x

∫ 45

3
1

 =  

2.  Evaluate the following indefinite integrals. 

a.  ( )∫ + dxee xx 55 53  =     b.  ( ) dxee xx 5
1∫ −  =      c.  dx

x
x

∫ + 3

2

1
 =  

d.  dx
x

x
∫ + 5

4

1
 =      e.  ∫ +

+ dx
x
x

6
7  =      f.  ∫ +

+ dx
x
x

5
9  =  

g.  ∫ + dxxa kx2
 =      h.  ∫ + dxxax 253

3
2  =      i.  ( ) dxee xx∫ + 232 3  =  

j.  
( )

dx
x∫ −+ 251

1
2  =     k.  dx

xx∫ ++ 86
1

2  =      l.  
( )

dx
x∫ −− 219
1  =  
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Chapter 5 
Integration (Part II) 

 
Quick Reference to Chapter 5 Problems 
5.1       Integration by Parts ................................................................................................... 287 

dxxe x∫ 2cos2  = ;   dxxe x sin∫  = ;   dxxx∫ 3cos  =  

5.2       Integration Using Trigonometric Substitution ........................................................ 308 

∫
− 2

2

36 x

dxx  = ;   
( )∫
+

229 x

dx  = ;   ∫
−124 xx

dx  =  

5.3       Integration by Partial Fractions ............................................................................... 320 
Case I - The Denominator Has Distinct Linear Factors   320 

( )( )∫ +−
+ dx

xxx
x

32
1  = ;   ( )( ) dx

xx∫ ++ 21
1  = ;   ( )( )∫ +−

+ dx
xxx

x
11

12
 =  

Case II - The Denominator Has Repeated Linear Factors   327 

( )∫ −

+ dx
xx
x

21
3  = ;   

( )∫ −
dx

xx 1
1

2  = ;   
( )∫ −

dx
xx 21

5  =  

Case III - The Denominator Has Distinct Quadratic Factors   334 

( )∫
+

+− dx
xx

xx

1

3
2

2
 = ;   

( )∫
+

dx
xx 25

1
2

 = ;   
( )∫

+
dx

xx 16

1
22

 =  

Case IV - The Denominator Has Repeated Quadratic Factors   344 

( )∫
+

dx
x

x
22

2

1
 = ;   

( )∫
+

+ dx
x

x
22

2

4

1  = ;   
( )∫

+
dx

x

x
22

3

2
 =  

5.4       Integration of Hyperbolic Functions ........................................................................ 350 

∫ dxx
5
1cosh  = ;   ( )∫ + dxxx 2cosh4sinh  = ;   ∫ dxxhx 322 csc  =  
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Chapter 5 – Integration (Part II) 
 
The objective of this chapter is to improve the student’s ability to solve additional problems 
involving integration.  A method used to integrate functions, known as Integration by Parts, is 
addressed in Section 5.1.  Integration of functions using the Trigonometric Substitution method 
is discussed in Section 5.2.  Integration of functions using the Partial Fractions technique is 
addressed in Section 5.3.  Four different cases, depending on the denominator having distinct 
linear factors, repeated linear factors, distinct quadratic factors, or repeated quadratic factors, are 
addressed in this section.  Finally, integration of hyperbolic functions is discussed in Section 5.4.  
Each section is concluded by solving examples with practice problems to further enhance the 
student’s ability. 

5.1 Integration by Parts 
Integration by parts is a technique for replacing hard to integrate integrals by ones that are easier 
to integrate.  This technique applies mainly to integrals that are in the form of ( ) ( ) dxxgxf∫  where 

in most cases ( )xf  can be differentiated several times to become zero and ( )xg  can be integrated 
several times without difficulty.  For example, given the integral dxex x∫ 32  the function ( ) 2xxf =  

can be differentiated three times to become zero and the function ( ) xexg 3=  can be integrated 
several times easily.  On the other hand, integrals such as dxxe x∫ 2cos2  and dxxe x∫ − 3sin3 do not 

fall under the category described above.  In this section we will learn how to apply Integration by 
Parts method in solving various integrals.  The formula for integration by parts comes from the 
product rule, i.e.,  

( )
dx
duv

dx
dvuuv

dx
d

+=  

where u  and v  are differentiable functions of x , multiplying both sides of the equation by dx  we 
obtain 

( ) duvdvuuvd +=  
rearranging the terms we then have 

( ) duvuvddvu −=  
integrating both sides of the equation we obtain 

∫∫ −= duvuvdvu  

The above formula is referred to as the Integration by Parts Formula.  Note that in using the 
above equality we must first select dv  such that it is easily integrable and second ensure that 

∫ dvu  is easier to evaluate than ∫ dvu .  In the following examples we will solve problems using 

the Integration by Parts method. 
 

Example 5.1-1:  Evaluate the following indefinite integrals: 

a.  dxex x∫  =             b.  dxex x∫ 32  =        c.  dxex x∫ −2  =  

d.  dxx∫ ln  =             e.  dxxx∫ ln  =        f.  dxxx∫ ln3  =  
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g.  dxxe x∫ 2cos2  =            h.  dxxe x sin∫  =       i.  dxxx∫ 3cos  =  

Solutions: 

a.  Given dxxe x∫  let xu =  and dxedv x=  then dxdu =  and ∫∫ = dxedv x  which implies xev = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 
 

dxxe x∫  = ∫− dxexe xx  = cexe xx +−  = ( ) cxe x +−1  
 

Check:  Let ( ) cxey x +−= 1 , then y ′  = ( ) 011 +⋅+−⋅ xx exe  = xxx eexe +−  = xxx eexe +−  = xxe  
 

b.  Given dxex x∫ 32  let 2xu =  and dxedv x3=  then dxxdu 2=  and ∫∫ = dxedv x3  which implies xev 3
3
1

= . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxex x∫ 32  = ∫ ⋅−⋅ dxxeex xx 2
3
1

3
1 332  = ∫− dxexex x

x
3

32

3
2

3
                                                      ( )1  

To integrate ∫ dxex x3  let xu =  and dxedv x3=  then dxdu =  and ∫∫ = dxedv x3  which implies  

xev 3
3
1

= .  Therefore, ∫ dxex x3  = dxeex xx ∫−⋅ 33
3
1

3
1  = cexe xx

+−
93

33
                                     ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dxex x∫ 32  = ∫− dxexex x
x

3
32

3
2

3
 = 










+−− cexeex xxx

933
2

3

3332
 = cexeex xxx ++− 3332

27
2

9
2

3
1  

 

Check:  Let cexeexy xxx ++−= 3332
27
2

9
2

3
1 , then y ′  = ( ) ( )xeexeex xxxx ⋅+⋅−⋅+⋅ 33233 31

9
232

3
1   

03
27
2 3 +⋅+ xe  = xxxxx exeeexxe 333323

9
2

3
2

9
2

3
2

+−−+  = xex 32  
 

c.  Given dxex x∫ −2  let xu =  and dxedv x2−=  then dxdu =  and ∫∫ −= dxedv x2  which implies  

xev 2
2
1 −−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  

 

dxex x∫ −2  = ∫ −− +−⋅ dxeex xx 22
2
1

2
1  = ∫ −− +− dxeex xx 22

2
1

2
1  = ceex xx +−− −− 22

4
1

2
1  

 

Check:  Let ceexy xx +−−= −− 22
4
1

2
1 , then y ′  = ( ) 02

4
121

2
1 222 +−⋅−⋅−⋅− −−− xxx exee  = xe 2

2
1 −−   

xx exe 22
2
1 −− +  = xxe 2−  
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d.  Given dxx∫ ln  let xu ln=  and dxdv =  then dx
x

du 1
=  and ∫∫ = dxdv  which implies xv = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxx∫ ln  = ∫ ⋅−⋅ dx
x

xxx 1ln  = ∫− dxxx ln  = cxxx +−ln  
 

Check:  Let cxxxy +−= ln , then y ′  = 011ln1 +−





 ⋅+⋅ x

x
x  = 11ln −+x  = xln  

e.  Given dxxx∫ ln  let xu ln=  and dxxdv =  then dx
x

du 1
=  and ∫∫ = dxxdv  which implies 2

2
1 xv = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxx∫ ln  = ∫ ⋅−⋅ dx
x

xxx 1
2
1

2
1ln 22  = ∫− dxxxx

2
1ln

2
1 2  = cxxx +− 22

4
1ln

2
1  

 

Check:  Let cxxxy +−= 22
4
1ln

2
1 , then y ′  = 02

4
11ln2

2
1 2 +⋅−






 ⋅+⋅ xx

x
xx  = xxxx

2
1

2
1ln −+  = xx ln  

 

f.  Given dxxx∫ ln3  let xu ln=  and dxxdv 3=  then dx
x

du 1
=  and ∫∫ = dxxdv 3  which implies 4

4
1 xv = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxx∫ ln  = ∫ ⋅−⋅ dx
x

xxx 1
4
1

4
1ln 44  = ∫− dxxxx 34

4
1ln

4
1  = cxxx +− 44

16
1ln

4
1  

 

Check:  Let cxxxy +−= 44
16
1ln

4
1 , then y ′  = 04

16
11ln4

4
1 343 +⋅−






 ⋅+⋅ xx

x
xx  = 33

4
1ln xxx +   

3
4
1 x−  = xx ln3  

g.  Given dxxe x∫ 2cos2  let xeu 2=  and dxxdv 2cos=  then dxedu x22=  and ∫∫ = dxxdv 2cos  which  

implies xv 2sin
2
1

= .  Using the integration by parts formula ∫∫ −= duvvudvu  we  
 

obtain dxxe x∫ 2cos2  = ∫ ⋅−⋅ dxexxe xx 22 22sin
2
12sin

2
1  = ∫− dxxe

xe x
x

2sin
2

2sin 2
2

                ( )1  
 

To integrate ∫ dxxe x 2sin2  let xeu 2=  and dxxdv 2sin=  then dxedu x22=  and ∫∫ = dxxdv 2sin  which  

implies xv 2cos
2
1

−= .  Thus, ∫ dxxe x 2sin2  = ∫ ⋅+−⋅ dxexxe xx 22 22cos
2
12cos

2
1  = 

2
2cos2 xe x

−  

∫+ dxxe x 2cos2      ( )2 .  Combining equations ( )1  and ( )2  together we obtain: 
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dxxe x∫ 2cos2  = ∫− dxxe
xe x

x
2sin

2
2sin 2

2
 = 











+−− ∫ dxxe

xexe x
xx

2cos
2

2cos
2

2sin 2
22

 = 
2

2sin2 xe x
  

∫−+ dxxe
xe x

x
2cos

2
2cos 2

2
.  Taking the ∫ dxxe x 2cos2  from the right hand side of the equation  

to the left hand side we obtain dxxedxxe xx ∫∫ + 2cos2cos 22  = 
2

2cos
2

2sin 22 xexe xx
+  which implies  

dxxe x∫ 2cos2 2  = 
2

2cos
2

2sin 22 xexe xx
+  and dxxe x∫ 2cos2  = ( ) cxexe xx ++ 2cos2sin

4
1 22  

 

Check:  Let ( ) cxexey xx ++= 2cos2sin
4
1 22 , then y ′  = xeexxe xxx 2cos

4
22cos

4
22sin

4
2 222 ⋅+⋅+⋅   

02sin
4
2 2 +⋅− xex  = xexexe xxx 2sin

4
22cos

4
42sin

4
2 222 −+  = xe x 2cos

4
4 2  = xe x 2cos2  

 

h.  Given dxxe x sin∫  let xeu =  and dxxdv sin=  then dxedu x=  and ∫∫ = dxxdv sin  which implies 

xv cos−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 
 

dxxe x sin∫  = ∫ ⋅−−−⋅ dxexxe xx coscos  = ∫+− dxxexe xx coscos                                         ( )1  
 

To integrate ∫ dxxe x cos  let xeu =  and dxxdv cos=  then dxedu x=  and ∫∫ = dxxdv cos  which  

implies xv sin= .  Thus, ∫ dxxe x cos  = ∫ ⋅−⋅ dxexxe xx sinsin  = ∫− dxxexe xx sinsin            ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dxxe x sin∫  = ∫+− dxxexe xx coscos  = ∫−+− dxxexexe xxx sinsincos  

Taking the ∫ dxxe x sin  from the right hand side of the equation to the left hand side we obtain  
 

dxxedxxe xx sinsin ∫∫ +  = xexe xx sincos +−  which implies dxxe x∫ sin2  = xexe xx sincos +−   
 

and dxxe x∫ sin  = cxexe xx ++− sin
2
1cos

2
1  

 

Check:  Let cxexey xx ++−= sin
2
1cos

2
1 , then y ′  = xxxx exxeexxe ⋅+⋅+⋅+⋅− cos

2
1sin

2
1sin

2
1cos

2
1   

= xexexexe xxxx cos
2
1sin

2
1sin

2
1cos

2
1

+++−  = xexe xx sin
2
1sin

2
1

+  = xe x sin  
 

i.  Given dxxx∫ 3cos  let xu =  and dxxdv 3cos=  then dxdu =  and ∫∫ = dxxdv 3cos  which implies  
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xv 3sin
3
1

= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxx∫ 3cos  = ∫−⋅ dxxxx 3sin
3
13sin

3
1  = cxxx ++ 3cos

9
13sin

3
1  

 

Check:  Let cxxxy ++= 3cos
9
13sin

3
1 , then y ′  = ( ) 033sin

9
133cos3sin1

3
1

+⋅⋅−⋅⋅+⋅ xxxx  = x3sin
3
1  

xxx 3sin
3
13cos

3
3

−+  = xx 3cos  

Example 5.1-2:  Evaluate the following indefinite integrals: 

a.  dxxx∫ 5sec2  =           b.  ( ) dxxx∫ +1sec2  =    c.  dxxx
∫ 2sin

3
 =  

d.  dxxarc 6sin∫  =           e.  dyyarc sin
5
1
∫  =    f.  dxxarc cos∫  =  

g.  dxxarc
2

cos∫  =           h.  dxxarc 10tan∫  =    i.  
( )

dx
x

ex x

∫ + 21
 =  

Solutions: 

a.  Given dxxx∫ 5sec2  let xu =  and dxxdv 5sec2=  then dxdu =  and ∫∫ = dxxdv 5sec2  which implies  

xv 5tan
5
1

= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxx∫ 5sec2  = ∫−⋅ dxxxx 5tan
5
15tan

5
1  = cxxx +− 5secln

25
15tan

5
1  

 

Check:  Let cxxxy +−= 5secln
25
15tan

5
1 , then y ′  = ( ) 05

5sec25
5tan5sec

55sec5tan1
5
1 2 +⋅−⋅⋅+⋅

x
xx

xxx   

= 
x

xxxxx
5sec25

5tan5sec5
5

5sec5
5
5tan 2

−+  = 
5

5tan
5sec

5
5tan 2 x

xx
x

−+  = xx 5sec2  

b.  Given ( ) dxxx∫ +1sec2  let xu =  and ( ) dxxdv 1sec2 +=  then dxdu =  and ( )∫∫ += dxxdv 1sec2   

which implies ( )1tan += xv .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 
 

( ) dxxx∫ +1sec2  = ( ) ( )∫ +−+⋅ dxxxx 1tan1tan  = ( ) ( ) cxxx ++−+ 1secln1tan  
 

Check:  Let ( ) ( ) cxxxy ++−+= 1secln1tan , then y ′  = ( ) ( ) ( ) ( )
( ) 0

1sec
1tan1sec

1sec1tan1 2 +
+

++
−⋅+++⋅

x
xx

xxx   

= ( ) ( ) ( )1tan1sec1tan 2 +−+++ xxxx  = ( )1sec2 +xx  

c.  Given dxxx
∫ 2sin

3
 let 

3
xu =  and dxxdv 2sin=  then 

3
dxdu =  and ∫∫ = dxxdv 2sin  which implies  
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xv 2cos
2
1

−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxx
∫ 2sin

3
 = ∫+−⋅

3
2cos

2
12cos

2
1

3
dxxxx  = cxxx ++− 2sin

12
12cos

6
1  

 

Check:  Let cxxxy ++−= 2sin
12
12cos

6
1 , then y ′  = ( ) 022cos

12
122sin2cos1

6
1

+⋅+⋅⋅−⋅− xxxx   

= xxxx 2cos
6
12sin

3
12cos

6
1

++−  = xx 2sin
3

 

d.  Given dxxarc 6sin∫  let xarcu 6sin=  and dxdv =  then 
( )261

6

x

dx
du

−
=  and ∫∫ = dxdv  which  

implies xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxarc 6sin∫  = ∫
−

⋅−⋅
2361

6
6sin

x

dx
xxxarc  = ∫

−
−

2361
66sin

x

dxx
xarcx                                   ( )1  

To integrate ∫
− 2361 x

dxx  use the substitution method by letting 2361 xw −=  then x
dx
dw 72−=  and  

x
dwdx
72

−=   Therefore, ∫
− 2361 x

dxx  = 
x

dw
w
x

72−∫  = ∫−
w

dw
72
1  = ∫

−
− dww 2

1

72
1  = 2

11

2
11

1
72
1 −

−
⋅− w   

= 2
12

2
12

1
72
1 −

−
⋅− w  = 2

1

1
2

72
1 w⋅−  = 2

1

36
1 w−  = ( )2

1
2361

36
1 x−−                                                     ( )2  

Combining equations ( )1  and ( )2  together we obtain 

dxxarc 6sin∫  = ∫
−

−
2361

66sin
x

dxx
xarcx  = ( ) cxxarcx +−+ 2

1
2361

36
66sin  = ( ) cxxarcx +−+ 2

1
2361

6
16sin  

 

Check:  Let ( ) cxxarcxy +−+= 2
1

2361
6
16sin , then y ′  = 0

361

72
12
1

361

66sin
22
+

−
−

−
+

x

x

x

xxarc  

= 
22 361

6

361

66sin
x

x

x

xxarc
−

−
−

+  = xarc 6sin  

e.  Given dyyarc sin
5
1
∫  let yarcu sin=  and dydv =  then 

21 y

dydu
−

=  and ∫∫ = dydv  which implies 

yv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dyyarc sin
5
1
∫  = ∫

−
⋅−⋅

215
1sin

5
1

y

dyyyyarc  = ∫
−

−
215

1sin
5
1

y

dyy
yarcy                                 ( )1  
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To integrate ∫
− 21 y

dyy  use the substitution method by letting 21 yw −=  then y
dy
dw 2−=  and  

y
dwdy
2

−=   Therefore, ∫
− 21 y

dyy  = 
y

dw
w
y

2−∫  = ∫−
w

dw
2
1  = ∫

−
− dww 2

1

2
1  = 2

11

2
11

1
2
1 −

−
⋅− w   

= 2
12

2
12

1
2
1 −

−
⋅− w  = 2

1

1
2

2
1 w⋅−  = 2

1
w−  = ( )2

1
21 y−−                                                                    ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dyyarc sin
5
1
∫  = ∫

−
−

215
1sin

5
1

y

dyy
yarcy  = ( ) cyyarcy +−+ 2

1
21

5
1sin

5
1  

Check:  Let ( ) cyyarcyw +−+= 2
1

21
5
1sin

5
1 , then w′  = 0

1

2
2
1

5
1

15
1sin

5
1

22
+

−
⋅⋅−

−
+

y

y

y

yyarc  

= 
22 15

1

15
1sin

5
1

y

y

y

yyarc
−

−
−

+  = yarc sin
5
1  

f.  Given dxxarc cos∫  let xarcu cos=  and dxdv =  then 
21 x

dx
du

−

−
=  and ∫∫ = dxdv  which implies 

xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxarc cos∫  = ∫
−

−
⋅−⋅

21
cos

x

dxxxxarc  = ∫
−

+
21

cos
x

dxx
xarcx                                               ( )1  

To integrate ∫
− 21 x

dxx  use the substitution method by letting 21 xw −=  then x
dx
dw 2−=  and  

x
dwdx
2

−=   Therefore, ∫
− 21 x

dxx  = 
x

dw
w
x

2−∫  = ∫−
w

dw
2
1  = ∫

−
− dww 2

1

2
1  = 2

11

2
11

1
2
1 −

−
⋅− w   

= 2
12

2
12

1
2
1 −

−
⋅− w  = 2

1

1
2

2
1 w⋅−  = 2

1
w−  = ( )2

1
21 x−−                                                                    ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

 

dxxarc cos∫  = ∫
−

+
21

cos
x

dxx
xarcx  = ( ) cxxarcx +−− 2

1
21cos  

Check:  Let ( ) cxxarcxy +−−= 2
1

21cos , then y ′  = 0
1

2
2
1

1
cos

22
+

−

−
−

−
−

x

x

x

xxarc  = xarc cos  

22 11 x

x

x

x

−
+

−
−  = xarc cos  
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g.  Given dxxarc
2

cos∫  let 
2

cos xarcu =  and dxdv =  then 
( )2212 x

dx
du

−

−
=  and ∫∫ = dxdv  which  

implies xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxarc
2

cos∫  = 
( )∫

−

−
⋅−⋅

2
212

2
cos

x

dxxxxarc  = 
( )∫

−
+

2
21

2
1

2
cos

x

dxxxarcx                                   ( )1  

To integrate 
( )∫

−
2

21 x

dxx  use the substitution method by letting ( )221 xw −=  then 
22

1
2

2 xx
dx
dw

−=⋅−=   

and dw
x

dx 2
−=   Therefore, 

( )∫
−

2
21 x

dxx  = 
x
dw

w
x 2−

∫  = ∫−
w

dw2  = ∫
−

− dww 2
1

2  = 2
11

2
11

12
−

−
⋅− w   

= 2
12

2
12

12
−

−
⋅− w  = 2

1

1
22 w⋅−  = 2

1
4w−  = ( ) 2

1
2

214 



 −− x                                                                ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dxxarc
2

cos∫  = 
( )∫

−
+

2
21

2
1

2
cos

x

dxxxarcx  = ( ) cxarcx x +



 −−

2
1

2
21

2
4

2
cos  = ( ) cxarcx x +



 −−

2
1

2
212

2
cos  

Check:  Let ( ) cxarcxy x +



 −−=

2
1

2
212

2
cos , then y ′  = 

( ) ( )
0

2
1

112
2

cos
2

2
2

2

+−⋅
−

−
−

−
xx

xxxarc   

= 
( ) ( )22

2
2 1212

2
cos

xx

xxxarc
−

+
−

−  = 
2

cos xarc  

h.  Given dxxarc 10tan∫  let xarcu 10tan=  and dxdv =  then 
( )2101

10

x

dx
du

+
=  and ∫∫ = dxdv  which  

implies xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

dxxarc 10tan∫  = 
( )∫ +

⋅−⋅
2101

10
10tan

x

dx
xxxarc  = 

( )∫ +
−

2101
1010tan

x

dxx
xarcx                             ( )1  

To integrate 
( )∫ + 2101 x

dxx  use the substitution method by letting ( )2101 xw +=  then x
dx
dw 200=   

And 
x

dwdx
200

=   Thus, 
( )∫ + 2101 x

dxx  = 
x

dw
w
x

200∫  = ∫ w
dw

200
1  = wln

200
1  = ( )2101ln

200
1 x+     ( )2  

Combining equations ( )1  and ( )2  together we obtain: 
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dxxarc 10tan∫  = 
( )∫ +

−
2101

1010tan
x

dxx
xarcx  = ( ) cxxarcx ++− 2101ln

20
110tan  

 

Check:  Let ( ) cxxarcxy ++−= 2101ln
20
110tan , then y ′  = 

( ) ( )
0

101
20

20
1

101
10tan

22
+

+
−

+
+

x
x

x
xxarc   

( ) ( )22 101101
10tan

x
x

x
xxarc

+
−

+
+  = xarc 10tan  

i.  Given 
( )

dx
x

ex x

∫ + 21
 let xxeu =  and ( ) dxxdv 21 −+=  then ( ) dxxedu x += 1  and ( )∫∫ −+= dxxdv 21   

which implies 
x

v
+

−=
1

1 .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

( )
dx

x

ex x

∫ + 21
 = ( ) ( )∫ +⋅

+
−

−
+
−

⋅ dxxe
xx

xe xx 1
1

1
1

1  = ∫++
− dxe

x
xe x

x

1
 = ce

x
xe x

x
++

+
−
1

 = ( )
c

x
xexe xx
+

+
++−

1
1  

 

= c
x

xeexe xxx
+

+
++−

1
 = c

x
e x

+
+1

 

Check:  Let c
x

ey
x

+
+

=
1

, then y ′  = ( )
( )

0
1

1
2

+
+

−+

x

exe xx
 = 

( )21 x
exee xxx

+

−+  = 
( )21 x

xe x

+
 

Example 5.1-3:  Evaluate the following indefinite integrals: 

a.  dxx∫ 3sin  =           b.  dxx∫ 2sin  =     c.  dxx∫ arctan  =  

d.  ( ) dxx∫ lnsin  =           e.  dxex x∫ 2  =     f.  dxxx∫ sin3  =  

g.  dxxx∫ 3cos2  =           h.  dxxe x cos∫ −  =    i.  dxxe x 3sin3∫ −  =  

Solutions: 

a.  Given dxxxdxx sinsinsin 23 ⋅= ∫∫  let xu 2sin=  and dxxdv sin=  then dxxxdu cossin2=  and  

∫∫ = dxxdv sin  which implies xv cos−= .  Using the integration by parts formula ∫∫ −= duvvudvu  

we obtain dxx∫ 3sin  = ∫ ⋅+−⋅ dxxxxxx cossin2coscossin 2  = ∫+− dxxxxx sincos2cossin 22    ( )1  

To integrate ∫ dxxx sincos2  use the integration by parts method again, i.e., let xu 2cos=  and  

dxxdv sin=  then dxxxdu cossin2−=  and ∫∫ = dxxdv sin  which implies xv cos−= .  Therefore,  

∫ dxxx sincos2  = ∫ ⋅−−⋅ dxxxxxx cossin2coscoscos2  = ∫−− dxxxx sincos2cos 23 .  Taking the  

integral ∫− dxxx sincos2 2  from the right hand side of the equation to the left side we obtain 
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∫∫ + dxxxdxxx sincos2sincos 22  = x3cos− .  Therefore, ∫ dxxx sincos2  = x3cos
3
1

−             ( )2  

Combining equations ( )1  and ( )2  together we have  

dxx∫ 3sin  = ∫+− dxxxxx sincos2cossin 22  = cxxx +−⋅+− 32 cos
3
12cossin  = cxxx +−− 32 cos

3
2cossin  

 

( ) cxxx +−−− 32 cos
3
2coscos1  = cxxx +






 −+− 33 cos

3
2coscos  = cxx +− coscos

3
1 3  

 
Note that another method of solving the above problem (as was shown in Section 4.3) is in the 
following way: 

dxx∫ 3sin  = dxxx sinsin 2 ⋅∫  = ( ) dxxx sincos1 2 ⋅−∫  let xu cos= , then x
dx
du sin−=  and 

x
dudx

sin
−= . 

 

Therefore, dxx∫ 3sin  = dxxx sinsin 2 ⋅∫  = ( ) dxxx sincos1 2 ⋅−∫  = ( )
x

duxu
sin

sin1 2 −⋅⋅−∫   

 

= ( )duu∫ −− 21  = duu∫ −12  = cuu +−3
3
1  = cxx +− coscos

3
1 3  

Check:  Let cxxy +−= coscos
3
1 3 , then y ′  = 0sinsincos3

3
1 2 ++−⋅⋅ xxx  = xxx sinsincos2 +−   

= ( )xx 2cos1sin −  = xx 2sinsin  = x3sin  

b.  Given dxxxdxx sinsinsin 2 ⋅= ∫∫  let xu sin=  and dxxdv sin=  then dxxdu cos=  and ∫∫ = dxxdv sin  

which implies xv cos−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxx∫ 2sin  = ∫ ⋅+−⋅ dxxxxx coscoscossin  = ∫+− dxxxx 2coscossin  = ( )∫ −+− dxxxx 2sin1cossin   

= ∫−+− dxxxxx 2sincossin .  Taking the integral dxx∫ 2sin  from the right hand side of the  

equation to the left side we have dxxdxx ∫∫ + 22 sinsin  = xxx +− cossin .  Therefore,  

dxx∫ 2sin2  = xxx +− cossin  and dxx∫ 2sin  = cxxx ++−
2

cossin
2
1  = cxx ++−

2
2sin

4
1  

 
or, we can solve the given integral in the following way: 

dxx∫ 2sin  = ( ) dxx∫ − 2cos1
2
1  = dxxdx 2cos

2
1

2
1

∫∫ −  = c
xx
+⋅−

2
2sin

2
1

2
 = cxx ++−

2
2sin

4
1  

 

Check:  Let cxxy ++−=
2

2sin
4
1 , then y ′  = 0

2
122cos

4
1

++⋅− x  = 
2
12cos

2
1

+− x  = ( )x2cos1
2
1

−  = x2sin  or, 
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Let cxxxy ++−=
2

cossin
2
1 , then y ′  = 0

2
1sinsin

2
1coscos

2
1

+++− xxxx  = 
2
1sin

2
1cos

2
1 22 ++− xx  

= ( )
2
1sin

2
1sin1

2
1 22 ++−− xx  = 

2
1sin

2
1sin

2
1

2
1 22 +++− xx  = xx 22 sin

2
1sin

2
1

+  = x2sin  

c.  Given dxx∫ arctan  let xarcu tan=  and dxdv =  then 
21 x

dxdu
+

=  and ∫∫ = dxdv  which implies 

xv = .  Substituting the integral with its equivalent value ∫∫ −= duvvudvu  we obtain  
 

dxxx∫ arctan  = ∫ +
⋅−⋅

21
tan

x

dx
xxxarc  = ∫ +

−
21

tan
x

dxx
xarcx                                                  ( )1  

To integrate ∫ + 21 x

dxx  use the substitution method by letting 21 xw +=  then x
dx
dw 2=  and 

x
dwdx
2

=  

Therefore, ∫ + 21 x

dxx  = 
x

dw
w
x

2∫  = ∫ w
dw

2
1  = wln

2
1  = 21ln

2
1 x+                                             ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dxxx∫ arctan  = ∫ +
−

21
tan

x

dxx
xarcx  = cxxarcx ++− 21ln

2
1tan  

 

Check:  Let cxxarcxy ++−= 21ln
2
1tan , then y ′  = 0

1
2

2
1

1
tan

22
+

+
−

+
+

x
x

x
xxarc  = xarc tan  

22 11 x
x

x
x

+
−

+
+  = xarc tan  

d.  Given ( ) dxx∫ lnsin  let ( )xu lnsin=  and dxdv =  then ( )
dx

x
x

du
lncos

=  and ∫∫ = dxdv  which  

implies xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

( ) dxx∫ lnsin  = ( ) ( )
∫ ⋅−⋅ dx

x
x

xxx
lncos

lnsin  = ( ) ( )∫− dxxxx lncoslnsin                                   ( )1  

To integrate ( )∫ dxxlncos  use the integration by parts formula again, i.e., let ( )xu lncos=  and  

dxdv =  then ( )
dx

x
x

du
lnsin−

=  and ∫∫ = dxdv  which implies xv = .  Therefore, ( )∫ dxxlncos   

= ( ) ( )
∫ ⋅+⋅ dx

x
x

xxx
lnsin

lncos  = ( ) ( )∫+ dxxxx lnsinlncos                                                      ( )2  

Combining equations ( )1  and ( )2  together we have 

( ) dxx∫ lnsin  = ( ) ( )∫− dxxxx lncoslnsin  = ( ) ( ) ( )∫−− dxxxxxx lnsinlncoslnsin   

Taking the integral ( ) dxx∫− lnsin  from the right hand side of the equation to the left hand side  



Calculus I  5.1  Integration by Parts  

Hamilton Education Guides   298 

we obtain ( ) ( ) dxxdxx ∫∫ + lnsinlnsin  = ( ) ( ) cxxxx +− lncoslnsin  Therefore,  

( ) dxx∫ lnsin2  = ( ) ( ) cxxxx +− lncoslnsin  and thus ( ) dxx∫ lnsin  = ( ) ( ) cxxxx
+− lncos

2
lnsin

2
 

 

Check:  Let ( ) ( ) cxxxxy +−= lncos
2

lnsin
2

, then y ′  = ( ) ( ) ( ) ( )
0

2
lnsin

2
lncos

2
lncos

2
lnsin

++−+
x

xxx
x

xxx   

= ( ) ( ) ( ) ( )
2
lnsin

2
lncos

2
lncos

2
lnsin xxxx

+−+  = ( ) ( )
2
lnsin

2
lnsin xx

+  = ( )xlnsin  

e.  Given dxex x∫ 2  let 2xu =  and dxedv x=  then dxxdu 2=  and ∫∫ = dxedv x  which implies xev = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxex x∫ 2  = ∫ ⋅−⋅ dxxeex xx 22  = ∫− dxexex xx 22                                                                  ( )1  

To integrate dxex x∫  use the integration by parts formula again, i.e., let xu =  and dxedv x=   

Then dxdu =  and ∫∫ = dxdv  which implies xev = .  Therefore,  

dxex x∫  = ∫ ⋅−⋅ dxeex xx  = ∫− dxexe xx  = xx exe −                                                                ( )2  

Combining equations ( )1  and ( )2  together we have 

dxex x∫ 2  = ∫− dxexex xx 22  = ( ) cexeex xxx +−− 22  = cexeex xxx ++− 222  
 

Check:  Let cexeexy xxx ++−= 222 , then y ′  = 02222 2 ++−−+ xxxxx exeeexxe  = xex 2  
 

f.  Given dxxx∫ sin3  let 3xu =  and dxxdv sin=  then dxxdu 23=  and ∫∫ = dxxdv sin  which implies  

xv cos−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxx∫ sin3  = ∫ ⋅+−⋅ dxxxxx 23 3coscos  = ∫+− dxxxxx cos3cos 23                                          ( )1  

To integrate dxxx∫ cos2  use the integration by parts formula again, i.e., let 2xu =  and dxxdv cos=  

then dxxdu 2=  and ∫∫ = dxxdv cos  which implies xv sin= .  Using the integration by parts  

formula ∫∫ −= duvvudvu  we obtain 

dxxx∫ cos2  = ∫ ⋅−⋅ dxxxxx 2sinsin2  = ∫− dxxxxx sin2sin2                                                 ( )2  

To integrate dxxx∫ sin  use the integration by parts formula again, i.e., let xu =  and dxxdv sin=  
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then dxdu =  and ∫∫ = dxxdv sin  which implies xv cos−= .  Using the integration by parts  

formula ∫∫ −= duvvudvu  we obtain 

dxxx∫ sin  = ∫ ⋅+−⋅ dxxxx coscos  = xxx sincos +−                                                                 ( )3  

Combining equations ( )1 , ( )2  and ( )3  together we have 
 

dxxx∫ sin3  = ∫+− dxxxxx cos3cos 23  = ∫−+− dxxxxxxx sin6sin3cos 23  = xxxx sin3cos 23 +−   

 
cxxx +−+ sin6cos6  

Check:  Let cxxxxxxxy +−++−= sin6cos6sin3cos 23 , then y ′  = ( )xxxx sincos3 32 +−  

( ) ( ) 0cos6sin6cos6cos3sin6 2 +−−+++ xxxxxxxx  = xx sin3  
 

g.  Given dxxx∫ 3cos2  let 2xu =  and dxxdv 3cos=  then dxxdu 2=  and ∫∫ = dxxdv 3cos  which  

implies 
3
3sin x

v = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxx∫ 3cos2  = ∫ ⋅−⋅ dxx
xx

x 2
3
3sin

3
3sin2  = ∫− dxxxxx 3sin

3
23sin

3
1 2                                      ( )1  

To integrate dxxx∫ 3sin  use the integration by parts formula again, i.e., let xu =  and dxxdv 3sin=  

then dxdu =  and ∫∫ = dxxdv 3sin  which implies 
3

3cos x
v

−
= .  Using the integration by parts  

formula ∫∫ −= duvvudvu  we obtain 

dxxx∫ 3sin  = ∫ ⋅+
−
⋅ dx

xx
x

3
3cos

3
3cos  = ∫+− dxxxx 3cos

3
13cos

3
1                                            ( )2  

Combining equations ( )1  and ( )2  together we have 

dxxx∫ 3cos2  = ∫− dxxxxx 3sin
3
23sin

3
1 2  = ∫⋅−−⋅− dxxxxxx 3cos

3
1

3
23cos

3
1

3
23sin

3
1 2   

 

= cxxxxx +−+ 3sin
27
23cos

9
23sin

3
1 2  

Check:  Let cxxxxxy +−+= 3sin
27
23cos

9
23sin

3
1 2 , then y ′  = ( )xxxx 3cos33sin2

3
1 2+  

( ) cxxxx +−−+ 3cos
27
63sin33cos

9
2  = xxxxxxxx 3cos

9
23sin

3
23cos

9
23cos

3
33sin

3
2 2 −−++  

= xx 3cos
3
3 2  = xx 3cos2  
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h.  Given dxxe x cos∫ −  let xu cos=  and dxedv x−=  then dxxdu sin−=  and ∫∫ −= dxedv x  which  

implies xev −−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxe x cos∫ −  = ∫ ⋅−−⋅ −− dxxeex xx sincos  = ∫ −− −− dxxexe xx sincos                                      ( )1  

To integrate ∫ − dxxe x sin  use the integration by parts formula again, i.e., let xu sin=  and  

dxedv x−=  then dxxdu cos=  and ∫∫ −= dxedv x  which implies xev −−= .  Therefore,  

∫ − dxxe x sin  = ∫ ⋅+−⋅ −− dxxeex xx cossin  = ∫ −− +− dxxexe xx cossin                                      ( )2  

Combining equations ( )1  and ( )2  together we have 

dxxe x cos∫ −  = ∫ −− −− dxxexe xx sincos  = ∫ −−− −+− dxxexexe xxx cossincos   

Taking the integral dxxe x cos∫ −   from the right hand side of the equation to the left hand side  

we obtain dxxedxxe xx coscos ∫∫ −− +  = xexe xx sincos −− +−  therefore  

dxxe x cos2∫ −  = xx exxe −− +− sincos  and thus dxxe x cos∫ −  = cxexe xx ++− −− sin
2
1cos

2
1  

 

Check:  Let cxexey
xx

++
−

=
−−

2
sin

2
cos , then y ′  = ( ) ( ) 0cossin

2
1sincos

2
1

++−+−−− −−−− xexexexe xxxx   

= xexexexe xxxx cos
2
1sin

2
1sin

2
1cos

2
1 −−−− +−+  = xexe xx cos

2
1cos

2
1 −− +  = xe x cos−  

i.  Given dxxe x 3sin3∫ −  let xu 3sin=  and dxedv x3−=  then dxxdu 3cos3=  and ∫∫ −= dxedv x3  which 

implies xev 3
3
1 −−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxe x 3sin3∫ −  = ∫ ⋅+−⋅ −− dxxeex xx 3cos3
3
1

3
13sin 33  = ∫ −− +− dxxexe xx 3cos3sin

3
1 33               ( )1  

To integrate ∫ − dxxe x 3cos3  use the integration by parts formula again, i.e., let xu 3cos=  and 

dxedv x3−=  then xdu 3sin3−=  and ∫∫ −= dxedv x3  which implies xev 3
3
1 −−= .  Therefore,  

∫ − dxxe x 3cos3  = ∫ ⋅−−⋅ −− dxxeex xx 3sin3
3
1

3
13cos 33  = ∫ −− −− dxxexe xx 3sin3cos

3
1 33              ( )2  

Combining equations ( )1  and ( )2  together we have 

dxxe x 3sin3∫ −  = ∫ −− +− dxxexe xx 3cos3sin
3
1 33  = ∫ −−− −−− dxxexexe xxx 3sin3cos

3
13sin

3
1 333  

Taking the integral dxxe x 3sin3∫ −  from the right hand side of the equation to the left hand side  
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we obtain dxxedxxe xx 3sin3sin 33 ∫∫ −− +  = xexe xx 3cos
3
13sin

3
1 33 −− −−  therefore  

dxxe x 3sin2 3∫ −  = xexe xx 3cos
3
13sin

3
1 33 −− −−  and thus dxxe x 3sin3∫ −  = xexe xx 3cos

6
13sin

6
1 33 −− −−  

 

Check:  Let xexey xx 3cos
6
13sin

6
1 33 −− −−= , then y ′  = ( )xexe xx 3cos33sin3

6
1 33 −− +−−   

( ) 03sin33cos3
6
1 33 +−−− −− xexe xx  = xexexexe xxxx 3sin

2
13cos

2
13cos

2
13sin

2
1 3333 −−−− ++−   

= xexe xx 3sin
2
13sin

2
1 33 −− +  = xe x 3sin3−  

Example 5.1-4:  Evaluate the following indefinite integrals: 

a.  ( ) dxxx 41
3

+∫  =           b.  ( )( ) dxxx 3133 −−∫  =   c.  ( ) dxxx 2csc1∫ +  =  

d.  dxxx∫ 2sec  =           e.  dxxx∫ −5  =    f.  ( )dxx∫ +1ln 2  =  

g.  dxxe x∫ 3sin
5
1  =           h.  dxx3cos 1∫ −  =    i.  dxx5tan 1∫ −  =  

Solutions: 

a.  Given ( ) ( ) dxxxdxxx 44 1
3
11

3
+=+ ∫∫  let xu =  and ( ) dxxdv 41+=  then dxdu =  and ( )∫∫ += dxxdv 41  

which implies ( )51
5
1

+= xv .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

( ) dxxx 41
3
1

+∫  = ( ) ( )∫ ⋅+
⋅

−
+

⋅ dxxxx 5
5

1
53

1
5
1

3
 = ( ) ( ) cx

xx
++⋅−

+ +15
5

1
6
1

15
1

15
1  = ( ) ( ) cxxx

++−
+ 6

5
1

90
1

15
1  

 

Check:  Let ( ) ( ) cx
xx

y ++−
+

= 6
5

1
90
1

15
1 , then y ′  = ( ) ( )[ ] ( ) 01

90
6151

15
1 545 ++−+++ xxxx  = ( )

15
1 5+x  

( ) ( )
15

11
15
5 5

4 +
−++

xxx  = ( )41
15
5

+xx  = ( )41
3

+xx  

 

b.  Given ( )( ) dxxx 3133 −−∫  let 3−= xu  and ( ) dxxdv 313 −=  then dxdu =  and ( )∫∫ −= dxxdv 313   

which implies ( )413
12
1

−= xv .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 
 

( )( ) dxxx 3133 −−∫  = ( ) ( ) ( )∫ −−
−

⋅− dxxxx 4
4

13
12
1

12
133  = ( ) ( ) ( ) cx

xx
+−⋅−

−− +14
4

13
15
1

12
1

12
133   

 

= ( )( ) ( ) cxxx
+−−

−− 5
4

13
180

1
12

133  
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Check:  Let ( )( ) ( ) cx
xx

y +−−
−−

= 5
4

13
180

1
12

133 , then y ′  = ( ) ( )( )[ ] ( ) 013
180
15131213

12
1 434 +−−+−+− xxxx   

= ( ) ( )( ) ( )4
3

4 13
12
1

12
1312

13
12
1

−−
+−

+− x
xx

x  = ( )( )313 +− xx  
 

c.  Given ( ) dxxx 2csc1∫ +  let 1+= xu  and dxxdv 2csc=  then dxdu =  and ∫∫ = dxxdv 2csc  which  

implies xv cot−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

( ) dxxx 2csc1∫ +  = ( ) ∫+−⋅+ dxxxx cotcot1  = ( ) cxxx +++− sinlncot1  
 

Check:  Let ( ) cxxxy +++−= sinlncot1 , then y ′  = ( )[ ] 0
sin
cos

csc1cot 2 +++−−
x
x

xxx  = xcot−   

 ( ) xxx cotcsc1 2 +++  = ( ) xx 2csc1+  
 

d.  Given dxxx∫ 2sec  let xu =  and dxxdv 2sec=  then dxdu =  and ∫∫ = dxxdv 2sec  which implies 

xv tan= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxxx∫ 2sec  = ∫−⋅ dxxxx tantan  = cxxx +− seclntan   
 

Check:  Let cxxxy +−= seclntan , then y ′  = 0
sec

tansec
sectan 2 +−+

x
xx

xxx  = xxxx tansectan 2 −+   

 = xx 2sec  
 

e.  Given dxxx∫ −5  let xu =  and dxxdv 5−=  then dxdu =  and ∫∫ −= dxxdv 5  which implies 

( )2
3

5
3
2

−= xv .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxxx∫ −5  = ( ) ( )∫ −−−⋅ dxxxx 2
3

2
3

5
3
25

3
2  = ( ) ( ) cxxx +−

+
⋅−− +1

2
3

2
3

2
3

5
1

1
3
25

3
2  = ( )2

3
5

3
2

−xx   

 

( ) cx +−⋅− 2
5

5
5
2

3
2  = ( ) ( ) cxxx +−−− 2

5
2
3

5
15
45

3
2  

 

Check:  Let ( ) ( ) cxxxy +−−−= 2
5

2
3

5
15
45

3
2 , then y ′  = ( ) ( ) ( ) 05

2
5

15
45

2
3

3
25

3
2

2
3

2
1

2
3

+−⋅−−⋅+− xxxx   

= ( ) ( ) ( )2
3

2
1

2
3

5
3
255

3
2

−−−+− xxxx  = ( )2
1

5−xx  = 5−xx  

f.  Given ( )dxx∫ +1ln 2  let ( )1ln 2 += xu  and dxdv =  then dx
x

xdu
1

2
2 +

=  and ∫∫ = dxdv  which implies 

xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
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( )dxx∫ +1ln 2  = ( ) ∫ +
⋅−⋅+ dx

x
xxxx

1
21ln
2

2  = ( ) ∫ +
−+ dx

x
xxx

1
21ln

2

2
2  = ( ) ∫ 









+
−−+ dx

x
xx

1
1121ln

2
2   

 

= ( ) dx
x

dxxx ∫ ∫ +
+−+

1
1221ln

2
2  = ( ) cxxxx ++−+ −12 tan221ln  

 

Check:  Let ( ) cxxxxy ++−+= −12 tan221ln , then y ′  = ( ) 0
1

22
1

21ln1
22

2 +
+

+−⋅
+

++⋅
x

x
x

xx   

= ( )
1

22
1

21ln
22

2
2

+
+−

+
++

xx
xx  = ( )

1
22221ln

2

22
2

+

+−−
++

x
xxx  = ( )

1
01ln

2
2

+
++

x
x  = ( )1ln 2 +x  

 

g.  Given dxxe x∫ 3sin
5
1  let xeu =  and dxxdv 3sin=  then dxedu x=  and ∫∫ = dxxdv 3sin  which  

implies xv 3cos
3
1

−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxxe x∫ 3sin
5
1  = ∫ ⋅+−⋅ dxexxe xx 3cos

15
13cos

3
1

5
1  = ∫+− dxxexe xx 3cos

15
13cos

15
1                 ( )1  

To integrate ∫ dxxe x 3cos  use the integration by parts method again, i.e., let xeu =  and  

dxxdv 3cos=  then dxedu x=  and ∫∫ = dxxdv 3cos  which implies xv 3sin
3
1

= .  Therefore,  

∫ dxxe x 3cos  = ∫ ⋅−⋅ dxexxe xx 3sin
3
13sin

3
1  = ∫− dxxexe xx 3sin

3
13sin

3
1                                 ( )2  

Combining equations ( )1  and ( )2  together we have  

dxxe x∫ 3sin
5
1  = ∫+− dxxexe xx 3cos

15
13cos

15
1  = ∫−+− dxxexexe xxx 3sin

45
13sin

45
13cos

15
1   

Taking the integral ∫− dxxe x 3sin
45
1  from the right hand side of the equation to the left side we 

obtain dxxedxxe xx ∫∫ + 3sin
45
13sin

5
1  = cxexe xx ++− 3sin

45
13cos

15
1 .  Therefore, dxxe x∫ 3sin

9
2   

 

= cxexe xx ++− 3sin
45
13cos

15
1  which implies dxxe x∫ 3sin  = cxexe xx ++− 3sin

10
13cos

10
3  

 

Check:  Let cxexey xx ++−= 3sin
10
13cos

10
3 , then y ′  = xeexxe xxx 3sin

10
133sin

10
33cos

10
3

⋅+⋅⋅+⋅−   

033cos
10
1

+⋅⋅+ xex  = xexexexe xxxx 3cos
10
33sin

10
13sin

10
93cos

10
3

+++−  = xe x 3sin
10
9   

xe x 3sin
10
1

+ = xe x 3sin
10

19+  = xe x 3sin
10
10  = xe x 3sin  

h.  Given dxx3cos 1∫ −  let xu 3cos 1−=  and dxdv =  then dx
x

du
291

3

−
−=  and ∫∫ = dxdv  which  
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implies xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxx3cos 1∫ −  = ∫
−

⋅+⋅−

2
1

91

3
3cos

x

dx
xxx  = dx

x

xxx ∫
−

+−

2
1

91

33cos   

To integrate dx
x

x
∫

− 291

3  use the substitution method by letting 291 xw −=  then x
dx
dw 18−=  which  

implies 
x

dwdx
18

−= .  Thus, dx
x

x
∫

− 291

3  = 
x

dw
w
x

18
3

−⋅∫  = ∫−
w

dw
6
1  = ∫− dw

w 2
1

1
6
1  = dww∫

−
− 2

1

6
1   

= 2
1

2
6
1 w⋅−  = 

3
91 2x−

− and dxx3cos 1∫ −  = dx
x

xxx ∫
−

+−

2
1

91

33cos  = c
x

xx +
−

−−

3
91

3cos
2

1   

Check:  Let c
x

xxy +
−

−= −

3
91

3cos
2

1 , then y ′  = 0
916

18

91

33cos
22

1 +
−

+
−

−−

x

x

x

xx  = x3cos 1−  

 

i.  Given dxx5tan 1∫ −  let xu 5tan 1−=  and dxdv =  then dx
x

du
2251

5
+

=  and ∫∫ = dxdv  which  

implies xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxx5tan 1∫ −  = ∫ +
⋅−⋅−

2
1

251

5
5tan

x

dx
xxx  = dx

x
xxx ∫ +

−−
2

1

251
55tan   

To integrate dx
x

x
∫ + 2251

5  use the substitution method by letting 2251 xw +=  then x
dx
dw 50=  which  

implies 
x

dwdx
50

= .  Thus, dx
x

x
∫ + 2251

5  = 
x

dw
w
x

50
5

⋅∫  = ∫ w
dw

10
1  = wln

10
1  = 2251ln

10
1 x+ and  

 

dxx5tan 1∫ −  = dx
x

xxx ∫ +
−−

2
1

251
55tan  = cxxx ++−− 21 251ln

10
15tan   

 

Check:  Let cxxxy ++−= − 21 251ln
10
15tan , then y ′  = 0

251
50

10
1

251
55tan

22
1 +

+
−

+
+−

x
x

x
xx  = x5tan 1−  

Example 5.1-5:  Evaluate the following indefinite integrals: 

a.  ∫ − dxx5sinh 1  =           b.  ∫ − dxxx 1tan  =    c.  dxxx 7sinsin∫  =  

d.  dxxx 7cos5cos∫  =           e.  dxex x∫ −

5
 =     f.  ∫ dxxx 3sinh  =  

Solutions: 

a.  Given ∫ − dxx5sinh 1  let xu 5sinh 1−=  and dxdv =  then dx
x

du
2251

5

+
=  and ∫∫ = dxxdv  which  

implies xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 
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∫ − dxx5sinh 1  = ∫
+

⋅−⋅−

2
1

251

5
5sinh

x

dx
xxx  = ∫

+
−−

2
1

251

5
5sinh

x

dxx
xx                                      ( )1  

To get the integral of  ∫
+ 2251

5

x

dxx  use the substitution method by letting 2251 xw +=  then  

dxxdw 50=  which implies 
x

dwdx
50

= .  Therefore, ∫
+ 2251

5

x

dxx  = 
x

dw
w
x

50
5

⋅∫  = dw
w∫
1

50
5   

= dw
w
∫

2
1

1
10
1  = dww∫

− 2
1

10
1  = 2

11

2
11

1
10
1 −

−
⋅ w  = 2

1

10
2 w  = 2

1

5
1 w  = 2251

5
1 x+                           ( )2  

Combining equations ( )1  and ( )2  together we have  
 

∫ − dxx5sinh 1  = ∫
+

−−

2
1

251

5
5sinh

x

dxx
xx  = ( ) cxxx ++−− 2

1
21 251

5
15sinh  

 

Check:  Let ( ) cxxxy ++−= − 2
1

21 251
5
15sinh , then y ′  = 0

25110

50

251

55sinh
22

1 +
+

−
+

+−

x

x

x

xx   

22
1

251

5

251

55sinh
x

x

x

xx
+

−
+

+−  = x5sinh 1−  

b.  Given ∫ − dxxx 1tan  let xu 1tan −=  and dxxdv =  then dx
x

du
21

1
+

=  and ∫∫ = dxxdv  which  

implies 2
2
1 xv = .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

 

∫ − dxxx 1tan  = ∫ +
⋅−⋅−

2
2

2
1

12
1

2
tan

x
dxxxx  = dx

x
xxx ∫ +

−−
2

2
12

12
1tan

2
1  = dx

x
xx ∫ 









+
−−−

2
12

1
11

2
1tan

2
1  

 

= ∫∫ +
+−− dx

x
dxxx

2
12

1
1

2
1

2
1tan

2
1  = cxxxx ++− −− 112 tan

2
1

2
1tan

2
1  

 

Check:  Let cxxxxy ++−= −− 112 tan
2
1

2
1tan

2
1 , then y ′  = 0

1
1

2
1

2
1

12
1tan2

2
1

22

2
1 +

+
⋅+−

+
+⋅⋅ −

xx
xxx   

2
1

1
1

2
1

12
1tan

22

2
1 −

+
⋅+

+
⋅+−

xx
xxx  = 

2
1

1
1

2
1tan

2

2
1 −

+

+
⋅+−

x
xxx  = 

2
1

2
1tan 1 −+− xx  = xx 1tan −  

 

c.  Given dxxx 7sinsin∫  let xu sin=  and dxxdv 7sin=  then dxxdu cos=  and ∫∫ = dxxdv 7sin  which  

implies xv 7cos
7
1

−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxx 7sinsin∫  = ∫ ⋅+−⋅ dxxxxx cos7cos
7
17cos

7
1sin  = ∫ ⋅+− dxxxxx 7coscos

7
17cossin

7
1        ( )1  

To integrate ∫ ⋅ dxxx 7coscos  use the integration by parts method again, i.e., let xu cos=  and  
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dxxdv 7cos=  then dxxdu sin−=  and ∫∫ = dxxdv 7cos  which implies xv 7sin
7
1

= .  Therefore,  

∫ ⋅ dxxx 7coscos  = ∫ ⋅+⋅ dxxxxx sin7sin
7
17sin

7
1cos  = ∫+ dxxxxx 7sinsin

7
17sincos

7
1             ( )2  

Combining equations ( )1  and ( )2  together we have  

dxxx 7sinsin∫  = ∫ ⋅+− dxxxxx 7coscos
7
17cossin

7
1  = ∫++− dxxxxxxx 7sinsin

49
17sincos

49
17cossin

7
1  

Taking the integral ∫ dxxx 7sinsin
49
1  to the left hand side and simplifying we have  

 

dxxx 7sinsin∫  = cxxxx +⋅+⋅− 7sincos
48
49

49
17cossin

48
49

7
1  = cxxxx ++− 7sincos

48
17cossin

48
7  

 

Check:  Let cxxxxy ++−= 7sincos
48
17cossin

48
7 , then y ′  = xxxx sin7sin

48
497coscos

48
7

⋅+⋅−   

0cos7cos
48
77sinsin

48
1

+⋅+⋅− xxxx  = xxxx 7sinsin
48
1sin7sin

48
49

⋅−⋅  = xx sin7sin
48

149
⋅

−   

= xx sin7sin
48
48

⋅  = xx sin7sin  

d.  Given dxxx 7cos5cos∫  let xu 5cos=  and dxxdv 7cos=  then dxxdu 5sin5−=  and ∫∫ = dxxdv 7cos   

which implies xv 7sin
7
1

= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxx 7cos5cos∫  = ∫ ⋅+⋅ dxxxxx 5sin7sin
7
57sin

7
15cos  = ∫ ⋅+ dxxxxx 7sin5sin

7
57sin5cos

7
1           ( )1  

To integrate ∫ ⋅ dxxx 7sin5sin  use the integration by parts method again, i.e., let xu 5sin=  and  

dxxdv 7sin=  then dxxdu 5cos5=  and ∫∫ = dxxdv 7sin  which implies xv 7cos
7
1

−= .  Therefore,  

∫ ⋅ dxxx 7sin5sin  = ∫ ⋅+−⋅ dxxxxx 5cos7cos
7
57cos

7
15sin  = ∫+− dxxxxx 7cos5cos

7
57cos5sin

7
1    ( )2  

Combining equations ( )1  and ( )2  together we have  

dxxx 7cos5cos∫  = ∫ ⋅+ dxxxxx 7sin5sin
7
57sin5cos

7
1  = ∫+− dxxxxxxx 7cos5cos

49
257cos5sin

49
57sin5cos

7
1  

Taking the integral ∫ dxxx 7cos5cos
49
25  to the left hand side and simplifying we have  

 

dxxx 7cos5cos∫  = cxxxx +⋅−⋅ 7cos5sin
24
49

49
57sin5cos

24
49

7
1  = cxxxx +− 7cos5sin

24
57sin5cos

24
7  

 

Check:  Let cxxxxy +−= 7cos5sin
24
57sin5cos

24
7 , then y ′  = xxxx 5cos7cos

24
497sin5sin

24
35

⋅+⋅−   
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07sin5sin
24
357cos5cos

24
25

+⋅+⋅− xxxx  = xxxx 7cos5cos
24
257cos5cos

24
49

−  = xx 7cos5cos
24

2549−   

= xx 7cos5cos
24
24  = xx 7cos5cos  

e.  Given dxex x∫ −

5
 let 

5
xu =  and dxedv x−=  then dxdu

5
1

=  and ∫∫ −= dxedv x  which implies 

xev −−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxex x∫ −

5
 = ∫ ⋅+−⋅ −−

55
dxeex xx  = cexe xx

+−−
−−

55
 = ( ) cxe x

++−
−

1
5

 
 

Check:  Let cexey
xx
+−−=

−−

55
, then y ′  = 0

555
+++−

−−− xxx exee  = 
5

xxe−  

f.  Given ∫ dxxx 3sinh  let xu =  and dxxdv 3sinh=  then dxdu =  and ∫∫ = dxxdv 3sinh  which  

implies dxxv 3cosh
3
1

= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 
 

∫ dxxx 3sinh  = ∫ ⋅−⋅ dxxxx 3cosh
3
13cosh

3
1  = ∫ ⋅− dxxxx 3cosh

3
13cosh

3
1  = cxxx +− 3sinh

9
13cosh

3
1  

 

Check:  Let cxxxy +−= 3sinh
9
13cosh

3
1 , then y ′  = 03cosh3

9
13sinh3

3
13cosh

3
1

+⋅−⋅+ xxxx  = x3cosh
3
1   

xxx 3cosh
3
13sinh −+  = xx 3sinh  

Section 5.1 Practice Problems – Integration by Parts 

1.  Evaluate the following integrals using the integration by parts method. 

    a.  ∫ dxxe x4  =           b.  dxxx
∫ cos

2
 =        c.  ( ) dxex x∫ − 55  =  

    d.  dxxx∫ 5sin  =           e.  dxxx∫ −3  =        f.  ∫ dxex x33  =  

    g.  ( ) dxx∫ lncos  =           h.  dxxx
∫ −1tan

3
 =       i.  dxx∫ 5ln  =  

    j.  dxex ax∫ −  =           k.  dxxe x 3sin∫  =       l.  dxxe x∫ 5cos  =  

2.  Evaluate the following integrals using the integration by parts method. 

    a.  dxxx∫ 2sec  =           b.  dyyarc 3sin∫  =       c.  dxxarc tan∫  =  

    d.  dxx5sin 3∫  =           e.  dxxx∫ cos2  =        f.  dxxe x 3cos2∫ −  =  

    g.  ( ) dxxx 315∫ −  =           h.  dxxx 2csc∫  =        i.  dxx5cos
3
2 1∫ −  =  

    j.  ∫ − dxx1sinh  =           k.  dxxx∫ 10sec2  =       l.  ∫ dxxx 7sinh
5

 =  
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5.2 Integration Using Trigonometric Substitution 
Many integration problems involve radical expressions of the form 

222 xba −   222 xba +   222 axb −  

In such instances we can use a trigonometric substitution by letting  

t
b
ax sin=   t

b
ax tan=   t

b
ax sec=   respectively to obtain 

222 xba −  = t
b
aba 2

2

2
22 sin⋅−  = taa 222 sin−  = ( )ta 2sin1−  = ta 2cos  = ta cos  

222 xba +  = t
b
aba 2

2

2
22 tan⋅+  = taa 222 tan+  = ( )ta 2tan1+  = ta 2sec  = ta sec  

222 axb −  = 22
2

2
2 sec at

b
ab −⋅  = 222 sec ata −  = ( )1sec2 −ta  = ta 2tan  = ta tan  

Notice that using trigonometric substitution result in elimination of the radical expression.  This 
in effect reduces the difficulty of solving integrals with radical expressions. 

Reminder 1: 
Given t

b
ax sin= , then 

a
xb

t 1sin −=     for 11 ≤≤− x  and 
22
ππ

≤≤− t  

Given t
b
ax tan= , then 

a
xb

t 1tan −=     for all x  and 
22
ππ t−  

Given t
b
ax sec= , then 

a
xb

t 1sec−=     for 1≥x  or 1−≤x  and 
2

0 πt≤  or 
2

3ππ t≤  

Reminder 2: 

In solving this class of integrals the integrand in the original variable may be obtained by the use of 
a right triangle.  For example, in a right triangle  

• 
a
x

hypotenuse
oppositet ==sin .  Therefore, using the Pythagorean theorem, the adjacent side ( )w  is equal to  

22 wxa +=  ; 222 wxa +=  ; 222 xaw −=  ; 22 xaw −=  

• 
a
x

hypotenuse
adjacentt ==cos .  Therefore, the opposite side ( )w  is equal to  

22 wxa +=  ; 222 wxa +=  ; 222 xaw −=  ; 22 xaw −=  

• 
a
x

adjacent
oppositet ==tan .  Therefore, the hypotenuse ( )w  is equal to 22 xaw +=  

• 
a
x

opposite
adjacentt ==cot .  Therefore, the hypotenuse ( )w  is equal to 22 xaw +=  
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• 
a
x

adjacent
hypotenuset ==sec .  Therefore, the opposite side ( )w  is equal to 

22 wax +=  ; 222 wax +=  ; 222 axw −=  ; 22 axw −=  

• 
a
x

opposite
hypotenuset ==csc .  Therefore, the adjacent side ( )w  is equal to 

22 wax +=  ; 222 wax +=  ; 222 axw −=  ; 22 axw −=  
Let’s integrate some integrals using the above trigonometric substitution method: 
 
Example 5.2-1:  Use trigonometric substitution to evaluate the following indefinite integrals: 

a.  ∫
− 22 4 xx

dx  =    b.  ∫
− 2

2

25 x

dxx  =    c.  ∫
+ dx
x

x
2

21  =  

d.  
( )∫
+

229 x

dx  =    e.  ∫
−

dx
x

x

12

2
 =    f.  ∫

−124 xx

dx  =  

Solutions: 

a.  Given ∫
− 22 4 xx

dx  let tx sin2= , then dttdx cos2=  and 24 x−  = t2sin44−  = ( )t2sin14 −   
 

= t2cos4  = tcos2 .  Substituting these values back into the original integral we obtain: 
 

∫
− 22 4 xx

dx  = 
( )∫ ⋅ tt

dtt

cos2sin2

cos2
2  = dt

tt

t
∫ ⋅ cos2sin4

cos2
2  = dt

t∫ 2sin4
1  = dtt∫ 2csc

4
1  = ct +− cot

4
1   

 

= c
t
t
+−

sin
cos

4
1  = c

x

x

+−
−

2

2
4 2

4
1  = c

x
x

+














⋅/
/⋅−

−
2

24
4
1 2

 = c
x

x
+













 −
−

24
4
1  

 
Check:  To check the answer we start with the solution and find its derivative.  The derivative  

should match with the integrand, i.e., the algebraic expression inside the integral.  
Note that not all the steps in finding the derivative is given.  At this level, it is 
expected that students are able to work through the details that are not shown (review 
differentiation techniques described in Chapters 2 and 3). 

Let c
x

xy +
−

−=
24

4
1 , then y ′  = 0

41

4
1

2

2

42

2
2

+
−⋅−⋅

− −

−

x

xx
x

x

 = 
2

1
4

42

2 2

2

2

4
1

x

x

x

x −

−

− −
−   

= 
2

4

44
2

222

4
1

x
x

xxx

−

−⋅−−−

−  = 

( )
2

4

4
2

22

4
1

x
x

xx

−

−−−

−  = 
22

22

4

4
4
1

xx

xx

−

+−−
−  = 

22 4

4
4
1

xx −

−
−  = 

22 4

1

xx −
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b.  Given ∫
− 2

2

25 x

dxx  let tx sin5= , then dttdx cos5=  and 225 x−  = t2sin2525−  = ( )t2sin125 −  

 

= t2cos25  = tcos5 .  Substituting these values back into the original integral we obtain: 
 

∫
− 2

2

25 x

dxx  = ∫
⋅

t
dttt

cos5
cos5sin25 2

 = ∫ dtt
1

sin25 2
 = ∫ dtt2sin25  = ∫

−
dt

t
2

2cos1
25   

 

= ( )∫ − dtt2cos1
2
25  = ctt +






 − 2sin

2
1

2
25  = cttt +− cossin

2
25

2
25  = cxxx

+












 −
⋅−






 −

5
25

52
25

5
sin

2
25 2

1   

 

= cxxx
+






 −−






 − 21 25

252
25

5
sin

2
25  = cxxx

+−−






 − 21 25
25

sin
2
25  

 

Check:  Let cxxxy +−−= − 21 25
25

sin
2
25 , then y ′  = 













⋅

−

−
+−−⋅

−
2252

225
2
1

5
1

1

1
2
25

2
2

25
2

x

x

xx
x

  

= 














−
−

−
−⋅

− 2

22

2 2522
25

5
1

25

5
2
25

x

xx

x
 = ( )















−

−−
−

− 2

22

2 254

2252

252

25

x

xx

x
 = 

2252

25

x−
  















−

−
−

2

2

254

450

x

x  = 
2

2

2 252

225

252

25

x

x

x −

−
−

−
 = 

2

2

252

22525

x

x

−

+−  = 
2

2

252

2

x

x

−
 = 

2

2

25 x

x

−
 

 

c.  Given ∫
+ dx
x

x
2

21  let tx tan= , then dttdx 2sec=  and 21 x+  = t2tan1+  = t2sec  = tsec  

Substituting these values back into the original integral we obtain ∫
+ dx
x

x
2

21  = ∫
⋅

t

dttt
2

2

tan

secsec   

 

= ( )
∫

+⋅

t

dttt
2

2

tan

tan1sec  = ∫
+

dt
t

ttt
2

2

tan

tansecsec  = ∫∫ + dt
t

t
dt

t

tt
22

2

tan

sec

tan

tansec  = ∫∫ + dt
t

t
dtt

2tan

sec
sec   

 

= ∫++ dttt

t
t

t

2
2

cos
sin

cos
1

tansecln  = ∫++ dt
tt

ttt
2

2

sincos
costansecln  = ∫++ dt

t

t
tt

2sin

cos
tansecln   

 

= ∫ −++ dttttt cossintansecln 2  = cttt +++ −1sintansecln  = c
t

tt +++
sin

1tansecln  

 

= cttt +−+ csctansecln  = c
x

x
xx +

+
−++

2
2 1

1ln  
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Check:  Let c
x

x
xxy +

+
−++=

2
2 1

1ln , then y ′  = 
2

2

12

22

1

1
12

2

1

1 2

2

x

xx

x

x

xx

x

x +−⋅

−












+

+
⋅

++

+  

= ( )
















+

+−
−

















+

++
⋅

++ 22

22

2

2

2 1

1

12

122

1

1

xx

xx

x

xx

xx
 = 

















+

−−
−

+







 ++

⋅
++ 22

22

2

2

2 1

1

12

12

1

1

xx

xx

x

xx

xx
  

 

= 
222 1

1

1

1

xxx +
+

+
 = 

( )22

222

1

11

xx

xxx

+

+++  = ( )
( )22

22

1

11

xx

xx

+

++  = 
2

21

x

x+  

 

d.  Given 
( )∫
+

229 x

dx  let tx tan3= , then dttdx 2sec3=  and 29 x+  = ( )2tan39 t+  = t2tan99+   

 

= ( )t2tan19 +  = t2sec9   Substituting these values back into the original integral we obtain  
 

( )∫
+

229 x

dx  = 
( )∫ 22

2

sec9

sec3

t

dtt  = ∫ tt

dtt
22

2

secsec81

sec3  = ∫ t

dt
2sec27

1  = ∫ dtt2cos
27
1  = ( )∫ +⋅ dtt2cos1

2
1

27
1  

 

= ctt +





 + 2sin

2
1

54
1  = ( ) cttt ++ cossin

54
1  = c

xx

xx
+














+
⋅

+
+−

22
1

9

3

93
tan

54
1  = c

x
xx

+








+
+−

2
1

9
3

3
tan

54
1  

 

Check:  Let c
x
xx

+








+
+−

2
1

9
3

3
tan

54
1  then y ′  = ( )

( )22

2

9 9

3293
54
1

13

1
54
1

2
x

xxx
x +

⋅−+
⋅+






 +

⋅  = 
( )293

9
54
1

x+
⋅  

( )22

22

9

6327
54
1

x

xx

+

−+
⋅+  = 

( ) ( )22

2

2 9

327
54
1

9

3
54
1

x

x

x +

−
⋅+

+
⋅  = 

( ) ( )22

2

2 918

9

918

1

x

x

x +

−
+

+
 = 

( )22

22

918

99

x

xx

+

−++  

= 
( )22918

18

x+
 = 

( )229

1

x+
 

e.  Given ∫
−

dx
x

x

12

2
 let tx sec= , then ttdx tansec=  and 12 −x  = 1sec2 −t  = t2tan  = ttan   

Substituting these values back into the original integral we obtain ∫
−

dx
x

x

12

2
 = ∫ dttt

t
t tansec

tan
sec2

  

 

= dtt∫ 3sec  = dttt secsec2∫ .  Let tu sec=  and tdv 2sec= , then ttdu tansec=  and tv tan= .   
 
Using the substitution formula duvuv ∫−  the integral dttt secsec2∫  can be rewritten as  
 

dtt∫ 3sec  = dttttt ∫− 2tansectansec  = ( )dttttt ∫ −− 1secsectansec 2  = ( )dttttt ∫ −− secsectansec 3  
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= ∫ ∫+− dttdtttt secsectansec 3   
 

Note that dtt∫ 3sec  = ∫ ∫+− dttdtttt secsectansec 3  therefore by moving dtt∫− 3sec  to the left  
 
hand side of the equality we obtain  
 

dttdtt ∫∫ + 33 secsec  = ∫+ dtttt sectansec  thus dtt∫ 3sec2  = ∫+ dtttt sectansec  and dtt∫ 3sec   
 

( )∫+ dtttt sectansec
2
1  = ( ) ctttt +++ tanseclntansec

2
1  = cxxxx +







 −++− 1ln1
2
1 22  

 

Check:  Let cxxxxy +





 −++−= 1ln1

2
1 22 , then y ′  = 

1

1
2
1

12

21
2
1

22

2
2

−+
+














−
+−

xxx

xx   















−
+×

12

21
2x

x  = ( )
12

12

1

1
2
1

12

212
2
1

2

2

22

22

−







 −+

−+
+

−

+−

x

xx

xxx

xx  = 













−
+

−

−

1

1

12

24
2
1

22

2

xx

x  

 

= 
12

224
2
1

2

2

−

+−

x

x  = 
14

4
2

2

−x

x  = 
12

2

−x

x  

 

f.  Given ∫
−124 xx

dx  let tx sec= , then dtttdx tansec=  and 12 −x  = 1sec2 −t  = t2tan  = ttan  

 
Substituting these values back into the original integral we obtain  
 

∫
−124 xx

dx  = ∫ tt

dttt

tansec

tansec
4  = ∫ t

dt
3sec

 = ∫ dtt3cos  = ∫ dttt coscos2  = ( )∫ − dttt cossin1 2   

 

= ( )∫ − dtttt cossincos 2  = ∫∫ − dtttdtt cossincos 2  = ctt +− 3sin
3
1sin  = c

x
x

x
x

+












 −
−

−
3

22 1
3
11  

 

Check:  Let c
x

x
x

xy +












 −
−

−
=

3
22 1

3
11 , then y ′  = 

2

2

12

22
2

2

2

12

2 1
1

3
3

1
2

2

2

2

x

x

x
x

x

x
x

x

x

x −−

⋅












 −
−

−−
−−   

= 
2

1

1

2

2

2
1

1
2

22

2

22

1
xx

x
x

x

xx

x

xx

−

+−

−

+−

⋅








 −
−  = 

1

11

1

1
222

2

22 −
⋅








 −
−

− xxx
x

xx
 = 

1

1

1

1
24

2

22 −

−
−

− xx

x

xx
  

= 
1

1
24

22

−

+−

xx

xx  = 
1

1
24 −xx
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Example 5.2-2:  Use trigonometric substitution to evaluate the following indefinite integrals: 

a.  
( )∫
− 2

3
21 x

dx  =    b.  dxxx∫ − 22 4  =    c.  
( )∫

+ 2
3

294 x

dx  =  

d.  dx
x

x
∫

+ 2

2

4
 =    e.  dxxa∫ − 22  =    f.  dxax∫ − 22  =  

g.  ∫
−

dx
x

x
2

2

9
 =    h.  dxx∫ − 29  =    i.  dx

xx
∫

+ 22 4

1  =  

Solutions: 

a.  Given 
( )∫
− 2

3
21 x

dx  let tx sin= , then dttdx cos=  and 21 x−  = t2sin1−  = t2cos .  Therefore, 

( )∫
− 2

3
21 x

dx  = 
( )∫

2
3

2cos

cos

t

dtt  = dt
t

t
∫ 3cos

cos  = dt
t∫ 2cos

1  = ∫ dtt2sec  = ct +tan  = c
t
t
+

cos
sin  = c

x

x
+

− 21
 

Check:  Let c
x

xy +
−

=
21

, then y ′  = 
2

12

22

1

11
2

x

xx
x

x

−

⋅−−⋅
−

−

 = 
2

12

222

1

2

22

x

x

xx

−

−

+−

 = 
( )2

3
212

2

x−

 = 
( )2

3
21

1

x−

 

b.  Given dxxx∫ − 22 4  let tx sin2= , then dttdx cos2=  and 24 x−  = ( )2sin24 t−  = t2sin44−  

( )t2sin14 −  = t2cos4  = tcos2 .  Therefore,  

dxxx∫ − 22 4  = dtttt cos2cos2sin4 2∫ ⋅⋅  = dttt∫ 22 cossin16  = ( ) ( ) dttt∫ +− 2cos12cos1
4
116   

 

= ( )dtt∫ − 2cos14 2  = dttdt ∫∫ − 2cos44 2  = ( ) dttdt ∫∫ +− 4cos1
2
144  = dttdtdt ∫∫∫ −− 4cos224   

 

= cttt +−− 4sin
2
124  = ctttt +−− 2cos2sin

2
424  = ( ) ( ) cttttt +−− 22 sincoscossin22   

 

= cxxxxx
+










−

−












 −
⋅−−

44
4

2
4

2
2

2
sin2

222
1  = cxxxx

+








 −
−−−

4
24

2
sin2

3
21  

 

Check:  Let cxxxxy +








 −
−−= −

4
24

2
sin2

3
21 , then y ′  = ( ) ( )( ) 2

1

2

22

2

3

4

432
48

22

12

2 xx
x

xxx

x
−−+

−

−−
−

−
  

= ( ) ( )
2

2242

2 44

4322

4

2

x

xxxx

x −

−−++−
−

−
 = 

2

4242

2 44

31482

4

2

x

xxxx

x −

+−++−
−

−
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= 
2

24

44

81648

x

xx

−

−+−  = 
2

24

44

164

x

xx

−

+−  = 
2

2

2

24

4

4

44

164

x

x

x

xx

−

−
⋅

−

+−  = ( )
( )2

222

44

444

x

xxx

−

−−  = 22 4 xx −  

 

c.  Given 
( ) ( )∫∫

+

=

+ 2
3

2
3

2
9
4294 x

dx

x

dx  let tx tan
3
2

= , then dttdx 2sec
3
2

=  and 294 x+  = 
2

tan
3
294 






⋅+ t   

= t2tan
9
494 ⋅+  = t2tan44+  = ( )t2tan14 +  = t2sec4 .  Therefore,  

 

( )∫
+ 2

3
294 x

dx  = 
( )∫ dt

t

2
3

2

2
3
2

sec4

sec
 = dt

t

t
∫ ×2

3
2
3 2

2
3
2

sec4

sec
 = ∫ dt

t

t

32 3

2
3
2

sec4

sec
 = ∫ t

dt
sec643

2
2  = ∫ t

dt
sec83

2   

 

= ∫ t
dt

sec12
1  = ∫ dttcos

12
1  = ct +sin

12
1  = c

x

x
+

+ 294

3
12
1  = c

x

x
+

+ 2944
 

Check:  Let c
x

xy +
+

=
2944

, then y ′  = 
( )2

942

182

9416

49441
2

x

xx
x

x

+

⋅⋅−+⋅
+  = 

( )

( )2

94

36944

9416

2

22

x

x

xx

+

+

−+

 = 
( )2

3
294

1

x+

  

d.  Given ∫
+ 2

2

4 x

dxx  let tx tan2= , then dttdx 2sec2=  and 24 x+  = ( )2tan24 t+  = t2tan44+   

= ( )t2tan14 +  = t2sec4  = tsec2 .  Therefore,  

∫
+ 2

2

4 x

dxx  = ∫
⋅

t
dttt

sec2
sec2tan4 22

 = ∫ dttt sectan4 2  = ( )∫ − dttt sec1sec4 2  = ( )∫ − dttt secsec4 3  

= ∫∫ − dttdtt sec4sec4 3 .  To solve ∫ dtt3sec  = ∫ ⋅ dttt secsec2  use substitution method by  

letting tu sec=  and tdv 2sec=  then dtttdu tansec=  and tv tan= .  Using the substitution  

formula ∫− duvuv  we obtain ∫ ⋅ dttt secsec2  = ∫ ⋅− dtttttt tansectantansec   

= ∫− dttttt 2tansectansec  = ( )∫ −− dttttt 1secsectansec 2  = ( )∫ −− dttttt secsectansec 3   

= ∫∫ +− dttdtttt secsectansec 3 .  Again at this point we know that ∫ dtt3sec   

= ∫∫ +− dttdtttt secsectansec 3  bringing ∫− dtt3sec  into the left hand side of the equation we  

obtain ∫∫ + dttdtt 33 secsec  = ∫+ dtttt sectansec .  Therefore ∫ dtt3sec2  = ∫+ dtttt sectansec   

thus ∫ dtt3sec  = [ ]∫+ dtttt sectansec
2
1  = [ ]tttt tanseclntansec

2
1

++ .  Now substituting this  

value into ∫∫ − dttdtt sec4sec4 3  we have  
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∫∫ − dttdtt sec4sec4 3  = [ ] ∫−++⋅ dtttttt sec4tanseclntansec
2
14  = [ ]tttt tanseclntansec2 ++  

 

ctt ++− tansecln4  = ctttttt ++−++ tansecln4tansecln2tansec2  = tt tansec2  
 

ctt ++− tansecln2  = cxxxx
++

+
−⋅

+
⋅

22
4ln2

22
42

22
 = cxxxx

+
++

−
+

2
4ln2

2
4 22

 

 

Check:  Let cxxxx
y +

++
−

+
=

2
4ln2

2
4 22

, then y ′  = 













+
++

2

2
2

42

24
2
1

x

xx   

0
42

21
2
1

4

22
22

+




























+
+⋅⋅

++
−

x

x

xx
 = 

22

2

2

2

44

242

4

24
2
1

xxx

xx

x

x

+





 ++

++
−














+

+  

= 
( )

22

222

44

24242

xxx

xxxxx

+





 ++

−+−





 +++

 = 
( )

2

2

22

222

4

4

44

24242

xx

xx

xxx

xxxxx

+−

+−
⋅

+





 ++

−+−





 +++

  

= 
( )

2

2

22

222

4

4

44

24242

xx

xx

xxx

xxxxx

+−

+−
⋅

+





 ++

−+−





 +++

 = ( )
2

2223234

44

444

x

xxxxxxx

+−

+−+−+−  

= 
2

424

44

4

x

xxx

+−

−−  = 
2

2

44

4

x

x

+−

−  = 
2

2

4 x

x

+
 

e.  Given dxxa∫ − 22  let tax sin= , then dttadx cos=  and 22 xa −  = taa 222 sin−   

= ( )ta 22 sin1−  = ta 22 cos  = ta cos .  Therefore,  

dxxa∫ − 22  = ∫ ⋅ dttata coscos  = ∫ dtta 22 cos  = ( )∫ + dtta 2cos1
2

2
 = ctta

+





 + 2sin

2
1

2

2
  

 

= ( ) cttta
++ cossin

2

2
 = c

a
xa

a
x

a
xa

+












 −
⋅+−

22
1

2
sin

2
 = cxax

a
xa

+












 −
+−

2
sin

2

22
1

2
 

Check:  Let c
xax

a
xay +

−
+= −

2
sin

2

22
1

2
, then y ′  = 

( ) 22

2
22

2

2

2

2
2
11

1

1
2 xa

xxa
a

a

a
x −

−
+−+⋅

−
  

= 
22

222

22

2

22 xa

xxa

xaa

aa

−

−−
+

−
⋅  = 

22

22

22

2

2

2

2 xa

xa

xa

a

−

−
+

−
 = 

22

22

2

22

xa

xa

−

−  = 
22

22

xa

xa

−

−  

= 
22

22

22

22

xa

xa

xa

xa

−

−
⋅

−

−  = ( )
22

2222

xa

xaxa

−

−−  = 22 xa −  
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f.  Given dxax∫ − 22  let tax sec= , then tdttadx tansec=  and 22 ax −  = 222 sec ata −   

= ta 22 tan  = ta tan .  Therefore,  

dxax∫ − 22  = ∫ ⋅ dtttata tansectan  = ∫ dttta 22 tansec  = ( )∫ − dttta 1secsec 22  = ∫ dtta 32 sec   

 

∫− dtta sec2  = ( ) cttatttta
++−++ tanseclntanseclnsectan

2
2

2
 = ( ) ctttta

++− tanseclnsectan
2

2
  

 

= c
a

ax
a
x

a
ax

a
xa

+












 −
+−

−
⋅

22222
ln

2
 = c

a
axxaaxx

+
−+

−−
222

22 ln
22

  

 

= caaaxxaaxx
++−+−− ln

2
ln

22

2
22

2
22  = caxxaaxx

+−+−− 22
2

22 ln
22

 

Check:  Let caxxaaxxy +−+−−= 22
2

22 ln
22

, then y ′  = 













−
+−

22

2
22

2

2
2
1

ax

xax  

011
2 222

2
22

2
+








+⋅

−+
⋅−

−ax

x

axx

a  = 
22

22

22

2

22

222 1
22 ax

axx

axx

a

ax

xax

−

−+
⋅

−+
⋅−

−

+−  

= 
22

2

22

222

22 ax

a

ax

xax

−
−

−

+−  = 
22

22

2

22

ax

ax

−

−  = 
22

22

ax

ax

−

−  = 
22

22

22

22

ax

ax

ax

ax

−

−
⋅

−

−  = 22 ax −  

g.  Given ∫
−

dx
x

x
2

2

9
 let tx sin3= , then dttdx cos3=  and 29 x−  = t2sin99−  = ( )t2sin19 −  

= t2cos9  = tcos3 .  Substituting these values back into the original integral we obtain: 
 

∫
− 2

2

9 x

dxx  = ∫
⋅

t
dttt

cos3
cos3sin9 2

 = ∫ dtt
1

sin9 2
 = ∫ dtt2sin9  = ∫

−
dt

t
2

2cos1
9   

 

= ( )∫ − dtt2cos1
2
9  = ctt +






 − 2sin

2
1

2
9  = cttt +− cossin

2
9

2
9  = cxxx

+












 −
⋅−






 −

3
9

32
9

3
sin

2
9 2

1   

 

= cxxx
+






 −−






 − 21 9

92
9

3
sin

2
9  = cxxx

+−−






 − 21 9
23

sin
2
9  

 

Check:  Let cxxxy +−−= − 21 9
23

sin
2
9 , then y ′  = 













⋅

−

−
+−−⋅

−
292

29
2
1

3
1

1

1
2
9

2
2

9
2

x

x

xx
x

  



Calculus I  5.2  Integration Using Trigonometric Substitution  

Hamilton Education Guides   317 

= 
















−
−

−
−⋅

− 2

22

2 922
9

3
1

9

3
2
9

x

xx

x
 = ( )

















−

−−
−

− 2

22

2 94

292

92

9

x

xx

x
 = 

292

9

x−
  

















−

−
−

2

2

94

418

x

x  = 
2

2

2 92

29

92

9

x

x

x −

−
−

−
 = 

2

2

92

299

x

x

−

+−  = 
2

2

92

2

x

x

−
 = 

2

2

9 x

x

−
 

 

h.  Given dxx∫ − 29  let tx sin3= , then dttdx cos3=  and 29 x−  = t2sin99−  = ( )t2sin19 −  

= t2cos9  = tcos9 .  Therefore,  

dxx∫ − 29  = ∫ ⋅ dttt cos3cos3  = ∫ dtt2cos9  = ( )∫ + dtt2cos1
2
9  = ctt +






 + 2sin

2
1

2
9   

 

= ( ) cttt ++ cossin
2
9  = c

xxx
+















 −
⋅+−

3
9

33
sin

2
9 2

1  = c
xxx

+














 −
+−

2
9

3
sin

2
9 2

1  

Check:  Let c
xxxy +

−
+= −

2
9

3
sin

2
9 2

1 , then y ′  = 
( ) 2

2
2

2
3

92

29
2
1

3
1

1

1
2
9

x

xx
x −

−
+−+⋅

−
  

= 
2

22

2 92

9

93

3
2
9

x

xx

x −

−−
+

−
⋅  = 

2

2

2 92

29

92

9

x

x

x −

−
+

−
 = 

2

2

92

299

x

x

−

−+  = 
2

2

92

218

x

x

−

−  = ( )
2

2

92

92

x

x

−

−  

= 
2

2

92

9

x

x

−

−  = 
2

2

2

2

9

9

9

9

x

x

x

x

−

−
⋅

−

−  = ( )
2

22

9

99

x

xx

−

−−  = 29 x−  

i.  Given dx
xx

∫
+ 22 4

1  let tx tan2= , then dttdx 2sec2=  and 24 x+  = t2tan44+  = t2tan12 +  

= t2sec2  = tsec2 .  Therefore,  
 

dx
xx

dx
∫

+ 22 4
 = 

( )
dt

tt
t

∫ ⋅ sec2tan4
sec2

2

2
 = ∫ dt

t

dt
2tan

sec
4
1  = ∫ ⋅ dt

t
t

t 2

2

sin
cos

cos
1

4
1  = ∫ dt

t

t
2sin

cos
4
1  let tu sin=  

 

= ∫ ⋅
t

du
u

t
cos

cos
4
1

2  = ∫ du
u 2
1

4
1  = cu +− −1

4
1  = c

u
+−

4
1  = c

t
+−

sin4
1  = c

x
x

+
+

−
24

4
1  

Check:  Let c
x

xy +
+

−=
24

4
1 , then y ′  = 

2

2

42

2 41

4
1 2

x

xx
x

x +⋅−⋅

−
+  = 

2

2

42

2 4

4
1 2

2

x

x
x

x +−

−
+   

= 
2

4

44

2

222

4
1

x

x

xxx

+







 +⋅






 +−

−  = 
2

4

4

4

2

22

x

x

xx

+

−−

−  = 
22 44

4

xx +

−
−  = 

22 4

1

xx +
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The following are additional standard forms of integration that have already been derived.  
Trigonometric substitution can be used in most of these cases in order to confirm the result. 

