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Introduction and Overview

Similar to the previous books published by the Hamilton Education Guides, the intent of
this book is to build a strong foundation by increasing student confidence in solving mathematical
problems. To achieve this objective, the author has diligently tried to address each subject in a
clear, concise, and easy to understand step-by-step format. A great deal of effort has been made to
ensure that the subjects presented in each chapter are explained simply, thoroughly, and
adequately. It is the authors hope that this book can fulfill these objectives by building a solid
foundation in pursuit of more advanced technical concepts.

The scope of this book is intended for educational levels ranging from the 12th grade to
adult. The book can also be used by students in home study programs, parents, teachers, special
education programs, tutors, high schools, preparatory schools, and adult educational programs,
including colleges and universities as a main text, a thorough reference, or a supplementary book.
A thorough knowledge of algebraic concepts in subject areas such as linear equations and
inequalities, fractional operations, exponents, radicals, polynomials, factorization, non-linear and
quadratic equations is required.

“Calculus I is divided into five chapters. Sequences and series are introduced in Chapter 1.
How to compute and find the limit of arithmetic and geometric sequences and series including
expansion and simplification of factorial expressions is discussed in this chapter. Derivatives and its

applicable differentiation rules using the Prime and % notations are introduced in Chapter 2. In

addition, use of the Chain rule in solving different types of equations, the implicit differentiation
method, derivative of functions with fractional exponents, derivative of radical functions, including
the steps for solving higher order equations is discussed in this chapter. Differentiation of
trigonometric functions, exponential and logarithmic functions, hyperbolic functions, and inverse
hyperbolic functions is discussed in Chapter 3. Furthermore, evaluation of expressions referred to as
indeterminate forms using a general rule known as L’Hopital’s Rule is discussed in Chapter 3. The
subject of integration is introduced in Chapter 4. Integration using basic integration formulas and
methods such as the substitution method is discussed in this chapter. Additionally, integration of
trigonometric functions, inverse trigonometric functions, exponential and logarithmic functions is
addressed in Chapter 4. Other integration techniques such as integration by parts, integration using
trigonometric substitution, and integration by partial fractions is introduced in Chapter 5. The steps
in integrating hyperbolic functions is also discussed in this chapter. Finally, detailed solutions to the
exercises are provided in the Appendix. Students are encouraged to solve each problem in the same
detailed and step-by-step format as shown in the text.

In keeping with our commitment of excellence in providing clear, easy to follow, and
concise educational materials to our readers, I believe this book will again add value to the Hamilton
Education Guides series for its clarity and special attention to detail. I hope readers of this book
will find it valuable as both a learning tool and as a reference. Any comments or suggestions for
improvement of this book will be appreciated.

With best wishes,

Dan Hamilton

Hamilton Education Guides i1l
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Chapter 1

Sequences and Series
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Chapter 1 - Sequences and Series

The objective of this chapter is to improve the student’s ability to solve problems involving
sequences and series. Sequences and series are introduced in Sections 1.1 and 1.2. How to solve
arithmetic sequences and arithmetic series are discussed in Section 1.3. Solutions to geometric
sequences and geometric series are addressed in Section 1.4. The process of identifying
convergence or divergence of a sequence or a series, for large values of 1, is discussed in Section
1.5. Finally, the factorial notation and its use in expanding binomial expressions is addressed in
Section 1.6. Each section is concluded by solving examples with practice problems to further
enhance the student’s ability.

1.1 Sequences
A sequence is a function whose domain contains a set of positive integer terms such as
(1,2,3,4,---). Functions generate sequences. For example, the function s(n)=s, =n-2 whose

domain is (1,2,3,4,5,6) generates the sequence

s(1)=s5 =1-2=-1 s(2)=s,=2-2=0 s(3)=s5,=3-2=1
s(4)=s,=4-2=2 s(5)=s5=5-2=3 s(6)=ss=6-2=4
where the first six terms of the sequence are (s, s,, 53, 54, 55, 56) = (-1,0,1,2,3,4).

In general, a function f(x) whose domain is the set of positive integers (1,2,3,---,n) including a
fixed value for » is called a finite sequence function. On the other hand, a function whose
domain is the set of (1, 2,3, ) is called an infinite sequence function. The elements of the range

of a sequence function are called the terms of the sequence function. In some instances a
sequence is given by presenting its first few terms, followed by its n™ term, s, =s(n), which is

commonly referred to as the general term of a sequence. For example, the sequence

2
+1
4, 3%% % shows the first four terms and the general term of the sequence. In the
n—

following examples we will learn how the various terms of a sequence are found:

Example 1.1-1 List the first six terms of the given sequence.