Table 5.2-1:  Integration Formulas  

1.  ∫ + 22 xa
dx  = c

a
x

a
+−1tan1  2.  

( )∫
+

222 xa

dx  = 
( )

c
a
x

axaa

x
++

+

−1
3222

tan
2

1

2
 

3.  ∫ − 22 xa
dx  = c

ax
ax

a
+

−
+ln

2
1  = c

xa
xa

a
+

−
+ln

2
1  4.  

( )∫
−

222 xa

dx  = 
( ) ∫ −

+
−

222222 2
1

2 xa
dx

axaa

x  

5.  ∫
+ 22 xa

dx  = c
a
x
+−1sinh  = cxax +++ 22ln  6.  ∫ + dxxa 22  = c

a
xaxax
+++ −1

2
22 sinh

22
 

7.  ∫ + dxxax 222  = ( )
c

a
xaxaxax
+−

++ −1
42222

sinh
88

2  8.  ∫
+ dx
x

xa 22
 = c

x
aaxa +−+ −122 sinh  

9.  ∫
+ dx
x

xa 22
 = c

x
xa

a
x

+
+

−−
22

1sinh  10.  dx
xa

x
∫

+ 22

2
 = cxax

a
xa

+
+

+− −

2
sinh

2

22
1

2
 

11.  ∫
+ 22 xax

dx  = c
x

xaa
a

+
++

−
22

ln1  12.  ∫
+ 222 xax

dx  = c
xa
xa

+
+

−
2

22
 

13.  ∫
− 22 xa

dx  = c
a
x
+−1sin  14.  ∫ − dxxa 22  = c

a
xaxax
++− −1

2
22 sin

22
 

15.  ∫ − dxxax 222  = ( ) cxaxax
a
xa

+−−−− 22221
4

2
8
1sin

8
 16.  ∫

− dx
x

xa 22
 = c

x
xaaaxa +

−+
−−

22
22 ln  

17.  ∫
− dx

x
xa

2

22
 = c

x
xa

a
x

+
−

−− −
22

1sin  18.  dx
xa

x
∫

− 22

2
 = cxax

a
xa

+−−− 221
2

2
1sin

2
 

19.  ∫
− 22 xax

dx  = c
x

xaa
a

+
−+

−
22

ln1  20.  ∫
− 222 xax

dx  = c
xa
xa

+
−

2

22
 

21.  ∫
− 22 ax

dx  = c
a
x
+−1cosh  = caxx +−+ 22ln  22.  ∫ − dxax 22  = c

a
xaaxx
+−− −1

2
22 cosh

22
 

23.  ∫ − dxaxx 222  = ( ) c
a
xaaxaxx
+−−− −1

4
2222 cosh

8
2

8
 24.  ∫

− dx
x

ax 22
 = c

a
xaax +−− −122 sec  

25.  ∫
− dx

x
ax

2

22
 = c

x
ax

a
x

+
−

−−
22

1cosh  26.  dx
ax

x
∫

− 22

2
 = caxx

a
xa

+−+− 221
2

2
cosh

2
 

27.  ∫
− 22 axx

dx  = c
a
x

a
+−1sec1  = c

x
a

a
+−1cos1  28.  ∫

− 222 axx

dx  = c
xa
ax

+
−
2

22
 

29.  ∫
− 22 xax

dx  = c
a

ax
+






 −−1sin  30.  ∫ + dxxa 22  = caxxaxax

+





 ++++ 22

2
22 ln

22
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Section 5.2 Practice Problems – Integration Using Trigonometric Substitution 

Evaluate the following indefinite integrals: 

a.  ∫
− 22 16 xx

dx  =    b.  ∫
−

dx
x

x

2

2

9
 =    c.  ∫

+ 249 xx

dx  =  

d.  
( )

dx
x

∫
+

2249

1  =    e.  ∫ 














+

−

dxx
x

x 5
12

2
 =   f.  dxx∫ − 252  =  

g.  dxx∫ − 236  =    h.  
( )∫
+ 2

3
2369 x

dx  =    i.  ∫
− dx
x

x 249  =  
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5.3 Integration by Partial Fractions 
The primary objective of this section is to show that rational functions can be integrated by 

breaking them into simpler parts.  A function ( ) ( )
( )xg
xf

xF = , where ( )xf  and ( )xg  are polynomials, 

is referred to as a rational function.  Depending on the degree of the ( )xf , the function ( )xF  is 
either a proper or an improper rational fraction. 

• A proper rational fraction is a fraction where the degree of the numerator ( )xf  is less than the 

degree of the denominator ( )xg .  For example, 
6

1
2 −−

+

xx
x , 

1
1

3 −x
, 

32
1

2 −+ xx
, and 

12 +x
x  are 

proper rational fractions. 

• An improper rational fraction is a fraction where the degree of the numerator ( )xf  is at least 
as large as the degree of the denominator ( )xg .  In such cases, long division is used in order 
to reduce the fraction to the sum of a polynomial and a proper rational fraction.  For example, 

6
2

2

3

−−

+

xx
x , 

12

3

+x
x , and 

23

34 1
xx

xxx
−

−−−  are improper rational fractions.  (See Section 6.3 of 

Mastering Algebra – An Introduction for solved problems on long division.) 

A fraction, depending on its classification of the denominator, can be represented in four 
different cases.  These cases are as follows: 
 
CASE I - The Denominator Has Distinct Linear Factors 

In this case the linear factors of the form bax +  appear only once in the denominator.  To solve 
this class of rational fractions we equate each proper rational fraction with a single fraction of the 

form 
bax

A
+

, 
dcx

B
+

, 
fex

C
+

, etc.  The following examples show the steps as to how this class of 

integrals are solved. 

Example 5.3-1:  Evaluate the integral ∫ −+

+ dx
xxx

x
6

1
23

. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator xxx 623 −+  into ( )( )32 +− xxx . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the 
denominator is occurring only once, the integrand can be represented in the following way: 

xxx
x

6
1

23 −+

+  = ( )( )32
1
+−

+
xxx

x  = 
32 +

+
−

+
x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xxx
x

6
1

23 −+

+  = ( )( ) ( ) ( )
( )( )32

2332
+−

−++++−
xxx

xCxxBxxxA  



Calculus I  5.3  Integration by Partial Fractions  

Hamilton Education Guides   321 

1+x  = ( ) ( ) ( )xxCxxBxxxA 23623 222 −+++−−+  = CxCxBxBxAAxAx 236 222 −+++−+  
 

1+x  = ( ) ( ) AxCBAxCBA 6232 −−++++   therefore, 
 

0=++ CBA     123 =−+ CBA     16 =− A  

which result in having 
6
1

−=A , 
10
3

=B , and 
15
2

−=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ −+

+ dx
xxx

x
6

1
23

 = ∫∫∫ +
+

−
+ dx

x
Cdx

x
Bdx

x
A

32
 = ∫∫∫ +

−
−

+− dx
x

dx
x

dx
x 3

1
15
2

2
1

10
31

6
1  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

∫∫∫ +
−

−
+− dx

x
dx

x
dx

x 3
1

15
2

2
1

10
31

6
1  = cxxx ++−−+− 3ln

15
22ln

10
3ln

6
1  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 
Let cxxxy ++−−+−= 3ln

15
22ln

10
3ln

6
1  , then y ′  = 01

3
1

15
21

2
1

10
311

6
1

+⋅
+

⋅−⋅
−

⋅+⋅⋅−
xxx

  

= ( )( ) ( ) ( )
( )( )32900

2120327032150
+−

−−+++−−
xxx

xxxxxx  = ( ) ( ) ( )
( )xxxx

xxxxxx

6900

212032706150
23

222

−+

−−++−+−   

= 
( )xxx

xxxxxx

6900

240120810270900150150
23

222

−+

+−+++−−  = ( ) ( )
( )xxx

xx

6900

900240810150120270150
23

2

−+

+++−+−+−   

= 
( )xxx

x

6900

900900
23 −+

+  = ( )
( )xxx

x

6900

1900
23 −+

+  = 
xxx

x
6

1
23 −+

+  

Example 5.3-2:  Evaluate the integral ∫ ++ 232 xx
dx . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 232 ++ xx  into ( )( )21 ++ xx . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the 
denominator is occurring only once, the integrand can be represented in the following way: 

23
1

2 ++ xx
 = ( )( )21

1
++ xx

 = 
21 +

+
+ x

B
x

A  

Fourth - Solve for the constants A  and B  by equating coefficients of the like powers. 

23
1

2 ++ xx
 = ( ) ( )

( )( )21
12

++
+++

xx
xBxA  
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1  = ( ) ( )12 +++ xBxA  = BBxAAx +++ 2  
 

1  = ( ) ( )BAxBA +++ 2   therefore, 
 

0=+ BA     12 =+ BA  

which result in having 1=A  and 1−=B  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ ++
dx

xx 23
1

2
 = dx

x
Bdx

x
A

∫∫ +
+

+ 21
 = dx

x
dx

x ∫∫ +
−

+ 2
1

1
1  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

dx
x

dx
x ∫∫ +

−
+ 2

1
1

1  = cxx ++−+ 2ln1ln  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxy ++−+= 2ln1ln  , then y ′  = 01
2

11
1

1
+⋅

+
−⋅

+ xx
 = ( ) ( )

( )( )21
12

++
+−+

xx
xx  = 

23
1

2 ++ xx
  

Example 5.3-3:  Evaluate the integral ∫ +− 652 xx

dxx . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 652 +− xx  into ( )( )32 −− xx . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the 
denominator is occurring only once, the integrand can be represented in the following way: 

652 +− xx
x  = ( )( )32 −− xx

x  = 
32 −

+
− x

B
x

A  

Fourth - Solve for the constants A  and B  by equating coefficients of the like powers. 

652 +− xx
x  = ( ) ( )

( )( )32
23

−−
−+−

xx
xBxA  

x  = ( ) ( )23 −+− xBxA  = BBxAAx 23 −+−  
 

x  = ( ) ( )BAxBA 23 +−+   therefore, 
 

1=+ BA     023 =+ BA  

which result in having 2−=A  and 3=B  
 

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ +− 652 xx

dxx  = dx
x

Bdx
x

A
∫∫ −

+
− 32

 = dx
x

dx
x ∫∫ −

+
−

−
3

3
2

2  
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Sixth - Integrate each integral individually using integration methods learned in previous sections. 

dx
x

dx
x ∫∫ −

+
−

−
3

3
2

2  = cxx +−+−− 3ln32ln2  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxy +−+−−= 3ln32ln2  , then y ′  = 01
3

131
2

12 +⋅
−

⋅+⋅
−

⋅−
xx

 = ( ) ( )
( )( )32

2332
−−

−+−−
xx

xx   

= 
65

6362
2 +−

−++−

xx
xx  = 

652 +− xx
x  

Example 5.3-4:  Evaluate the integral ∫ −

+
dx

xx

x
3

2 1 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator xx −3  into ( )12 −xx  = ( )( )11 +− xxx . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the 
denominator is occurring only once, the integrand can be represented in the following way: 

xx
x

−

+
3

2 1  = ( )( )11
12

+−
+

xxx
x  = 

11 +
+

−
+

x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xx
x

−

+
3

2 1  = ( )( ) ( ) ( )
( )( )11

1111
+−

−++++−
xxx

xCxxBxxxA  

12 +x  = ( ) ( ) ( )xxCxxBxxxA −+++−−+ 222 1  = CxCxBxBxAAx −+++− 222  
 

12 +x  = ( ) ( ) AxCBxCBA −−+++ 2   therefore, 
 

1=++ CBA     0=−CB     1=−A  

which result in having 1−=A , 1=B , and 1=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ −

+
dx

xx

x
3

2 1  = ∫∫∫ +
+

−
+ dx

x
Cdx

x
Bdx

x
A

11
 = ∫∫∫ +

+
−

+− dx
x

dx
x

dx
x 1

1
1

11  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

∫∫∫ +
+

−
+− dx

x
dx

x
dx

x 1
1

1
11  = cxxx +++−+− 1ln1lnln  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 
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Let cxxxy +++−+−= 1ln1lnln  , then y ′  = 0
1

1
1

11
+

+
+

−
+−

xxx
 = ( )( ) ( ) ( )

( )( )11
1111

+−
−++++−−

xxx
xxxxxx  

= 
( )1

1
2

222

−

−++++−

xx

xxxxx  = 
xx

x
−

+
3

2 1  

Example 5.3-5:  Evaluate the integral 
( )

dx
xxx

x
∫

−+

−

2

3
2

. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 22 −+ xx  into ( )( )12 −+ xx . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the 
denominator is occurring only once, the integrand can be represented in the following way: 

( )( )12
3
−+

−
xxx

x  = 
12 −

+
+

+
x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

( )( )12
3
−+

−
xxx

x  = ( )( ) ( ) ( )
( )( )12

2112
−+

++−+−+
xxx

xCxxBxxxA  

3−x  = ( ) ( ) ( )xxCxxBxxxA 222 222 ++−+−−+  = CxCxBxBxAAxAx 22 222 ++−+−+  
 

3−x  = ( ) ( ) AxCBAxCBA 222 −+−+++   therefore, 
 

0=++ CBA     12 =+− CBA     32 −=− A  

which result in having 
2
3

=A , 
6
5

−=B , and 
3
2

−=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

( )
dx

xxx

x
∫

−+

−

2

3
2

 = ∫∫∫ −
+

+
+ dx

x
Cdx

x
Bdx

x
A

12
 = ∫∫∫ −

−
+

− dx
x

dx
x

dx
x 1

1
3
2

2
1

6
51

2
3  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

∫∫∫ −
−

+
− dx

x
dx

x
dx

x 1
1

3
2

2
1

6
51

2
3  = cxxx +−−+− 1ln

3
22ln

6
5ln

2
3  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxy +−−+−= 1ln
3
22ln

6
5ln

2
3  , then y ′  = 01

1
1

3
21

2
1

6
511

2
3

+⋅
−

⋅−⋅
+

⋅−⋅⋅
xxx

  

= ( )( ) ( ) ( )
( )( )126

2415129
−+

+−−−−+
xxx

xxxxxx  = ( ) ( ) ( )
( )26

24529
2

222

−+

+−−−−+

xxx

xxxxxx  = ( ) ( )
( )26

18859459
2

2

−+

−−++−−

xxx

xx   
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= 
( )26

186
2 −+

−

xxx

x  = ( )
( )26

36
2 −+

−

xxx

x  = 
( )2

3
2 −+

−

xxx

x  

Example 5.3-6:  Evaluate the integral ∫ −−

+ dx
xx

x
6

2
2

3
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction.  In this case the 
integrand is an improper rational fraction, i.e., the degree of the numerator is greater than the 
degree of the denominator.  Applying the long division method we obtain 

6
2

2

3

−−

+

xx
x  = ( )

6
871

2 −−

+
++

xx
xx  

To integrate the second term we proceed with the following steps: 

Second - Factor the denominator 62 −− xx  into ( )( )23 +− xx . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the 
denominator is occurring only once, the integrand can be represented in the following way: 

6
87

2 −−

+

xx
x  = ( )( )23

87
+−

+
xx

x  = 
23 +

+
− x

B
x

A  

Fourth - Solve for the constants A  and B  by equating coefficients of the like powers. 

6
87

2 −−

+

xx
x  = ( ) ( )

( )( )23
32

+−
−++

xx
xBxA  

87 +x  = BBxAAx 32 −++  
 

87 +x  = ( ) ( )BAxBA 32 −++   therefore, 
 

7=+ BA     832 =− BA  

which result in having 
5
29

=A  and 
5
6

=B  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ −−

+ dx
xx

x
6

2
2

3
 = ( ) ∫∫ −−

+
++ dx

xx
xdxx

6
871

2
 = ( ) ( )( )∫∫ +−

+
++ dx

xx
xdxx

23
871  = ( ) dx

x
Bdx

x
Ax ∫∫ +

+
−

++
23

1
2
1 2   

= ( ) dx
x

dx
x

x ∫∫ +
+

−
++

2
1

5
6

3
1

5
291

2
1 2  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( ) dx
x

dx
x

x ∫∫ +
+

−
++

2
1

5
6

3
1

5
291

2
1 2  = ( ) cxxx +++−++ 2ln

5
63ln

5
291

2
1 2  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 
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Let ( ) cxxxy +++−++= 2ln
5
63ln

5
291

2
1 2  , then y ′  = ( ) 01

2
1

5
61

3
1

5
291 +⋅

+
⋅+⋅

−
⋅++

xx
x   

= ( )
2

1
5
6

3
1

5
291

+
⋅+

−
⋅++

xx
x = ( )( )( ) ( ) ( )

( )( )235
362292315

+−
−++++−+

xx
xxxxx  = ( )( )235

186582930355 3

+−
−+++−−

xx
xxxx   

= ( )( )235
105 3

+−
+

xx
x  = ( )

( )65

25
2

3

−−

+

xx

x  = 
6

2
2

3

−−

+

xx
x  

Example 5.3-7:  Evaluate the integral ∫ −
dx

x 249
1 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 249 x−  into ( )( )xx +− 77 . 
Third - Write the linear factors in partial fraction form.  Since each linear factor in the 
denominator is occurring only once, the integrand can be represented in the following way: 

249
1

x−
 = ( )( )xx +− 77

1  = 
x

B
x

A
+

+
− 77

 

Fourth - Solve for the constants A  and B  by equating coefficients of the like powers. 

249
1

x−
 = ( ) ( )

( )( )xx
xBxA

+−
−++

77
77  

1  = ( ) ( )xBxA −++ 77  = BxBAxA −++ 77  
 

1  = ( ) ( )BAxBA 77 ++−   therefore, 
 

177 =+ BA     0=− BA  

which result in having 
14
1

=A , and 
14
1

=B  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ −
dx

x 249
1  = dx

x
Bdx

x
A

∫∫ +
+

− 77
 = dx

x
dx

x ∫∫ +
+

− 7
1

14
1

7
1

14
1  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

dx
x

dx
x ∫∫ +

+
− 7

1
14
1

7
1

14
1  = cxx +++− 7ln

14
17ln

14
1  

Seventh - Check the answer by differentiating the solution.  The result should match the  

integrand.  Let cxxy +++−= 7ln
14
17ln

14
1  , then y ′  = 0

7
1

14
1

7
1

14
1

+
+

⋅+
−

⋅
xx

 = ( )( )xx
xx
+−
−++

7714
77   

= 
( )2774914

77

xxx −−+

+  = 
( )24914

14

x−
 = 

249
1

x−
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CASE II - The Denominator Has Repeated Linear Factors 

In this case each linear factor of the form bax +  appears n  times in the denominator.  To solve 
this class of rational fractions we equate each proper rational fraction, that appears n  times in the 

denominator,  with a sum of n  partial fractions of the form 
( ) ( )n

n

bax

M

bax

M
bax

M

+
++

+
+

+
...

2
21 .  The 

following examples show the steps as to how this class of integrals are solved. 

Example 5.3-8:  Evaluate the integral ∫ +−

+ dx
xxx

x
23 2
3 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator xxx +− 23 2  into ( )122 +− xxx  = ( )21−xx . 

Third - Write the linear factors in partial fraction form.  Since one of the factors in the 
denominator is repeated, the integrand can be represented in the following way: 

xxx
x

+−

+
23 2
3  = 

( )12

3
2 +−

+

xxx

x  = 
( )21

3
−

+

xx
x  = 

( )211 −
+

−
+

x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xxx
x

+−

+
23 2
3  = ( ) ( )

( )( )2
2

11

11

−−

+−+−

xxx

CxxBxxA  

3+x  = ( ) ( ) CxxxBxxA +−++− 22 12  = CxBxBxAAxAx +−++− 22 2  
 

3+x  = ( ) ( ) AxCBAxBA ++−−++ 22   therefore, 
 

0=+ BA     12 =+−− CBA     3=A  

which result in having 3=A , 3−=B , and 4=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ +−

+ dx
xxx

x
23 2
3  = 

( )∫∫∫ −
+

−
+ dx

x
Cdx

x
Bdx

x
A

211
 = 

( )∫∫∫ −
+

−
− dx

x
dx

x
dx

x 21
14

1
1313  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( )∫∫∫ −
+

−
− dx

x
dx

x
dx

x 21
14

1
1313  = c

x
xx +

−
−−−

1
41ln3ln3  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let c
x

xxy +
−

−−−=
1

41ln3ln3  , then y ′  = 
( )

0
1

4
1

1313
2
+

−
+

−
⋅−⋅

xxx
 = ( ) ( )

( )2
2

1

41313

−

+−−−

xx

xxxx   
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= 
xxx

xxxxx
+−

++−+−
23

22

2
433363  = 

xxx
x

+−

+
23 2
3  

Example 5.3-9:  Evaluate the integral ∫ − 23 xx

dx . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 23 xx −  into ( )12 −xx . 

Third - Write the linear factors in partial fraction form.  Since one of the factors in the 
denominator is repeated, the integrand can be represented in the following way: 

23
1

xx −
 = 

( )1
1

2 −xx
 = 

12 −
++

x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

23
1

xx −
 = ( ) ( )

( )1

11
2

2

−

+−+−

xx

CxxBxAx  

1  = ( ) ( ) 22 1 CxxBxxA +−+−  = 22 CxBBxAxAx +−+−  
 

1  = ( ) ( ) BxBAxCA −+−++ 2   therefore, 
 

0=+CA     0=+− BA     1=−B  

which result in having 1−=A , 1−=B , and 1=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ − 23 xx

dx  = ∫∫∫ −
++ dx

x
Cdx

x
Bdx

x
A

12
 = ∫∫∫ −

+−− dx
x

dx
x

dx
x 1

111
2

 

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

∫∫∫ −
+−− dx

x
dx

x
dx

x 1
111

2
 = cx

x
x +−++− 1ln1ln  = cxx

x
+−−+ ln1ln1  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxx
x

y +−−+= ln1ln1  , then y ′  = 01
1

11
2

+−
−

+−
xxx

 = ( ) ( )
( )1

11
2

2

−

−−+−−

xx

xxxx   

= 
23

221
xx

xxxx
−

+−++−  = 
23

1
xx −

 

Example 5.3-10:  Evaluate the integral ∫ +− xxx
dx

23 2
5 . 
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First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second – Factor the denominator xxx +− 23 2  into ( )21−xx . 

Third - Write the linear factors in partial fraction form.  Since one of the factors in the 
denominator is repeated, the integrand can be represented in the following way: 

( )21
5
−xx

 = 
( )211 −

+
−

+
x

C
x

B
x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xxx +− 23 2
5  = ( ) ( )

( )2
2

1

11

−

+−+−

xx

CxxBxxA  

5  = ( ) ( ) CxxxBxxA +−++− 22 12  = CxBxBxAAxAx +−++− 22 2  
 

5  = ( ) ( ) AxCBAxBA ++−−++ 22   therefore, 
 

0=+ BA     02 =+−− CBA     5=A  

which result in having 5=A , 5−=B , and 5=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ +− xxx
dx

23 2
5  = 

( )∫∫∫ −
+

−
+ dx

x
Cdx

x
Bdx

x
A

211
 = 

( )∫∫∫ −
+

−
− dx

x
dx

x
dx

x 21
15

1
1515  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( )∫∫∫ −
+

−
− dx

x
dx

x
dx

x 21
15

1
1515  = c

x
xx +

−
−−−

1
51ln5ln5  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let c
x

xxy +
−

−−−=
1

51ln5ln5  , then y ′  = 
( )

01
1

151
1

15115
2

+⋅
−

⋅+⋅
−

⋅−⋅⋅
xxx

 = 
( )21

5
1

55
−

+
−

−
xxx

 

= ( ) ( )
( )2

2

1

51515

−

+−−−

xx

xxxx  = ( )
xxx

xxxxx

+−

++−+−
23

22

2

555125  = 
xxx

xxxxx
+−

++−+−
23

22

2
5555105  = 

xxx +− 23 2
5  

Example 5.3-11:  Evaluate the integral 
( )( )

dx
xx

x
∫ −+

+
232

6 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 
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Second – Factor the denominator.  However, the denominator is already in its reduced form of 
( )( )232 −+ xx . 

Third - Write the linear factors in partial fraction form.  Since one of the factors in the 
denominator is repeated, the integrand can be represented in the following way: 

( )( )232
6
−+

+

xx
x  = 

( )2332 −
+

−
+

+ x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

( )( )232
6
−+

+

xx
x  = ( ) ( )( ) ( )

( )( )2
2

32

2323

−+

++−++−

xx

xCxxBxA  

6+x  = ( ) ( ) ( )2696 22 ++−−++− xCxxBxxA  = CCxBBxBxAAxAx 2696 22 ++−−++−  
 

6+x  = ( ) ( ) ( )CBAxCBAxBA 26962 +−++−−++   therefore, 
 

0=+ BA     16 =+−− CBA     6269 =+− CBA  

which result in having 
25
4

=A , 
25
4

−=B , and 
5
9

=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

( )( )
dx

xx
x

∫ −+

+
232

6  = 
( )∫∫∫ −

+
−

+
+

dx
x

Cdx
x

Bdx
x

A
2332

 = 
( )∫∫∫ −

+
−

−
+

dx
x

dx
x

dx
x 23

1
5
9

3
1

25
4

2
1

25
4  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( )∫∫∫ −
+

−
−

+
dx

x
dx

x
dx

x 23
1

5
9

3
1

25
4

2
1

25
4  = ( ) c

x
xx +

−
−−−+

3
1

5
93ln

25
42ln

25
4  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let ( ) c
x

xxy +
−

−−−+=
3

1
5
93ln

25
42ln

25
4  , then y ′  = 

( )
0

3
1

5
9

3
1

25
4

2
1

25
4

2
+

−
+

−
⋅−

+
⋅

xxx
  

= ( ) ( )( ) ( )
( )( )2

2

3225

24532434

−+

++−+−−

xx

xxxx  = ( ) ( ) ( )
( )( )2

22

3225

24564964

−+

++−−−+−

xx

xxxxx  = 
( )( )2

22

3225
436244

−+

−+−

xx
xxx   

( )( )23225
9045244

−+

+++
+

xx
xx  = 

( )( )23225
15025
−+

+

xx
x  = ( )

( )( )23225

625

−+

+

xx

x  = 
( )( )232

6
−+

+

xx
x  

Example 5.3-12:  Evaluate the integral dx
xxx

x
∫ ++

+

44
5
23

. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 
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Second - Factor the denominator xxx 44 23 ++  into ( )442 ++ xxx  = ( )22+xx . 

Third - Write the linear factors in partial fraction form.  Since one of the factors in the 
denominator is repeated, the integrand can be represented in the following way: 

xxx
x

44
5
23 ++

+  = 
( )44

5
2 ++

+

xxx

x  = 
( )22

5
+

+

xx
x  = 

( )222 +
+

+
+

x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xxx
x

44
5
23 ++

+  = ( ) ( )
( )( )2

2

22

22

++

++++

xxx

CxxBxxA  

5+x  = ( ) ( ) CxxxBxxA +++++ 244 22  = CxBxBxAAxAx +++++ 244 22  
 

5+x  = ( ) ( ) AxCBAxBA 4242 +++++   therefore, 
 

0=+ BA     124 =++ CBA     54 =A  

which result in having 
4
5

=A , 
4
5

−=B , and 
2
3

−=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

dx
xxx

x
∫ ++

+

44
5
23

 = 
( )∫∫∫ +

+
+

+ dx
x

Cdx
x

Bdx
x
A

222
 = 

( )∫∫∫ +
−

+
− dx

x
dx

x
dx

x 22
1

2
3

2
1

4
51

4
5  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( )∫∫∫ +
−

+
− dx

x
dx

x
dx

x 22
1

2
3

2
1

4
51

4
5  = c

x
xx +

+
⋅++−

2
1

2
32ln

4
5ln

4
5  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let c
x

xxy +
+

⋅++−=
2

1
2
32ln

4
5ln

4
5  , then y ′  = 

( )
0

22
3

2
1

4
51

4
5

2
+

+
−

+
⋅−⋅

xxx
 = ( ) ( )

( )2
2

24

62525

+

−+−+

xx

xxxx   

= 
( )xxx

xxxxx

444

610520205
23

22

++

−−−++  = 
( )xxx

x

444

204
23 ++

+  = ( )
( )xxx

x

444

54
23 ++

+  = 
xxx

x
44

5
23 ++

+  

Example 5.3-13:  Evaluate the integral dx
xxx∫ ++ 345 2

1 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 345 2 xxx ++  into ( )1223 ++ xxx  = ( )23 1+xx . 
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Third - Write the linear factors in partial fraction form.  Since both factors in the denominator 
are repeated, the integrand can be represented in the following way: 

345 2
1

xxx ++
 = 

( )12

1
23 ++ xxx

 = 
( )23 1

1
+xx

 = 
( )232 11 +

+
+

+++
x

E
x
D

x
C

x
B

x
A  

Fourth - Solve for the constants A , B , C , D , and E  by equating coefficients of the like powers. 

345 2
1

xxx ++
 = ( ) ( ) ( ) ( )

( )23

332222

1

1111

+

++++++++

xx

ExxDxxCxBxxAx  

1  = ( ) ( ) ( ) ( ) 332222 1121212 ExxDxxxCxxBxxxAx +++++++++++   

1  = 334223234 222 ExDxDxCCxCxBxBxBxAxAxAx +++++++++++  
 

1  = ( ) ( ) ( ) ( ) CxCBxCBAxEDBAxDA +++++++++++ 222 234   therefore, 
 

0=+ DA   02 =+++ EDBA  02 =++ CBA   02 =+ CB   1=C  

which result in having 3=A , 2−=B , 1=C , 3−=D , and 1−=E  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ ++
dx

xxx 345 2
1  = 

( )
dx

x
dx

x
dx

x
dx

x
dx

x ∫∫∫∫∫ +
−

+
−+−

232 1
1

1
1311213  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( )
dx

x
dx

x
dx

x
dx

x
dx

x ∫∫∫∫∫ +
−

+
−+−

232 1
1

1
1311213  = c

x
x

xx
x +

+
++−−+

1
11ln3

2
12ln3 2  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let c
x

x
xx

xy +
+

++−−+=
1

11ln3
2

12ln3
2

 , then y ′  = 
( )

0
1

1
1

131213
232
+

+
−

+
⋅−+−⋅

xxxxx
  

= ( ) ( ) ( ) ( )
( )23

332222

1

1311213

+

−+−+++−+

xx

xxxxxxxx  = 
( )12

321422633
23

4223324

++

−+++−−−++

xxx

xxxxxxxxx   

( )12

3
23

33

++

−−
+

xxx

xx  = 
345 2

1
xxx ++

 

Example 5.3-14:  Evaluate the integral dx
xxx∫ +− 234 96

1 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 234 96 xxx +−  into ( )9622 +− xxx  = ( )22 3−xx . 
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Third - Write the linear factors in partial fraction form.  Since one of the factors in the 
denominator is repeated, the integrand can be represented in the following way: 

234 96
1

xxx +−
 = 

( )96

1
22 +− xxx

 = 
( )22 3

1
−xx

 = 
( )22 33 −

+
−

++
x

D
x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

234 96
1

xxx +−
 = ( ) ( ) ( )

( )22

2222

3

333

−

+−+−+−

xx

DxxCxxBxAx  

1  = ( ) ( ) ( ) 2222 333 DxxCxxBxAx +−+−+−  = ( ) ( ) ( ) 2222 36969 DxxCxxxBxxAx +−+−++−+  
 

1  = 223223 36969 DxCxCxBxBBxAxAxAx +−+−++−+  
 

1  = ( ) ( ) ( ) BxBAxDCBAxCA 96936 23 +−++−+−++   therefore, 
 

0=+CA   036 =+−+− DCBA   069 =− BA   19 =B  

which result in having 
81
6

=A , 
9
1

=B , 
81
6

−=C , and 
9
1

=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants 
with their specific values. 

∫ +− 234 96 xxx
dx  = 

( )∫∫∫∫ −
+

−
++ dx

x
Ddx

x
Cdx

x
Bdx

x
A

22 33
 = 

( )∫∫∫∫ −
+

−
−+

22 39
1

381
6

9
1

81
6

x
dx

x
dx

x
dx

x
dx  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( )∫∫∫∫ −
+

−
−+

22 39
1

381
6

9
1

81
6

x
dx

x
dx

x
dx

x
dx  = ( ) c

x
x

x
x +

−
−−−−

39
13ln

81
6

9
1ln

81
6  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let ( ) c
x

x
x

xy +
−

−−−−=
39

13ln
81
6

9
1ln

81
6 , then y ′  = 

( )
0

39
1

3
1

81
6

9
11

81
6

22
+

−
+

−
⋅−+⋅

xxxx
  

= ( ) ( ) ( )
( )22

2222

381

9363936

−

+−−−+−

xx

xxxxxx  = ( ) ( )
( )9681

9186969966
22

22322

+−

++−+−++−

xxx

xxxxxxxx   

= 
( )9681

91868154954366
22

223223

+−

++−+−++−

xxx

xxxxxxxx  = 
( )234 9681

81

xxx +−
 = 

234 96
1

xxx +−
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CASE III - The Denominator Has Distinct Quadratic Factors 

In this case the quadratic factors of the form cbxax ++2  appear only once in the denominator and 
are irreducible.  To solve this class of rational fractions we equate each proper rational fraction 

with a single fraction of the form 
cbxax

BAx
++

+
2

, 
edxcx

DCx
++

+
2

, 
gfxex

FEx
++

+
2

, etc.  The following 

examples show the steps as to how this class of integrals are solved. 

Example 5.3-15:  Evaluate the integral ∫ +

+− dx
xx

xx
3

2 3 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator xx +3  into ( )12 +xx . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator 
is in quadratic form, the integrand can be represented in the following way: 

xx
xx
+

+−
3

2 3  = 
( )1

3
2

2

+

+−

xx

xx  = 
12 +

+
+

x
CBx

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xx
xx
+

+−
3

2 3  = ( ) ( )
( )1

1
2

2

+

+++

xx

xCBxxA  

32 +− xx  = ( ) ( ) xCBxxA +++12  = CxBxAAx +++ 22  
 

32 +− xx  = ( ) ACxxBA +++ 2   therefore, 
 

1=+ BA     1−=C     3=A  

which result in having 3=A , 2−=B , and 1−=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ +

+− dx
xx

xx
3

2 3  = dx
x

CBxdx
x
A

∫∫ +

+
+

12
 = dx

x
xdx

x ∫∫ +

−−
+

1
1213

2
 = dx

x
dx

x
xdx

x ∫∫∫ +
−

+
−

1
1

1
213

22
 

Sixth - Integrate each integral individually using integration methods learned in previous  

sections.  To solve the second integral let 12 += xu . 

dx
x

dx
x

xdx
x ∫∫∫ +

−
+

−
1

1
1

213
22

 = dx
xx

du
u
xdx

x ∫∫∫ +
−⋅−

1
1

2
213

2
 = dx

x
du

u
dx

x ∫∫∫ +
−−

1
1113

2
  

= cxux +−− −1tanlnln3  = cxxx +−+− −12 tan1lnln3  
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Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxy +−+−= −12 tan1lnln3  , then y ′  = 0
1

12
1

113
22
+

+
−⋅

+

−
+⋅

x
x

xx
 = 

1
1

1
23

22 +
−

+
−

xx
x

x
  

= ( )
( )1

213
2

22

+

−−+

xx

xxx  = 
xx

xxx
+

−−+
3

22 233  = 
xx

xx
+

+−
3

2 3  

Example 5.3-16:  Evaluate the integral ∫ +
dx

xx 25
1

3
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator xx 253 +  into ( )252 +xx . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator 
is in quadratic form, the integrand can be represented in the following way: 

xx 25
1

3 +
 = 

( )25

1
2 +xx

 = 
252 +

+
+

x
CBx

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xx 25
1

3 +
 = ( ) ( )

( )25

25
2

2

+

+++

xx

xCBxxA  

1  = ( ) ( ) xCBxxA +++ 252  = CxBxAAx +++ 22 25  
 

1  = ( ) ACxxBA 252 +++   therefore, 
 

125 =A     0=C     0=+ BA  

which result in having 
25
1

=A , 
25
1

−=B , and 0=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ +
dx

xx 25
1

3
 = dx

x
CBxdx

x
A

∫∫ +

+
+

252
 = dx

x
xdx

x ∫∫ +
−

2525
11

25
1

2
 

Sixth - Integrate each integral individually using integration methods learned in previous  

sections.  To solve the second integral let 252 += xu . 

dx
x

xdx
x ∫∫ +

−
2525

11
25
1

2
 = 

x
du

u
xdx

x 225
11

25
1

⋅− ∫∫  = du
u

dx
x ∫∫ −

1
50
11

25
1  = cux +− ln

50
1ln

25
1   

= cxx ++− 25ln
50
1ln

25
1 2  
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Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxy ++−= 25ln
50
1ln

25
1 2  , then y ′  = 02

25
1

50
11

25
1

2
+⋅

+
⋅−⋅ x

xx
 = 

( )252525
1

2 +
−

x

x
x

  

= ( )
( )2525

25
2

22

+

−+

xx

xx  = 
( )xx

xx

2525

25
3

22

+

−+  = 
( )xx 2525

25
3 +

 = 
xx 25

1
3 +

 

Example 5.3-17:  Evaluate the integral ∫ +
dx

xx 24 16
1 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 24 16xx +  into ( )1622 +xx . 

Third - Write the factors in partial fraction form.  Since the factors in the denominator are in 
quadratic form, the integrand can be represented in the following way: 

24 16
1

xx +
 = 

( )16

1
22 +xx

 = 
1622 +

+
+

+

x
DCx

x
BAx  

Fourth - Solve for the constants A , B , C , and D  by equating coefficients of the like powers. 

24 16
1

xx +
 = ( )( ) ( )

( )16

16
22

22

+

++++

xx

DCxxxBAx  

1  = ( )( ) ( )DCxxxBAx ++++ 22 16  = 2323 1616 DxCxBBxAxAx +++++  
 

1  = ( ) ( ) BAxxDBxCA 161623 +++++   therefore, 
 

0=+CA    0=+ DB    016 =A    116 =B  

which result in having 0=A , 
16
1

=B , 0=C , and 
16
1

−=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ +
dx

xx 24 16
1  = dx

x
DCxdx

x
BAx

∫∫ +

+
+

+

1622
 = dx

x
Ddx

x
B

∫∫ +
+

1622
 = dx

x
dx

x ∫∫ +
−

16
1

16
11

16
1

22
 

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

dx
x

dx
x ∫∫ +

−
16

1
16
11

16
1

22
 = 

( )
dx

x
dx

x ∫∫
+

−

16
122

16

1
16
11

16
1  = 

( )
dx

x
dx

x ∫∫
+

−

16
122

1
256
11

16
1   

= cx
x

+⋅−−⋅ −

4
tan4

256
11

16
1 1  = cx

x
+−− −

4
tan

64
1

16
1 1  
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Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cx
x

y +−−= −

4
tan

64
1

16
1 1  , then y ′  = 0

4
1

1

1
64
1

16
1

16
2 2

+⋅
+

⋅−
xx

 = 
22 16

16
256
1

16
1

xx +
⋅−   

= 
( )22
1616

1
16

1

xx +
−  = ( )

( )22

22

1616

16

xx

xx

+

−+  = 
( )22

22

1616

16

xx

xx

+

−+  = 
( )22 1616

16

xx +
 = 

24 16
1

xx +
 

Example 5.3-18:  Evaluate the integral ∫ −
dx

x 8
1

3
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 83 −x  into ( )( )422 2 ++− xxx . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator 
is in quadratic form, the integrand can be represented in the following way: 

8
1

3 −x
 = 

( )( )422

1
2 ++− xxx

 = 
422 2 ++

+
+

− xx
CBx

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

8
1

3 −x
 = ( ) ( )( )

( )( )422

242
2

2

++−

−++++

xxx

xCBxxxA  

1  = ( ) ( )( )2422 −++++ xCBxxxA  = CCxBxBxAAxAx 2242 22 −+−+++  
 

1  = ( ) ( ) ( )CAxCBAxBA 24222 −++−++   therefore, 
 

0=+ BA     022 =+− CBA     124 =− CA  

which result in having 
12
1

=A , 
12
1

−=B , and 
3
1

−=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ −
dx

x 8
1

3
 = dx

xx
CBxdx

x
A

∫∫ ++

+
+

− 422 2
 = dx

xx

x
dx

x ∫∫ ++

−−
+

− 422
1

12
1

2
3
1

12
1

 = dx
xx

xdx
x ∫∫ ++

+
−

− 42
4

12
1

2
1

12
1

2
 

Sixth - Integrate each integral individually using integration methods learned in previous  

sections.  To solve the second integral let 422 ++= xxu , then 22 += x
dx
du  and 

22 +
=

x
dudx .  Also, 

4+x  can be rewritten as 4+x  = ( ) 31 ++x  = ( ) 322
2
1

++x .  Therefore,  
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dx
xx

xdx
x ∫∫ ++

+
−

− 42
4

12
1

2
1

12
1

2
 = ( ) dx

xx
xdx

x ∫∫ ++

++
−

− 42
31

12
1

2
1

12
1

2
 = 

( )
dx

xx

x
dx

x ∫∫ ++

++
−

− 42

322

12
1

2
1

12
1

2
2
1

  

= dx
xx

dx
xx

xdx
x ∫∫∫ ++

−
++

+
−

− 42
3

12
1

42
22

24
1

2
1

12
1

22
 = 

( )
dx

xx
du

u
xdx

x ∫∫∫ ++
−

+
⋅

+
−

− 31
1

12
3

22
22

24
1

2
1

12
1

2
  

= 
( )

dx
x

du
u

dx
x ∫∫∫ ++

−−
− 31

1
4
11

24
1

2
1

12
1

2
 = cxux +

+
−−− −

3
1tan

34
1ln

24
12ln

12
1 1   

= cxxxx +
+

⋅
−++−− −

3
1tan

34
342ln

24
12ln

12
1 12  = cxxxx +

+
−++−− −

3
1tan

12
342ln

24
12ln

12
1 12  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxxy +
+

−++−−= −

3
1tan

12
342ln

24
12ln

12
1 12  , then  

y ′  = ( ) ( ) ( )
( )

0
3

1031

1

1
12

322
42

1
24
1

2
1

12
1

22

3
1

2
+

+⋅−⋅
⋅






+

⋅−+⋅
++

⋅−
−

⋅
+

x
x

xxx x
 = ( ) ( )4212

1
212

1
2 ++

+
−

− xx

x
x

 

( ) 3
3

13
3

12
3

2
⋅

++
⋅−

x
 = ( ) ( ) ( )4212

3

4212

1
212

1
22 ++

−
++

+
−

− xxxx

x
x

 = ( ) ( )4212

31
212

1
2 ++

−−−
+

− xx

x
x

  

= ( ) ( )4212

4
212

1
2 ++

−−
+

− xx

x
x

 = ( ) ( )( )
( )( )42212

2442
2

2

++−

−−−+++

xxx

xxxx  = 
( )( )42212

84242
2

22

++−

+−+−++

xxx

xxxxx   

= 
( )( )42212

84
2 ++−

+

xxx
 = 

( )( )42212

12
2 ++− xxx

 = 
84242

1
223 −−−++ xxxxx

 = 
8

1
3 −x

 

Example 5.3-19:  Evaluate the integral ∫ +
dx

x 8
1

3
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 83 +x  into ( )( )422 2 +−+ xxx . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator 
is in quadratic form, the integrand can be represented in the following way: 

8
1

3 +x
 = 

( )( )422

1
2 +−+ xxx

 = 
422 2 +−

+
+

+ xx
CBx

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

8
1

3 +x
 = ( ) ( )( )

( )( )422

242
2

2

+−+

++++−

xxx

xCBxxxA  
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1  = ( ) ( )( )2422 ++++− xCBxxxA  = CCxBxBxAAxAx 2242 22 +++++−  
 

1  = ( ) ( ) ( )CAxCBAxBA 24222 ++++−++   therefore, 
 

0=+ BA     022 =++− CBA     124 =+ CA  

which result in having 
12
1

=A , 
12
1

−=B , and 
3
1

=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ +
dx

x 8
1

3
 = dx

xx
CBxdx

x
A

∫∫ +−

+
+

+ 422 2
 = dx

xx

x
dx

x ∫∫ +−

+−
+

+ 422
1

12
1

2
3
1

12
1

 = dx
xx

xdx
x ∫∫ +−

−
−

+ 42
4

12
1

2
1

12
1

2
 

Sixth - Integrate each integral individually using integration methods learned in previous  

sections.  To solve the second integral let 422 +−= xxu , then 22 −= x
dx
du  and 

22 −
=

x
dudx .  Also, 

4−x  can be rewritten as 4−x  = ( ) 31 −−x  = ( ) 322
2
1

−−x .  Therefore,  

dx
xx

xdx
x ∫∫ +−

−
−

+ 42
4

12
1

2
1

12
1

2
 = ( ) dx

xx
xdx

x ∫∫ +−

−−
−

+ 42
31

12
1

2
1

12
1

2
 = 

( )
dx

xx

x
dx

x ∫∫ +−

−−
−

+ 42

322

12
1

2
1

12
1

2
2
1

  

= dx
xx

dx
xx

xdx
x ∫∫∫ +−

+
+−

−
−

+ 42
3

12
1

42
22

24
1

2
1

12
1

22
 = 

( )
dx

xx
du

u
xdx

x ∫∫∫ +−
+

+
⋅

−
−

+ 31
1

12
3

22
22

24
1

2
1

12
1

2
  

= 
( )

dx
x

du
u

dx
x ∫∫∫ +−

+−
+ 31

1
4
11

24
1

2
1

12
1

2
 = cxux +

−
+−+ −

3
1tan

34
1ln

24
12ln

12
1 1   

= cxxxx +
−

⋅
++−−+ −

3
1tan

34
342ln

24
12ln

12
1 12  = cxxxx +

−
++−−+ −

3
1tan

12
342ln

24
12ln

12
1 12  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxxy +
−

++−−+= −

3
1tan

12
342ln

24
12ln

12
1 12  , then 

y ′  = ( ) ( ) ( )
( )

0
3

1031

1

1
12

322
42

1
24
1

2
1

12
1

22

3
1

2
+

−⋅−⋅
⋅






+

⋅+−⋅
+−

⋅−
+

⋅
−

x
x

xxx x
 = ( ) ( )4212

1
212

1
2 +−

−
−

+ xx

x
x

 

( ) 3
3

13
3

12
3

2
⋅

−+
⋅+

x
 = ( ) ( ) ( )4212

3

4212

1
212

1
22 +−

+
+−

−
−

+ xxxx

x
x

 = ( ) ( )4212

31
212

1
2 +−

++−
+

+ xx

x
x

  

= ( ) ( )4212

4
212

1
2 +−

+−
+

+ xx

x
x

 = ( ) ( )( )
( )( )42212

2442
2

2

+−+

++−++−

xxx

xxxx  = 
( )( )42212

84242
2

22

+−+

++−−+−

xxx

xxxxx   
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= 
( )( )42212

84
2 +−+

+

xxx
 = 

( )( )42212

12
2 +−+ xxx

 = 
84242

1
223 +−++− xxxxx

 = 
8

1
3 +x

 

Example 5.3-20:  Evaluate the integral ∫ −
dx

x
x

4

2

16
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 416 x−  into ( )( )22 44 xx +−  = ( )( )( )2422 xxx ++− . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator 
is in quadratic form, the integrand can be represented in the following way: 

4

2

16 x
x
−

 = 
( )( )( )2

2

422 xxx

x

++−
 = 

2422 x
DCx

x
B

x
A

+

+
+

+
+

−
 

Fourth - Solve for the constants A , B , C , and D  by equating coefficients of the like powers. 

4

2

16 x
x
−

 = ( )( ) ( )( ) ( )( )( )
( )( )( )2

22

422

224242

xxx

DCxxxxxBxxA

++−

++−+−−+−+  

2x  = ( )( ) ( )( ) ( )( )( )DCxxxxxBxxA ++−++−+++ 224242 22  
 

2x  = 233232 44428428 DxCxDCxBxBxBxBAxAxAxA −−++−−+++++  
 

2x  = ( ) ( ) ( ) ( )DBAxCBAxDBAxCBA 48844422 23 ++++−+−++−−   therefore, 
 

0=−− CBA   122 =−+ DBA   0444 =+− CBA   0488 =++ DBA  

which result in having 
8
1

=A , 
8
1

=B , 0=C , and 
2
1

−=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ −
dx

x
x

4

2

16
 = dx

x
DCxdx

x
Bdx

x
A

∫∫∫ +

+
+

+
+

− 2422
 = dx

x
dx

x
dx

x ∫∫∫ +
−

+
+

− 24
1

2
1

2
1

8
1

2
1

8
1   

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

dx
x

dx
x

dx
x ∫∫∫ +

−
+

+
− 24

1
2
1

2
1

8
1

2
1

8
1  = dx

x
dx

x
dx

x ∫∫∫ +
−

+
+

− 222
1

2
1

2
1

8
1

2
1

8
1  

= cxxx +⋅−++− −

2
tan

2
1

2
12ln

8
12ln

8
1 1  = cxxx +−++− −

2
tan

4
12ln

8
12ln

8
1 1  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 
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Let cxxxy +−++−= −

2
tan

4
12ln

8
12ln

8
1 1  , then y ′  = 0

2
1

1

1
4
1

2
1

8
1

2
1

8
1

4
2

+⋅
+

⋅−
+

⋅+
−

⋅
xxx

  

= ( ) ( ) ( )248

4
28
1

28
1

xxx +
−

+
+

−
 = ( )( ) ( )( ) ( )( )

( )( )( )2

22

4228

2244242

xxx

xxxxxx

++−

+−−+−+++  = 
( )( )22

32

448

8428

xx

xxx

+−

++++   

( )( )22

232

448

41642

xx

xxxx

+−

+−−−
+  = ( ) ( )

( )4

222

168

1688422

x

xxx

−

−++++  = 
( )4

2

168

8

x

x

−
 = 

4

2

16 x
x
−

 

Example 5.3-21:  Evaluate the integral ∫ −
dx

x 1
5

4
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 14 −x  into ( )( )11 22 +− xx  = ( )( )( )111 2 ++− xxx . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator 
is in quadratic form, the integrand can be represented in the following way: 

1
5

4 −x
 = 

( )( )( )111

5
2 ++− xxx

 = 
111 2 +

+
+

+
+

− x
DCx

x
B

x
A  

Fourth - Solve for the constants A , B , C , and D  by equating coefficients of the like powers. 

1
5

4 −x
 = ( )( ) ( )( ) ( )( )( )

( )( )( )111

111111
2

22

++−

++−++−+++

xxx

DCxxxxxBxxA  

5  = ( )( ) ( )( ) ( )( )( )DCxxxxxBxxA ++−++−+++ 111111 22  
 

5  = DCxDxCxBBxBxBxAAxAxAx −−++−+−++++ 232323  
 

5  = ( ) ( ) ( ) ( )DBAxCBAxDBAxCBA −−+−+++−+++ 23   therefore, 
 

0=++ CBA   0=+− DBA   0=−+ CBA   5=−− DBA  

which result in having 
4
5

=A , 
4
5

−=B , 0=C , and 
2
5

−=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ −
dx

x 1
5

4
 = dx

x
DCxdx

x
Bdx

x
A

∫∫∫ +

+
+

+
+

− 111 2
 = dx

x
dx

x
dx

x ∫∫∫ +
−

+
−

− 1
1

2
5

1
1

4
5

1
1

4
5

2
  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 



Calculus I  5.3  Integration by Partial Fractions  

Hamilton Education Guides   342 

dx
x

dx
x

dx
x ∫∫∫ +

−
+

−
− 1

1
2
5

1
1

4
5

1
1

4
5

2
 = cxxx +−+−− −1tan

2
51ln

4
51ln

4
5   

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxy +−+−−= −1tan
2
51ln

4
51ln

4
5  , then y ′  = 01

1
1

2
5

1
1

4
5

1
1

4
5

2
+⋅

+
⋅−

+
⋅−

−
⋅

xxx
  

= ( ) ( ) ( )12

5
14

5
14

5
2 +

−
+

−
− xxx

 = ( )( ) ( )( ) ( )( )
( )( )( )1114

1110115115
2

22

++−

+−−+−−++

xxx

xxxxxx  = 
( )( )22

323

414

55555

xx

xxxx

+−

−+++   

( )( )22

22

414

1010555

xx

xxx

+−

+−+−+  = 
( )14

20
4 −x

 = 
1

5
4 −x

 

Example 5.3-22:  Evaluate the integral ∫ −
dx

x 64
1

3
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 643 −x  into ( )( )1644 2 ++− xxx . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator 
is in quadratic form, the integrand can be represented in the following way: 

64
1

3 −x
 = 

( )( )1644

1
2 ++− xxx

 = 
1644 2 ++

+
+

− xx
CBx

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

64
1

3 −x
 = ( ) ( )( )

( )( )1644

4164
2

2

++−

−++++

xxx

xCBxxxA  

1  = ( ) ( )( )41642 −++++ xCBxxxA  = CCxBxBxAAxAx 44164 22 −+−+++  
 

1  = ( ) ( ) ( )CAxCBAxBA 416442 −++−++   therefore, 
 

0=+ BA     044 =+− CBA     1416 =− CA  

which result in having 
48
1

=A , 
48
1

−=B , and 
6
1

−=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ −
dx

x 64
1

3
 = dx

xx
CBxdx

x
A

∫∫ ++

+
+

− 1644 2
 = dx

xx

x
dx

x ∫∫ ++

−−
+

− 1644
1

48
1

2
6
1

48
1

 = dx
xx

xdx
x ∫∫ ++

+
−

− 164
8

48
1

4
1

48
1

2
 

Sixth - Integrate each integral individually using integration methods learned in previous  
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sections.  To solve the second integral let 1642 ++= xxu , then 42 += x
dx
du  and 

42 +
=

x
dudx .  

Also, 8+x  can be rewritten as 8+x  = ( ) 62 ++x  = ( ) 642
2
1

++x .  Therefore,  

dx
xx

xdx
x ∫∫ ++

+
−

− 164
8

48
1

4
1

48
1

2
 = ( ) dx

xx
xdx

x ∫∫ ++

++
−

− 164
62

48
1

4
1

48
1

2
 = 

( )
dx

xx

x
dx

x ∫∫ ++

++
−

− 164

642

48
1

4
1

48
1

2
2
1

  

= dx
xx

dx
xx

xdx
x ∫∫∫ ++

−
++

+
−

− 164
6

48
1

164
42

96
1

4
1

48
1

22
 = 

( )
dx

xx
du

u
xdx

x ∫∫∫ ++
−

+
⋅

+
−

− 122
1

48
6

42
42

96
1

4
1

48
1

2
  

= 
( )

dx
x

du
u

dx
x ∫∫∫ ++

−−
− 122

1
8
11

96
1

4
1

48
1

2
 = cxux +

+
−−− −

12
2tan

128
1ln

96
14ln

48
1 1   

= cxxxx +
+

⋅
−++−− −

12
2tan

128
12164ln

96
14ln

48
1 12  = cxxxx +

+
−++−− −

12
2tan

96
12164ln

96
14ln

48
1 12  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxxy +
+

−++−−= −

12
2tan

96
12164ln

96
14ln

48
1 12  , then  

y ′  = ( ) ( ) ( )
( )

0
12

20121

1

1
96
1242

164
1

96
1

4
1

48
1

22

12
2

2
+

+⋅−⋅
⋅






+

⋅−+⋅
++

⋅−
−

⋅
+

x
x

xxx x
 = ( ) ( )16448

2
448

1
2 ++

+
−

− xx

x
x

 

( ) 12
12

212
12

96
12

2
⋅

++
⋅−

x
 = ( ) ( ) ( )16448

6

16448

2
448

1
22 ++

−
++

+
−

− xxxx

x
x

 = ( ) ( )16448

62
448

1
2 ++

−−−
+

− xx

x
x

  

= ( ) ( )16448

8
448

1
2 ++

−−
+

− xx

x
x

 = ( ) ( )( )
( )( )164448

48164
2

2

++−

−−−+++

xxx

xxxx  = 
( )( )164448

3284164
2

22

++−

+−+−++

xxx

xxxxx   

= 
( )( )164448

3216
2 ++−

+

xxx
 = 

( )( )164448

48
2 ++− xxx

 = 
64164164

1
223 −−−++ xxxxx

 = 
64

1
3 −x
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CASE IV - The Denominator Has Repeated Quadratic Factors 

In this case each irreducible quadratic factor of the form cbxax ++2  appears n  times in the 
denominator.  To solve this class of rational fractions we equate each proper rational fraction, 
that appears n  times in the denominator,  with a sum of n  partial fractions of the form 

( ) ( )n
nn

cbxax

NxM

cbxax

NxM

cbxax

NxM

++

+
++

++

+
+

++

+

222
22

2
11 ... .  The following examples show the steps as to how 

this class of integrals are solved. 

Example 5.3-23:  Evaluate the integral ∫ ++
dx

xx
x

12 24

2
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 12 24 ++ xx  into ( )22 1+x . 

Third - Write the factors in partial fraction form.  Since the quadratic form in the denominator 
is repeated, the integrand can be represented in the following way: 

12 24

2

++ xx
x  = 

( )22

2

1+x

x  = 
( )222

11 +

+
+

+

+

x

DCx
x

BAx  

Fourth - Solve for the constants A , B , C , and D  by equating coefficients of the like powers. 

12 24

2

++ xx
x  = ( )( )

( )22

2

1

1

+

++++

x

DCxxBAx  

2x  = ( )( ) DCxxBAx ++++ 12  = DCxBBxAxAx +++++ 23  
 

2x  = ( ) ( )DBxCABxAx +++++ 23   therefore, 
 

0=A    1=B    0=+CA    0=+ DB  

which result in having 0=A , 1=B , 0=C , and 1−=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ ++
dx

xx
x

12 24

2
 = 

( )
dx

x

DCxdx
x

BAx
∫∫

+

+
+

+

+
222

11
 = 

( )
dx

x
dx

x ∫∫
+

−
+

+

+
222

1

10
1

10  = 
( )

dx
x

dx
x ∫∫

+
−

+ 222
1

1
1

1  

Sixth - Integrate each integral individually using integration methods learned in previous  

sections.  To solve the second integral let tx tan= , then t
dt
dx 2sec=  which implies dttdx 2sec= . 
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( )
dx

x
dx

x ∫∫
+

−
+ 222

1

1
1

1  = 
( )

dt
t

txarc ∫
+

−
22

2

1tan

sectan  = 
( )

dt
t

txarc ∫− 22

2

sec

sectan  = dt
t
txarc ∫− 4

2

sec
sectan  

= dt
t

xarc ∫− 2sec
1tan  = dttxarc ∫− 2costan  = ( )dttx ∫ +−− 2cos1

2
1tan 1  = cttx +






 +−− 2sin

2
1

2
1tan 1  

= ( ) ctttx ++−− cossin
2
1tan 1  = c

xx

xxx +
+

⋅
+

⋅−− −−

22
11

1

1

12
1tan

2
1tan  = 

( )
c

x

xx +
+

−−

12
tan

2
1

2
1   

Or, we could use the already derived integration formulas by using Tables 5.2-1 and 5.4-3. 

Note – Since the objective of this section is to teach the process for solving integrals using the 
Partial Fractions method, in the remaining example problems, we will use the already derived 
integration formulas summarized primarily in Tables 5.2-1 and 5.4-3 in order to solve this 
class of problems. 

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let 
( )

c
x

xxy +
+

−= −

12
tan

2
1

2
1  , then y ′  = ( )

( )
0

1

211
2
1

1
1

2
1

22

2

2
+

+

⋅−+⋅
⋅−

+
⋅

x

xxx
x

 = 
( ) ( )22

22

2 12

12

12

1

+

+−
−

+ x

xx

x
  

= 
( ) ( )22

2

2 12

1

12

1

+

+−
−

+ x

x

x
 = 

( )22

22

12

11

+

−++

x

xx  = 
( )22

2

12

2

+x

x  = 
( )22

2

1+x

x  = 
12 24

2

++ xx
x  

Example 5.3-24:  Evaluate the integral ∫ ++

+ dx
xx

x
168

1
24

2
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is an improper rational fraction use synthetic division (long division) to reduce the 
rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 168 24 ++ xx  into ( )22 4+x . 

Third - Write the factors in partial fraction form.  Since the quadratic form in the denominator 
is repeated, the integrand can be represented in the following way: 

168
1

24

2

++

+

xx
x  = 

( )22

2

4

1

+

+

x

x  = 
( )222

44 +

+
+

+

+

x

DCx
x

BAx  

Fourth - Solve for the constants A , B , C , and D  by equating coefficients of the like powers. 

168
1

24

2

++

+

xx
x  = ( )( )

( )22

2

4

4

+

++++

x

DCxxBAx  

12 +x  = ( )( ) DCxxBAx ++++ 42  = DCxBBxAxAx +++++ 44 23  
 

12 +x  = ( ) ( )DBxCABxAx +++++ 4423   therefore, 
 

0=A    1=B    04 =+CA    14 =+ DB  
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which result in having 0=A , 1=B , 0=C , and 3−=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 

∫ ++

+ dx
xx

x
168

1
24

2
 = 

( )
dx

x

DCxdx
x

BAx
∫∫

+

+
+

+

+
222

44
 = 

( )
dx

x
dx

x ∫∫
+

−
+

+

+
222

4

30
4

10  = 
( )

dx
x

dx
x ∫∫

+
−

+ 222
4

3
4

1  

Sixth - Integrate each integral individually by using Tables 5.2-1 and 5.4-3. 

( )
dx

x
dx

x ∫∫
+

−
+ 222

4

3
4

1  = 
( )

c
x

xxx
+

+
−− −−

48

3
2

tan
16
3

2
tan

2
1

2
11  = 

( )
c

x

xx
+

+
−−

48

3
2

tan
16
5

2

1  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let 
( )

c
x

xxy +
+

−= −

48

3
2

tan
16
5

2
1 , then y ′  = 

( )
( )
( )

0
4

241
8
3

2
1

1

1
16
5

22

2

2
2

+
+

⋅−+⋅
⋅−⋅

+
⋅

x

xxx
x

  

= 
( ) ( )22

22

2 4

42
8
3

48

5

+

+−
⋅−

+ x

xx

x
 = 

( ) ( )22

2

2 4

4
8
3

48

5

+

+−
⋅−

+ x

x

x
 = 

( )22

22

48

123205

+

−++

x

xx  = 
( )22

2

4

1

+

+

x

x  = 
168

1
24

2

++

+

xx
x  

Example 5.3-25:  Evaluate the integral ∫ ++
dx

xx 2510
1

24 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is a rational fraction use synthetic division (long division) to reduce the rational 
fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 2510 24 ++ xx  into ( )22 5+x . 

Third - Write the factors in partial fraction form.  Since the quadratic form in the denominator 
is repeated, the integrand can be represented in the following way: 

2510
1

24 ++ xx
 = 

( )22 5

1

+x
 = 

( )222
55 +

+
+

+

+

x

DCx
x

BAx  

Fourth - Solve for the constants A , B , C , and D  by equating coefficients of the like powers. 

2510
1

24 ++ xx
 = ( )( )

( )22

2

5

5

+

++++

x

DCxxBAx  

1  = ( )( ) DCxxBAx ++++ 52  = DCxBBxAxAx +++++ 55 23  
 

1  = ( ) ( )DBxCABxAx +++++ 5523   therefore, 
 

0=A    0=B    05 =+CA    15 =+ DB  

which result in having 0=A , 0=B , 0=C , and 1=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  
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with their specific values. 

∫ ++
dx

xx 2510
1

24  = 
( )

dx
x

DCxdx
x

BAx
∫∫

+

+
+

+

+
222

55
 = 

( )
dx

x
dx

x ∫∫
+

+
+

+

+
222

5

10
5

00  = 
( )

dx
x

∫
+

22 5

1  

Sixth - Integrate each integral individually by using Tables 5.2-1 and 5.4-3. 

( )
dx

x
∫

+
22 5

1  = 
( )

c
x

xx
+

+
+−

5105
tan

510
1

2

1  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let 
( )

c
x

xxy +
+

+= −

5105
tan

510
1

2
1 , then y ′  = ( )

( )
0

510

251
5

1

1

1
510

1
22

2

2

5

+
+

⋅−+⋅
+⋅

+





⋅

x

xxx

x
  

= 
( ) ( )22

22

2 5

52
10
1

550

5

+

+−
⋅+

+ x

xx

x
 = 

( ) ( )22

2

2 510

5

510

1

+

+−
+

+ x

x

x
 = 

( )22

22

510

55

+

+−+

x

xx  = 
( )22 5

1

+x
 = 

2510
1

24 ++ xx
 

Example 5.3-26:  Evaluate the integral ∫ ++
dx

xx
x

44 24

3
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is a rational fraction use synthetic division (long division) to reduce the rational 
fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 44 24 ++ xx  into ( )22 2+x . 

Third - Write the factors in partial fraction form.  Since the quadratic form in the denominator 
is repeated, the integrand can be represented in the following way: 

44 24

3

++ xx
x  = 

( )22

3

2+x

x  = 
( )222

22 +

+
+

+

+

x

DCx
x

BAx  

Fourth - Solve for the constants A , B , C , and D  by equating coefficients of the like powers. 

44 24

3

++ xx
x  = ( )( )

( )22

2

2

2

+

++++

x

DCxxBAx  

3x  = ( )( ) DCxxBAx ++++ 22  = DCxBBxAxAx +++++ 22 23  
 

3x  = ( ) ( )DBxCABxAx +++++ 2223   therefore, 
 

1=A    0=B    02 =+CA    02 =+ DB  

which result in having 1=A , 0=B , 2−=C , and 0=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 
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∫ ++
dx

xx
x

44 24

3
 = 

( )
dx

x

DCxdx
x

BAx
∫∫

+

+
+

+

+
222

22
 = 

( )
dx

x

xdx
x
x

∫∫
+

+−
+

+

+
222

2

02
2

0  = 
( )

dx
x

xdx
x

x
∫∫

+
−

+ 222
2

2
2

 

Sixth - Integrate each integral individually by using Tables 5.2-1 and 5.4-3. 

( )
dx

x

xdx
x

x
∫∫

+
−

+ 222
2

2
2

 = ∫∫ ⋅−⋅ du
xu

xdu
xu

x
2
12

2
1

2
 = ∫∫ − du

u
du

u 2
1

2
21

2
1  = ∫∫ −− duudu

u
21

2
1  

= cuu +
+−

− +− 12
12

1ln
2
1  = cuu ++ −1ln

2
1  = c

u
u ++

1ln
2
1  = c

x
x +

+
++

2
12ln

2
1

2
2  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let c
x

xy +
+

++=
2

12ln
2
1

2
2 , then y ′  = 

( )
0

2

2
2

2
2
1

222
+

+
−

+
⋅

x

x
x

x  = 
( )222

2

2
2 +
−

+ x

x
x

x = ( )
( )22

2

2

22

+

−+

x

xxx   

= 
( )22

3

2

22

+

−+

x

xxx  = 
( )22

3

2+x

x  = 
44 24

3

++ xx
x  

Example 5.3-27:  Evaluate the integral ∫ ++

++ dx
xx

xx
168
72

24

2
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the 
integrand is a rational fraction use synthetic division (long division) to reduce the rational 
fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 168 24 ++ xx  into ( )22 4+x . 

Third - Write the factors in partial fraction form.  Since the quadratic form in the denominator 
is repeated, the integrand can be represented in the following way: 

168
72

24

2

++

++

xx
xx  = 

( )22

2

4

72

+

++

x

xx  = 
( )222

44 +

+
+

+

+

x

DCx
x

BAx  

Fourth - Solve for the constants A , B , C , and D  by equating coefficients of the like powers. 

168
72

24

2

++

++

xx
xx  = ( )( )

( )22

2

4

4

+

++++

x

DCxxBAx  

72 2 ++ xx  = ( )( ) DCxxBAx ++++ 42  = DCxBBxAxAx +++++ 44 23  
 

72 2 ++ xx  = ( ) ( )DBxCABxAx +++++ 4423   therefore, 
 

0=A    2=B    14 =+CA    74 =+ DB  

which result in having 0=A , 2=B , 1=C , and 1−=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  

with their specific values. 
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∫ ++

++ dx
xx

xx
168
72

24

2
 = 

( )
dx

x

DCxdx
x

BAx
∫∫

+

+
+

+

+
222

44
 = 

( )
dx

x

xdx
x ∫∫

+

−
+

+

+
222

4

1
4

20  = 
( )

dx
x

xdx
x ∫∫

+

−
+

+ 222
4

1
4

2  

= 
( ) ( )

dx
x

dx
x

xdx
x ∫∫∫

+
−

+
+

+ 22222
4

1

44
2  

Sixth - Integrate each integral individually by using Tables 5.2-1 and 5.4-3. 

( ) ( )
dx

x
dx

x

xdx
x ∫∫∫

+
−

+
+

+ 22222
4

1

44
2  = 

( )∫ +
+

−−⋅+⋅ −− c
x

xxdu
xu

xx

482
tan

16
1

2
1

2
tan

2
12

2
1

2
1   

= 
( )

c
x

xxux
+

+
−−

+−
⋅+⋅ −+−−

482
tan

16
1

12
1

2
1

2
tan

2
12

2
1121  = 

( )
c

x

xx
u

x
+

+
−−− −−

482
tan

16
1

2
1

2
tan

2
11  

= 
( ) ( )

c
x

xx

x

x
+

+
−−

+
− −−

482
tan

16
1

42

1
2

tan
2

1
2

1  = 
( )

c
x

xx
+

+

−−
+−

48

4
2

tan
16
15

2
1  = 

( )
c

x

xx
+

+

+
−−

48

4
2

tan
16
15

2

1  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let 
( )

c
x

xxy +
+

+
−= −

48

4
2

tan
16
15

2
1 , then y ′  = 

( )
( ) ( )

( )
0

48

4241
2
1

1

1
16
15

22

2

2
2

+
+

+⋅−+⋅
−⋅

+
⋅

x

xxx
x

 

= 
( ) ( )22

22

2 4

482
8
1

48

15

+

+−−
⋅−

+ x

xxx

x
 = 

( ) ( )22

2

2 48

48

48

15

+

−+
+

+ x

xx

x
 = 

( )22

22

48

486015

+

−+++

x

xxx  = 
( )22

2

48

56816

+

++

x

xx   

= ( )
( )22

2

48

728

+

++

x

xx  = 
( )22

2

4

72

+

++

x

xx  = 
168
72

4

2

++

++

xx
xx  

Section 5.3 Practice Problems – Integration by Partial Fractions 

Evaluate the following integrals: 

a.  ∫ ++ 652 xx
dx  =        b.  ∫ −

+
dx

xx

x

4

1
3

2
 =        c.  ∫ −

dx
x 236

1  =  

d.  ∫ ++

+ dx
xxx

x
23 2
5  =        e.  ∫ +−

dx
xxx 23 2

1  =       f.  dx
x
x
∫ −

+

1
3

2

2
 =  

g.  ∫ −
dx

x 1
1

3
 =        h.  ∫ −

dx
x 1

1
4  =        i.  ∫ +

dx
x 64

1
3

 =  
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5.4 Integration of Hyperbolic Functions 
In the following examples we will solve problems using the formulas below: 
 

Table 5.4-1:  Integration Formulas for Hyperbolic Functions 

1.  cxdxx +=∫ coshsinh  2.  cxdxx +=∫ sinhcosh  3.  cxdxx +=∫ coshlntanh  

4.  cxdxx +=∫ sinhlncoth  5.  ( ) cxdxxh += −∫ tanhsinsec 1  6.  cxdxxh +=∫ 2
tanhlncsc  

7.  cxhdxxhx +−=∫ secsectanh  8.  cxhdxxhx +−=∫ csccsccoth  9.  cxx
dxx +−=∫ 24

2sinh
sinh 2  

10.  cxx
dxx ++=∫ 24

2sinh
cosh 2  11.  cxxdxx +−=∫ tanhtanh 2  12.  cxxdxx +−=∫ cothcoth 2  

13.  cxdxxh +=∫ tanhsec 2  14.  cxdxxh +−=∫ cothcsc 2   

 
Additionally, the following formulas, similar to the trigonometric functions, hold for the 
hyperbolic functions: 

1.  Unit Formulas 

1sinhcosh 22 =− xx    1sectanh 22 =+ xhxh    1csccoth 22 =− xhxh  

2.  Addition Formulas 
( ) yxyxyx sinhcoshcoshsinhsinh ±=±   ( ) yxhyxyx sinhsinhcoshcoshcosh ±=±  

( )
yx

yx
yx

tanhtanh1
tanhtanh

tanh
±

±
=±     ( )

xy
yx

yx
cothcoth

1cothcoth
coth

±
±

=±  

3.  Half Angle Formulas 

0
2

1cosh
2
1sinh x

x
x

−
=    0

2
1cosh

2
1sinh x

x
x

−
−=  

2
1cosh

2
1cosh

+
=

x
x  

0
1cosh
1cosh

2
1tanh x

x
x

x
+
−

=    0
1cosh
1cosh

2
1sinh x

x
x

x
+
−

−=         or, 

x
2
1tanh  = 

1cosh
sinh

+x
x  = 

x
x

sinh
1cosh −  

4.  Double Angle Formulas 

xxx coshsinh22sinh =    x2cosh  = xx 22 sinhcosh +  = 1cosh2 2 −x  = x2sinh21+  

x

x
x

2tanh1

tanh2
2tanh

+
=  
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Also, the hyperbolic functions are defined by  

( )xx eex −−=
2
1sinh       ( )xx eex −+=

2
1cosh  

( )
( ) xx

xx

xx

xx

ee
ee

ee

ee

x
x

x
−

−

−

−

+

−
=

+

−
==

2
1

2
1

cosh
sinh

tanh    
( )
( ) xx

xx

xx

xx

ee
ee

ee

ee

x
x

x
−

−

−

−

−

+
=

−

+
==

2
1

2
1

sinh
cosh

coth  

( ) xxxx eeeex
xh

−− +
=

+
==

21
cosh

1sec

2
1

   
( ) xxxx eeeex

xh
−− −

=
−

==
21

sinh
1csc

2
1

 

Also note that the negative argument of the hyperbolic functions is equal to the following: 
 

( ) xx sinhsinh −=−    ( ) xx tanhtanh −=−     ( ) xx cothcoth −=−  
 

( ) xhxh csccsc −=−    ( ) xx coshcosh =−    ( ) xhxh secsec =−  
 
Finally, we need to know how to differentiate the hyperbolic functions (addressed in Chapter 3, 
Section 3.4) in order to check the answer to the given integrals below.  The derivatives of 
hyperbolic functions are repeated here and are as follows: 
 

Table 5.4-2:  Differentiation Formulas for Hyperbolic Functions 

u
dx
d sinh  = 

dx
duu ⋅cosh  u

dx
d coth  = 

dx
duuh ⋅− 2csc  

u
dx
d cosh  = 

dx
duu ⋅sinh  uh

dx
d sec  = 

dx
duuuh ⋅− tanhsec  

u
dx
d tanh  = 

dx
duuh ⋅2sec  uh

dx
d csc  = 

dx
duuuh ⋅− cothcsc  

 
Let’s integrate some hyperbolic functions using the above integration formulas. 
 
Example 5.4-1:  Evaluate the following integrals: 

a.  ∫ dxx5sinh  =    b.  ∫ dxx
6
1sinh  =    c.  ∫ dxx7cosh  =  

d.  ∫ dxx
5
1cosh  =    e.  ( )∫ + dxxx 2cosh4sinh  =   f.  ∫ dxxh 8csc  =  

g.  ∫ dxxh 5csc 2  =    h.  ∫ dxxh
4
1csc 2  =    i.  ∫ dxxhx 322 sec  =  

j.  ( )∫ + dxxhx 5sec 22  =   k.  ∫ dxxhx 322 csc  =    l.  ∫ dxxhx 22csc2  =  

Solutions: 

a.  Given ∫ dxx5sinh  let xu 5= , then x
dx
d

dx
du 5=  = 5  which implies 

5
dudx = .  Therefore,  
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∫ dxx5sinh  = ∫ ⋅
5

sinh duu  = ∫ duusinh
5
1  = cu +cosh

5
1  = cx +5cosh

5
1  

 

Check:  Let cxy += 5cosh
5
1 , then y ′  = c

dx
dx

dx
d

+⋅ 5sinh
5
1  = 055sinh

5
1

+⋅⋅ x
dx
dx  = 55sinh

5
1

⋅⋅ x   

= x5sinh
5
5
⋅  = x5sinh  

b.  Given ∫ dxx
6

sinh  let 
6
xu = , then 

6
x

dx
d

dx
du

=  = 
6
1  which implies dudx 6= .  Therefore,  

 

∫ dxx
6

sinh  = ∫ ⋅ duu 6sinh  = ∫ duusinh6  = cu +cosh6  = cx
+

6
cosh6  

 

Check:  Let cxy +=
6

cosh6 , then y ′  = c
dx
dx

dx
d

+⋅
6

cosh6  = 0
66

sinh6 +⋅⋅
x

dx
dx  = 

6
1

6
sinh6 ⋅⋅

x  

= 
6

sinh
6
6 x
⋅  = 

6
sinh x  

c.  Given ∫ dxx7cosh  let xu 7= , then x
dx
d

dx
du 7=  = 7  which implies 

7
dudx = .  Therefore,  

 

∫ dxx7cosh  = ∫ ⋅
7

cosh duu  = ∫ duucosh
7
1  = cu +sinh

7
1  = cx +7sinh

7
1  

 

Check:  Let cxy += 7sinh
7
1 , then y ′  = c

dx
dx

dx
d

+⋅ 7sinh
7
1  = 077cosh

7
1

+⋅⋅ x
dx
dx  = 77cosh

7
1

⋅⋅ x   

= x7cosh
7
7
⋅  = x7cosh  

d.  Given ∫ dxx
5

cosh  let 
5
xu = , then 

5
x

dx
d

dx
du

=  = 
5
1  which implies dudx 5= .  Therefore,  

 

∫ dxx
5

cosh  = ∫ ⋅ duu 5cosh  = ∫ duucosh5  = cu +sinh5  = cx
+

5
sinh5  

 

Check:  Let cxy +=
5

sinh5 , then y ′  = c
dx
dx

dx
d

+⋅
5

sinh5  = 0
55

cosh5 +⋅⋅
x

dx
dx  = 

5
1

5
cosh5 ⋅⋅

x  

= 
5

cosh
5
5 x
⋅  = 

5
cosh x  

e.  Given ( )∫ + dxxx 2cosh4sinh  = ∫∫ + dxxdxx 2cosh4sinh  let:   

a.  xu 4= , then x
dx
d

dx
du 4= ; 4=

dx
du ; dxdu 4= ;

4
dudx =  and  

b.  xv 2= , then x
dx
d

dx
dv 2= ; 2=

dx
dv ; dxdv 2= ;

2
dvdx = .   

Therefore, ∫∫ + dxxdxx 2cosh4sinh  = ∫∫ ⋅+⋅
2

cosh
4

sinh dvvduu  = ∫∫ + dvvduu cosh
2
1sinh

4
1   
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= 21 sinh
2
1cosh

4
1 cvcu +++  = 212sinh

2
14cosh

4
1 ccxx +++  = cxx ++ 2sinh

2
14cosh

4
1  

 

Check:  Let cxxy ++= 2sinh
2
14cosh

4
1  then y ′  = c

dx
dx

dx
dx

dx
d

+⋅+⋅ 2sinh
2
14cosh

4
1  = x

dx
dx 44sinh

4
1

⋅⋅   

022cosh
2
1

+⋅⋅+ x
dx
dx = xx 2cosh

2
24sinh

4
4

⋅+⋅  = xx 2cosh4sinh +  

f.  Given ∫ dxxh 8csc  let xu 8= , then 88 == x
dx
d

dx
du  which implies dxdu 8= ;

8
dudx = .  Therefore,  

 

∫ dxxh 8csc  = ∫ ⋅
8

csc duuh  = ∫ duuhcsc
8
1  = cu

+
2

tanhln
8
1  = cx

+
2

8tanhln
8
1  = cx +4tanhln

8
1  

 

Check:  Let cxy += 4tanhln
8
1 , then y ′  = c

dx
dx

dx
d

+⋅ 4tanhln
8
1  = ( ) 04tanh

4tanh
1

8
1

+⋅⋅ x
dx
d

x
  

= ( ) 044sec
4tanh

1
8
1 2 +⋅⋅⋅ xh

x
 = 

x
xh

4tanh
4sec4

8
1 2
⋅  = 

x
xh

4tanh
4sec

2
1 2
⋅  = 

x
x

4tanh
4tanh1

2
1 2−
⋅  = 

x
x

x
x

4cosh
4sinh

4cosh
4sinh

2
2

1

2
1 −
⋅   

= 
x
x
x

xx

4cosh
4sinh
4cosh

4sinh4cosh
2

22

2
1

−

⋅  = 
x
x
x

4cosh
4sinh
4cosh

1
2

2
1
⋅  = 

xx

x

4sinh4cosh

4cosh
2
1

2 ⋅
⋅  = 

xx 4sinh4cosh2
1
⋅

 = 
x42sinh

1
⋅

  

= 
x8sinh

1  = xh 8csc  

g.  Given ∫ dxxh 5csc 2  let xu 5= , then x
dx
d

dx
du 5= ; 5=

dx
du ; dxdu 5= ;

5
dudx = .  Therefore, 

 

∫ dxxh 5csc 2  = ∫ ⋅
5

csc 2 duuh  = ∫ duuh2csc
5
1  = cu +− coth

5
1  = cx +− 5coth

5
1  

 

Check:  Let cxy +−= 5coth
5
1 , then y ′  = ( ) c

dx
dx

dx
dx

dx
d

+⋅⋅− 55coth
5
1  = ( ) 055csc

5
1 2 +⋅−⋅− xh   

= xh 5csc
5
5 2⋅  = xh 5csc 2  

h.  Given ∫ dxxh
4
1csc 2  let xu

4
1

= , then 
4
x

dx
d

dx
du

= ; 
4
1

=
dx
du ; dxdu =4 ; dudx 4= .  Therefore, 

 

∫ dxxh
4
1csc 2  = ∫ ⋅ duuh 4csc 2  = ∫ duuh2csc4  = cu +− coth4  = cx +−

4
1coth4  

 

Check:  Let cxy +−=
4

coth4 , then y ′  = c
dx
dx

dx
d

+⋅−
4

coth4  = 0
24

csc4 2 +⋅−⋅−
x

dx
dxh  = 

4
1

4
csc4 2 ⋅

xh  

= 
4

csc
4
4 2 xh  = 

4
csc 2 xh  = xh

4
1csc 2  

i.  Given ∫ dxxhx 322 sec  let 3xu = , then 3x
dx
d

dx
du

= ; 23x
dx
du

= ; dxxdu 23= ;
23x

dudx = .  Therefore, 
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∫ dxxhx 322 sec  = ∫ //
⋅

2
22

3
sec

x
duuhx  = ∫ duuh2sec

3
1  = cu +tanh

3
1  = cx +3tanh

3
1  

 

Check:  Let cxy += 3tanh
3
1 , then y ′  = c

dx
dx

dx
d

+⋅ 3tanh
3
1  = 0sec

3
1 332 +⋅⋅ x

dx
dxh  = 232 3sec

3
1 xxh ⋅⋅   

= 32
2

sec
3

3 xhx
⋅  = 322 sec xhx  

j.  Given ( )∫ + dxxhx 5sec 22  let 52 += xu , then ( )52 += x
dx
d

dx
du ; x

dx
du 2= ; dxxdu 2= ;

x
dudx
2

= .  Therefore, 
 

( )∫ + dxxhx 5sec 22  = ∫ ⋅
x

duuhx
2

sec 2  = ∫ duuh2sec
2
1  = cu +tanh

2
1  = ( ) cx ++ 5tanh

2
1 2  

 

Check:  Let ( ) cxy ++= 5tanh
2
1 2 , then y ′  = ( ) c

dx
dx

dx
d

++⋅ 5tanh
2
1 2  = ( ) ( ) 055sec

2
1 222 ++⋅+⋅ x

dx
dxh   

= ( ) xxh 25sec
2
1 22 ⋅+⋅  = ( )5sec

2
2 22 +⋅ xhx  = ( )5sec 22 +xhx  

k.  Given ∫ dxxhx 322 csc  let 3xu = , then 3x
dx
d

dx
du

= ; 23x
dx
du

= ; dxxdu 23= ;
23x

dudx = .  Therefore,  

 

∫ dxxhx 322 csc  = ∫ ⋅
2

22

3
csc

x
duuhx  = ∫ duuh2csc

3
1  = cu +− coth

3
1  = cx +− 3coth

3
1  

 

Check:  Let cxy +−= 3coth
3
1 , then y ′  = c

dx
dx

dx
d

+⋅− 3coth
3
1  = 0csc

3
1 332 +⋅−⋅− x

dx
dxh   

= 232 3csc
3
1 xxh ⋅⋅  = 32

2
csc

3
3 xhx

⋅  = 322 csc xhx  

l.  Given ∫ dxxhx 22csc2  let 2xu = , then 2x
dx
d

dx
du

= ; x
dx
du 2= ; dxxdu 2= ; 

x
dudx
2

= .  Therefore,  
 

∫ dxxhx 22csc2  = ∫ ⋅
x

duuhx
2

csc2 2  = ∫ duuh2csc  = cu +− coth  = cx +− 2coth  
 

Check:  Let cxy +−= 2coth , then y ′  = c
dx
dx

dx
d

+− 2coth  = 0csc 222 +⋅ x
dx
dxh  = xxh 2csc 22 ⋅  

= 22csc2 xhx  
Example 5.4-2:  Evaluate the following indefinite integrals: 

a.  ∫ dxxh 5sec 2  =    b.  ∫ dxxx 32 sinh  =    c.  ∫ dxxhx 2csc  =  

d.  ( ) ( )∫ ++ dxxx 1cosh1sinh 5  =   e.  ∫ dxxx sinhcosh5  =   f.  ∫ dxxx 5sinh5cosh5  =  

g.  ∫ dxxx
2

sinh
2

cosh 4  =   h.  ∫ dxxx 32 cosh  =    i.  ∫ dxehe x
x

2
2

sec
3

 =  

j.  ( )∫ − dxxh 15sec 2  =    k.  ∫ dxxxh 7coth7csc  =   l.  ∫ dxx10tanh 2  =  

m.  ∫ dxx
5

cosh3  =    n.  ∫ dxx3sinh  =    o.  ∫ dxxx sinh
2

 =  
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Solutions: 

a.  Given ∫ dxxh 5sec 2  let xu 5= , then x
dx
d

dx
du 5= ; 5=

dx
du ; dxdu 5= ;

5
dudx = .  Therefore,  

∫ dxxh 5sec 2  = ∫ ⋅
5

sec 2 duuh  = ∫ duuh2sec
5
1  = cu +tanh

5
1  = cx +5tanh

5
1  

 

Check:  Let cxy += 5tanh
5
1 , then y ′  = c

dx
dx

dx
d

+⋅ 5tanh
5
1  = 055sec

5
1 2 +⋅xh  = xh 5sec

5
5 2  = xh 5sec 2  

 

b.  Given ∫ dxxx 32 sinh  let 3xu = , then 23 3xx
dx
d

dx
du

==  which implies dxxdu 23= ;
23x

dudx = .  

Thus,  
 

∫ dxxx 32 sinh  = ∫ ⋅
2

2

3
sinh

x
duux  = ∫ duusinh

3
1  = cu +cosh

3
1  = cx +3cosh

3
1  

 

Check:  Let cxy += 3cosh
3
1 , then y ′  = c

dx
dx

dx
d

+⋅ 3cosh
3
1  = 0sinh

3
1 33 +⋅⋅ x

dx
dx  = 23 3sinh

3
1 xx ⋅⋅  

 = 3
2

sinh
3

3 xx
⋅  = 32 sinh xx  

c.  Given ∫ dxxhx 2csc  let 2xu = , then 2x
dx
d

dx
du

= ; x
dx
du 2= ; dxxdu 2= ;

x
dudx
2

= .  Therefore,  

∫ dxxhx 2csc  = ∫ ⋅
x

duuhx
2

csc  = ∫ duuhcsc
2
1  = cu

+
2

tanhln
2
1  = cx

+
2

tanhln
2
1 2

 

 

Check:  Let cxy +=
2

tanhln
2
1 2

, then y ′  = c
dx
dx

dx
d

+⋅
2

tanhln
2
1 2

 = 0
2

tanh
tanh

1
2
1 2

2
2

+⋅⋅
x

dx
d

x
  

= 0
22

sec
tanh

1
2
1 22

2

2
2

+⋅⋅⋅
x

dx
dxh

x
 = 

2
2

tanh

sec

2
1

2

2
2

2

2
xh

x

x
⋅⋅  = 

2

2
2

2

2

tanh

tanh1

2 x

xx −
⋅  = 

2
2

2
2

2
22

2
22

cosh

sinh

cosh

sinh
1

2

x

x

x

x

x
−

⋅   

= 

2
2

2
2
2
22

2
22

2
22

cosh

sinh

cosh

sinhcosh

2

x

x

x

xx

x

−

⋅  = 

2
2

2
2
2
22

cosh

sinh

cosh

1

2

x

x

xx
⋅  = 

2
sinh

2
cosh

2
cosh

2 22
2

2

xx

x
x

⋅

⋅  = 

2
sinh

2
cosh2

22 xx
x

⋅

 = 
2
2

2sinh x

x

⋅
  

= 
2sinh x

x  = 2csc xhx  

d.  Given ( ) ( )∫ ++ dxxx 1cosh1sinh 5  let ( )1sinh += xu , then ( )1sinh += x
dx
d

dx
du ; ( )1cosh += x

dx
du ; 

( ) dxxdu ⋅+= 1cosh ; ( )1cosh +
=

x
dudx .  Therefore,  
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( ) ( )∫ ++ dxxx 1cosh1sinh 5  = ( ) ( )∫ +
⋅+

1cosh
1cosh5

x
duxu  = ∫ duu 5  = cu +6

6
1  = ( ) cx ++1sinh

6
1 6  

 

Check:  Let ( ) cxy ++= 1sinh
6
1 6 , then y ′  = ( ) ( ) 01cosh1sinh6

6
1 5 ++⋅+⋅ xx  = ( ) ( )1cosh1sinh 5 ++ xx   

e.  Given ∫ dxxx sinhcosh5  let xu cosh= , then x
dx
d

dx
du cosh= ; x

dx
du sinh=  ; 

x
dudx

sinh
= .  Therefore, 

∫ dxxx sinhcosh5  = ∫ ⋅
x

duxu
sinh

sinh5  = ∫ duu 5  = cu +6
6
1  = cx +6cosh

6
1  

 

Check:  Let cxy += 6cosh
6
1 , then y ′  = 0sinhcosh6

6
1 5 +⋅⋅ xx  = xx sinhcosh

6
6 5  = xx sinhcosh5  

f.  Given ∫ dxxx 5sinh5cosh5  let xu 5cosh= , then x
dx
d

dx
du 5cosh= ; x

dx
du 5sinh5=  ; 

x
dudx

5sinh5
= .  Thus, 

∫ dxxx 55sin5cosh5  = ∫ ⋅
x

duxu
5sinh5

5sinh5  = ∫ duu5
5
1  = cu +⋅ 6

6
1

5
1  = cx +5cosh

30
1 6  

 

Check:  Let cxy += 5cosh
30
1 6 , then y ′  = 0

30
5sinh55cosh6 5

+
⋅ xx  = xx 5sinh5cosh

30
30 5  = xhx 5sinhcosh5  

g.  Given ∫ dxxx
2

sinh
2

cosh 4  let 
2

cosh xu = , then 
2

cosh x
dx
d

dx
du

= ; 
2

sinh
2
1 x

dx
du

=  ; 
2sin

2
x

dudx = .  Therefore, 

∫ dxxx
2

sinh
2

cosh 4  = ∫ ⋅
2

4

sinh
2

2
sinh

x
duxu  = ∫ duu 42  = cu +5

5
2  = cx

+
2

cosh
5
2 5  

 

Check:  Let cxy +=
2

cosh
5
2 5 , then y ′  = 0

2
1

2
sinh

2
cosh5

5
2 4 +⋅⋅⋅

xx  = 
2

sin
2

cosh
10
10 4 xx  = 

2
sinh

2
cosh 4 xx  

 

h.  Given ∫ dxxx 32 cosh  let 3xu = , then 3x
dx
d

dx
du

= ; 23x
dx
du

= ; dxxdu ⋅= 23 ; 
23x

dudx = .  Therefore, 

∫ dxxx 32 cosh  = ∫ ⋅
2

2

3
cosh

x
duux  = ∫ duucosh

3
1  = cu +⋅sinh

3
1  = cx +3sinh

3
1  

 

Check:  Let cxy += 3sinh
3
1 , then y ′  = cxx +⋅⋅ 23 3cosh

3
1  = 0cosh

3
3 32 +xx  = 32 cosh xx  

i.  Given ∫ dxehe x
x

2
2

sec
3

 let xeu 2= , then xe
dx
d

dx
du 2= ; xe

dx
du 22= ; dxedu x ⋅= 22 ; 

xe
dudx

22
= .  Thus, 

∫ dxehe x
x

2
2

sec
3

 = ∫ ⋅
x

x

e
duuhe

2
2

2
sec

3
1  = ∫ duuhsec

6
1  = ( ) cu +− tanhsin

6
1 1  = ( ) ce x +− 21 tanhsin

6
1  

 

Check:  Let ( ) cey x += − 21 tanhsin
6
1 , then y ′  = 0tanh

tanh16

1 2
22

+⋅
−

x
x

e
dx
d

e
 = x

x

x
e

dx
d

eh

eh 2
22

22

sec6

sec
⋅   
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= x
x

x
e

eh
eh 2

2

22
2

sec6
sec

⋅  = 
x

xx

eh
ehe
2

222

sec
sec

6
2

⋅  = x
x

ehe 2
2

sec
3

⋅  

j.  Given ( )∫ − dxxh 15sec 2  let 15 −= xu , then ( )15 −= x
dx
d

dx
du ; 5=

dx
du ; dxdu 5= ; 

5
dudx = .  Therefore,  

( )∫ − dxxh 15sec 2  = ∫ ⋅
5

sec 2 duuh  = ∫ duuh2sec
5
1  = cu +tanh

5
1  = ( ) cx +−15tanh

5
1  

 

Check:  Let ( ) cxy +−= 15tanh
5
1 , then y ′  = ( ) ( ) 01515sec

5
1 2 +−⋅−⋅ x

dx
dxh  = ( ) 515sec

5
1 2 ⋅−⋅ xh   

( )15sec
5
5 2 −⋅ xh  = ( )15sec 2 −xh  

k.  Given ∫ dxxxh 7coth7csc  let xu 7= , then x
dx
d

dx
du 7= ; 7=

dx
du ; dxdu 7= ; 

7
dudx = .  Therefore,  

∫ dxxxh 7coth7csc  = ∫ 7
cothcsc duuuh  = ∫ duuuh cothcsc

7
1  = cuh +− csc

7
1  = cxh +− 7csc

7
1  

 

Check:  Let cxhy +−= 7csc
7
1 , then y ′  = 077coth7csc

7
1

+⋅−⋅− x
dx
dxxh  = 77coth7csc

7
1

⋅⋅ xxh   

xxh 7coth7csc
7
7
⋅  = xxh 7coth7csc  

l.  Given ∫ dxx10tanh 2  let xu 10= , then x
dx
d

dx
du 10= ; 10=

dx
du ; dxdu 10= ; 

10
dudx = .  Therefore,  

∫ dxx10tanh 2  = ∫ ⋅
10

tanh 2 duu  = ∫ duu2tanh
10
1  = ( ) cuu +− tanh

10
1  = ( ) cxx +− 10tanh10

10
1  

 

Check:  Let ( ) cxxy +−= 10tanh10
10
1 , then y ′  = 01010sec10

10
1 2 +






 ⋅− x

dx
dxh  = ( )1010sec10

10
1 2 ⋅− xh   

( )
10

10sec110 2 xh−  = xh 10sec1 2−  = x10tanh 2  

m.  ∫ dxx
5

cosh3  = ∫ dxxx
5

cosh
5

cosh 2  = ∫ 





 + dxxx

5
cosh

5
sinh1 2  = ∫ 






 + dxxxx

5
cosh

5
sinh

5
cosh 2   

= ∫ ∫+ dxxxdxx
5

cosh
5

sinh
5

cosh 2  let 
5
xu = , then 

5
x

dx
d

dx
du

= ; 
5
1

=
dx
du ; dxdu

5
1

= ; dudx 5= .  Therefore,  

∫ ∫+ dxxxdxx
5

cosh
5

sinh
5

cosh 2  = ∫ ∫+ duuuduu 5coshsinh5cosh 2  = ∫+ duuuu coshsinh5sinh5 2   

To solve the second integral let uw sinh= , then u
dx
d

dx
dw sinh= ; u

dx
dw cosh= ; 

u
dwdx

cosh
=  thus,  

= ∫ ⋅+
u

dwuwu
cosh

cosh5sinh5 2  = ∫+ dwwu 25sinh5  = cwu ++ 3
3
5sinh5  = cxx

++
5

sinh5
5

sinh
3
5 3  
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Check:  Let cxxy ++=
5

sinh
3
5

5
sinh5 3 , then y ′  = 0

5
1

5
cosh

5
sinh3

3
5

5
1

5
cosh5 2 +⋅⋅⋅+⋅⋅

xxx   

= 
5

cosh
5

sinh
15
15

5
cosh

5
5 2 xxx

⋅⋅+⋅  = 





 +

5
sinh1

5
cosh 2 xx  = 

5
cosh

5
cosh 2 xx

⋅  = 
5

cosh3 x  

n.  ∫ dxx3sinh  = ∫ dxxx sinhsinh 2  = ( )∫ − dxxx sinh1cosh 2  = ( )∫ − dxxxx sinhsinhcosh 2   

= dxxdxxx ∫∫ − sinhsinhcosh 2  = xdxxx coshsinhcosh 2 −∫ .  To solve the first integral let xu cosh= ,  

then x
dx
d

dx
du cosh= ; x

dx
du sinh= ; 

x
dudx

sinh
= .  Therefore, 

xdxxx coshsinhcosh 2 −∫  = x
x

duxu cosh
sinh

sinh2 −⋅∫  = xduu cosh2 −∫  = cxu +− cosh
3
1 3   

 

= cxx
+− cosh

3
cosh3

 

Check:  Let cxy +−= coshcosh
3
1 3 , then y ′  = 0sinhsinhcosh3

3
1 2 +−⋅⋅ xxx  = xxx sinhsinhcosh 2 −⋅  

= ( )1coshsinh 2 −xx  = xx 2sinhsinh ⋅  = x3sinh  

o.  Given ∫ dxxx sinh
2

 = ∫ dxxx sinh
2
1  let xu =  and dxxdv sinh=  then dxdu =  and ∫∫ = dxxdv sinh   

which implies xv cosh= .  Using the substitution by parts formula ∫∫ −= duvvudvu  we obtain 

∫ dxxx sinh
2
1  = dxxxx ∫− cosh

2
1cosh

2
1  = cxxx +− sinh

2
1cosh

2
1  

Check:  Let cxxxy +−= sinh
2
1cosh

2
1 , then y ′  = ( ) 0cosh

2
1sinhcosh

2
1

+−+ xxxx  = 
2

sinh
2

cosh xxx
+  

2
cosh x

−  = 
2

sinh xx  = xx sinh
2
1  

Example 5.4-3:  Evaluate the following indefinite integrals: 

a.  ∫ dxxhx 28 sectanh  =   b.  ( ) ( )∫ ++ dxxhx 3sec3tanh 25  =  c.  ∫ dxxhx 23 csccoth  =  

d.  ∫ dxxhx 3csc3coth 25  =   e.  ∫ dxx5tanh  =    f.  ∫ dxx
3

tanh2  =  

g.  ∫ dxxxh 5tanh5sec  =   h.  ∫ dxxxh
2

tanh
2

sec  =   i.  ( )∫ − dxxh 21csc 2  =  

j.  ∫ dxxx 32 coth  =    k.  ∫ dxxhx 32 5sec  =    l.  ∫ dx
x

xhsec  =  
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Solutions: 

a.  ∫ dxxhx 28 sectanh  let xu tanh= , then x
dx
d

dx
du tanh=  ; xh

dx
du 2sec=  ; dxxhdu 2sec= ; 

xh
dudx

2sec
= .  Thus, 

 

∫ dxxhx 28 sectanh  = ∫ ⋅⋅
xh

duxhu
2

28

sec
sec  = ∫ duu8  = cu +

+
+18

18
1  = cu +9

9
1  = cx +9tanh

9
1  

 

Check:  Let cxy += 9tanh
9
1  then y ′  = ( ) 0sectanh9

9
1 219 +⋅⋅ − xhx  = ( ) xhx 28 sectanh  = xhx 28 sectanh  

 

b.  ( ) ( )∫ ++ dxxhx 3sec3tanh 25  let ( )3tanh += xu , then ( )3tanh += x
dx
d

dx
du  ; ( )3sec 2 += xh

dx
du c ;  

 

; ( ) dxxhdu 3sec 2 +=  ; 
( )3sec 2 +

=
xh

dudx .  Thus, ( ) ( )∫ ++ dxxhx 3sec3tanh 25  = ( )
( )∫ +

⋅+⋅
3sec

3sec
2

25

x
duxu   

 

= ∫ duu5  = cu +
+

+15
15

1  = cu +6
6
1  = ( ) cx ++ 3tanh

6
1 6  

 

Check:  Let ( ) cxy ++= 3tanh
6
1 6  then y ′  = ( )[ ] ( ) 03sec3tanh6

6
1 216 ++⋅+⋅ − xhx  = ( ) ( )3sec3tanh 25 ++ xhx  

 

c.  Given ∫ dxxhx 23 csccoth  let xu coth= , then x
dx
d

dx
du coth=  ; xh

dx
du 2csc−= c ; dxxhdu 2csc−=   

 

; 
xh

dudx
2csc

−= .  Therefore, ∫ dxxhx 23 csccoth  = ∫
−

⋅⋅
xh

duxhu
2

23

csc
csc  = ∫− duu3  = cu +

+
− +13

13
1   

 

= cu +− 4
4
1  = cx +− 4coth

4
1  

 

Check:  Let cxy +−= 4coth
4
1  then y ′  = ( ) 0csccoth4

4
1 214 +−⋅⋅− − xhx  = xhx 23 csccoth  

 

d.  Given ∫ dxxhx 3csc3coth 25  let xu 3coth= , then x
dx
d

dx
du 3coth=  ; xh

dx
du 3csc3 2−= c ; dxxhdu 3csc3 2−=   

 

; 
xh

dudx
3csc3 2

−= .  Therefore, ∫ dxxhx 3csc3coth 25  = ∫
−

⋅⋅
xh

duxhu
3csc3

3csc
2

25  = ∫− duu5
3
1   

 

= cu +
+

⋅− +15
15

1
3
1  = cu +− 6

18
1  = cx +− 3coth

18
1 6  

 

Check:  Let cxy +−= 3coth
18
1 6  then y ′  = ( ) 03csc33coth6

18
1 216 +−⋅⋅⋅− − xx  = xhx 3csc3coth 25  

 

e.  Given ∫ dxx5tanh  let xu 5= , then x
dx
d

dx
du 5=  ; 5=

dx
du  ; dxdu 5=  ; 

5
dudx = .  Therefore,  
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∫ dxx5tanh  = ∫ ⋅
5

tanh duu  = ∫ duutanh
5
1  = cu +coshln

5
1  = cx +5coshln

5
1  

 

Check:  Let cxy += 5coshln
5
1  then y ′  = 055sinh

5cosh
1

5
1

+⋅⋅⋅ x
x

 = 
x
x

5cosh
5sinh

5
5
⋅  = x5tanh  

 

f.  Given ∫ dxx
3

tanh2  let 
3
xu = , then 

3
x

dx
d

dx
du

=  ; 
3
1

=
dx
du  ; dxdu =3  ; dudx 3= .  Therefore,  

 

∫ dxx
3

tanh2  = ∫ ⋅ duu 3tanh2  = ∫ duutanh6  = cu +coshln6  = cx
+

3
coshln6  

 

Check:  Let cxy +=
3

coshln6 , then y ′  = 0
3
1

3
sinh

cosh
16

3

+⋅⋅⋅
x

x  = 
3

tanh
3
6 x  = 

3
tanh2 x  

 

g.  Given ∫ dxxxh 5tanh5sec  let xu 5= , then x
dx
d

dx
du 5=  ; 5=

dx
du  ; dxdu 5=  ; 

5
dudx = .  Therefore, 

 

∫ dxxxh 5tanh5sec  = ∫ ⋅⋅
5

tanhsec duuuh  = ∫ duuuh tanhsec
5
1  = cuh +− sec

5
1  = cxh +− 5sec

5
1  

 

Check:  Let cxhy +−= 5sec
5
1 , then y ′  = 055tanh5sec

5
1

+⋅⋅ xxh  = 
5

5tanh5sec5 xxh  = xxh 5tanh5sec  
 

h.  Given ∫ dxxxh
2

tanh
2

sec  let 
2
xu = , then 

2
x

dx
d

dx
du

=  ; 
2
1

=
dx
du  ; dxdu =2  ; dudx 2= .  Therefore, 

 

∫ dxxxh
2

tanh
2

sec  = ∫ ⋅⋅ duuuh 2tanhsec  = ∫ duuuh tanhsec2  = cuh +− sec2  = cxh +−
2

sec2  
 

Check:  Let cxhy +−=
2

sec2  then y ′  = 0
2
1

2
tanh

2
sec2 +⋅−⋅−

xxh  = 
2

tanh
2

sec
2
2 xxh⋅  = 

2
tanh

2
sec xxh  

 

i.  Given ( )∫ − dxxh 21csc 2  let xu 21−= , then x
dx
d

dx
du 21−=  ; 2−=

dx
du  ; dxdu 2−=  ; 

2−
=

dudx .  Thus, 
 

( )∫ − dxxh 21csc 2  = ∫ −⋅
2

csc 2 duuh  = ∫− duuh2csc
2
1  = cu +coth

2
1  = ( ) cx +− 21coth

2
1  

 

Check:  Let ( ) cxy +−= 21coth
2
1  then y ′  = ( ) 0221csc

2
1 2 +−⋅−−⋅ xh  = ( )xh 21csc 2 −  

 

j.  Given ∫ dxxx 32 coth  let 3xu = , then 3x
dx
d

dx
du

=  ; 23x
dx
du

=  ; dxxdu 23=  ; 
23x

dudx = .  Therefore, 

 

∫ dxxx 32 coth  = ∫ ⋅⋅
2

2

3
coth

x
duux  = ∫ ⋅duucoth

3
1  = cu +sinhln

3
1  = cx +3sinhln

3
1  

 

Check:  Let cxy += 3sinhln
3
1  then y ′  = 03cosh

sinh
1

3
1 23

3 +⋅⋅⋅ xx
x

 = 
3

32

sinh

cosh
3

3
x

xx
⋅  = 32 coth xx  
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k.  Given ∫ dxxhx 32 5sec  let 35xu = , then 35x
dx
d

dx
du

=  ; 215x
dx
du

=  ; dxxdu 215=  ; 
215x

dudx = .  Thus, 

 

∫ dxxhx 32 5sec  = ∫ ⋅⋅
2

2

15
sec

x
duuhx  = ∫ ⋅duuhsec

15
1  = ( ) cu +− tanhsin

15
1 1  = ( ) cx +− 31 5tanhsin

15
1  

 

Check:  Let ( ) cxy += − 31 5tanhsin
15
1  then y ′  = 05tanh

5tanh115

1 3
32

+⋅
−

x
dx
d

x
 = 3

32

32
5

5sec15

5sec x
dx
d

xh

xh
⋅   

= 2
3

32
15

5sec15
5sec x

xh
xh

⋅  = 
3

322

5sec
5sec

15
15

xh
xhx

⋅  = 32 5sec xhx  

 

l.  Given ∫ dx
x

xhsec  let 2
1

xu = , then 2
1

x
dx
d

dx
du

=  ; 
x

x
dx
du

2
1

2
1 2

1
==

−  ; duxdx 2= .  Therefore, 

 

∫ dx
x

xhsec  = ∫ ⋅ dux
x

uh
2

sec  = ∫ ⋅duuhsec2  = ( ) cu +− tanhsin2 1  = ( ) cx +− tanhsin2 1  

 

Check:  Let ( ) cxy += − tanhsin2 1  then y ′  = 0tanh

tanh1

2 2
1

2
1

2
+⋅

−

x
dx
d

x

 = 2
1

2
1

2
1

2

2

sec

sec2 x
dx
d

xh

xh
⋅   

= 
2
1

2
1

2
1

2

1

sec

sec2 2

xxh

xh
⋅  = 

2
1

2
1

2
1

sec

sec

2

2 2

xh

xh

x
⋅  = 

2
1

2
1

sec

x

xh  = 
x

xhsec  

 

Example 5.4-4:  Evaluate the following indefinite integrals: 

a.  ∫ 5 3

5 2sec
x

dxxh  =    b.  ∫ 2sinh x

dxx  =     c.  ∫ dxxx sinh2  =  

d.  ∫ dx
x7cosh

1  =    e.  ∫
+

dx
x

xx
5sinh

5sinh5cosh  =   f.  ∫ 






 +
dx

x
x

sinh
cosh1  =  

g.  ∫ dxxhx
2

3csc
2

3sinh2  =   h.  ( )∫ + dxexhx x3seccosh  =   i.  ∫ dxxe x 8cosh8sinh  =  

j.  ∫ dxxe
x

3
sinh3cosh  =    k.  ∫ dxxhe x 5sec 25tanh  =   l.  ∫ dxxhe

x
7csc 27coth3

1
 =  

Solutions: 

a.  Given ∫ 5 3

5 2sec
x

dxxh  let 5
2

xu = , then 5
2

x
dx
d

dx
du

=  ; 
5 35

2
5
2 5

3

x
x

dx
du

==
−  ; duxdx 5 3

2
5

= .  Therefore, 

 

∫ 5 3

5 2sec
x

dxxh  = ∫ ⋅
5 3

5 3

2

5
sec

x

dux
uh  = ∫ ⋅duuhsec

2
5  = ( ) cu +− tanhsin

2
5 1  = cx +






− 5 21 tanhsin

2
5  
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Check:  Let cxy +





= − 5 21 tanhsin

2
5 , then y ′  = 0tanh

tanh12

5 5
2

5
2

2
+⋅

−

x
dx
d

x

 = 5
2

5
2

5
2

2

2

sec2

sec5 x
dx
d

xh

xh
⋅   

= 
5
3

5
2

5
2

5

2

sec2

sec5 2

xxh

xh
⋅  = 

5
2

5
2

5
3

sec

sec

10

10 2

xh

xh

x
⋅  = 

5
3

5
2

sec

x

xh  = 
5 3

5 2sec

x

xh  

 

b.  Given ∫ 2sinh x

dxx  = ∫ dxxhx 2csc  let 2xu = , then 2x
dx
d

dx
du

=  ; x
dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Thus, 

 

∫ 2sinh x

dxx  = 
x

du
u

x
2sinh
⋅∫  = ∫ u

du
sinh2

1  = ∫ duuhcsc
2
1  = cu

+
2

tanhln
2
1  = cx

+
2

tanhln
2
1 2

 

 

Check:  Let cxy +=
2

tanhln
2
1 2

, then y ′  = 
2

2
2

sec
tanh

1
2
1 2

2

2
2

xxh
x

⋅⋅⋅  = 
2

2
2

2

2

tanh

sec

4
2

x

xhx
⋅  = 

2

2
2

2

2

tanh

tanh1

2 x

xx −
⋅  

= 

2
2

2
2

2
22

2
22

cosh

sinh

cosh

sinh
1

2

x

x

x

x

x
−

⋅  = 

2
2

2
2
2
22

2
22

2
22

cosh

sinh

cosh

sinhcosh

2

x

x

x

xx

x

−

⋅  = 

2
2

2
2
2
22

cosh

sinh

cosh

1

2

x

x

xx
⋅  = 

22
2

2
22

2

sinhcosh

cosh

2 xx

xx

⋅
⋅  = 

22
22

sinhcosh2 xx

x

⋅
  

= 
2
2

2sinh x

x

⋅
 = 

2sinh x
x  

 

c.  Given ∫ dxxx sinh2  let 2xu =  and dxxdv sinh=  then dxxdu 2=  and ∫∫ = dxxdv sinh  which implies 

implies xv cosh= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
 

∫ dxxx sinh2  = ∫ ⋅−⋅ dxxxxx 2coshcosh2  = ∫− dxxxxx cosh2cosh2                                        ( )1  

To integrate ∫ dxxx cosh  let xu =  and dxxdv cosh=  then dxdu =  and ∫∫ = dxxdv cosh  which  

implies xv sinh= .  Using the integration by parts formula again we have  

∫ dxxx cosh  = ∫ ⋅−⋅ dxxxx sinhsinh  = cxxx +− coshsinh                                                        ( )2  

Combining equations ( )1  and ( )2  together we obtain 
 

∫ dxxx sinh2  = ∫− dxxxxx cosh2cosh2  = ( )cxxxxx +−− coshsinh2cosh2  = ( ) cxxxx +−+ sinh2cosh22  
 
Check:  Let ( ) cxxxxy +−+= sinh2cosh22 , then y ′  = ( ) 0cosh2sinh2sinh2cosh2 2 +−−++ xxxxhxxx   

= ( ) xxhx sinh2sinh22 −+  = xxxhx sinh2sinh2sinh2 −+  = xhx sinh2  
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d.  Given ∫ dx
x7cosh

1  = ∫ dxxh 7sec  let xu 7= , then x
dx
d

dx
du 7=  ; 7=

dx
du  ; dxdu 7=  ; 

7
dudx = .  Thus, 

 

∫ dx
x7cosh

1  = ∫ dxxh 7sec  = ∫ ⋅
7

sec duuh  = ∫ duuhsec
7
1  = ( ) cu +− tanhsin

7
1 1  = ( ) cx +− 7tanhsin

7
1 1  

 

Check:  Let ( ) cxy += − 7tanhsin
7
1 1 , then y ′  = 07tanh

7tanh17

1
2

+⋅
−

x
dx
d

x
 = x

dx
d

xh

xh 7
7sec7

7sec
2

2
⋅   

= 7
7sec7
7sec 2

⋅
xh
xh  = 

xh
xh

7sec
7sec

7
7 2
⋅  = xh 7sec  = 

x7cosh
1  

 

e.  Given ∫
+

dx
x

xx
5sinh

5sinh5cosh  = ∫ 







+ dx

x
hx

1
5sinh

cosh  = ( )∫ + dxx 15coth  = ∫∫ + dxdxx5coth  let xu 5= , then  

 

x
dx
d

dx
du 5=  ; 5=

dx
du  ; dxdu 5=  ; 

5
dudx = .  Therefore, 

 

∫
+

dx
x

xx
5sinh

5sinh5cosh  = ∫ 







+ dx

x
hx

1
5sinh

cosh  = ∫∫ + dxdxx5coth  = x
x

duu +⋅∫ 5
coth  = xduu +∫ coth

5
1   

 

= cxu ++sinhln
5
1  = cxx ++5sinhln

5
1  

 

Check:  Let cxxy ++= 5sinhln
5
1 , then y ′  = 01

5sinh
55cosh

5
1

++
⋅

⋅
x

x  = 1
5sinh
5cosh

5
5

+⋅
x
x  = 15coth +x  

f.  ∫ 






 +
dx

x
x

sinh
cosh1  = ∫ 








+ dx

x
x

x sinh
cosh

sinh
1  = ∫∫ + dxxdxxh cothcsc  = cxx

++ sinhln
2

tanhln   

 

Check:  Let cxxy ++= sinhln
2

tanhln , then y ′  = 0sinh
sinh

1tanh
tanh

1
2

2

+⋅+⋅ x
dx
d

xdx
d x

x
  

= x
x

h x
x

cosh
sinh

1
2
1sec

tanh
1

2
2

2

⋅+⋅⋅  = 
x
xh

x

x

sinh
cosh

tanh2

sec

2

2
2

+  = 
x
x

x

x

sinh
cosh

tanh

tanh1

2
1

2

2
2

+
−

⋅  = 

2

2

2
2

2
2

cosh

sinh

cosh

sinh
1

2
1

x

x

x

x
−

⋅  

x
x

sinh
cosh

+  = 
x
x

x

x

x

xx

sinh
cosh

2
1

2

2

2
2

2
2

2
2

cosh

sinh

cosh

sinhcosh

+⋅

−

 = 
x
x

x

x

x

sinh
cosh

2
1

2

2

2
2

cosh

sinh

cosh
1

+⋅  = 
x
x

xx

x

sinh
cosh

sinhcosh

cosh

2
1

22
2

2 +
⋅

⋅   

= 
x
x

xx sinh
cosh

sinhcosh2
1

22

+
⋅

 = 
x
x

x sinh
cosh

2sinh
1

2

+
⋅

 = 
x
x

x sinh
cosh

sinh
1

+  = 
x

x
sinh

cosh1+  

 

g.  ∫ dxxhx
2

3csc
2

3sinh2  = ∫ ⋅ dxx
x

2
3sinh

1
2

3sinh2  = ∫ dx
x

x

2
3
2

3

sinh

sinh
2  = ∫ dx2  = cx +2  
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Check:  Let cxy += 2 , then y ′  = 02 11 +⋅ −x  = 02 x⋅  = 2  
 

h.  ( )∫ + dxexhx x3seccosh  = ∫ 







+⋅ dxe

x
x x3

cosh
1cosh  = ( )∫ + dxe x31  = ∫∫ + dxedx x3  = cex x ++ 3

3
1  

 

Check:  Let cexy x ++= 3
3
1 , then y ′  = 03

3
1 311 +⋅⋅+− xex  = xex 30

3
3
⋅+  = xe31+  

 

i.  Given ∫ dxxe x 8cosh8sinh  let xu 8sinh= , then x
dx
d

dx
du 8sinh=  ; x

dx
du 8cosh8=  ; 

x
dudx

8cosh8
= .  Thus, 

 

∫ dxxe x 8cosh8sinh  = ∫ ⋅
x

duxeu
8cosh8

8cosh  = ∫ dueu

8
 = ∫ dueu

8
1  = ceu +

8
1  = ce x +8sinh

8
1  

 

Check:  Let cey x += 8sinh
8
1 , then y ′  = 088cosh

8
1 8sinh +⋅⋅⋅ xe x  = xe x 8cosh

8
8 8sinh⋅  = xe x 8cosh8sinh  

 

j.  Given ∫ dxxe
x

3
sinh3cosh  let 

3
cosh xu = , then 

3
cosh x

dx
d

dx
du

=  ; 
3

sinh
3
1 x

dx
du

=  ; 
3sin

3
x

dudx = .  Therefore, 

∫ dxxe
x

3
sinh3cosh  = ∫ ⋅

3sinh
3

3
sinh

x
u duxe  = ∫ dueu3  = ceu +3  = ce

x
+3cosh

3  

 

Check:  Let cey
x
+= 3cosh

3 , then y ′  = 0
3
1

3
sinh3 3cosh

+⋅⋅
xe

x
 = 

3
sinh

3
3 3cosh xe

x
⋅  = 

3
sinh3cosh xe

x
  

 

k.  Given ∫ dxxhe x 5sec 25tanh  let xu 5tanh= , then x
dx
d

dx
du 5tanh=  ; xh

dx
du 5sec5 2=  ; dxxhdu 5sec5 2=   

; 
xh

dudx
5sec5 2

= .  Therefore, 

∫ dxxhe x 5sec 25tanh  = ∫ ⋅
xh

duxheu

5sec5
5sec

2
2  = ∫ dueu

5
1  = ceu +

5
1  = ce x +5tanh

5
1  

 

Check:  Let cey x += 5tanh
5
1 , then y ′  = 055sec

5
1 25tanh +⋅⋅ xhe x  = xhe x 5sec

5
5 25tanh  = xhe x 5sec 25tanh   

 

l.  Given ∫ dxxhe
x

7csc 27coth3
1

 let xu 7coth
3
1

= , then x
dx
d

dx
du 7coth

3
1

=  ; xh
dx
du 7csc

3
7 2−=   

; dxxhdu 7csc
3
7 2−=  ; 

xh
dudx

7csc7
3

2
−= .  Therefore, 

∫ dxxhe
x

7csc 27coth3
1

 = ∫
−

⋅
xh

duxheu

7csc7
37csc

2
2  = ∫− dueu

7
3  = ceu +−

7
3  = ce

x
+−

7coth3
1

7
3  

 

Check:  Let cey
x
+−=

7coth3
1

7
3 , then y ′  = 077csc

3
1

7
3 27coth3

1
+⋅−⋅− xhe

x  = xhe
x

7csc 27coth3
1
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• To integrate even powers of xsinh  and xcosh  use the following identities: 

1sinhcosh 22 =− xx    ( )12cosh
2
1sinh 2 −= xx    ( )12cosh

2
1cosh 2 += xx  

To integrate odd powers of xsin  and xcos  use the following equalities: 

∫ + dxxn 12sinh  = ∫ dxxxn sinhsinh 2  = ( )∫ dxxx
n

sinhsinh 2  = ( )∫ − dxxx
n

sinh1cosh 2        ( let xu cosh= ) 

∫ + dxxn 12cosh  = ∫ dxxxn coshcosh 2  = ( )∫ dxxx
n

coshcosh 2  = ( )∫ + dxxx
n

coshsinh1 2     ( let xu sinh= ) 

• To integrate products of xsinh , ysinh , xcosh , and ycosh  use the identities below: 

yx sinhsinh  = ( ) ( )[ ]yxyx −−+ coshcosh
2
1  

yx coshcosh  = ( ) ( )[ ]yxyx −++ coshcosh
2
1  

yx coshsinh  = ( ) ( )[ ]yxyx −++ sinhsinh
2
1  

• To integrate xntanh , set 

xntanh  = xxn 22 tanhtanh −  = ( )xhxn 22 sec1tanh −−  = xhxx nn 222 sectanhtanh −− −  

• To integrate xncoth , set 

xncoth  = xxn 22 cothcoth −  = ( )xhxn 22 csc1coth +−  = xhxx nn 222 csccothcoth −− +  

• To integrate xhnsec  

For even powers, set   xhnsec  = xhxhn 22 secsec −  = ( ) xhx
n

22 sectanh1 2
2−

−  

For odd powers change the integrand to a product of even and odd functions, i.e., write  

dxxh∫ 3sec  as dxxhxh secsec 2∫  (see Example 5.4-6, problem letter h). 

• To integrate xhncsc  

For even powers, set   xhncsc  = xhxhn 22 csccsc −  = ( ) xhx
n

22 csc1coth 2
2−

−  

For odd powers change the integrand to a product of even and odd functions, i.e., write  

dxxh∫ 3csc  as dxxhxh csccsc 2∫  (see Example 5.4-6, problem letter i). 

In the following examples we use the above general rules in order to solve integral of products 
and powers of hyperbolic functions: 

Example 5.4-5:  Evaluate the following indefinite integrals: 

a.  ∫ dxxx 7cosh5sinh  =   b.  ∫ dxxx coshsinh  =    c.  ∫ dxxx 2cosh3cosh  =  

d.  ∫ dxxx 5sinh3sinh  =   e.  ∫ dxxx 5cosh3cosh  =   f.  ∫ dxx5sinh  =  
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g.  ∫ dxx3sinh  =    h.  ∫ dxx5cosh  =    i.  ∫ dxx4tanh  =  

j.  ∫ dxx7sinh  =    k.  ∫ dxxh4sec  =    l.  ∫ dxx3cosh  =  

Solutions: 

a.  ∫ dxxx 7cosh5sinh  = ( ) ( )[ ]dxxx∫ −++ 75sinh75sinh
2
1  = ( ) ( )[ ]dxxx∫ −+ 2sinh12sinh

2
1   

 

= ( ) dxxx∫ − 2sinh12sinh
2
1  = dxxdxx ∫∫ − 2sinh

2
112sinh

2
1  = cxx +⋅−⋅ 2cosh

2
1

2
112cosh

12
1

2
1   

 

= cxx +− 2cosh
4
112cosh

24
1  

 

Check:  Let cxxy +−= 2cosh
4
112cosh

24
1 , then y ′  = 02sinh2

4
112sinh12

24
1

+⋅−⋅ xx  = xx 2sinh
4
212sinh

24
12

−   

= xx 2sinh
2
112sinh

2
1

−  = ( )xx 2sinh
2
112sinh

2
1

−+  = ( ) ( )xx 75sinh
2
175sinh

2
1

−++  = xx 7cosh5sinh  
 

b.  ∫ dxxx coshsinh  = ( ) ( )[ ]dxxx∫ −++ 11sinh11sinh
2
1  = ( ) ( )[ ]dxxx∫ + 0sinh2sinh

2
1  = ( ) dxx∫ + 02sinh

2
1  

 

= dxx∫ 2sinh
2
1  = x2cosh

2
1

2
1
⋅  = cx +2cosh

4
1  

 

Check:  Let cxy += 2cosh
4
1 , then y ′  = 02sinh2

4
1

+⋅ x  = x2sinh
2
1  = xx coshsinh2

2
1
⋅  = xx coshsinh   

 

c.  ∫ dxxx 2cosh3cosh  = ( ) ( )[ ]dxxx∫ −++ 23cosh23cosh
2
1  = ( ) dxxx∫ + cosh5cosh

2
1  = dxx∫ 5cosh

2
1  

 

dxx∫+ cosh
2
1  = cxx ++⋅ sinh

2
15sinh

5
1

2
1  = cxx ++ sinh

2
15sinh

10
1  

 

Check:  Let cxxy ++= sinh
2
15sinh

10
1 , then y ′  = 0cosh

2
15cosh5

10
1

+⋅+⋅ xx  = xx cosh
2
15cosh

10
5

+   

= xx cosh
2
15cosh

2
1

+  = ( ) ( )xx 23cosh
2
123cosh

2
1

−++  = xx 2cosh3cosh  
 

d.  ∫ dxxx 5sinh3sinh  = ( ) ( )[ ]dxxx∫ −−+ 53cosh53cosh
2
1  = ( ) ( )[ ]dxxx∫ −− 2cosh8cosh

2
1   

 

= ( ) dxxx∫ − 2cosh8cosh
2
1  = dxxdxx ∫∫ − 2cosh

2
18cosh

2
1  = cxx +⋅−⋅ 2sinh

2
1

2
18sinh

8
1

2
1   

 

= cxx +− 2sinh
4
18sinh

16
1  
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Check:  Let cxxy +−= 2sinh
4
18sinh

16
1 , then y ′  = 022cosh

4
188cosh

16
1

+⋅⋅−⋅⋅ xx  = xx 2cosh
4
28cosh

16
8

−   

= xx 2cosh
2
18cosh

2
1

−  = ( ) ( )[ ]xx 2cosh8cosh
2
1

−−  = ( ) ( )[ ]xx 53cosh53cosh
2
1

−−+  = xx 5sinh3sinh  
 

e.  ∫ dxxx 5cosh3cosh  = ( ) ( )[ ]dxxx∫ −++ 53cosh53cosh
2
1  = ( ) ( )[ ]dxxx∫ −+ 2cosh8cosh

2
1   

 

= ( ) dxxx∫ + 2cosh8cosh
2
1  = dxxdxx ∫∫ + 2cosh

2
18cosh

2
1  = cxx +⋅+⋅ 2sinh

2
1

2
18sinh

8
1

2
1   

 

= cxx ++ 2sinh
4
18sinh

16
1  

 

Check:  Let cxxy ++= 2sinh
4
18sinh

16
1 , then y ′  = 022cosh

4
188cosh

16
1

+⋅⋅+⋅⋅ xx  = xx 2cosh
4
28cosh

16
8

+   

= xx 2cosh
2
18cosh

2
1

+  = ( ) ( )[ ]xx 2cosh8cosh
2
1

−+  = ( ) ( )[ ]xx 53cosh53cosh
2
1

−++  = xx 5cosh3cosh  
 

f.  ∫ dxx5sinh  = ∫ dxxx sinhsinh 4  = ( )∫ dxxx sinhsinh
22  = ( )∫ − dxxx sinh1cosh

22 .  Let xu cosh= , then  

x
dx
d

dx
du cosh=  ; x

dx
du sinh=  ; dxxdu sinh=  ; 

x
dudx

sinh
= .  Therefore, 

∫ dxx5sinh  = ( )∫ − dxxx sinh1cosh
22  = ( )∫ − dxxu sinh1

22  = ( )∫ ⋅+−
x

duxuu
sinh

sinh12 24   

 

= ( )∫ +− duuu 12 24  = ∫ ∫∫ +− duduuduu 24 2  = cuuu ++− 35
3
2

5
1  = cxxx ++− coshcosh

3
2cosh

5
1 35

 

 

Check:  Let cxxxy ++−= coshcosh
3
2cosh

5
1 35 , then y ′  = xxxxx sinhsinhcosh3

3
2sinhcosh5

5
1 24 +⋅⋅−⋅⋅   

= xxxxx sinhcoshsinh2coshsinh 24 +−  = ( )1cosh2coshsinh 24 +− xxx  = ( )22 1coshsinh −xx   

= ( )22sinhsinh xx  = xx 4sinhsinh  = x5sinh  
 

g.  ∫ dxx3sinh  = ∫ dxxx sinhsinh 2  = ( )∫ − dxxx sinh1cosh 2 .  Let xu cosh= , then x
dx
d

dx
du cosh=   

; x
dx
du sinh=  ; dxxdu sinh=  ; 

x
dudx

sinh
= .  Therefore, 

∫ dxx3sinh  = ( )∫ − dxxx sinh1cosh 2  = ( )∫ ⋅−
x

duxu
sinh

sinh12  = ( )∫ − duu 12  = ∫ ∫− duduu 2  

 

= cuu +−3
3
1  = cxx +− coshcosh

3
1 3
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Check:  Let cxxy +−= coshcosh
3
1 3 , then y ′  = 0sinhsinhcosh3

3
1 2 +−⋅⋅ xxx  = xxx sinhcoshsinh 2 −   

= ( )1coshsinh 2 −xx  = xx 2sinhsinh  = x3sinh  
 

h.  ∫ dxx5cosh  = ∫ dxxx coshcosh 4  = ( )∫ dxxx coshcosh
22  = ( )∫ + dxxx cossinh1

22 .  Let xu sinh= ,  

then x
dx
d

dx
du sinh=  ; x

dx
du cosh=  ; dxxdu cosh=  ; 

x
dudx

cosh
= .  Therefore, 

∫ dxx5cosh  = ( )∫ + dxxx coshsinh1
22  = ( )∫ ⋅+

x
duxu

cosh
cosh1

22  = ( )∫ + duu
221  = ( )∫ ++ duuu 12 24   

 

= ∫ ∫∫ ++ duduuduu 24 2  = cuuu +++ 35
3
2

5
1  = cxxx +++ sinhsinh

3
2sinh

5
1 35

 

 

Check:  Let cxxxy +++= sinhsinh
3
2sinh

5
1 35 , then y ′  = 0coshcoshsinh

3
6coshsinh

5
5 24 ++⋅+⋅ xxxxx   

= xxxxx coshsinhcosh2sinhcosh 24 ++  = ( )1sinh2sinhcosh 24 ++ xxx  = ( )22sinh1cosh xx +   

= ( )22coshcosh xx  = xx 4coshcosh  = x5cosh  
 

i.  ∫ dxx4tanh  = ∫ dxxx 22 tanhtanh  = ( )∫ − dxxhx 22 sec1tanh  = ∫∫ − dxxhxdxx 222 sectanhtanh   

= ( ) ∫∫ −− dxxhxdxxh 222 sectanhsec1  = ∫∫∫ +−− dxdxxhdxxhx 222 secsectanh .  To solve the first  

integral let  xu tanh= , then x
dx
d

dx
du tanh=  ; xh

dx
du 2sec=  ; dxxhdu 2sec=  ; 

xh
dudx

2sec
= .  Thus, 

∫− dxxhx 22 sectanh  = ∫ ⋅−
xh

duxhu
2

22

sec
sec  = ∫− duu 2  = 3

3
1 u−  = x3tanh

3
1

− .  Therefore,  

∫ dxx4tanh  = ∫ dxxx 22 tanhtanh  = ∫∫∫ +−− dxdxxhdxxhx 222 secsectanh  = cxxx ++−− tanhtanh
3
1 3  

 

Check:  Let cxxxy ++−−= tanhtanh
3
1 3 , then y ′  = 1secsectanh 222 +−− xhxhx   

= ( ) 11tanhsec 22 +−− xxh  = ( )( ) 11tanhtanh1 22 +−−− xx  = 1tanhtanh1tanh 242 +++−− xxx   

= ( ) ( ) xxx 422 tanh11tanhtanh ++−++−  = x4tanh  
 

j.  ∫ dxx7sinh  = ∫ dxxx sinhsinh 6  = ( )∫ dxxx sinhsinh
32  = ( )∫ − dxxx sinh1cosh

32 .  Let xu cosh= , then  

x
dx
d

dx
du cosh=  ; x

dx
du sinh=  ; dxxdu sinh=  ; 

x
dudx

sinh
= .  Therefore, 

∫ dxx7sinh  = ( )∫ − dxxx sinh1cosh
32  = ( )∫ − dxxu sinh1

32  = ( )∫ ⋅−+−
x

duxuuu
sinh

sinh133 246   
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= ( )∫ −+− duuuu 133 246  = ∫ ∫∫∫ −+− duduuduuduu 246 33  = cuuuu +−⋅+⋅− 357
3
13

5
13

7
1   

 

= cxxxx +−+− coshcoshcosh
5
3cosh

7
1 357

 

 

Check:  Let cxxxxy +−+−= coshcoshcosh
5
3cosh

7
1 357 , then y ′  = xxxx sinhcosh

5
15sinhcosh

7
7 46 ⋅−⋅  

0sinhsinhcosh3 2 +−⋅+ xxx  = xxxxxxx sinhcoshsinh3coshsinh3coshsinh 246 −+−   

= ( )1cosh3cosh3coshsinh 246 −+− xxxx  = ( )32 1coshsinh −xx  = ( )32sinhsinh xx   

= xx 6sinhsinh  = x7sinh  
 

k.  ∫ dxxh4sec  = ∫ dxxhxh 22 secsec  = ( )∫ − dxxxh 22 tanh1sec  = ∫∫ − dxxhxdxxh 222 sectanhsec   

= ( ) ∫∫ −− dxxhxdxx 222 sectanhtanh1  = ∫∫∫ −− dxxhxdxxdx 222 sectanhtanh .  To solve the third  

integral let  xu tanh= , then x
dx
d

dx
du tanh=  ; xh

dx
du 2sec=  ; dxxhdu 2sec=  ; 

xh
dudx

2sec
= .  Therefore, 

∫− dxxhx 22 sectanh  = ∫ ⋅−
xh

duxhu
2

22

sec
sec  = ∫− duu 2  = 3

3
1 u−  = x3tanh

3
1

− .  Thus, 

∫ dxxh4sec  = ∫ dxxhxh 22 secsec  = ∫∫∫ −− dxxhxdxxdx 222 sectanhtanh  = xdxxdx 32 tanh
3
1tanh −− ∫∫   

 

= ( ) cxxxx +−−− 3tanh
3
1tanh  = ( ) cxxxx +−++− tanhtanh

3
1 3  = cxx ++− tanhtanh

3
1 3  

 

Check:  Let cxxy ++−= tanhtanh
3
1 3 , then y ′  = xhxhx 222 secsectanh

3
3

+⋅−  = xhxhx 222 secsectanh +−   

= ( )xxh 22 tanh1sec −  = xhxh 22 secsec  = xh4sec  
 

l.  ∫ dxx3cosh  = ( )∫ dxxx coshcosh 2  = ( )∫ + dxxx coshsinh1 2 .  Let xu sinh= , then x
dx
d

dx
du sinh=   

; x
dx
du cosh=  ; dxxdu cosh=  ; 

x
dudx

cosh
= .  Therefore, 

∫ dxx3cosh  = ( )∫ + dxxx coshsinh1 2  = ( )∫ ⋅+
x

duxu
cosh

cosh1 2  = ( )∫ + duu 21  = ∫∫ + duduu 2  

 

= cuu ++3
3
1  = cxx ++ sinhsinh

3
1 3

 

 

Check:  Let cxxy ++= sinhsinh
3
1 3 , then y ′  = 0coshcoshsinh3

3
1 2 ++⋅⋅ xxx  = xxx coshsinhcosh 2 +  

= ( )xx 2sinh1cosh +  = ( )xx 2coshcosh  = x3cosh  
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Example 5.4-6:  Evaluate the following indefinite integrals: 

a.  ∫ dxx4cosh  =   b.  ∫ dxx5cosh 2  =   c.  ∫ dxx4sinh  =  

d.  ∫ dxx3tanh  =   e.  ∫ dxx4coth  =   f.  ∫ dxx6tanh  =  

g.  ∫ dxx3coth  =   h.  ∫ dxxh3sec  =   i.  ∫ dxxh3csc  =  

Solutions: 

a.  ∫ xdx4cosh  = ( )∫ dxx
22cosh  = ( ) dxx∫ 



 +

2
12cosh

2
1  = ( ) dxx∫ + 212cosh

4
1  = ( )dxxx∫ ++ 2cosh22cosh1

4
1 2  

 

= dxxdxxdx ∫∫∫ ++ 2cosh
4
22cosh

4
1

4
1 2  = ( ) xdxxx 2sinh

2
1

2
14cosh1

2
1

4
1

4
⋅+++ ∫  = ∫⋅+ dxx

2
1

4
1

4
 

 

xdxx 2sinh
4
14cosh

8
1

++ ∫  = cxxxx
++⋅++ 2sinh

4
14sinh

4
1

8
1

84
 = cxxx +++ 2sinh

4
14sinh

32
1

8
3  

 

Check:  Let cxxxy +++= 2sinh
4
14sinh

32
1

8
3 , then y ′  = 

4
2cosh2

32
4cosh4

8
3 xx

++  = xx 2cosh
4
24cosh

8
1

8
3

++   

= xx 2cosh
4
24cosh

8
1

8
1

4
1

++





 +  = ( ) xx 2cosh

4
24cosh1

8
1

4
1

+++  = ( ) xx 2cosh
4
24cosh1

2
1

4
1

4
1

++⋅+   

= xx 2cosh
4
22cosh

4
1

4
1 2 +⋅+  = ( )xx 2cosh22cosh1

4
1 2 ++  = ( )212cosh

4
1

+x  = ( )
2

12cosh
2
1





 +x  

= ( )22cosh x  = x4cosh  

b.  ∫ dxx5cosh 2  = ( )∫ + dxx5sinh1 2  = ∫∫ + dxxdx 5sinh 2  = ( )∫∫ −+ dxxdx 110cosh
2
1  = ∫+ dxxx 10cosh

2
1   

 

∫− dx
2
1 = cxxx +−⋅+

2
10sinh

10
1

2
1  = cxx ++






 − 10sinh

20
1

2
11  = cxx

++
20

10sinh
2

 

 

Check:  Let c
xxy ++=

20
10sinh

2
, then y ′  = 01010cosh

20
1

2
1

+⋅⋅+ x  = x10cosh
20
10

2
1

⋅+  = x10cosh
2
1

2
1
+   

= x10cosh
2
1

2
11 +





 −  = 






 −+

2
110cosh

2
11 x  = ( )110cosh

2
11 −+ x  = x5sinh1 2+  = x5cosh 2  

c.  ∫ dxx4sinh  = ( )∫ dxx
22sinh  = ( ) dxx∫ 



 −

2
12cosh

2
1  = ( ) dxx∫ − 212cosh

4
1  = ( )dxxx∫ +− 12cosh22cosh

4
1 2  

 

= ∫∫∫ +− dxdxxdxx
4
12cosh

4
22cosh

4
1 2  = ( )

4
2sinh

2
1

2
14cosh1

2
1

4
1 xxdxx +⋅−+∫  = ∫⋅ dx

2
1

4
1  
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4
2sinh

4
14cosh

8
1 xxdxx +−+ ∫  = cxxxx

+−⋅+





 + 2sinh

4
14sinh

4
1

8
1

48
 = cxxx +−+ 2sinh

4
14sinh

32
1

8
3  

 

Check:  Let cxxxy +−+= 2sinh
4
14sinh

32
1

8
3 , then y ′  = 

4
2cosh2

32
4cosh4

8
3 xx

−+  = xx 2cosh
4
24cosh

8
1

8
3

−+   

= xx 2cosh
4
24cosh

8
1

8
1

4
1

−+





 +  = ( ) xx 2cosh

4
24cosh1

8
1

4
1

−++  = ( ) xx 2cosh
4
24cosh1

2
1

4
1

4
1

−+⋅+   

= xx 2cosh
4
22cosh

4
1

4
1 2 −⋅+  = ( )xx 2cosh22cosh1

4
1 2 −+  = ( )212cosh

4
1

−x  = ( )
2

12cosh
2
1





 −x  

= ( )22sinh x  = x4sinh  

d.  ∫ dxx3tanh  = ∫ dxxx tanhtanh 2  = ( )∫ − dxxxh tanhsec1 2  = ∫∫ +− dxxdxxxh tanhtanhsec 2 .  To solve 

the first integral let xu tanh= , then x
dx
d

dx
du tanh=  ; xh

dx
du 2sec=  ; dxhdu 2sec=  ; 

xh
dudx

2sec
= .  Thus, 

∫− dxxxh tanhsec 2  = ∫ ⋅⋅−
xh

duuxh
2

2

sec
sec  = ∫− duu  = 2

2
1 u−  = x2tan

2
1

− .  Combining the term  

 

∫ dxx3tanh  = ∫ dxxx tanhtanh 2  = ( )∫ − dxxxh tanhsec1 2  = ( )∫ +− dxxxxh tanhtanhsec 2   

 

= ∫∫ +− dxxdxxxh tanhtanhsec 2  = ∫+− dxxx tanhtanh
2
1 2  = cxx ++− coshlntanh

2
1 2

 

 

Check:  Let cxxy ++−= coshlntanh
2
1 2 , then y ′  = 0sinh

cosh
1sectanh2

2
1 2 +⋅+⋅⋅− x

x
xhx   

= 
x
x

xhx
cosh
sinh

sectanh 2 +−  = xxhx tanhsectanh 2 +−  = ( )xhx 2sec1tanh −  = xx 2tanhtanh  = x3tanh  

 

e.  ∫ dxx4coth  = ∫ dxxx 22 cothcoth  = ( )∫ + dxxhx 1csccoth 22  = dxxdxxhx ∫∫ + 222 cothcsccoth   

= ( )dxxhdxxhx ∫∫ ++ 1csccsccoth 222  = ∫∫∫ ++ dxdxxhdxxhx 222 csccsccoth . 

To solve the first integral let  xu coth= , then x
dx
d

dx
du coth=  ; xh

dx
du 2csc−=  ; dxxhdu 2csc−=   

; 
xh

dudx
2csc

−= .  Grouping the terms together we find ∫ dxxhx 22 csccoth  = ∫ −⋅
xh

duxhu
2

22

csc
csc   

= ∫− duu 2  = 3
3
1 u−  = x3coth

3
1

− .  Therefore, 

∫ dxx4coth  = ∫ dxxx 22 cothcoth  = ( )∫ + dxxhx 1csccoth 22  = ∫∫∫ ++ dxdxxhdxxhx 222 csccsccoth   
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= ∫∫ ++− dxdxxhx 23 csccoth
3
1  = cxxx ++−− cothcoth

3
1 3  

 

Check:  Let cxxxy ++−−= cothcoth
3
1 3 , then y ′  = 01csccsccoth

3
3 222 +++−⋅− xhxhx   

= 1csccsccoth 222 ++ xhxhx  = ( ) 11cothcsc 22 ++xxh  = ( )( ) 11coth1coth 22 ++− xx   

= 11cothcothcoth 224 +−−+ xxx  = x4coth  
 

f.  ∫ dxx6tanh  = ∫ dxxx 24 tanhtanh  = ( )∫ − dxxhx 24 sec1tanh  = ( )∫ − dxxhxx 244 sectanhtanh  =  

∫∫ − dxxhxdxx 244 sectanhtanh .  In example 5.4-5, problem letter i, we found that  

dxx∫ 4tanh  = cxxx ++−− tanhtanh
3
1 3 .  Therefore,  

∫ dxx6tanh  = ∫ dxxx 24 tanhtanh  = ( )∫ − dxxhx 24 sec1tanh  = ∫∫ − dxxhxdxx 244 sectanhtanh   

 

= ∫−




 +−− dxxhxxxx 243 sectanhtanhtanh

3
1  = cxxxx ++−−− tanhtanh

3
1tanh

5
1 35  

 

Check:  Let cxxxxy ++−−−= tanhtanh
3
1tanh

5
1 35 , then y ′  = xhxxhx 2224 sectanh

3
3sectanh

5
5

⋅−⋅−   

01sec 2 ++− xh  = 1secsectanhsectanh 22224 +−−− xhxhxxhx  = ( ) 11tanhtanhsec 242 +++− xxxh   

= ( )( ) 11tanhtanhtanh1 242 +++−− xxx  = ( ) 1tanhtanhtanh1tanhtanh 24624 +−−−++− xxxxx   

= 1tanhtanhtanh1tanhtanh 24624 ++++−−− xxxxx  = x6tanh  
 

g.  ∫ dxx3coth  = ∫ dxxx cothcoth 2  = ( )∫ + dxxxh coth1csc 2  = ∫∫ + dxxdxxxh cothcothcsc 2 .  To solve the  

first integral let xu coth= , then x
dx
d

dx
du coth=  ; xh

dx
du 2csc−=  ; dxhdu 2csc−=  ; 

xh
dudx

2csc
−= .  Thus, 

∫ dxxxh cothcsc 2  = ∫ −⋅⋅
xh

duuxh
2

2

csc
csc  = ∫− duu  = 2

2
1 u−  = x2coth

2
1

− .  Combining the term  

 

∫ dxx3coth  = ∫ dxxx cothcoth 2  = ( )∫ + dxxxh coth1csc 2  = ( )∫ +⋅ dxxxxh cothcothcsc 2   

 

∫∫ + dxxdxxxh cothcothcsc 2  = ∫+− dxxx cothcoth
2
1 2  = cxx ++− sinhlncoth

2
1 2

 

 

Check:  Let cxxy ++−= sinhlncoth
2
1 2 , then y ′  = 0cosh

sinh
1csccoth2

2
1 2 +⋅+−⋅⋅− x

x
xhx   

= 
x
x

xhx
sinh
cosh

csccoth 2 +  = xxhx cothcsccoth 2 +  = ( )1csccoth 2 +xhx  = xx 2cothcoth  = x3coth  
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h.  ∫ dxxh3sec  = ∫ dxxhxh secsec 2  = ( )∫ − dxxhx sectanh1 2  = ∫∫ +− dxxhdxxhx secsectanh 2   

= ∫∫ +⋅− dxxhdxxhxx secsectanhtanh .  To solve the first integral let xu tanh=  and dxxhxdv sectanh= , 

then dxxhdu 2sec=  and ∫∫ = dxxhxdv sectanh  which implies xhv sec−= .  Using the integration by  

parts formula ∫∫ −= duvvudvu  we obtain  

∫− dxxhx sectanh 2  = ∫ ⋅− dxxhxx sectanhtanh  = ∫− dxxhxhxhx 2secsecsectanh  = xhx sectanh  

∫− dxxh3sec .  Combining the terms we have  

∫ dxxh3sec  = dxxhdxxhxx ∫∫ −⋅ secsectanhtanh  = ∫∫ +− dxxhdxxhxhx secsecsectanh 3 .  Moving the  

∫ dxxh3sec  term from the right hand side of the equation to the left hand side we obtain  

∫∫ + dxxhdxxh 33 secsec  = ∫ dxxh3sec2  = ∫+ dxxhxhx secsectanh .  Therefore,  

∫ dxxh3sec  = ( )∫+ dxxhxhx secsectanh
2
1  = ( ) cxxhx ++ − tanhsin

2
1sectanh

2
1 1

 

 

Check:  Let ( ) cxxhxy ++= − tanhsin
2
1sectanh

2
1 1 , then y ′  = 

2
tanhtanhsecsecsec 2 xxxhxhxh ⋅−⋅   

0
tanh12

sec
2

2
+

−
+

x

xh  = 
xh

xhxxhxh
2

223

sec2

sec
2

tanhsecsec
+

−  = 
2

sec
2

tanhsecsec 23 xhxxhxh
+

−  

= 
2

sectanhsecsec 23 xhxxhxh +−  = ( )
2

tanh1secsec 23 xxhxh −+  = 
2

secsecsec 23 xhxhxh +   

= 
2

secsec 33 xhxh +  = 
2

sec2 3 xh  = xh3sec  

i.  ∫ dxxh3csc  = ∫ dxxhxh csccsc 2  = ( )∫ − dxxhx csc1coth 2  = ∫∫ − dxxhdxxhx csccsccoth 2   

= ∫∫ −⋅ dxxhdxxhxx csccsccothcoth .  To solve the first integral let xu coth=  and dxxhxdv csccoth= ,  

then dxxhdu 2csc−=  and ∫∫ = dxxhxdv csccoth  which implies xhv csc−= .  Using the integration by  

parts formula ∫∫ −= duvvudvu  we obtain  

∫ dxxhx csccoth 2  = ∫ ⋅ dxxhxx csccothcoth  = ∫ ⋅−−⋅ dxxhxhxhx 2csccsccsccoth  = xhx csccoth−   

∫− dxxh3csc .  Combining the terms we have  

∫ dxxh3csc  = dxxhdxxhxx ∫∫ −⋅ csccsccothcoth  = ∫∫ −−− dxxhdxxhxhx csccsccsccoth 3 .  Moving  



Calculus I  5.4  Integration of Hyperbolic Functions  

Hamilton Education Guides   374 

the ∫ dxxh3csc  term from the right hand side of the equation to the left hand side we obtain  

∫∫ + dxxhdxxh 33 csccsc  = ∫ dxxh3csc2  = ∫−− dxxhxhx csccsccoth .  Therefore,  

∫ dxxh3csc  = ( )∫−− dxxhxhx csccsccoth
2
1  = cxxhx +−−

2
tanhln

2
1csccoth

2
1

 

 

Check:  Let cxxhxy +−−=
2

tanhln
2
1csccoth

2
1 , then y ′  = ( )

2
cothcothcsccsccsc 2 xxxhxhxh ⋅−⋅−−   

( )
0

tanh4

sec

2

2
2

+−
x

xh
 = 

( )2

2
223

tanh4

sec

2
cothcsccsc

x

xhxxhxh
−

+ .  The 2nd term is simplified as follows: 

( )2

2
2

tanh4

sec

x

xh
 = 

2

2
2

tanh

tanh1

4
1

x

x−
⋅  = 

2

2

2
2

2
2

cosh

sinh

cosh

sinh
1

4
1

x

x

x

x
−

⋅  = 

2

2

2
2

2
2

2
2

cosh

sinh

cosh

sinhcosh

4
1

x

x

x

xx −

⋅  = 

2

2

2
2

cosh

sinh

cosh
1

4
1

x

x

x

⋅  = 

2
sinh

2
cosh

2
cosh

4
1

2 xx

x

⋅
⋅   

= 

2
sinh

2
cosh22

1
xx

⋅⋅
 = 

22sinh2
1

x⋅⋅
 = 

xsinh
1

2
1  = 

2
csc xh .  Therefore,  

( )2

2
223

tanh4

sec

2
cothcsccsc

x

xhxxhxh
−

+  = 
2

csc
2

cothcsccsc 23 xhxxhxh
−

+   

= 
2

csccothcsccsc 23 xhxxhxh −+  = ( )
2

1cothcsccsc 23 −+ xxhxh  = 
2

csccsccsc 23 xhxhxh +   

= 
2

secsec 33 xhxh +  = 
2

csc2 3 xh  = xh3csc  

Example 5.4-7:  Evaluate the following indefinite integrals: 

a.  ∫ dxxx 22 coshsinh  =  b.  ∫ dxxx 52 coshsinh  =  c.  ∫ dxxx 24 coshsinh  =  

d.  ∫ dxxx 23 coshsinh  =  e.  ∫ dxxhx 45 sectanh  =  f.  ∫ dxxhx 33 sectanh  =  

g.  ∫ dxxhx 22 csccoth  =  h.  ∫ dxxhx 33 csccoth  =  i.  ∫ dxxhx 43 csccoth  =  

Solutions: 

a.  ∫ dxxx 22 coshsinh  = ∫ dxx2sinh
4
1 2  = ( )∫ − dxx 14cosh

2
1

4
1  = ( )∫ − dxx 14cosh

8
1  = ∫∫ − dxdxx

8
14cosh

8
1  

 

= cxx +−⋅
8

4sinh
4
1

8
1  = cxx +−

8
14sinh

32
1  

 

Check:  Let cxxy +−=
8
14sinh

32
1 , then y ′  = 0

8
1

32
4cosh4

+−
x  = 

8
14cosh

8
1

−x  = ( )14cosh
8
1

−x  
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= ( )14cosh
2
1

4
1

−⋅ x  = x2sinh
4
1 2⋅  = xx 22 coshsinh  

b.  ∫ dxxx 52 coshsinh  = ∫ dxxxx coshcoshsinh 42  = ( )∫ dxxxx coshcoshsinh
222  = ( )∫ + dxxxx cossinh1sinh

222   
 
= ( )∫ ++ dxxxxx coshsinh2sinh1sinh 242  = ( )∫ ++ dxxxxxxx coshsinh2coshsinhcoshsinh 462   
 

= ∫ ∫ ∫++ dxxxdxxxdxxx coshsinh2coshsinhcoshsinh 462  = cxxx +++ 573 sinh
5
2sinh

7
1sinh

3
1  

 

Check:  Let cxxxy +++= 573 sinh
5
2sinh

7
1sinh

3
1 , then y ′  = 

7
coshsinh7

3
coshsinh3 62 xxxx

+   

5
coshsinh10 4 xx

+  = xxxxxx coshsinh2coshsinhcoshsinh 462 ++  = ( )xxxx 242 sinh2sinh1coshsinh ++  

= ( )222 sinh1coshsinh xxx +  = ( )222 coshcoshsinh xxx  = xxx 42 coshcoshsinh  = xx 52 coshsinh  
 

c.  ∫ dxxx 24 coshsinh  = ( )∫ dxxxx 22 sinhcoshsinh  = ( ) ( )∫ −⋅ dxxx 12cosh
2
12sinh

2
2
1  = dxx∫− 2sinh

8
1 2   

 

dxxx∫+ 2cosh2sinh
8
1 2  = ( ) dxxxdxx ∫∫ +−− 2cosh2sinh

8
114cosh

2
1

8
1 2  = dxxdx∫ ∫− 4cosh

16
1

16
1  

 

= x2sinh
6
1

8
1 3⋅+  = cxxx ++⋅− 2sinh

48
14sinh

4
1

16
1

16
1 3  = cxxx ++− 2sinh

48
14sinh

64
1

16
1 3  

 

Check:  Let cxxxy ++−= 2sinh
48
14sinh

64
1

16
1 3 , then y ′  = 0

48
2cosh2sinh6

64
4cosh4

16
1 2

++−
xxx   

= ( ) xxx 2cos2sinh
8
114cosh

16
1 2+−−  = ( ) xxx 2cosh2sinh

8
114cosh

2
1

8
1 2+−⋅−   

= xxx 2cosh2sinh
8
12sinh

8
1 22 +⋅−  = ( )12cosh

2
12sinh

2
1 2

−⋅





 xx  = ( ) xxx 22 sinhcoshsinh   

= xxx 222 sinhcoshsinh ⋅  = xx 24 coshsinh  

d.  ∫ dxxx 23 coshsinh  = ( )∫ + dxxx 23 sinh1sinh  = ( )∫ + dxxx 53 sinhsinh  = dxxdxx ∫∫ + 53 sinhsinh .  In  

Example, 5.4-5, problem letters f and g, we found ∫ dxx5sinh  = cxxx ++− coshcosh
3
2cosh

5
1 35 and  

∫ dxx3sinh  = cxx +− coshcosh
3
1 3 .  Therefore,  

∫ dxxx 23 coshsinh  = dxxdxx ∫∫ + 53 sinhsinh  = 





 ++−++− cxxxcxx coshcosh

3
2cosh

5
1coshcosh

3
1 353   
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= cxxxxx ++−−+ coshcoshcosh
3
2cosh

3
1cosh

5
1 335  = cxx +− 35 cosh

3
1cosh

5
1  

 

Check:  Let cxxy +−= 35 cosh
3
1cosh

5
1 , then y ′  = 0sinhcosh

3
3sinhcosh5

5
1 24 +⋅⋅−⋅⋅ xxxx   

= xxxx 24 coshsinhcoshsinh −  = ( )1coshcoshsinh 22 −xxx  = xxx 22 sinhcoshsinh  = xx 23 coshsinh  
 

e.  ∫ dxxhx 45 sectanh  = ∫ dxxhxhx 225 secsectanh  = ( )∫ − dxxhxx 225 sectanh1tanh  = ∫− dxxhx 27 sectanh  
 

∫+ dxxhx 25 sectanh  = cxx ++− 68 tanh
6
1tanh

8
1  

 

Check:  Let cxxy ++−= 68 tanh
6
1tanh

8
1 , then y ′  = 0sectanh6

6
1sectanh8

8
1 2527 +⋅⋅+⋅⋅− xhxxhx   

= xhxxhx 2527 sectanhsectanh +−  = ( )xxhx 225 tanh1sectanh −  = xhxhx 225 secsectanh   

= xhx 45 sectanh  
 

f.  ∫ dxxhx 33 sectanh  = ∫ ⋅ dxxhxxhx sectanhsectanh 22  = ( )∫ ⋅− dxxhxxhxh sectanhsecsec1 22   
 

= ∫∫ ⋅+⋅− dxxhxxhdxxhxxh sectanhsecsectanhsec 24 .  To solve the first and the second integral  

let xhu sec= , then xh
dx
d

dx
du sec=  ; xxh

dx
du tanhsec−=  ; 

xxh
dudx

tanhsec
−= .  Therefore,  

∫ dxxhx 33 sectanh  = ∫ ⋅ dxxhxxhx sectanhsectanh 22  = ∫ ⋅− dxxhxxh sectanhsec 4   
 

∫ ⋅+ dxxhxxh sectanhsec 2  = du
xhx
xhx

udu
xhx
xhx

u ∫∫ −⋅+−⋅−
sectanh
sectanh

sectanh
sectanh 24  = ∫∫ − duuduu 24   

 

= cuu +− 35
3
1

5
1  = cxhxh +− 35 sec

3
1sec

5
1  

Check:  Let cxhxhy +−= 35 sec
3
1sec

5
1 , then y ′  = xxhxhxxhxh tanhsecsec

3
3tanhsecsec

5
5 24 −⋅−−⋅   

= xxhxhxxhxh tanhsecsectanhsecsec 24 ⋅+⋅−  = ( ) xxhxhxh tanhsecsecsec 24 +−   

= ( ) xxhxhxh tanhsecsecsec1 22−  = xxhxhx tanhsecsectanh 22  = xhx 33 sectanh  
 

g.  Given ∫ dxxhx 22 csccoth  let xu coth= , then x
dx
d

dx
du coth=  ; xh

dx
du 2csc−=  ; 

xh
dudx

2csc
−

= .  Thus,  

∫ dxxhx 22 csccoth  = ∫ −
du

xh
xhu

2

22

csc
csc  = ∫− duu 2  = cu +− 3

3
1  = cx +− 3coth

3
1  

 



Calculus I  5.4  Integration of Hyperbolic Functions  

Hamilton Education Guides   377 

Check:  Let cxy +−= 3coth
3
1 , then y ′  = 0csccoth3

3
1 22 +−⋅⋅− xhx  = xhx 22 csccoth

3
3
⋅  = xhx 22 csccoth  

 

h.  ∫ dxxhx 33 csccoth  = ∫ dxxhxx 32 csccothcoth  = ( )∫ + dxxhxhx 22 csccsc1coth  = ∫ dxxxh cothcsc 4  
 

∫+ dxxxh cothcsc 2  = cxhxh +−− 35 csc
3
1csc

5
1  

 

Check:  Let cxhxhy +−−= 35 csc
3
1csc

5
1 , then y ′  = xxhxhxxhxh cothcsccsc

3
3cothcsccsc

5
5 24 −⋅−−⋅−   

= xxhxxh cothcsccothcsc 35 +  = ( )1csccothcsc 23 +xhxxh  = xxxh 23 cothcothcsc  = xhx 33 csccoth  
 

i.  ∫ dxxhx 43 csccoth  = ∫ dxxhxhx 223 csccsccoth  = ( )∫ − dxxhxx 223 csc1cothcoth  = ∫ dxxhx 25 csccoth  
 

∫− dxxhx 23 csccoth  = cxx ++− 46 coth
4
1coth

6
1  

 

Check:  Let cxxy ++−= 46 coth
4
1coth

6
1 , then y ′  = 0csccoth4

4
1csccoth6

6
1 2325 +−⋅⋅+−⋅⋅− xhxxhx   

= xhxxhx 2325 csccothcsccoth −  = ( )1cothcsccoth 223 −xxhx  = xhxhx 223 csccsccoth   

= xhx 43 csccoth  

Table 5.4-3 provides a summary of the basic integration formulas covered in this book. 