_3)" 1) 5 n" (="
o 0, -0 b b=, T @ a=(3) )
n
Solutions:
- 1 — 2
o [a] -2 o] - (|- 8] -
1] 1 L= 2
1 |(=3)% | _|-27|_ 1 |(=3)* | |81 _
ﬁ— 33 —7— ﬁ_ ’E _a_
1 |(=3)% | _|-243]| 1 |(=3)°| _[729]
45| = 173 —E— ) I _2_16_
L | 5 L 6

Hamilton Education Guides 2



Calculus I

1.1 Sequences

N [=]
o b5

- {55
Ez (;1+)15 zgz

¢ Zz 1.(2.51—1) N 25—1 ==
Ez 3~(2-53—1) B % ==
Zz 5-(2~55—1) B 55;9 ==

C

2 |
W
I
N\
N | —
N—
W
.I
il Nt
W
I
3=
|
W |
I
—_
I

160

o
Il
N\
N | —
N—
.I
—
N—

I
N | —
|
_
|
|
N | —
I
|
=)
n

5|
w
I
I/
|P—‘
~
W
|
—_
SN—
w
Il
0| —
|
W | —
Il
|
|P—‘
I
|
[—]
(]
=
N

1
S LY 0.333
2+1 13]
0Lt -pa
4+1 15

S P
2-(2-2-1) |23
> =2
4-(2-4-1)| |47
5 |5
6-(2-6-1)| |6-11

|

|-

=|—1=10.003

Example 1.1-2 Find the indicated terms for the following sequences.

a. Write the third and sixth terms of s, =

c. Write the third and fourth terms of «a, = (—1)”_2

(_2)n+1

n3

¢. Write the third and twelfth terms of q; = (—i)3

Solutions:
_|E2)° (=2)
a. Q_ 3| 27

4

:

(03 26| =[729-64] = |4.6656 < 10*]

S

Hamilton Education Guides
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(=2) | _|=2)7|_[-128
63 216 216
=[]~

b. Write the tenth term of 4; =(i— 1)3 i

d. Write the seventh term of a, = (02)""

f. Write the eleventh term of s, = (-1)""'-2"*!
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Calculus 1 1.1 Sequences

d. E =1(0.2)"!|=1(0.2) ®| =[0.000064] = 6.4><10*5|
€. E=(—3)3=—33 =[27] a,|=|(-12)*|=|=123|=[-1728]
£ |5, |= (_1)11—1.211+1 _ (_1)10.212 —|1.012 :

Example 1.1-3 Write s5, s4, s7, and s;5 for the following sequences.

(n+1)ﬂ

a. s, = b. s, =2n71 C. s, =2n(n—1)(n—2)
Solution:
. Q:(5+1)7r:6_7z: :(6+1)7z:7_7r:
2 2 2 2

az (7+21)7Z' _ %ﬂ _ 4] : (15-;1)71 _ 1677z _ 8]

— 5 5
b. i=225—_1=§—4 25274 [ 212

—1_| 2% |_[2° . .

— 7 7

T o e I EXAP S B PR S PYI Y

— |2 2

NE NE — =
E: =1 :‘215.2 14‘:‘215 14‘::
2 2

c. [s;]=[2:5-G-1)6-2)| = [10-4:3] = [120] 5| =[2-6-(6-1)(6-2)| = [12:5-4] - [240]

g=\2-7-(7—1)(7—2)\== =|2-15~(15—1)(15—2)|=|30-14~13|=|5460|
Example 1.1-4 Find the twelfth term of the following sequences:

+1 n+2 n
a. 0.5,0.25,0.125,---,1n b. 8,5.063,4.214,---,(1+lj . 4,—12,32,---,ﬂ
2" n (_1)n+1

Solutions:

a. — 212 = 2? = m =10.000244|=1{2.44x10

1 1242 12+1 14 13 14
b. = [HEJ = ( > j = (Ej =11.0833'4|= 3.066|

Hamilton Education Guides 4



Calculus 1 1.1 Sequences

12 12
c. = 210 -(12+1)) |27 131 |4096-13| _ memmaey _ 5324810

(_1)12+1 (_1)13 -1

Example 1.1-5  Given the general term of the sequence s(n)=s, = n(n—2)+5, write its x” and
k+1 term.
Solutions:

a. To write the £ term of the sequence simply substitute & in place of » in the general term of

the sequence, i.e., =5, |= =

b. To write the & +1 term of the sequence simply substitute £ +1 in place of » in the general term

of the sequence, i.e., [s(k +1)|= s, | = |(k+ D[ (k+1)=2]+5| = |(k + [k +1-2]+ 5] =|(k + ])(k 1) +5|

=2 k+k-145]= k2 +4]

Example 1.1-6 For the given domain (1, 2,3, 4) , write the first four terms of the following functions:

a. f(x):x2+2x+1 b. s(x):3x—5
C. g(x)zix d. h(x):x_l—i-l
Solutions:

—_

2+(2~1)+

—_—

a- [0] <[} ~[z:1- 8 Fo)-[A]= e -E-F
76 =|A]=[3+2-3)+1| =61~ [i6] 7)) =[sa] = [+ 2-4) 11| 167851 - 5]

Therefore, the first four terms of the sequence are (f1, f2, f3, f1) = (4, 9,16, 25)

Therefore, the first four terms of the sequence are (sq, 55, 53,54) = (-2,1,4,7).