Section 5.4 Practice Problems – Integration of Hyperbolic Functions 

1.  Evaluate the following integrals: 

    a.  ∫ dxx3cosh  =          b.  ( )∫ − dxex x32sinh  =              c.  ∫ dxxh 5csc  =  

    d.  ∫ dxxhx 322 sec  =          e.  ( )∫ + dxxhx 1csc
3
2 423  =              f.  ( )∫ + dxxhx 52csc 43  =  

    g.  ( ) ( )∫ ++ dxxx 1sinh1cosh7  =   h.  ( ) ( )∫ ++ dxxxh 35coth35csc  =             i.  ∫ ++ dxehe xx 11 sec  =  

2.  Evaluate the following integrals: 

    a.  ∫ dxxhx 25 sectanh  =         b.  ( ) ( )∫ ++ dxxhx 1csc1coth 26  =             c.  ∫ dxee xx 33 tanh  =  

    d.  ( )∫ + dxxhx 1sec 43  =         e.  ( )∫ + dxxh 23sec  =              f.  ( ) ( )∫ ++ dxxe x 53sinh53cosh  =  

    g.  ∫ dxx5tanh  =          h.  ∫ dxx5coth  =               i.  ∫ dxx6coth  =  
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Table 5.4-3:  Basic Integration Formulas 

1.  ∫ dxa  = cax +                                       0≠a  2.  ∫ dxxn  = c
n
x n

+
+

+

1

1
                         1−≠n  

3.  ( )∫ dxxfa  = ( )∫ dxxfa                          0≠a  4.  ( ) ( )[ ]∫ + dxxgxf  = ( ) ( )∫∫ + dxxgdxxf  

5.  cxdxx +−=∫ cossin  6.  cxdxx +=∫ sincos  

7.  cxdxx +=∫ seclntan  8.  cxdxx +=∫ sinlncot  

9.  cxxdxx ++=∫ tanseclnsec  10.  cxxdxx +−=∫ cotcsclncsc  

11.  cxdxxx +=∫ secsectan  12.  cxdxxx +−=∫ csccsccot  

13.  c
xxdxx +−=∫ 4

2sin
2

sin 2  14.  c
xxdxx ++=∫ 4

2sin
2

cos2  

15.  cxxdxx +−=∫ tantan 2  16.  cxxdxx +−=∫ tantan 2  

17.  cxxdxx +−−=∫ cotcot 2  18.  cxdxx +=∫ tansec2  

19.  cxdxx +−=∫ cotcsc2  20.  ∫ dx
x
1  = cx +ln  

21.  ∫ xdxln  = cxxx +−ln  22.  ∫ dxa x  = c
a

ax
+

ln
                      10 ≠aanda  

23.  ∫ dxe x  = ce x +  24.  ∫
−

dx
xa 22

1  = c
a
xarc

a
+sin1  = c

a
x

a
+−1sin1  

25.  ∫ +
dx

xa 22
1  = c

a
xarc

a
+tan1  = c

a
x

a
+−1tan1  26.  ∫ −

dx
xa 22

1  = c
xa
xa

a
+

−
+ln

2
1  

27.  ∫ −
dx

ax 22
1  = c

ax
ax

a
+

+
−ln

2
1  28.  ∫

−
dx

axx 22

1  = c
a
xarc

a
+sec1  = c

a
x

a
+−1sec1  

29.  cxdxx +=∫ coshsinh  30.  cxdxx +=∫ sinhcosh  

31.  cxdxx +=∫ coshlntanh  32.  cxdxx +=∫ sinhlncoth  

33.  ( ) cxdxxh += −∫ tanhsinsec 1  34.  cxdxxh +=∫ 2
tanhlncsc  

35.  cxhdxxhx +−=∫ secsectanh  36.  cxhdxxhx +−=∫ csccsccoth  

37.  cxx
dxx +−=∫ 24

2sinh
sinh 2  38.  cxx

dxx ++=∫ 24
2sinh

cosh 2  

39.  cxxdxx +−=∫ tanhtanh 2  40.  cxxdxx +−=∫ cothcoth 2  

41.  cxdxxh +=∫ tanhsec 2  42.  cxdxxh +−=∫ cothcsc 2  
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Appendix - Exercise Solutions 
Chapter 1 Solutions: 
 

Section 1.1 Solutions - Sequences 

1.  List the first four and tenth terms of the given sequence. 

a.  Given 
n

nan 2
12

−
+

= , then   1a  = 
12
112

⋅−
+⋅  = 

2
3

−  = 5.1−         2a  = 
22
122

⋅−
+⋅  = 

4
5

−  = 25.1−  

3a  = 
32
132

⋅−
+⋅  = 

6
7

−  = 17.1−   4a  = 
42
142

⋅−
+⋅  = 

8
9

−  = 13.1−        10a  = 
102

1102
⋅−
+⋅  = 

20
21

−  = 05.1−  

b.  Given ( )
2

1
k
kkbk
+

= , then   1b  = ( )
21

111 +⋅  = 
1
21⋅  = 

1
2  = 2        2b  = ( )

22
122 +⋅  = 

4
32 ⋅  = 

4
6  = 5.1  

3b  = ( )
23

133 +⋅  = 
9

43 ⋅  = 
9

12  = 33.1  4b  = ( )
24

144 +⋅  = 
16

54 ⋅  = 
16
20  = 25.1        10b  = ( )

210
11010 +⋅  = 

100
110  = 1.1  

c.  Given ( )nnd 23 −−= , then     1d  = ( )123 −−  = ( )23 −−  = 23+  = 5  

2d  = ( )223 −−  = ( )43 +−  = 43−  = 1−    3d  = ( )323 −−  = ( )83 −−  = 83+  = 11  

4d  = ( )423 −−  = ( )163 +−  = 163−  = 13−   10d  = ( )1023 −−  = ( )10243 +−  = 10243−  = 1021−  

d.  Given ( )
2

1
2
1 1

+
−







−=

+

n
k

nn

n , then    1k  = ( )
21

1
2
1 111

+
−








−
+

 = ( )
3
1

2
1 2−
⋅−  = 

3
1

2
1
⋅−  = 

6
1

−  

2k  = ( )
22

1
2
1 122

+
−







−

+
 = ( )

4
1

4
1 3−
⋅  = 

4
1

4
1

−⋅  = 
16
1

−   3k  = ( )
23

1
2
1 133

+
−








−
+

 = ( )
5
1

8
1 4−
⋅−  = 

5
1

8
1
⋅−  = 

40
1

−  

4k  = ( )
24

1
2
1 144

+
−








−
+

 = ( )
6
1

16
1 5−
⋅  = 

6
1

16
1

−⋅  = 
96
1

−  10k  = ( )
210

1
2
1 11010

+
−







−

+
 = ( )

12
1

1024
1 11−

⋅  = 
288,12
1−  

2.  Write 3s , 4s , 5s , 8s , and 10s  for the following sequences. 

a.  Given ( )
12
1

−
+

=
n
nnsn , then    3s  = ( )

132
133

−⋅

+⋅  = 132
43
−⋅

⋅  = 
2

343 ⋅⋅  = 
2

36  = 18  

4s  = ( )
142
144

−⋅

+⋅  = 142
54
−⋅

⋅  = 
2

454 ⋅⋅  = 
2

80  = 40   5s  = ( )
152
155

−⋅

+⋅  = 152
65
−⋅

⋅  = 
2

565 ⋅⋅  = 
2

150  = 75  

8s  = ( )
182
188

−⋅

+⋅  = 182
98
−⋅

⋅  = 
2

898 ⋅⋅  = 
2

576  = 288   10s  = ( )
1102
11010

−⋅

+⋅  = 1102
1110
−⋅

⋅  = 
2

101110 ⋅⋅  = 
2

1100  = 550  

b.  Given ( ) 21 21 −+−= nn
ns , then    3s  = ( ) 2313 21 −+ ⋅−  = ( ) 14 21 ⋅−  = 21⋅  = 2  

4s  = ( ) 2414 21 −+ ⋅−  = ( ) 25 21 ⋅−  = 41⋅−  = 4−   5s  = ( ) 2515 21 −+ ⋅−  = ( ) 36 21 ⋅−  = 81⋅  = 8  

8s  = ( ) 2818 21 −+ ⋅−  = ( ) 69 21 ⋅−  = 641⋅−  = 64−   10s  = ( ) 210110 21 −+ ⋅−  = ( ) 811 21 ⋅−  = 2561⋅−  = 256−  

c.  Given ( ) ( )
n

ns
n

n 2
22 1 −−

=
+

, then    3s  = ( ) ( )
32

232 13

⋅
−− +

 = ( )
6

12 4 ⋅−  = 
6

16  = 67.2  

4s  = ( ) ( )
42

242 14

⋅
−− +

 = ( )
8

22 5 ⋅−  = 
8

232 ⋅−  = 8−   5s  = ( ) ( )
52

252 15

⋅
−− +

 = ( )
10

32 6 ⋅−  = 
10

364 ⋅  = 2.19  

8s  = ( ) ( )
82

282 18

⋅
−− +

 = ( )
16

62 9 ⋅−  = 
16

6512 ⋅−  = 192−   10s  = ( ) ( )
102

2102 110

⋅
−− +

 = ( )
20

82 11 ⋅−  = 
20

82048 ⋅−  = 2.819−  
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3.  Write the first five terms of the following sequences. 

a.  Given ( ) ( )21 1 +−= + na n
n , then     1a  = ( ) ( )211 11 +− +  = ( ) 31 2 ⋅−  = 31⋅  = 3  

2a  = ( ) ( )221 12 +− +  = ( ) 41 3 ⋅−  = 41⋅−  = 4−   3a  = ( ) ( )231 13 +− +  = ( ) 51 4 ⋅−  = 51⋅  = 5  

4a  = ( ) ( )241 14 +− +  = ( ) 61 5 ⋅−  = 61⋅−  = 6−   5a  = ( ) ( )251 15 +− +  = ( ) 71 6 ⋅−  = 71⋅  = 7  

b.  Given 
2

100
13

−







=

i

ia , then     1a  = 
21

100
13

−







  = 

1

100
13

−








  = 

100
1
13 ⋅  = 

1
1003 ⋅  = 300  

2a  = 
22

100
13

−








  = 
0

100
13 







  = 13 ⋅  = 3    3a  = 
23

100
13

−







  = 

1

100
13 






  = 1100

13 ⋅  = 
100

3  

4a  = 
24

100
13

−







  = 

2

100
13 






  = 2100

13 ⋅  = 
000,10
3   5a  = 

25

100
13

−







  = 

3

100
13 






  = 3100

13 ⋅  = 
000,000,1

3  

c.  Given 
1

5
13

−







−=

i

ic , then     1c  = 
11

5
13

−








−  = 
0

5
13 






−  = 13 ⋅  = 3  

2c  = 
12

5
13

−








−  = 
1

5
13 





−  = 

5
13 −⋅  = 

5
3

−  = 6.0−   3c  = 
13

5
13

−








−  = 
2

5
13 






−  = 25
13 ⋅  = 

25
3  = 12.0  

4c  = 
14

5
13

−







−  = 

3

5
13 





−  = 35

13 −⋅  = 
125

3
−  = 024.0−  5c  = 

15

5
13

−







−  = 

4

5
13 





−  = 45

13 ⋅  = 
625
3  = 0048.0  

d.  Given ( )253 −= nan , then     1a  = ( )2513 −⋅  = ( )253−  = ( )22−  = 4  

2a  = ( )2523 −⋅  = ( )256 −  = 21  = 1    3a  = ( )2533 −⋅  = ( )259 −  = 24  = 16  

4a  = ( )2543 −⋅  = ( )2512 −  = 27  = 49    5a  = ( )2553 −⋅  = ( )2515 −  = 210  = 100  

e.  Given 22 += −k
k aru , then     1u  = 221 +−ar  = 21 +−ar  = 2+

r
a  

2u  = 222 +−ar  = 20 +ar  = 2+a    3u  = 223 +−ar  = 21 +ar  = 2+ar  

4u  = 224 +−ar  = 22 +ar     5u  = 225 +−ar  = 23 +ar  

f.  Given 
2

3
23

−







−=

k

kb , then     1b  = 
21

3
23

−







⋅−  = 

1

3
23

−








⋅−  = 

3
2
13 ⋅−  = 

2
33 ⋅−  = 

2
9

−  

2b  = 
22

3
23

−








⋅−  = 
0

3
23 






⋅−  = 13 ⋅−  = 3−   3b  = 
23

3
23

−








⋅−  = 
3
23 ⋅−  = 

3
23
/
⋅/

−  = 2−  

4b  = 
24

3
23

−








⋅−  = 
2

3
23 






⋅−  = 
9
43 ⋅−  = 

3
4

−   5b  = 
25

3
23

−








⋅−  = 
3

3
23 






⋅−  = 
27
83 ⋅−  = 

9
8

−  

g.  Given j
j

jc j +
+

=
1

, then     1c  = 1
11

1
+

+
 = 1

2
1
+ = 

2
21+  = 

2
3  

2c  = 2
12

2
+

+
 = 2

3
2
+ = 

3
62 +  = 

3
8    3c  = 3

13
3

+
+

 = 3
4
3
+ = 

4
123+  = 

4
15  

4c  = 4
14

4
+

+
 = 4

5
4
+ = 

5
204 +  = 

5
24    5c  = 5

15
5

+
+

 = 5
6
5
+ = 

6
305 +  = 

6
35  

h.  Given 
1

2
11

+









+
−=

n

n n
y , then     1y  = 

11

21
11

+









+

−  = 
2

3
11 





 −  = 

2

3
13






 −  = 

2

3
2







  = 267.0  
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2y  = 
12

22
11

+









+

−  = 
3

4
11 






 −  = 
3

4
14







 −  = 
3

4
3






  = 375.0  3y  = 

13

23
11

+









+
−  = 

4

5
11 





 −  = 

4

5
15






 −  = 

4

5
4






  = 48.0  

4y  = 
14

24
11

+









+
−  = 

5

6
11 





 −  = 

5

6
16






 −  = 

5

6
5







  = 583.0  5y  = 
15

25
11

+









+
−  = 

6

7
11 





 −  = 

6

7
17






 −  = 

6

7
6







  = 686.0  

i.  Given ( ) 111 +−−= k
ku , then     1u  = ( ) 1111 +−−  = ( )211 −−  = 11−  = 0  

2u  = ( ) 1211 +−−  = ( )311 −−  = ( )11 −−  = 11+  = 2   3u  = ( ) 1311 +−−  = ( )411 −−  = 11−  = 0  

4u  = ( ) 1411 +−−  = ( )511 −−  = ( )11 −−  = 11+  = 2   5u  = ( ) 1511 +−−  = ( )611 −−  = 11−  = 0  

j.  Given 
12 −

=
kk
ky , then      1y  = 112

1
−  = 02

1  = 
1
1  = 1  

2y  = 122
2
−

 = 12
2  = 

2
2  = 1     3y  = 132

3
−

 = 22
3  = 

4
3  = 75.0  

4y  = 142
4
−

 = 32
4  = 

8
4  = 5.0     5y  = 152

5
−

 = 42
5  = 

16
5  = 313.0  

k.  Given ( )29
1

−= ky k
n , then     1y  = ( )2191

1
−  = 19 −⋅  = 9−  

2y  = ( )229 2
1

−  = 09 2
1
⋅  = 0     3y  = ( )2393

1
−  = 193

1
⋅  = 3

1
9  = 3 9  

4y  = ( )249 4
1

−  = 29 4
1
⋅  = 4 92     5y  = ( )2595

1
−  = 395

1
⋅  = 5 93  

l.  Given 
1
22

+
−

=
n

ncn , then     1c  = 
11
212

+
−  = 

2
21−  = 

2
1

−  

2c  = 
12
222

+
−  = 

3
24 −  = 

3
2     3c  = 

13
232

+
−  = 

4
29 −  = 

4
7  

4c  = 
14
242

+
−  = 

5
216 −  = 

5
14     5c  = 

15
252

+
−  = 

6
225 −  = 

6
23  

4.  Given !n  read as “n factorial” which is defined as ( ) ( ) ( ) 12345321! ⋅⋅⋅⋅−−−= nnnnn , find  

a.  !8  = 12345678 ⋅⋅⋅⋅⋅⋅⋅  = 320,40  

b.  Given 
!
12

n
nan
+

= , then     1a  = 
!1

112 +⋅  = 
!1
12 +  = 

1
3  = 3  

2a  = 
!2

122 +⋅  = 
!2
14 + = 

12
5
⋅

 = 
2
5  = 5.2    3a  = 

!3
132 +⋅  = 

!3
16 +  = 

123
7
⋅⋅

 = 
6
7  = 17.1  

4a  = 
!4

142 +⋅  = 
!4
18 +  = 

1234
9

⋅⋅⋅
 = 

8
3  = 375.0  

c.  Given 
( )2

1

!
31

n
c

n

n

−+
= , then     

( )2
110

10
!10

31 −+
=c  = 

!10!10
31 9+  = 

!10!10
684,19  and        

( )2
112

12
!12

31 −+
=c  = 

!12!12
31 11+  = 

!12!12
148,177  

d.  The first, fifth, tenth, and fifteenth terms of ( )
!2
1!

n
nnyn +
−

= . 

1y  = ( )
!12
11!1

+
−  = 

!12
0!1

+
⋅  = 

3
0  = 0  

5y  = ( )
!52
15!5

+
−  = 

!52
4!5

+
⋅  = ( )

( )123452
412345
⋅⋅⋅⋅+
⋅⋅⋅⋅⋅  = 

1202
4120

+
⋅  = 

122
480  = 934.3  

10y  = ( )
!102
110!10

+
−  = 

!102
9!10

+
⋅  = ( )

( )123456789102
912345678910
⋅⋅⋅⋅⋅⋅⋅⋅⋅+
⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅  = 

800,628,32
9800,628,3

+
⋅  = 

802,628,3
200,659,32  = 9999.8  9≈  
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or, a quicker way of solving this problem is as follows:     10y  = ( )
!102
110!10

+
−  = 

!102
9!10

+
⋅

!10
9!10 ⋅

≈  = 
!01
9!01

//
⋅//  = 9  

15y  = ( )
!152
115!15

+
−  = 

!152
14!15

+
⋅  = ( )

( )1234567891011121314152
14123456789101112131415
⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅+
⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅  14≈    or  

15y  = ( )
!152
115!15

+
−  = 

!152
14!15

+
⋅

!15
14!15 ⋅

≈  = 
!51
14!51

//
⋅//  = 14  

5.  Write the first three terms of the following sequences. 

a.  Given ( )( )
( )nn

nncn 4
132

−
+−

= , then     1c  = ( )[ ] ( )
( ) 141

11312
⋅−
+−⋅  = ( )

13
232

⋅−
⋅−  = 

3
21

−
⋅−  = 

3
2  

2c  = ( )[ ]( )
( ) 242

12322
⋅−
+−⋅  = ( )

22
334

⋅−
⋅−  = 

4
31

−
⋅  = 

4
3

−   3c  = ( )[ ]( )
( ) 343

13332
⋅−
+−⋅  = ( )

31
436

⋅−
⋅−  = 

3
43

−
⋅  = 

4
12

−  = 3−  

b.  Given, 







+
−









−
=

n
n

n
an 2

2
1

1 , then    1a  = 







+
−









− 12

21
11

1  = 






 −








3
1

0
1  which is undefined 

2a  = 







+
−









− 22
22

12
1  = 















4
0

1
1  = 0    3a  = 








+
−









− 32
23

13
1  = 















5
1

2
1  = 

10
1  

c.  Given ( ) 1121 ++−= nn
ns , then     1s  = ( ) 1111 21 ++ ⋅−  = ( ) 22 21 ⋅−  = 41⋅  = 4  

2s  = ( ) 1212 21 ++ ⋅−  = ( ) 33 21 ⋅−  = 81⋅−  = 8−   3s  = ( ) 1313 21 ++ ⋅−  = ( ) 44 21 ⋅−  = 161⋅  = 16  

d.  Given ( ) ( )
2

11 1 −
−= + kky k

k , then    1y  = ( ) ( )
2

1111 11 −⋅
⋅− +  = ( )

2
011 2 ⋅

⋅−  = 
2
0  = 0  

2y  = ( ) ( )
2

1221 12 −⋅
⋅− +  = ( )

2
121 3 ⋅

⋅−  = 
2
2

−  = 1   3y  = ( ) ( )
2

1331 13 −⋅
⋅− +  = ( )

2
231 4 ⋅

⋅−  = 
2
6  = 3  

e.  Given 







+
−

=
n

nnbn 2
12 , then     1b  = 








+
−

⋅
12
1112  = 






⋅

3
01  = 0  

2b  = 







+
−

⋅
22
1222  = 






⋅

4
14  = 

4
4  = 1    3b  = 








+
−

⋅
32
1332  = 






⋅

5
29  = 

5
18  = 6.3  

f.  Given ( ) aa
a ax 25 1+−= , then     1x  = ( ) 111 215 ⋅− +  = 242 ⋅  = 216 ⋅  = 32  

2x  = ( ) 212 225 ⋅− +  = 433 ⋅  = 427 ⋅  = 108    3x  = ( ) 313 235 ⋅− +  = 824 ⋅  = 816 ⋅  = 128  

Section 1.2 Solutions - Series 

1.  Given 10
1

=∑
=

n

i
ia  and 25

1

=∑
=

n

i
ib  , find 

a.  ( )∑
=

+
n

i
ii ba

1

42  = ∑∑
==

+
n

i
i

n

i
i ba

11

42  = ∑∑
==

+
n

i
i

n

i
i ba

11

42  = ( ) ( )254102 ⋅+⋅  = 10020 +  = 120  

b.  ( )∑
=

+−
n

i
ii ba

1

 = ∑ ∑
= =

+−
n

i

n

i
ii ba

1 1

 = ∑ ∑
= =

+−
n

i

n

i
ii ba

1 1

 = 2510 +−  = 15  

c.  ( )∑
=

+
n

i
ii ba

1

53  = ∑ ∑
= =

+
n

i

n

i
ii ba

1 1

53  = ∑ ∑
= =

+
n

i

n

i
ii ba

1 1

53  = ( ) ( )255103 ⋅+⋅  = 12530 +  = 155  

d.  ∑
=







 +

n

i
ii ba

1
5
1

2
1  = ∑ ∑

= =

+
n

i

n

i
ii ba

1 1
5
1

2
1  = ∑ ∑

= =

+
n

i

n

i
ii ba

1 1
5
1

2
1  = 






 ⋅+






 ⋅ 25

5
110

2
1  = 55 +  = 10  
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2.  Evaluate each of the following series. 

a.  ∑
=

+
5

1

2
k

k  = ( ) ( ) ( ) ( ) ( )5242322212 +++++++++  = 76543 ++++  = 25  

b.  
( )∑

=
+−

6

0
12

1

n
n  = 

( ) ( ) ( ) ( ) ( ) ( ) ( ) 16151413121110 2
1

2
1

2
1

2
1

2
1

2
1

2
1

+++++++ −
+

−
+

−
+

−
+

−
+

−
+

−
 = 

( ) ( ) ( ) ( )4321 2
1

2
1

2
1

2
1

−
+

−
+

−
+

−
  

( ) ( ) ( )765 2
1

2
1

2
1

−
+

−
+

−
+  = 

128
1

64
1

32
1

16
1

8
1

4
1

2
1

−+−+−+−  = 008.0016.0031.00625.0125.025.05.0 −+−+−+−   

= ( ) ( )016.00625.025.0008.0031.0125.05.0 +++−−−−  = 328.0664.0 +−  = 336.0−  

c.  ( )∑
=

+−
4

0

11
n

n  = ( ) ( ) ( ) ( ) ( ) 1413121110 11111 +++++ −+−+−+−+−  = ( ) ( ) ( ) ( ) ( )54321 11111 −+−+−+−+−  = 11111 −/+/−/+/−  = 1−  

d.  ∑
−=

−
3

3

23
j

jj  = ( )[ ] ( )[ ] ( )[ ] [ ] [ ] [ ] [ ]2222222 333232131030131232333 ⋅−+⋅−+⋅−+⋅−+−⋅−−+−⋅−−+−⋅−−   

= ( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )[ ]9334321310131432933 ⋅−+⋅−+⋅−++⋅−−+⋅−−+⋅−−  = [ ] [ ] [ ] [ ]3131122273 −+−−+−−+−−   

[ ] [ ]273122 −+−+  = 2410241430 −−−−−−  = 84−  

e.  ( )∑
=

+
5

3

2
a

aa  = ( ) ( ) ( )543 252423 +++++  = 543 765 ++  = 168071296125 ++  = 228,18  

f.  ( )∑
=

+−
5

0

1

2
1

i
i

i
 = ( ) ( ) ( ) ( ) ( ) ( )

5

15

4

14

3

13

2

12

1

11

0

10

2
1

2
1

2
1

2
1

2
1

2
1 ++++++ −

+
−

+
−

+
−

+
−

+
−  = ( ) ( ) ( ) ( ) ( ) ( )

32
1

16
1

8
1

4
1

2
1

1
1 654321 −

+
−

+
−

+
−

+
−

+
−   

= 
32
1

16
1

8
1

4
1

2
11 +−+−+−  = 031.0063.0125.025.05.01 +−+−+−  = 656.0313.1 +−  = 657.0−  

g.  ( )∑
−=

+−
3

2

232
k

kk  = ( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )[ ] 232221202122 332322312302312322 +++++−+− −⋅+−⋅+−⋅+−⋅+−−⋅+−−⋅   

= [ ] [ ] [ ] [ ] [ ] [ ]543210 363432303234 −+−+−+−+−−+−−  = ( ) ( ) ( ) ( ) 543210 311357 ++−+−+−+−  = 248  

h.  ∑
=








 −
5

1

2
11

m
m

 = 
22222

1
5
11

4
11

3
11

2
11

1
1








 −+






 −+






 −+






 −+






 −  = ( ) ( ) ( ) ( ) ( )22222 12.0125.01333.015.011 −+−+−+−+−   

= ( ) ( ) ( ) ( )22222 8.075.0667.05.00 −+−++−+  = 64.0563.0445.025.0 +++  = 898.1  

3.  Find the sum of the following series within the specified range. 

a.  ∑
−=

3

3

10
i

i  = 3210123 10101010101010 ++++++ −−−  = 10001001011.001.0001.0 ++++++  = 111.1111  

b.  ∑
=

−
6

0 2
1

n
n

n  = 6543210 2
16

2
15

2
14

2
13

2
12

2
11

2
10 −

+
−

+
−

+
−

+
−

+
−

+
−  = 

64
5

32
4

16
3

8
2

4
1

2
0

1
1

++++++−  = 1875.025.025.01 +++−   

08.0125.0 ++  = 108.0−  

c.  ∑
=

4

0 10
1

a
a  = 43210 10

1
10

1
10

1
10
1

10
1

++++  = 
10000

1
1000

1
100

1
10
1

1
1

++++  = 0001.0001.001.01.01 ++++  = 1111.1  

d.  ( )∑
=

−
5

1

2

n

nn  = ( ) ( ) ( ) ( ) ( )5544332211 22222 −+−+−+−+−  = ( ) ( ) ( ) ( )52541639240 −+−+−+−+ = 201262 +++  = 40  
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e.  ( )∑
=

+−
6

0

11
m

m  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) 16151413121110 1111111 +++++++ −+−+−+−+−+−+−  = ( ) ( ) ( ) ( ) ( )54321 11111 −+−+−+−+−   

( ) ( )76 11 −+−+  = 1111111 −/+/−/+/−/+/−  = 1−  

f.  ( )∑
=

−+
5

0 2
11

k
k

k
 = ( ) ( ) ( ) ( ) ( ) ( )

5

5

4

4

3

3

2

2

1

1

0

0

2
11

2
11

2
11

2
11

2
11

2
11 −+

+
−+

+
−+

+
−+

+
−+

+
−+  = 

32
11

16
11

8
11

4
11

2
11

1
11 −

+
+

+
−

+
+

+
−

+
+   

= 
32
0

16
2

8
0

4
2

2
0

1
2

+++++  = 125.05.02 ++  = 625.2  

g.  ( )[ ]∑
=

+−
6

1

315
a

a  = ( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )[ ]316531553145313531253115 +−++−++−++−++−++−  = [ ] [ ]315305 +⋅++⋅   

[ ] [ ] [ ] [ ]355345335325 +⋅++⋅++⋅++⋅+  = 2823181383 +++++  = 93  

h.  ∑
=

−







−

5

0

1

3
1

k

k
 = 

151413121110

3
1

3
1

3
1

3
1

3
1

3
1 −−−−−−







−+






−+






−+






−+







−+






−  = 
2101

3
1

3
1

3
1

3
1







−+







−+






−+





−

−

  

43

3
1

3
1








−+






−+  = 
81
1

27
1

9
1

3
113 +−+−+−  = 01.004.011.033.013 +−+−+−  = 25.2−  

i.  ( )∑
=

−
5

1

23
j

jj  = ( ) ( ) ( ) ( ) ( )22222 535434333232131 ⋅−+⋅−+⋅−+⋅−+⋅−  = ( ) ( ) ( ) ( ) ( )75548427312231 −+−+−+−+−   

= 724424102 −−−−−  = 152−  

j.  ∑∑
==

+
−

+
4

1

24

1
1

1

nn
n
n

n
n  = 











+
+

+
+

+
+

+
−







 +
+

+
+

+
+

+
14

4
13

3
12

2
11

1
4

14
3

13
2

12
1

11 2222
 = 







 +++−






 +++
5

16
4
9

3
4

2
1

4
5

3
4

2
3

1
2   

= ( ) ( )2.325.233.15.025.133.15.12 +++−+++  = 28.708.6 −  = 2.1−  

k.  ∑
=

−
5

1

15
k

k  = 11111 5545352515 −−−−− ⋅+⋅+⋅+⋅+⋅  = 
5
5

4
5

3
5

2
5

1
5

++++  = 125.167.15.25 ++++  = 42.11  

l.  ( )∑
=

−−
4

1

521.0
i

i  = ( ) ( ) ( ) ( ) 542532522512 1.01.01.01.0 −⋅−⋅−⋅−⋅ −+−+−+−  = ( ) ( ) ( ) ( )3113 1.01.01.01.0 −+−+−+− −−   

 = 
( ) ( )

001.01.0
1.0

1
1.0

1
13 −−

−
+

−
 = 001.01.0

1.0
1

001.0
1

−−
−

+
−

 = 001.01.0101000 −−−−  = 101.1010−  

4.  Rewrite the following terms using the sigma notation. 

a.  
7
1

6
1

5
1

4
1

3
1

2
1

+++++  = ∑
=

+

5

0
2

1

n
n

    b.  
7
6

6
5

5
4

4
3

3
2

2
1

+++++  = ∑
=

+

6

1
1

n
n

n  

c.  643216842 +++++  = ∑
=

+
5

0

12
k

k     d.  
6
1

5
1

4
1

3
1

2
11 +++++  = ∑

=

6

1

1

k
k

 

e.  
6
5

5
4

4
3

3
2

2
10 +++++  = ∑

=

−
6

1

1

i
n

n     f.  
6
1

5
1

4
1

3
1

2
11 −+−+−  = ( )∑

=

+−
6

1

11

n

n

n
 

Section 1.3 Solutions - Arithmetic Sequences and Arithmetic Series 

1.  Find the next seven terms of the following arithmetic sequences. 

a.  Substituting 31 =s  and 2=d  into the general arithmetic sequence ns  = ( )dns 11 −+  for 7,6,5,4,3,2 andn =  we obtain  

2s  = ( )ds 121 −+  = ds +1  = 23+  = 5  

3s  = ( )ds 131 −+  = ds 21 +  = ( )223 ⋅+  = 43+  = 7  
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4s  = ( )ds 141 −+  = ds 31 +  = ( )233 ⋅+  = 63+  = 9  

5s  = ( )ds 151 −+  = ds 41 +  = ( )243 ⋅+  = 83+  = 11  

6s  = ( )ds 161 −+  = ds 51 +  = ( )253 ⋅+  = 103+  = 13  

7s  = ( )ds 171 −+  = ds 61 +  = ( )263 ⋅+  = 123+  = 15  

Thus, the first seven terms of the arithmetic sequence are ( )15,13,11,9,7,5,3  

b.  Substituting 31 −=s  and 2=d  into the general arithmetic sequence ns  = ( )dns 11 −+  for 7,6,5,4,3,2 andn =  we obtain  

2s  = ( )ds 121 −+  = ds +1  = 23+−  = 1−  

3s  = ( )ds 131 −+  = ds 21 +  = ( )223 ⋅+−  = 43+−  = 1  

4s  = ( )ds 141 −+  = ds 31 +  = ( )233 ⋅+−  = 63+−  = 3  

5s  = ( )ds 151 −+  = ds 41 +  = ( )243 ⋅+−  = 83+−  = 5  

6s  = ( )ds 161 −+  = ds 51 +  = ( )253 ⋅+−  = 103+−  = 7  

7s  = ( )ds 171 −+  = ds 61 +  = ( )263 ⋅+−  = 123+−  = 9  

Thus, the first seven terms of the arithmetic sequence are ( )9,7,5,3,1,1,3 −−  

c.  Substituting 101 =s  and 8.0=d  into the general arithmetic sequence ns  = ( )dns 11 −+  for 7,6,5,4,3,2 andn =  we obtain  

2s  = ( )ds 121 −+  = ds +1  = 8.010 +  = 8.10  

3s  = ( )ds 131 −+  = ds 21 +  = ( )8.0210 ⋅+  = 6.110 +  = 6.11  

4s  = ( )ds 141 −+  = ds 31 +  = ( )8.0310 ⋅+  = 4.210 +  = 4.12  

5s  = ( )ds 151 −+  = ds 41 +  = ( )8.0410 ⋅+  = 2.310 +  = 2.13  

6s  = ( )ds 161 −+  = ds 51 +  = ( )8.0510 ⋅+  = 410 +  = 14  

7s  = ( )ds 171 −+  = ds 61 +  = ( )8.0610 ⋅+  = 8.410 +  = 8.14  

Thus, the first seven terms of the arithmetic sequence are ( )8.14,14,2.13,4.12,6.11,8.10,10  

2.  Find the general term and the eighth term of the following arithmetic sequences. 

a.  Given 31 =s  and 4=d , the nth term of the arithmetic sequence is equal to ns  = ( )dns 11 −+  = ( ) 413 ⋅−+ n  = 443 −+ n   

= 14 −n .  Substituting 8=n  into the general equation ns  = 14 −n  we have 8s  = 184 −⋅  = 132 −  = 31  

b.  Given 31 −=s  and 5=d , the nth term of the arithmetic sequence is equal to ns  = ( )dns 11 −+  = ( ) 513 ⋅−+− n  = 553 −+− n   

= 85 −n .  Substituting 8=n  into the general equation ns  = 85 −n  we have 8s  = 885 −⋅  = 840 −  = 32  

c.  Given 81 =s  and 2.1−=d , the nth term of the arithmetic sequence is equal to ns  = ( )dns 11 −+  = ( ) 2.118 −⋅−+ n   

= 2.12.18 +− n  = 2.92.1 +− n .  Substituting 8=n  into the general equation ns  = 2.92.1 +− n  we have 8s  = 2.982.1 +⋅−   

= 2.96.9 +−  = 4.0−  

3.  Find the next six terms in each of the following arithmetic sequences. 

a.  Given the arithmetic sequence ,8,5 , 51 =s  and 358 =−=d .  Therefore, using the general arithmetic equation  

( )dnssn 11 −+=  or dss nn +=+1  the next six terms are as follows: 

3s  = ds +2  = 38 +  = 11       4s  = ds +3  = 311+  = 14   5s  = ds +4  = 314 +  = 17  

6s  = ds +5  = 317 +  = 20       7s  = ds +6  = 320 +  = 23   8s  = ds +7  = 323+  = 26  

Thus, the first eight terms of the arithmetic sequence are ( )26,23,20,17,14,11,8,5  

b.  Given the arithmetic sequence ,4, +xx , xs =1  and ( ) 44 =−+= xxd .  Therefore, using the general arithmetic equation  

( )dnssn 11 −+=  or dss nn +=+1  the next six terms are as follows: 

3s  = ds +2  = ( ) 44 ++x  = 8+x     4s  = ds +3  = ( ) 48 ++x  = 12+x  
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5s  = ds +4  = ( ) 412 ++x  = 16+x     6s  = ds +5  = ( ) 416 ++x  = 20+x  

7s  = ds +6  = ( ) 420 ++x  = 24+x     8s  = ds +7  = ( ) 424 ++x  = 28+x  

Thus, the first eight terms of the arithmetic sequence are ( )28,24,20,16,12,8,4, +++++++ xxxxxxxx  

c.  Given the arithmetic sequence ,43,13 ++ xx , 131 += xs  and ( ) ( ) 31343 =+−+= xxd .  Therefore, using the general  

arithmetic equation ( )dnssn 11 −+=  or dss nn +=+1  the next six terms are as follows: 

3s  = ds +2  = ( ) 343 ++x  = 73 +x     4s  = ds +3  = ( ) 373 ++x  = 103 +x  

5s  = ds +4  = ( ) 3103 ++x  = 133 +x     6s  = ds +5  = ( ) 3133 ++x  = 163 +x  

7s  = ds +6  = ( ) 3163 ++x  = 193 +x     8s  = ds +7  = ( ) 3193 ++x  = 223 +x  

Thus, the first eight terms of the arithmetic sequence are ( )223,193,163,133,103,73,43,13 ++++++++ xxxxxxxx  

d.  Given the arithmetic sequence ,10, −ww , ws =1  and ( ) 1010 −=−−= wwd .  Using the general arithmetic equation  

( )dnssn 11 −+=  or dss nn +=+1  the next six terms are as follows: 

3s  = ds +2  = ( ) 1010 −−w  = 20−w     4s  = ds +3  = ( ) 1020 −−w  = 30−w  

5s  = ds +4  = ( ) 1030 −−w  = 40−w     6s  = ds +5  = ( ) 1040 −−w  = 50−w  

7s  = ds +6  = ( ) 1050 −−w  = 60−w     8s  = ds +7  = ( ) 1060 −−w  = 70−w  

Thus, the first eight terms of the arithmetic sequence are ( )70,60,50,40,30,20,10, −−−−−−− wwwwwwww  

4.  Find the sum of the following arithmetic series. 

a.  The first three terms of the given series are ( )∑
=

−
20

10

42
i

i  = ( ) ( ) ( ) +−⋅+−⋅+−⋅ 412241124102  = +++ 201816 .   

Therefore, 161 =s , 21618 =−=d , and 11=n .  Substituting 1s , d , and n  into the arithmetic series formula 

( )[ ]dnsnSn 12
2 1 −+=  we can obtain 11S  = ( )[ ]2111162

2
11

⋅−+⋅  = ( )210325.5 ⋅+⋅  = ( )20325.5 +⋅  = 525.5 ⋅  = 286  

b.  The first three terms of the given series are ∑
=

1000

1k

k  = +++ 321 .  Therefore, 11 =s , 112 =−=d , and 1000=n .   

Substituting 1s , d , and n  into the arithmetic series formula ( )[ ]dnsnSn 12
2 1 −+=  we obtain  

1000S  = ( )[ ]11100012
2

1000
⋅−+⋅  = [ ]9992500 +⋅  = 1001500 ⋅  = 500500  

c.  The first three terms of the given series are ( )∑
=

−
100

1

32
k

k  = ( ) ( ) ( ) +−⋅+−⋅+−⋅ 332322312  = +++− 311 .   

Therefore, 11 −=s , ( ) 211 =−−=d , and 100=n .  Substituting 1s , d , and n  into the arithmetic series formula 

( )[ ]dnsnSn 12
2 1 −+=  we obtain 100S  = ( ) ( )[ ]2110012

2
100

⋅−+−⋅  = ( )299250 ⋅+−⋅  = ( )198250 +−⋅  = 19650 ⋅  = 9800  

d.  The first three terms of the given series are ∑
=

15

1

3
i

i  = ( ) ( ) ( ) +⋅+⋅+⋅ 332313  = +++ 963 .   

Therefore, 31 =s , 336 =−=d , and 15=n .  Substituting 1s , d , and n  into the arithmetic series formula 

( )[ ]dnsnSn 12
2 1 −+=  we obtain 15S  = ( ) ( )[ ]311532

2
15

⋅−+⋅  = ( )31465.12 ⋅+⋅  = 485.12 ⋅  = 600  

e.  The first three terms of the given series are ( )∑
=

+
10

1

1
i

i  = ( ) ( ) ( ) ++++++ 131211  = +++ 432 .   
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Therefore, 21 =s , 123 =−=d , and 10=n .  Substituting 1s , d , and n  into the arithmetic series formula 

( )[ ]dnsnSn 12
2 1 −+=  we obtain 10S  = ( ) ( )[ ]111022

2
10

⋅−+⋅  = ( )945 +⋅  = 135 ⋅  = 65  

f.  The first three terms of the given series are ( )∑
=

−
15

5

12
k

k  = ( ) ( ) ( ) +−⋅+−⋅+−⋅ 172162152  = +++ 13119 .   

Therefore, 91 =s , 2911 =−=d , and 11=n .  Substituting 1s , d , and n  into the arithmetic series formula 

( )[ ]dnsnSn 12
2 1 −+=  we obtain 11S  = ( ) ( )[ ]211192

2
11

⋅−+⋅  = ( )20185.5 +⋅  = 385.5 ⋅  = 209  

g.  The first three terms of the given series are ( )∑
=

+
10

4

43
i

i  = ( ) ( ) ( ) ++⋅++⋅++⋅ 463453443  = +++ 221916 .   

Therefore, 161 =s , 31619 =−=d , and 7=n .  Substituting 1s , d , and n  into the arithmetic series formula 

( )[ ]dnsnSn 12
2 1 −+=  we obtain 7S  = ( ) ( )[ ]317162

2
7

⋅−+⋅  = ( )18325.3 +⋅  = 505.3 ⋅  = 175  

h.  The first three terms of the given series are ( )∑
=

+
13

5

13
j

j  = ( ) ( ) ( ) ++⋅++⋅++⋅ 173163153  = +++ 221916 .   

Therefore, 161 =s , 31619 =−=d , and 9=n .  Substituting 1s , d , and n  into the arithmetic series formula 

( )[ ]dnsnSn 12
2 1 −+=  we obtain 9S  = ( ) ( )[ ]319162

2
9

⋅−+⋅  = ( )24325.4 +⋅  = 565.4 ⋅  = 252  

i.  The first three terms of the given series are ( )∑
=

−
18

7

34
k

k  = ( ) ( ) ( ) +−⋅+−⋅+−⋅ 394384374  = +++ 332925 .   

Therefore, 251 =s , 42529 =−=d , and 12=n .  Substituting 1s , d , and n  into the arithmetic series formula 

( )[ ]dnsnSn 12
2 1 −+=  we obtain 12S  = ( ) ( )[ ]4112252

2
12

⋅−+⋅  = ( )44506 +⋅  = 946 ⋅  = 564  

5.  The first term of an arithmetic sequence is 6  and the third term is 24 .  Find the tenth term. 

Since 61 =s  and 243 =s  we use the general formula ns  = ( )dns 11 −+  in order to solve for d .  Therefore,  

( )dss 1313 −+=  ; d2624 +=  ; d2624 =−  ; 
2

18
=d  ; 9=d .  Then, 10s  = ( )ds 1101 −+  = ds ⋅+ 91  = 996 ⋅+  = 87  

6.  Given the first term 1s  and d , find 50S  for each of the following arithmetic sequences. 

a.  Given 21 =s  and 5=d , use the thn  term for an arithmetic series nS  = ( )[ ]dnsn 12
2 1 −+  to find 50S . 

50S  = ( ) ( )[ ]515022
2

50
⋅−+⋅  = ( )2454

2
50

+  = 24925 ⋅  = 6225  

b.  Given 51 −=s  and 6=d , use the thn  term for an arithmetic series nS  = ( )[ ]dnsn 12
2 1 −+  to find 50S . 

50S  = ( ) ( )[ ]615052
2

50
⋅−+−⋅  = ( )29410

2
50

+−  = 28425 ⋅  = 7100  

c.  Given 301 =s  and 10=d , use the thn  term for an arithmetic series nS  = ( )[ ]dnsn 12
2 1 −+  to find 50S . 

50S  = ( ) ( )[ ]10150302
2

50
⋅−+⋅  = ( )49060

2
50

+  = 55025 ⋅  = 13750  

7.  Find the sum of the following sequences for the indicated values. 

a.  Given the sequence ,6,8− the first term s1  and the common difference d  are equal to 81 −=s  and ( ) 1486 =−−=d .   

Thus, using the general arithmetic series nS  = ( )[ ]dnsn 12
2 1 −+  , 15S  is equal to: 
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15S  = ( ) ( )[ ]1411582
2

15
⋅−+−⋅  = ( )19616

2
15

+−  = 1805.7 ⋅  = 1350  

b.  Given the sequence ,20,20− the first term s1  and the common difference d  are equal to 201 −=s  and ( )2020 −−=d  

= 40 .  Thus, using the general arithmetic series nS  = ( )[ ]dnsn 12
2 1 −+  , 100S  is equal to:  

100S  = ( ) ( )[ ]401100202
2

100
⋅−+−⋅  = ( )39604050 +−  = 392050 ⋅  = 000,196  

Section 1.4 Solutions - Geometric Sequences and Geometric Series 

1.  Find the next four terms of the following geometric sequences. 

a.  Substituting 31 =s  , 5.0=r  into 1
1

−= n
n rss  we obtain 

2s  = 123 −⋅ r  = r3  = 5.03 ⋅  = 5.1     3s  = 133 −⋅ r  = 23r = 25.03 ⋅  = 25.03 ⋅  = 75.0  

4s  = 143 −⋅ r  = 33r  = 35.03 ⋅  = 125.03 ⋅  = 375.0    5s  = 153 −⋅ r  = 43r = 45.03 ⋅  = 0625.03 ⋅  = 1875.0  

Thus, the first five terms of the geometric sequence are ( )1875.0,375.0,75.0,5.1,3  

b.  Substituting 51 −=s  , 2=r  into 1
1

−= n
n rss  we obtain  

2s  = 125 −⋅− r  = r5−  = 25 ⋅−  = 10−     3s  = 135 −⋅− r  = 25r− = 225 ⋅−  = 45 ⋅−  = 20−  

4s  = 145 −⋅− r  = 35r−  = 325 ⋅−  = 85 ⋅−  = 40−    5s  = 155 −⋅− r  = 45r− = 425 ⋅−  = 165 ⋅−  = 80−  

Thus, the first five terms of the geometric sequence are ( )80,40,20,10,5 −−−−−  

c.  Substituting 51 =s  , 75.0=r  into 1
1

−= n
n rss we obtain  

2s  = 125 −⋅ r  = r5  = 75.05 ⋅  = 75.3     3s  = 135 −⋅ r  = 25r = 275.05 ⋅  = 563.05 ⋅  = 81.2  

4s  = 145 −⋅ r  = 35r  = 375.05 ⋅  = 42.05 ⋅  = 11.2    5s  = 155 −⋅ r  = 45r = 475.05 ⋅  = 316.05 ⋅  = 58.1  

Thus, the first five terms of the geometric sequence are ( )58.1,11.2,81.2,75.3,5  

2.  Find the eighth and the general term of the following geometric sequences. 

a.  Substituting 21 =s  , 3=r  into 1
1

−= n
n rss  the eighth and the thn  term are equal to: 

8s  = 182 −r  = 72r  = ( )732 ⋅  = 2
7

32 ⋅  = 76.462 ⋅  = 53.93  and ns  = ( ) 1
32

−
⋅

n
 = 2

1

32
−

⋅
n

 

b.  Substituting 41 −=s  , 2.1=r  into 1
1

−= n
n rss  the eighth and the thn  term are equal to:   

8s  = 184 −− r  = 74r−  = ( )72.14 ⋅−  = 72.14 ⋅−  = 583.34 ⋅−  = 3314 ⋅−  and ns  = ( ) 12.14 −⋅− n  

c.  Substituting 41 =s  , 5.2−=r  into 1
1

−= n
n rss  the eighth and the thn  term are equal to:   

8s  = 184 −r  = 74r  = ( )75.24 −⋅  = 75.24 ⋅−  = 35.6104 ⋅−  = 4.2441−  and ns  = ( ) 15.24 −−⋅ n  

3.  Find the next six terms and the thn  term in each of the following geometric sequences. 

a.  Given ,
4
1,1 , then 11 =s  and 

4
1

1
4
1

==r .  Using the general geometric equation 1
1

−= n
n rss  the next six terms are:  

3s  = 131 −⋅ r  = 2r  = 
2

4
1






  = 24

1      4s  = 141 −⋅ r  = 3r = 
3

4
1







  = 34
1  

5s  = 151 −⋅ r  = 4r  = 
4

4
1






  = 44

1      6s  = 161 −⋅ r  = 5r = 
5

4
1







  = 54
1  

7s  = 171 −⋅ r  = 6r = 
6

4
1







  = 64
1      8s  = 181 −⋅ r  = 7r = 

7

4
1







  = 74
1  
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Thus, the first eight terms of the geometric sequence are 







765432 4

1,
4
1,

4
1,

4
1,

4
1,

4
1,

4
1,1  and the thn  term is equal to  

ns  = 
1

4
11

−







⋅

n
 = 1

1

4
1

−

−

n

n
 = 14

1
−n  

b.  Given ,
4
1,

2
1

− , then 
2
1

1 −=s  and 
2
1

4
2

14
21

2
1

4
1

−=−=
⋅
⋅

−==
−

r .  Using the general geometric equation 1
1

−= n
n rss   

the next six terms are:  

3s  = 13
2
1 −⋅− r  = 2

2
1 r−  = 

2

2
1

2
1








−⋅−  = 32
1

−    4s  = 14
2
1 −⋅− r  = 3

2
1 r− = 

3

2
1

2
1







−⋅−  = 42

1  

5s  = 15
2
1 −⋅− r  = 4

2
1 r−  = 

4

2
1

2
1







−⋅−  = 52

1
−    6s  = 16

2
1 −⋅− r  = 5r = 

5

2
1

2
1







−⋅−  = 62

1  

7s  = 17
2
1 −⋅− r  = 6

2
1 r− = 

6

2
1

2
1







−⋅−  = 72

1
−    8s  = 18

2
1 −⋅− r  = 7

2
1 r− = 

7

2
1

2
1








−−  = 82
1  

Thus, the first eight terms of the geometric sequence are 







−−−− 8765432 2

1,
2
1,

2
1,

2
1,

2
1,

2
1,

2
1,

2
1  and the thn  term is  

equal to ns  = 
1

2
1

2
1 −







−⋅−

n
 = ( )

1

1

2
1

2
1

−

−−
⋅− n

n
 = ( )

1

1

22
1

−

−

⋅

−
− n

n
 = ( )

11

1

2
1

+−

−−
− n

n
 = ( )

n

n

2
1 1−−

−  

c.  Given ,3,
3
1 pp − , then 

31
ps =  and 99

1
33

33

3 1
3

−
/
/−

=
⋅
⋅−

===
−

−

p
p

p
pr pp

p
p

.  Using the general geometric equation  

1
1

−= n
n rss  the next six terms are:  

3s  = 13
3

−⋅ rp  = 2
3

rp
⋅  = ( )29

3
−⋅

p  = 29
3
⋅

p  = p33   4s  = 14
3

−⋅ rp  = 3
3

rp
⋅ = ( )39

3
−⋅

p  = 39
3
⋅−

p  = p53−  

5s  = 15
3

−⋅ rp  = 4
3

rp
⋅  = ( )49

3
−⋅

p  = 49
3
⋅

p  = p73   6s  = 16
3

−⋅ rp  = 5
3

rp
⋅ = ( )59

3
−⋅

p  = 59
3
⋅−

p  = p93−  

7s  = 17
3

−⋅ rp  = 6
3

rp
⋅ = ( )69

3
−⋅

p  = 69
3
⋅

p  = p113   8s  = 18
3

−⋅ rp  = 7r = ( )79
3

−⋅
p  = 79

3
⋅−

p  = p133−  

Thus, the first eight terms of the geometric sequence are 







−−−− ppppppp

p
13119753 3,3,3,3,3,3,3,

3
1  and the thn   

term is equal to ns  = ( ) 19
3

−−⋅ np  = ( ) ( ) 121 31
3

−−−⋅
nnp  = ( ) 221 31

3
−− ⋅−⋅ nnp  = ( ) 122131 −−−− nnp  = ( ) 32131 −−− nnp  

4.  Given the following terms of a geometric sequence, find the common ratio r . 

a.  Substitute 251 =s  and 
5
1

4 =s  into 1
1

−= n
n rss  and solve for r , i.e., 14

14
−= rss  ; 325

5
1 r=  ; 35

1

25
r=  ; 3

125
1 r=   

; 3
35

1 r=  ; ( )313
1

3
35

1 r=






  ; 3
1

3
1

3

3
5

1 ×

×
= r  ; r=

5
1  ; 

5
1

=r  

b.  Substitute 41 =s  and 
64
1

5 =s  into 1
1

−= n
n rss  and solve for r , i.e., 15

15
−= rss  ; 154

64
1 −= r  ; 464

1

4
r=  ; 4

1
4

64
1

r=   

; 4
464

1 r=
×

 ; 4
256
1 r=  ; 4

44
1 r=  ; ( )414

1

4
44

1 r=






  ; 4
1

4
1

4

4
4

1 ×

×
= r  ; r=

4
1  ; 

4
1

=r  

c.  Substitute 31 =s  and 18 =s  into 1
1

−= n
n rss  and solve for r , i.e., 18

18
−= rss  ; 731 r=  ; 7

3
1 r=  ; ( )717

1
7

3
1 r=






   

; 7
1

7
1

7

3

1 ×
= r  ; r=

7
1

3

1  ; 
7 3
1

=r  
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5.  Write the first five terms of the following geometric sequences. 

a.  Given 
12

3
1 −








−=
n

ns , then      1s  = 
112

3
1 −⋅








−  = 
12

3
1 −







−  = 

3
1

−  

2s  = 
122

3
1 −⋅







−  = 

14

3
1 −








− = 
3

3
1







−  = 33
1

−    3s  = 
132

3
1 −⋅








−  = 
16

3
1 −








−  = 
5

3
1







−  = 53
1

−  

4s  = 
142

3
1 −⋅








−  = 
18

3
1 −







− = 

7

3
1






−  = 73

1
−    5s  = 

152

3
1 −⋅








−  = 
110

3
1 −







− = 

9

3
1






−  = 93

1
−  

Thus, the first five terms of the geometric sequence are 







−−−−− 9753 3

1,
3
1,

3
1,

3
1,

3
1  

b.  Given sn

n
= 




+1
3

2 2
, then      1s  = 

212

3
1 +⋅







  = 

22

3
1 +








 = 
4

3
1






  = 43

1  

2s  = 
222

3
1 +⋅








  = 
24

3
1 +







  = 

6

3
1







  = 63
1      3s  = 

232

3
1 +⋅








  = 
26

3
1 +







  = 

8

3
1






  = 83

1  

4s  = 
242

3
1 +⋅








  = 
28

3
1 +








  = 
10

3
1






  = 103

1      5s  = 
252

3
1 +⋅








  = 
210

3
1 +








 = 
12

3
1







  = 123
1  

Thus, the first five terms of the geometric sequence are 







1210864 3
1,

3
1,

3
1,

3
1,

3
1  

c.  Given sn

n
= −





−1
5

2 3
, then      1s  = 

312

5
1 −⋅







−  = 

32

5
1 −








− = 
1

5
1 −








−  = 5−  

2s  = 
322

5
1 −⋅








−  = 
34

5
1 −








−  = 
5
1

−     3s  = 
332

5
1 −⋅







−  = 

36

5
1 −







−  = 

3

5
1






− = 35

1
−  

4s  = 
342

5
1 −⋅








−  = 
38

5
1 −








−  = 
5

5
1






−  = 55

1
−    5s  = 

352

5
1 −⋅








−  = 
310

5
1 −








−  = 
7

5
1






−  = 75

1
−  

Thus, the first five terms of the geometric sequence are 







−−−−− 753 5

1,
5
1,

5
1,

5
1,5  

d.  Given sn

n
= −





1
2

, then      1s  = 
1

2
1







−  = 
2
1

−  = 5.0−  

2s  = 
2

2
1







−  = 22
1  = 

4
1  = 25.0      3s  = 

3

2
1







−  = 32
1

−  = 
8
1

−  = 125.0−  

4s  = 
4

2
1







−  = 42
1  = 

16
1  = 063.0     5s  = 

5

2
1






−  = 52

1
−  = 

32
1

−  = 031.0−  

Thus, the first five terms of the geometric sequence are ( )031.0,063.0,125.0,25.0,5.0 −−−  

6.  Evaluate the sum of the following geometric series. 

a.  ∑
=

−
6

1

13
k

k  = 161514131211 333333 −−−−−− +++++  = 543210 333333 +++++  = 2438127931 +++++  = 364  

or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where 11 =s , 3

1
3
==r , and 6=n .  Therefore,  

6S  = ( )
31
311 6

−
−⋅  = 

2
7291
−
−  = 

2
728  = 364  

b.  ( )∑
=

−−
10

3

32
k

k  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 31039383736353433 22222222 −−−−−−−− −+−+−+−+−+−+−+−  = ( ) ( ) ( )210 222 −+−+−   

( ) ( ) ( ) ( ) ( )76543 22222 −+−+−+−+−+  = 1286432168421 −+−+−+−  = 85−  



Calculus I  Chapter 1 Solutions 

Hamilton Education Guides   391 

or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where 11 =s , 2

1
2

−=
−

=r , and 8=n .  Therefore,  

8S  = 
( )[ ]
( )21

211 8

−−

−−⋅
 = 

21
2561
+
−  = 

3
255

−  = 85−  

c.  ∑
=

+







−

8

4

1

2
14

j

j
 = ∑

=

+








−
8

4

1

2
14

j

j
 = 


















−+






−+






−+






−+






−

+++++ 1817161514

2
1

2
1

2
1

2
1

2
14  = 


















−+






−

65

2
1

2
14   


















−+






−+






−+

987

2
1

2
1

2
14  = ( )002.0004.0008.0012.003.04 −+−+−  = ( )024.04 −  = 096.0−  

or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where 12.01 −=s , 4.0

03.0
012.0

−=
−

=r , and 5=n .  Therefore,  

5S  = 
( )[ ]

( )4.01
4.0112.0 5

−−

−−⋅−
 = ( )

4.01
0102.0112.0

+
+⋅−  = 

4.1
1212.0

−  = 09.0−  

d.  ( )∑
=

−−
4

1

32
m

m  = ( ) ( ) ( ) ( ) 34333231 2222 −−−− −+−+−+−  = ( ) ( ) ( ) ( )1012 2222 −+−+−+− −−  = 
( )

21
2

1
2
1

2 −+
−

+
−

  

= 21
2
1

4
1

−+−  = 15.025.0 −−  = 25.1−  

or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where 25.01 =s , 2

25.0
5.0

−=
−

=r , and 4=n .  Therefore,  

4S  = 
( )[ ]

( )21
2125.0 4

−−

−−⋅
 = ( )

21
16125.0

+
−⋅  = 

3
75.3

−  = 25.1−  

e.  ( )∑
=

−−
10

5

43
n

n  = ( ) ( ) ( ) ( ) ( ) ( ) 4104948474645 333333 −−−−−− −+−+−+−+−+−  = ( ) ( ) ( ) ( ) ( ) ( )654321 333333 −+−+−+−+−+−   

= 729243812793 +−+−+−  = 546  

or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where 31 −=s , 3

3
9

−=
−

=r , and 6=n .  Therefore,  

6S  = 
( )[ ]
( )31

313 6

−−

−−⋅−
 = ( )

31
72913

+
−⋅−  = 

4
2184  = 546  

f.  ( )∑
=

−−
5

1

13
k

k  = ( ) ( ) ( ) ( ) ( ) 1514131211 33333 −−−−− −+−+−+−+−  = ( ) ( ) ( ) ( )4321 33331 −+−+−+−+  = 8127931 +−+−  = 61  

or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where 11 =s , 3

1
3

−=
−

=r , and 5=n .  Therefore,  

5S  = 
( )[ ]
( )31

311 5

−−

−−⋅
 = 

31
2431
+
+  = 

4
244  = 61  

g.  ∑
=

5

1

4
m

m  = 54321 44444 ++++  = 102425664164 ++++  = 1364  

or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where 41 =s , 4

4
16

==r , and 5=n .  Therefore,  

5S  = ( )
41
414 5

−
−⋅  = ( )

3
102414

−
−⋅  = 

3
4092  = 1364  

h.  ∑
=

4

1
27
3

j

j
 = ∑

=

4

1

3
27
1

j

j  = ( )4321 3333
27
1

+++  = ( )812793
27
1

+++  = 
27

120  = 44.4  
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or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where, 111.0

27
3

1 ==s , 3
3
9
==r , and 4=n .  Therefore,  

4S  = ( )
31

31111.0 4

−
−⋅  = ( )

2
811111.0

−
−⋅  = 

2
88.8  = 44.4  

i.  ∑
=

+









6

3

1

2
16

k

k
 = ∑

=

+
6

3

15.06
k

k  = [ ]16151413 5.05.05.05.06 ++++ +++  = [ ]7654 5.05.05.05.06 +++  = [ ]031.0063.06 +   

[ ]008.0016.06 ++  = ( )118.06  = 708.0 ≈ 7.0  

or we can use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  where, 375.05.06 4

1 =⋅=s , 5.0
063.0
031.0

==r , and 4=n .  Thus,  

4S  = ( )
5.01

5.01375.0 4

−
−⋅  = ( )

5.0
063.01375.0 −⋅  = 

5.0
351.0  = 702.0 ≈ 7.0  

7.  Given the first term 1s  and r , find 8S  for each of the following geometric sequences. 

a.  Given 31 =s  and 3=r  use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  to find 8S , i.e.,  

8S  = ( )
31
313 8

−
−⋅  = ( )

2
656113

−
−⋅  = 

2
19680  = 9840  

b.  Given 81 −=s  and 5.0=r  use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  to find 8S , i.e., 

8S  = ( )
5.01

5.018 8

−
−⋅−  = ( )

5.0
0039.018 −⋅−  = 

5.0
968.7

−  = 94.15−  

c.  Given 21 =s  and 5.2−=r  use the geometric series formula nS  = 
( )

r
rs n

−
−

1
11  to find 8S , i.e., 

8S  = 
( )[ ]
( )5.21

5.212 8

−−

−−⋅
 = [ ]

5.21
88.152512

+
−⋅  = 

5.3
88.15242 ⋅

−  = 
5.3
76.3049

−  = 36.871−  

8.  Solve for x  and y . 

a.  Given ( )∑
=

+
7

3

2
i

ix  = 30 , then ( ) ( ) ( ) ( ) ( ) 302726252423 =+++++++++ xxxxx  ; ( ) 301076543 =+++++ xxxxx   

; 301025 =+x  ; 103025 −=x  ; 
25
20

=x  ; 8.0=x  

b.  Expanding ( )∑
=

+
4

1i

yix  = 20  we obtain ( ) ( ) ( ) ( ) 20432 =+++++++ yxyxyxyx  ; 20410 =+ yx . 

Expanding ( )∑
=

+
6

2i

yix  = 10  we obtain ( ) ( ) ( ) ( ) ( ) 1065432 =+++++++++ yxyxyxyxyx  ; 10520 =+ yx .  Using 

substitution method we obtain 2−=x  and 10=y  

Section 1.5 Solutions - Limits of Sequences and Series 

1.  State which of the following sequences are convergent. 
To see if a sequence is convergent or divergent consider the nth term of the sequence and let it approach infinity. 

a.  
2

1lim +
∞→

n
n  ≈  

2
lim n

n ∞→  = 
2
∞  = ∞       The sequence diverges 

b.  
n

n
n

1lim
2 −

∞→  ≈  
n

n
n

2
lim ∞→  = 

n
n

n
/

=/

∞→

12
lim  = nn ∞→lim  = ∞    The sequence diverges 

c.  12lim +
∞→

n
n  ≈  n

n 2lim ∞→  = ∞2  = ∞       The sequence diverges 
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d.  14
1lim +∞→ nn  ≈  nn

4
1lim ∞→  = 

∞4
1  = 

∞
1  = 0      The sequence converges 

e.  2
1lim

n
n

n
−

∞→  ≈  2lim
n
n

n ∞→  = 12lim =/∞→
/

n
n

n  = 
nn
1lim ∞→  = 

∞
1  = 0    The sequence converges 

f.  
1

5
1lim

+

∞→ 







n

n  ≈  
n

n 







∞→ 5

1lim  = n
n 2.0lim ∞→  = ∞2.0  = 0     The sequence converges 

2.  State which of the following geometric sequences are convergent. 

a.  The sequence  ,
4
1,,

256
1,

64
1,

16
1,

4
1

n  converges to 0  since, for large values of n , the absolute value of the difference 

between n4
1  and 0  is very small. 

b.  The sequence ( )  ,5,,3125,625,125,25,5 n−−−−  diverges since, as n  increases, the nth term increases without bound. 

c.  The sequence ( )  ,12,,2,2,2,2 1+−−− n  diverges since, as n  increases, the nth term oscillates back and forth between  
2+  and 2− . 

d.  The sequence  ,
2
1,,

8
1,

4
1,

2
1,1

1−








n

 converges to 0  since, for large values of n , the absolute value of the difference  

between 
1

2
1 −









n
 and 0  is very small. 

e.  The sequence ( )  ,31,,243,81,27,9 1+−−− nn  diverges since, as n  increases, the nth term oscillates back and forth from  

a large positive number to a large negative number. 

f.  The sequence  ,
3
1,,

81
1,

27
1,

9
1,

3
1,1

1−








n
 converges to 0  since, for large values of n , the absolute value of the  

difference between 
1

3
1 −









n

 and 0  is very small. 

Again note that an easier way of knowing if a sequence is convergent or divergent is by considering the nth term and letting it 
approach to infinity as shown in practice problems 1.5-1 and 1.5-3. 

3.  State whether or not the following sequences converges or diverges as ∞→n .  If it does converge, find the limit. 

a.  
4

lim 3

2

−
∞→

n
n

n  ≈  3

2
lim

n
n

n ∞→  = 13

2
lim =/

/

∞→
n
n

n  = 
nn
1lim ∞→  = 

∞
1  = 0     converges to 0  

b.  
1

15lim
2 +

+
∞→

n

n
n  ≈  

2

5lim
n

n
n ∞→  = 

n
n

n
5lim ∞→  = 

n
n

n
/
/

∞→
5lim  = 5lim ∞→n  = 5   converges to 5  

c.  15
25lim +∞→ n

n

n  ≈  n

n

n
5
5lim

2

∞→  = 
1
55lim

2 nn

n

−

∞→
⋅  = nn

n
−

∞→
25lim  = n

n 5lim ∞→  = ∞5  = ∞  diverges 

d.  n

n

n
125

255lim +
∞→  ≈  n

n

n 35
5lim ∞→  = nnn −∞→

⋅55
1lim 3  = nnn −∞→ 35

1lim  = nn 25
1lim ∞→  = 

∞⋅25
1  = 

∞5
1  = 

∞
1  = 0   

converges to 0  

e.  ( )
2

22lim
n

n
n

+
∞→  ≈  2

2
lim

n
n

n ∞→  = 2

2
lim /

/

∞→
n
n

n  = 1lim ∞→n  = 1     converges to 1  

f.  
12

2lim
+

∞→ n

n

n  ≈  n

n

n
2
2lim ∞→  = n

n

n /

/

∞→
2
2lim  = 1lim ∞→n  = 1     converges to 1  
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g.  
1

2lim
4

2

+

+
∞→

n

nn
n  ≈  

4

2
lim

n

n
n ∞→  = 2lim

n
n

n ∞→  = 2lim /∞→
/

n
n

n  = 
nn
1lim ∞→  = 

∞
1  = 0   converges to 0  

h.  
1

5lim 2 +
∞→

n
n  ≈  2

5lim
n

n ∞→  = 2
5
∞

 = 
∞
5  = 0       converges to 0  

i.  
1
1lim

−
+

∞→ n
n

n  ≈  
n
n

n ∞→lim  = 
n
n

n
/
/

∞→lim  = 1lim ∞→n  = 1      converges to 1  

j.  
1

lim 3 −
∞→

n
n

n  ≈  3lim
n
n

n ∞→  = 23lim =/∞→
/

n
n

n  = 2
1lim
n

n ∞→  = 2
1
∞

 = 
∞
1  = 0    converges to 0  

k.  n
n

1

10lim ∞→  = ∞
1

10  = 010  = 1         converges to 1  

l.  ( )
( )( )nn

n
n +−

−
∞→ 11

1lim
2

 ≈  
nn

n
n ⋅−∞→

2
lim  = 2

2
lim

n
n

n −∞→  = 2

2
lim /

/

∞→ −
n
n

n  = 1lim −∞→n  = 1−  converges to 1−  

m.  n
n

1

100lim
−

∞→  = 
n

n 1

100

1lim ∞→  = 
∞
1

100

1  = 0100
1  = 

1
1  = 1      converges to 1  

n.  n
n

3

3lim ∞→  = ∞
3

3  = 03  = 1         converges to 1  

o.  
10

100lim 3 −

+
∞→

n
n

n  ≈  3lim
n
n

n ∞→  = 23lim =/∞→
/

n
n

n  = 2
1lim
n

n ∞→  = 2
1
∞

 = 
∞
1  = 0   converges to 0  

p.  
3

100lim 2

1

+
∞→

n

n
n  ≈  2

1

100lim
n

n
n ∞→  = 2

1

100
∞

∞
 = 

∞

0100  = 
∞
1  = 0     converges to 0  

q.  1
1

1lim −
+∞→ nn  ≈  11lim −∞→ nn  = 11

−
∞

 = 10 −  = 1−      converges to 1−  

r.  ( ) n
n

−
∞→ 25.0lim  = nn

25.0
1lim ∞→  = 

∞25.0
1  = 

0
1  = ∞      diverges 

s.  
1
1lim
+

+
∞→

n
n

n  ≈  
n
n

n ∞→lim  = 
n
n

n
/

/
∞→lim  = 1lim ∞→n  = 1     converges to 1  

t.  2
1

lim +
+

∞→
n

n
n  ≈  2lim +∞→

n
n

n  = 2lim +
/

/
∞→

n
n

n  = ( )21lim +∞→n  = 21+  = 3   converges to 3  

4.  Find the sum of the following geometric series. 

a.  Given ∑
∞

=









0
8
13

j

j
, then 31 =s  and 

8
1

=r .  Since 1r  we can use the equation 
r

srsrsS
n

n

n

n
−

=== ∑∑
∞

=

−
∞

=
∞ 1

1

1

1
1

0
1   

to obtain the sum, i.e., ∑
∞

=









0
8
13

j

j
 = 

8
11

3

−
 = 

8
18

3
−

 = 

8
7
3  = 

8
7
1
3

 = 
71
83

×
×  = 

7
24  

b.  Given ∑
∞

=







−

0
4
13

j

j
, then 31 =s  and 

4
1

−=r .  Since 1r  we can use the equation 
r

srsrsS
n

n

n

n
−

=== ∑∑
∞

=

−
∞

=
∞ 1

1

1

1
1

0
1  

to obtain the sum, i.e., ∑
∞

=







−

0
4
13

j

j
 = 








−−
4
11

3  = 

4
11

3

+
 = 

4
14

3
+

 = 

4
5
3  = 

4
5
1
3

 = 
51
43

×
×  = 

5
12  

c.  Given ∑
∞

=

−









1

1

2
33

k

k
, then 31 =s  and 

2
3

=r .  Since 1〉r  the geometric series ∑
∞

=

−









1

1

2
33

k

k
 has no finite sum. 
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d.  Given ∑
∞

=
+

1
1100

5

k
k

 = ∑
∞

=
−⋅1
12 100100

5

k
k  = ∑

∞

=
− 








1
1100

1
10000

5

k
k  = ∑

∞

=

−










1

1

100
1

10000
5

k

k
, then 

10000
5

1 =s  and 
100

1
=r .   

Since 1r  we can use the equation 
r

srsrsS
n

n

n

n
−

=== ∑∑
∞

=

−
∞

=
∞ 1

1

1

1
1

0
1 to obtain the sum, i.e., ∑

∞

=

−










1

1

100
1

10000
5

k

k
  

= 

100
11

10000
5

−
 = 

100
1100

10000
5

−
 = 

100
99

10000
5

 = 
9910000

1005
×

×  = 
990000

500  = 
9900

5  = 
1980

1  

e.  Give ∑
∞

=










0
3
1

j

j
, then 11 =s  and 

3
1

=r .  Since 1r  we can use the equation 
r

srsrsS
n

n

n

n
−

=== ∑∑
∞

=

−
∞

=
∞ 1

1

1

1
1

0
1  

to obtain the sum, i.e., ∑
∞

=









0
3
1

j

j
 = 

3
11

1

−
 = 

3
13

1
−

 = 

3
2
1  = 

3
2
1
1

 = 
21
31

×
×  = 

2
3  

f.  Given ∑
∞

=







−

0
5
1

j

j
, then 11 =s  and 

5
1

−=r .  Since 1r  we can use the equation 
r

srsrsS
n

n

n

n
−

=== ∑∑
∞

=

−
∞

=
∞ 1

1

1

1
1

0
1  

to obtain the sum, i.e., ∑
∞

=







−

0
5
1

j

j
 = 








−−
5
11

1  = 

5
11

1

+
 = 

5
15

1
+

 = 

5
6
1  = 

5
6
1
1

 = 
61
51

×
×  = 

6
5  

5.  Find the sum of the following infinite geometric series. 

a.  Given the series +−+−
25
1

5
115 , 51 =s  and 

5
1

−=r .  Since 12.0
5
1

5
1

==−=r  we can use the equation  

r
sS
−

=∞ 1
1 to obtain the sum, i.e., +−+−

25
1

5
115  = 







−−

5
11

5  = 

5
11

5

+
 = 

5
15

5
+

 = 

5
6
5  = 

5
6
1
5

 = 
61
55

×
×  = 

6
25  

b.  Given the series ++−+− 3282
2
1  

2
1

1 −=s  and 42

2
1 −=

−
=r .  Since 44 =−=r  is greater than one the geometric 

series ++−+− 3282
2
1  has no finite solution. 

c.  Given the series ++++
216
1

36
1

6
11  11 =s  and 

6
1

1
6
1

==r .  Since 117.0
6
1

6
1

===r  we can use the equation 

r
sS
−

=∞ 1
1  to obtain the sum, i.e., ++++

216
1

36
1

6
11  = 

6
11

1

−
 = 

6
16

1
−

 = 

6
5
1  = 

6
5
1
1

 = 
51
61

×
×  = 

5
6  

d.  Given the series ++++
1000

1
100

1
10
11  11 =s  and 

10
1

1
10
1

==r .  Since 11.0
10
1

10
1

===r  we can use the equation 

r
sS
−

=∞ 1
1  to obtain the sum, i.e., ++++

1000
1

100
1

10
11  = 

10
11

1

−
 = 

10
110

1
−

 = 

10
9
1  = 

10
9
1
1

 = 
91

101
×
×  = 

9
10  

6.  Write the following repeating decimals as the quotient of two positive integers. 

a.  Given 666666.0  = 000066.00066.066.0 ++ , which is a gemetric series, then 66.01 =s  and 01.0
66.0

0066.0
==r .  Since  
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th ratio r  is less than one, we can use the infinite geometric series equation s
s

r∞ =
−
1

1
 to obtain the sum of the infinite  

series 000066.00066.066.0 ++ , i.e., s
s

r∞ =
−
1

1
 = 

01.01
66.0

−
 = 

99.0
66.0  = 

99
66  = 

33
22 .  Thus, 666666.0  = 

33
22  

b.  Given 027027027.3 , consider the decimal portion of the number 027027027.3  and write it in its equivalent form of  

027027027.0  = 000000027.0000027.0027.0 ++ .  Since this is a geometric series, then 027.01 =s  and 
027.0

000027.0
=r  

= 001.0 .  Since the ratio r  is less than one, we can use the infinite geometric series equation s
s

r∞ =
−
1

1
 to obtain the sum  

of the infinite series 000000027.0000027.0027.0 ++ , i.e., s
s

r∞ =
−
1

1
 = 

001.01
027.0

−
 = 

999.0
027.0  = 

999
27  = 

111
3 .  Thus, 

027027027.3  = 
111

33  

c.  111111.0  = 000011.00011.011.0 ++ , which is a gemetric series, then 11.01 =s  and 01.0
11.0

0011.0
==r .  Since the  

ratio r  is less than one, we can use the infinite geometric series equation s
s

r∞ =
−
1

1
 to obtain the sum of the infinite series  

000011.00011.011.0 ++ , i.e., s
s

r∞ =
−
1

1
 = 

01.01
11.0

−
 = 

99.0
11.0  = 

99
11  = 

9
1 .  Thus, 111111.0  = 

9
1  

Section 1.6 Solutions - The Factorial Notation 

1.  Expand and simplify the following factorial expressions. 

a.  !11  = 1234567891011 ⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅  = 800,916,39  

b.  ( ) !310 −  = !7  = 1234567 ⋅⋅⋅⋅⋅⋅  = 5040  

c.  
!5
!12  = 

!5
!56789101112 ⋅⋅⋅⋅⋅⋅⋅  = 

!5
!56789101112

/
/⋅⋅⋅⋅⋅⋅⋅  = 

1
6789101112 ⋅⋅⋅⋅⋅⋅  = 680,991,3  

d.  
!10
!14  = 

!10
!1011121314 ⋅⋅⋅⋅  = 

!01
!0111121314

//
//⋅⋅⋅⋅  = 

1
11121314 ⋅⋅⋅  = 024,24  

e.  
!4!8

!15  = 
!4!8

!89101112131415 ⋅⋅⋅⋅⋅⋅⋅  = 
1234!8

!89101112131415
⋅⋅⋅⋅/

/⋅⋅⋅⋅⋅⋅⋅  = 
1234

9011121131415
353

⋅/⋅/⋅/
/⋅//⋅⋅//⋅⋅⋅  = 

1
35113131415 ⋅⋅⋅⋅⋅⋅  = 350,351,1  

f.  ( ) !210!4
!10
−

 = 
!8!4

!10  = 
!8!4

!8910 ⋅⋅  = 
!8!4

!8910
/
/⋅⋅  = 

1234
910
⋅⋅⋅

⋅  = 
1234

901
35

⋅/⋅/⋅
/⋅//  = 

4
35 ⋅  = 

4
15  

g.  
!14

!6!12  = 
!121314

!6!12
⋅⋅

 = 
!211314

!6!21
//⋅⋅

//  = 
1314
!6
⋅

 = 
1341

123456

7
⋅//

⋅/⋅⋅⋅⋅  = 
137

3456
⋅

⋅⋅⋅  = 
91
360  

h.  ( )
( ) !27!12

!9!37
−

−  = 
!5!12

!9!4  = 
!45!9101112

!9!4
⋅⋅⋅⋅⋅

 = 
!45!9101112

!9!4
/⋅⋅/⋅⋅⋅

//  = 
5101112

1
⋅⋅⋅

 = 
6600

1  

2.  Write the following products in factorial form. 

a.  1234567 ⋅⋅⋅⋅⋅⋅  = !7    b.  151413121110 ⋅⋅⋅⋅⋅  = 
!9
!15   c.  25242322 ⋅⋅⋅  = 

!21
!25  

d.  45678 ⋅⋅⋅⋅  = 
!3
!8    e.  987654 ⋅⋅⋅⋅⋅  = 

!3
!9    f.  35  = 

!34
!35  

3.  Expand the following factorial expressions. 

a.  ( )!5 n  = ( ) ( ) ( ) ( ) ( ) ( )[ ]12346543215 ⋅⋅⋅−−−−−− nnnnnnn  



Calculus I  Chapter 1 Solutions 

Hamilton Education Guides   397 

b.  ( ) !7−n  = ( ) ( ) ( ) ( ) ( ) ( ) 1234121110987 ⋅⋅⋅−−−−−− nnnnnn  

c.  ( ) !10+n  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 12342112345678910 ⋅⋅⋅−−++++++++++ nnnnnnnnnnnnn  

d.  ( ) !55 −n  = ( ) ( ) ( ) ( ) ( ) ( ) 12341059585756555 ⋅⋅⋅−−−−−− nnnnnn  

e.  ( ) !82 −n  = ( ) ( ) ( ) ( ) ( ) ( ) 12341321221121029282 ⋅⋅⋅−−−−−− nnnnnn  

f.  ( ) !62 +n  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 12343222122122232425262 ⋅⋅⋅−−−++++++ nnnnnnnnnn  

g.  ( ) !52 −n  = ( ) ( ) ( ) ( ) ( ) ( ) 12341029282726252 ⋅⋅⋅−−−−−− nnnnnn  

h.  ( ) !33 +n  = ( ) ( ) ( ) ( ) ( ) ( ) 12343323133132333 ⋅⋅⋅−−−+++ nnnnnnn  

4.  Expand and simplify the following factorial expressions. 

a.  ( )
( )!4

!2
−
−

n
n  = ( )

( ) ( ) ( )!234
!2
−−−

−
nnn

n  = ( )
( ) ( ) ( )!234

!2
/−/−−

/−/
nnn

n  = ( ) ( )34
1

−− nn
 

b.  ( )
!

!4
n

n +  = ( ) ( ) ( ) ( )
!

!1234
n

nnnnn ++++  = ( ) ( ) ( ) ( )
!

!1234
n

nnnnn
/

/++++  = ( ) ( ) ( ) ( )1234 ++++ nnnn  

c.  ( )
( )!2

!5
−
+

n
n  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )!2
!2112345

−
−−+++++

n
nnnnnnnn  = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )!2
!2112345

/−/

/−/−+++++
n

nnnnnnnn   

= ( ) ( ) ( ) ( ) ( ) ( ) ( )112345 −+++++ nnnnnnn  

d.  ( ) ( )
( )!2

!11
+

+−
n

nn  = ( ) ( )
( ) ( )!12

!11
++
+−

nn
nn  = ( ) ( )

( ) ( )!12
!11

/+/+
/+/−

nn
nn  = 

2
1

+
−

n
n  

e.  ( ) ( )
( ) ( )!43!13

!23!3
−+

−
nn

nn  = ( ) ( )
( ) ( ) ( ) ( ) ( )!233343!313

!23!3
−−−+

−
nnnnn

nn  = ( ) ( )
( ) ( ) ( ) ( ) ( )!233343!313

!23!3
/−//−−//+

/−////
nnnnn

nn  = ( ) ( ) ( )334313
1

−−+ nnn
 

f.  ( )
( ) ( )2!!2

!1
nn

n
+

−  = ( )
( ) ( ) ( )!!!2

!1
nnn

n
+

−  = ( )
( ) ( ) ( ) ( )!1!!2

!1
−+

−
nnnn

n  = ( )
( ) ( ) ( ) ( )!1!!2

!1
/−/+

/−/
nnnn

n  = ( ) ( ) ( )nnn !!2
1

+
 

g.  ( ) ( )
( ) ( )!2!2

!2!32
−

−
nn

nn  = ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( ) ( )!2!3222122

!212!32
−−−−

−−−
nnnnn

nnnn  = ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )!2!3222122

!212!32
/−//−//−−

/−/−/−//
nnnnn

nnnn  = ( ) ( )
( ) ( ) ( )22122

12
−−

−
nnn

nn   

= ( ) ( )
( ) ( ) ( )22122

12
−−//

−//
nnn

nn  = ( ) ( )2212
1

−−
−

nn
n  

5.  Write the following expressions in factorial notation form.  Simplify the answer. 

a.  







3
5

 = ( )!35!3
!5
−

 = 
!2!3

!5
 = 

!2!3
!345

/
/⋅⋅  = 

21
45
2

/⋅
/⋅ = 

1
25 ⋅  = 

1
10  = 10  

b.  







6
10

 = ( )!610!6
!10
−

 = 
!4!6

!10  = 
!4!6

!678910
/

/⋅⋅⋅⋅  = 
1234
78901

235

⋅/⋅/⋅/
⋅/⋅/⋅//  = 

1
7235 ⋅⋅⋅  = 

1
210  = 210  

c.  
8
0





  = ( )!08!0

!8
−

 = 
!8!0

!8
/

/  = 
11

1
⋅

 = 1  

d.  
8
8





  = ( )!88!8

!8
−

 = 
!0!8

!8
/
/  = 

11
1
⋅

 = 1  

e.  
6
3





  = ( )!36!3

!6
−

 = 
!3!3

!6  = 
!3!3

!3456
/
/⋅⋅⋅  = 

321
456
22

/⋅/⋅
/⋅⋅/  = 

1
252 ⋅⋅  = 

1
20  = 20  
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f.  
5
1





 = ( )!15!1

!5
−

 = 
!4!1

!5  = 
!4!1
!45

/
/⋅  = 

1
5  = 5  

g.  







− 5n

n
= 

( ) ( )[ ]!5!5
!

−−− nnn
n  = ( ) ( )!5!5

!
+/−/− nnn

n  = ( ) !5!5
!

−n
n  = ( ) ( ) ( ) ( ) ( )

( ) !5!5
!54321

/−/

/−/⋅−⋅−⋅−⋅−⋅
n

nnnnnn   

= ( ) ( ) ( ) ( )
!5

4321 −⋅−⋅−⋅−⋅ nnnnn  = ( ) ( ) ( ) ( )
12345

4321
⋅⋅⋅⋅

−⋅−⋅−⋅−⋅ nnnnn  = ( ) ( ) ( ) ( )
120

4321 −⋅−⋅−⋅−⋅ nnnnn  

h.  
2
2 1

n
n −







  = 

( ) ( )[ ]!122!12
!2

−−− nnn
n  = ( ) ( )!122!12

!2
+//−//− nnn

n  = ( ) !1!12
!2

−n
n  = ( )

( )!12
!122

/−//
/−//⋅

n
nn  = n2  

i.  
3
3 3
n
n −







  = 

( ) ( )[ ]!333!33
!3

−−− nnn
n  = ( ) ( )!333!33

!3
+//−//− nnn

n  = ( ) !3!33
!3

−n
n  = ( ) ( ) ( )

( ) 321!33
!3323133

⋅⋅⋅/−//
/−//⋅−⋅−⋅

n
nnnn   

= ( ) ( )
321

23133
/⋅⋅

−⋅−⋅/ nnn  = ( ) ( )
2

2313 −⋅−⋅ nnn  

j.  







− 6n

n
 = 

( ) ( )[ ]!6!6
!

−−− nnn
n  = ( ) ( )!6!6

!
+/−/− nnn

n  = ( ) !6!6
!

−n
n  = ( ) ( ) ( ) ( ) ( ) ( )

( ) !6!6
!654321

/−/

/−/⋅−⋅−⋅−⋅−⋅−⋅
n

nnnnnnn   

= ( ) ( ) ( ) ( ) ( )
123456

54321
⋅⋅⋅⋅⋅

−⋅−⋅−⋅−⋅−⋅ nnnnnn  = ( ) ( ) ( ) ( ) ( )
720

54321 −⋅−⋅−⋅−⋅−⋅ nnnnnn  

6.  Expand the following binomial expressions. 

a.  ( )42−x  = ( ) ( ) ( ) ( )444334224144 2
4
4

2
3
4

2
2
4

2
1
4

0
4

−







+−








+−








+−⋅








+







 −−−− xxxxx  = 1234
3
4

8
2
4

4
1
4

2
0
4

xxxx 







−








+








−








  

0
4
4

16 x







+  = ( ) ( ) ( ) ( ) ( )!44!4

!416
!34!3

!48
!24!2

!44
!14!1

!42
!04!0

!4 234
−
⋅

+
−
⋅

−
−
⋅

+
−
⋅

−
−

xxxx  = 234
!2!2
!44

!3
!42

!4!0
!4 xxx ⋅

+
⋅

−   

 

!0!4
!416

!1!3
!48 ⋅
+

⋅
− x  = 

!0!4
!416

!1!3
!348

!221
!2344

!3
!342

!4!0
!4 234

/
/⋅

+
/

/⋅⋅
−

/⋅⋅
/⋅⋅⋅

+
/
/⋅⋅

−
/

/ xxxx  = 1632248 234 +−+− xxxx  

b.  ( )72+u  = 777667557447337227177 2
7
7

2
6
7

2
5
7

2
4
7

2
3
7

2
2
7

2
1
7

0
7

⋅







+⋅








+⋅








+⋅








+⋅








+⋅








+⋅








+







 −−−−−−− uuuuuuuu   

= 0234567
7
7

128
6
7

64
5
7

32
4
7

16
3
7

8
2
7

4
1
7

2
0
7

uuuuuuuu 







+








+








+








+








+








+








+








 = ( ) ( ) ( )

567
!27!2

!74
!17!1

!72
!07!0

!7 uuu
−
⋅

+
−
⋅

+
−

  

( ) ( ) ( ) ( ) ( )!77!7
!7128

!67!6
!764

!57!5
!732

!47!4
!716

!37!3
!78 234

−
⋅

+
−
⋅

+
−
⋅

+
−
⋅

+
−
⋅

+ uuuu  = 4567
!4!3
!78

!5!2
!74

!6!1
!72

!7!0
!7 uuuu ⋅

+
⋅

+
⋅

+   

!0!7
!7128

!1!6
!764

!2!5
!732

!3!4
!716 23 ⋅

+
⋅

+
⋅

+
⋅

+ uuu  = ( ) ( ) ( ) ( ) ( ) ( ) 1287642132351635812772 234567 +⋅+⋅+⋅+⋅+⋅+⋅+ uuuuuuu   

 = 1284486725602808414 234567 +++++++ uuuuuuu  

c.  ( )53−y  = ( ) ( ) ( ) ( ) ( )555445335225155 3
5
5

3
4
5

3
3
5

3
2
5

3
1
5

0
5

−







+−








+−








+−








+−⋅








+







 −−−−− yyyyyy  = 45
1
5

3
0
5

yy 







−








  

0123
5
5

243
4
5

81
3
5

27
2
5

9 yyyy 







−








+








−








+  = ( ) ( ) ( ) ( ) ( ) yyyyy

!45!4
!581

!35!3
!527

!25!2
!59

!15!1
!53

!05!0
!5 2345

−
⋅

+
−
⋅

−
−
⋅

+
−
⋅

−
−

  

( )!55!5
!5243

−
⋅

−  = 
!0!5
!5243

!1!4
!581

!2!3
!527

!3!2
!59

!4!1
!53

!5!0
!5 2345 ⋅

−
⋅

+
⋅

−
⋅

+
⋅

− yyyyy  = ( ) ( ) [ ] 2345 102710953 yyyy ⋅−⋅+⋅−   
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( ) 243581 −⋅+ y  = 2434052709015 2345 −+−+− yyyyy  

7.  Use the general equation for binomial expansion to solve the following exponential numbers to the nearest hundredth. 

a.  ( )595.0  = ( )505.01−  therefore, 1=a , 05.0−=b , 5=n .  Using the general binomial expansion formula  

( )nba +  = nrrnnnn b
n
n

ba
r
n

ba
n

ba
n

a
n









++








−

++







+








+







 −+−−−


11221
1210

 we obtain the following: 

( )505.01−  = ( ) ( ) ( ) ( ) ( )542322345 05.0
5
5

05.01
4
5

05.01
3
5

05.01
2
5

05.01
1
5

1
0
5

−⋅







+−⋅⋅








+−⋅⋅








+−⋅⋅








+−⋅⋅








+⋅








  

= −







+








−








2
5

0025.0
1
5

05.0
0
5

 = ( ) ( ) ( ) −
−

+
−

−
− !25!2

!50025.0
!15!1

!505.0
!05!0

!5  = −+−
!3!2

!50025.0
!4
!505.0

!5
!5   

= −
/⋅⋅/
/⋅/⋅

+
/
/⋅

−
/
/

!312
!3450025.0

!4
!4505.0

!5
!5

2

 = −+− 025.025.01 ≈ 775.0  

Therefore, ( )595.0  to the nearest hundredth is equal to 78.0 .  (Note that this is an estimate.) 

b.  ( )725.2  = ( )725.02 +  therefore, 2=a , 25.0=b , 7=n .  Using the general binomial expansion formula  

( )nba +  = nrrnnnn b
n
n

ba
r
n

ba
n

ba
n

a
n









++








−

++







+








+







 −+−−−


11221
1210

 we obtain the following: 

( )725.02 +  = 765243342567 25.0
7
7

25.02
6
7

25.02
5
7

25.02
4
7

25.02
3
7

25.02
2
7

25.02
1
7

2
0
7

⋅







+⋅








+⋅








+⋅








+⋅








+⋅








+⋅








+








  

= +







+







+







+








+







4
7

0313.0
3
7

25.0
2
7

2
1
7

16
0
7

128  = ( ) ( ) ( ) ( ) ( ) +
−
⋅

+
−
⋅

+
−
⋅

+
−
⋅

+
−
⋅

!47!4
!70313.0

!37!3
!725.0

!27!2
!72

!17!1
!716

!07!0
!7128   

= +
⋅

+
⋅

+
⋅

+
⋅

+
⋅

!3!4
!70313.0

!4!3
!725.0

!5!2
!72

!6
!716

!7
!7128  = +

⋅/⋅/⋅/
/⋅⋅/⋅⋅

+
/⋅⋅/⋅/

/⋅⋅/⋅⋅
+

/⋅⋅/
/⋅⋅⋅/

+
/

/⋅⋅
+

/
/⋅

123!4
!45670313.0

!4123
!456725.0

!512
!5672

!6
!6716

!7
!7128   

= +++++ 095.175.842112128 ≈ 845.291  

Therefore, ( )725.2  to the nearest hundredth is equal to 85291. .  (Note that this is an estimate.) 

c.  ( )405.1  = ( )405.01+  therefore, 1=a , 05.0=b , 4=n .  Using the general binomial expansion formula  

( )nba +  = nrrnnnn b
n
n

ba
r
n

ba
n

ba
n

a
n









++








−

++







+








+







 −+−−−


11221
1210

 we obtain the following: 

( )405.01+  = 4312234 05.0
4
4

05.01
3
4

05.01
2
4

05.01
1
4

1
0
4

⋅







+⋅⋅








+⋅⋅








+⋅⋅








+⋅








 = +








+







+








+







3
4

000125.0
2
4

0025.0
1
4

05.0
0
4

  

= ( ) ( ) ( ) ( ) +
−

⋅
+

−
⋅

+
−
⋅

+
− !34!3

!4000125.0
!24!2
!40025.0

!14!1
!405.0

!04!0
!4  = +

⋅
+

⋅
+

⋅
+

!1!3
!4000125.0

!2!2
!40025.0

!3
!405.0

!4
!4   

= +
/

/⋅⋅
+

/⋅⋅/
/⋅⋅/⋅

+
/

/⋅⋅
+

/
/

!3
!34000125.0

!212
!2340025.0

!3
!3405.0

!4
!4

2

 = ++++ 0005.0015.02.01  = 2155.1  

Therefore, ( )405.1  to the nearest hundredth is equal to 22.1 . 

8.  Find the stated term of the following binomial expressions. 

a.  To find the eighth term of ( )123+x  first identify the rba ,, , and n  terms, i.e., xa = , 3=b , 8=r , and 12=n .   



Calculus I  Chapter 1 Solutions 

Hamilton Education Guides   400 

Then, use the equation 11
1

−+−








−

rrn ba
r
n

 = ( ) ( )
11

!1!1
! −+−

+−−
rrn ba

rnr
n  

75 3
7
12

⋅







x  = ( )

75 3
!712!7

!12
⋅

−
x  = 2187

!5!7
!12 5 ⋅x  = 

12345!7
!789011121

2187 5
⋅/⋅/⋅/⋅/⋅/
/⋅⋅⋅//⋅⋅//

⋅x  = ( ) 57922187 x⋅  = 5104,732,1 x  

b.  To find the ninth term of ( )10yx −  first identify the rba ,, , and n  terms, i.e., xa = , yb −= , 9=r , and 10=n .   

Then, use the equation 11
1

−+−








−

rrn ba
r
n

 = ( ) ( )
11

!1!1
! −+−

+−−
rrn ba

rnr
n  

( )82
8
10

yx −⋅







 = ( )

82
!810!8

!10 yx ⋅
−

 = 82
!2!8

!10 yx  = 82
12!8
!8910

yx
⋅⋅/
/⋅⋅  = 82

2
90 yx  = 8245 yx  

c.  To find the seventh term of ( )112au −  first identify the rba ,, , and n  terms, i.e., ua = , ab 2−= , 7=r , and 11=n .   

Then, use the equation 11
1

−+−








−

rrn ba
r
n

 = ( ) ( )
11

!1!1
! −+−

+−−
rrn ba

rnr
n  

( )65 2
6
11

au −⋅







 = ( )

5664
!611!6

!11 ua
−

 = 5664
!5!6

!11
ua  = 

12345!6
!67890111

64
23

56
⋅/⋅/⋅/⋅//
/⋅⋅/⋅/⋅//⋅

ua  = ( ) 5646264 ua⋅  = 56568,29 ua  

d.  To find the twelfth term of ( )181−x  first identify the rba ,, , and n  terms, i.e., xa = , 1−=b , 12=r , and 18=n .   

Then, use the equation 11
1

−+−








−

rrn ba
r
n

 = ( ) ( )
11

!1!1
! −+−

+−−
rrn ba

rnr
n  

( )117 1
11
18

−⋅







x  = ( )!1118!11

!187
−

− x  = 
!9!11

!187x−  = 
123456789!11

!1121134151611781
232

7
⋅/⋅/⋅/⋅/⋅⋅/⋅/⋅/⋅//
//⋅//⋅⋅//⋅//⋅//⋅⋅//

− x  = 
6

13232177
/

⋅/⋅/⋅⋅
− x  = ( ) 721317 x⋅⋅−   

= 7442x−  
 



   

Hamilton Education Guides  401 

Chapter 2 Solutions: 
 

Section 2.1 Practice Problems – The Difference Quotient Method 

1.  Find the derivative of the following functions by using the difference quotient method. 

a.  Given ( ) 12 −= xxf , then ( ) ( )
h

xfhxf −+  = 
( )[ ] ( )

h

xhx 11 22 −−−+
 = 

h
xhxhx 112 222 /+/−/−++/  = 

h
hxh 22 +  = ( )

h
xhh

/
+/ 2   

= xh 2+ .  Therefore, ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = ( )xhh 2lim 0 +→  = x20 +  = x2  

b.  Given ( ) 123 −+= xxxf , then ( ) ( )
h

xfhxf −+  = 
( ) ( )[ ] [ ]

h
xxhxhx 1212 33 −+−−+++

  

= 
h

xxhxxhhxhx 1212233 32233 /+//−/−/−+//++++/  = 
h

hxhhxh 233 223 +++  = ( )
h

xhxhh
/

+++/ 233 22
 = 233 22 +++ xhxh .  

Therefore, ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = ( )233lim 22

0 +++→ xhxhh  = 20330 22 +⋅⋅+⋅+ hx  = 23 2 +x  

c.  Given ( )
1−

=
x

xxf , then ( ) ( )
h

xfhxf −+  = 
h

x
x

hx
hx

11 −
−

−+
+

 = 

( )( ) ( )
( )( )

h
xhx

hxxxhx
11

11
−−+

−+−−+

 = ( )( ) ( )
( )( )[ ]11

11
−−+

−+−−+

xhxh
hxxxhx   

= ( )12

22

+−−+−

/+//−/−−//+/−/

xhhxxxh

xxhxhxhxx  = ( )122 +−+−/

/
−

hhxxxh

h  = 
12

1
2 +−+−

−
hhxxx

.  Therefore,  

( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = 









+−+−

−
→

12
1lim 20

hhxxx
h  = 

1002
1

2 +−⋅+−

−

xxx
 = 

12
1

2 +−

−

xx
 = 

( )21
1
−

−
x

 

d.  Given ( )
2

1
x

xf −= , then ( ) ( )
h

xfhxf −+  = ( )
h

xhx 22
11

+
+

−
 = 

( )
( )

h
hxx

hxx
22

22

+

++−

 = ( )
( )22

22

hxhx
hxx

+

++−  = ( )
( )hxhxhx

hxhxx

2

2
222

222

++

+++−   

= ( )hxhxhx

hxhxx

2

2
222

222

++

++/+/−  = ( )
( )hxhxxh

xhh

2

2
222 ++/

+/  = 3224 2
2

hxxhx
xh
++

+ .  Therefore,  

( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = 









++

+
→ 32240

2
2lim

hxxhx
xh

h  = 3224 020
20

xxx
x

⋅⋅+⋅+

+  = 34
2
=/
/

x
x  = 3

2
x

 

e.  Given ( ) 320 2 −= xxf , then ( ) ( )
h

xfhxf −+  = 
( )[ ] [ ]

h

xhx 320320 22 −−−+
 = 

( )[ ] [ ]
h

xhhxx 3203220 222 −−−++
  

= 
h

xhhxx 3023204002 222 /+//−/−++// //
 = 

h
hhx 22040 +  = ( )

h
hxh

/
+/ 2040  = hx 2040 +  

Therefore, ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = ( )hxh 2040lim 0 +→  = ( )02040 ⋅+x  = 040 +x  = x40  

f.  Given ( ) 3xxf = , then ( ) ( )
h

xfhxf −+  = 
( )

h
xhx 33 −+  = ( ) ( )

( ) 33

3333

xhx

xhx
h

xhx

++

++
⋅

−+  = ( )
( ) 33

33

xhxh

xhx

++

−+   

= 
32233

32233

33

33

xxhhxhxh

xxhhxhx

++++

−+++  = ( )
32233

22

33

33

xxhhxhxh

xhxhh

++++/

++/  = 
32233

22

33

33

xxhhxhx

xhxh

++++

++ .  Therefore,  
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( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = 















++++

++
→ 32233

22

0
33

33lim
xxhhxhx

xhxh
h  = 

32233

22

03030

0330

xxxx

xx

+⋅+⋅++

⋅++   

= 
33

23

xx

x

+
 = 

3

2

2

3

x

x  = 
2
3

2

3 2

x

x  = 2
3

2
2
3 −

⋅ xx  = 2
32

2
3 −

x  = 2
34

2
3

−

x  = 2
1

2
3 x  = x

2
3  

g.  Given ( )
5

10
−

=
x

xf , then ( ) ( )
h

xfhxf −+  = 
h

xhx 5
10

5
10

−
−

−+  = 
h

xhx
hxx
55

510510
−⋅−+

−+−−

 = 
55

510510
−⋅−+⋅

−+−−

xhxh
hxx   

= 
55
55

55
5510

−++−

−++−
⋅

−⋅−+⋅

−+−−
⋅

hxx
hxx

xhxh
hxx  = ( ) ( )5555

5510
−++−⋅−⋅−+⋅

/+−/−/−/⋅
hxxxhxh

hxx   

= ( ) ( )5555
10

−++−⋅−⋅−+⋅/

/−
⋅

hxxxhxh

h  = ( ) ( )5555

10

−++−⋅−⋅−+

−

hxxxhx
.  Therefore, 

( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = ( ) ( ) 
















−++−⋅−⋅−+

−
→

5555

10lim 0
hxxxhx

h  = ( ) ( )505550

10

−++−⋅−⋅−+

−

xxxx
  

= ( ) ( )5555

10

−+−⋅−⋅−

−

xxxx
 = 

( ) ( )525

10

−⋅−

−

xx
 = 

( ) ( )552

01
5

−−/

//−

xx
 = 

( ) 2
115

5
+−

−

x
 = 

( )2
3

5

5

−

−

x
 = 

( )35

5

−
−

x
 

h.  Given ( )
cx

baxxf +
= , then ( ) ( )

h
xfhxf −+  = 

( )
( )

h
cx

bax
hxc

bhxa




 +

−







+
++

 = 

( ) ( ) ( )
( )

h
chcxcx

baxchcxbahaxcx
+

++−++

  

= ( )chcxchx
bchachxbcxacxbcxachxacx

+
−−−−++ 22

 = ( )chcxchx
bchxhcaxcbxcaxcbxhcaxca

+
−////−///−///−///+////+/// 22

 = ( )chcxxhc
hcb
+//

//−  = 
chxcx

b
+

−
2 .   

Therefore, ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  = 









+

−
→

chxcx
b

h 20lim  = 
xccx

b
⋅⋅+

−
02  = 2cx

b
−  

2.  Compute ( )xf ′  for the specified values by using the difference quotient equation as the 0lim →h . 

a.  Given ( ) 3xxf = , then using ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  we obtain ( )xf ′  = ( )

h
xhx

h

33

0lim −+
→  at 1=x   

( )1f ′  = ( )
h

h
h

33

0
11lim −+

→  = 
h

hhh
h

1331lim
23

0
/−+++/

→  = ( )
h

hhh
h /

++/
→

33lim
2

0  = hhh 33lim 2
0 ++→  = 03302 ⋅++  = 3  

b.  Given ( ) xxf 21+= , then using ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  we obtain ( )xf ′  = ( ) ( )

h
xhx

h
2121lim 0

+−++
→  at 0=x   

( )0f ′  = ( ) ( )
h

h
h

021021lim 0
⋅+−++

→  = 
h
h

h
121lim 0
/−+/

→  = 
h
h

h /
/

→
2lim 0  = 2lim 0→h  = 2  

c.  Given ( ) 13 += xxf , then using ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  we obtain ( )xf ′  = 

( )[ ] ( )
h

xhx
h

11
lim

33

0
+−++

→  at 1−=x  

( )1−′f  = 
( )[ ] ( )[ ]

h

h
h

1111
lim

33

0
+−−++−

→  = ( ) ( )
h
hhh

h
111331lim

23

0
/+/−−/++++/−

→  = ( )
h

hhh
h

033lim
23

0
−++

→   

= ( )
h

hhh
h /

++/
→

33lim
2

0  = ( )hhh 33lim 2
0 ++→  = 03302 ⋅++  = 3  
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d.  Given ( ) ( ) 232 22 xxxxxf +=+= , then using ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  we obtain  

( )xf ′  = 
( ) ( )[ ] ( )

h
xxhxhx

h

2323

0
22

lim
+−+++

→  at 2=x  ( )2f ′  = 
( ) ( )[ ] ( )

h
hh

h

2323

0
222222

lim
⋅+−+++

→   

= 
[ ]

h
hhhhh

h
168286128

lim
223

0
−++++++

→  = 
h

hhh
h

6182061lim
23

0
//−+++//

→  = ( )
h

hhh
h /

++/
→

208lim
2

0   

= ( )208lim 2
0 ++→ hhh  = 200802 +⋅+  = 20  

e.  Given ( ) 112 ++= −− xxxf  = 111
2 ++

xx
 = 13

2
+

+

x
xx  = 3

32

x
xxx ++  = ( )

23

21
=/
++/

x
xxx  = 2

21
x

xx ++ , then using  

( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  we obtain ( )xf ′  = 

( )
( )

h
x

xx
hx

hxhx

h

2

2

2

2

0

11

lim

++
−

+

++++

→  at 1=x   

( )1f ′  = 

( )
( )

h
h

hh

h

2

2

2

2

0
1

111
1

111

lim

++
−

+

++++

→  = 
h

hh
hhh

h

3
21

212

lim
2

2

0

−
++

++++

→  = ( )
( )hhh

hhhh
h

21
21333lim 2

22

0
++

++−++
→   

= ( )hhh
hhhh

h
21

63333lim 2

22

0
++

−−/−++/
→  = ( )hhh

hh
h

21
32lim 2

2

0
++

−−
→  = ( )

( )hhh
hh

h
21
32lim 20

++/

−−/
→  = 

hh
h

h
21
32lim 20

++

−−
→   

= ( )
0201

302
2 ⋅++

−⋅−  = 
1
3−  = 3−  

f.  Given ( ) 2+= xxf , then using ( )xf ′  = ( ) ( )
h

xfhxf
h

−+
→0lim  we obtain ( )xf ′  = ( ) ( )

h
xhx

h
22lim 0

+−++
→   

at 10=x   ( )10f ′  = ( ) ( )
h

h
h

210210lim 0
+−++

→  = 
h

h
h

210210lim 0
/+−/++

→  = 
h
h

h
1010lim 0

−+
→   

= ( ) ( )
( ) 1010

10101010lim 0
++

++
⋅

−+
→

h

h
h
h

h  = ( )1010

0101lim 0
++⋅

//−+//
→

hh

h
h  = ( )1010

lim 0
++⋅/

/
→

hh

h
h  = 

10010
1
++

  

= 
1010

1
+

 = 
102

1 = 
16.32

1
⋅

 = 
32.6
1  = 158.0  

Section 2.2 Solutions - Differentiation Rules Using the Prime Notation 

1.  Find the derivative of the following functions.  Compare your answers with the practice problem number one in  
Section 2.1. 

a.  Given ( ) 12 −= xxf , then ( )xf ′  = 02 12 −−x  = x2  

b.  Given ( ) 123 −+= xxxf , then ( )xf ′  = 0123 1113 −⋅+ −− xx  = 02 23 xx +  = 23 2 +x  

c.  Given ( )
1−

=
x

xxf , then ( )xf ′  = ( )[ ] [ ]
( )21

111
−

⋅−−⋅

x
xx  = 

( )21
1
−

/−−/
x

xx  = 
( )21

1
−

−
x

 

d.  Given ( )
2

1
x

xf −= , then ( )xf ′  = ( ) ( )
4

2 120
x

xx ⋅−⋅
−  = 4

20
x

x−
−  = 

34
2
=/
/

x
x  = 3

2
x

 

e.  Given ( ) 320 2 −= xxf , then ( )xf ′  = ( ) 0220 12 −⋅ −x  = x40  

f.  Given ( ) 2
3

3 xxxf == , then ( )xf ′  = 12
3

2
3 −

x  = 2
23

2
3 −

x  = 2
1

2
3 x  = x

2
3  
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g.  Given ( )
( )2

1
5

10
5

10

−
=

−
=

xx
xf , then ( )xf ′  = 

( ) ( )

5

5
2
11050 2

1
2
1

−






 −⋅−



 −⋅ −

x

xx
 = ( )

5
550 2

1

−
−− −

x
x  = 

( ) ( )55

5

2
1

−⋅−

−

xx
  

= 
( ) 12

1
5

5
+−

−

x
 = 

( )2
3

5

5

−

−

x
 = 

( )35

5

−

−

x
 = 

( ) 55
5

−−
−

xx
 

h.  Given ( )
cx

baxxf +
= , then ( )xf ′  = ( )

( )2cx
baxccxa +⋅−⋅  = 

( )2cx
bcacxacx −−  = 

212 xc
cb

=/
/−  = 2cx

b
−  

2.  Differentiate the following functions: 

a.  Given ( ) 1102 ++= xxxf , then ( )xf ′  = 0102 1112 ++ −− xx  = 0102 xx +  = 102 +x  

b.  Given ( ) 13 28 −+= xxxf , then ( )xf ′  = ( ) 0238 1218 −⋅+ −− xx  = xx 68 7 +  

c.  Given ( ) 523 24 +−= xxxf , then ( )xf ′  = ( ) ( ) 02243 1214 +⋅−⋅ −− xx  = xx 412 3 −  

d.  Given ( ) ( ) xxxxxxxf 102025102 4545 ++=++= , then ( )xf ′  = ( ) ( ) ( ) 111415 11042052 −−− ⋅+⋅+⋅ xxx  = 034 108010 xxx ++   

= 108010 34 ++ xx  

e.  Given ( ) 2232 cxbxaxf ++= , then ( )xf ′  = ( ) ( ) 013 112132 +⋅+⋅ −− xbxa  = 02223 xbxa +  = 2223 bxa +  

f.  Given ( ) ( ) xxxxxxxf 331 232 +−=+−= , then ( )xf ′  = 111213 323 −−− +− xxx  = 02 323 xxx +−  = 323 2 +− xx  

g.  Given ( ) ( )( )51 23 −+= xxxf , then ( )xf ′  = ( )[ ] ( )[ ]1253 322 ++− xxxx  = xxxx 22153 424 ++−  = xxx 2155 24 +−  

h.  Given ( ) ( )( )113 2 −−+= xxxxf , then ( )xf ′  = ( ) ( )[ ] ( )[ ]131116 2 −+⋅+−⋅+ xxxx  = 13166 22 −++−+− xxxxx   

= ( ) ( ) ( )1111636 2 −−+++−++ xx  = 249 2 −− xx  

i.  Given ( ) ( ) xxxxxxxxf 4545 3423 −+=−+= , then ( )xf ′  = ( ) ( ) 111314 14354 −−− ⋅−⋅+ xxx  = 023 4154 xxx −+   

= 4154 23 −+ xx  

j.  Given ( )
x

xxf 13 +
= , then ( )xf ′  = 

( )[ ] ( )[ ]
2

32 1103

x

xxx +⋅−⋅+
 = 

2

33 13
x

xx −−  = 2

3 12
x

x −  

k.  Given ( )
2

25

3
12

x
xxxf −+

= , then ( )xf ′  = 
( )[ ] ( )[ ]

( )22

2524

3

126345

x

xxxxxx −+⋅−⋅+
 = 4

3636

9
62162115

x
xxxxx +///−−///+ //

  

= 
4

6

9
69

x
xx +  = ( )

34

5

93
233

=//=

+//

x
xx  = 3

5

3
23

x
x +  

l.  Given ( ) ( ) 1431

22

−
=

+−
=

x
x

xx
xxf , then ( )xf ′  = 

( )[ ] [ ]
( )2

2

14

4142

−

⋅−−⋅

x

xxx
 = 

( )2
22

14
428

−

−−

x
xxx  = 

( )2
2

14
24

−

−

x
xx  = ( )

( )214
122

−

−

x
xx  

m.  Given ( ) xx
x

xx
x

xxf +=+=





 += 2

2
22 2212 , then ( )xf ′  = ( ) 111222 −− +⋅ xx  = 04 xx +  = 14 +x  

n.  Given ( ) ( )
1
22

1
21

2

−
+

=
−

⋅+=
x

xx
x

xxxf , then ( )xf ′  = 
( ) ( )[ ] ( )[ ]

( )2
2

1

221124

−

+⋅−−⋅+

x

xxxx
 = 

( )2
22

1
222244

−
//−−−//+−

x
xxxxx   

= ( )
( )2

2

1
2424

−

−−−

x
xx  = 

( )2
2

1
242

−

−−

x
xx  

o.  Given ( )
4

3 13
x

xxxf −+
= , then ( )xf ′  = 

( )[ ] ( )
8

3342 13433

x

xxxxx 



 −+⋅−⋅+

 = 
8

34646 412433
x

xxxxx +−−+   
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= 
8

346 49
x

xxx +−−  = ( )
58

33 49
=/

/ +−−

x
xxx = 5

3 49
x

xx −+
−  

p.  Given ( ) ( ) 








 +
−=

x
xxxf 521

3
2 , then ( )xf ′  = ( ) ( ) ( )1526522 2

2

323
−⋅









 +−⋅
+









 +
⋅ x

x
xxx

x
xx  = 104 3 +x   

( )1526 2
2

33
−⋅









 −−
+ x

x
xx  = ( )154104 2

2

3
3 −









 −
++ x

x
xx  = 

2

235
3 5544104

x
xxxx +−−

++  = 2

235 5548
x

xxx ++−  

q.  Given ( )
1

23 24

−
++

=
x

xxxf , then ( )xf ′  = 
( ) ( )[ ] ( )[ ]

( )2
243

1

2311212

−

++⋅−−⋅+

x

xxxxx
 = 

( )2
24234

1
23221212

−

−−−−+−

x
xxxxxx   

= 
( )2

234

1
22129

−

−−+−

x
xxxx  

r.  Given ( ) 21
2

1 1 xx
x

xxf +=+= −
−

− , then ( )xf ′  = 1211 2 −−− +− xx  = xx 22 +− −  = x
x

21
2 +−  

3.  Compute ( )xf ′  at the specified value of x .  Compare your answers with the practice problem number two in  
Section 2.1. 

a.  Given ( ) 3xxf = , then ( )xf ′  = 133 −x  = 23x     at 1=x    ( )xf ′  = 213 ⋅  = 3  

b.  Given ( ) xxf 21+= , then ( )xf ′  = ( ) 11120 −⋅+ x  = 02x  = 2   at 0=x    ( )xf ′  = 2  

c.  Given ( ) 13 += xxf , then ( )xf ′  = 03 13 +−x  = 23x    at 1−=x   ( )xf ′  = ( )213 −⋅  = 3  

d.  Given ( ) ( ) 232 22 xxxxxf +=+= , then ( )xf ′  = ( ) 1213 223 −− ⋅+ xx  = xx 43 2 +  

     at 2=x   ( )xf ′  = 2423 2 ⋅+⋅  = 843 +⋅  = 812 +  = 20  

e.  Given ( ) 112 ++= −− xxxf , then ( )xf ′ = 02 1112 +−− −−−− xx  = 232 −− −− xx  = 
23

12
xx

−−  

     at 1=x   ( )xf ′  = 
23 1
1

1
2
−−  = 12 −−  = 3−  

f.  Given ( ) 22 2
1
+=+= xxxf , then ( )xf ′  = 0

2
1 12

1
+

−
x  = 2

21

2
1 −

x  = 2
1

2
1 −

x  = 
2
1

2

1

x
 = 

x2
1  

     at 10=x   ( )xf ′  = 
102

1  = 
16.32

1
⋅

 = 
32.6
1  = 158.0  

4.  Find ( )0f ′  and ( )2f ′  for the following functions: 

a.  Given ( ) 53 23 +−= xxxf , then ( )xf ′  = ( ) 0233 1213 +⋅− −− xx  = xx 63 2 −  

Therefore, ( )0f ′  = ( ) ( )0603 2 ⋅−⋅  = 00 −  = 0  and ( )2f ′  = ( ) ( )2623 2 ⋅−⋅  = 1212 −  = 0  

b.  Given ( ) ( )( )113 −+= xxxf , then ( )xf ′  = ( )[ ] ( )[ ]1113 32 +⋅+−⋅ xxx  = 133 323 ++− xxx  = 134 23 +− xx  

Therefore, ( )0f ′  = ( ) ( ) 10304 23 +⋅−⋅  = 100 +−  = 1  and ( )2f ′  = ( ) ( ) 12324 23 +⋅−⋅  = 11232 +−  = 21  

c.  Given ( ) ( ) xxxxxf +=+= 32 1 , then ( )xf ′  = 11123 −− + xx  = 03 xx +  = 13 2 +x  

Therefore, ( )0f ′  = ( ) 103 2 +⋅  = 10 +  = 1  and ( )2f ′  = ( ) 123 2 +⋅  = 112 +  = 13  

d.  Given ( ) xxxxf 4102 45 −+= , then ( )xf ′  = ( ) ( ) 111415 441052 −−− −⋅+⋅ xxx  = 034 44010 xxx −+  = 44010 34 −+ xx  

Therefore, ( )0f ′  = ( ) ( ) 4040010 34 −⋅+⋅  = 4−  and ( )2f ′  = ( ) ( ) 4240210 34 −⋅+⋅  = 4320160 −+  = 476  
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e.  Given ( ) xxxxf 532 12 +−= −− , then ( )xf ′  = ( ) ( ) 111112 51322 −−−−− +−⋅−+−⋅ xxx  = 023 534 xxx ++− −−   

= 534 23 ++− −− xx  = 534
23 ++−

xx
.  Therefore, ( )0f ′  = 5

0
3

0
4

23
++−   which is undefined due to division by zero and  

( )2f ′  = 5
2
3

2
4

23
++−  = 5

4
3

8
4

++−  = 575.05.0 ++−  = 25.5  

f.  Given ( ) ( ) 33352 xxxxxxxxxf =+−=+−= − , then ( )xf ′  = 133 −x  = 23x  

Therefore, ( )0f ′  = 203 ⋅  = 0  and ( )2f ′  = 223 ⋅  = 12  

g.  Given ( )
21 x

xxf
+

= , then ( )xf ′  = 
( )[ ] [ ]

( )22

2

1

211

x

xxx

+

⋅−+⋅
 = 

( )22

22

1

21

x

xx

+

−+  = ( )22

2

1

1

x

x

+

−  

Therefore, ( )0f ′  = 
( )22

2

01

01

+

−  = 1  and ( )2f ′  = 
( )22

2

21

21

+

−  = 
( )241

41
+

−  = 
25
3−  = 

25
3

−  

h.  Given ( ) 31 x
x

xf += , then ( )xf ′  = ( ) ( ) 13
2

3110 −+
⋅−⋅ x

x
x  = 2

2 31 x
x

+−  

Therefore, ( )0f ′  = ( )2
2 03

0
1

⋅+−   which is undefined due to division by zero and ( )2f ′  = ( )2
2 23

2
1

⋅+−  = 12
4
1
+−  = 75.11  

i.  Given ( )
dcx
bxaxxf

−
+

=
2

, then ( )xf ′  = 
( ) ( )[ ] ( )[ ]

( )2
22

dcx

bxaxcdcxbax

−

+⋅−−⋅+
 = 

( )2
22 22

dcx
xcbacxbdxcbadxacx

−
///−−−///+−  

= 
( )2

2 2
dcx

bdadxacx
−

−− .  Therefore, ( )0f ′  = ( ) ( )
( )2
2

0
020

dc
bdadac

−⋅

−⋅−⋅  = 
( )20

00
d

bd
−

−−  = 12=/
/−

d
db  = 

d
b

−  and  

( )2f ′  = ( ) ( )
( )2
2

2
222

dc
bdadac

−⋅

−⋅−⋅  = 
( )22

44
dc

bdadac
−

−−  

5.  Given ( ) 12 += xxf  and ( ) 52 −= xxg  find ( )xh  and ( )xh′ . 

a.  Given ( ) ( )xfxxh 3=  where ( ) 12 += xxf , then ( )xh  = ( )123 +xx  = 35 xx +  and ( )xh′  = 24 35 xx +  

b.  Given ( ) ( )xhxf += 3  where ( ) 12 += xxf , then ( )xh  = ( ) 3−xf  = ( ) 312 −+x  = 22 −x  and ( )xh′  = x2  

c.  Given ( ) ( ) 12 −= xhxg  where ( ) 52 −= xxg , then ( )xh  = ( ) 12 +xg  = ( ) 1522 +−x  = 1104 +−x  = 94 −x  and ( )xh′  = 4  

d.  Given ( ) ( ) 123 −= xgxxh  where ( ) 52 −= xxg , then ( )xh  = 
( )
3

12 −xgx
 = 

( )
3

1522 −−xx
 = 

3
1104 2 −− xx  and  

( )xh′  = 
( )[ ] ( )[ ]

2

2

3

110403108 −−⋅−⋅− xxx
 = ( )

9
1083 −x  = 

3
108 −x  

e.  Given ( )[ ] ( ) 123 2 =− xhxf  where ( ) 12 += xxf , then ( )xh  = ( )[ ]( )231
2
1 xf+−  = ( )[ ]2

2
3

2
1 xf+−  = ( )22 1

2
3

2
1

++− x  and  

( )xh′  = ( ) xx 213 2 ⋅+  = xx 66 3 +  

f.  Given ( ) ( ) ( )xfxgxh 3⋅=  where ( ) 12 += xxf  and ( ) 52 −= xxg , then ( )xh  = ( ) ( )1352 2 +⋅− xx  = ( )( )3352 2 +− xx   

= 156156 23 −+− xxx  and ( )xh′  = 63018 2 +− xx  

g.  Given ( ) ( ) 03 =− xfxh  where ( ) 12 += xxf , then ( )xh  = ( )
3
xf  = 

3
12 +x  and ( )xh′  = x

3
2  
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h.  Given ( ) ( ) ( )xfxhxg =+2  where ( ) 12 += xxf  and ( ) 52 −= xxg , then ( )xh  = ( ) ( )xgxf 2−  = ( ) ( )52212 −−+ xx   

= 10412 +−+ xx  = 1142 +− xx  and ( )xh′  = 42 −x  

i.  Given ( ) ( )xhxxxf ++= 23 5  where ( ) 12 += xxf , then ( )xh  = ( ) 23 5xxxf −−  = ( ) 232 51 xxx −−+  = ( ) 115 23 ++−+− xx   

= 14 23 +−− xx  and ( )xh′  = xx 83 2 −−  

j.  Given ( ) ( )xf
x

xxh −
+

=
13

 where ( ) 12 += xxf , then ( )xh  = ( )11 2
3

+−
+ x

x
x  and ( )xh′  = 

[ ] ( )[ ]
x

x

xxx
2

113
2

32

−
+⋅−⋅

  

= x
x

xx 213
2

33
−

−−  = x
x

x 212
2

3
−

−  

k.  Given ( ) ( ) ( )xgxfxh += 2  where ( ) 12 += xxf  and ( ) 52 −= xxg , then ( )xh  = ( ) ( )5212 2 −++ xx  = 5222 2 −++ xx   

= 322 2 −+ xx  and ( )xh′  = 24 +x  

l.  Given ( )[ ] ( ) 102 =− xfxh  where ( ) 12 += xxf , then ( )[ ] ( )xfxh += 102  ; ( )xh  = ( )xf+10  = ( )[ ]2
1

110 2 ++ x   

= ( )21112 +x  and ( )xh′  = ( ) xx 211
2
1 12 2

1
/⋅+

/

−
 = ( ) 2

1
112 −

+xx  

m.  Given ( ) ( )
( )xh

xgxf 2
=  where ( ) 12 += xxf  and ( ) 52 −= xxg , then ( )xh  = ( )

( )xf
xg2  = ( )

1
522

2 +

−

x
x  = 

1
104

2 +

−

x
x  and ( )xh′   

= 
( )[ ] ( )[ ]

( )22

2

1

104214

+

−⋅−+⋅

x

xxx
 = 

( )22

22

1

20844

+

+−+

x

xxx  = 
( )22

2

1

4204

+

++−

x

xx  

n.  Given ( )
( ) xxh

xf 13
=  where ( ) 12 += xxf , then ( )xh  = ( )xfx3  = ( )13 2 +xx  = xx 33 3 +  and ( )xh′  = 39 2 +x  

o.  Given ( ) ( ) 4
1
+

=
xh

xf , which is equivalent to ( )
( ) 4

1
1 +

=
xh

xf  ; ( ) ( )[ ] 114 ⋅=+⋅ xhxf  ; ( ) ( ) ( ) 14 =+ xfxhxf  

; ( ) ( ) ( )xfxhxf 41−= , and ( ) 12 += xxf , then ( )xh  = ( )
( )xf

xf41−  = ( )
( )
( )xf

xf
xf

41
−  = ( ) 41

−
xf

 = 4
1

1
2 −
+x

 and ( )xh′   

= 
( )[ ] [ ]
( ) 0

1

1210
22

2

−
+

⋅−+⋅

x

xx
 = 

( )22 1

20

+

−

x

x  = 
( )22 1

2

+
−

x

x  

Section 2.3 Solutions - Differentiation Rules Using the dx
d  Notation 

1.  Find 
dx
dy  for the following functions: 

a.  Given 13 25 ++= xxy , then 
dx
dy  = ( )13 25 ++ xx

dx
d  = 13 25

dx
dx

dx
dx

dx
d

++  = ( ) 0235 4 +⋅+ xx  = xx 65 4 +  

b.  Given 53 2 += xy , then 
dx
dy  = ( )53 2 +x

dx
d  = 53 2

dx
dx

dx
d

+  = ( ) 023 +⋅ x  = x6  

c.  Given 
x

xy 13 −= , then 
dx
dy  = 






 −

x
x

dx
d 13  = ( )13 −− xx

dx
d  = 13 −− x

dx
dx

dx
d  = 1123 −−+ xx  = 223 −+ xx  = 2

2 13
x

x +  

d.  Given 3

2

1 x
xy
−

= , then 
dx
dy  = 











− 3

2

1 x
x

dx
d  = 

( ) ( )
( )23

3223

1

11

x

x
dx
dxx

dx
dx

−






 −−




 −
 = 

( )[ ] ( )
( )23

223

1

321

x

xxxx

−





 −⋅−⋅−

  

= ( )23

44

1

322

x

xxx

−

+−  = ( )23

4

1

2

x

xx

−

−  = ( )
( )23

3

1

2

x

xx

−

−  
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e.  Given 
1

14 2
−

+=
x

xy , then 
dx
dy  = 








−
+

1
14 2

x
x

dx
d  = ( ) 








−
+

1
14 2

xdx
dx

dx
d  = 

( ) ( )

( )21

1111
8

−






 −⋅−




 ⋅−
+

x

x
dx
d

dx
dx

x   

= 
( )21

108
−

−
+

x
x  = 

( )21
18
−

−
x

x  

f.  Given 
1
2

3

2

+

+
=

x
xxy , then 

dx
dy  = 











+

+

1
2

3

2

x
xx

dx
d  = 

( ) ( ) ( ) ( )
( )23

3223

1

1221

+





 ++−



 ++

x

x
dx
dxxxx

dx
dx

 = 
( ) ( )[ ]

( )23

3

1

221

+

+⋅+

x

xx
  

( )[ ]
( )23

22

1

32

+

⋅+−

x

xxx
 = ( )23

3434

1

632222

+

−−+++

x

xxxxx  = 
( )23

34

1

224

+

++−−

x

xxx  

g.  Given ( ) 34523 2525 xxxxxxy −+=−+= , then 
dx
dy  = ( )345 25 xxx

dx
d

−+  = 345 25 x
dx
dx

dx
dx

dx
d

−+  = 234 6205 xxx −+  

h.  Given ( )( ) ( )( )1313 232 −+=−+= xxxxxxy , then 
dx
dy  = ( )( )[ ]13 23 −+ xxx

dx
d  = ( ) ( ) ( ) ( )



 −++



 +− 1331 2323 x

dx
dxxxx

dx
dx   

= ( ) ( )[ ] ( )[ ]13631 232 ⋅+++⋅− xxxxx  = 23223 36363 xxxxxx ++−−+  = xxx 664 23 −+  = ( )3322 2 −+ xxx  

i.  Given 3
15
x

xy −= , then 
dx
dy  = 








− 3

15
x

x
dx
d  = ( )35 −− xx

dx
d  = 35 −− x

dx
dx

dx
d  = 1335 −−+ x  = 435 −+ x  = 4

35
x

+  

j.  Given ( )( )
2

31
x

xxy +−
=  = 2

2 33
x

xxx −−+  = ( )
2

2 313
x

xx −−+  = 2

2 32
x

xx −+ , then 
dx
dy  = 











 −+
2

2 32
x

xx
dx
d   

= 
( ) ( )

4

2222 3232

x

x
dx
dxxxx

dx
dx 




 −+−




 −+
 = ( )[ ] ( )[ ]

4

22 23222
x

xxxxx ⋅−+−+⋅  = 4

2323 64222
x

xxxxx +−−+   

= 4

2 62
x

xx +−  = ( )
34

32
=/
−/−

x
xx  = ( )

3
32

x
x −

−  

k.  Given 
33

1 2 xxxxy −
=







 −
= , then 

dx
dy  = 









 −
3

2 xx
dx
d  = 

( ) ( )
2

22

3

33 



 ⋅−−



 −⋅

dx
dxxxx

dx
d

 = 
( )[ ] ( )[ ]

9

0123 2 ⋅−−−⋅ xxx
  

= ( )
9

0123 −−x  = ( )
39
123

=/
−/ x  = 

3
12 −x  

l.  Given ( ) 12 3 −+= xxy , then 
dx
dy  = ( )[ ]12 3 −+xx

dx
d  = ( ) ( ) 



 ++



 + −− 1221 33 x

dx
dxx

dx
dx  = ( )[ ] ( )( )[ ]221 323 −− +−⋅+⋅+ xxxx   

= ( ) ( ) 221 332 −− +−+ xxxx  = 
( )2

2

33
2

+
−

+ x
x

x
x  

m.  Given 





 −








+
=

5
3

1
x

x
xy , then 

dx
dy  = 






 −









+
+








+






 −

5
3

115
3 x

dy
d

x
x

x
x

dx
dx  = 

( ) ( )

( )21

11

5
3

x

x
dx
dxx

dx
dxx

+

+−+
⋅

−   

( ) ( )
25

5335

1
dx
dxx

dx
d

x
x −−−

⋅
+

+  = ( )[ ] [ ]
( )

[ ] ( )[ ]
25

0315
11

111
5

3
2

⋅−−⋅
⋅

+
+

+

⋅−⋅+
⋅

− x
x

x
x

xxx  = 
( )

5
2 52

5
11

1
5

3
//
/

⋅
+

+
+

/−+/⋅
−

x
x

x
xxx   

= 
( ) 5

1
11

1
5

3
2 ⋅

+
+

+
⋅

−
x

x
x

x  = 
( ) ( )x

x
x

x
+

+
+

−
1515

3
2  
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n.  Given 







−
+=

1
113

x
xy  = 

1

3
3

−
+

x
xx , then 

dx
dy  = 











−
+

1

3
3

x
x

dx
dx

dx
d  = 

( ) ( )

( )2

33

2

1

11
3

−






 −−




 −
+

x

x
dx
dxx

dx
dx

x   

= 
( )[ ] [ ]

( )2
32

2

1

131
3

−

⋅−⋅−
+

x

xxx
x  = 

( )2
323

2

1
333
−

−−
+

x
xxxx  = 

( )2
23

2

1
323

−

−
+

x
xxx  = ( )

( )2
2

2

1
323

−

−
+

x
xxx  

o.  Given 







+
−

=
13
121

x
x

x
y  = 

xx
x
+

−
23

12 , then 
dx
dy  = 









+

−

xx
x

dx
d

23
12  = 

( ) ( ) ( ) ( )
( )22

22

3

312123

xx

xx
dx
dxx

dx
dxx

+






 +−−




 −+
  

= 
( )[ ] ( ) ( )[ ]

( )22

2

3

161223

xx

xxxx

+

+⋅−−⋅+
 = ( )

( )22

22

3

1621226

xx

xxxxx

+

−−+−+  = ( )22

22

3

1621226

xx

xxxxx

+

++//−−//+  = 
( )22

2

3

166

xx

xx

+

++−  

p.  Given 
bx

cbxaxy ++
=

2
, then 

dx
dy  = 









 ++
bx

cbxax
dx
d 2

 = 
( ) ( )

( )2

22

bx

bx
dx
dcbxaxcbxax

dx
dbx 




 ++−




 ++
 = ( )

( )2
2
bx

baxbx +⋅   

( )
( )2

2

bx
bcbxax ⋅++−  = 22

22222
xb

bcxbabxxbabx −//−−//+ //
 = 22

2

xb
bcabx −  = ( )

212

2

xb
caxb

=/
−/  = 2

2

bx
cax −  

q.  Given 
3
2

4

3

−

−
=

x
xy , then 

dx
dy  = 











−

−

3
2

4

3

x
x

dx
d  = 

( ) ( ) ( ) ( )
( )24

4334

3

3223

−






 −−−




 −−

x

x
dx
dxx

dx
dx

 = 
( )[ ] ( )[ ]

( )24

3324

3

4233

−

⋅−−⋅−

x

xxxx
  

= ( )24

3626

3

8493

−

+−−

x

xxxx  = 
( )24

236

3

98

−

−+−

x

xxx  

r.  Given 
( )21

5
x
xy

+
= , then 

dx
dy  = 

( ) 










+ 21
5

x
x

dx
d  = 

( ) ( )

( )4

22

1

1551

x

x
dx
dxx

dx
dx

+






 +−




 +
 = 

( )[ ] ( )[ ]
( )4

2

1

12551

x

xxx

+

+⋅−⋅+
  

= ( ) ( )
( )4

2

1
110125

x
xxxx

+

+−++  = 
( )4

22

1
10015015

x
xxxx

+

−///−+///+  = 
( )4

2

1
55

x
x
+

+−  

2.  Find the derivative of the following functions: 

a.  ( )tt
dt
d 53 2 +  = ( ) ( )t

dt
dt

dt
d 53 2 +  = ( ) ( ) 1112 1523 −− ⋅+⋅ tt  = 056 tt +  = 56 +t  

b.  ( )256 3 −+ xx
dx
d  = ( ) ( ) ( )256 3 −++

dx
dx

dx
dx

dx
d  = ( ) ( ) 01536 1113 +⋅+⋅ −− xx  = 02 518 xx +  = 518 2 +x  

c.  ( )52 23 ++ uu
du
d  = ( ) ( ) 52 23

du
du

du
du

du
d

++  = ( ) 0223 1213 +⋅+ −− uu  = uu 43 2 +  

d.  








 +
5

22 tt
dt
d  = 

( ) ( )
2

22

5

5225 




 ⋅+−




 +⋅
dt
dtttt

dt
d

 = 
( )[ ] ( )[ ]

25
02225 2 ⋅+−+⋅ ttt

 = ( )
25

0225 −+t  = ( )

5
52

225
//
+/ t  = 

5
22 +t  or,  










 +
5

22 tt
dt
d  = ( )tt

dt
d 2

5
1 2 +  = 






 + t

dt
dt

dt
d 2

5
1 2  = ( )22

5
1

+t  = 
5

22 +t  

e.  








 −+
2

3 13
s

ss
ds
d  = 

( ) ( )
4

2332 1313

s

s
dt
dssss

dt
ds 



 ⋅−+−




 −+⋅
 = 

( )[ ] ( )[ ]
4

322 21333

s

sssss ⋅−+−+⋅
 = 4

2424 26233
s

sssss +−−+  
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4

24 23
s

sss +−  = ( )
34

3 23
=/

+−/
s

sss  = 3

3 23
s

ss +−  

f.  










+
+

w
ww

dw
d

1

2
3  = 











+
+

w
w

dw
dw

dw
d

1

2
3  = 

( ) ( )

( )2

22

2

1

11
3

w

w
dt
dww

dw
dw

w
+






 +⋅−




 ⋅+
+  = 

( )[ ] [ ]
( )2

2
2

1

121
3

w

www
w

+

⋅−⋅+
+   

= 
( )2

22
2

1
223

w
wwww

+

−+
+  = 

( )2
2

2

1
23

w
www

+

+
+  

g.  ( )( )[ ]31 22 −+ ttt
dt
d  = ( )( )[ ]3223 −+ ttt

dt
d  = ( ) ( ) ( ) ( )33 223232 −+++− t

dt
dtttt

dt
dt  = ( ) ( ) ( ) tttttt 2233 2322 ⋅+++⋅−   

= 34234 226923 tttttt ++−−+  = tttt 6945 234 −−+  , or 

( )( )[ ]31 22 −+ ttt
dt
d  = ( )( )[ ]3223 −+ ttt

dt
d  = ( )2345 33 tttt

dt
d

−−+  = 2345 33 t
dt
dt

dt
dt

dt
dt

dt
d

−−+  = tttt 6945 234 −−+  

h.  ( )( )[ ]51 2 ++ xx
dx
d  = ( ) ( ) ( ) ( )




 +++




 ++ 5115 22 x
dx
dxx

dx
dx  = ( )[ ] ( )[ ]xxx 21152 ⋅++⋅+  = xxx 225 22 +++  = 523 2 ++ xx  

or, ( )( )[ ]51 2 ++ xx
dx
d  = ( )5523 +++ xxx

dx
d  = 5523

dx
dx

dx
dx

dx
dx

dx
d

+++  = 523 2 ++ xx  

i.  












+
−

− u
u

u
u

du
d

11

2
 = 








+

−










− u
u

du
d

u
u

du
d

11

2
 = 

( ) ( )

( )

( ) ( )

( )22

22

1

11

1

11

u

u
du
duu

du
du

u

u
du
duu

du
du

+






 +⋅−




 ⋅+
−

−






 −⋅−




 ⋅−
  

= 
( )[ ] [ ]

( )
( )[ ] [ ]

( )22

2

1
111

1

121

u
uu

u

uuu

+

⋅−⋅+
−

−

−⋅−⋅−
 = 

( ) ( )22

22

1
1

1
22

u
uu

u
uuu

+

−+
−

−

+−  = 
( ) ( )22

2

1
1

1
2

uu
uu

+
−

−

−  = ( )
( ) ( )22 1

1
1

2
uu

uu
+

−
−

−  

j.  








 +−
r

rr
dr
d 123 23

 = 
( ) ( )

2

2323 123123

r

r
dr
drrrr

dr
dr 




 ⋅+−−




 +−⋅
 = 

( )[ ] ( )[ ]
2

232 112349

r

rrrrr ⋅+−−−⋅
  

= 2

2323 12349
r

rrrr −+−−  = 2

23 126
r

rr −−  

k.  











−

+ 23

2 1
1

3
ss

s
ds
d  = 








−











+ 23

2 1
1

3
sds

d
s

s
ds
d  = 

( ) ( )
( ) 4

22

23

3223 11

1

1331

s

s
ds
d

ds
ds

s

s
ds
dss

ds
ds 



 ⋅−



 ⋅

−
+





 +⋅−



 ⋅+

  

= 
( )[ ] [ ]

( )
( ) ( )

4

2

23

223
210

1

3361

s
ss

s

ssss ⋅−⋅
−

+

⋅−⋅+
 = ( ) 423

44 20

1

966
s

s

s

sss −
−

+

−+  = ( ) 3423

4 2

1

63
=/
/+

+

+−

s
s

s

ss  = ( )
( ) 323

3 2

1

23
ss

ss
+

+

−
−  

l.  










 +
−

− 2

3 1
1 u

u
u

u
du
d  = 







 +
−











− 2

3 1
1 u

u
du
d

u
u

du
d  = 

( ) ( )

( )

( ) ( )
4

22

2

33 11

1

11

u

u
du
duu

du
du

u

u
du
duu

du
du 




 ⋅+−




 +⋅
−

−






 −⋅−




 ⋅−
  

= 
( )[ ] [ ]

( )
[ ] ( )[ ]

4

2

2

32
211

1

131

u
uuu

u

uuu ⋅+−⋅
−

−

−⋅−⋅−
 = 

( ) 4

22

2

332 22
1

33
u

uuu
u

uuu −−
−

−

+−  = 
( ) 4

2

2

23 2
1

32
u

uu
u

uu −−
−

−

+−   

= ( )
( )

( )
342

2 2
1

32
=/
+/+

−

+−

u
uu

u
uu  = ( )

( ) 32

2 2
1

32
u

u
u

uu +
+

−

−
−  

3.  Find the derivative of the following functions at the specified value. 

a.  ( )13 23 ++ xx
dx
d  = ( ) ( ) ( )13 23

dx
dx

dx
dx

dx
d

++  = ( ) 0233 1213 +⋅+ −− xx  = xx 63 2 +  



Calculus I  Chapter 2 Solutions  

Hamilton Education Guides   411 

at 2=x       ( )13 23 ++ xx
dx
d  = 2623 2 ⋅+⋅  = 1212 +  = 24  

b.  ( )( )[ ]11 2 −+ xx
dx
d  = ( ) ( ) ( ) ( )1111 22 −+++− x

dx
dxx

dx
dx  = ( ) ( ) xxx 21112 ⋅++⋅−  = xxx 221 22 ++−  = 123 2 −+ xx  

at 1=x       ( )( )[ ]11 2 −+ xx
dx
d  = ( ) ( ) 11213 2 −⋅+⋅  = 123 −+  = 4  

c.  ( )[ ]13 2 −ss
ds
d  = ( )23 33 ss

ds
d

−  = ( ) ( )23 33 s
ds
ds

ds
d

−+  = ss 69 2 −  

at 0=s       ( )[ ]13 2 −ss
ds
d  = ( ) ( )0609 2 ⋅−⋅  = 0  

d.  












−
+
1
12

t
t

dt
d  = 

( ) ( ) ( ) ( )

( )2

22

1

1111

−






 −+−




 +−

t

t
dt
dtt

dt
dt

 = 
( )[ ] ( )[ ]

( )2
2

1

1121

−

⋅+−⋅−

t

ttt
 = 

( )2
22

1
122

−

−−−

t
ttt  = 

( )2
2

1
12

−

−−

t
tt  

at 1−=t       












−
+
1
12

t
t

dt
d  = ( ) ( )

( )2
2

11
1121

−−

−−⋅−+−  = 
4

121 −+  = 
4
2  = 

2
1  

e.  
( ) 












+ 2

3

1u
u

du
d  = 

( ) ( )

( )4

2332

1

11

+





 +−



 +

u

u
du
duu

du
du

 = 
( )[ ] ( )[ ]

( )4
322

1

1231

+

+⋅−⋅+

u

uuuu
 = 

( )[ ] [ ]
( )4

3422

1

22312

+

+−⋅++

u

uuuuu
  

= 
( )4

34234

1
22363

+

−−++

u
uuuuu  = 

( )4
234

1
34

+

++

u
uuu  at 1=u       

( ) 











+ 2

3

1u
u

du
d  = ( ) ( )

( )4
234

11
13141

+

⋅+⋅+  = 42
341 ++  = 

16
8  = 

2
1  

f.  ( )










 +
2

2

3
1

w
ww

dw
d  = ( )











 +/
=/ 12

2

3
1

w
ww

dw
d  = 











 +
w

w
dw
d

3
12

 = 
( ) ( )

( )2

22

3

3113

w

w
du
dww

du
dw 




 +−




 +
 = 

[ ] ( )[ ]
2

2

9

3123

w

www ⋅+−⋅
  

= 2

22

9
336

w
ww −−  = ( )

2

2

9
13

w
w −  = 2

2

3
1

w
w −   at 2=w       ( )











 +
2

2

3
1

w
ww

dw
d  = ( )2

2

23

12

⋅

−  = 
12
3  = 

4
1  

g.  ( )[ ]32 1 vv
dv
d

+  = ( )35 vv
dv
d

+  = 35 v
dv
dv

dv
d

+  = 24 35 vv +  

at 2−=v       ( )[ ]32 1 vv
dv
d

+  = ( ) ( )24 2325 −⋅+−⋅  = ( ) ( )43165 ⋅+⋅  = 1280 +  = 92  

h.  










+12

3

x
x

dx
d  = 

( ) ( )
( )22

2332

1

11

+





 +−



 +

x

x
dx
dxx

dx
dx

 = 
( )[ ] [ ]

( )22

322

1

231

+

⋅−⋅+

x

xxxx
 = ( )22

424

1

233

+

−+

x

xxx  = ( )22

24

1

3

+

+

x

xx  

at 0=x       










+12

3

x
x

dx
d  = ( )

( )22

24

10

030

+

⋅+  = 21
00 +  = 

1
0  = 0  

i.  























−u
uu

du
d

1

2
3  = 











− u
u

du
d

1

5
 = 

( ) ( )

( )2

55

1

11

u

u
du
duu

du
du

−






 −−




 −
 = 

( )[ ] ( )[ ]
( )2

54

1

151

u

uuu

−

−⋅−⋅−
 = 

( )2
554

1
55

u
uuu

−

+−  = 
( )2

45

1
54

u
uu

−

+−   

at 0=u       























−u
uu

du
d

1

2
3  = ( ) ( )

( )2
45

01
0504

−

⋅+⋅−  = 
1

00 +  = 
1
0  = 0  

4.  Given the functions below find their derivatives at the specified value. 

a.  
dt
ds  given ( ) ( )22 231 ++−= tts , then 

dt
ds  = ( ) ( )22 231 ++− t

dt
dst

dt
ds  = ( ) ( )232322 12 +⋅++ − t

dt
dstt  = ( ) 32322 ⋅++ tt   
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= 12182 ++ tt  = 1220 +t   at 2=t        
dt
ds  = ( ) 12220 +⋅  = 1240 +  = 52  

b.  
dt
dy  given 

t
tty

2
13 23 ++

= , then 
dt
dy  = 

( ) ( )
( )2

2323

2

213132

t

t
dt
dtttt

dt
dt ++−++

 = ( ) ( )
2

232

4
213632

t
ttttt ⋅++−+⋅   

= 2

2323

4
262126

t
tttt −−−+  = 2

23

4
264

t
tt −+  = ( )

2
2

23

4
1322

t
tt

/

−+/  = 2

23

2
132

t
tt −+  

at 1=t       
dt
dy  = 2

23

12
11312

⋅

−⋅+⋅  = 
2

132 −+  = 
2
4  = 2  

c.  
dx
dw  given ( ) xxw 31

22 ++= , then 
dx
dw  = ( ) xx

dx
d 31

22 ++  = ( ) ( ) x
dx
dx

dx
dx 3112 2122 +++

−
 = ( ) 3212 2 +⋅+ xx   

= 344 3 ++ xx   at 1−=x        
dx
dw  = ( ) ( ) 31414 3 +−⋅+−⋅  = 344 +−−  = 5−  

d.  
dx
dy  given ( ) xxxxy 312

232 +++= , then 
dx
dy  = ( ) 



 +++ xxxx

dx
d 312

232  = ( ) x
dx
dxxx

dx
d 312

232 +



 ++   

= ( ) ( ) 31212
232223 ++++++ xx

dx
dxx

dx
dxx  = ( ) ( ) ( ) 312122212 3123223 +




 ++⋅++⋅+



 ⋅++

−
xx

dx
dxxxxxx   

= ( ) ( )( )[ ] 323122122 23223 +++++++ xxxxxxx   at 0=x       
dx
dy  = 300 ++  = 3  

Section 2.4 Solutions - The Chain Rule 

1.  Find the derivative of the following functions.  Do not simplify the answer to its lowest term. 

a.  Given ( )32 2+= xy , then y ′  = ( ) xx 223
132 ⋅+
−

 = ( )22 26 +xx  

b.  Given ( ) 22 1
−

+= xy , then y ′  = ( ) xx 212
122 ⋅+−
−−

 = ( ) 32 14
−

+− xx  

c.  Given ( )53 1−= xy , then y ′  = ( ) 2153 315 xx ⋅−
−

 = ( )432 115 −xx  

d.  Given 
2

2
11 







−=

x
y , then y ′  = 

4

12

2
2112
x

x
x

⋅







−

−

 = 
342

114
=/
/⋅








−

x
x

x
 = 








− 23

114
xx

 

e.  Given 
2

3

3
12
x

xy += , then y ′  = ( ) ( ) ( )
( )22

2
13

3

163032
x

xxx ⋅−⋅
+⋅ −  = 

4
2

9
606

x
xx −

+  = 
34

2

9
66
=/
/−

x
xx  = 3

2

3
26
x

x −  

f.  Given 
4

3

21









 +
=

x
xy , then y ′  = 

[ ] ( )[ ]
6

22314

3

2 13214
x

xxxx

x
x +−⋅

⋅








 +
−

 = 6

4243

3

2 33214
x

xxx
x

x −−
⋅









 +
 = 

3

3

214 








 +

x
x   

⋅ 6

24 3
x

xx −− = ( )
46

223

3

2 314 =/

/ +−
⋅









 +

x
xx

x
x  = 









 +









 +
− 4

23

3

2 314
x

x
x

x  

g.  Given 
3

2
3

1







 +
=

xxy , then y ′  = 











⋅⋅






 +

+

















 +
⋅

−
− 2

133
12

3
1

3
13

3
12 xxxx  = 

2
2

3

3
1

3
12 







 +
+







 + xxxx  

h.  Given ( )[ ]32 21 xxxy ++=  = ( )[ ]32 212 xxxx +++  = ( )323 22 xxxx +++  = ( )323 32 xxx ++ , then y ′  = ( ) 1323 323
−

++ xxx   

⋅ ( )343 2 ++ xx  = ( ) ( )343323 2223 ++++ xxxxx  

i.  Given 
1

32
3

−








 −= xxy , then y ′  = ( ) 






 ⋅−⋅





 −− −

−−
13

11
3 32

3
12

3
xxx  = 







 −






 −−
−

2
2

3 6
3
12

3
xxx  
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j.  Given ( )423 13 ++= xxy , then y ′  = ( ) ( )( )0233134 12131423 +⋅+⋅++ −−−
xxxx  = ( ) ( )xxxx 63134 2323 +++  

k.  Given 
3

2

2

1 










+
=

t
ty , then y ′  = 

( )[ ] [ ]
( )22

2213

2

2

1

212

1
3

t

tttt

t
t

+

⋅−+⋅
⋅











+

−

 = ( )22

332

2

2

1

222
1

3
t

ttt
t

t

+

//−//+
⋅











+

//
 = ( ) ( )2222

4

1

2

1

3

t

t

t

t

+
⋅

+
  

= ( ) ( )2222

4

11

23

tt

tt

+⋅+

⋅  = ( ) 222

14

1

6
+

+

+ t

t  = 
( )42

5

1

6

t

t

+
 

l.  Given ( ) 121
−−+= xy , then y ′  = ( ) 12112 21 −−−−− −⋅+− xx  = ( ) 223 12

−−− + xx  = 
( )223 1

2
−+ xx

 

m.  Given ( )
3

21
x

xy
−+

= , then y ′  = 
( )[ ] ( )[ ]

6

213312 13112

x

xxxx −−−− +⋅−⋅⋅+−
 = 

( )[ ] ( )[ ]
6

2233 1312

x

xxxx −− +−+−
 

n.  Given 
xx

y 1
1

1 2

3 +








−
= , then y ′  = ( ) 223

212

3
1

1

3
1

12
xx

x
x

−














−
⋅









−

−

 = ( ) 223

2

3
1

1

6
1

1
xx

x
x

−














−
⋅







−

 = 
( ) 233

2 1

1

6
xx

x
−

−
 

o.  Given 2
3

3

2
x

x
xy −
+

= , then y ′  = 
( )[ ] [ ]
( )

12
23

32313

2
2

323 −
−

−
+

⋅−+⋅
x

x

xxxx
 = ( )

( ) x
x

xxx 2
2

323
23

532
−

+

−+  = ( ) x
x

xxx 2
2

363
23

525
−

+

//−+// //
  

= ( ) 1
2

2

6
23

2 x

x

x
−

+
 = ( )

( )23

232

2

226

+

+−

x

xxx  

2.  Find the derivative of the following functions at 0=x , 1=x , and 1−=x . 

a.  Given ( )53 1+= xy , then y ′  = ( ) 2153 315 xx ⋅+
−

 = ( )432 115 +xx .  Therefore,  

( )0y′  = ( ) ( )432 10015 +⋅  = 410 ⋅  = 10 ⋅  = 0  

( )1y′  = ( ) ( )432 11115 +⋅  = 4215⋅  = 4215⋅  = 1615⋅  = 240  and  

( )1−′y  = ( )[ ] ( )[ ]432 11115 +−−⋅  = ( )41115 +−⋅  = 4015 ⋅  = 015 ⋅  = 0  

b.  Given ( )423 13 −+= xxy , then y ′  = ( ) ( )xxxx 63134 21423 +−+
−

 = ( ) ( )21312
323 +−+ xxxx .  Therefore,  

( )0y′  = ( )( ) ( )201030012
323 +−⋅+⋅  = ( ) 21.0 3 ⋅− = 0  

( )1y′  = ( )( ) ( )211131112
323 +−⋅+⋅  = ( ) 313112 3 ⋅−+⋅  = 32712 ⋅⋅  = 972  and  

( )1−′y  = ( ) ( ) ( )[ ] ( )211131112
323 +−−−⋅+−−⋅  = ( )313112 −+−−  = ( )33212 +−−  = 3112 ⋅− = 112 ⋅−  = 12−  

c.  Given 
2

1








+
=

x
xy , then y ′  = ( )

( )2
12

1
111

1
2

+

⋅−+⋅
⋅








+

−

x
xx

x
x  = 

( )21
1

1
2

+
/−+/⋅








+ x
xx

x
x  = 

( )21
1

1
2

+
⋅







+ xx
x  = 

( )31
2
+x
x .  Thus,  

( )0y′  = 
( )310

02
+

⋅  = 31
0  = 

1
0  = 0  

( )1y′  = 
( )311

12
+

⋅  = 32
2  = 

8
2  = 

4
1  = 25.0  and  

( )1−′y  = 
( )311

12
+−

−⋅ = 30
2−  = 

0
2

−  which is undefined due to division by zero 

d.  Given ( )22 1+= xxy , then y ′  = ( ) ( ) 



 ⋅++



 +⋅

−
xxx 21211

12222  = ( ) ( )141 222 +++ xxx .  Therefore,  

( )0y′  = ( ) ( )( )100410 222 +⋅++  = 012 +  = 1  
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( )1y′  = ( ) ( )( )111411 222 +⋅++  = 2422 ⋅+  = 84 +  = 12  and  

( )1−′y  = ( )[ ] ( ) ( )[ ]111411 222 +−−⋅++−  = ( ) ( )11411 2 +⋅−+  = 2422 ⋅−  = 84 − = 4−  

e.  Given ( )323 12 ++= xxy , then y ′  = ( ) xxx 21323
13213 ⋅+⋅+
−−  = ( )222 1123 ++ xxx .  Therefore,  

( )0y′  = ( )( )222 1001203 +⋅+⋅  = 21003 ⋅+⋅  = 00 +  = 0  

( )1y′  = ( )( )222 1111213 +⋅+⋅  = 22123 ⋅+  = 4123 ⋅+  = 483+  = 51  and  

( )1−′y  = ( ) ( ) ( )[ ]222 1111213 +−−⋅+−⋅  = ( )2111213 +⋅−⋅  = 22123 ⋅−  = 4123 ⋅−  = 483−  = 45−  

f.  Given 
3

2

2

1 










+
=

x
xy , then y ′  = 

( )[ ] [ ]
( )22

2213

2

2

1

212

1
3

x

xxxx

x
x

+

⋅−+⋅
⋅











+

−

 = ( )22

332

2

2

1

222
1

3
x

xxx
x

x

+

−+
⋅











+
  

= ( ) ( )2222

4

1

2

1

3

x

x

x

x

+
⋅

+
 = ( )

( ) 222

14

1

23
+

+

+

⋅

x

x  = ( )42

5

1

6

x

x

+
.  Therefore,  

( )0y′  = ( )42

5

01

06

+

⋅  = 41
0  = 

1
0  = 0  

( )1y′  = ( )42

5

11

16

+

⋅  = 42
6  = 

16
6  = 

8
3  = 375.0  and  

( )1−′y  = ( )

( )[ ]42

5

11

16

−+

−⋅  = 
( )411

16
+

−⋅  = 42
6

−  = 
16
6

−  = 
8
3

−  = 375.0−  

g.  Given 
5

2 1









+
=

x
xy , then y ′  = 

( )[ ] [ ]
( )22

215

2
1

211

1
5

+

⋅−+⋅
⋅









+

−

x

xxx

x
x  = ( )22

224

2
1

21
1

5
+

−+
⋅









+ x

xx
x

x  = ( ) ( )22

2

42

4

1

1

1

5

+

−
⋅

+ x

x

x

x   

= ( )
( ) 242

24

1

15
+

+

−

x

xx  = ( )
( )62

24

1

15

+

−

x

xx .  Therefore,  

( )0y′  = ( )
( )62

24

10

0105

+

−⋅⋅  = 61
10 ⋅  = 

1
0  = 0  

( )1y′  = ( )
( )62

24

11

1115

+

−⋅⋅  = ( )
62

115 −⋅  = 
64

05 ⋅  = 
64
0  = 0  and  

( )1−′y  = ( ) ( )( )
( )( ) 62

24

11

1115

+−

−−⋅−⋅  = ( )
( )611

1115
+

−⋅⋅  = 62
05 ⋅  = 

64
0  = 0  

h.  Given ( )
2

32 11
x

xy ⋅+=  = ( )
2

32 1
x

xy +
= , then y ′  = 

( ) ( )
4

322132 12213

x

xxxxx 



 +⋅−



 ⋅⋅+

−

 = ( ) ( )
4

32223 1216
x

xxxx +−+   

= 
( ) ( )[ ]

34

2222 1312
=/

+−+/

x

xxxx
 = 

( ) ( )
3

2222 1312

x

xxx −−+
 = 

( ) ( )
3

222 1212

x

xx −+
.  Therefore,  

( )0y′  = ( ) ( )
3

222

0
102102 −⋅⋅+  = ( )

0
1012 2 −⋅⋅  = 

0
12 −⋅  = 

0
2

−  which is undefined due to division by zero 

( )1y′  = ( ) ( )
3

222

1
112112 −⋅⋅+  = ( )

1
1222 2 −⋅⋅ = 

1
142 ⋅⋅  = 

1
8  = 8  and  

( )1−′y  = 
( )[ ] ( )[ ]

( )3
222

1

112112

−

−−⋅⋅+−
 = ( ) ( )

1
112112 2

−
−⋅⋅+  = ( )

1
1222 2

−
−⋅⋅  = 

1
142

−
⋅⋅  = 

1
8

−  = 8−  
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i.  Given x
x
xy 5

1

23
+











−
= , then y ′  = 

( )[ ] [ ]
( )

5
1

113

1
2 2

32123
+

−

⋅−−⋅
⋅











−

−

x

xxx

x
x  = 

( )
5

1
33

1
2 2

3233
+











−

−−
⋅










− x
xxx

x
x   

= 
( )

5
1
32

1
2

2

233
+

−

−
⋅

− x
xx

x
x  = ( )

( )
5

1
32

1
2

2

23
+

−

−
⋅

− x
xx

x
x  = ( )

( ) ( )
5

11
322
2

2323
+

−−

−⋅

xx
xxxx  = ( )

( )
5

1
322

21

23
+

−

−
+

+

x
xx = ( )

( )
5

1
322

3

5
+

−

−

x
xx .  Therefore, 

( )0y′  = ( )
( )

5
10

30202
3

5
+

−

−⋅⋅⋅  = ( ) 5
1

300
3 +
−⋅  = 5

1
0
+  = 50 +  = 5  

( )1y′  = ( )
( )

5
11

31212
3

5
+

−

−⋅⋅⋅  = ( ) 5
0

322
3 +
−⋅  = 5

0
12
+

−⋅  = 5
0
2
+−  which is undefined due to division by zero and  

( )1−′y  = ( ) ( )[ ]
( )

5
11

31212
3

5
+

−−

−−⋅⋅−⋅  = 
[ ]

( )
5

2

3212
3 +

−

−−⋅−⋅
 = 5

8
52
+

−
−⋅−  = 5

8
10

+  = 5
4
5
+  = 525.1 +  = 25.6  

3.  Use the chain rule to differentiate the following functions. 

a.  ( )










 +
2

31

t

t
dt
d  = 

( ) ( )
4

2332 11

t

t
dt
dtt

dt
dt 




 ⋅+−




 +⋅
 = 

( )[ ] ( )[ ]
4

322 2113

t

tttt ⋅+−+⋅
 = ( ) ( )

4

322 1213
t

tttt +−+  = ( ) ( )[ ]
34

2 1231
=/

+−+/
t

tttt   

= ( ) ( )
3

2 2231
t

ttt −−+  = ( ) ( )
3

2 21
t

tt −+  

b.  ( )












 +
4

32

3
1

u
u

du
d  = 

( ) ( )
( )24

432324

3

3113

u

u
du
duu

du
du 



 +−



 +

 = 
( ) ( ) ( )

8

14321324

9

14312133

u

uuuuu 



 ⋅⋅⋅+−



 ⋅+⋅ −−

  

= ( ) ( )
8

323225

9
112118

u
uuuu +−+  = 

( ) ( )[ ]
58

22223

9

12316
=/

/ +−+

u

uuuu
 = ( ) ( )

5

2222

3
22312

u
uuu −−+  = ( ) ( )

5

222

3
212

u
uu −+  

c.  ( )
( ) 












−

+
2

3

1
12

x
x

dx
d  = 

( ) ( ) ( ) ( )

( )4

2332

1

112121

x

x
dx
dxx

dx
dx

−






 −+−




 +−
 = 

( ) ( )[ ] ( ) ( )[ ]
( )4

123132

1

1121221231

x

xxxx

−

−⋅−⋅+−⋅+⋅− −−

  

= ( ) ( ) ( ) ( )
( )4

322

1
11221216

x
xxxx

−

−+++−  = ( )( ) ( ) ( )[ ]
( ) 34

2

1
12131212

=/−

++−+/−/

x
xxxx  = ( ) ( )

( )3
2

1
4122

x
xx

−

−+  

d.  ( ) ( ) 



 +− 323 121 xx

dx
d  = ( ) ( ) ( ) ( ) 



 +−+



 −+ 323233 121112 x

dx
dxx

dx
dx  = ( ) ( ) 



 ⋅−⋅+

− 21233 31212 xxx   

( ) ( ) 



 ⋅+⋅−+ − 21231 1323 xx = ( ) ( )[ ] ( ) ( ) 



 +−+−+ 223332 12161126 xxxxx  = ( ) ( ) ( ) ( )[ ]1121126 3232 −++−+ xxxxx   

= ( ) ( ) ( )121126 32332 −++−+ xxxxx  = ( ) ( ) ( )131126 2332 −+−+ xxxx  

e.  
2

2
3

6
1










+
−

s
s

ds
d  = 









+
−⋅









+
−

−

6
1

6
12 2

3
12

2
3

s
s

ds
d

s
s  = 









+
−⋅









+
−

6
1

6
12 2

3
2

3

sds
ds

ds
d

s
s  = 









+
−

6
12 2

3

s
s   

( ) ( ) ( )
( )



















+

+⋅−⋅+
−⋅ −

22

22
13

6

6116
3

s

s
ds
d

ds
ds

s  = ( ) 













+

−
−⋅









+
− 22

2
2

3

6

203
6

12
s

ss
s

s  = 
( ) 














+
+⋅









+
−

22

2
2

3

6

23
6

12
s

ss
s

s  

f.  ( )














+

−

1
1

2

32

t
t

dt
d  = 

( ) ( ) ( ) ( )
( )22

232322

1

1111

+






 +−−




 −+

t

t
dt
dtt

dt
dt

 = 
( ) ( ) ( )

( )22

321322

1

212131

+





 ⋅−−



 ⋅−⋅+

−

t

ttttt
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= 
( ) ( ) ( )

( )22

32222

1

12116

+





 −−



 −+

t

ttttt
 = 

( ) ( ) ( )[ ]
( )22

2222

1

11312

+

−−+−

t

tttt
 = 

( ) [ ]
( )22

2222

1

13312

+

+−+−

t

tttt
 = ( ) ( )

( )22

222

1

214

+

+−

t

ttt  

g.  ( )



















+
+

232
1

11
u

u
du
d  = ( )

( ) 











+
+ 2

32

1
11

u
u

du
d  = ( )

( ) 













+

+
2

32

1
1

u
u

du
d  = 

( ) ( ) ( ) ( )

( )4

232322

1

1111

+






 ++−




 ++

u

u
du
duu

du
du

  

= 
( ) ( ) ( ) ( )

( )4

12321322

1

1212131

+





 +⋅+−



 ⋅+⋅+ −−

u

uuuuu
 = 

( ) ( ) ( ) ( )

( )4

32222

1

112116

+





 ++−



 ++

u

uuuuu
  

= ( )( ) ( ) ( )[ ]
( ) 34

222

1
113112

=/+

+−++/+/
u

uuuuu  = ( ) ( )
( )3

2222

1
13312

+

−−++

u
uuuu  = ( ) ( )

( )3
222

1
13212

+

−++

u
uuu  

h.  
( )

2

3

2

1
3












−

+

θ

θ
θd
d  = 

( ) ( ) 











−

+
⋅













−

+
−

3

212

3

2

1
3

1
32

θ
θ

θθ
θ

d
d  = 

( )

( ) ( ) ( ) ( )

( )6

3223

3

2

1

1331

1
32

−






 −+−




 +−
⋅













−

+

θ

θ
θ

θθ
θ

θ

θ
θ d

d
d
d

  

= ( )
( )

( )[ ] ( ) ( )[ ]
( )6

223

3

2

1

13321

1
32

−

−⋅+−⋅−
⋅

−

+

θ

θθθθ

θ
θ  = ( )

( )
( ) ( )( )

( )6
223

3

2

1
13312

1
32

−

−+−−
⋅

−

+

θ
θθθθ

θ
θ  = ( )

( )
( ) ( ) ( )[ ]

( ) 46

22

3

2

1

33121

1
32

=/

/

−

+−−−
⋅

−

+

θ

θθθθ

θ
θ   

= ( )
( )

( ) ( )[ ]
( )4

2

3

2

1

3312

1
32

−

+−−
⋅

−

+

θ

θθθ

θ
θ  = ( ) ( )

( ) 43

222

1
932232

+−

−−−⋅+

θ
θθθθ  = ( ) ( )

( )7

22

1
9232

−

++⋅+−

θ
θθθ  

i.  
( ) 














+
32

7

2rr

r
dr
d  = 

( ) ( )
( )62

327732

2

22

rr

rr
dr
drr

dr
drr

+

+−+
 = 

( ) ( ) ( )
( )62

212271732

2

22372

rr

rr
dr
drrrrrr

+





 +⋅+⋅−



 ⋅+

−−

  

= 
( ) ( ) ( )[ ]

( )62

27326

2

222327

rr

rrrrrrr

+

+⋅+⋅−+
 = 

( ) ( ) ( )[ ]
( )62

7326

2

122327

rr

rrrrrrr

+

+⋅+⋅−+
= ( ) ( )( )

( )62

8326

2

12627

rr

rrrrrr

+

++−+  

4.  Given the following y  functions in terms of u , find y ′ . 

a.  Given 12 2 −= uy  and 1−= xu , then ( ) 112 2 −−= xy  and y ′  = ( ) 0122 12 −−⋅ −x  = ( )14 −x  

b.  Given 
1−

=
u

uy  and 3xu = , then 
13

3

−
=

x
xy  and y ′  = 

( )[ ] [ ]
( )23

313313

1

313

−

⋅−−⋅ −−

x

xxxx
 = 

( )[ ] [ ]
( )23

3232

1

313

−

⋅−−

x

xxxx
  

= ( )23

525

1

333

−

/−−/ //

x

xxx  = 
( )23

2

1

3

−
−

x

x  

c.  Given 21 u
uy
+

=  and 12 += xu , then ( )22

2

11

1

++

+
=

x

xy  and y ′  = 
( ) ( ) ( )

( ) 222

212222

11

1212112





 ++





 +⋅⋅+−



 ++⋅

−

x

xxxxx
  

= 
( ) ( ) ( )[ ]

( ) 222

2222

11

114122





 ++

+⋅+−



 ++

x

xxxxxx
 = ( ) ( )

( ) 222

2222

11

14122





 ++

+−++

x

xxxxx  = ( )
( ) 222

22

11

122





 ++

+−

x

xxx  = 
( )

( ) 222

22

11

112





 ++





 +−

x

xx
 

d.  Given 
2
12 −= uy  and 4xu = , then 

2
18 −= xy  and y ′  = 08 18 −−x  = 78x  
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e.  Given 4uy =  and 
21

1
x

u
−

= , then ( )421

1

x
y

−
=  and y ′  = 

( ) ( )
( )82

14242

1

121410

x

xxx

−





 ⋅−⋅−−



 −⋅

−

 = ( )
( )82

32

1

180

x

xx

−

−+   

= ( )
( ) 582

32

1

18
=/

/

−

−

x

xx  = 
( )521

8

x

x

−
 

f.  Given 
( )3

2

1+
=

u
uy  and 1−= xu , then ( )

( )
( )

3

2

3

2 1
11

1
x

x
x

xy −
=

+−

−
=  and y ′  = 

( )[ ] ( )[ ]
6

22312 1312

x

xxxx −⋅−⋅− −

  

= ( ) ( )
6

223 1312
x

xxxx −−−  = ( ) ( )[ ]
46

2 1321
=/

/ −−−

x
xxxx  = ( ) ( )

4
3321

x
xxx +−−  = ( ) ( )

4
31

x
xx +−−  

Section 2.5 Solutions - Implicit Differentiation 

Use implicit differentiation method to solve the following functions. 

a.  Given yxyx =+2 , then ( ) ( )y
dx
dxyx

dx
d

=+2  ; ( ) yyxyx ′=+′⋅+⋅ 12 2  ; yxyyx ′−′=+ 212  ; ( )2112 xyyx −′=+   

; 21
12

x
yxy
−

+
=′  

b.  Given 03 2 =+− yxyx , then ( ) ( )03 2
dx
dyxyx

dx
d

=+−  ; ( ) 061 =′+−′⋅+⋅ yxyxy  ; yyxxy ′−′−=− 6  ; ( )16 +′−=− xyxy   

; y
x

xy ′−=
+
−

1
6  ; 

1
6
+
−

−=′
x

xyy  ; 
1

6
+
−

=′
x

yxy  

c.  Given 322 3yyyx =+ , then ( ) ( )322 3y
dx
dyyx

dx
d

=+  ; ( ) yyyxyyyx ′=′+⋅′+⋅ 222 922  ; yyyyyxyx ′−′=′+ 222 922   

; yyxyyyyx ′−′−′= 222 292  ; ( )yxyyyx 222 2192 −−′=  ; 
yxy

yxy 22

2

219
2

−−
=′  

d.  Given xyyx 53 =+ , then ( ) ( )x
dx
dyyx

dx
d 53 =+  ; ( ) 531 2 =′⋅+⋅′+⋅ yyxyy  ; 53 2 =′+′+ yyxyy  ; yyyyx −=′+′ 53 2   

; ( ) yyxy −=+′ 53 2  ; 23
5

yx
yy

+

−
=′  

e.  Given 124 244 −=+ yyyx , then ( ) ( )124 244 −=+ y
dx
dyyx

dx
d  ; ( ) yyyxyyyx ′=′+⋅′+⋅ 4444 4343  ; yyxyx ′+ 3443 1616   

yyy ′=′+4  ; yyyyxyyx ′−′−′= 41616 3443  ; ( )yyxyyx 416116 3443 −−′=  ; 
yyx

yxy
4161

16
34

43

−−
=′  

f.  Given 01022 =−+ yxyx , then ( ) ( )01022
dx
dyxyx

dx
d

=−+  ; ( ) ( ) 0221 22 =⋅′+⋅+⋅′+⋅ xyyyxxyy  ; 22 yxxyy +′+   

02 2 =′+ yyx  ; yyxxyyxy ′−′−=+ 22 22  ; ( )yxxyyxy 22 22 +′−=+  ; 
yxx

yxyy 2

2

2
2

+

+
−=′  

g.  Given 22 xyyx =+ , then ( ) ( )22 x
dx
dyyx

dx
d

=+  ; ( ) xyxyyy 221 2 =′+⋅′+⋅  ; 222 yxyxyy −=′+′  ; 
12

2 2

+
−

=′
yx

yxy  

h.  Given xyxyx =+ 33 , then ( ) ( )x
dx
dyxyx

dx
d

=+ 33  ; ( ) ( ) 1331 3223 =⋅′+⋅+⋅′+⋅ xyyxxyyy  ; 133 3223 =′++′+ yxyxyyxy   

; yxyyxyyx 2332 313 −−=′+′  ; ( ) yxyxyxy 2332 313 −−=+′  ; 32

23

3
31

xyx
yxyy

+

−−
=′  

i.  Given xyxy =+ 22
1

, then ( )x
dx
dyxy

dx
d

=







+ 22

1
 ; ( ) 12

2
1 212

1
=⋅′+⋅+′⋅

−
xyyxyy  ; 12

2
1 22

1
=′++′

−
yxyxyy   
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; xyxyy 21
2
1 22

1
−=








+′

−
 ; xyx

y
y 21

2

1 2

2
1 −=
















+′  ; 

2

2
1

21

x
y

xyy
+

−
=′  

j.  Given 4
1

22 yyyx =+ , then ( ) 







=+ 4

1
22 y

dx
dyyx

dx
d  ; ( ) yyyyxyyx ′=′+⋅′+⋅

−12 4
1

4
122  ; yyyyyxyx ′=′+′+

− 4
3

4
122 2   

; yxyyyyyx 2
4
12 4

3
2 −=′−′+′

−
 ; yxyyxy 2

4
12 4

3
2 −=








−+′

−
 ; 

4
3

4
12

2
2 −

−+

−
=′

yyx

yxy  ; 

4 3
2

4

12

2

y
yx

yxy
−+

−
=′  

k.  Given 322 −=+ xyx , then ( ) ( )322 −=+ x
dx
dyx

dx
d  ; xyy 221 =′+  ; 122 −=′ xyy  ; 

y
xy
2

12 −
=′  

l.  Given 324 −=+ yyx , then ( ) ( )324 −=+
dx
dyyx

dx
d  ; ( ) 024 423 =′+⋅′+⋅ yxyyyx  ; 024 423 =′+′+ yyyxyx   

; 234 42 yxyyyx −=′+′  ; ( ) 234 412 yxyxy −=+′  ; 
12

4
4

23

+

−
=′

yx
yxy  

m.  Given 8427 =−− xyxy , then ( ) ( )8427
dx
dxyxy

dx
d

=−−  ; ( ) 01427 2346 =−⋅′+⋅−′ xyyyxyy  ; 1427 3246 =′−−′ yyxyxyy  

; 4326 2147 yxyyxyy +=′−′  ; ( ) 4326 2147 yxyxyy +=−′  ; 326

4

47
21

yxy
yxy

−

+
=′  

n.  Given ( ) xyx −=+ 223 , then ( )[ ] ( )xy
dx
dx

dx
d

−=+ 223  ; ( ) 1232 −′=+ yyx  ; yyx ′=++ 2162  ; 
y

xy
2

72 +
=′  

o.  Given xyyx −=+ 2523 , then ( ) ( )x
dx
dyyx

dx
d

−=+ 2523  ; ( ) 12523 245 −=′+⋅′+⋅ yyxyyyx  ; 12156 425 −=′+′+ yyyyxyx  

; 542 61215 yxyyyyx −−=′+′  ; ( ) 542 61215 yxyyxy −−=+′  ; 
yyx

yxy
215

61
42

5

+

+
−=′  

Section 2.6 Solutions - The Derivative of Functions with Fractional Exponent 

1.  Find the derivative of the following exponential expressions. 

a.  Given 5
1

xy = , then y′  = 
15

1

5
1 −

x  = 5
51

5
1 −

x  = 5
4

5
1 −

x  

b.  Given ( ) 2
3

2
1

44 3 xxy == , then y′  = 
12

3
4

2
3 −
⋅ x  = 2

232
4

2
3 −

/⋅
/

x  = 2
1

6 x  

c.  Given ( )3112 += xy , then y′  = ( ) 212
3
1 13

1
⋅+ −x  = ( ) 3

31
12

3
2 −

+x  = ( ) 3
2

12
3
2 −+x  

d.  Given ( )8112 2 += xy , then y′  = ( ) xx 412
8
1 12 8

1
⋅+

−
 = ( ) 8

81
12

8
4 2

−

+xx  = ( ) 8
7

12
2

2 −
+xx  

e.  Given ( )5
3

32 3 xxy += , then y′  = ( ) ( )3632
5
3 213 5

3
+⋅+

−
xxx  = ( ) ( )12332

5
3 23 5

2
+⋅+

−
xxx  = ( )( ) 5

2
3212

5
9 32 −

++ xxx  

f.  Given ( )3
2

83 += xy , then y′  = ( ) 213 38
3
2 3

2
xx ⋅+

−
 = ( ) 23 38

3
2 3

32
xx /⋅+

/

−

 = ( ) 3
1

82 32 −
+xx  

g.  Given ( ) ( ) ( )312
3

3
1

2
1

13133 −−=−−= xxxxy , then y′  = ( ) 313
3
1

2
3 11

3
1

2
3

⋅−− −−
xx  = ( ) 313

3
1

2
3

3
31

2
23

/⋅−
/

−
−−

xx   

= ( ) 3
2

2
1

13
2
3 −−− xx  

h.  Given ( )8
1

12 += xxy , then y′  = ( ) ( ) 218
1

8
1

1
8
112 xxxx ⋅+++⋅ −  = ( ) ( ) 8

81
8
1

1
8

12
2 −

+++ xxxx  = ( ) ( ) 8
7

8
1

1
8

12
2

−+++ xxxx  
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i.  Given ( ) 2
1

5
2

13 xxy ++= , then y′  = ( ) 1213 2
1

5
2

2
131

5
2 −−

+⋅+ xxx  = ( ) 2
21

5
52

2
11

5
6 32

−−

++ xxx  = ( ) 2
1

5
3

2
11

5
6 32 −−

++ xxx  

j.  Given 
3
2
1

x

xy +
= , then y′  = 

( )

3
4

3
2

3
2

1
3
21

1

x

xxx 







+⋅−








⋅

−

 = 
( )

3
4

3
32

3
2

1
3
2

x

xxx +−
−

 = 
( )

3
4

3
1

3
2

1
3
2

x

xxx +−
−

 

k.  Given ( )
2

2 2
1

1
x

xy +
= , then y′  = 

( ) ( )
4

2212 2
1

2
1

1221
2
1

x

xxxxx 







+⋅−








⋅⋅+

−

 = 

( ) ( )
4

22
3

2
1

2
21

121
2

2

x

xxxx








+⋅−












+

/
/ −

  

= ( ) ( )
4

223 2
1

2
1

121
x

xxxx +−+
−

 

l.  Given ( )
3
1

21

x

xy +
= , then y′  = 

( ) ( )

3
2

3
1

3
1

2112 1
3
112

x

xxxx 







+⋅−








⋅+

−−

 = 
( ) ( )

3
2

3
2

3
1

21
3
112

x

xxxx +−+
−

 

2.  Use the 
dx
d  notation to find the derivative of the following exponential expressions. 

a.  
2

5
1









x

dx
d  = 5

1
5
1 12

2 x
dx
dx ⋅








−

 = 
15

1
5
1

5
12

−
⋅ xx  = 5

4
5
1

5
2 −

⋅ xx  = 5
4

5
1

5
2 −

x  = 5
3

5
2 −

x  , or  

     
2

5
1









x

dx
d  = 5

2
x

dx
d  = 

15
2

5
2 −

x  = 5
52

5
2 −

x  = 5
3

5
2 −

x  

b.  ( )2
1

1−x
dx
d  = ( ) ( )11

2
1 12

1
−⋅− − x

dx
dx  = ( ) 11

2
1

2
1
⋅− −x  = ( ) 2

1
1

2
1 −−x  

c.  ( )3112 +x
dx
d  = ( ) ( )11

3
1 212 3

1
+⋅+

−
x

dx
dx  = ( ) xx 21

3
1 3

31
2 ⋅+

−

 = ( ) 3
2

1
3

2 2 −
+xx  

d.  ( ) 4
1

13 −
+x

dx
d  = ( ) ( )11

4
1 313 4

1
+⋅+−

−−
x

dx
dx  = ( ) 23 31

4
1 4

41
xx ⋅+−

−−

 = ( ) 4
5

1
4

3 3
2 −

+− xx  

e.  ( )












 −
2

2
1

1
x

x
dx
d  = 

( ) ( )
4

22 2
1

2
1

11

x

x
dx
dxx

dx
dx 




 −−




 −
 = 

( ) ( )
4

12 211
2
1

2
1

2
1

x

xxxx 



 ⋅−−



 −⋅ −

 = 
( ) ( )

4

2
2
1

2
1

121
2

x

xxxx
−−− −

 

f.  ( )8123 xx
dx
d

+  = ( ) ( )xx
dx
dxx 22

8
1 313 8

1
+⋅+

−
 = ( ) ( )232

8
1 23 8

7
+⋅+

−
xxx  = ( ) 8

7
2

8
23 3

2 −
+









 + xxx  

g.  ( )( ) 







+ 3

1
23 1 xx

dx
d  = ( ) 








+ 3

2
13 xx

dx
d  = ( ) ( ) 








⋅++








+⋅ 3

2
3
2

11 33 x
dx
dxx

dx
dx  = ( ) 








⋅++








⋅

−132 3
2

3
2

3
213 xxxx   

= ( ) 3
1

3
2

1
3
23 32 −+

⋅++ xxx  = ( )1
3

23 33
1

3
8

+⋅+
−

xxx  

h.  
( ) 
















+
⋅

2
1

1

1

2

3

x
x

dx
d  = 

( ) 















+ 2
1

12

3

x

x
dx
d  = 

( ) ( )
1

11

2

2332 2
1

2
1

+









+⋅−








⋅+

x

x
dx
dxx

dx
dx

 = 
( ) ( )

1

21
2
131

2

12322 2
1

2
1

+









⋅+⋅−








⋅+

−

x

xxxxx
  

= 
( ) ( )

1

113

2

2422 2
21

2
1

+









+−








+

−

x

xxxx
 = 

( ) ( )
1

113

2

2422 2
1

2
1

+












+−












+

−

x

xxxx
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i.  
( ) 
















+ 3
2

13

5

x

x
dx
d  = 

( ) ( )
( )34

3
2

3
2

1

11

3

3553

+









+⋅−








⋅+

x

x
dx
dxx

dx
dx

 = 
( ) ( )

( )34
3
2

3
2

1

31
3
251

3

213543

+









⋅+⋅−








⋅+

−

x

xxxxx
  

= 

( ) ( )

( )34
3

32
3
2

1

1
3

215

3

3
7

34

+












+−








+

−

x

xxxx

 = 
( ) ( )

( ) 3
4

3
1

3
2

1

1215

3

3734

+












+−












+

−

x

xxxx
 

j.  ( ) ( ) 



 +− 3

1
2
1

11 xx
dx
d  = ( ) ( ) ( ) ( ) 



 +−+



 −+ 3

1
2
1

2
1

3
1

1111 x
dx
dxx

dx
dx  = ( ) ( ) ( ) ( ) 



 +⋅−+



 −⋅+ −− 11 3

1
2
1

2
1

3
1

1
3
111

2
11 xxxx   

= ( ) ( ) ( ) ( ) 



 +⋅−+



 −⋅+

−−
3
31

2
1

2
21

3
1

11
3
111

2
1 xxxx  = ( ) ( ) ( ) ( ) 







 +−+






 −+ −−
3
2

2
1

2
1

3
1

11
3
111

2
1 xxxx  

k.  ( ) 







+ 2

1
123 xx

dx
d  = ( ) ( ) 








++








+ 2

1
2
1

11 2332 x
dx
dxx

dx
dx  = ( ) ( ) 








⋅+⋅+








⋅+

−
xxxxx 21

2
131

12322 2
1

2
1

  

= ( ) ( ) 







++








+

−
2
21

2
1

113 2422 xxxx  = ( ) ( ) 2
1

2
1

113 2422 −
+++ xxxx  

l.  ( ) 







+

− 3
1

123 xx
dx
d  = ( ) ( ) 








++








+

−− 3
1

3
1

11 2332 x
dx
dxx

dx
dx  = ( ) ( ) 








⋅+−⋅+








⋅+

−−−
xxxxx 21

3
131

12322 3
1

3
1

  

= ( ) ( )











+−+








+

−−− 3
31

3
1

1
3

213 2
4

22 xxxx  = ( ) ( ) 3
4

3
1

1
3

213 2
4

22 −−
+−+ xxxx  

Section 2.7 Solutions - The Derivative of Radical Functions 

1.  Find the derivative of the following radical expressions.  Do not simplify the answer to its lowest term. 

a.  Given 12 += xy  = ( )2112 +x , then y′  = ( ) xx 21
2
1 12 2

1
⋅+

−
 = ( ) 2

1
1

2
2 2 −

+
/
/ xx  = 

( ) 2
1

12 +x

x  

b.  Given 533 −+= xxy  = ( )21533 −+ xx , then y′  = ( ) ( )3353
2
1 213 2

1
+⋅−+

−
xxx  = ( ) ( )3353

2
1 23 2

1
+−+

−
xxx  = ( )

( ) 2
1

532

13

3

2

−+

+

xx

x  

c.  Given 12 −+= xxy  = ( )2
1

12 −+ xx , then y′  = ( ) 112 2
1

12 −− −+ xx  = ( ) 2
1

12 −−+ xx  = 
( ) 2

1
1

12
−

+
x

x  

d.  Given 
x

xy 1+
=  = ( )

x
x 2

1
1+ , then y′  = 

( ) ( )
2

1 2
1

2
1

111
2
1

x

xxx 



 +⋅−



 ⋅+ −

 = 
( ) ( )

2

2
1

2
1

11
2

x

xxx
+−+ −

 

e.  Given 
12

2

−
=

x

xy  = 
( )2112

2

−x

x , then y′  = 
( ) ( )

1

21
2
112

2

2122 2
1

2
1

−









⋅/⋅−

/
−








−⋅

−

x

xxxxx
 = ( ) ( )

1
112

2

232 2
1

2
1

−

−−−
−

x
xxxx  

f.  Given 23 3xxy +=  = ( ) 23 32
1

xx +  = 232
3

xx + , then y′  = ( ) 121
23

2
3 2

3
−−

⋅+ xx  = xx 6
2
3 2

23
+

−

 = xx 6
2
3 2

1
+  

g.  Given 
1
32

+

+
=

x
xy  = 

1
32

+
+

x
x  = 

2
1

1
32












+
+

x
x , then y′  = ( ) ( )

( )2
212

1
3112

1
3

2
1 2

1

+

+⋅−+⋅
⋅











+
+

−

x
xxx

x
x  = 

( )2

22

1
32

1
3

2
1 2

1

+

−+
⋅











+
+

−

x
xx

x
x  
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h.  Given 
x

xy
4 3 1−

=  = ( )
2
1

4
1

13

x

x − , then y′  = 
( ) ( )

x

xxxxx 







−⋅−








⋅⋅−

−− 4
1

2
1

2
1

4
1

1
2
131

4
1 31213

 = 
( ) ( )

x

xxxx 4
1

2
1

4
32

5

1
2
11

4
3 33 −−−

−−

 

i.  Given 
xx

xy
2

3
=  = 

2
1

2

13

xx

x

⋅/

=/
 = 

2
1

x

x  = 2
1−

⋅ xx  = 2
11−

x  = 2
1

x , then y′  = 
12

1

2
1 −

x  = 1
1

2
1

2
1 −

x  = 2
21

2
1 −

x  = 2
1

2
1 −

x  

2.  Use the 
dx
d

 notation to find the derivative of the following radical expressions. 

a.  





 +

x
x

dx
d 12  = 






 +

x
x

dx
d 1  = 






+

xdx
dx

dx
d 1  = ( ) ( )

2
1101

x
x ⋅−⋅

+  = 2
11
x

−  

b.  










−1x
x

dx
d  = 

2
1

1








−x
x

dx
d  = 

( ) ( )

( )2

1

1

11

12
1 2

1

−






 −−




 −
⋅








−

−

x

x
dx
dxx

dx
dx

x
x  = 

( )[ ] [ ]
( )2

1

1

111

12
1 2

1

−

⋅−−⋅
⋅








−

−

x

xx

x
x   

= 
( )21

1
12

1 2
21

−
/−−/⋅








−

−

x
xx

x
x  = 

( )21
1

12
1 2

1

−
⋅








−

−
−

xx
x  

c.  










+1

3

x
x

dx
d  = 

( ) 













+ 2
1

1

3

x

x
dx
d  = 

( ) ( )

1

11 2
1

2
1 33

+






 +−




 +

x

x
dx
dxx

dx
dx

 = 
( ) ( )

1

1
2
131 1313 2

1
2
1

+






 +⋅−



 ⋅+ −−

x

xxxx
  

= 

( ) ( )

1

1
2

13 2
21

2
1 3

2

+











+−



 +

−

x

xxxx

 = 

( ) ( )

1

1
2

13 2
1

2
1 3

2

+











+−



 + −

x

xxxx

 

d.  








 +
x

x
dx
d 5  = ( )













 +
x

x
dx
d 2

1
5  = 

( ) ( )
2

2
1

2
1

55

x

x
dx
dxx

dx
dx 




 +−




 +
 = 

( ) ( )
2

1 155
2
1

2
1

2
1

x

xxx 



 ⋅+−




 +⋅ −

 = 
( ) ( )

2

2
1

2
1

55
2

x

xxx
+−+ −

 

e.  









+

x
xx

dx
d 3  = 
















+

x
xx

dx
d 2

1

3  = 







⋅+ −13 2

1
xxx

dx
d  = 








+

−13 2
1

xx
dx
d  = 








+

− 2
1

3 xx
dx
d  = 2

1
3 −
+ x

dx
dx

dx
d   

= 
113 2

1

2
13

−−− − xx  = 2
21

2
13 2

−−

− xx  = 2
3

2
13 2 −

− xx  

f.  









+

3
21
x

x
dx
d  = 
















+ 3

2
1

21
x
x

dx
d  = 








+ −32

1
21 xx

dx
d  = 








+

− 32
1

21 x
dx
d  = 










+

−
2

61

21 x
dx
d  = 








+

− 2
5

21 x
dx
d   

= ( ) 







+

− 2
5

21 x
dx
d

dx
d  = 2

2
50

12
5

⋅−
−−

x  = 2
2
5 2

25
/⋅

/
−

−−

x  = 2
7

5
−

− x  

3.  Find the derivative of the following radical expressions. 

a.  ( )x
dx
dyx

dx
d

=





 +3  ; 12

1
2
3

=







+ yx

dx
d  ; 12

1
2
3

=+ y
dx
dx

dx
d  ; 1

2
1

2
3 11 2

1
2
3

=′+
−−

yyx  ; 1
2
1

2
3 2

1
2

23

=′+
−−

yyx   

; 1
2
1

2
3 2

1
2
1

=′+
−

yyx  ; 2
1

2
1

2
31

2
1 xyy −=′

−
 ; 2

1

2
1 2

31
2

x
y

y
−=

′
 ; 








−=′ 2

1
2
1

2
312 xyy  ; ( ) 2

1
2
1

32 xyyy −=′  

b.  ( ) ( )23
dx
dyx

dx
d

=+  ; 032
1

=







+ yx

dx
d  ; 032

1
=+ y

dx
dx

dx
d  ; 03

2
1 212

1
=′+

−
yyx  ; 03

2
1 22

1
=′+

−
yyx  ; 2

1

2
13 2 −

−=′ xyy   
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; 
2
1

2

13 2

x
yy −=′  ; 

22
1

6

1

yx
y −=′  

c.  ( ) ( )x
dx
dyx

dx
d

=  ; ( ) 2
1

x
dx
dyx

dx
d

=  ; 2
1

x
dx
dy

dx
dxx

dx
dy =+  ; 

12
1

2
1 −

=′+ xyxy  ; yxyx −=′
− 2

1

2
1  ; 














−=′ y

x
x

y
2
1

2

11  

d.  ( ) 03 =+ xy
dx
d  ; 032

1
=








+ xy

dx
d  ; 032

1
=+ x

dx
dy

dx
d  ; 03

2
1 212

1
=+′

−
xyy  ; 23

2
1 2

1
xyy −=′

−
 ; 23

2 2
1 x

y

y
−=

′
  

; 
1
3

2

2

2
1

x

y

y −
=

′
 ; 2

1
26 yxy −=′  

e.  ( )x
dx
dyx

dx
d

=





 + 24  ; ( ) 122 =+ yx

dx
d  ; 122 =+ y

dx
dx

dx
d  ; 122 =′+ yyx  ; xyy 212 −=′  ; 

y
xy

2
21 −

=′  

f.  ( ) ( )31 y
dx
dx

dx
d

=+  ; ( ) y
dx
dyx

dx
d 231 2

1
=+  ; ( ) yyx ′=+ − 21 31

2
1

2
1

 ; ( ) yyx ′=+ − 231
2
1

2
1

 ; 
( ) 1

3

12

1 2

2
1

yy

x

′
=

+
  

; ( ) 116 2
12 =+′ xyy  ; 

( ) 2
1

16

1
2 +

=′
xy

y  

g.  ( ) ( )22
dx
dxyx

dx
d

=+  ; 02
1

2 =







+ xyx

dx
d  ; 0

2
1 122 2

1
=++

−
xy

dx
dxx

dx
dy  ; 0

2
121 2

1
2 =+′⋅+⋅

−
xyyxy   

; 22
1

2
12 yxyyx −−=′

−
 ; 








−−=′

− 22
1

2
1

2
1 yx

yx
y  ; 

xy
y

xy
xy

24

22
1

−−=′
−

 ; 
xy

y

yx
y

24

1 2

1 2
1 −−=′

+
 ; 

x
y

yx
y

2
4

1

2
3 −−=′  

h.  ( ) 03 =+





 yx

dx
dx

dx
d  ; ( ) 02

3
=+ yx

dx
dx

dx
d  ; 0

2
3 12

3
=






 ++

−
y

dx
dxx

dx
dyx  ; ( ) 0

2
3 2

1
=′++ yxyx  ; yxyx −−=′ 2

1

2
3   

; 







−−=′ yx

x
y 2

1

2
31  ; 

x
y

x
xy −−=′
2

3 2
1

 ; 
x
y

xx
y −

⋅
−=′

− 2
1

2

3  ; 
x
y

x
y −−=′

− 2
11

2

3  ; 
x
y

x
y −−=′

2
1

2

3  

i.  ( ) ( )y
dx
dyx

dx
d

=+ 3  ; yyx
dx
d ′=








+ 32

1
 ; yy

dx
dx

dx
d ′=+ 32

1
 ; yyx ′=′+

−
3

2
1 12

1
 ; 03

2
1 2

1
=′−′+

−
yyx  ; 02

2
1 2

1
=′+

−
yx   

; 2
1

2
12

−
−=′ xy  ; 

2
1

2

12
x

y −=′  ; 
2
1

4

1

x
y −=′  

4.  Evaluate the derivative of the following radical expressions for the specified value of x . 

a.  Given 233 xxy +=  = ( ) 23 2
1

3 xx +  = 22
3

2
1

3 xx + , then y′  = 121
2

2
33 2

3
2
1

−−
+⋅ xx  = xx 2

2
3 2

232
3

+
−

 = xx 2
2

3 2
12

3

+  

at 1=x        y′  = ( )121
2

3 2
12

3

⋅+⋅  = 2
2

32
3

+  = 2
2
196.5

+  = 598.4  

b.  Given ( ) xxy 12 +=  = ( ) 2
1

12 xx +  = 2
1

2
12

xx +
+

 = 2
1

2
14

xx +
+

 = 2
1

2
5

xx + , then y′  = 
11 2

1
2
5

2
1

2
5 −−

+ xx  = 2
21

2
25

2
1

2
5 −−

+ xx   

= 2
1

2
3

2
1

2
5 −

+ xx  = 
2
1

2
3

2

1
2
5

x
x +   at 0=x      y′  = 

2
1

2
3

02

10
2
5

⋅
+⋅  = 

0
10 +    is undefined due to division by zero 

c.  Given 
2

2

4

1

x

xy −
=  = 

x
x

2
12 − , then y′  = 

[ ] ( )[ ]
( )2

2

2

1222

x

xxx −⋅−⋅
 = 2

22

4
224

x
xx +−  = 2

2

4
22

x
x +  = ( )

2

2

4
12

x
x +  = 2

2

2
1

x
x +  
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at 2=x        y′  = 2

2

22
12

⋅

+  = 
42
14

⋅
+  = 

8
5  = 625.0  

d.  Given 
12 +

=
x

xy  = 
2
1

12 








+x
x , then y′  = 

( )[ ] [ ]
( )22

21

2
1

211

12
1 2

1

+

⋅−+⋅
⋅









+

−

x

xxx

x
x  = ( )22

2

2
1

1
12

1 2
1

+

+−
⋅









+

−

x

x
x

x  

at 1=x        y′  = ( )22

2

2
11

11
11

1
2
1 2

1

+

+−
⋅








+

−

 = 22
11

2
1

2
1 2

1
+−

⋅







−

 = 0
2
1

2
1 2

1

⋅







−

 = 0  

e.  Given 33 41 xxy ++=  = ( ) 33 41 2
1

xx ++ , then y′  = ( ) ( ) 13213 3431
2
1 2

1
−−

⋅+⋅+ xxx  = ( ) 23
2

121
2

3 2
1

xxx
++

−
 

at 0=x        y′  = ( ) 23
2

01210
2
03 2

1
⋅++⋅

⋅ −
 = 

( )
2

3

2
012

10

1
2
03

2
1 ⋅+

+
⋅

⋅  = 0
1

10
2
1 +⋅  = 00 +  = 0  

f.  Given 
3

2 1

x

xy +
=  = 

( )213

2 1

x

x +  = 
2
3

12

x

x + , then y′  = 
( )

3

21
1

2
32 2

3
2
3

x

xxxx 







+⋅−








⋅

−

 = 
( )

3

2 1
2
32 2

1
2
5

x

xxx +−
 

at 3=x        y′  = 
( )

3

2

3

133
2
332 2

1
2
5

+⋅−⋅
 = ( ) ( )

27
10732.15.158.152 ⋅⋅−⋅  = 

27
98.2518.31 −  = 193.0  

Section 2.8 Solutions - Higher Order Derivatives 

1.  Find the second derivative of the following functions. 

a.  Given 153 23 −++= xxxy , then y ′  = ( ) 05233 111213 −+⋅+ −−− xxx  = 02 563 xxx ++  = 563 2 ++ xx  and  

y ′′  = ( ) 0623 1112 ++⋅ −− xx  = 066 xx +  = 66 +x  

b.  Given ( )22 1+= xxy , then y ′  = ( ) ( ) 2122 1212 xxxx ⋅+++⋅ −  = ( ) ( )1212 22 +++ xxxx  = ( ) 232 2212 xxxx +++ and  

y ′′  = ( ) ( )[ ] ( ) ( ) 1213122 223221212 −−− ⋅+⋅+⋅+++⋅ xxxxx  = ( ) ( ) xxxxx 461412 22 +++++  = ( ) xxxxx 44122 22 ++++   

    xx 46 2 ++  = xxxx 810242 22 ++++  = 21212 2 ++ xx  = ( )1662 2 ++ xx  

c.  Given xxy 503 3 += , then y′  = ( ) 1113 5033 −− +⋅ xx  = 509 2 +x  and y ′′  = ( ) 029 12 +⋅ −x  = x18  

d.  Given 2
5 1

x
xy +=  = 25 −+ xx , then y′  = 1215 25 −−− − xx  = 34 25 −− xx  and y ′′  = ( ) ( ) 1314 3245 −−− −⋅−+⋅ xx  = 43 620 −+ xx  

e.  Given 2
3

5
1

x
x
xy −
+

= , then y′  = 
( )[ ] [ ]
( )

( ) 12
2

32

25
1

113 −⋅−
+

⋅−+⋅
x

x

xxx
 = 

( )
x

x
xxx 10

1
33

2

323
−

+

−+  = 
( )

x
x

xx 10
1
32

2

23
−

+

+  and 

y ′′  = 
( ) ( )[ ] ( ) ( )[ ]

( )
11

4

2322

10
1

3212166 −−
+

+⋅+−+⋅+
x

x

xxxxxx
 = 

( )( )[ ] ( )( )[ ]
( )

10
1

3212116
4

232

−
+

++−++

x

xxxxxx
  

      = 
( ) ( ) ( )[ ]

( )
10

1

322161
34

232

−
+

+−+/+/
=/x

xxxxx
 = ( ) ( )

( )
10

1
32216

3

22
−

+

+−+

x
xxxx  

f.  Given ( )123 −= xxy  = 35 xx − , then y′  = 1315 35 −− − xx  = 24 35 xx −  and y ′′  = ( ) ( ) 1214 2345 −− ⋅−⋅ xx  = xx 620 3 −  

g.  Given 
10

57 58
4 xxxxy +−
+= , then y′  = ( )( )11151814 5578

10
14 −−−− +⋅−++ xxxx  = ( )5358

10
14 473 +−+ xxx  and  

y ′′  = ( ) ( ) ( )[ ]043578
10
134 141713 +⋅−+⋅+⋅ −−− xxx  = ( )362 14056

10
112 xxx −+  = 236 12146.5 xxx +−  
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h.  Given 
1

12
+

−=
x

xy  = ( ) 12 1 −+− xx , then y′  = ( ) 1112 12 −−− ++ xx  = ( ) 212 −++ xx  and y ′′  = ( ) 1211 122 −−− +− xx   

= ( ) 30 122 −+− xx  = ( ) 3122 −+− x  = 
( )31

22
+

−
x

 

i.  Given x
x

y 31
2 −=  = xx 32 −− , then y′  = 1112 32 −−− −− xx  = 32 3 −− −x  and y ′′  = ( ) 032 13 −−⋅− −−x  = 46 −x  

2.  Find y ′′′  for the following functions. 

a.  Given 106 35 ++= xxy , then y ′  = ( ) 0365 1315 +⋅+ −− xx  = 24 185 xx + , y ′′  = ( ) ( ) 1214 21845 −− ⋅+⋅ xx  = xx 3620 3 + ,  

and y ′′′  = ( ) 1113 36320 −− +⋅ xx  = 3660 2 +x  

b.  Given 
x

xy 12 +=  = 12 −+ xx , then y ′  = 11122 −−− − xx  = 22 −− xx , y ′′  = 1211 22 −−− + xx  = 322 −+ x , and y ′′′  = 46 −− x  

c.  Given ( )23 14 −= xxy , then y′  = ( ) ( )[ ] ( )[ ]312213 412134 xxxx ⋅−+−⋅⋅ −−  = ( ) ( )18112 322 −+− xxxx  = ( )1212 22 +− xxx  

34 88 xx −+  = 34234 88122412 xxxxx −++−  = 234 123220 xxx +−  y ′′  = ( ) ( ) ( ) 121314 212332420 −−− ⋅+⋅−⋅ xxx   

= xxx 249680 23 +−  and y ′′′  = ( ) ( ) 111213 24296380 −−− +⋅−⋅ xxx  = 02 24192240 xxx +−  = 24192240 2 +− xx  

d.  Given 
1+

=
x

xy , then y ′  = ( )[ ] [ ]
( )21

111
+

⋅−+⋅

x
xx  = 

( )21
1
+

−+

x
xx  = 

( )21
1
+x

 = ( ) 21 −+x , y ′′  = ( ) 1212 −−+− x  = ( ) 312 −+− x  and  

y ′′′  = ( )( ) 13132 −−+−⋅− x  = ( ) 416 −+x  = 
( )41

6
+x

 

e.  Given 10510 58 −+−= xxxy , then y ′  = ( ) 055108 111518 −+⋅−+ −−− xxx  = 047 5508 xxx +−  = 5508 47 +− xx ,  

y ′′  = ( ) ( ) 045078 1417 +⋅−⋅ −− xx  = 36 20056 xx −  and y ′′′  = ( ) ( ) 1316 3200656 −− ⋅−⋅ xx  = 25 600336 xx −  

f.  Given 3
2

51 x
x

xy +
−

= , then y ′  = 
[ ] ( )[ ]

( ) 13
4

2

35
121 −⋅+

−⋅−⋅
x

x

xxx
 = 2

4

22
1522 x

x
xxx
+

+−  = 2
4

2
152 x

x
xx
+

+−   

= ( ) 2
34 152 x

x
xx

+
+−/
=/

 = 2
3 152 x

x
x

+
+− , y ′′  = 

[ ] ( )[ ]
( ) 12

6

23

215
231 −⋅+

+−⋅−⋅−
x

x

xxx
 = x

x
xxx 3063

6

233
+

−+−   

= x
x

xx 3062
6

23
+

−  = ( ) x
x

xx 3062
46

2
+

−
=/

/
 = x

x
x 3062

4 +
−  and y ′′′  = 

[ ] ( )[ ] 11
8

34

30
6242 −+

−⋅−⋅
x

x

xxx
 = 302482

8

344
+

+−

x
xxx   

= 30246
8

34
+

+−

x
xx  = ( ) 3046

58

3
+

−−
=/

/

x
xx  = ( ) 3046

5 +
−

−
x
x  

3.  Find ( )0f ′′  and ( )1f ′′  for the following functions. 

a.  Given ( ) 536 35 ++= xxxf , then ( )xf ′  = ( ) ( ) 03356 1315 +⋅+⋅ −− xx  = 24 930 xx +  and ( )xf ′′  = ( ) ( ) 1214 29430 −− ⋅+⋅ xx   

= xx 18120 3 + .  Therefore, ( )0f ′′  = 0180120 3 ⋅+⋅  = 0  and ( )1f ′′  = 1181120 3 ⋅+⋅  = 18120 +  = 138  

b.  Given ( ) ( )23 1+= xxxf , then ( )xf ′  = ( )[ ] ( )[ ]312213 1213 xxxx ⋅+++⋅ −−  = ( ) ( )1213 322 +++ xxxx  = ( )123 22 ++ xxx   

34 22 xx ++  = 34234 22363 xxxxx ++++  = 234 385 xxx ++  and ( )xf ′′  = ( ) ( ) ( ) 121314 233845 −−− ⋅+⋅+⋅ xxx   

= xxx 62420 23 ++ .  Therefore, ( )0f ′′  = ( ) ( ) ( )06024020 23 ⋅+⋅+⋅  = 0  and ( )1f ′′  = ( ) ( ) ( )16124120 23 ⋅+⋅+⋅  = 50  
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c.  Given ( ) ( )21−+= xxxf , then ( )xf ′  = ( ) 12121 −−+ x  = ( )121 −+ x  = 221 −+ x  = 12 −x  and ( )xf ′′  = 02 11 −−x  = 2 . 

Therefore, ( )0f ′′  = 2  and ( )1f ′′  = 2  

d.  Given ( ) ( ) 31 −−= xxf , then ( )xf ′  = ( ) 1313 −−−− x  = ( ) 413 −−− x  and ( )xf ′′  = ( ) ( ) 14143 −−−−⋅− x  = ( ) 5112 −−x  = 
( )51

12
−x

 

Therefore, ( )0f ′′  = 
( )510

12
−

 = 
1

12
−

 = 12−  and ( )1f ′′  = 
( )511

12
−

 = 
0

12  which is undefined due to division by zero. 

e.  Given ( ) ( )( )11 2 +−= xxxf , then ( )xf ′  = ( )[ ] ( )[ ]1211 2 −⋅++⋅ xxx  = xxx 221 22 −++  = 123 2 +− xx  and  

( )xf ′′  = ( ) 0223 1112 +−⋅ −− xx  = 26 −x .  Therefore, ( )0f ′′  = ( ) 206 −⋅  = 20 −  = 2−  and ( )1f ′′  = ( ) 216 −⋅  = 26 −  = 4  

f.  Given ( ) ( ) xxxf 21
23 +−=  = ( ) ( ) 2

1
21

23 xx +− , then ( )xf ′  = ( ) ( ) 22
2
1312 12123 2

1
⋅+⋅− −−

xxx  = ( ) ( ) 2
1

216 32 −+− xxx  

 and ( )xf ′′  = ( )[ ] ( ) 22
2
163112 1223 2

1
/⋅

/
−⋅+−⋅ −−xxxxx  = ( ) 2

3
2181212 44 −−+− xxxx  = ( ) 2

3
21230 4 −−− xxx .  Thus, ( )0f ′′   

= 
( ) 2

3
02

1012030 4

⋅
−⋅−⋅  = 

0
1

−  which is undefined, and ( )1f ′′  = 
( ) 2

3
12

1112130 4

⋅
−⋅−⋅  = 35.01230 −−  = 65.17  
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Chapter 3 Solutions: 
 

Section 3.1 Practice Problems – Differentiation of Trigonometric Functions 

1.  Find the derivative of the following trigonometric functions: 

a.  Given ( )13sin += xy , then 
dx
dy  = ( )[ ]13sin +x

dx
d  = ( ) ( )1313cos +⋅+ x

dx
dx  = ( ) 313cos ⋅+x  = ( )13cos3 +x  

b.  Given 3cos5 xy = , then 
dx
dy  = 3cos5 x

dx
d  = 33sin5 x

dx
dx ⋅−  = 23 3sin5 xx ⋅−  = 32 sin15 xx−  

c.  Given 23 cos xxy = , then 
dx
dy  = ( )23 cos xx

dx
d  = 2332 coscos x

dx
dxx

dx
dx ⋅+⋅  = 22322 sin3cos x

dx
dxxxx ⋅−⋅+⋅   

= xxxxx 2sin3cos 2322 ⋅⋅−⋅  = 2422 sin2cos3 xxxx −  

d.  Given xxy 3tan5sin ⋅= , then 
dx
dy  = ( )xx

dx
d 3tan5sin ⋅  = x

dx
dxx

dx
dx 3tan5sin5sin3tan ⋅+⋅  = x

dx
dxx 55cos3tan ⋅⋅  

x
dx
dxx 33sec5sin 2 ⋅⋅+  = 33sec5sin55cos3tan 2 ⋅⋅+⋅⋅ xxxx  = xxxx 3sec5sin35cos3tan5 2+  

e.  Given ( )2332 tantan xxy == , then 
dx
dy  = ( )23tan x

dx
d  = 33 tantan2 x

dx
dx ⋅  = 3323 sectan2 x

dx
dxx ⋅⋅  = 2323 3sectan2 xxx ⋅⋅   

= 3232 sectan6 xxx  

f.  Given ( )33cot += xy , then 
dx
dy  = ( )[ ]33cot +x

dx
d  = ( ) ( )332 33csc +⋅+− x

dx
dx  = ( ) ( ) ( )3333csc 232 +⋅+⋅+− x

dx
dxx   

= ( ) ( ) 1333csc 232 ⋅+⋅+− xx  = ( ) ( ) 232 33csc3 ++− xx  

g.  Given 75 cos xxy = , then 
dx
dy  = ( )75 cos xx

dx
d  = 7557 coscos x

dx
dxx

dx
dx ⋅+⋅  = 77547 sin5cos x

dx
dxxxx ⋅−⋅+⋅  

 = 67547 7sin5cos xxxxx ⋅⋅−⋅  = 71174 sin7cos5 xxxx −   

h.  Given 
4

434 2
3

2
3

secsecsec 







=== xxxy , then 

dx
dy  = 

4
2
3

sec 







x

dx
d  = 








⋅








2
3

2
3

secsec4
3

x
dx
dx  = 2

3
2
3

secsec4 3 xx ⋅  

2
3

2
3

tan x
dx
dx ⋅×  = 

13 2
3

2
3

2
3

2
3

2
3tansecsec4

−
⋅⋅ xxxx  = 2

3
2
3

2
3

2
1

tansecsec6 3 xxxx  

i.  Given 323sec xxy += , then 
dx
dy  = ( )323sec xx

dx
d

+  = 323sec x
dx
dx

dx
d

+  = ( ) 2222 333tan3sec xx
dx
dxx +⋅⋅   

= 222 363tan3sec xxxx +⋅⋅  = 222 33tan3sec6 xxxx +  

j.  Given 5tan xy = , then 
dx
dy  = ( )5tan x

dx
d  = ( )552sec x

dx
dx ⋅  = 452 5sec xx ⋅  = 524 sec5 xx  

k.  Given xy 5tan= , then 
dx
dy  = ( )x

dx
d 5tan  = ( )5tan x

dx
d  = x

dx
dx tantan5 4 ⋅  = x

dx
dxx ⋅⋅ 24 sectan5  = xx 24 sectan5  

l.  Given ( )1csc 3 += xy , then 
dx
dy  = ( )1csc 3 +x

dx
d  = ( ) ( ) ( )11cot1csc 333 +⋅++− x

dx
dxx  = ( ) ( )1cot1csc3 332 ++− xxx  

2.  Find the derivative of the following trigonometric functions: 

a.  Given 
x
x

y
csc
tan

= , then 
dx
dy  = 








x
x

dx
d

csc
tan  = 

( ) ( )
x

xxxx dx
d

dx
d

2csc

csctantancsc ⋅−⋅
 = 

( ) ( )
x

xxxxx
2

2

csc

cotcsctanseccsc −⋅−⋅
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= 
( )

x

xxxx
2

2

csc

cottanseccsc +
 = 

x
xxx

csc
cottansec2 +  

b.  Given 
( )

2

3 1sin

x

x
y

+
= , then 

dx
dy  = 

( )
2

3 1sin

x

x
dx
d +

 = 
( )[ ] ( )[ ]

4

2332 1sin1sin

x

xxxx dx
d

dx
d ⋅+−+⋅

 = 
( ) ( )[ ]

4

332 11cos

x

xxx dx
d +⋅+⋅

  

( )[ ]
4

3 21sin

x

xx ⋅+
−  = 

( )[ ] ( )[ ]
4

3232 21sin31cos

x

xxxxx ⋅+−⋅+⋅
 = ( ) ( )

4

334 1sin21cos3
x

xxxx +−+  = ( ) ( )
3

333 1sin21cos3
x

xxx +−+  

c.  Given 3csc
sec

x
xy = , then 

dx
dy  = 










3csc

sec
x
x

dx
d  = 

( ) ( )
32

33

csc

cscsecseccsc

x

xxxx dx
d

dx
d ⋅−⋅

 = 
( )

32

3

csc

tanseccsc

x

xxx ⋅
 

( )
32

233

csc

3cotcscsec

x

xxxx ⋅−⋅
−  = 

( ) ( )
32

3323

csc

cotcscsec3tanseccsc

x

xxxxxxx +
 

d.  Given 35 tan xxy = , then 
dx
dy  = ( )35 tan xx

dx
d  = 3553 tantan x

dx
dxx

dx
dx ⋅+⋅  = 332543 sec5tan x

dx
dxxxx ⋅⋅+⋅   

= 232543 3sec5tan xxxxx ⋅⋅+⋅  = 32734 sec3tan5 xxxx +  = ( )32334 sec3tan5 xxxx +  

e.  Given 25 sin xxy = , then 
dx
dy  = ( )25 sin xx

dx
d  = 2552 sinsin x

dx
dxx

dx
dx ⋅+⋅  = 22542 cos5sin x

dx
dxxxx ⋅⋅+⋅   

= xxxxx 2cos5sin 2542 ⋅⋅+⋅  = 2624 cos2sin5 xxxx +  = ( )2224 cos2sin5 xxxx +  

f.  Given ( ) xxy cos5 2+= , then 
dx
dy  = ( )[ ]xx

dx
d cos5 2+  = ( ) ( ) x

dx
dxx

dx
dx cos55cos 22 ⋅+++⋅   

= ( ) ( ) ( ) xxx
dx
dxx sin5552cos 2 −⋅+++⋅+⋅  = ( ) ( ) xxxx sin5152cos 2⋅+−⋅+⋅  = ( ) ( ) xxxx sin5cos52 2+−+  

g.  Given 532 tan xxy = , then 
dx
dy  = ( )532 tan xx

dx
d  = 532253 tantan x

dx
dxx

dx
dx ⋅+⋅  = 552253 tantan32tan x

dx
dxxxx ⋅⋅+⋅   

= 55252253 sectan32tan x
dx
dxxxxx ⋅⋅⋅+⋅  = 45252253 5sectan3tan2 xxxxxx ⋅⋅⋅+  = 5252653 sectan15tan2 xxxxx +  

h.  Given 3sin xxy += , then 
dx
dy  = 






 + 3sin xx

dx
d  = ( )213sin xx

dx
d

+  = ( ) ( )313 sinsin
2
1 2

1
xx

dx
dxx +⋅+

−
  

= ( ) 





 +⋅+

− 33 sinsin
2
1 2

1
x

dx
dx

dx
dxx  = ( ) ( )323 cos31sin

2
1 2

1
xxxx +⋅+

−
 = 

( )213

32

sin2

cos31

xx

xx

+

+  = 
3

32

sin2

cos31

xx

xx

+

+  

i.  Given ( )51sin xy += , then 
dx
dy  = ( )51sin x

dx
d

+  = ( ) ( )55 11cos x
dx
dx +⋅+  = ( ) 45 51cos xx ⋅+  = ( )54 1cos5 xx +  

j.  Given 32cot xy = , then 
dx
dy  = ( )32cot x

dx
d  = ( )23cot x

dx
d  = 33 cotcot2 x

dx
dx ⋅  = 3323 csccot2 x

dx
dxx ⋅−⋅   

= 2323 3csccot2 xxx ⋅−⋅  = 3232 csccot6 xxx−  

k.  Given ( )xy 51sin 3 += , then 
dx
dy  = ( )[ ]351sin x

dx
d

+  = ( )[ ] ( )x
dx
dx 51sin51sin3 2 +⋅+  = ( )[ ] ( )xx 51cos51sin3 2 +⋅+   

( )x
dx
d 51+×  = ( )[ ] ( ) 551cos51sin3 2 ⋅+⋅+ xx  = ( ) ( )xx 51cos51sin15 2 ++  

l.  Given 35 csc xxy = , then 
dx
dy  = ( )35 csc xx

dx
d  = 3553 csccsc x

dx
dxx

dx
dx ⋅+⋅  = 333543 cotcsc5csc x

dx
dxxxxx ⋅−⋅+⋅   

= 233543 3cotcsc5csc xxxxxx ⋅⋅−⋅  = 33734 cotcsc3csc5 xxxxx −  



Calculus I  Chapter 3 Solutions 

Hamilton Education Guides   428 

3.  Find the derivative of the following trigonometric functions: 

a.  Given xy 7sin= , then 
dx
dy  = ( )x

dx
d 7sin  = ( )x

dx
dx 77cos ⋅  = 77cos ⋅x  = x7cos7  

b.  Given 3cos xy = , then 
dx
dy  = 3cos x

dx
d  = 33sin x

dx
dx ⋅−  = 23 3sin xx ⋅−  = 32 sin3 xx−  

c.  Given 3cot xy = , then 
dx
dy  = ( )3cot x

dx
d  = ( )332csc x

dx
dx ⋅−  = 232 3csc xx ⋅−  = 322 csc3 xx−  

d.  Given 23 tan xxy = , then 
dx
dy  = ( )23 tan xx

dx
d  = 2332 tantan x

dx
dxx

dx
dx ⋅+⋅  = 222322 sec3tan x

dx
dxxxx ⋅⋅+⋅   

= xxxxx 2sec3tan 22322 ⋅⋅+⋅  = 22422 sec2tan3 xxxx +  = ( )22222 sec2tan3 xxxx +  

e.  Given ( )9cot += xy , then 
dx
dy  = ( )[ ]9cot +x

dx
d  = ( ) ( )99csc2 +⋅+− x

dx
dx  = ( ) 19csc2 ⋅+− x  = ( )9csc2 +− x  

f.  Given ( )25sin 32 ++= xxy , then 
dx
dy  = ( )25sin 32 ++ xx

dx
d  = ( )23 25sin ++ xx

dx
d  = ( ) ( )25sin25sin2 33 ++⋅++ xx

dx
dxx   

= ( ) ( ) ( )2525cos25sin2 333 ++⋅++⋅++ xx
dx
dxxxx  = ( ) ( ) ( )25cos25sin532 332 +++++ xxxxx  

g.  Given ( ) 2
1

3sin3sin +=+= xxy , then 
dx
dy  = ( ) 2

1
3sin +x

dx
d  = ( ) ( )3sin3sin

2
1 2

1
+⋅+

−
x

dx
dx  = ( ) 2

1
3sin

2
1 −

+x  

( ) ( )33cos +⋅+× x
dx
dx  = ( ) ( ) 13cos3sin

2
1 2

1
⋅+⋅+

−
xx  = ( )

( ) 2
1

3sin

3cos
2
1

+

+

x

x  = ( )
( )3sin2

3cos

+

+

x

x  

h.  Given 32 cossin xxy += , then 
dx
dy  = ( )32 cossin xx

dx
d

+  = 32 cossin x
dx
dx

dx
d

+  = 3322 sincos x
dx
dxx

dx
dx ⋅−⋅   

= 232 3sin2cos xxxx ⋅−⋅  = 322 sin3cos2 xxxx −  

i.  Given 32 sin xxy = , then 
dx
dy  = ( )32 sin xx

dx
d  = 3223 sinsin x

dx
dxx

dx
dx ⋅+⋅  = 3323 cos2sin x

dx
dxxxx ⋅⋅+⋅   

= 2323 3cossin2 xxxxx ⋅⋅+  = 343 cos3sin2 xxxx +  

Section 3.2 Practice Problems – Differentiation of Inverse Trigonometric Functions 

1.  Find the derivative of the following inverse trigonometric functions: 

a.  Given xy 3sin 1−= , then 
dx
dy  = xarc

dx
d 3sin  = 

( )
x

dx
d

x
3

31

1

2
⋅

−
 = 

291

3

x−

 

b.  Given xarcxy 5cos3 += , then 
dx
dy  = ( )xarcx

dx
d 5cos3 +  = 

( )
x

dx
d

x
x 5

51

13
2

2 ⋅
−

−  = 
2

2

251

53
x

x
−

−  

c.  Given 45 tan xarcxy = , then 
dx
dy  = ( )45 tan xarcx

dx
d  = 4554 tantan xarc

dx
dxx

dx
dxarc ⋅+⋅  = 44 5tan xxarc ⋅  

4
8

5

1
1 x

dx
d

x
x ⋅

+
⋅+  = 3

8
544 4

1
1tan5 x
x

xxarcx ⋅
+

⋅+  = 8

8
44

1
4tan5

x
xxarcx
+

+  

d.  Given ( )2sin 3 += xarcy , then 
dx
dy  = ( )[ ]2sin 3 +xarc

dx
d  = 

( )
( )2

21

1 3

23

+⋅

+−

x
dx
d

x

 = 

( )23

2

21

3

+− x

x  

e.  Given 
3

1cot
x

arcy = , then 
dx
dy  = 3

1cot
x

arc
dx
d  = 32

1

1

1

1

3
xdx

d

x

⋅






+

−  = 41
3

1
1

6 x
x

−
⋅

+
−  = 







 + 6

14 1

3

x
x
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f.  Given 
2

3sin

x

xarc
y = , then 

dx
dy  = 








2

3sin
x

xarc
dx
d  = 

( ) ( )
4

22 3sin3sin

x

xxarcxarcx dx
d

dx
d ⋅−⋅

  

= 

( )

4
91

12 23sin
2

x

xxarcx
x

⋅−⋅
−  = 4

91
3sin2

2

2

x

xarcx
x

x −
−  = 

24

22

91

913sin2

xx

xxarcxx

−

−−
 = 

23

2

91

913sin2

xx

xxarcx

−

−−
 

g.  Given 
x

xy
1tan−

= , then 
dx
dy  = 









 −

x
x

dx
d 1tan  = 

( ) ( )
2

11 tantan

x

xxxx dx
d

dx
d ⋅−⋅ −−

 = 
( )

2

1
1

1 1tan2

x

xx
x

⋅−






 ⋅ −
+  = 2

1
1

tan2

x

x
x
x −
+

−
  

= 

( )
2

1
tan1
2

12

x
x

xxx
+

+− −

 = 
( )

( )22

12

1

tan1

xx

xxx

+

+− −

 

h.  Given xarc
x
xy sin

5

3
−

+
= , then 

dx
dy  = 










−

+
xarc

x
x

dx
d sin

5

3
 = 

( )[ ] ( )[ ]
( ) 2

2

33

1

1
5

55

xx

xxxx dx
d

dx
d

−
−

+

+⋅−+⋅
  

= 
( )[ ] [ ]
( ) 2

2

32

1

1
5

153

xx

xxx

−
−

+

⋅−+⋅
 = 

( ) 2
2

323

1

1
5

153

xx
xxx

−
−

+

−+  = 
( ) 2

2

23

1

1
5
152

xx
xx

−

−
+

+  

i.  Given xxy 1cos−+= , then 
dx
dy  = ( )xx

dx
d 1cos−+  = x

dx
dx

dx
d 1cos−+  = x

dx
d

x
⋅

−
−

21

11  = 
21

11
x−

−  

2.  Find the first and second derivative of the following inverse trigonometric functions: 

a.  Given axarcxy sin2 += , then 
dx
dy  = ( )axarcx

dx
d sin2 +  = 

( )
ax

dx
d

ax
x ⋅

−
+

21

12  = 
221

2
xa

ax
−

+  

b.  Given xy 6cos 1−= , then 
dx
dy  = x

dx
d 6cos 1−  = 

( )
x

dx
d

x
6

61

1

2
⋅

−
−  = 6

361

1

2
⋅

−
−

x
 = 

2361

6

x−
−  

c.  Given 3sin xarcxy += , then 
dx
dy  = ( )3sin xarcx

dx
d

+  = 3

61

11 x
dx
d

x
⋅

−
+  = 2

6
3

1

11 x
x

⋅
−

+  = 
6

2

1

31
x

x

−

+  

d.  Given xarcy 2tan= , then 
dx
dy  = ( )xarc

dx
d 2tan  = ( )21tan x

dx
d −  = x

dx
dx 11 tantan2 −− ⋅  = 2

1

1
1tan2
x

x
+

⋅−  = 2

1

1
tan2

x
x

+

−
 

e.  Given 2tan xarcxy −= , then 
dx
dy  = ( )21tan xx

dx
d −−  = 21tan x

dx
dx

dx
d −+  = 2

41
11 x

dx
d

x
⋅

+
+  = 41

21
x
x

+
+  

f.  Given xarcxy sin2 −= , then 
dx
dy  = ( )xarcx

dx
d sin2 −  = xarc

dx
dx

dx
d sin2 −  = x

dx
d

x
x ⋅

−
−

21

12  = 
21

12
x

x
−

−  

g.  Given 31tan xy −= , then 
dx
dy  = 31tan x

dx
d −  = ( )

3
231

1 x
dx
d

x
⋅

+
 = 2

6 3
1

1 x
x

⋅
+

 = 6

2

1
3

x
x
+

 

h.  Given xy 5tan 1−= , then 
dx
dy  = x

dx
d 5tan 1−  = 

( )
x

dx
d

x
5

51
1

2 ⋅+
 = 5

251
1

2 ⋅+ x
 = 2251

5
x+

 

i.  Given 25sin xarcy = , then 
dx
dy  = ( )25sin xarc

dx
d  = 2

4
5

251

1 x
dx
d

x
⋅

−
 = x

x
10

251

1

4
⋅

−
 = 

4251

10

x

x

−
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Section 3.3 Practice Problems – Differentiation of Logarithmic and Exponential Functions 

1.  Find the derivative of the following logarithmic functions: 

a.  Given xy 10ln= , then 
dx
dy  = ( )x

dx
d 10ln  = ( )x

dx
d

x
10

10
1

⋅  = 10
10

1
⋅

x
 = 

x10
10  = 

x
1  

b.  Given 35ln10 xy = , then 
dx
dy  = ( )35ln10 x

dx
d  = ( )3

3 5
5
110 x

dx
d

x
⋅⋅  = 2

3 15
5
10 x
x

⋅  = 3

2

5
150

x
x  = 

x
30  

c.  Given ( )3ln 2 += xy , then 
dx
dy  = ( )[ ]3ln 2 +x

dx
d  = ( )3

3
1 2

2 +⋅
+

x
dx
d

x
 = 

3
2
2 +x

x  

d.  Given xxy ln3= , then 
dx
dy  = ( )xx

dx
d ln3  = 






 ⋅+






 ⋅ x

dx
dxx

dx
dx lnln 33  = 

x
xxx 13ln 32 ⋅+⋅  = 22 ln3 xxx +  = ( )1ln32 +xx  

e.  Given 25ln xxxy −= , then 
dx
dy  = ( )25ln xxx

dx
d

−  = ( ) 25ln x
dx
dxx

dx
d

−  = ( ) ( ) xx
dx
dxx

dx
dx 10lnln −



 +⋅   

= ( ) xxx
dx
d

x
x 101ln1

−



 ⋅+⋅⋅  = xx

x
x 10ln −








+

/
/  = xx 10ln1 −+  = 110ln +− xx  

f.  Given ( ) 23 ln2 xxy += , then 
dx
dy  = ( )[ ]23 ln2 xx

dx
d

+  = ( ) ( )223 ln2ln x
dx
dxx

dx
d

+  = ( ) ( )




 ⋅+⋅ 2332 lnln x
dx
dxx

dx
dx   

2
2

2 x
dx
d

x
⋅+  = 22

322 22213ln
x

xx
x

xxx ⋅
+








⋅⋅+⋅  = 

x
xxx 42ln3 222 ++  

g.  Given ( )2lnsin xy = , then 
dx
dy  = ( )[ ]2lnsin x

dx
d  = ( ) 2

2
2 1lncos x

dx
d

x
x ⋅⋅  = ( ) x

x
x 21lncos 2

2 ⋅⋅  = ( )2lncos2 x
x

 

h.  Given xy cscln= , then ( )x
dx
d cscln  = x

dx
d

x
csc

csc
1

⋅  = xx
x

cotcsc
csc

1
⋅−⋅  = 

x
xx

csc
cotcsc ⋅

−  = xcot−  

i.  Given 2
3

lnln 3 xxy == , then 
dx
dy  = 2

3
ln x

dx
d  = 2

3

2
3

1 x
dx
d

x
⋅  = 2

1

2
3 2

31 x
x

⋅  = 2
3

2
1

2
3 −

⋅ xx  = 2
3

2
1

2
3 −

x  = 1
2
3 −x  = 

x
1

2
3
⋅  

j.  Given ( )2lncos xy = , then 
dx
dy  = ( )[ ]2lncos x

dx
d  = ( ) 2

2
2 1lnsin x

dx
d

x
x ⋅⋅−  = ( ) x

x
x 21lnsin 2

2 ⋅⋅−  = ( )2lnsin2 x
x

−  

k.  Given 
1
1ln

−
+

=
x
xy , then 

dx
dy  = 








−
+

1
1ln

x
x

dx
d  = 

1
1

1
1

−
+

⋅
+
−

x
x

dx
d

x
x  = ( ) ( )

( )21
11

1
1

−

+−−
⋅

+
−

x
xx

x
x  = 

( )21
2

1
1

−

−
⋅

+
−

xx
x  = 

1
2

2 −
−

x
 

l.  Given xxxy 5ln3 += , then 
dx
dy  = [ ]xxx

dx
d 5ln3 +  = x

dx
dxx

dx
d 5ln3 +  = 5lnln 33 +







 ⋅+






 ⋅ x
dx
dxx

dx
dx   

= ( ) 513ln 32 +





 ⋅+⋅

x
xxx  = 5ln3 22 ++ xxx  

2.  Find the derivative of the following exponential functions: 

a.  Given xexy 23= , then 
dx
dy  = ( )xex

dx
d 23  = xx e

dx
dxx

dx
de 2332 ⋅+⋅  = x

dx
dexxe xx 23 2322 ⋅⋅+⋅  = 23 2322 ⋅⋅+ xx exex   

= xx exex 2322 23 +  = ( )xex x 2322 +  

b.  Given ( ) xexy 32 3+= , then 
dx
dy  = ( )[ ]xex

dx
d 32 3+  = ( ) ( ) 




 ⋅++




 +⋅ xx e
dx
dxx

dx
de 3223 33  = ( ) x

dx
dexxe xx 332 323 ⋅⋅++⋅   

= ( ) 332 323 ⋅⋅++⋅ xx exxe  = ( )332 233 ++ xeex xx  = ( )[ ]332 23 ++ xxe x  = ( )923 23 ++ xxe x  

c.  Given xey 3sin= , then 
dx
dy  = ( )xe

dx
d 3sin  = ( )x

dx
de x 3sin3sin ⋅  = xe x 3cos33sin ⋅  = xex 3sin3cos3  
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d.  Given 
2ln xey = , then 

dx
dy  = 

2ln xe
dx
d  = 2

2
ln 12

x
dx
d

x
e x ⋅⋅  = x

x
e x 21

2
ln 2

⋅⋅  = 
2ln2 xe

x
 

e.  Given xey x 5sin9= , then 
dx
dy  = ( )xe

dx
d x 5sin9  = ( ) ( )



 ⋅+



 ⋅ x

dx
dee

dx
dx xx 5sin5sin 99  = 



 ⋅⋅ x

dx
dex x 95sin 9  





 ⋅⋅+ x

dx
dxe x 55cos9  = [ ] [ ]55cos95sin 99 ⋅⋅+⋅⋅ xeex xx  = ( )xxe x 5cos55sin99 +  

f.  Given xarcey x sin2= , then 
dx
dy  = ( )xarce

dx
d x sin2  = ( ) ( )



 ⋅+



 ⋅ xarc

dx
dee

dx
dxarc xx sinsin 22   

= 
2

22

1

12sin
x

ex
dx
dexarc xx

−
⋅+⋅⋅  = 

2

2
2

1
2sin

x

eexarc
x

x

−
+⋅⋅  = 

















−

+
2

2

1

1sin2
x

xarce x  

g.  Given ( ) xexy −−= 5 , then 
dx
dy  = ( ) xex

dx
d −− 5  = ( ) ( )



 −⋅+



 ⋅− −− 55 x

dx
dee

dx
dx xx  = ( )[ ] [ ]15 ⋅+−⋅− −− xx eex  

= ( ) xx exe −− +−− 5  = xxx eexe −−− ++− 5  = xx exe −− +− 6  = ( )6+−− xe x  

h.  Given ( )1ln += xey , then 
dx
dy  = ( )1ln +xe

dx
d  = ( ) ( )1ln1ln +⋅+ x

dx
de x  = ( ) ( )1

1
11ln +⋅
+

⋅+ x
dx
d

x
e x  = 

( )

1

1ln

+

+

x
e x

 

i.  Given 
x

ey
x

tan
= , then 

dx
dy  = 











x
e

dx
d x

tan
 = 

( )[ ] ( )[ ]
x

xeex dx
dxx

dx
d

2tan

tantan ⋅−⋅
 = 

x
xeex xx

2

2

tan
sectan ⋅−⋅  = 

( )
x

xxe x

2

2

tan

sectan −
 

j.  Given xx ey ⋅= 3 , then 
dx
dy  = xx e

dx
d

⋅3  = xxxx e
dx
d

dx
de ⋅+⋅ 33  = x

dx
dex

dx
de xxxx ⋅⋅+⋅⋅⋅ 33ln3  = 1313ln3 ⋅⋅+⋅⋅⋅ xxxx ee   

= xxxx ee ⋅+⋅⋅ 33ln3  = ( ) xx e313ln +  

k.  Given xarcxy sin3= , then 
dx
dy  = ( )xarcx

dx
d sin3  = xarc

dx
dxx

dx
dxarc sinsin 33 ⋅+⋅  = 

2

3
2

1
sin3

x

xxarcx
−

+  

l.  Given ( )15cos5 += xey x , then 
dx
dy  = ( )[ ]15cos5 +xe

dx
d x  = ( ) ( ) ( )



 +⋅+



 ⋅+ 15cos15cos 55 x

dx
dee

dx
dx xx   

= ( ) ( ) ( )





 +⋅+−⋅+






 ⋅⋅+ 1515sin515cos 55 x

dx
dxex

dx
dex xx  = ( )[ ] ( )[ ]515sin515cos 55 ⋅+−⋅+⋅⋅+ xeex xx   

= ( ) ( )[ ]15sin15cos5 5 +−+ xxe x  

Section 3.4 Practice Problems – Differentiation of Hyperbolic Functions 

Find the derivative of the following hyperbolic functions: 

a.  Given ( )5cosh 3 += xy , then 
dx
dy  = ( )5cosh 3 +x

dx
d  = ( ) ( )55sinh 33 +⋅+ x

dx
dx  = ( ) 23 35sinh xx ⋅+  = ( )5sinh3 32 +xx  

b.  Given xxy sinh3= , then 
dx
dy  = ( )xx

dx
d sinh3  = x

dx
dxx

dx
dx sinhsinh 33 ⋅+⋅  = xxxx cosh3sinh 32 ⋅+⋅  = xxxx coshsinh3 32 +  

c.  Given ( ) 3sinh6 xxy += , then 
dx
dy  = ( )[ ]2sinh6 xx

dx
d

+  = ( ) ( ) 33 sinh66sinh x
dx
dxx

dx
dx ⋅+++⋅  = 1sinh 3 ⋅x  

( ) 33cosh6 x
dx
dxx ⋅⋅++  = ( ) 233 3cosh6sinh xxxx ⋅⋅++  = ( ) 323 cosh63sinh xxxx ++  

d.  Given ( )xy sinhln= , then 
dx
dy  = ( )x

dx
d sinhln  = ( )x

dx
d

x
sinh

sinh
1

⋅  = x
dx
dx

x
⋅⋅ cosh

sinh
1  = 

x
x

sinh
cosh  = xcoth  
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e.  Given xey sinh= , then 
dx
dy  = ( )xe

dx
d sinh  = ( )x

dx
de x sinhsinh ⋅  = x

dx
dxe x ⋅⋅ coshsinh  = 1coshsinh ⋅⋅ xe x  = xe x coshsinh  

f.  Given 53cosh xy = , then 
dx
dy  = ( )53cosh x

dx
d  = 55 33sinh x

dx
dx ⋅  = 45 153sinh xx ⋅  = 54 3sinh15 xx  

g.  Given 
x

xy
2tanh

= , then 
dx
dy  = 











x
x

dx
d 2tanh  = 

[ ] [ ]
2

22 tanhtanh

x

xxxx dx
d

dx
d ⋅−⋅

 = 
[ ] [ ]

2

22 1tanhsectanh2

x

xxhxx ⋅−⋅⋅
  

= 2

22 tanhsectanh2
x

xxhxx −  = 
( )

2

2 tanhsec2tanh

x

xxhxx −
 

h.  Given 
3

1coth
x

y = , then 
dx
dy  = 








3

1coth
xdx

d  = 33
2 11csc

xdx
d

x
h ⋅−  = 43

2 31csc
xx

h −
⋅−  = 3

2
4

1csc3
x

h
x

 

i.  Given ( ) xxy tanh92 += , then 
dx
dy  = ( )[ ]xx

dx
d tanh92 +  = ( ) ( ) x

dx
dxx

dx
dx tanh99tanh 22 ⋅+++⋅  = xx 2tanh ⋅   

( ) xhx 22 sec9 ⋅++  = ( ) xhxxx 22 sec9tanh2 ++  

j.  Given 23sinh xy = , then 
dx
dy  = ( )23sinh x

dx
d  = ( )32sinh x

dx
d  = 222 sinhsinh3 x

dx
dx ⋅  = 2222 coshsinh3 x

dx
dxx ⋅⋅   

= xxx 2coshsinh3 222 ⋅⋅  = 222 coshsinh6 xxx  

k.  Given xy 5tanh= , then 
dx
dy  = ( )x

dx
d 5tanh  = x

dx
dx tanhtanh5 4 ⋅  = xhx 24 sectanh5  

l.  Given ( )1coth 35 += xxy , then 
dx
dy  = ( )[ ]1coth 35 +xx

dx
d  = ( ) ( )1coth1coth 3553 +⋅+⋅+ x

dx
dxx

dx
dx  = ( ) 43 51coth xx ⋅+  

( ) ( )11csc 3325 +⋅+−⋅+ x
dx
dxhx  = ( ) ( ) 232543 31csc51coth xxhxxx ⋅+⋅−⋅+  = ( ) ( )1csc31coth5 32734 +−+ xhxxx  

Section 3.5 Practice Problems – Differentiation of Inverse Hyperbolic Functions 

Find the derivative of the following inverse hyperbolic functions: 

a.  Given xxy 3sinh 1−= , then 
dx
dy  = ( )xx

dx
d 3sinh 1−  = x

dx
dxx

dx
dx 3sinh3sinh 11 −− ⋅+⋅  = x

dx
d

x
xx 3

91

113sinh
2

1 ⋅
+

⋅+⋅−   

= 3
91

13sinh
2

1 ⋅
+

⋅+−

x
xx  = 

2

1

91

33sinh
x

xx
+

+−  

b.  Given ( )5cosh 1 += − xy , then 
dx
dy  = ( )5cosh 1 +− x

dx
d  = 

( )
( )5

15

1

2
+⋅

−+
x

dx
d

x
 = 

( )
1

15

1

2
⋅

−+x
 = 

( ) 15

1

2 −+x
 

c.  Given xy 1tanh−= , then 
dx
dy  = ( )x

dx
d 1tanh−  = ( ) x

dx
d

x
⋅

−
2

1

1  = 
xx
1

1
1

⋅
−

 = 
( )xx −1

1  

d.  Given 3

1sinh
x

xy
−

= , then 
dx
dy  = 









 −

3

1sinh
x

x
dx
d  = 6

3113 sinhsinh

x

xxxx dx
d

dx
d ⋅−⋅ −−

 = 6

21

1

13 3sinh
2

x

xxx
x

⋅−⋅ −

+   

= 6

12

1
sinh3

2

3

x

xx
x

x −

+

−

 = 
1

sinh13

26

1223

+

+− −

xx

xxxx  = 
1

sinh13

24

12

+

+− −

xx

xxx  

e.  Given 
x
xy

3cosh
sinh 1−

= , then 
dx
dy  = 









 −

x
x

dx
d

3cosh
sinh 1

 = 
x

xxxx dx
d

dx
d

3cosh

3coshsinhsinh3cosh
2

11 ⋅−⋅ −−

 = 
x

xx
x

x

3cosh

3sinhsinh3

2

1

1

3cosh

2

−

+

−
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= 
13cosh

3sinhsinh133cosh

22

12

+

+− −

xx

xxxx  

f.  Given 5

1cosh
x

xy
−

= , then 
dx
dy  = 









 −

5

1cosh
x

x
dx
d  = 10

5115 coshcosh

x

xxxx dx
d

dx
d ⋅−⋅ −−

 = 10

41

1

15 5cosh
2

x

xxx
x

⋅−⋅ −

−   

= 10

14

1
cosh5

2

5

x

xx
x

x −

−

−

 = 
1

cosh15

210

1245

−

−− −

xx

xxxx  = 
1

cosh15

26

12

−

−− −

xx

xxx  

g.  Given ( ) xxy 12 coth3 −+= , then 
dx
dy  = ( ) xx

dx
d 12 coth3 −+  = ( ) ( ) x

dx
dxx

dx
dx 1221 coth33coth −− ⋅+++⋅  = xx 2coth 1 ⋅−   

( ) 2
2

1
13
x

x
−

⋅++  = 2

2
1

1
3coth2

x
xxx
−

+
+−  

h.  Given xey x 13 cosh−= , then 
dx
dy  = ( )xe

dx
d x 13 cosh−  = x

dx
dee

dx
dx xx 1331 coshcosh −− ⋅+⋅  = x

dx
dex x 3cosh 31 ⋅⋅−   

1

1

2

3

−
⋅+

x
e x  = 

1
3cosh

2

3
31

−
+⋅⋅−

x

eex
x

x  = 
1

cosh3
2

3
13

−
+−

x

exe
x

x  = 
1

1cosh13

2

123

−







 +− −

x

xxe x

 

i.  Given 513 tanh xxy −+= , then 
dx
dy  = ( )513 tanh xx

dx
d −+  = 513 tanh x

dx
dx

dx
d −+  = 5

10
2

1
13 x

dx
d

x
x ⋅

−
+  = 10

4
2

1
53

x
xx

−
+  

j.  Given 
2

ln7sinh 1 xexy += − , then 
dx
dy  = 






 +− 2

ln7sinh 1 xex
dx
d  = 

2
ln7sinh 1 xe

dx
dx

dx
d

+−  = 
( )

x
dx
d

x
7

71

1

2
⋅

+
  

2

2
1 x
x

e
dx
d

e
⋅+  = 2

2

2

2
17

491

1 x
dx
de

ex

x
x

⋅⋅+⋅
+

 = xe
ex

x
x

21

491

7 2

2
2

⋅⋅+
+

 = x
x

2
491

7

2
+

+

 

k.  Given ( )xey 21tanh−= , then 
dx
dy  = ( )xe

dx
d 21tanh−  = x

x e
dx
d

e
2

41
1

⋅
−

 = x
dx
de

e
x

x 2
1

1 2
4 ⋅⋅

−
 = 2

1
1 2

4 ⋅⋅
−

x
x e

e
 = x

x

e
e

4

2

1
2
−

 

l.  Given ( )53coth 1 += − xy , then 
dx
dy  = ( )[ ]53coth 1 +− x

dx
d  = 

( )
( )53

531
1

2 +⋅
+−

x
dx
d

x
 = 

( ) 2531
3
+− x

 

Section 3.6 Practice Problems - Evaluation of Indeterminate Forms Using L’Hopital’s Rule 

Evaluate the limit for the following functions by applying the L’Hopital’s rule, if needed: 

a.  2
lnlim
x

x
x ∞→  = 2

ln
∞

∞  = 
∞
∞   Apply the L’Hopital’s rule 2

lnlim
x

x
x ∞→  = 2

ln
lim

x

x

dx
d

dx
d

x ∞→  = 
x

xdx
d

x
x 2

lim
1 ⋅

∞→   

= 
x

x
x 2

1
lim

1 ⋅
∞→  = 

x
x

x 2
lim

1

∞→  = 22
1lim
x

x ∞→  = 22
1
∞⋅

 = 
∞
1  = 0  

b.  
1

sinlim 0
−

→ xx
e

x  = 
1
0sin

0 −e
 = 

11
0
−

 = 
0
0   Apply the L’Hopital’s rule 

1
sinlim 0
−

→ xx
e

x  = 
( )1

sin
lim 0

−
→

x
dx
d

dx
d

x
e

x
  

= 
1

sin
lim 0

dx
dx

dx
d

dx
d

x
e

x

−
→  = 

0
coslim 0
−

→ xx
e

x  = xx
e

xcoslim 0→  = 0
0cos

e
 = 

1
1  = 1  

c.  30
cos1lim
x

x
x

−
→  = 30

cos1lim
x

x
x

−
→  = 30

0cos1−  = 
0

11−  = 
0
0   Apply the L’Hopital’s rule 30

cos1lim
x

x
x

−
→   
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= 
( )

30
cos1

lim
x

x

dx
d

dx
d

x
−

→  = 30
cos1

lim
x

x

dx
d

dx
d

dx
d

x
−

→  = 20
3
sin0lim
x

x
x

+
→  = 20

3
sinlim

x
x

x→  = 203
0sin

⋅
 = 

0
0   Apply the L’Hopital’s  

rule again 20
3
sinlim

x
x

x→  = 20
3

sin
lim

x

x

dx
d

dx
d

x→  = 
x

x
x 6

coslim 0→  = 
06
0cos

⋅
 = 

0
1  = ∞   

d.  
12

2lim 22
−+

−
→

tt
t

t  = 
1222

22
2 −⋅+

−  = 
144

22
−+

−  = 
7
0  = 0  

e.  
2

coslim
2

ππ
−→ x

x
x  = 

22

2cos
lim

2
ππ

π

π
−→x  = 

0
0   Apply the L’Hopital’s rule 

2

coslim
2

ππ
−→ x

x
x  = 

( )2

cos
lim

2 π
π

−
→

x

x

dx
d
dx
d

x  = 
1

sinlim
2

x
x

−
→π   

= xx sinlim
2
π→

−  = 2sin π−  = 1−  

f.  
t
tt

t sin2
coslim 0→  = 

0sin2
0cos0 ⋅  = 

02
10
⋅
⋅  = 

0
0   Apply the L’Hopital’s rule 

t
tt

t sin2
coslim 0→  = 

t

tt

dx
d

dt
d

t sin2

cos
lim 0 ⋅→   

= 
t

tttt

dt
d

dt
d

dt
d

t sin2

coscos
lim 0 ⋅

⋅+⋅
→  = 

t
ttt

t cos2
sin1coslim 0 ⋅

−⋅+⋅
→  = 

t
ttt

t cos2
sincoslim 0

−
→  = 

0cos2
0sin00cos ⋅−  = 

12
001

⋅
⋅−  = 

2
1  

g.  
64
8lim 28

−

−
→

x
x

x  = 
648
88

2 −

−  = 
6464
88

−
−  = 

0
0   Apply the L’Hopital’s rule 

64
8lim 28

−

−
→

x
x

x  = 
( )

( )64

8
lim

2
8

−

−
→

x

x

dx
d

dx
d

x   

= 
64

8
lim 28

dx
d

dx
d

dx
d

dx
d

x
x

x

−

−
→  = 

02
01lim 8 −

−
→ xx  = 

xx 2
1lim 8→  = 

82
1
⋅

 = 
16
1  

h.  
x
x

x −→ ππ
sinlim  = 

ππ −
0sin  = 

00
0
−

 = 
0
0   Apply the L’Hopital’s rule 

x
x

x −→ ππ
sinlim  = 

( )x

x

dx
d
dx
d

x −→ ππ
sin

lim   

= 
x

x

dx
d

dx
d

dx
d

x −→ ππ
sin

lim  = 
10

coslim
−→

x
x π  = 

1
coslim
−→

x
x π  = xx coslim π→−  = πcos−  = 1  

i.  
x

x
x 3

8sinlim 0→  = ( )
03

08sin
⋅
⋅  = 

0
0sin  = 

0
0   Apply the L’Hopital’s rule 

x
x

x 3
8sinlim 0→  = 

x

x

dx
d

dx
d

x 3

8sin
lim 0→   

= 
x

xx

dx
d

dx
d

x 3

88cos
lim 0

⋅
→  = 

3
88coslim 0
⋅

→
x

x  = 
3

8cos8lim 0
x

x→  = ( )
3

08cos8lim 0
⋅⋅

→x  = 
3

0cos8lim 0
⋅

→x  = 
3
18 ⋅  = 

3
8  

j.  
24
38lim

−
+

∞→ t
t

t  = 
2
3

−∞
+∞  = 

∞
∞   Apply the L’Hopital’s rule 

24
38lim

−
+

∞→ t
t

t  = 
( )
( )24

38
lim

−

+
∞→ t

t

dt
d
dt
d

t  = 
24

38
lim

dt
d

dt
d

dt
d

dt
d

t t

t

−

+
∞→   

= 
04
08

−
+  = 

4
8  = 2  

k.  20
1coslim

x
x

x
−

→  = 20
10cos −  = 

0
11−  = 

0
0   Apply the L’Hopital’s rule 20

1coslim
x
x

x
−

→  = 
( )

20
1cos

lim
x

x

dx
d

dx
d

x
−

→   

= 20
1cos

lim
x

x

dx
d

dx
d

dx
d

x
−

→  = 
x
x

x 2
0sinlim 0

−−
→  = 

x
x

x 2
sinlim 0→−  = 

02
0sin

⋅
−  = 

0
0

−   Apply the L’Hopital’s rule again 

x
x

x 2
sinlim 0→−  = 

x

x

dx
d

dx
d

x 2

sin
lim 0→−  = 

2
coslim 0

x
x→−  = 

2
0cos

−  = 
2
1

−  
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l.  
x

x
x 2cos1

sin1lim
2 +

−
→π  = 

2

2
2cos1

sin1
π

π

⋅+

−
 = 

π

π

cos1
sin1 2

+

−
 = 

11
11

−
−  = 

0
0   Apply the L’Hopital’s rule 

x
x

x 2cos1
sin1lim

2 +
−

→π   

= 
( )
( )x

x

dx
d
dx
d

x 2cos1

sin1
lim

2 +

−
→π  = 

x

x

dx
d

dx
d

dx
d

dx
d

x 2cos1

sin1
lim

2 +

−
→π  = 

x
x

x 2sin20
cos0lim

2 −
−

→π  = 
x
x

x 2sin
coslim

2
1

2
π→

 = 
2

2
2sin

cos
2
1

π

π

⋅
⋅   

= 
π

π

sin
cos

2
1 2⋅  = 

0
0

2
1
⋅  = 

0
0   Apply the L’Hopital’s rule again 

x
x

x 2sin
coslim

2
1

2
π→

 = 
x

x

dx
d
dx
d

x 2sin

cos
lim

2
1

2
π→

  

= 
x

x
x 2cos2

sinlim
2
1

2

−
→π  = 

x
x

x 2cos
sinlim

4
1

2
π→

−  = 
2

2
2cos

sin
4
1

π

π

⋅
⋅−  = 

π

π

cos
sin

4
1 2⋅−  = 

1
1

4
1

−
⋅−  = 

4
1  
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Chapter 4 Solutions: 
 

Section 4.1 Practice Problems – Integration Using the Basic Integration Formulas 

1.  Evaluate the following indefinite integrals: 

a.  ∫− dx3  = ∫− dx3  = ∫− dxx03  = cx +
+

− +10
10

3  = cx +−3  

Check:  Let cxy +−= 3 , then y ′  = 03 11 +− −x  = 03x−  = 13 ⋅−  = 3−  

b.  ∫ dxk5  = ∫dxk5  = ∫ dxxk 05  = cxk
+

+
+10

10
5  = cxk +5  

Check:  Let cxky += 5 , then y ′  = 05 11 +−xk  = 05 xk  = 15 ⋅k  = k5  

c.  ∫ dxx
3
2  = ∫ dxx

3
2  = ∫ dxx1

3
2  = cx +

+
⋅ +11

11
1

3
2  = cx +⋅ 2

2
1

3
2  = cx +2

3
1  

Check:  Let cxy += 2
3
1 , then y ′  = 02

3
1 12 +⋅ −x  = x

3
2  

d.  ∫ dxx5  = cx +
+

+15
15

1  = cx +6
6
1  

Check:  Let cxy += 6
6
1 , then y ′  = 06

6
1 16 +⋅ −x  = 5x  

e.  ∫ dxax7  = ∫ dxxa 7  = cxa +
+

⋅ +17
17

1  = cxa
+8

8
 

Check:  Let cxay += 8
8

, then y ′  = 08
8
1 18 +⋅⋅ −xa  = 7xa  

f.  ( )∫ + dxxx 34  = ∫∫ + dxxdxx 34  = cxx +
+

+
+

++ 1341
13

1
41

1  = cxx ++ 45
4
1

5
1  

Check:  Let cxxy ++= 45
4
1

5
1 , then y ′  = 04

4
15

5
1 1415 +⋅+⋅ −− xx  = 34 xx +  

g.  ∫ 4x
dx  = ∫ − dxx 4  = cx +

+−
+− 14

14
1  = cx +− −3

3
1  = c

x
+− 33

1  

Check:  Let cxy +−= −3
3
1 , then y ′  = 03

3
1 13 +−⋅− −−x  = 4−x  = 4

1
x

 

h.  ∫ 







− dx

xx 24
11  = xd

x
dx

x∫ ∫− 24
11  = ∫ ∫ −− − dxxdxx 24  = 1214

12
1

14
1 +−+−

+−
−

+−
xx  = cxx ++− −− 13

3
1  = c

xx
++−

1
3

1
3  

Check:  Let cxxy ++−= −− 13
3
1 , then y ′  = 03

3
1 1113 +−−⋅− −−−− xx  = 24 −− − xx  = 24

11
xx

−  

i.  ∫ dxx3 6  = ∫ dxx 3
6

 = ∫ dxx2  = cx +
+

+12
21

1  = cx +3
3
1  

Check:  Let cxy += 3
3
1 , then y ′  = 03

3
1 13 +⋅ −x  = 2x  

2.  Evaluate the following indefinite integrals: 

a.  ∫ 





 + dxxx3 2  = ∫∫ + dxxdxx 3

2
 = cxx +

+
+

+
++ 111

3
2 11

1
1

1 3
2

 = cxx ++
+

+
2

3
23 2

11 3
32

 = cxx ++ 2
2
1

5
3 3

5
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Check:  Let cxxy ++= 2
2
1

5
3 3

5
, then y ′  = 02

2
1

3
5

5
3 1213

5
+⋅+⋅ −−

xx  = xx +
−
3

35
 = xx +3

2
 = xx +3 2  

b.  dt
t∫− 2

1  = dt
t
∫−

2
1
1

2
1  = dtt∫

−
− 2

1

2
1  = ct +

−
⋅−

− 2
11

2
11

1
2
1  = ct +⋅−

−

−
2

12

2
12

1
2
1  = ct +⋅− 2

1
2

2
1  = ct +−  

Check:  Let cty +−= 2
1

, then y ′  = 0
2
1 12

1
+−

−
t  = 2

21

2
1 −

− t  = 2
1

2
1 −

− t  = 
2
1

2

1

t
−  = 

t2
1

−  

c.  dx
x

∫ 7 2

1  = dx
x
∫

7
2

1  = dxx∫
− 7

2
 = cx +

−

− 7
21

7
21

1  = cx +
−

−
7

27

7
27

1  = cx +7
5

5
7  = cx +7 5

5
7  

Check:  Let cxy += 7
5

5
7 , then y ′  = 0

7
5

5
7 17

5
+⋅

−
x  = 7

75−
x  = 7

2−
x  = 

7
2

1

x
 = 

7 2

1

x
 

d.  ( ) dxxx∫ +1  = ( )dxxxx∫ +  = dxxxdxx∫ ∫+  = dxxxdxx∫ ∫+ 2
1

2
1

 = dxxdxx∫ ∫
+

+ 2
1

2
1 1

  

= dxxdxx∫ ∫+ 2
3

2
1

 = cxx +
+

+
+

++ 1

2
3

1

2
1

2
3

2
1

1
1

1
1  = cxx ++

++

++
2

23
2

21

2
32

2
12

11  = cxx ++ 2
5

2
3

5
2

3
2  = cxx ++ 53

5
2

3
2   

= cxxxxx +⋅⋅+⋅ 222
5
2

3
2  = cxxxx ++ 2

5
2

3
2  

Check:  Let cxxy ++= 2
5

2
3

5
2

3
2 , then y ′  = 0

2
5

5
2

2
3

3
2 11 2

5
2
3

+⋅+⋅
−−

xx  = 2
25

2
23 −−

+ xx  = 2
3

2
1

xx +  

e.  ( ) ( ) dxxx∫ −+ 112 2  = ( )dxxxx∫ −+− 122 23  = ∫∫∫∫ −+− dxdxxdxxdxx 23 22  = ∫∫∫∫ −+− dxxdxxdxxdxx 023 22   

= cxxxx +
+

−
+

+
+

⋅−
+

⋅ ++++ 10111213
01

1
11

1
21

12
31

12  = cxxxx +−+− 234
2
1

3
2

2
1  

Check:  Let cxxxxy +−+−= 234
2
1

3
2

2
1 , then y ′  = 012

2
13

3
24

2
1 121314 +−⋅+⋅−⋅ −−− xxx  = 122 23 −+− xxx  

f.  ( ) dxxx∫ − 213  = ( )dxxxx∫ +− 169 2  = ( )dxxxx∫ +− 23 69  = dxxdxxdxx ∫∫∫ +− 23 69  = 1213
12

6
13

9 ++

+
−

+
xx  

cx +
+

+ +11
11

1  = cxxx ++− 234
2
1

3
6

4
9  = cxxx ++− 234

2
12

4
9  

Check:  Let cxxxy ++−= 234
2
12

4
9 , then y ′  = 02

2
1324

4
9 121314 +⋅+⋅−⋅ −−− xxx  = xxx +− 23 69  

g.  ( ) dxx∫ + 32  = ( )dxxxx∫ ⋅+⋅++ 2233 23232  = ( )dxxxx∫ +++ 8126 23  = ∫ ∫ ∫∫ +++ dxdxxdxxdxx 8126 23   

= cxxxx +
+

+
+

+
+

+
+

++++ 10111213
10

8
11

12
12

6
13

1  = cxxxx ++++ 862
4
1 234  

Check:  Let cxxxxy ++++= 862
4
1 234 , then y ′  = 0826324

4
1 11121314 ++⋅+⋅+⋅ −−−− xxxx  = 023 8126 xxxx +++  

= 8126 23 +++ xxx  = ( )32 x+  

h.  ( ) dxx∫ − 32  = ( )dxxxx∫ ⋅−⋅+− 2233 23232  = ( )dxxxx∫ ++−− 8126 23  = ∫ ∫ ∫∫ ++−− dxdxxdxxdxx 8126 23   

= cxxxx +
+

+
+

+
+

−
+

− ++++ 10111213
10

8
11

12
12

6
13

1  = cxxxx +++−− 862
4
1 234  

Check:  Let cxxxxy +++−−= 862
4
1 234 , then y ′  = 0826324

4
1 11121314 ++⋅+⋅−⋅− −−−− xxxx  = xxx 126 23 +−−  

08x+ = 8126 23 ++−− xxx  = ( )32 x−  
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i.  dy
y

yy
∫

+
2

25 4  = dy
y
y

y
y

∫ 









+ 2

2

2

5 4  = ( )dyy∫ + 43  = ∫ ∫+ dydyy 43  = cyy +
+

+
+

++ 1013
10

4
13

1  = cyy ++ 4
4
1 4  

Check:  Let cyyw ++= 4
4
1 4 , then w′  = 0144

4
1 1114 +⋅+⋅ −− yy  = 03 4 yy +  = 43 +y  

Section 4.2 Practice Problems – Integration Using the Substitution Method 

1.  Evaluate the following indefinite integrals: 

a.  Given ( )∫ + dttt 32 1  let 31 tu += , then 
dt
du  = ( )31 t

dt
d

+  = 23t  which implies that dttdu 23=  and 23t
dudt = .   

Substituting the u  and dx  values back into the original integral we obtain  

( )∫ + dttt 32 1  = ∫ ⋅⋅ 2
2

3t
duut  = ∫ duu

3
1  = cu +

+
⋅ +11

11
1

3
1  = cu +⋅ 2

2
1

3
1  = ( ) ct ++

231
6
1  

Check:  Let ( ) cty ++=
231

6
1 , then y ′  = ( ) 0312

6
1 2123 +⋅+⋅

−
tt  = ( ) 23 31

3
1 tt ⋅+  = ( )32 1 tt +  

b.  Given ∫ − dxxx 5618 32  let 56 3 −= xu , then 
dx
du  = ( )56 3 −x

dx
d  = 218x  which implies that dxxdu 218=  and  

218x
dudx = .  Substituting the u  and dx  values back into the original integral we obtain  

∫ − dxxx 5618 32  = ∫ ⋅⋅ 2
2

18
18

x
duux  = ∫ duu 2

1
 = cu +

+

+1

2
1

2
1

1
1  = cu +2

3

3
2  = cu +2

3

3
2  = ( ) cx +− 2

3
56

3
2 3  

Check:  Let ( ) cxy +−= 2
3

56
3
2 3 , then y ′  = ( ) 01856

2
3

3
2 213 2

3
+⋅−⋅

−
xx  = ( ) 23 1856 2

1
xx ⋅−  = 5618 32 −xx  

c.  Given ∫
+

dx
x 5

5  let 5+= xu , then 
dx
du  = ( )5+x

dx
d  = 1  which implies that dxdu = .  Substituting the u  and dx   

values back into the original integral we obtain  

∫
+

dx
x 5

5  = ∫ ⋅ du
u

5  = ∫
−

duu 2
1

5  = cu +
−

⋅
− 2

11

2
11

15  = cu +⋅
−

−
2

12

2
12

15  = cu +2
1

10  = ( ) cx ++ 2
1

510  

Check:  Let ( ) cxy ++= 2
1

510 , then y ′  = ( ) 05
2
110 12

1
++⋅ −x  = ( ) 2

1
55 −+x  = 

( ) 2
1

5

5

+x
 = 

5

5

+x
 

d.  Given ( )∫ − dxxx 5
1

22  let 22 −= xu , then 
dx
du  = ( )22 −x

dx
d  = x2  which implies that dxxdu 2=  and 

x
dudx
2

= .   

Substituting the u  and dx  values back into the original integral we obtain  

( )∫ − dxxx 5
1

22  = ∫ ⋅⋅
x

duux
2

5
1

 = ∫ duu 5
1

2
1  = cu +

+
⋅

+1

5
1

5
1

1
1

2
1  = cu +⋅ 5

6

6
5

2
1  = ( ) cx +− 5

6
2

12
5 2  

Check:  Let ( ) cx +− 5
6

2
12
5 2 , then y ′  = ( ) 022

5
6

12
5 12 5

6
+⋅−⋅

−
xx  = ( ) 5

1
22 −xx  

e.  Given ∫
+

dx
x

x

3

3

2
 let 32 += xu , then 

dx
du  = ( )32 +x

dx
d  = x2  which implies that dxxdu 2=  and 

x
dudx
2

= .  

Substituting the u  and dx  values back into the original integral we obtain  

∫
+

dx
x

x

3

3

2
 = ∫ ⋅

x
du

u

x
2

3  = ∫
−

duu 2
1

2
3  = cu +

−
⋅

− 2
11

2
11

1
2
3  = cu +⋅

−

−
2

12

2
12

1
2
3  = cu +⋅ 2

1
2

2
3  = cu +2

1
3  = ( ) cx ++ 2

1
33 2  
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Check:  Let ( ) cxy ++= 2
1

33 2 , then y ′  = ( ) 023
2
3 12 2

1
+⋅+

−
xx  = ( ) xx 23

2
3 2

1
2 ⋅+

−
 = 

( ) 2
1

3

3
2 +x

x  = 
3

3

2 +x

x  

f.  Given ∫ − dttt 21
2

 let 21 tu −= , then 
dt
du  = ( )21 t

dt
d

−  = t2−  which implies that dttdu 2−=  and 
t

dudt
2−

= .   

Substituting the u  and dt  values back into the original integral we obtain  

∫ − dttt 21
2

 = ∫ −
⋅⋅

t
duut
22

 = ∫− duu 2
1

4
1  = cu +

+
⋅−

+1

2
1

2
1

1
1

4
1  = cu +⋅− 2

3

3
2

4
1  = cu +− 2

3

6
1  = ( ) ct +−− 2

3
21

6
1  

Check:  Let ( ) cty +−−= 2
3

21
6
1 , then y ′  = ( ) 021

2
3

6
1 12 2

3
+−⋅−⋅−

−
tt  = ( ) 2

1
21

2
1 tt −⋅  = 21

2
tt

−  

g.  Given ( )∫ − dxxx
232 1  let 31 xu −= , then 

dx
du  = ( )31 x

dx
d

−  = 23x−  which implies that dxxdu 23−=  and 23x
dudx

−
= .   

Substituting the u  and dx  values back into the original integral we obtain  

( )∫ − dxxx
232 1  = ∫ −

⋅⋅ 2
22

3x
duux  = ∫− duu2

3
1  = cu +

+
⋅− +12

12
1

3
1  = cu +⋅− 3

3
1

3
1  = ( ) cx +−−

331
9
1  

Check:  Let ( ) cxy +−−=
331

9
1 , then y ′  = ( ) 0313

9
1 2133 +−⋅−⋅−

−
xx  = ( ) 21331

3
3 xx ⋅−

−
 = ( )232 1 xx −  

h.  Given ∫
+

dx
x

x

34

3
 let 34 += xu , then 

dx
du  = ( )34 +x

dx
d  = 34x  which implies that dxxdu 34=  and 34x

dudx = .   

Substituting the u  and dx  values back into the original integral we obtain  

∫
+

dx
x

x

34

3
 = ∫ ⋅ 3

3

4x
du

u

x  = ∫
−

duu 2
1

4
1  = cu +

−
⋅

− 2
11

2
11

1
4
1  = cu +⋅ 2

1
2

4
1  = cu +2

1

2
1  = ( ) cx ++ 2

1
3

2
1 4  

Check:  Let ( ) cxy ++= 2
1

3
2
1 4 , then y ′  = ( ) 043

4
1 314 2

1
+⋅+

−
xx  = ( ) 34 43

4
1 2

1
xx ⋅+

−
 = 

( ) 2
1

34

3

+x

x  = 
34

3

+x

x  

i.  Given ( )∫ + dxxx
298 12  let 12 9 += xu , then 

dx
du  = ( )12 9 +x

dx
d  = 818x  which implies that dxxdu 818=  and 818x

dudx = .   

Substituting the u  and dx  values back into the original integral we obtain  

( )∫ + dxxx
298 12  = ∫ ⋅⋅ 8

28

18x
duux  = ∫ duu2

18
1  = cu +

+
⋅ +12

12
1

18
1  = cu +3

54
1  = ( ) cx ++

39 12
54
1  

Check:  Let ( ) cxy ++=
39 12

54
1 , then y ′  = ( ) 018123

54
1 8139 +⋅+⋅

−
xx  = ( ) 829 12 xx ⋅+  = ( )298 12 +xx  

2.  Evaluate the following indefinite integrals: 

a.  Given ( )∫ − dxxx 126 32  let 12 3 −= xu , then 
dx
du  = ( )12 3 −x

dx
d  = 26x  which implies that dxxdu 26=  and 26x

dudx = .   

Substituting the u  and dx  values back into the original integral we obtain  

( )∫ − dxxx 126 32  = ∫ ⋅⋅ 2
2

6
6

x
duux  = ∫ duu  = cu +

+
+11

11
1  = cu +2

2
1  = ( ) cx +−

23 12
2
1  

Check:  Let ( ) cxy +−=
23 12

2
1 , then y ′  = ( ) 06122

2
1 2123 +⋅−⋅ − xx  = ( )126 32 −xx  

b.  Given ∫ + dxxx 21  let 21 xu += , then 
dx
du  = ( )21 x

dx
d

+  = x2  which implies that dxxdu 2=  and 
x

dudx
2

= .   
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Substituting the u  and dx  values back into the original integral we obtain  

∫ + dxxx 21  = ∫ ⋅⋅
x

duux
2

 = ∫ duu 2
1

2
1  = cu +

+
⋅

+1

2
1

2
1

1
1

2
1  = cu +⋅ 2

3

3
2

2
1  = cu +2

3

3
1  = ( ) cx ++ 2

3
21

3
1  

Check:  Let ( ) cxy ++= 2
3

21
3
1 , then y ′  = ( ) 021

2
3

3
1 12 2

3
+⋅+⋅

−
xx  = ( ) 2

1
212

2
1 xx +⋅  = 21 xx +  

c.  Given ∫ + dxx5 17  let 17 += xu , then 
dx
du  = ( )17 +x

d
d  = 7  which implies that dxdu 7=  and 

7
dudx = .  Substituting  

the u  and dx  values back into the original integral we obtain  

∫ + dxx5 17  = ∫ ⋅
7

5 duu  = ∫ duu 5
1

7
1  = cu +

+
⋅

+1

5
1

5
1

1
1

7
1  = cu +⋅ 5

6

6
5

7
1  = cu +5

6

42
5  = ( ) cx ++ 5

6
17

42
5  

Check:  Let ( ) cxy ++= 5
6

17
42
5 , then y ′  = ( ) 0717

5
6

42
5 15

6
+⋅+⋅

−
x  = ( ) 717

7
1 5

1
⋅+x  = ( ) 5

1
17 +x  = 5 17 +x  

d.  Given ∫ − dxxx3 2 13  let 13 2 −= xu  then 
dx
du  = ( )13 2 −x

dx
d  = x6  which implies that dxxdu 6=  and 

x
dudx
6

= .   

Substituting the u  and dx  values back into the original integral we obtain  

∫ − dxxx3 2 13  = ∫ ⋅⋅
x

duux
6

3  = ∫ duu 3
1

6
1  = cu +

+
⋅

+1

3
1

3
1

1
1

6
1  = cu +⋅ 3

4

4
3

6
1  = cu +3

4

8
1  = ( ) cx +− 3

4
13

8
1 2  

Check:  Let ( ) cxy +−= 3
4

13
8
1 2 , then y ′  = ( ) 0613

3
4

8
1 12 3

4
+⋅−⋅

−
xx  = ( ) xx 613

6
1 3

1
2 ⋅− = ( ) 3

1
13 2 −xx  = 3 2 13 −xx  

e.  Given ∫
+

dx
x

x

12
 let 12 += xu , then 

dx
du  = ( )12 +x

dx
d  = x2  which implies that dxxdu 2=  and 

x
dudx
2

= .  

Substituting the u  and dx  values back into the original integral we obtain  

∫
+

dx
x

x

12
 = ∫ ⋅

x
du

u

x
2

 = ∫
−

duu 2
1

2
1  = cu +

−
⋅

− 2
11

2
11

1
2
1  = cu +⋅

−

−
2

12

2
12

1
2
1  = cu +⋅ 2

1
2

2
1  = cu +2

1
 = ( ) cx ++ 2

1
12  

Check:  Let ( ) cxy ++= 2
1

12 , then y ′  = ( ) 021
2
1 12 2

1
+⋅+

−
xx  = ( ) xx 21 2

1
2 ⋅+

−
 = 

( ) 2
1

12 +x

x  = 
12 +x

x  

f.  Given ( )∫ − dxxx
221  let 21 xu −= , then 

dx
du  = ( )21 x

dx
d

−  = x2−  which implies that dxxdu 2−=  and 
x

dudx
2−

= .  

Substituting the u  and dx  values back into the original integral we obtain  

( )∫ − dxxx
221  = ∫ −

⋅⋅
x

duux
2

2  = ∫− duu2
2
1  = cu +

+
⋅− +12

12
1

2
1  = cu +− 3

6
1  = ( ) cx +−−

321
6
1  

Check:  Let ( ) cxy +−−=
321

6
1 , then y ′  = ( ) 0213

6
1 132 +−⋅−⋅−

−
xx  = ( ) xx ⋅−

221
6
6  = ( )221 xx −  

g.  Given ∫
+

dx
x

x

36

5
 let 36 += xu , then 

dx
du  = ( )36 +x

dx
d  = 56x  which implies that dxxdu 56=  and 56x

dudx = .   

Substituting the u  and dx  values back into the original integral we obtain  

∫
+

dx
x

x

36

5
 = ∫ ⋅ 5

5

6x
du

u

x  = ∫ ⋅ du
u

1
6
1  = ∫

−
duu 2

1

6
1  = cu +

−
⋅

− 2
11

2
11

1
6
1  = cu +2

1

3
1  = ( ) cx ++ 2

1
3

3
1 6  
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Check:  Let ( ) cxy ++= 2
1

3
3
1 6 , then y ′  = ( ) 063

2
1

3
1 516 2

1
+⋅+⋅

−
xx  = ( ) 2

1
365 −

+xx  = 
36

5

+x

x  

h.  Given ∫
−

dx
x

x

1

3

2
 let 12 −= xu , then 

dx
du  = ( )12 −x

dx
d  = x2  which implies that dxxdu 2=  and 

x
dudx
2

= . 

Substituting the u  and dx  values back into the original integral we obtain  

∫
−

dx
x

x

1

3

2
 = ∫ ⋅

x
du

u

x
2

3  = ∫
−

duu 2
1

2
3  = cu +

−
⋅

− 2
11

2
11

1
2
3  = cu +⋅

−

−
2

12

2
12

1
2
3  = cu +2

1
3  = ( ) cx +− 2

1
13 2  

Check:  Let ( ) cxy +−= 2
1

13 2 , then y ′  = ( ) 021
2
3 12 2

1
+⋅−

−
xx  = ( ) 2

1
13 2 −

−xx  = 
( ) 2

1
1

3
2 −x

x  = 
1

3

2 −x

x  

i.  Given ∫
++

+ dx
xx

xx

13

65

25

4
 let 13 25 ++= xxu , then 

dx
du  = ( )13 25 ++ xx

dx
d  = xx 65 4 +  which implies that  

( )dxxxdu 65 4 +=  and 
xx

dudx
65 4 +

= .  Substituting the u  and dx  values back into the original integral we obtain  

∫
++

+ dx
xx

xx

13

65

25

4
 = ∫ +

⋅
+

xx
du

u

xx
65

65
4

4
 = ∫

u

du  = ∫
−

duu 2
1

 = cu +
−

− 2
11

2
11

1  = cu +
−

−
2

12

2
12

1  = cu +2
1

2   

= ( ) cxx +++ 2
1

132 25  = cxx +++ 132 25  

Check:  Let ( ) cxxy +++= 2
1

132 25 , then y ′  = ( ) ( ) 06513
2
12 4125 2

1
++++⋅

−
xxxx  = ( ) ( )xxxx 6513 425 2

1
+++

−
  

= 
( ) 2

1
13

65
25

4

++

+

xx

xx  = 
13

65

25

4

++

+

xx

xx  

Section 4.3 Solutions – Integration of Trigonometric Functions 

1.  Evaluate the following integrals. 

a.  Given ∫ dxx
5

3sin  let 
5

3xu = , then 
5

3x
dx
d

dx
du

=  = 
5
3  which implies dudx

3
5

= .  Therefore,  

∫ dxx
5

3sin  = ∫ ⋅ duu
3
5sin  = ∫ duusin

3
5  = cu +− cos

3
5  = cx

+−
5

3cos
3
5  

Check:  Let cxy +−=
5

3cos
3
5 , then y ′  = c

dx
dx

dx
d

+⋅−
5

3cos
3
5  = 0

5
3

5
3sin

3
5

+⋅−⋅−
x

dx
dx  = 

5
3

5
3sin

3
5

⋅−⋅−
x = 

5
3sin x  

b.  Given ∫ dxx2cos3  let xu 2= , then x
dx
d

dx
du 2=  = 2  which implies 

2
dudx = .  Therefore,  

∫ dxx2cos3  = ∫ ⋅
2

cos3 duu  = ∫ duucos
2
3  = cu +sin

2
3  = cx +2sin

2
3  

Check:  Let cxy += 2sin
2
3 , then y ′  = c

dx
dx

dx
d

+⋅ 2sin
2
3  = 022cos

2
3

+⋅⋅ x
dx
dx  = 22cos

2
3

⋅⋅ x  = x2cos
2
6
⋅  = x2cos3  

c.  Given ( )∫ − dxxx 7cos5sin  = ∫∫ − dxxdxx 7cos5sin  let:   

a.  xu 5= , then x
dx
d

dx
du 5= ; 5=

dx
du ; dxdu 5= ;

5
dudx =  and  
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b.  xv 7= , then x
dx
d

dx
dv 7= ; 7=

dx
dv ; dxdv 7= ;

7
dvdx = .   

Therefore, ∫∫ − dxxdxx 7cos5sin  = ∫∫ ⋅−⋅
7

cos
5

sin dvvduu  = ∫∫ − dvvduu cos
7
1sin

5
1  = 21 sin

7
1cos

5
1 cvcu +−+−  

= 217sin
7
15cos

5
1 ccxx ++−−  = cxx +−− 7sin

7
15cos

5
1  

Check:  Let cxxy +−−= 7sin
7
15cos

5
1  then y ′  = c

dx
dx

dx
dx

dx
d

+⋅−⋅− 7sin
7
15cos

5
1  = x

dx
dx 55sin

5
1

⋅⋅   

077cos
7
1

+⋅⋅− x
dx
dx = xx 7cos

7
75sin

5
5

⋅−⋅  = xx 7cos5sin −  

d.  Given ∫ dxx3csc2 2  let xu 3= , then x
dx
d

dx
du 3= ; 3=

dx
du ; dxdu 3= ;

3
dudx = .  Therefore, 

∫ dxx3csc2 2  = ∫ ⋅
3

csc2 2 duu  = ∫ duu2csc
3
2  = cu +− cot

3
2  = cx +− 3cot

3
2  

Check:  Let cxy +−= 3cot
3
2 , then y ′  = c

dx
dx

dx
d

+⋅− 3cot
3
2  = 033csc

3
2 2 +⋅−⋅− x

dx
dx  = 33csc

3
2 2 ⋅⋅ x  = x3csc2 2  

e.  Given ∫ dxxx 22sec  let 2xu = , then 2x
dx
d

dx
du

= ; x
dx
du 2= ; dxxdu 2= ;

x
dudx
2

= .  Therefore, 

∫ dxxx 22sec  = ∫ ⋅
x

duux
2

sec2  = ∫ duu2sec
2
1  = cu +tan

2
1  = cx +2tan

2
1  

Check:  Let cxy += 2tan
2
1 , then y ′  = c

dx
dx

dx
d

+⋅ 2tan
2
1  = 0sec

2
1 222 +⋅⋅ x

dx
dx  = xx 2sec

2
1 22 ⋅⋅  = 22sec xx  

f.  Given ∫ dxx5sec8  let xu 5= , then x
dx
d

dx
du 5= ; 5=

dx
du ; dxdu 5= ;

5
dudx = .  Therefore,  

∫ dxx5sec8  = ∫ ⋅
5

sec8 duu  = ∫ duusec
5
8  = cuu ++ tansecln

5
8  = cxx ++ 5tan5secln

5
8  

Check:  Let cxxy ++= 5tan5secln
5
8 , then y ′  = 05sec55tan5sec5

5tan5sec
1

5
8 2 ++⋅

+
⋅ xxx

xx
  

= ( )
xx

xxx
5tan5sec

5tan5sec5sec5
5
8

+
+

⋅  = x5sec8  

g.  Given ∫ dxxx cossin3  let xu sin= , then x
dx
d

dx
du sin= ; x

dx
du cos= ; dxxdu ⋅= cos ; 

x
dudx

cos
= .  Therefore,  

∫ dxxx cossin3  = ∫ ⋅
x

duxu
cos

cos3  = ∫ duu3  = cu +4
4
1  = cx +4sin

4
1  

Check:  Let cxy += 4sin
4
1 , then y ′  = 0cossin4

4
1 3 +⋅⋅ xx  = xx cossin3   

h.  Given ∫ dxxx sincos3  let xu cos= , then x
dx
d

dx
du cos= ; x

dx
du sin−=  ; 

x
dudx
sin−

= .  Therefore, 

∫ dxxx sincos3  = ∫ −
⋅

x
duxu
sin

sin3  = ∫− duu3  = cu +− 4
4
1  = cx +− 4cos

4
1  

Check:  Let cxy +−= 4cos
4
1 , then y ′  = 0sincos4

4
1 3 +−⋅⋅− xx  = xx sincos

4
4 3  = xx sincos3  

i.  Given ∫ dxxx 2cos
2

 let 2xu = , then 2x
dx
d

dx
du

= ; x
dx
du 2= ; dxxdu ⋅= 2 ; 

x
dudx
2

= .  Therefore, 

∫ dxxx 2cos
2

 = ∫ ⋅
x

duux
2

cos
2

 = ∫ duucos
4
1  = cu +⋅ sin

4
1  = cx +2sin

4
1  
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Check:  Let cxy += 2sin
4
1 , then y ′  = cxx +⋅⋅ 2cos

4
1 2  = 0cos

4
2 2 +xx  = 2cos

2
xx  

2.  Evaluate the following integrals. 

a.  Given ∫ dxee xx 33 sec  let xeu 3= , then xe
dx
d

dx
du 3= ; xe

dx
du 33= ; dxedu x ⋅= 33 ; xe

dudx 33
= .  Therefore,  

∫ dxee xx 33 sec  = ∫ ⋅ x
x

e
duue 3

3

3
sec  = ∫ duusec

3
1  = cuu ++ tansecln

3
1  = cee xx ++ 33 tansecln

3
1  

Check:  Let ceey xx ++= 33 tansecln
3
1 , then y ′  = 0sec3tansec3

tansec
1

3
1 323333

33 ++⋅
+

⋅ xxxxx
xx eeeee

ee
  

= ( )
xx

xxxx

ee
eeee

33

3333

tansec
tansecsec3

3
1

+

+
⋅  = xx ee 33 sec  

b.  ∫ dxxx 29 sectan  let xu tan= , then x
dx
d

dx
du tan=  ; x

dx
du 2sec=  ; dxxdu 2sec= ; 

x
dudx

2sec
= .  Therefore, 

∫ dxxx 29 sectan  = ∫ ⋅⋅
x

duxu 2
29

sec
sec  = ∫ duu9  = cu +

+
+19

19
1  = cu +10

10
1  = cx +10tan

10
1  

Check:  Let cxy += 10tan
10
1 , then y ′  = ( ) 0sectan10

10
1 2110 +⋅⋅ − xx  = ( ) xx 29 sectan  = xx 29 sectan  

c.  Given ∫ dxxx 25 csccot  let xu cot= , then x
dx
d

dx
du cot=  ; x

dx
du 2csc−= c ; dxxdu 2csc−=  ; 

x
dudx

2csc
−= .  Thus,  

∫ dxxx 25 csccot  = ∫
−

⋅⋅
x

duxu 2
25

csc
csc  = ∫− duu5  = cu +

+
− +15

15
1  = cu +− 6

6
1  = cx +− 6cot

6
1  

Check:  Let cxy +−= 6cot
6
1 , then y ′  = ( ) 0csccot6

6
1 216 +−⋅⋅− − xx  = xx 25 csccot  

d.  Given ∫ dxxx 2tan2sec  let xu 2= , then x
dx
d

dx
du 2=  ; 2=

dx
du  ; dxdu 2=  ; 

2
dudx = .  Therefore, 

∫ dxxx 2tan2sec  = ∫ ⋅⋅
2

tansec duuu  = ∫ duuu tansec
2
1  = cu +sec

2
1  = cx +2sec

2
1  

Check:  Let cxy += 2sec
2
1  then y ′  = 022tan2sec

2
1

+⋅⋅ xx  = xx 2tan2sec
2
2
⋅  = xx 2tan2sec  

e.  Given ∫ dxxx 2cot  let 2xu = , then 2x
dx
d

dx
du

=  ; x
dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Therefore, 

∫ dxxx 2cot  = ∫ ⋅⋅
x

duux
2

cot  = ∫ ⋅ duucot
2
1  = cu +sinln

2
1  = cx +2sinln

2
1  

Check:  Let cxy += 2sinln
2
1 , then y ′  = 02cos

sin
1

2
1 2

2 +⋅⋅⋅ xx
x

 = 2

2

sin
cos

2
2

x
xx

⋅  = 2cot xx  

f.  Given ∫ dxxx 32 csc
3
1  let 3xu = , then 3x

dx
d

dx
du

=  ; 23x
dx
du

=  ; dxxdu 23=  ; 
23x

dudx = .  Therefore, 

∫ dxxx 32 csc
3
1  = ∫ ⋅⋅ 2

2

3
csc

3
1

x
duux  = ∫ ⋅ duucsc

9
1  = cuu +− cotcscln

9
1  = cxx +− 33 cotcscln

9
1  

Check:  Let cxxy +−= 33 cotcscln
9
1 , then y ′  = ( ) 0

cotcsc9

3csc3cotcsc
33

232233
+

−

⋅+⋅−

xx

xxxxx  = ( )
( )33

3332

cotcsc9

cotcsccsc3

xx

xxxx

−

−   

= 
9
csc3 32 xx  = 3

2
csc

3
xx

⋅  = 32 csc
3
1 xx  



Calculus I  Chapter 4 Solutions 

Hamilton Education Guides   444 

g.  ( )∫ dxxx 5csc5sin  = ∫ ⋅ dx
x

x
5sin

15sin  = ∫ dx
x
x

5sin
5sin  = ∫dx  = cx +  

Check:  Let cxy += , then y ′  = 011 +−x  = 0x  = 1  

h.  ( )∫ ++ dttttt 235sec5cos  = ∫∫∫ ++⋅ dttdttdt
t

t 23
5cos

15cos  = ∫ ∫∫ ++ dttdttdt 23  = cttt +++ 23
2
1  

Check:  Let cttty +++= 23
2
1 , then y ′  = 012

2
13 1213 ++⋅+ −− tt  = 13 2 ++ tt  

i.  Given ∫ dxxe x 2cot csc  let xu cot= , then x
dx
d

dx
du cot=  ; x

dx
du 2csc−=  ; dxxdu 2csc−=  ; 

x
dudx 2csc

−= .  Therefore, 

∫ dxxe x 2cot csc  = ∫
−

⋅
x

duxeu
2

2

csc
csc  = ∫− dueu  = ceu +−  = ce x +− cot  

Check:  Let cey x +−= cot , then y ′  = 01csc2cot +⋅−⋅− xe x  = xe x 2cot csc   

3.  Evaluate the following integrals. 

a.  ∫ dxxx 5cos3sin  = ( ) ( )[ ] dxxx∫ ++− 53sin53sin
2
1  = ( ) ( )[ ] dxxx∫ +− 8sin2sin

2
1  = ( ) dxxx∫ − 2sin8sin

2
1  

= dxxdxx ∫∫ − 2sin
2
18sin

2
1  = cxx +⋅+−⋅ 2cos

2
1

2
18cos

8
1

2
1  = cxx ++− 2cos

4
18cos

16
1  

Check:  Let cxxy ++−= 2cos
4
18cos

16
1 , then y ′  = 02sin2

4
18sin8

16
1

+−⋅+−⋅− xx  = xx 2sin
4
28sin

16
8

−   

= xx 2sin
2
18sin

2
1

−  = ( )xx 2sin
2
18sin

2
1

−+  = ( ) ( )xx 53sin
2
153sin

2
1

−++  = xx 5cos3sin  

b.  ∫ dxxx 4cos6cos  = ( ) ( )[ ] dxxx∫ ++− 46cos46cos
2
1  = ( ) dxxx∫ + 10cos2cos

2
1  = dxxdxx ∫∫ + 10cos

2
12cos

2
1  

= cxx +⋅+⋅⋅ 10sin
10
1

2
12sin

2
1

2
1  = cxx ++ 10sin

20
12sin

4
1  

Check:  Let cxxy ++= 10sin
20
12sin

4
1 , then y ′  = 010cos10

20
12cos2

4
1

+⋅+⋅ xx  = xx 10cos
2
12cos

2
1

+   

= xx 10cos
2
12cos

2
1

+  = ( ) ( )xx 46cos
2
146cos

2
1

++−  = xx 4cos6cos  

c.  ∫ dxx3sin5  = ∫ dxxx 3sin3sin4  = ( )∫ dxxx 3sin3sin
22  = ( )∫ − dxxx 3sin3cos1

22 .  Let xu 3cos= , then  

x
dx
d

dx
du 3cos=  ; x

dx
du 3sin3−=  ; dxxdu 3sin3−=  ; 

x
dudx

3sin3
−= .  Therefore, 

∫ dxx3sin5  = ( )∫ − dxxx 3sin3cos1
22  = ( )∫ − dxxu 3sin1

22  = ( )∫ −
⋅+−

x
duxuu

3sin3
3sin12 24  = ( )∫ +−− duuu 12

3
1 24   

= ∫ ∫∫ −+− duduuduu
3
1

3
2

3
1 24  = cuuu +−⋅+⋅−

3
1

3
1

3
2

5
1

3
1 35  = cxxx +−+− 3cos

3
13cos

9
23cos

15
1 35  

Check:  Let cxxxy +−+−= 3cos
3
13cos

9
23cos

15
1 35 , then y ′  = xxxxx 3sin3

3
13sin3cos9

9
23sin3cos15

15
1 24 ⋅+−⋅⋅+−⋅⋅−   

= xxxxx 3sin3cos3sin23cos3sin 24 +−  = ( )13cos23cos3sin 24 +− xxx  = ( )22 3cos13sin xx −   

= ( )22 3sin3sin xx  = xx 3sin3sin 4  = x3sin5  

d.  ∫ dxx2tan 4  = ∫ dxxx 2tan2tan 22  = ( )∫ − dxxx 12sec2tan 22  = dxxdxxx ∫∫ − 2tan2sec2tan 222   



Calculus I  Chapter 4 Solutions 

Hamilton Education Guides   445 

= ( )dxxdxxx ∫∫ −− 12sec2sec2tan 222  = ∫∫∫ +− dxdxxdxxx 2sec2sec2tan 222 .  To solve the first integral let  

xu 2tan= , then x
dx
d

dx
du 2tan=  ; x

dx
du 2sec2 2=  ; dxxdu 2sec2 2=  ; 

x
dudx

2sec2 2= .  Therefore, 

∫ dxxx 2sec2tan 22  = ∫ ⋅
x

duxu
2sec2

2sec 2
22  = ∫ duu2

2
1  = 3

3
1

2
1 u⋅  = 3

6
1 u  = x2tan

6
1 3 .  Grouping the terms we obtain 

∫ dxx2tan 4  = ∫∫∫ +− dxdxxdxxx 2sec2sec2tan 222  = ∫∫ +− dxdxxx 2sec2tan
6
1 23  = cxxx ++− 2tan

2
12tan

6
1 3  

Check:  Let cxxxy ++−= 2tan
2
12tan

6
1 3 , then y ′  = 012sec

2
22sec2tan

6
6 222 ++−⋅ xxx  = 12sec2sec2tan 222 +−⋅ xxx   

= ( ) 112tan2sec 22 +−xx  = ( ) ( ) 112tan12tan 22 +−+ xx  = 112tan2tan2tan 224 +−+− xxx  = x2tan4  

e.  ∫ dxax2cos  = ( )∫ − dxax2sin1  = ∫∫ − dxaxdx 2sin  = ( )∫∫ −− dxaxdx 2cos1
2
1  = ∫∫ +− dxaxdxx 2cos

2
1

2
1   

= cax
a

xx +⋅+− 2sin
2
1

2
1

2
 = cax

a
x ++






 − 2sin

4
1

2
11  = c

a
axx

++
4

2sin
2

 

Check:  Let c
a

axxy ++=
4

2sin
2

, then y ′  = 022cos
4
1

2
1

+⋅⋅+ aax
a

 = ax
a
a 2cos

4
2

2
1

⋅+  = ax2cos
2
1

2
1
+   

= ax2cos
2
1

2
11 +






 −  = 






 −− ax2cos
2
1

2
11  = ( )ax2cos1

2
11 −−  = ax2sin1−  = ax2cos  

f.  ∫ dxx5tan3  = ∫ dxxx 5tan5tan2  = ( )∫ − dxxx 5tan15sec2  = ∫∫ − dxxdxxx 5tan5tan5sec2 .  To solve the first  

integral let xu 5tan= , then x
dx
d

dx
du 5tan=  ; x

dx
du 5sec5 2=  ; dxxdu 5sec5 2=  ; 

x
dudx

5sec5 2= .  Therefore, 

∫ dxxx 5tan5sec2  = ∫ ⋅⋅
x

duux
5sec5

5sec 2
2  = ∫ duu

5
1  = 2

2
1

5
1 u⋅  = 2

10
1 u  = x5tan

10
1 2 .  Combining the term we obtain 

∫ dxx5tan3  = ∫ dxxx 5tan5tan2  = ( )∫ − dxxx 5tan15sec2  = ( )∫ − dxxxx 5tan5tan5sec2  = ∫ dxxx 5tan5sec2   

∫− dxx5tan  = ∫− dxxx 5tan5tan
10
1 2  = cxx +− 5secln

5
15tan

10
1 2  

Check:  Let cxxy +−= 5secln
5
15tan

10
1 2 , then y ′  = 05tan5sec5

5sec
1

5
15sec5tan10

10
1 2 +⋅⋅−⋅⋅ xx

x
xx   

= 
x

xxxx
5sec

5tan5sec5sec5tan 2 −  = xxx 5tan5sec5tan 2 −  = ( )15sec5tan 2 −xx  = xx 5tan5tan 2  = x5tan3  

g.  ∫ dxx3cot 4  = ∫ dxxx 3cot3cot 22  = ( )∫ − dxxx 13csc3cot 22  = dxxdxxx 3cot3csc3cot 222 ∫∫ −   

= ( )dxxdxxx ∫∫ −− 13csc3csc3cot 222  = ∫∫∫ +− dxdxxdxxx 3csc3csc3cot 222 .  To solve the first integral let   

xu 3cot= , then x
dx
d

dx
du 3cot=  ; x

dx
du 3csc3 2−=  ; dxxdu 3csc3 2−=  ; 

x
dudx

3csc3 2−= .  Therefore, 

∫ dxxx 3csc3cot 22  = ∫ −⋅
x

duxu
3csc3

3csc 2
22  = ∫− duu2

3
1  = 3

9
1 u−  = x3cot

9
1 3− .  Grouping the terms we obtain 

∫ dxx3cot4  = ∫∫∫ +− dxdxxdxxx 3csc3csc3cot 222  = ∫∫ +−− dxdxxx 3csc3cot
9
1 23  = cxxx +++− 3cot

3
13cot

9
1 3  

Check:  Let cxxxy +++−= 3cot
3
13cot

9
1 3 , then y ′  = 13csc

3
33csc3cot

9
9 222 +−−⋅− xxx  = 13csc3csc3cot 222 +− xxx   

= ( ) 113cot3csc 22 +−xx  = ( ) ( ) 113cot13cot 22 +−+ xx  = 113cot3cot3cot 224 +−+− xxx  = x3cot4  
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h.  ∫ dxx2cot3  = ∫ dxxx 2cot2cot2  = ( )∫ − dxxx 2cot12csc2  = ∫∫ − dxxdxxx 2cot2cot2csc2 .  To solve the first  

integral let xu 2cot= , then x
dx
d

dx
du 2cot=  ; x

dx
du 2csc2 2−=  ; dxxdu 2csc2 2−=  ; 

x
dudx

2csc2 2−= .  Therefore, 

∫ dxxx 2cot2csc2  = ∫ −⋅⋅
x

duux
2csc2

2csc 2
2  = ∫− duu

2
1  = 2

4
1 u−  = x2cot

4
1 2− .  Combining the term we obtain  

∫ dxx2cot3  = ∫ dxxx 2cot2cot2  = ( )∫ − dxxx 2cot12csc2  = ( )∫ −⋅ dxxxx 2cot2cot2csc2  = ∫ dxxx 2cot2csc2   

∫− dxx2cot  = ∫−− dxxx 2cot2cot
4
1 2  = cxx +−− 2sinln

2
12cot

4
1 2  

Check:  Let cxxy +−−= 2sinln
2
12cot

4
1 2 , then y ′  = 02cos2

2sin
1

2
12csc2cot4

4
1 2 +⋅⋅−−⋅⋅− x

x
xx   

= 
x
xxx

2sin
2cos2csc2cot 2 −  = xxx 2cot2csc2cot 2 −  = ( )12csc2cot 2 −xx  = xx 2cot2cot 2  = x2cot3  

i.  ∫ dxx3cot 6  = ∫ dxxx 3cot3cot 24  = ( )∫ − dxxx 13csc3cot 24  = ( )∫ − dxxxx 3cot3csc3cot 424  = ∫ dxxx 3csc3cot 24  

dxx∫− 3cot4 .  From the problem g above we know that dxx∫ 3cot4  = cxxx +++− 3cot
3
13cot

9
1 3 .  Therefore,  

∫ dxx3cot6  = ∫ dxxx 3cot3cot 24  = ( )∫ − dxxx 13csc3cot 24  = dxxdxxx ∫∫ − 3cot3csc3cot 424   

= 





 +++−−∫ cxxxdxxx 3cot

3
13cot

9
13csc3cot 324  = cxxxx +−−+− 3cot

3
13cot

9
13cot

15
1 35  

Check:  Let cxxxxy +−−+−= 3cot
3
13cot

9
13cot

15
1 35 , then y ′  = 

9
3csc3cot9

15
3csc3cot15 2224 xxxx −⋅⋅

+
−⋅⋅

−   

1
3

3csc3 2
−+

x = 13csc3csc3cot3csc3cot 22224 −+⋅−⋅ xxxxx  = ( ) 113cot3cot3csc 242 −+− xxx   

= ( ) ( ) 113cot3cot3cot1 242 −+−+ xxx  = 13cot3cot3cot13cot3cot 24624 −+−++− xxxxx  = x3cot6  

Section 4.4 Solutions – Integration of Expressions Resulting in Inverse Trigonometric Functions 

1.  Evaluate the following indefinite integrals. 

a.  First - Write the given integral in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
, i.e., ∫

− 2925 x

dx  = 
( )

∫
− 22 35 x

dx   

Second - Use substitution method by letting xu 3= , then xx
dx
d

dx
du 33 ==  which implies dxxdu 3=  ; 

3
dudx = . 

Therefore, ∫
− 2925 x

dx  = 
3

5

1

22

du

u
⋅

−
∫  = ∫

− 225
3
1

u

du  = 
5

sin
3
1 uarc  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
5

sin
3
1  = cxarc +

5
3sin

3
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
5

3sin
3
1  then  

y ′  = 

( )
0

5
3

1

1
3
1

2
5

3

+⋅

−

x
dx
d

x

 = 
5
3

1

1
3
1

25
9 2

⋅

− x

 = 

25
925 2

1
15
3

x−

 = 
2925

5
5
1

x−
 = 

2925

1

x−
 

b.  First - Write the given integral in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
, i.e., ∫

− 24 x

dx  = ∫
− 222 x

dx   
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Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  Therefore,  

∫
− 24 x

dx  = ∫
− 222 u

du  = cuarc +
2

sin  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
2

sin  = cxarc +
2

sin  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
2

sin  then  

y ′  = 

( )
0

2
1

1

2
2

+⋅

−

x
dx
d

x

 = 
2
1

1

1

4
2

⋅

− x

 = 

4
4 2

1
2
1

x−

 = 
24

2
2
1

x−
 = 

24

1

x−
 

c.  First - Write the given integral in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
, i.e., ∫

− 6

2

25 x

dxx  = 

( )
∫

−
232

2

5 x

dxx   

Second - Use substitution method by letting 3xu = , then 23 3xx
dx
d

dx
du

==  which implies dxxdu 23=  ; 23x
dudx = .  Thus,  

∫
− 6

2

25 x

dxx  = 

( )
∫

−
232

2

5 x

dxx  = 2
22

2

35 x
du

u

x
⋅

−
∫  = ∫

− 225
3
1

u

du  = cuarc +
5

sin
3
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
5

sin
3
1  = cxarc +

5
sin

3
1 3

 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
5

sin
3
1 3

 then  

y ′  = 0
5

1

1
3
1 3

2

5
3

+⋅






−

x
dx
d

x

 = 
5

3

1

1
3
1 2

25
6

x

x

⋅

−

 = 

25
25

2

65
1

x

x

−

 = 
6

2

25

5
5
1

x

x

−
 = 

6

2

25 x

x

−
 

d.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22 , i.e., ∫ +169 2x
dx  = ∫ + 2916 x

dx   

= ( )∫
+ 2

9
169 x

dx  = ∫ + 2
9

169
1

x
dx  = 

( )∫
+ 22

3
49

1

x

dx  

Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  Therefore,  

( )∫
+ 22

3
49

1

x

dx  = 
( )∫

+ 22
3
49

1

u

dx  = cuarc +⋅
3
4

3
4 tan1

9
1  = cuarc +⋅

4
3tan

4
3

9
1  = cuarc +

4
3tan

12
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
4

3tan
12
1  = cxarc +

4
3tan

12
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
4

3tan
12
1  then  

y ′  = 
( )

0
4

3

1

1
12
1

2
4

3
+⋅

+
⋅

x
dx
d

x
 = 

4
3

1

1
12
1

16
9 2 ⋅

+
⋅

x
 = 

16
916 2
1

48
3

x+
⋅  = 2916

16
16
1

x+
⋅  = 2916

1
x+

 

Note that another way of solving this class of problems is by rewriting the integral in the following way: 

∫ +169 2x
dx  = ∫ + 2916 x

dx  = 
( )∫ + 22 34 x

dx .  Now, let xu 3= , then 33 == x
dx
d

dx
du  which implies dxdu 3=  ; 

3
dudx = . 

Thus, 
( )∫ + 22 34 x

dx  = 
34

1
22

du
u

⋅
+∫  = ∫ + 2243

1
u

du  = cuarc +⋅
4

tan
4
1

3
1  = cuarc +

4
tan

12
1  = cxarc +

4
3tan

12
1  
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e.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22 , i.e., ∫ + 6

2

97 x
dxx  = ( )∫

+ 6
9
7

2

9 x

dxx   

= ∫ + 6
9
7

2

9
1

x
dxx  = 

( )∫
+






 23

2

3
7

2

9
1

x

dxx  

Second - Use substitution method by letting 3xu = , then 23 3xx
dx
d

dx
du

==  which implies dxxdu 23=  ; 23x
dudx = . 

Therefore, 
( )∫

+





 23

2

3
7

2

9
1

x

dxx  = 2
2

2

3
7

2

39
1

x
du

u

x
⋅

+







∫  = ∫
+






 2

2

3
727

1

u

du  = cuarc +⋅

3
7

3
7

tan1
27
1   

= cuarc +⋅
7

3tan
7

3
27
1  = cuarc +

7

3tan
79

1  

Third - Write the answer in terms of the x  variable, i.e., cuarc +
7

3tan
79

1  = cxarc +
7

3tan
79

1 3
 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
7

3tan
79

1 3
 then  

y ′  = 0
7

3

1

1

79

1 3

2

7
3 3

+⋅







+

⋅
x

dx
d

x
 = 

7

9

1

1

79

1 2

7
9 6

x
x

⋅
+

⋅  = 
7
97

2

67
1

x

x
+

⋅  = 6

2

97
7

7
1

x
x

+
⋅  = 6

2

97 x
x
+

 

or, the alternative approach would be to rearrange the integral in the following way: 

∫ + 6

2

97 x
dxx  = ( ) ( )∫

+
232

2

37 x

dxx .  Now, let 33xu = , then 23 93 xx
dx
d

dx
du

==  which implies dxxdu 29= ; 29x
dudx = . 

Therefore, ( ) ( )∫
+

232

2

37 x

dxx  = ( ) 222

2

97 x
du

u

x
⋅

+
∫  = ( )∫

+ 22
79

1

u

du  = cuarc +⋅
7

tan
7

1
9
1  = cxarc +

7

3tan
79

1 3
 

f.  First - Write the given integral in its standard form c
a
xarc

a
axx

dx
+=

−
∫ sec1

22
, i.e., ∫

− 254xx

dx  = 

( )
∫

− 222 5xx

dx   

Second - Use substitution method by letting 2xu = , then xx
dx
d

dx
du 22 ==  which implies dxxdu 2=  ; 

x
dudx
2

= . 

Therefore, 

( )
∫

− 222 5xx

dx  = 
x

du

ux
2

5

1

22
⋅

−
∫  = ∫

− 222 5
2
1

ux

du  = ∫
− 22 5

2
1

uu

du  = cuarc +
5

sec
10
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
5

sec
10
1  = cxarc +

5
sec

10
1 2

 

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
5

sec
10
1 2

 then  

y ′  = 0
5

1

1
10
1 2

2

55
22

+⋅

−






⋅
x

dx
d

xx

 = 
5

2

1

1
10
1

255
42

x

xx

⋅

−

⋅  = 

25
25

5
4250

2

−

⋅
xx

x  = 
25

25
25
1

42 −
⋅

xx

x  = 
25

1

4 −xx
 

2.  Evaluate the following indefinite integrals. 

a.  First - Write the given integral in its standard form c
a
xarc

a
axx

dx
+=

−
∫ sec1

22
, i.e., ∫

−162xx

dx  = ∫
− 22 4xx

dx   

Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  Therefore, 
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∫
− 22 4xx

dx  = ∫
− 22 4uu

du  = cuarc +
4

sec
4
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
4

sec
4
1  = cxarc +

4
sec

4
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
4

sec
4
1  then  

y ′  = 

( )
0

4
1

1
4
1

2
44

+⋅

−

x
dx
d

xx

 = 
4
1

1

1
4
1

164
2

⋅

−

⋅
xx

 = 

16
162

4
16
1

−xx

 = 
16

16
16
1

2 −xx
 = 

16

1

2 −xx
 

b.  First - Write the given integral in its standard form c
a
xarc

a
axx

dx
+=

−
∫ sec1

22
, i.e., ∫

− 47 2xx

dx  = ∫
− 7

427 xx

dx   

= ∫








−

2

7

227 xx

dx  = ∫








−

2

7

22
7

1

xx

dx   

Second - Use substitution method by letting xu = , then 1== x
dx
d

dx
du  which implies dxdu = .  Therefore,  

∫








−

2

7

22
7

1

xx

dx  = ∫








−

2

7

22
7

1

uu

du  = cuarc +⋅

7

2

7

2 sec1

7

1  = cuarc +
2
7sec

2
1  

Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
2
7sec

2
1  = cxarc +

2
7sec

2
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +=
2
7sec

2
1  then y ′   

= 0
2
7

1

1
2
1

2

2
7

2
7

+⋅

−







x
dx
d

xx

 = 
2
7

1

1
2
1

4
7

2
7 2

⋅

−

⋅
xx

 = 

4
47

2
7 2

1
4
7

−

⋅
xx

 = 
477

4
4
7

2 −
⋅

xx
 = 

47

1

2 −xx
 

or, the alternative approach would be to rearrange the integral in the following way: 

∫
− 47 2xx

dx  = 

( )
∫

− 22
27xx

dx .  Now, let xu 7= , then 77 == x
dx
d

dx
du  which implies dxdu 7= ; 

7

dudx = . 

Therefore, 

( )
∫

− 22
27xx

dx  = 
72

1

22

7

du

uu
⋅

−
∫  = ∫

− 22 2

7

7

1

uu

du  = ∫
− 22 2uu

du   

= cuarc +
2

sec
2
1  = cxarc +

2
7sec

2
1  

c.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22 , i.e., dx
e

e
x

x

∫ + 94 2  = dx
e

e
x

x

∫ + 249
  

= ( )∫
+ x

x

e

dxe
2

4
94

 = ∫ + x

x

e
dxe

2
4
94

1  = 
( ) ( )∫

+
22

2
34

1
x

x

e

dxe  

Second - Use substitution method by letting xeu = , then xx ee
dx
d

dx
du

==  which implies dxedu x=  ; xe
dudx = .  

Therefore, 
( ) ( )∫

+
22

2
34

1
x

x

e

dxe  = 
( ) x

x

e
du

u

e
⋅

+
∫ 22

2
34

1  = 
( )∫

+ 22
2
34

1

u

du  = cuarc +⋅
2
3

2
3 tan1

4
1  = cuarc +

3
2tan

6
1  
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Third - Write the answer in terms of the original variable, i.e., x .  cuarc +
3

2tan
6
1  = cearc

x
+

3
2tan

6
1  

Fourth - Check the answer by differentiating the solution, i.e., let cearcy
x
+=

3
2tan

6
1  then  

y ′  = 0
3

2

1

1
6
1

2

3
2

+⋅






+

⋅
x

e

e
dx
d

x
 = 

3
2

1

1
6
1

9
4 2

x

e

e
x ⋅

+
⋅  = 

9
49 218

2
xe

xe
+

⋅  = x

x

e
e

249
9

9
1

+
⋅  = x

x

e
e

249 +
 = 

94 2 +x

x

e
e  

or, the alternative approach would be to rearrange the integral in the following way: 

dx
e

e
x

x

∫ + 249
 = ( )∫

+
22 23 x

x

e

dxe .  Now, let xeu 2= , then xx ee
dx
d

dx
du 22 ==  which implies dxedu x2=  ; xe

dudx
2

= .  

Thus, ( )∫
+

22 23 x

x

e

dxe  = x

x

e
du

u
e

23 22 ⋅
+∫  = ∫ + 2232

1
u

du  = cuarc +⋅
3

tan
3
1

2
1  = cuarc +

3
tan

6
1  = cearc

x
+

3
2tan

6
1  

d.  Write the given integral 
( )

∫
−− 2325 x

dx  in its standard form c
a
xarc

xa

dx
+=

−
∫ sin

22
 by letting 3−= xu .  Thus,  

( )
∫

−− 2325 x

dx  = ∫
− 225 u

dx  = cuarc +
5

sin  = cxarc +
−
5

3sin  

Check:  Let cxarcy +
−

=
5

3sin  then y ′  = 

( )
0

5
3

1

1

2
5

3

+
−

⋅

− −

x
dx
d

x

 = 
( ) 5

1

1

1

25
3 2

⋅

− −x

 = 
( )
25

325 2

1
5
1

−− x

 

= 
( )2325

5
5
1

−− x
 = 

( )2325

1

−− x
 

e.  First - Write the given integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22 , i.e., 
( )∫ ++ 2425 x
dx   

Second - Use substitution method by letting 4+= xu , then ( ) 14 =+= x
dx
d

dx
du  which implies dxdu = .  Therefore, 

( )∫ ++ 2425 x
dx  = ∫ + 225 u

du  = cuarc +
5

tan
5
1  

Third - Write the answer in terms of the x  variable, i.e., cuarc +
5

tan
5
1  = cxarc +

+
5

4tan
5
1  

Fourth - Check the answer by differentiating the solution, i.e., let cxarcy +
+

=
5

4tan
5
1  then  

y ′  = 
( )

0
5

4

1

1
5
1

2
5

4
+







 +
⋅

+
⋅

+

x
dx
d

x
 = 

( ) 5
1

1

1
5
1

25
4 2 ⋅

+
⋅

+x
 = 

( )2425
25

25
1

++
⋅

x
 = 

( )2425
1
++ x

 

f.  First - Write the integral in its standard form c
a
xarc

axa
dx

+=
+∫ tan1

22 , i.e., ∫ +− 26102 xx
dx  = ( )∫

++− 125102 xx

dx   

= 
( )∫ +− 15 2x

dx  = 
( )∫ −+ 251 x
dx  

Second - Use substitution method by letting 5−= xu , then ( ) 15 =−= x
dx
d

dx
du  which implies dxdu = .  Therefore,  

( )∫ −+ 251 x
dx  = ∫ + 21 u

du  = cuarc +tan  

Third - Write the answer in terms of the x  variable, i.e., cuarc +tan  = ( ) cxarc +− 5tan  

Fourth - Check the answer by differentiating the solution, i.e., let ( ) cxarcy +−= 5tan  then  
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y ′  = 
( )

( ) 05
51

1
2 +−⋅

−+
x

dx
d

x
 = 

( )
1

51
1

2 ⋅−+ x
 = 

( )251
1
−+ x

 

Section 4.5 Solutions – Integration of Expressions Resulting in Exponential or Logarithmic Functions 

1.  Evaluate the following indefinite integrals. 

a.  Given ∫ +12x
dx  let 12 += xu , then ( )12 += x

dx
d

dx
du  ; 2=

dx
du  ; dxdu 2=  ; 

2
dudx = .  Therefore, 

∫ +12x
dx  = ∫ ⋅

2
1 du
u

 = ∫ du
u
1

2
1  = cu +ln

2
1  = cx ++ 12ln

2
1  

Check:  Let cxy ++= 12ln
2
1 , then y ′  = 02

12
1

2
1

+⋅
+

⋅
x

 = 
12

1
2
2

+
⋅

x
 = 

12
1
+x

 

b.  Given ∫ −
dx

ax
x

2
 let axu −= 2 , then ( )ax

dx
d

dx
du

−= 2  ; x
dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Therefore, 

∫ −
dx

ax
x

2  = ∫ ⋅
x

du
u
x

2
 = ∫ du

u
1

2
1  = cu +ln

2
1  = cax +−2ln

2
1  

Check:  Let caxy +−= 2ln
2
1 , then y ′  = 021

2
1

2 +⋅
−

⋅ x
ax

 = 
ax

x
−

⋅ 22
2  = 

ax
x
−2  

c.  Given ∫ −
dx

x
x

14

3
 let 14 −= xu , then ( )14 −= x

dx
d

dx
du  ; 14 −= x

dx
du  ; dxxdu 34=  ; 

34x
dudx = .  Therefore, 

∫ −
dx

x
x

14

3
 = ∫ ⋅ 3

3

4x
du

u
x  = ∫ du

u
1

4
1  = cu +ln

4
1  = cx +− 1ln

4
1 4  

Check:  Let cxy +−= 1ln
4
1 4 , then y ′  = 04

1
1

4
1 3

4 +⋅
−

⋅ x
x

 = 
14

3

−x
x  

d.  Given ∫ 







−
+

+
dx

xx 5
3

3
1  = ∫ ∫ −

+
+

dx
x

dx
x 5

3
3

1  let 31 += xu  and 52 −= xu  respectively.  Therefore, 

∫ ∫ −
+

+
dx

x
dx

x 5
3

3
1  = ∫∫ + 2

2
1

1

131 du
u

du
u

 = cuu ++ 21 ln3ln  = cxx +−++ 5ln33ln  

Check:  Let cxxy +−++= 5ln33ln , then y ′  = 0
5

3
3

1
+

−
+

+ xx
 = 

5
3

3
1

−
+

+ xx
 

e.  Given dxxe x∫
23  let 23xu = , then 23x

dx
d

dx
du

=  ; x
dx
du 6=  ; dxxdu 6=  ; 

x
dudx
6

= .  Therefore, 

dxxe x∫
23  = ∫ ⋅

x
duxeu
6

 = ∫ dueu
6
1  = ceu +

6
1  = ce x +

23
6
1  

Check:  Let cey x +=
23

6
1 , then y ′  = 06

6
1 23 +⋅⋅ xe x  = 

23
6
6 xex⋅  = 

23xex  

f.  Given ∫ −
dx

e
e

x

x

5

5

1
 let xeu 51−= , then ( )xe

dx
d

dx
du 51−=  ; xe

dx
du 55−=  ; dxedu x55−=  ; xe

dudx 55
−= .  Therefore, 

∫ −
dx

e
e

x

x

5

5

1
 = ∫ −⋅

− xx

x

e
du

e
e

55

5

51
 = ∫− du

u
1

5
1  = cu +− ln

5
1  = ce x +−− 51ln

5
1  

Check:  Let cey x +−−= 51ln
5
1 , then y ′  = 05

1
1

5
1 5

5 +−⋅
−

⋅− x
x e

e
 = x

x

e
e

5

5

1−
 

g.  Given dxe ax∫ −3  let axu −= , then ( )ax
dx
d

dx
du

−=  ; a
dx
du

−=  ; dxadu −=  ; 
a

dudx −= .  Therefore, 
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dxe ax∫ −3  = ∫ −⋅
a

dueu3  = ∫− due
a

u3  = ce
a

u +−
3  = ce

a
ax +− −3  

Check:  Let ce
a

y ax +−= −3 , then y ′  = 03
+−⋅− − ae

a
ax  = axe

a
a −3  = axe−3  

h.  ( )∫ −−+ dxeex xx 523  = dxedxedxx xx∫ ∫∫ −−+ 523  = ceex xx +
−

−+ −524
5

1
2
1

4
1  = ceex xx +++ −524

5
1

2
1

4
1  

Check:  Let ceexy xx +++= −524
5
1

2
1

4
1  then y ′  = 05

5
12

2
14

4
1 523 +−⋅⋅+⋅⋅+⋅ − xx eex  = xx eex 523 −−+  

i.  dx
x

e x

∫ 45

3
1

 let 3
1
x

u = , then 3
1
xdx

d
dx
du

=  ; 4
3
xdx

du
−=  ; dxdux 34 −=  ; duxdx

3

4
−= .  Therefore, 

dx
x

e x

∫ 45

3
1

 = ∫ −⋅ dux
x

eu

35

4

4  = ∫− dueu
15
1  = ceu +−

15
1  = ce x +− 3

1

15
1  

Check:  Let cey x +−= 3
1

15
1 , then y ′  = 03

15
1

4
3
1

+−⋅⋅−
x

e x  = 4
1

15
3 3

1

x
e x ⋅⋅  = 45

3
1

x
e x

 

2.  Evaluate the following indefinite integrals. 

a.  Given ( )∫ + dxee xx 55 53  let 53 5 += xeu , then ( )53 5 += xe
dx
d

dx
du  ; xe

dx
du 515=  ; dxedu x515=  ; xe

dudx 515
= .  Thus, 

( )∫ + dxee xx 55 53  = ∫ ⋅⋅ x
x

e
dueu 5

5

15
 = ∫ duu

15
1  = cu +⋅ 2

2
1

15
1  = ( ) ce x ++

25 53
30
1  

Check:  Let ( ) cey x ++=
25 53

30
1 , then y ′  = ( ) 015532

30
1 55 +⋅+⋅ xx ee  = ( ) xx ee 55 53

30
30

+  = ( ) xx ee 55 53 +  

b.  Given ( ) dxee xx 5
1∫ −  let 1−= xeu , then ( )1−= xe

dx
d

dx
du  ; xe

dx
du

=  ; dxedu x=  ; 
xe

dudx = .  Thus, 

( ) dxee xx 5
1∫ −  = ∫ ⋅⋅ x

x

e
dueu5  = ∫ duu5  = cu +6

6
1  = ( ) ce x +−

6
1

6
1  

Check:  Let ( ) cey x +−=
6

1
6
1 , then y ′  = ( ) 016

6
1 5

+⋅−⋅ xx ee  = ( ) xx ee
5

1
6
6

−  = ( ) xx ee
5

1−  

c.  Given dx
x

x
∫ + 3

2

1
 let 31 xu += , then ( )31 x

dx
d

dx
du

+=  ; 23x
dx
du

=  ; 23x
dudx = .  Therefore, 

dx
x

x
∫ + 3

2

1
 = ∫ ⋅ 2

2

3x
du

u
x  = ∫ du

u
1

3
1  = cu +ln

3
1  = cx ++ 31ln

3
1  

Check:  Let cxy ++= 31ln
3
1 , then y ′  = 03

1
1

3
1 2

3 +⋅
+

⋅ x
x

 = 3

2

13
3

x
x
+

⋅  = 3

2

1 x
x
+

 

d.  Given dx
x

x
∫ + 5

4

1
 let 51 xu += , then ( )51 x

dx
d

dx
du

+=  ; 45x
dx
du

=  ; 45x
dudx = .  Therefore, 

dx
x

x
∫ + 5

4

1
 = ∫ ⋅ 4

4

5x
du

u
x  = ∫ du

u
1

5
1  = cu +ln

5
1  = cx ++ 51ln

5
1  

Check:  Let cxy ++= 51ln
5
1 , then y ′  = 05

1
1

5
1 4

5 +⋅
+

⋅ x
x

 = 5

4

15
5

x
x
+

⋅  = 5

4

1 x
x
+

 

e.  ∫ +
+ dx

x
x

6
7  = ( ) dx

x
x

∫ +
++

6
16  = ∫ ∫ +

+
+
+ dx

x
dx

x
x

6
1

6
6  = ∫ ∫ +

+ dx
x

dx
6

1  = cxx +++ 6ln  
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Check:  Let cxxy +++= 6ln , then y ′  = 01
6

11 +⋅
+

+
x

 = 
6

11
+

+
x

 = 
6

16
+
++

x
x  = 

6
7

+
+

x
x  

f.  ∫ +
+ dx

x
x

5
9  = ( ) dx

x
x

∫ +
++
5

45  = ∫ ∫ +
+

+
+ dx

x
dx

x
x

5
4

5
5  = ∫ ∫ +

+ dx
x

dx
5

4  = cxx +++ 5ln4  

Check:  Let cxxy +++= 5ln4 , then y ′  = 01
5

41 +⋅
+

+
x

 = 
5

41
+

+
x

 = 
5

45
+
++

x
x  = 

5
9

+
+

x
x  

g.  Given ∫ + dxxa kx2
 let kxu += 2 , then ( )kx

dx
d

dx
du

+= 2  ; x
dx
du 2=  ; dxxdu 2=  ; 

x
dudx
2

= .  Therefore, 

∫ + dxxa kx2
 = ∫ ⋅⋅

x
duxau
2

 = ∫ duau
2
1  = c

a
au

+
ln2

1  = c
a

a kx
+

+

ln2
1

2

 

Check:  Let c
a

ay
kx
+=

+

ln2
1

2

, then y ′  = 02ln
ln2
1 2

+⋅⋅ + xaa
a

kx  = xa
a
a kx ⋅⋅ +2

ln2
ln2  = xa kx +2

 

h.  Given ∫ + dxxax 253

3
2  let 53 += xu , then ( )53 += x

dx
d

dx
du  ; 23x

dx
du

=  ; dxxdu 23=  ; 
23x

dudx = .  Therefore, 

∫ + dxxax 253

3
2  = ∫ ⋅⋅ 2

2

33
2

x
duxau  = ∫ duau

9
2  = c

a
au

+⋅
ln9

2  = c
a

a x
+⋅

+

ln9
2 53

 

Check:  Let c
a

ay
x

+⋅=
+

ln9
2 53

, then y ′  = 03ln
ln

1
9
2 253

+⋅⋅⋅ + xaa
a

x  = 253

ln
ln

9
6 xa

a
a x ⋅⋅⋅ +  = 253

3
2 xax +  

i.  Given ( ) dxee xx∫ + 232 3  let 32 += xeu , then ( )32 += xe
dx
d

dx
du  ; xe

dx
du 22=  ; dxedu x22=  ; xe

dudx 22
= .  Therefore, 

( ) dxee xx∫ + 232 3  = ∫ ⋅⋅ x
x

e
dueu 2

23

2
 = ∫ duu3

2
1  = cu +⋅ 4

4
1

2
1  = cu +4

8
1  = ( ) ce x ++

42 3
8
1  

Check:  Let ( ) cey x ++=
42 3

8
1 , then y ′  = ( ) 0234

8
1 232 +⋅+⋅ xx ee  = ( ) xx ee 232 3

8
8

+  = ( ) xx ee 232 3+  

j.  
( )

dx
x∫ −+ 251

1
2  = 

( )
dx

x∫ −+ 22 51
1  = ( )

( ) c
x
x

+
++
−+

⋅ 51
51ln

52
1  = c

x
x

+
+
−

6
4ln

10
1  

Check:  Let c
x
xy +
+
−

=
6
4ln

10
1  then y ′  = ( ) ( )

( )
0

6
41611

10
1

2
6
4 +

+

−⋅−+⋅
⋅⋅

+
− x

xx

x
x  = 

( )26
46

4
6

10
1

+

+−+
⋅

−
+

⋅
x

xx
x
x   

= 
6

10
4

1
10
1

+
⋅

−
⋅

xx
 = 

( )( )64
1
+− xx

 = 
2446

1
2 −−+ xxx

 = 
242

1
2 −+ xx

 = 
( ) 251

1
2−+x

 

k.  dx
xx∫ ++ 86

1
2  = ( ) dx

xx
∫

−++ 196

1
2

 = 
( )

dx
x∫ −+ 13

1
2  = ( )

( ) c
x
x

+
++
−+

⋅ 13
13ln

12
1  = c

x
x

+
+
+

4
2ln

2
1  

Check:  Let c
x
xy +
+
+

=
4
2ln

2
1  then y ′  = ( ) ( )

( )
0

4
21411

2
1

2
4
2 +

+

+⋅−+⋅
⋅⋅

+
+ x

xx

x
x  = 

( )24
24

2
4

2
1

+

−−+
⋅

+
+

⋅
x

xx
x
x  = 

4
2

2
1

2
1

+
⋅

+
⋅

xx
 

= 
( )( )42

1
++ xx

 = 
824

1
2 +++ xxx

 = 
86

1
2 ++ xx

 

l.  
( )

dx
x∫ −− 219
1  = 

( )
dx

x∫ −− 22 13
1  = ( )

( ) c
x
x

+
−−
−+

⋅ 13
13ln

32
1  = c

x
x

+
+−
−+

13
13ln

6
1  = c

x
x

+
−
+

4
2ln

6
1  

Check:  Let c
x
xy +

−
+

=
4
2ln

6
1  then y ′  = ( ) ( )

( )
0

4
21411

6
1

2
4
2 +

−

+⋅+−⋅
⋅⋅

−
+ x

xx

x
x  = 

( )24
24

2
4

6
1

x
xx

x
x

−

++−
⋅

+
−

⋅  = 
xx −

⋅
+

⋅
4

6
2

1
6
1  

= ( )( )xx −+ 42
1  = 2428

1
xxx −+−

 = 228
1

xx −+
 = 

( )219
1
−− x
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Chapter 5 Solutions: 
 

Section 5.1 Practice Problems – Integration by Parts 

1.  Evaluate the following integrals using the integration by parts method. 

a.  Given dxxe x∫ 4  let xu =  and dxedv x4=  then dxdu =  and ∫∫ = dxedv x4  which implies xev 4
4
1

= .  Using the integration  

by parts formula ∫∫ −= duvvudvu  we obtain 

dxxe x∫ 4  = ∫− dxexe xx 44
4
1

4
1  = cexe xx +− 44

16
1

4
1  = cxe x +







 −
4
1

4
1 4  

Check:  Let cxey x +





 −=

4
1

4
1 4 , then y ′  = 0

4
11

4
1

4
4 4

4
+⋅+







 −⋅ x
x

exe  = xx exe 44
4
1

4
1

+





 −⋅  =  

44

44
4

xx
x eexe +−  = xxe4  

b.  Given dxxx
∫ cos

2
 let xu =  and dxxdv cos=  then dxdu =  and ∫∫ = dxxdv cos  which implies xv sin= .  Using the 

integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxxx
∫ cos

2
 = ∫−⋅ dxxxx sin

2
1sin

2
1  = cxxx ++ cos

2
1sin

2
1  

Check:  Let cxxxy ++= cos
2
1sin

2
1 , then y ′  = ( ) 0sin

2
1cossin1

2
1

+−⋅+⋅ xxxx  = xxxx sin
2
1cos

2
1sin

2
1

−+  = xx cos
2
1  

c.  Given ( ) dxex x∫ − 55  let xu −= 5  and dxedv x5=  then dxdu −=  and ∫∫ = dxedv x5  which implies 
5

5xev = .  Using  

the integration by parts formula ∫∫ −= duvvudvu  we obtain 

( ) dxex x∫ − 55  = ( ) ∫+− dxeex
xx

55
5

55
 = cexee xxx ++− 555

25
1

5
1  

Check:  Let cexeey xxx ++−= 555
25
1

5
1 , then y ′  = ( ) 0

25
55

5
15 5555 +⋅++− xxxx exeee  = xxxx exeee 5555

5
1

5
15 +−−   

= xx xee 555 −  = ( ) xex 55 −  

d.  Given dxxx∫ 5sin  let xu =  and dxxdv 5sin=  then dxdu =  and ∫∫ = dxxdv 5sin  which implies xv 5cos
5
1

−= . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxxx∫ 5sin  = ∫+−⋅ dxxxx 5cos
5
15cos

5
1  = cxxx ++− 5sin

5
15cos

5
1  

Check:  Let cxxxy ++−= 5sin
5
15cos

5
1 , then y ′  = ( ) 05cos

5
155sin5cos1

5
1

++⋅⋅−⋅− xxxx  = xxx 5sin
5
55cos

5
1

+−  

x5cos
5
1

+  = xx 5sin
5
5  = xx 5sin  

e.  Given dxxx∫ −3  let xu =  and dxxdv −= 3  then dxdu =  and ∫∫ −= dxxdv 3  which implies ( )2
3

3
3
2 xv −−= .   

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  
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dxxx∫ −3  = ( ) ( )∫ −+−−⋅ dxxxx 2
3

2
3

3
3
23

3
2  = ( ) ( ) cxxx +−

+
⋅−−− +1

2
3 2

3
2
3

3
1

1
3
23

3
2  = ( ) ( ) cxxx +−⋅−−− 2

5
2
3

3
5
2

3
23

3
2   

= ( ) ( ) cxxx +−−−− 2
5

2
3

3
15
43

3
2  

Check:  Let ( ) ( ) cxxxy +−−−−= 2
5

2
3

3
15
43

3
2 , then y ′  = ( ) ( ) ( ) 03

2
5

15
43

2
3

3
23

3
2

2
3

2
1

2
3

+−⋅+−⋅+−− xxxx   

= ( ) ( ) ( ) 2
3

2
1

2
3

3
3
233

3
2 xxxx −+−+−−  = ( ) 2

1
3 xx −  = xx −3  

f.  Given dxex x∫ 33  let 3xu =  and dxedv x3=  then dxxdu 23=  and ∫∫ = dxedv x3  which implies xev 3
3
1

= .  Using the  

integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxex x∫ 33  = ∫ ⋅−⋅ dxxeex xx 2333 3
3
1

3
1  = ∫− dxexex x

x
32

33

3
 

In example 5.1-1, problem letter b, we showed that dxex x∫ 32  = cexeex xxx ++− 3332
27
2

9
2

3
1 .  Therefore,  

dxex x∫ 33  = cexeexex xxx
x

+






 +−− 3332
33

27
2

9
2

3
1

3
 = cexeexex xxx

x
+−+− 3332

33

27
2

9
2

3
1

3
 

Check:  Let cexeexexy xxx
x

+−+−= 3332
33

27
2

9
2

3
1

3
, then y ′  = ( ) ( )2333332 32

3
133

3
1 xeexxeex xxxx ⋅+⋅−⋅+⋅   

( ) 03
27
231

9
2 333 +⋅−⋅+⋅+ xxx exee  = xxxxxxx exeeexxeexex 3333233332

9
2

3
2

9
2

3
2

−++−−+  = xex 33  

g.  Given ( ) dxx∫ lncos  let ( )xu lncos=  and dxdv =  then ( ) dx
x

xdu lnsin−
=  and ∫∫ = dxdv  which implies xv = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

( ) dxx∫ lncos  = ( ) ( )
∫ ⋅+⋅ dx

x
xxxx lnsinlncos  = ( ) ( )∫+ dxxxx lnsinlncos                                                            ( )1  

To integrate ( )∫ dxxlnsin  use the integration by parts formula again, i.e., let ( )xu lnsin=  and dxdv =  then  

( ) dx
x

xdu lncos
=  and ∫∫ = dxdv  which implies xv = .  Therefore,  

( )∫ dxxlnsin  = ( ) ( )
∫ ⋅−⋅ dx

x
xxxx lncoslnsin  = ( ) ( )∫− dxxxx lncoslnsin                                                             ( )2  

Combining equations ( )1  and ( )2  together we have 

( ) dxx∫ lncos  = ( ) ( )∫− dxxxx lnsinlncos  = ( ) ( ) ( )∫−+ dxxxxxx lncoslnsinlncos  

Taking the integral ( ) dxx∫− lncos  from the right hand side of the equation to the left hand side  

we obtain ( ) ( ) dxxdxx ∫∫ + lncoslncos  = ( ) ( )xxxx lnsinlncos +  Therefore,  

( ) dxx∫ lncos2  = ( ) ( ) cxxxx ++ lnsinlncos  and thus ( ) dxx∫ lncos  = ( ) ( ) cxxxx
++ lnsin

2
lncos

2
 

Check:  Let ( ) ( ) cxxxxy ++= lnsin
2

lncos
2

, then y ′  = ( ) ( ) ( ) ( ) 0
2

lncos
2
lnsin

2
lnsin

2
lncos

+++−
x

xxx
x

xxx   

= ( ) ( ) ( ) ( )
2
lncos

2
lnsin

2
lnsin

2
lncos xxxx

++−  = ( ) ( )
2
lncos

2
lncos xx

+  = ( )xlncos  
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h.  Given ∫ − dxxx 1tan
3

 let xu 1tan −=  and dxxdv
3

=  then dx
x

du
21

1
+

=  and ∫∫ = dxxdv
3

 which implies 2
6
1 xv = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

∫ − dxxx 2tan
3

1  = ∫ +
⋅−⋅−

2
2

2
1

16
1

6
tan

x
dxxxx  = dx

x
xxx ∫ +

−−
2

2
12

16
1tan

6
1  = dx

x
xx ∫ 









+
−−−

2
12

1
11

6
1tan

6
1  

= ∫∫ +
+−− dx

x
dxxx 2

12

1
1

6
1

6
1tan

6
1  = cxxxx ++− −− 112 tan

6
1

6
1tan

6
1  

Check:  Let cxxxxy ++−= −− 112 tan
6
1

6
1tan

6
1 , then y ′  = 0

1
1

6
1

6
1

16
1tan2

6
1

22

2
1 +

+
⋅+−

+
+⋅⋅ −

xx
xxx   

6
1

1
1

6
1

16
1tan

3
1

22

2
1 −

+
⋅+

+
⋅+⋅ −

xx
xxx  = 

6
1

1
1

6
1tan

3
1

2

2
1 −

+

+
⋅+−

x
xxx  = 

6
1

6
1tan

3
1 1 −+− xx  = xx 1tan

3
1 −  

i.  Given dxx∫ 5ln  let 5ln xu =  and dxdv =  then dx
x

dxx
x

du 551 4
5 =⋅=  and ∫∫ = dxdv  which implies xv = .  Using the 

integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxx∫ 5ln  = ∫ ⋅−⋅ dx
x

xxx 5ln 5  = ∫− dxxx 5ln 5  = cxxx +− 5ln 5  

Check:  Let cxxxy +−= 5ln 5 , then y ′  = 0551ln1 4
5

5 +−







⋅⋅+⋅ xx

x
x  = 55ln 5

5
5 −+

x
xx  = 55ln 5 −+x  = 5ln x  

j.  Given dxex ax∫ −  let xu =  and dxedv ax−=  then dxdu =  and ∫∫ −= dxedv ax  which implies axe
a

v −−=
1 .  Using the  

integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxex ax∫ −  = ∫ −− +−⋅ dxe
a

e
a

x axax 11  = ∫ −− +− dxe
a

ex
a

axax 11  = ce
a

ex
a

axax +−− −−
2

11  

Check:  Let ce
a

ex
a

y axax +−−= −−
2

11 , then y ′  = ( ) 02111
2 +−⋅−⋅−⋅− −−− axaxax e

a
xaee

a
 = 

a
axee

a

ax
ax

−
− +−

1   

axe
a
a −⋅+ 2  = axaxax e

a
xee

a
−−− ++−

11  = axxe−  

k.  Given dxxex 3sin∫  let xeu =  and dxxdv 3sin=  then dxedu x=  and ∫∫ = dxxdv 3sin  which implies 
3

3cos xv −= . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxex 3sin∫  = ∫ ⋅−−−⋅ dxexxe xx
3

3cos
3

3cos  = ∫+− dxxexe xx 3cos
3
13cos

3
1                                                          ( )1  

To integrate ∫ dxxex 3cos  let xeu =  and dxxdv 3cos=  then dxedu x=  and ∫∫ = dxxdv 3cos  which implies 

3
3sin xv = .  Thus, ∫ dxxex 3cos  = ∫ ⋅−⋅ dxexxe xx

3
3sin

3
3sin  = ∫− dxxexe xx 3sin

3
13sin

3
1                                   ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dxxex 3sin∫  = ∫+− dxxexe xx 3cos
3
13cos

3
1  = ∫−+− dxxexexe xxx 3sin

9
13sin

9
13cos

3
1  

Taking the ∫− dxxex 3sin
9
1  from the right hand side of the equation to the left hand side we obtain  
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dxxedxxe xx 3sin
9
13sin ∫∫ +  = xexe xx 3sin

9
13cos

3
1

+−  which implies dxxex∫ 3sin
9

10  = xexe xx 3sin
9
13cos

3
1

+−   

and dxxex∫ 3sin  = 





 +− xexe xx 3sin

9
13cos

3
1

10
9  = xexe xx 3sin

10
13cos

10
3

+−  

Check:  Let xexey xx 3sin
10
13cos

10
3

+−= , then y ′  = xxxx exxeexxe ⋅⋅+⋅+⋅⋅+⋅− 33cos
10
13sin

10
133sin

10
33cos

10
3   

= xexexexe xxxx 3cos
10
33sin

10
13sin

10
93cos

10
3

+++−  = xexe xx 3sin
10
13sin

10
9

+  = xex 3sin
10
10  = xex 3sin  

l.  Given dxxex∫ 5cos  let xeu =  and dxxdv 5cos=  then dxedu x=  and ∫∫ = dxxdv 5cos  which implies xv 5sin
5
1

= . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxex∫ 5cos  = ∫ ⋅−⋅ dxexxe xx 5sin
5
15sin

5
1  = ∫− dxxexe x

x
5sin

5
1

5
5sin                                                               ( )1  

To integrate ∫ dxxex 5sin  let xeu =  and dxxdv 5sin=  then dxedu x=  and ∫∫ = dxxdv 5sin  which implies xv 5cos
5
1

−= . 

Thus, ∫ dxxex 5sin  = ∫ ⋅+−⋅ dxexxe xx 5cos
5
15cos

5
1  = ∫ ⋅+− dxexxe x

x
5cos

5
1

5
5cos                                             ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dxxex∫ 5cos  = ∫− dxxexe x
x

5sin
5
1

5
5sin  = 










+−− ∫ dxxexexe x

xx
5cos

5
1

5
5cos

5
1

5
5sin  = 

25
5cos

5
5sin xexe xx

+   

∫− dxxex 5cos
25
1 .  Taking the ∫− dxxex 5cos

25
1  from the right hand side of the equation to the left hand side we obtain  

dxxedxxe xx ∫∫ + 5cos
25
15cos  = 

25
5cos

5
5sin xexe xx

+  which implies dxxex∫ 5cos
25
26  = 

25
5cos

5
5sin xexe xx

+  and  

dxxex∫ 5cos  = 









+

25
5cos

5
5sin

26
25 xexe xx

 = xexe xx 5cos
26
15sin

26
5

+  

Check:  Let xexey xx 5cos
26
15sin

26
5

+= , then y ′  = 055sin
26
15cos

26
155cos

26
55sin

26
5

+⋅⋅−⋅+⋅⋅+⋅ xxxx exxeexxe   

= xexexexe xxxx 5sin
26
55cos

26
15cos

26
255sin

26
5

−++  = xexe xx 5cos
26
15cos

26
25

+  = xex 5cos
26
26  = xex 5cos  

2.  Evaluate the following integrals using the integration by parts method. 

a.  Given dxxx∫ 2sec  let xu =  and dxxdv 2sec=  then dxdu =  and ∫∫ = dxxdv 2sec  which implies xv tan= .  Using  

the integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxxx∫ 2sec  = ∫−⋅ dxxxx tantan  = cxxx +− seclntan  

Check:  Let cxxxy +−= seclntan , then y ′  = ( ) 0
sec

tansecsectan1 2 +−⋅+⋅
x

xxxxx  = xxxx tansectan 2 −+  = xx 2sec  

b.  Given dyyarc 3sin∫  let yarcu 3sin=  and dydv =  then 
291

3

y

dydu
−

=  and ∫∫ = dydv  which implies yv = .  Using  

the integration by parts formula ∫∫ −= duvvudvu  we obtain  
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dyyarc 3sin∫  = ∫
−

⋅−⋅
291

33sin
y

dyyyyarc  = ∫
−

−
291

33sin
y

dyyyarcy                                                            ( )1  

To integrate ∫
− 291

3

y

dyy  use the substitution method by letting 291 yw −=  then y
dy
dw 18−=  and 

y
dwdy

18
−= .  Therefore,  

∫
− 291

3

y

dyy  = 
y

dw

w

y
18

3
−
⋅∫  = ∫−

w

dw
6
1  = ∫

−
− dww 2

1

6
1  = 2

11

2
11

1
6
1 −

−
⋅− w  = 2

12

2
12

1
6
1 −

−⋅− w  = 2
1

1
2

6
1 w⋅−   

= 2
1

3
1 w−  = ( ) 2

1
291

3
1 y−−                                                                                                                                                 ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dyyarc 3sin∫  = ∫
−

−
291

33sin
y

dyyyarcy  = ( ) cyyarcy +−+ 2
1

291
3
13sin  

Check:  Let ( ) cyyarcyw +−+= 2
1

291
3
13sin , then w′  = 0

91

18
2
1

3
1

91

33sin
22

+
−

⋅⋅−
−

+
y

y

y

yyarc  = yarc 3sin  

22 91

18
6
1

91

3

y

y

y

y

−
⋅−

−
+  = 

22 91

3

91

33sin
y

y

y

yyarc
−

−
−

+  = yarc 3sin  

c.  Given dxxarc tan∫  let xarcu tan=  and dxdv =  then 21 x
dxdu
+

=  and ∫∫ = dxdv  which implies xv = .  Using the  

integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxxarc tan∫  = ∫ +
⋅−⋅ 21

tan
x

dxxxxarc  = ∫ +
− 21

tan
x

dxxxarcx                                                                                ( )1  

To integrate ∫ + 21 x
dxx  use the substitution method by letting 21 xw +=  then x

dx
dw 2=  And 

x
dwdx
2

= .  Therefore, 

∫ + 21 x
dxx  = 

x
dw

w
x

2∫ ⋅  = ∫ w
dw

2
1  = wln

2
1  = 21ln

2
1 x+                                                                                              ( )2  

Combining equations ( )1  and ( )2  together we obtain: 

dxxarc tan∫  = ∫ +
− 21

tan
x

dxxxarcx  = cxxarcx ++− 21ln
2
1tan  

Check:  Let cxxarcxy ++−= 21ln
2
1tan , then y ′  = 0

1
2

2
1

1
tan 22 +

+
−

+
+

x
x

x
xxarc  22 11

tan
x

x
x

xxarc
+

−
+

+  = xarc tan  

d.  Given dxxxdxx 5sin5sin5sin 23 ⋅= ∫∫  let xu 5sin2=  and dxxdv 5sin=  then dxxxdu 5cos5sin10=  and  

∫∫ = dxxdv 5sin ∫∫ = dxxdv sin  which implies xv 5cos
5
1

−= .  Using the integration by parts formula ∫∫ −= duvvudvu  

we obtain dxx5sin3∫  = ∫ ⋅+−⋅ dxxxxxx 5cos5sin105cos
5
1

5
5cos5sin2  = ∫+− dxxxxx 5sin5cos25cos5sin

5
1 22    ( )1  

To integrate ∫ dxxx 5sin5cos2  use the integration by parts method again, i.e., let xu 5cos2=  and xdv 5sin=  then 

dxxxdu 5cos5sin10−=  and ∫∫ = dxxdv 5sin  which implies xv 5cos
5
1

−= .  Therefore,  

∫ dxxx 5sin5cos2  = ∫ ⋅−−⋅ dxxxxxx 5cos5sin105cos
5
15cos

5
15cos2  = ∫−− dxxxx 5sin5cos25cos

5
1 23 .  Taking the  
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integral ∫− dxxx 5sin5cos2 2  from the right hand side of the equation to the left side we obtain 

∫∫ + dxxxdxxx 5sin5cos25sin5cos 22  = x5cos
5
1 3− .  Therefore, ∫ dxxx 5sin5cos2  = x5cos

15
1 3−                     ( )2  

Combining equations ( )1  and ( )2  together we have  

dxx5sin3∫  = ∫+− dxxxxx 5sin5cos25cos5sin
5
1 22  = xxx 5cos

15
125cos5sin

5
1 32 −⋅+−  = xxx 5cos

15
2

5
5cos5sin 3

2
−−  

( ) cxxx +−−− 5cos
15
25cos5cos1

5
1 32  = cxxx +






 −+− 5cos

15
25cos

5
15cos

5
1 33  = cxx +− 5cos

5
15cos

15
1 3  

Note that another method of solving the above problem is in the following way: 

dxx5sin3∫  = dxxx 5sin5sin2 ⋅∫  = ( ) dxxx 5sin5cos1 2 ⋅−∫  let xu 5cos= , then x
dx
du 5sin5−=  and 

x
dudx

5sin5
−= . 

Therefore, dxx5sin3∫  = dxxx 5sin5sin2 ⋅∫  = ( ) dxxx 5sin5cos1 2 ⋅−∫  = ( )
x

duxu
5sin5

5sin1 2 −⋅⋅−∫   

= ( )duu∫ −− 21
5
1  = ∫ 






 − duu

5
1

5
1 2  = cuu +−

5
1

15
1 3  = cxx +− 5cos

5
15cos

15
1 3  

Check:  Let cxxy +−= 5cos
5
15cos

15
1 3 , then y ′  = 05sin5

5
155sin5cos3

15
1 2 +⋅+⋅−⋅⋅ xxx  = xxx 5sin5sin5cos2 +⋅−  

= ( )xx 5cos15sin 2−  = xx 5sin5sin 2  = x5sin3  

e.  Given dxxx∫ cos2  let 2xu =  and dxxdv cos=  then dxxdu 2=  and ∫∫ = dxxdv cos  which implies xv sin= .  Using  

the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxx∫ cos2  = ∫ ⋅−⋅ dxxxxx 2sinsin2  = ∫− dxxxxx sin2sin2                                                                                ( )1  

To integrate ∫ dxxx sin  use the integration by parts formula again, i.e., let xu =  and dxxdv sin=  then dxdu =  and  

∫∫ = dxxdv sin  which implies xv cos−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

∫ dxxx sin  = ∫ ⋅+−⋅ dxxxx coscos  = xxx sincos +−                                                                                                ( )2  

Combining equations ( )1  and ( )2  together we have 

dxxx∫ cos2  = ∫− dxxxxx sin2sin2  = ( )xxxxx sincos2sin2 +−−  = xxxxx sin2cos2sin2 −+  

Check:  Let xxxxxy sin2cos2sin2 −+= , then y ′  = ( ) ( ) xxxxxxxx cos2sincos2cossin2 2 −−++  

xxxxxxxx cos2sin2cos2cossin2 2 −−++  = xx cos2  

f.  Given dxxe x 3cos2∫ −  let xu 3cos=  and dxedv x2−=  then dxxdu 3sin3−=  and ∫∫ −= dxedv x2  which implies  

xev 2
2
1 −−= .  Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxe x 3cos2∫ −  = ∫ ⋅−−⋅ −− dxxeex xx 3sin
2
3

2
13cos 22  = ∫ −− −− dxxexe xx 3sin

2
33cos

2
1 22                                   ( )1  

To integrate ∫ − dxxe x 3sin2  use the integration by parts formula again, i.e., let xu 3sin=  and dxedv x2−=  then 

dxxdu 3cos3=  and ∫∫ −= dxedv x2  which implies xev 2
2
1 −−= .  Therefore,  
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∫ − dxxe x 3sin2  = ∫ ⋅+−⋅ −− dxxeex xx 3cos3
2
1

2
13sin 22  = ∫ −− +− dxxexe xx 3cos

2
33sin

2
1 22                                ( )2  

Combining equations ( )1  and ( )2  together we have 

dxxe x 3cos2∫ −  = ∫ −− −− dxxexe xx 3sin
2
33cos

2
1 22  = ∫ −−− −+− dxxexexe xxx 3cos

4
93sin

4
33cos

2
1 222   

Taking the integral dxxe x 3cos2∫ −   from the right hand side of the equation to the left hand side  

we obtain dxxedxxe xx 3cos
4
93cos 22 ∫∫ −− +  = xexe xx 3sin

4
33cos

2
1 22 −− +− .  Therefore,  

dxxe x 3cos
4

13 2∫ −  = xexe xx 3sin
4
33cos

2
1 22 −− +−  and thus dxxe x 3cos2∫ −  = cxexe xx ++− −− 3sin

13
33cos

13
2 22  

Check:  Let cxexey
xx

++−=
−−

13
3sin3

13
3cos2 22

, then y ′  = ( ) ( )xexexexe xxxx 3cos33sin2
13
33sin33cos2

13
2 2222 −−−− +−+−−−   

= xexexexe xxxx 3cos
13
93sin

13
63sin

13
63cos

13
4 2222 −−−− +−+  = xexe xx 3cos

13
93cos

13
4 22 −− +  = xe x 3cos2−  

g.  Given ( ) dxxx
3

15∫ −  let xu =  and ( ) dxxdv 315 −=  then dxdu =  and ( )∫∫ −= dxxdv 315  which implies ( )415
20
1

−= xv . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

( ) dxxx
3

15∫ −  = ( ) ( )∫ −−
−

⋅ dxxxx 4
4

15
20
1

20
15  = ( ) ( ) cxxx

+−⋅−
− +14

4
15

25
1

20
1

20
15  = ( ) ( ) cxxx

+−−
− 5

4
15

500
1

20
15  

Check:  Let ( ) ( ) cxxxy +−−
−

= 5
4

15
500
1

20
15 , then y ′  = ( ) ( )[ ] ( ) 015

500
25152015

20
1 434 +−−−+− xxxx   

= ( ) ( ) ( )434 15
20
11515

20
1

−−−+− xxxx  = ( )315 −xx  

h.  Given dxxx 2csc∫  let xu =  and dxxdv 2csc=  then dxdu =  and ∫∫ = dxxdv 2csc  which implies xv cot−= .  Using  

the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxxx 2csc∫  = ∫+−⋅ dxxxx cotcot  = cxxx ++− sinlncot  

Check:  Let cxxxy ++−= sinlncot , then y ′  = ( ) 0
sin
coscsccot 2 ++−−

x
xxxx  = xxxx cotcsccot 2 ++−  = xx 2csc  

i.  Given dxx5cos
3
2 1∫ −  let xu 5cos 1−=  and dxdv =  then dx

x
du

2251

5

−
−=  and ∫∫ = dxdv  which implies xv = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 

dxx5cos
3
2 1∫ −  = ∫

−
⋅+⋅−

2

1

251

5
3
25cos

3
2

x

dxxxx  = ∫
−

+− dx
x

xxx
2

1

251

5
3
25cos

3
2   

To integrate ∫
−

dx
x

x

2251

5  use the substitution method by letting 2251 xw −=  then x
dx
dw 50−=  which implies 

x
dwdx
50

−= . 

Thus, ∫
−

dx
x

x

2251

5  = 
x

dw

w

x
50

5
−⋅∫  = ∫−

w

dw
10
1  = ∫− dw

w2
1

1
10
1  = dww∫

−
− 2

1

10
1  = 2

1
2

10
1 w⋅−  = 

5
251 2x−

−   
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and dxx5cos
3
2 1∫ −  = ∫

−
+− dx

x

xxx
2

1

251

5
3
25cos

3
2  = c

x
xx +

−
−−

15
2512

5cos
3
2 2

1   

Check:  Let c
x

xxy +
−

−= −

15
2512

5cos
3
2 2

1 , then y ′  = 0
2512

50
15
2

251

5
3
25cos

3
2

22

1 +
−

−
⋅−

−
⋅−−

x

x

x

xx   

= 
22

1

2513

10

2513

105cos
3
2

x

x

x

xx
−

+
−

−−  = x5cos
3
2 1−  

j.  Given ∫ − dxx1sinh  let xu 1sinh−=  and dxdv =  then dx
x

du
21

1

+
=  and ∫∫ = dxxdv  which implies xv = .  Using  

the integration by parts formula ∫∫ −= duvvudvu  we obtain 

∫ − dxx1sinh  = ∫
+

⋅−⋅−

2

1

1
sinh

x

dxxxx  = ∫
+

−−

2

1

1
sinh

x

dxxxx                                                                             ( )1  

To get the integral of  ∫
+ 21 x

dxx  use the substitution method by letting 21 xw +=  then dxxdw 2=  which implies  

x
dwdx
2

= .  Therefore, ∫
+ 21 x

dxx  = 
x

dw

w

x
2

⋅∫  = dw
w

∫
1

2
1  = dw

w
∫

2
1

1
2
1  = dww∫

− 2
1

2
1  = 2

11

2
11

1
2
1 −

−
⋅ w  = 2

1

2
2 w   

= 2
1

w  = ( ) 2
1

21 x+  = 21 x+                                                                                                                                             ( )2  

Combining equations ( )1  and ( )2  together we have  

∫ − dxx1sinh  = ∫
+

−−

2

1

1
sinh

x

dxxxx  = ( ) cxxx ++−− 2
1

21 1sinh  

Check:  Let ( ) cxxxy ++−= − 2
1

21 1sinh , then y ′  = 0
12

2

1
sinh

22

1 +
+

−
+

+−

x

x

x

xx  = x1sinh−  

k.  Given dxxx∫ 10sec2  let xu =  and dxxdv 10sec2=  then dxdu =  and ∫∫ = dxxdv 10sec2  which implies 
10

10tan xv = . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain  

dxxx∫ 10sec2  = ∫−⋅ dxxxx 10tan
10
1

10
10tan  = cxxx +− 10secln

100
110tan

10
1  

Check:  Let cxxxy +−= 10secln
100

110tan
10
1 , then y ′  = 0

10sec
1010tan10sec

100
110sec10tan

10
1 2 +

⋅
−+

x
xxxxx   

= xxxx 10tan
10
110sec10tan

10
1 2 −+  = xx 10sec2  

l.  Given ∫ dxxx 7sinh
5

 let 
5
xu =  and dxxdv 7sinh=  then 

5
dxdu =  and ∫∫ = dxxdv 7sinh  which implies dxxv 7cosh

7
1

= . 

Using the integration by parts formula ∫∫ −= duvvudvu  we obtain 
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∫ dxxx 7sinh
5

 = ∫ ⋅−⋅
5

7cosh
7
17cosh

7
1

5
dxxxx  = ∫ ⋅− dxxxx 7cosh

35
17cosh

35
1  = cxxx +− 7sinh

245
17cosh

35
1  

Check:  Let cxxxy +−= 7sinh
245
17cosh

35
1 , then y ′  = 07cosh7

245
17sinh7

35
17cosh

35
1

+⋅−⋅+ xxxx  = x7cosh
35
1   

xxx 7cosh
35
17sinh

5
1

−+  = xx 7sinh
5
1  

Section 5.2 Solutions – Integration Using Trigonometric Substitution 

Evaluate the following indefinite integrals. 

a.  Given ∫
− 22 16 xx

dx  let tx sin4= , then dttdx cos4=  and 216 x−  = t2sin1616 −  = ( )t2sin116 −   

= t2cos16  = tcos4 .  Substituting these values back into the original integral we obtain: 

∫
− 22 16 xx

dx  = 
( )∫ ⋅ tt

dtt
cos4sin4

cos4
2  = dt

tt
t

∫ ⋅ cos4sin16
cos4

2  = dt
t∫ 2sin16

1  = dtt∫ 2csc
16
1  = ct +− cot

16
1   

= c
t
t
+−

sin
cos

16
1  = cx

x

+−
−

4

4
16 2

16
1  = c

x
x

+
⋅
−⋅

⋅−
4
164

16
1 2

 = c
x

x
+

−
−

16
16 2

 

Check:  Let c
x
xy +

−
−=

16
16 2

, then y ′  = 0
16

161

2

2

162

2
2

+

−⋅−⋅

− −

−

x

xx
x

x

 = 2

1
16

162

2

16

2

2

2

x

x

x

x −

−

− −

−  = 2
16

1616

16

2

222

x
x

xxx

−

−⋅−−−

−   

= 

( )

2
16

16

16

2

22

x
x

xx

−

−−−

−  = 
22

22

1616

16

xx

xx

−

+−−
−  = 

22 1616

16

xx −
 = 

22 16

1

xx −
 

b.  Given ∫
−

dx
x

x

2

2

9
 let tx sin3= , then dttdx cos3=  and 29 x−  = t2sin99 −  = ( )t2sin19 − = t2cos9   

= tcos3 .  Substituting these values back into the original integral we obtain: 

∫
−

dx
x

x

2

2

9
 = ∫

⋅
t

dttt
cos3

cos3sin9 2
 = ∫ dtt2sin9  = ∫

− dtt
2

2cos19  = ( )∫ − dtt2cos1
2
9  = ctt +






 − 2sin

2
1

2
9   

= cttt +− cossin
2
9

2
9  = cxxx

+
−

⋅⋅−⋅ −

3
9

32
9

3
sin

2
9 2

1  = cxxx
+−−− 21 9

23
sin

2
9  

Check:  Let cxxxy +−−= − 21 9
23

sin
2
9 , then y ′  = 
















⋅

−

−
+−−⋅

−
2

92

29
2
1

3
1

1

1
2
9

2

2

9
2

x

x

xx
x

  

= 
















−
−

−
−⋅

− 2

22

2 92
2

9
3
1

9

3
2
9

x

xx

x
 = ( )

















−

−−
−

− 2

22

2 94

292

92

9

x

xx

x
 = 

















−

−
−

− 2

2

2 94

418

92

9

x

x

x
  

= ( )
2

2

2 94

292

92

9

x

x

x −

−
−

−
 = 

2

2

2 92

29

92

9

x

x

x −

−
−

−
 = 

2

2

92

299

x

x

−

+−  = 
2

2

92

2

x

x

−
 = 

2

2

9 x

x

−
 

c.  Given ∫
+ 249 xx

dx  let tx tan
2
3

= , then dttdx 2sec
2
3

=  and 249 x+  = ( )2
2
3 tan49 t+  = t2

4
9 tan49 ⋅+   
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= t2tan99 +  = ( )t2tan19 +  = t2sec9  = tsec3 .  Therefore,  

∫
+ 249 xx

dx  = dt
tt

t
∫ ⋅ sec3tan

sec

2
3

2
2
3

 = ∫ ⋅
dt

tt
t
sec3tan

sec
3
1 2

 = dt
t
t

∫ tan
sec

3
1  = dtt

t
sec

tan
1

3
1

⋅∫  = dt
tt

t
cos

1
sin
cos

3
1

⋅∫   

= dt
t∫ sin

1
3
1  = dtt∫csc

3
1  = ctt +− cotcscln

3
1  = c

xx
x

+−
+

2
3

2
49

ln
3
1 2

 = c
x
x

+
−+

2
349

ln
3
1 2

 

Check:  Let c
x
x

y +
−+

=
2

349
ln

3
1 2

, then y ′  = 2

2

492

1

2 4

349282

349

2
3
1 2

x

xxx

x

x x






 −+⋅−⋅⋅

⋅
−+

⋅
+   

= 2

2

49

8

2 4

3492

349

2
3
1 2

2

x

x

x

x x

x 





 −+⋅−

⋅
−+

⋅
+  = 

22

222

2 494

4934928

349

2
3
1

xx

xxx

x

x

+

+





 −+⋅−

⋅
−+

⋅   

= 
( )

22

222

2 494

4964928

349

2
3
1

xx

xxx

x

x

+

+++⋅−
⋅

−+
⋅  = 

22

222

2 494

4968188

349

2
3
1

xx

xxx

x

x

+

+++−
⋅

−+
⋅   

= 
22

2

2 494

3496

349

2
3
1

xx

x

x

x

+







 −+

⋅
−+

⋅  = 
22 494

6
1
2

3
1

xx

x

+
⋅⋅  = 

22 4912

12

xx

x

+
 = 

249

1

xx +
 

d.  Given ( ) dx
x

∫
+

2249

1  let tx tan7= , then dttdx 2sec7=  and 249 x+  = ( )2tan749 t+  = t2tan4949 +  = ( )t2tan149 +   

= t2sec49 .  Substituting these values back into the original integral we obtain  

( ) dx
x

∫
+

2249

1  = ( )∫ 22

2

sec49

sec7

t

dtt  = ∫ tt
dtt

22

2

secsec2401
sec7  = ∫ t

dt
2sec2401

7  = ∫ dtt2cos
343
1  = ( )∫ +⋅ dtt2cos1

2
1

343
1  

= ctt +





 + 2sin

2
1

686
1  = ( ) cttt ++ cossin

686
1  = c

xx

xx
+

















+
⋅

+
+−

22

1

49

7

49
7

tan
686
1  = c

x
xx

+








+
+−

2
1

49
7

7
tan

686
1  

Check:  Let c
x

xxy +








+
+= −

2
1

49
7

7
tan

686
1  then y ′  = ( )

( )22

2

49 49

72497
686
1

17

1
686
1

2
x

xxx
x +

⋅−+
⋅+






 +

⋅  = ( )2497

49
686
1

x+
⋅  

( )22

22

49

147343
686
1

x

xx

+

−+
⋅+  = ( ) ( )22

2

2 49

7343
686
1

49

7
686
1

x

x

x +

−
⋅+

+
⋅  = ( )

( )
( )22

2

2 49686

497

4998

1

x

x

x +

−
+

+
 = ( )24998

1

x+
  

( )
( )22

2

4998

49

x

x

+

−
+  = ( )22

22

4998

4949

x

xx

+

−++  = ( )224998

98

x+
 = ( )2249

1

x+
 

e.  ∫ 












+

−
dxx

x

x 5
12

2
 = ∫∫ +

−
dxxdx

x

x 5
12

2
.  In Example 5.2-1, problem letter e, the solution to the first integral was: 

∫
−

dx
x

x

12

2
 = cxxxx +−++− 1ln

2
11

2
1 22 .  Therefore, combining the two integrals we have 
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∫∫ +
−

dxxdx
x

x 5
12

2
 = cxxxxx ++−++− 222

2
51ln

2
11

2
1  

Check:  Let cxxxxxy ++−++−= 222
2
51ln

2
11

2
1 , then y ′  = 

1

1
2
1

12

21
2
1

22

2
2

−+
+

















−
+−

xxx

xx   

x
x

x 2
2
5

12

21
2

⋅+
















−
+×  = ( ) x

x

xx

xxx

xx 5
12

12

1

1
2
1

12

212
2
1

2

2

22

22
+

−







 −+

−+
+

−

+−  = x
xx

x 5
1

1

12

24
2
1

22

2
+

















−
+

−

−  

= x
x

x 5
12

224
2
1

2

2
+

−

+−  = x
x

x 5
14

4

2

2
+

−
 = x

x

x 5
12

2
+

−
 

f.  Given dxx∫ − 252  let tx sec5= , then dtttdx tansec5=  and 252 −x  = 25sec25 2 −t  = t2tan25  = ttan5 .  Thus,  

dxx∫ − 252  = ∫ ⋅ dtttt tansec5tan5  = ∫ dttt 2tansec25  = ( )∫ − dttt 1secsec25 2  = ∫∫ − dttdtt sec25sec25 3   

= ( ) ctttttt ++−++ tansecln25tanseclnsectan
2
25  = ( ) ctttt ++− tanseclnsectan

2
25   

= cxxxx
+
















−

+−
−

⋅
5

25
5

ln
5

25
52

25 22
 = cxxxx

+
−+

−−
5

25ln
2
2525

2

2
2  = 25ln

2
2525

2
22 −+−− xxxx   

c++ 5ln
2
25  = cxxxx

+−+−− 25ln
2
2525

2
22   Note:  5ln

2
25  is a constant which can be included in the constant c . 

Check:  Let cxxxxy +−+−−= 25ln
2
2525

2
22 , then y ′  = 

25

1
2
25

252

225
2
1

22

2
2

−+
⋅−

















−
+−

xxx

xx  

01
252

2
2

+












+×

−x

x  = 
25

25

25

1
2
25

252

25

2

2

22

22

−

−+
⋅

−+
⋅−

−

+−

x

xx

xxx

xx = 
252

25

252

25

22

22

−
−

−

+−

xx

xx  = 
252

502

2

2

−

−

x

x   

= ( )
252

252

2

2

−

−

x

x  = 
25

25

2

2

−

−

x

x  = 
25

25

25

25

2

2

2

2

−

−
×

−

−

x

x

x

x  = 
( )

( )25

2525
2

22

−

−−

x

xx
 = 252 −x  

g.  Given dxx∫ − 236  let tx sin6= , then dttdx cos6=  and 236 x−  = t2sin3636 −  = t2cos36  = tcos6 .  Thus, 

dxx∫ − 236  = ∫ ⋅ dttt cos6cos6  = ∫ dtt2cos36  = ( )∫ + dtt2cos1
2

36  = ctt +





 + 2sin

2
1

2
36  = ( ) cttt ++ cossin

2
36   

= cxxx
+













 −
⋅+−

6
36

66
sin

2
36 2

1  = cxxx
+

⋅
−

+−

362
3636

6
sin

2
36 2

1  = cxxx
+

−
+−

2
36

6
sin

2
36 2

1  

Check:  Let cxxxy +
−

+= −

2
36

6
sin

2
36 2

1 , then y ′  = 

( ) 2

2
2

2
6

362

236
2
1

6
1

1

1
2

36

x

xx
x −

−
+−+⋅

−

 = 
2366

6
2

36

x−
⋅  

2

22

362

36

x

xx

−

−−
+  = 

2

2

2 362

236

362

36

x

x

x −

−
+

−
 = 

2

2

362

272

x

x

−

−  = ( )
2

2

362

362

x

x

−

−  = 
2

2

36

36

x

x

−

−  = 
2

2

2

2

36

36

36

36

x

x

x

x

−

−
⋅

−

−   

= 
( )

2

22

36

3636

x

xx

−

−−
 = 236 x−  
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h.  Given 
( ) ( )∫∫

+
=

+ 2
3

2
3

2
36
92369 x

dx

x

dx  let ttx tan
2
1tan

6
3

== , then dttdx 2sec
2
1

=  and 2369 x+  = 
2

tan
2
1369 







⋅+ t   

= t2tan
4
1369 ⋅+  = t2tan99 +  = ( )t2tan19 +  = t2sec9 .  Therefore,  

( )∫
+ 2

3
2369 x

dx  = 
( )∫

2
3

2

2
2
1

sec9

sec dt
 = ∫ ×

t

dt

2
3

2
3 2

2
2
1

sec9

sec
 = ∫

t

dt

32 3

2
2
1

sec9

sec
 = ∫ t

dt
sec7292

1
2  = ∫ t

dt
sec272

1  = ∫ t
dt

sec54
1  = ∫ dttcos

54
1   

= ct +sin
54
1  = c

x

x
+

+ 2369

6
54
1  = c

x

x
+

+ 23699
 

Check:  Let c
x

xy +
+

=
23699

, then y ′  = ( )2

3692

722

36981

936991
2

x

xx
x

x

+

⋅⋅−+⋅
+  = 

( )

( )2

369

3243699

36981

2

22

x

x

xx

+

+

−+

 = ( )2

369

32432481

36981

2

22

x

x

xx

+

+

−+

  

= 
( ) 22 36936981

81

xx +⋅+
 = 

( ) ( ) 2
1

22 369369

1

xx +⋅+
 = 

( ) 2
112369

1
+

+ x
 = 

( ) 2
3

2369

1

x+
  

i.  Given dx
x

x
∫

− 249
 let tx sin

2
3

= , then dttdx cos
2
3

=  and 249 x−  = ( )2
2
3 sin49 t−  = t2

4
9 sin49 ⋅−   

= t2sin99 −  = ( )t2sin19 −  = t2cos9  = tcos3 .  Therefore,  

dx
x

x
∫

− 249
 = dtt

t
t cos

2
3

sin
cos3

2
3 ⋅∫  = ∫⋅ dt

t
t

sin
cos

2
3

3
6 2

 = ∫
− dt

t
t

sin
sin13

2
 = dt

t
tdt

t ∫∫ −
sin
sin3

sin
13

2
 = dt

t∫ sin
13   

dtt∫− sin3  = dttdtt ∫∫ − sin3csc3  = cttt ++− cos3cotcscln3  = c
x

x
x

x
+

−
⋅+

−
−

3
49

3
2

49
2
3ln3

22
  

= cx
x

x
+−+

−− 2
2

49
2

493
ln3  

Check:  Let cx
x

x
y +−+

−−
= 2

2
49

2
493

ln3 , then y ′  = 2

2

492

1

2 4

493228

493

23
2

x

xxx

x

x x






 −−⋅−⋅⋅

⋅
−−

⋅
−   

2492

8

x

x

−
−  = 

222

222

2 49

4

494

4949328

493

6

x

x

xx

xxx

x

x

−
−

−

−⋅





 −−⋅−

⋅
−−

 = 
2493

6

x

x

−−
 

( )
222

222

49

4

494

4924968

x

x

xx

xxx

−
−

−

−+−−
×  = 

2222

222

49

4

494493

81849686

x

x

xxx

xxxx

−
−

−⋅−−







 −+−−

  

= 
222

2

49

4

492493

184963

x

x

xxx

x

−
−

−⋅−−







 +−−

 = 
222

2

49

4

492493

49318

x

x

xxx

x

−
−

−⋅





 −−







 −−

 = 
249

9

xx −
 

249

4

x

x

−
−  = 

2

2

49

49

xx

x

−

−  = 
2

2

2

2

49

49

49

49

x

x

xx

x

−

−
×

−

−  = 
( )

( )2

22

49

4949

xx

xx

−

−−
 = 

x
x249 −
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Section 5.3 Solutions – Integration by Partial Fractions 

a.  Evaluate the integral ∫ ++ 652 xx
dx . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the integrand is an improper rational 
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational 
fraction. 

Second - Factor the denominator 652 ++ xx  into ( ) ( )32 ++ xx . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the denominator is occurring only once, 
the integrand can be represented in the following way: 

65
1

2 ++ xx
 = ( ) ( )32

1
++ xx

 = 
32 +

+
+ x

B
x

A  

Fourth - Solve for the constants A  and B  by equating coefficients of the like powers. 

65
1

2 ++ xx
 = ( ) ( )

( ) ( )32
23

++
+++

xx
xBxA  

1  = ( ) ( )23 +++ xBxA  = BBxAAx 23 +++  

1  = ( ) ( )BAxBA 23 +++   therefore, 

0=+ BA     123 =+ BA  

which result in having 1=A  and 1−=B  
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values. 

∫ ++ 652 xx
dx  = dx

x
Bdx

x
A

∫∫ +
+

+ 32
 = dx

x
dx

x ∫∫ +
−

+ 3
1

2
1  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

dx
x

dx
x ∫∫ +

−
+ 3

1
2

1  = cxx ++−+ 3ln2ln  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxy ++−+= 3ln2ln  , then y ′  = 01
3

11
2

1
+⋅

+
−⋅

+ xx
 = ( ) ( )

( ) ( )32
23

++
+−+

xx
xx  = 

623
23

2 +++

−−+

xxx
xx  = 

65
1

2 ++ xx
  

b.  Evaluate the integral ∫ −

+
dx

xx

x

4

1
3

2
. 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the integrand is an improper rational 
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational 
fraction. 

Second - Factor the denominator xx 43 −  into ( )42 −xx  = ( ) ( )22 +− xxx . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the denominator is occurring only once, 
the integrand can be represented in the following way: 

xx
x

4
1

3

2

−

+  = ( ) ( )22
12

+−
+

xxx
x  = 

22 +
+

−
+

x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xx
x

4
1

3

2

−

+  = ( ) ( ) ( ) ( )
( ) ( )22

2222
+−

−++++−
xxx

xCxxBxxxA  

12 +x  = ( ) ( ) ( )xxCxxBxxxA 22422 222 −+++−−+  = CxCxBxBxAAx 224 222 −+++−  

12 +x  = ( ) ( ) AxCBxCBA 4222 −−+++   therefore, 

1=++ CBA     022 =− CB     14 =− A  
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which result in having 
4
1

−=A , 
8
5

=B , and 
8
5

=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values. 

∫ −

+
dx

xx

x

4

1
3

2
 = ∫∫∫ +

+
−

+ dx
x

Cdx
x

Bdx
x
A

22
 = ∫∫∫ +

+
−

+− dx
x

dx
x

dx
x 2

1
8
5

2
1

8
51

4
1  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

∫∫∫ +
+

−
+− dx

x
dx

x
dx

x 2
1

8
5

2
1

8
51

4
1  = cxxx +++−+− 2ln

8
52ln

8
5ln

4
1  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxy +++−+−= 2ln
8
52ln

8
5ln

4
1  , then y ′  = ( ) ( )28

5
28

5
4
1

+
+

−
+−

xxx
 = ( )( ) ( ) ( )

( )( )228
2525222

+−
−++++−−

xxx
xxxxxx  

= ( )48

10510582
2

222

−

−++++−

xx

xxxxx  = ( )48

88
2

2

−

+

xx

x  = ( )
( )48

18
2

2

−

+

xx

x  = 
xx

x
4
1

3

2

−

+  

c.  Evaluate the integral ∫ −
dx

x 236
1 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the integrand is an improper rational 
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational 
fraction. 

Second - Factor the denominator 236 x−  into ( )( )xx +− 66 . 

Third - Write the linear factors in partial fraction form.  Since each linear factor in the denominator is occurring only once, 
the integrand can be represented in the following way: 

236
1

x−
 = ( ) ( )xx +− 66

1  = 
x

B
x

A
+

+
− 66

 

Fourth - Solve for the constants A  and B  by equating coefficients of the like powers. 

236
1

x−
 = ( ) ( )

( ) ( )xx
xBxA

+−
−++

66
66  

1  = ( ) ( )xBxA −++ 66  = BxBAxA −++ 66  

1  = ( ) ( )BAxBA 66 ++−   therefore, 

166 =+ BA     0=− BA  

which result in having 
12
1

=A , and 
12
1

=B  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values. 

∫ −
dx

x236
1  = dx

x
Bdx

x
A

∫∫ +
+

− 66
 = dx

x
dx

x ∫∫ +
+

− 6
1

12
1

6
1

12
1  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

dx
x

dx
x ∫∫ +

+
− 6

1
12
1

6
1

12
1  = cxx +++− 6ln

12
16ln

12
1  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand.   

Let cxxy +++−= 6ln
12
16ln

12
1  , then y ′  = 0

6
1

12
1

6
1

12
1

+
+

⋅+
−

⋅
xx

 = ( ) ( )xx
xx
+−
−++

6612
66  = 236

1
x−

 

d.  Evaluate the integral ∫ ++

+ dx
xxx

x
23 2
5 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the integrand is an improper rational 
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational 
fraction. 
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Second - Factor the denominator xxx ++ 23 2  into ( )122 ++ xxx  = ( )21+xx . 

Third - Write the linear factors in partial fraction form.  Since one of the factors in the denominator is repeated, the integrand 
can be represented in the following way: 

xxx
x

++

+
23 2
5  = ( )12

5
2 ++

+

xxx

x  = 
( )21

5
+

+

xx
x  = 

( )211 +
+

+
+

x
C

x
B

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xxx
x

++

+
23 2
5  = ( ) ( )

( )( )2
2

11
11

++

++++

xxx
CxxBxxA  

5+x  = ( ) ( ) CxxxBxxA +++++ 22 12  = CxBxBxAAxAx +++++ 22 2  

5+x  = ( ) ( ) AxCBAxBA +++++ 22   therefore, 

0=+ BA     12 =++ CBA     5=A  

which result in having 5=A , 5−=B , and 4−=C  
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values. 

∫ ++

+ dx
xxx

x
23 2
5  = 

( )∫∫∫ +
+

+
+ dx

x
Cdx

x
Bdx

x
A

211
 = 

( )∫∫∫ +
−

+
− dx

x
dx

x
dx

x 21
14

1
1515  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( )∫∫∫ +
−

+
− dx

x
dx

x
dx

x 21
14

1
1515  = c

x
xx +

+
++−

1
41ln5ln5  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let c
x

xxy +
+

++−=
1

41ln5ln5  , then y ′  = 
( )

0
1

4
1

1515 2 +
+

−
+

⋅−⋅
xxx

 = ( ) ( )
( )2

2

1
41515

+

−+−+

xx
xxxx   

= 
xxx

xxxxx
++

−−−++
23

22

2
4555105  = 

xxx
x

++

+
23 2
5  

e.  Evaluate the integral ∫ +−
dx

xxx 23 2
1 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the integrand is an improper rational 
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational 
fraction. 

Second – Factor the denominator xxx +− 23 2  into ( )21−xx . 

Third - Write the linear factors in partial fraction form.  Since one of the factors in the denominator is repeated, the integrand 
can be represented in the following way: 

( )21
1
−xx

 = 
( )211 −

+
−

+
x

C
x

B
x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

xxx +− 23 2
1  = ( ) ( )

( )2
2

1
11

−

+−+−

xx
CxxBxxA  

1  = ( ) ( ) CxxxBxxA +−++− 22 12  = CxBxBxAAxAx +−++− 22 2  

1  = ( ) ( ) AxCBAxBA ++−−++ 22   therefore, 

0=+ BA     02 =+−− CBA     1=A  

which result in having 1=A , 1−=B , and 1=C  
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values. 
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∫ +− xxx
dx

23 2
 = 

( )∫∫∫ −
+

−
+ dx

x
Cdx

x
Bdx

x
A

211
 = 

( )∫∫∫ −
+

−
− dx

x
dx

x
dx

x 21
1

1
11  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

( )∫∫∫ −
+

−
− dx

x
dx

x
dx

x 21
1

1
11  = c

x
xx +

−
−−−

1
11lnln  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let c
x

xxy +
−

−−−=
1

11lnln  , then y ′  = 
( )

0
1

1
1

11
2 +

−
+

−
−

xxx
 = ( ) ( )

( )2
2

1
11

−

+−−−

xx
xxxx  = 

xxx
xxxxx

+−

++−+−
23

22

2
12   

= 
xxx
xxxx

+−

++−−
23

22

2
122  = 

xxx +− 23 2
1  

f.  Evaluate the integral dx
x
x
∫ −

+

1
3

2

2
. 

First – Rewrite the integral in the following form:  dx
x
x
∫ −

+

1
3

2

2
 = ( ) dx

x
x

∫ −

+−

1
41

2

2
 = dx

xx
x

∫ 










−
+

−

−

1
4

1
1

22

2
 = dx

x∫ 








−
+

1
41

2
. 

Then, check to see if the integrand of the second integral is a proper or an improper rational fraction.  If the integrand is an 
improper rational fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and 
a proper rational fraction. 

Second - Factor the denominator 12 −x  into ( ) ( )11 +− xx . 

Third - Write the linear factors in partial fraction form.  Since one of the factors in the denominator is repeated, the integrand 
can be represented in the following way: 

1
4

2 −x
 = ( ) ( )11

4
+− xx

 = 
11 +

+
− x

B
x

A  

Fourth - Solve for the constants A  and B  by equating coefficients of the like powers. 

1
4

2 −x
 = ( ) ( )

( ) ( )11
11

+−
−++

xx
xBxA  

4  = ( ) ( )11 −++ xBxA  = BBxAAx −++  

4  = ( ) ( )BAxBA −++   therefore, 

0=+ BA   4=− BA  

which result in having 2=A  and 2−=B  
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values. 

dx
x
x
∫ −

+

1
3

2

2
 = dx

x∫ 








−
+

1
41 2  = dx

x
dx ∫∫ −

+
1

4
2  = ∫∫∫ +

+
−

+ dx
x

Bdx
x

Adx
11

 = ∫∫∫ +
−

−
+ dx

x
dx

x
dx

1
12

1
12  

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

∫∫∫ +
−

−
+ dx

x
dx

x
dx

1
12

1
12  = cxxx ++−−+ 1ln21ln2  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxy ++−−+= 1ln21ln2 , then y ′  = 0
1

12
1

121 +
+

⋅−
−

⋅+
xx

 = ( ) ( ) ( ) ( )
( ) ( )11

121211
+−

−−+++−
xx

xxxx   

= ( )
( )1

22221
2

2

−−+

+−++−−+

xxx

xxxxx  = 
1

41
2

2

−

+−

x
x  = 

1
3

2

2

−

+

x
x  

g.  Evaluate the integral ∫ −
dx

x 1
1

3 . 



Calculus I  Chapter 5 Solutions 

Hamilton Education Guides   470 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the integrand is an improper rational 
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational 
fraction. 

Second - Factor the denominator 83 −x  into ( )( )11 2 ++− xxx . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator is in quadratic form, the 
integrand can be represented in the following way: 

1
1

3 −x
 = 

( ) ( )11

1
2 ++− xxx

 = 
11 2 ++

+
+

− xx
CBx

x
A  

Fourth - Solve for the constants A , B  and C  by equating coefficients of the like powers. 

1
1

3 −x
 = ( ) ( ) ( )

( ) ( )11

11
2

2

++−

−++++

xxx

xCBxxxA  

1  = ( ) ( ) ( )112 −++++ xCBxxxA  = CCxBxBxAAxAx −+−+++ 22  

1  = ( ) ( ) ( )CAxCBAxBA −++−++ 2   therefore, 

0=+ BA     0=+− CBA     1=−CA  

which result in having 
3
1

=A , 
3
1

−=B , and 
3
2

−=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  
with their specific values. 

∫ −
dx

x 1
1

3  = dx
xx

CBxdx
x

A
∫∫ ++

+
+

− 11 2  = dx
xx

x
dx

x ∫∫ ++

−−
+

− 11
1

3
1

2
3
2

3
1

 = dx
xx

xdx
x ∫∫ ++

+
−

− 1
2

3
1

1
1

3
1

2  

Sixth - Integrate each integral individually using integration methods learned in previous  

sections.  To solve the second integral let 12 ++= xxu , then 12 += x
dx
du  and 

12 +
=

x
dudx .  Also, 2+x  can be rewritten as 

2+x  = ( )
2
312

2
1

++x .  Therefore,  

dx
xx

xdx
x ∫∫ ++

+
−

− 1
2

3
1

1
1

3
1

2  = 
( )

dx
xx

x
dx

x ∫∫ ++

++
−

− 1

12
3
1

1
1

3
1

2
2
3

2
1

 = dx
xx

dx
xx

xdx
x ∫∫∫ ++

−
++

+
−

− 13
1

1
12

6
1

1
1

3
1

2
2
3

2   

= dx
xx

dx
xx

xdx
x ∫∫∫ ++

−
++

+
−

− 1
1

2
1

1
12

6
1

1
1

3
1

22  = 
( )

dx
xx

du
u

xdx
x ∫∫∫

++
−

+
⋅

+
−

−
4
32

2
1

1
2
1

12
12

6
1

1
1

3
1   

= cux
x

+⋅−−−
+

−

2
3

2
12

1

2
3

tan1
2
1ln

6
11ln

3
1  = ( ) cxxxx +

+
⋅−++−− −

32

122tan
3

2
2
11ln

6
11ln

3
1 12   

= cxxxx +
+

−++−− −

3

12tan
3

11ln
6
11ln

3
1 12  = cxxxx +

+
−++−− −

3

12tan
3
31ln

6
11ln

3
1 12  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxxy +
+

−++−−= −

3
12tan

3
31ln

6
11ln

3
1 12  , then  

y ′  = ( ) ( ) ( )
( ) 0

3

12032

1

1
3
312

1
1

6
1

1
1

3
1

22

3
12

2 +
+⋅−⋅

⋅







+

⋅−+⋅
++

⋅−
−

⋅
+

xx
xxx x

 = ( ) ( )16

12
13

1
2 ++

+
−

− xx

x
x

 

( ) 3
32

123
3

3
3

2 ⋅++
⋅−

x
 = ( ) ( ) ( )22 123

2

16

12
13

1
++

−
++

+
−

− xxx

x
x

 = ( ) ( )
( ) ( ) 1443

2

1118

3312666
22

2

+++
−

++−

−⋅+−++

xxxxx

xxxx   
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= ( ) 444
2

118

3366666
23

22

++
−

−

+−+−++

xxx

xxxxx  = ( ) ( )14

1

118

99
23 ++

−
−

+

xxx

x  = ( ) ( )12

1

12

1
23 ++

−
−

+

xxx

x   

= ( ) ( ) ( )
( ) ( )112

111
23

32

++−

−−+++

xxx

xxxx  = ( ) ( )2221

11
23

3223

++−

+−+++++

xxx

xxxxxx  = ( ) ( )2221

222
23

2

++−

++

xxx

xx  = 
1

1
3 −x

 

h.  Evaluate the integral ∫ −
dx

x 1
1

4 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the integrand is an improper rational 
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational 
fraction. 

Second - Factor the denominator 14 −x  into ( ) ( )11 22 +− xx  = ( ) ( ) ( )111 2 ++− xxx . 

Third - Write the factors in partial fraction form.  Since one of the factors in the denominator is in quadratic form, the 
integrand can be represented in the following way: 

1
1

4 −x
 = 

( ) ( ) ( )111

1
2 ++− xxx

 = 
111 2 +

+
+

+
+

− x
DCx

x
B

x
A  

Fourth - Solve for the constants A , B , C  and D  by equating coefficients of the like powers. 

1
1

4 −x
 = ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )111

111111
2

22

++−

++−++−+++

xxx

DCxxxxxBxxA  

1  = ( )( ) ( )( ) ( )( )( )DCxxxxxBxxA ++−++−+++ 111111 22  

1  = DCxDxCxBBxBxBxAAxAxAx −−++−+−++++ 232323  

1  = ( ) ( ) ( ) ( )DBAxCBAxDBAxCBA −−+−+++−+++ 23   therefore, 

0=++ CBA   0=+− DBA   0=−+ CBA   1=−− DBA  

which result in having 
4
1

=A , 
4
1

−=B , 0=C , and 
2
1

−=D  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  
with their specific values. 

∫ −
dx

x 1
1

4  = dx
x

DCxdx
x

Bdx
x

A
∫∫∫ +

+
+

+
+

− 111 2  = dx
x

dx
x

dx
x ∫∫∫ +

−
+

−
− 1

1
2
1

1
1

4
1

1
1

4
1

2   

Sixth - Integrate each integral individually using integration methods learned in previous sections. 

dx
x

dx
x

dx
x ∫∫∫ +

−
+

−
− 1

1
2
1

1
1

4
1

1
1

4
1

2  = cxxx +−+−− −1tan
2
11ln

4
11ln

4
1   

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxy +−+−−= −1tan
2
11ln

4
11ln

4
1  , then y ′  = 01

1
1

2
11

1
1

4
11

1
1

4
1

2 +⋅
+

⋅−⋅
+

⋅−⋅
−

⋅
xxx

  

= ( ) ( ) ( )12

1
14

1
14

1
2 +

−
+

−
− xxx

 = ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )1114

1121111
2

22

++−

+−−+−−++

xxx

xxxxxx  = ( ) ( )22

2323

414

11

xx

xxxxxx

+−

++−−+++   

( ) ( )22

2

414

2222

xx

xxx

+−

++−−  = ( )14

4
4 −x

 = 
1

1
4 −x

 

i.  Evaluate the integral ∫ +
dx

x 64
1

3 . 

First - Check to see if the integrand is a proper or an improper rational fraction.  If the integrand is a rational fraction use 
synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational fraction. 

Second - Factor the denominator 643 +x  into ( ) ( )1644 2 +−+ xxx . 
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Third - Write the factors in partial fraction form.  Since one of the factors in the denominator is in quadratic form, the 
integrand can be represented in the following way: 

64
1

3 +x
 = 

( ) ( )1644

1
2 +−+ xxx

 = 
1644 2 +−

+
+

+ xx
CBx

x
A  

Fourth - Solve for the constants A , B , and C  by equating coefficients of the like powers. 

64
1

3 +x
 = ( ) ( ) ( )

( ) ( )1644

4164
2

2

+−+

++++−

xxx

xCBxxxA  

1  = ( ) ( )( )41642 ++++− xCBxxxA  = CCxBxBxAAxAx 44164 22 +++++−  

1  = ( ) ( ) ( )CAxCBAxBA 416442 ++++−++   therefore, 

0=+ BA     044 =++− CBA     1416 =+ CA  

which result in having 
48
1

=A , 
48
1

−=B , and 
6
1

=C  

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants  
with their specific values. 

∫ +
dx

x 64
1

3  = dx
xx

CBxdx
x

A
∫∫ +−

+
+

+ 1644 2  = dx
xx

x
dx

x ∫∫ +−

+−
+

+ 1644
1

48
1

2
6
1

48
1

 = dx
xx

xdx
x ∫∫ +−

−
−

+ 164
8

48
1

4
1

48
1

2  

Sixth - Integrate each integral individually using integration methods learned in previous  

sections.  To solve the second integral let 1642 +−= xxu , then 42 −= x
dx
du  and 

42 −
=

x
dudx .  Also, 8−x  can be 

rewritten as 8−x  = ( ) 62 −−x  = ( ) 642
2
1

−−x .  Therefore,  

dx
xx

xdx
x ∫∫ +−

−
−

+ 164
8

48
1

4
1

48
1

2  = ( ) dx
xx

xdx
x ∫∫ +−

−−
−

+ 164
62

48
1

4
1

48
1

2  = 
( )

dx
xx

x
dx

x ∫∫ +−

−−
−

+ 164

642
48
1

4
1

48
1

2
2
1

  

= dx
xx

dx
xx

xdx
x ∫∫∫ +−

+
+−

−
−

+ 164
6

48
1

164
42

96
1

4
1

48
1

22  = 
( )

dx
xx

du
u

xdx
x ∫∫∫ +−

+
−

⋅
−

−
+ 122

1
48
6

42
42

96
1

4
1

48
1

2   

= 
( )

dx
x

du
u

dx
x ∫∫∫ +−

+−
+ 122

1
8
11

96
1

4
1

48
1

2  = cxux +
−

+−+ −

12
2tan

128
1ln

96
14ln

48
1 1   

= cxxxx +
−

⋅
++−−+ −

12
2tan

128
12164ln

96
14ln

48
1 12  = cxxxx +

−
−+−−+ −

12
2tan

96
12164ln

96
14ln

48
1 12  

Seventh - Check the answer by differentiating the solution.  The result should match the integrand. 

Let cxxxxy +
−

++−−+= −

12

2tan
96
12164ln

96
14ln

48
1 12  , then  

y ′  = ( ) ( ) ( )
( ) 0

12

20121

1

1
96
1242

164
1

96
1

4
1

48
1

22

12
2

2 +
−⋅−⋅

⋅







+

⋅+−⋅
+−

⋅−
+

⋅
−

xx
xxx x

 = ( ) ( )16448

2
448

1
2 +−

−
−

+ xx

x
x

 

( ) 12
12

212
12

96
12

2 ⋅
−+

⋅+
x

 = ( ) ( ) ( )16448

6

16448

2
448

1
22 +−

+
+−

−
−

+ xxxx

x
x

 = ( ) ( )16448

62
448

1
2 ++

++−
+

+ xx

x
x

  

= ( ) ( )16448

8
448

1
2 +−

+−
+

+ xx

x
x

 = ( ) ( )( )
( ) ( )164448

48164
2

2

+−+

++−++−

xxx

xxxx  = 
( ) ( )164448

3284164
2

22

+−+

++−−+−

xxx

xxxxx   

= 
( ) ( )164448

3216
2 +−+

+

xxx
 = 

( ) ( )164448

48
2 +−+ xxx

 = 
64164164

1
223 +−++− xxxxx

 = 
64

1
3 +x
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Section 5.4 Practice Problems – Integration of Hyperbolic Functions 

1.  Evaluate the following integrals: 

a.  Given ∫ dxx3cosh  let xu 3= , then x
dx
d

dx
du 3=  = 3  which implies 

3
dudx = .  Therefore,  

∫ dxx3cosh  = ∫ ⋅
3

cosh duu  = ∫ duucosh
3
1  = cu +sinh

3
1  = cx +3sinh

3
1  

Check:  Let cxy += 3sinh
3
1 , then y ′  = c

dx
dx

dx
d

+⋅ 3sinh
3
1  = 033cosh

3
1

+⋅⋅ x
dx
dx  = 33cosh

3
1

⋅⋅ x  = x3cosh  

b.  Given ( )∫ − dxex x32sinh  = ∫∫ + dxedxx x32sinh  let:   

a.  xu 2= , then x
dx
d

dx
du 2= ; 2=

dx
du ; dxdu 2= ;

2
dudx =  and  

b.  xv 3= , then x
dx
d

dx
dv 3= ; 3=

dx
dv ; dxdv 3= ;

3
dvdx = .   

Therefore, ∫∫ + dxedxx x32sinh  = ∫∫ ⋅+⋅
32

sinh 3 dveduu x  = ∫∫ + dveduu v
3
1sinh

2
1  = 21 3

1cosh
2
1 cecu v +++   

= 21
3

3
12cosh

2
1 ccex x +++  = cex x ++ 3

3
12cosh

2
1  

Check:  Let cexy x ++= 3
3
12cosh

2
1  then y ′  = c

dx
de

dx
dx

dx
d x +⋅+⋅ 3

3
12cosh

2
1  = 03

3
122sinh

2
1 3 +⋅⋅+⋅⋅ x

dx
dex

dx
dx x   

= 3
3
122sinh

2
1 3 ⋅⋅+⋅⋅ xex  = xex 3

3
32sinh

2
2

⋅+⋅  = xex 32sinh +  

c.  Given ∫ dxxh 5csc  let xu 5= , then 55 == x
dx
d

dx
du  which implies dxdu 5= ;

5
dudx = .  Therefore,  

∫ dxxh 5csc  = ∫ ⋅
5

csc duuh  = ∫ duuhcsc
5
1  = cu

+
2

tanhln
5
1  = cx

+
2

5tanhln
5
1  

Check:  Let cxy +=
2

5tanhln
5
1 , then y ′  = c

dx
dx

dx
d

+⋅
2

5tanhln
5
1  = 0

2
5tanh

tanh
1

5
1

2
5 +






⋅⋅

x
dx
d

x   

= 0
2
5

2
5sec

tanh
1

5
1 2

2
5 +






 ⋅⋅⋅

xhx  = 
2

5
2

52

tanh

sec5
10
1

x

xh
⋅  = 

2
5

2
52

tanh

sec
2
1

x

xh
⋅  = 

2
5

2
52

tanh

tanh1
2
1

x

x−
⋅  = 

2
5
2

5
2

52
2

52

cosh

sinh

cosh

sinh
1

2
1

x

x

x

x

−

⋅   

= 

2
5
2

5
2

52
2

52
2

52

cosh

sinh

cosh

sinhcosh

2 x

x

x

xx

⋅

−

 = 

2
5
2

5
2

52

cosh

sinh

cosh
1

2 x

x

x

⋅

 = 
2

5
2

52
2

5

sinhcosh

cosh
2
1

xx

x

⋅
⋅  = 

2
5

2
5 sinhcosh2

1
xx ⋅

 = 
2

52sinh
1

x⋅
 = 

x5sinh
1  = xh5csc  

d.  Given ∫ dxxhx 322 sec  let 3xu = , then 3x
dx
d

dx
du

= ; 23x
dx
du

= ; dxxdu 23= ; 23x
dudx = .  Therefore, 

∫ dxxhx 322 sec  = ∫ ⋅ 2
22

3
sec

x
duuhx  = ∫ duuh2sec

3
1  = cu +tanh

3
1  = cx +3tanh

3
1  

Check:  Let cxy += 3tanh
3
1 , then y ′  = c

dx
dx

dx
d

+⋅ 3tanh
3
1  = 0sec

3
1 332 +⋅⋅ x

dx
dxh  = 232 3sec

3
1 xxh ⋅⋅  = 322 sec xhx  

e.  Given ( )∫ + dxxhx 1csc
3
2 423  let 14 += xu , then ( )14 += x

dx
d

dx
du ; 34x

dx
du

= ; dxxdu 34= ; 34x
dudx = .  Therefore,  
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( )∫ + dxxhx 1csc
3
2 423  = ∫ ⋅ 3

23

4
csc

3
2

x
duuhx  = ∫ duuh2csc

6
1  = cu +− coth

6
1  = ( ) cx ++− 1coth

6
1 4  

Check:  Let ( ) cxy ++−= 1coth
6
1 4 , then y ′  = ( ) c

dx
dx

dx
d

++⋅− 1coth
6
1 4  = ( ) ( ) 011csc

6
1 442 ++⋅+−⋅− x

dx
dxh   

= ( ) 342 41csc
6
1 xxh ⋅+⋅  = ( )1csc

6
4 42

3
+⋅ xhx  = ( )1csc

3
2 423 +xhx  

f.  Given ( )∫ + dxxhx 52csc 43  let 52 4 += xu , then ( )52 4 += x
dx
d

dx
du ; ( )52 4 += x

dx
du ; dxxdu 38= ; 38x

dudx = .  Therefore,  

( )∫ + dxxhx 52csc 43  = ∫ ⋅ 3
3

8
csc

x
duuhx  = ∫ duuhcsc

8
1  = cu

+
2

tanhln
8
1  = cx

+
+

2
52tanhln

8
1 4

 

Check:  Let cxy +
+

=
2

52tanhln
8
1 4

, then y ′  = c
dx
dx

dx
d

+
+

⋅
2

52tanhln
8
1 4

 = 0
2

52tanh
tanh

1
8
1 4

2
52 4 +

+
⋅⋅

+

x
dx
d

x
  

= 0
2

52
2

52sec
tanh8

1 44
2

2
52 4 +

+
⋅

+
⋅

+

x
dx
dxh

x
 = 

2
8

tanh8

sec 3

2
52

2
522

4

4
xh

x

x
⋅

+

+

 = 
2

52
2

5223

4

4

tanh

tanh1
2 +

+−
⋅

x

xx  = 

2
542

2
542
2

5422
2

5422

cosh

sinh

cosh

sinh

3
1

2

+

+

+

+

−

⋅

x

x

x

x

x   

= 

2
542

2
542

2
5422

2
5422

2
5422

cosh

sinh

cosh

sinhcosh

3

2

+

+

+

++ −

⋅

x

x

x

xx

x  = 

2
542

2
542

2
5422

cosh

sinh

cosh

1
3

2

+

+

+

⋅

x

x

xx  = 
2

52
2

522
2

523

44

4

sinhcosh

cosh
2 ++

+

⋅
⋅

xx

xx  = 
2

52
2

52

3

44
sinhcosh2 ++ ⋅ xx

x   

= 
2

52

3

4
2sinh +⋅ x

x  = ( )52sinh 4

3

+x

x  = ( )52csc 43 +xhx  

g.  Given ( ) ( )∫ ++ dxxx 1sinh1cosh7  let ( )1cosh += xu , then ( )1cosh += x
dx
d

dx
du ; ( )1sinh += x

dx
du  ; ( )1sinh +

=
x

dudx .  Thus, 

( ) ( )∫ ++ dxxx 1sinh1cosh7  = ( ) ( )∫ +
⋅+

1sinh
1sinh7

x
duxu  = ∫ duu7  = cu +8

8
1  = ( ) cx ++ 1cosh

8
1 8  

Check:  Let ( ) cxy ++= 1cosh
8
1 8 , then y ′  = ( ) ( ) 01sinh1cosh8

8
1 7 ++⋅+⋅ xx  = ( ) ( )1sinh1cosh7 ++ xx  

h.  Given ( ) ( )∫ ++ dxxxh 35coth35csc  let 35 += xu , then ( )35 += x
dx
d

dx
du ; 5=

dx
du ; dxdu 5= ; 

5
dudx = .  Therefore,  

( ) ( )∫ ++ dxxxh 35coth35csc  = ∫ 5
cothcsc duuuh  = ∫ duuuh cothcsc

5
1  = cuh +− csc

5
1  = ( ) cxh ++− 35csc

5
1  

Check:  Let ( ) cxhy ++−= 35csc
5
1 , then y ′  = ( ) ( ) ( ) 03535coth35csc

5
1

++⋅++−⋅− x
dx
dxxh  = ( ) ( ) 5

5
35coth35csc
⋅

++ xxh   

= ( ) ( )35coth35csc
5
5

++ xxh  = ( ) ( )35coth35csc ++ xxh  

i.  Given ∫ ++ dxxehxe 1sec1  let 1+= xeu , then 1+= xe
dx
d

dx
du ; 1+= xe

dx
du ; dxedu x ⋅= +1 ; 1+= xe

dudx .  Therefore, 

∫ ++ dxxehxe 1sec1  = ∫ +
+ ⋅ 1

1sec x
x

e
duuhe  = ∫ duuhsec  = ( ) cu +− tanhsin 1  = ( ) ce x ++− 11 tanhsin  

Check:  Let ( ) cey x += +− 11 tanhsin , then y ′  = 0tanh
tanh1

1 1

12
+⋅

−

+

+

x

x
e

dx
d

e
 = 1

12

12

sec

sec +

+

+
⋅ x

x

x
e

dx
d

eh

eh   
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= 1
1

12

sec
sec +

+

+
⋅ x

x

x
e

eh
eh  = 11sec ++ xx ehe  

2.  Evaluate the following integrals: 

a.  ∫ dxxhx 25 sectanh  let xu tanh= , then x
dx
d

dx
du tanh=  ; xh

dx
du 2sec=  ; dxxhdu 2sec= ; 

xh
dudx 2sec

= .  Thus, 

∫ dxxhx 25 sectanh  = ∫ ⋅⋅
xh

duxhu 2
25

sec
sec  = ∫ duu5  = cu +

+
+15

15
1  = cu +6

6
1  = cx +6tanh

6
1  

Check:  Let cxy += 6tanh
6
1  then y ′  = ( ) 0sectanh6

6
1 216 +⋅⋅ − xhx  = ( ) xhx 25 sectanh  = xhx 25 sectanh  

b.  Given ( ) ( )∫ ++ dxxhx 1csc1coth 26  let ( )1coth += xu , then ( )1coth += x
dx
d

dx
du  ; ( )1csc 2 +−= xh

dx
du c  

; ( ) dxxhdu 1csc 2 +−=  ; 
( )1csc 2 +

−=
xh

dudx .  Thus, ( ) ( )∫ ++ dxxhx 1csc1coth 26  = ( )
( )∫ +

−
⋅+⋅

1csc
1csc 2

26

xh
duxhu   

= ∫− duu6  = cu +− 7
7
1  = ( ) cx ++− 1coth

7
1 7  

Check:  Let ( ) cxy ++−= 1coth
7
1 7  then y ′  = ( )[ ] ( ) 01csc1coth7

7
1 217 ++−⋅+⋅− − xhx  = ( ) ( )1csc1coth 26 ++ xhx  

c.  Given ∫ dxee xx 33 tanh  let xeu 3= , then xe
dx
d

dx
du 3=  ; xe

dx
du 33=  ; dxedu x33=  ; xe

dudx 33
= .  Therefore,  

∫ dxee xx 33 tanh  = ∫ ⋅ x
x

e
duue 3

3

3
tanh  = ∫ duutanh

3
1  = cu +coshln

3
1  = ce x +3coshln

3
1  

Check:  Let cey x += 3coshln
3
1 , then y ′  = 03sinh

cosh
1

3
1 33

3 +⋅⋅⋅ xx
x ee

e
 = xx ee 33 tanh

3
3  = xx ee 33 tanh  

d.  Given ( )∫ + dxxhx 1sec 43  let ( )14 += xu , then ( )14 += x
dx
d

dx
du  ; 34x

dx
du

=  ; dxxdu 34=  ; 34x
dudx = .  Thus, 

( )∫ + dxxhx 1sec 43  = ∫ ⋅⋅ 3
3

4
sec

x
duuhx  = ∫ ⋅ duuhsec

4
1  = ( ) cu +− tanhsin

4
1 1  = ( )[ ] cx ++− 1tanhsin

4
1 41  

Check:  Let ( )[ ] cxy ++= − 1tanhsin
4
1 41  then y ′  = 

( )
( ) 01tanh

1tanh14

1 4

42
++⋅

+−
x

dx
d

x
 = 

( )
( )1sec4

1sec

42

42

+

+

xh

xh
  

( )14 +× x
dx
d  = 

( )
( )

3
4

42

4
1sec4

1sec
x

xh

xh
⋅

+

+
 = ( )1sec

4
4 4

3
+⋅ xhx  = ( )1sec 43 +xhx  

e.  Given ( )∫ + dxxh 23sec  let 23 += xu , then ( )23 += x
dx
d

dx
du  ; 3=

dx
du  ; dxdu 3=  ; 

3
dudx = .  Thus, 

( )∫ + dxxh 23sec  = ∫ ⋅
3

sec duuh  = ∫ duuhsec
3
1  = ( ) cu +− tanhsin

3
1 1  = ( )[ ] cx ++− 23tanhsin

3
1 1  

Check:  Let ( )[ ] cxy ++= − 23tanhsin
3
1 1 , then y ′  = 

( )
( ) 023tanh

23tanh13

1

2
++⋅

+−
x

dx
d

x
 = ( )

( )23sec3

23sec

2

2

+

+

xh

xh   

( )23 +× x
dx
d  = ( )

( ) 3
23sec3
23sec 2

⋅
+
+

xh
xh  = ( )

( )23sec
23sec

3
3 2

+
+

⋅
xh
xh  = ( )23sec +xh  

f.  Given ( ) ( )∫ ++ dxxe x 53sinh53cosh  let ( )53cosh += xu , then ( )53cosh += x
dx
d

dx
du  ; ( ) ( )5353sinh +⋅+= x

dx
dx

dx
du   
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; ( ) 353sinh ⋅+= x
dx
du  ; ( )53sinh3 +

=
x

dudx .  Therefore, 

( ) ( )∫ ++ dxxe x 53sinh53cosh  = ( ) ( )∫ +
⋅+

53sinh3
53sinh

x
duxeu  = ∫ dueu

3
1  = ceu +

3
1  = ( ) ce x ++53cosh

3
1  

Check:  Let ( ) cey x += +53cosh
3
1 , then y ′  = ( ) ( ) ( ) 05353sinh

3
1 53cosh ++⋅+⋅⋅ + x

dx
dxe x  = ( ) ( )53sinh

3
3 53cosh +⋅⋅ + xe x   

= ( ) ( )53sinh53cosh ++ xe x  

g.  ∫ dxx5tanh  = ∫ dxxx 23 tanhtanh  = ( )∫ − dxxhx 23 sec1tanh  = ∫∫ +− dxxdxxhx 323 tanhsectanh .  To solve the first  

integral let xu tanh= , then x
dx
d

dx
du tanh=  ; xh

dx
du 2sec=  ; dxxhdu 2sec=  ; 

xh
dudx 2sec

= .  Therefore,  

∫− dxxhx 23 sectanh  = ∫ ⋅−
xh

duxhu 2
23

sec
sec  = ∫− duu3  = cu +− 4

4
1  = cx +− 4tanh

4
1 .  In Example 5.4-6, problem  

letter d, we found that ∫ dxx3tanh  = cxx ++− coshlntanh
2
1 2 .  Therefore,  

∫ dxx5tanh  = ∫ dxxx 23 tanhtanh  = ( )∫ − dxxhx 23 sec1tanh  = ∫∫ +− dxxdxxhx 323 tanhsectanh   

= ∫+− dxxx 34 tanhtanh
4
1  = 






 ++−+− cxxx coshlntanh

2
1tanh

4
1 24  = cxxx ++−− coshlntanh

2
1tanh

4
1 24  

Check:  Let cxxxy ++−−= coshlntanh
2
1tanh

4
1 24 , then y ′  = 0

cosh
sinhsectanh

2
2sectanh

4
4 223 ++⋅−⋅−

x
xxhxxhx   

= xxhxxhx tanhsectanhsectanh 223 +−−  = ( ) xxxxh tanhtanhtanhsec 32 ++−  = ( ) ( )xxx tanhtanhtanh1 32 +−−   

xtanh+  = ( ) xxxx tanhtanhtanhtanhtanh 353 +−−+−  = xxxx tanhtanhtanhtanhtanh 353 +++−−  = x5tanh  

h.  ∫ dxx5coth  = ∫ dxxx 23 cothcoth  = ( )∫ + dxxhx 23 csc1coth  = ∫∫ + dxxdxxhx 323 cothcsccoth .  To solve the first  

integral let xu coth= , then x
dx
d

dx
du coth=  ; xh

dx
du 2csc−=  ; dxxhdu 2csc−=  ; 

xh
dudx 2csc

−= .  Thus, 

∫ dxxhx 2csc3coth  = ∫ −⋅
xh

duxhu
2

23

csc
csc  = ∫− duu3  = cu +− 4

4
1  = cx +− 4coth

4
1 .  In example 5.4-6, problem  

letter g, we found that ∫ dxx3coth  = cxx ++− sinhlncoth
2
1 2 .  Grouping the terms together we have  

∫ dxx5coth  = ∫ dxxx 23 cothcoth  = ( )∫ + dxxhx 23 csc1coth  = ∫∫ + dxxdxxhx 323 cothcsccoth  = ∫+− dxxx 34 cothcoth
4
1   

= 






 ++−+− cxxx sinhlncot
2
1coth

4
1 24  = cxxx ++−− sinhlncoth

2
1coth

4
1 24  

Check:  Let cxxxy ++−−= sinhlncoth
2
1coth

4
1 24 , then y ′  = 0

sinh
cosh

2
csccoth2

4
csccoth4 223

++
−⋅⋅

−
−⋅⋅−

x
xxhxxhx   

= xxhxxhx cothcsccothcsccoth 223 ++  = ( ) xxxxh cothcothcothcsc 32 ++  = ( ) ( ) xxxx cothcothcoth1coth 32 ++−   

= xxxxx cothcothcothcothcoth 335 +−−+  = x5coth  

i.  ∫ dxx6coth  = ∫ dxxx 24 cothcoth  = ( )∫ + dxxhx 24 csc1coth  = ( )∫ + dxxxhx 424 cothcsccoth  = ∫ dxxhx 24 csccoth .  

∫+ dxxcoth .  In example 5.4-6, problem letter e,  we found that dxx∫ 4coth  = cxxx ++−− cothcoth
3
1 3 .  Therefore,  
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∫ dxx6coth  = ∫ dxxx 24 cothcoth  = ( )∫ + dxxhx 24 csc1coth  = ∫∫ + dxxdxxhx 424 cothcsccoth  = ∫ dxxhx 24 csccoth  







 ++−−+ cxxx cothcoth

3
1 3  = cxxxx ++−−− cothcoth

3
1coth

5
1 35  

Check:  Let cxxxxy ++−−−= cothcoth
3
1coth

5
1 35 , then y ′  = 

3
csccoth3

5
csccoth5 2224 xhxxhx −⋅⋅

−
−⋅⋅

−   

01csc 2 +++ xh  = 1csccsccothcsccoth 22224 ++⋅+⋅ xhxhxxhx  = ( ) 11cothcothcsc 242 +++ xxxh   

= ( ) ( ) 11cothcoth1coth 242 +++− xxx  = 11cothcothcothcothcoth 24246 +−−−++ xxxxx  = x6coth  
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Index 
 

A 

Adjacent, 308 
Antiderivative, 213 
Arithmetic sequence, 13-16 
Arithmetic series, 16-19 

B 

Binomial coefficient, 45 
Binomial expansion, 47-52 

C 

Chain rule, 82-96 
Common difference, 13 
Common multiplier, 20 
Common ratio, 20 
Constant function, 59 
Constant of integration, 213 
Converge, 31 
Cosecant, 233 
Cosecant hyperbolic, 351 
Cosine, 233 
Cosine hyperbolic, 351 
Cotangent, 233 
Cotangent hyperbolic, 351 

D 

Derivative 
higher order, 124-138 
of fractions with fractional exponents, 102-108 
of radical functions, 109-123 

Difference quotient, 54-58 
Differentiation 

of hyperbolic functions, 181-186 
of indeterminate forms using L’Hopital’s 
rule, 193-211 
of inverse hyperbolic functions, 187-192 
of inverse trigonometric functions, 158-165 
of logarithmic and exponential functions, 
166-180 
of trigonometric functions, 140-157 

Differentiation rules 
using dx

d  notation, 71-81 
using prime notation, 59-70 
 

 
 
 
Diverge, 31 

E 

Even functions, 233 
Even power, 244, 365 

F 

Factorial notation, 42-52 
Finite sequence function, 2 
Formulas, 

addition, 232,350 
double angle, 232,350 
half angle, 232,350 
unit, 232,350 

G 
General term of a sequence, 2 
Geometric sequence, 20-25 
Geometric series, 25-29 

H 
Hyperbolic functions 

addition formulas for, 350 
double angle formulas for, 350 
half angle formulas for, 350 
unit formulas for, 350 

Hypotenuse, 308 

I 
Identity function, 59 
Implicit differentiation, 97-101 
Indefinite integral, 213 
Indeterminate forms, 140, 193, 207, 209  
Index of summation, 7 
Infinite sequence function, 2 
Integral sign, 213 
Integrand, 213 
Integration 

by partial fractions, 320-349 
by parts, 287-307 
of hyperbolic functions, 350-378 
of trigonometric functions, 232-258 
resulting in exponential or logarithmic 
functions, 273-285 
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resulting in inverse trigonometric functions, 
259-272 
using the basic integration formulas, 213-
221 
using the substitution method, 222-231 
using trigonometric substitution, 308-319 

Inverse trigonometric functions, 259 

L 

L’Hopital’s rule, 193-211 
Limits 

of sequences, 31-36 
of series, 36-38 

Linear factors 
distinct, 320 
repeated, 327 

Long division, 320 

M 

Method 
difference quotient, 54-58 
implicit differentiation, 97-101 
the chain rule, 82-96 
the L’Hopital’s rule, 193-211 

O 
Odd functions, 233 
Odd power, 244, 365 
Opposite, 308 

P 

Partial Fractions method, 320-349 
Denominator with distinct linear factors, 
320-326 
Denominator with distinct quadratic factors, 
334-343 
Denominator with repeated linear factors, 
327-333 
Denominator with repeated quadratic 
factors, 344-349 

Polynomial, 320 
Product rule, 60, 71 
Pythagorean theorem, 308 

Q 

Quadratic factor 
distinct, 334 
repeated, 344 

R 
Radical expressions, 308 
Range of summation, 7 
Rational fraction 

improper, 320 
proper, 320 

Reference 
to chapter 1 problems, 1 
to chapter 2 problems, 53 
to chapter 3 problems, 139 
to chapter 4 problems, 212 
to chapter 5 problems, 286 

Repeating decimals, 38-41 
Right angle, 308 
Rule 

product, 60, 71 
scalar, 60, 71 
summation, 60, 71 

S 

Scalar rule, 60, 71 
Secant, 233 
Secant hyperbolic, 351 
Sequences, 2-6 
Series, 7-12 
Sigma notation, 7 
Sine, 233 
Sine hyperbolic, 351 
Solutions 

to chapter 1, 379-400 
to chapter 2, 401-425 
to chapter 3, 426-435 
to chapter 4, 436-453 
to chapter 5, 454-477 

Summation 
index of, 7 
range of, 7 
rule, 60,71 

Symbol 
approximate ≈  , 48 

differentiation 
dx
d , 71 

exponent e , 273 
factorial !, 42 
integration ∫ , 213 

logarithm elogln = , 273 
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not equal to ≠ , 25 
summation ∑ , 7 

Synthetic division, 320 

T 

Table 
of basic integration formulas, 378 
of differentiation formulas for 
hyperbolic functions, 181, 351 
of differentiation formulas for inverse 
hyperbolic functions, 187 
of differentiation formulas for inverse 
trigonometric functions, 158 
of differentiation formulas for trigonometric 
functions, 140, 233 
of hyperbolic formulas, 181 
of integration formulas for hyperbolic 
functions, 350 
of integration formulas for trigonometric 
functions, 232 
of inverse hyperbolic functions, 187 

Tangent, 233 
Tangent hyperbolic, 351 
Terms of a sequence, 2 
Trigonometric functions 

addition formulas for, 232 
double angle formulas for, 232 
half angle formulas for, 232 
unit circle formulas for, 232 
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