Therefore, the first four terms of the sequence are (gy, g3, g3, 84) = @, %, 2, g]

ol =]

w| o

—_

N | W

Hamilton Education Guides 5



Calculus 1 1.1 Sequences

_ 1 1+31 |4 - 1 1+4] |5

i) L= |2 i L= [Eee] [
(.3 45
Therefore, the first four terms of the sequence are (hl, hy, hy, h4) =2, 334

In the following section we will discuss series and identify its relation with sequences.

Section 1.1 Practice Problems - Sequences I

1. List the first four and tenth terms of the given sequences.

n(_ n+l
c. d,=3-(-2)" d. & =(—%j ( 1)+2
n

k(K +1)
. by = P

_ 2n+1 b
—2n

a. a

n
2. Write s3, s4, s5,and sg for the following sequences.

n+l
a. sy :% b. Sy :(—1)n+12n_2 C. s,= (_2) (1’1—2)

3. Write the first five terms of the following sequences.

(@]

O

Il

)

I
W | —
NG
L

2. a,=(-1)"(n+2) b. a,.za(iji_z

100
k-2
d. an=(3n—5)2 €. uk=ark_2+2 f. bk:—3(§j
j 1 n+l K+l
PR by, =(1-—1] iy =1-(1
& ¢ j+1 / In n+2 " (-1)
L 2
. k - n® -2
Sy =—— k. y,=9k(k-2 L ¢, =
I = yn =9k (k-2) K

4. Given n! read as “n factorial” which is defined as n!=n(n—1)(n-2)(n-3)---5-4-3.2-1, find

a. The first eight terms of x!.

b. The first four terms of a, = 2”4:1 .
n'
n—1
c. The tenth and twelfth terms of the ¢, = 123) -
n!
d. The first, fifth, tenth, and fifteenth terms of y, :M.

2+n!

5. Write the first three terms of the following sequences.

oy 13021 b)Y e e
(n—4)n n—-1\2+n

_(_pyert KE=T) _ 2('1_—1) e atla

d. oy =(-1) 3 e b,=n T f. x,=(5-q)""2

Hamilton Education Guides 6



Calculus I 1.2 Series

1.2  Series

Addition of the terms in any finite sequence result in having the sum of the sequence. The sum of

. . 1
the sequence is referred to as a series. For example, the sequence y,=—— for
=

k=1,2,3,4,5and 6 can be summed and expressed in the following way:

y+y+y+y+y+y—1+1+1+1+l+l—+1+1+1+1+1—19687
1TX2 4 T ot gt ot 3t gty Myttt L
’ DT Q0 Tl T2 T3 T A oS

The sum of a sequence is generally shown by the Greek letter “z ” (sigma) which is also called

summation. Thus, using the sigma notation, the above example can be expressed in the following
6

way Z Vi where yj, = % Note that the variable i is referred to as the index of summation and
. 2%
i=1
the integer range over which the summation occurs is referred to as the range of summation. The
following are three properties of summation that students should be familiar with:

n n

Sfatn) = Ya+ 3

i=1 i=1 i=1

n n
Zkai = kZa,-
i=1 i=1

n

Zk = nk

i=1

These properties are used extensively in solving the sum of sequences over a specified range as
shown in the following examples:

Example 1.2-1 Given Zai =20 and Zbl- =40, find the solution to the following problems
i=1 i=l
using the summation properties.

a. Zn:(2ai+3bl~) = b. Zn:(al-—b,-) = C. Zn:(—Sai+2bI-) = d. Zn:(%a,-—%b,) =
i=1

i=1 i=1 i=1

Solutions:

n

a. |3 (24,+35)|= |2 24, + 335, | =230, +33 5, | = [(2%20) + (3x40)| = [40+120] = [160]
i=1 i=1 i=1 i=1

i=1

b. [Sia1)|= (S0 -0 | = [=a0]= (0]

C. |D(-5a,+2b)|= Z—Sai+zﬂ:2bi = —siai+2ib, :‘(—5x20)+(2><40)‘=|—100+80|=|—20|
i=1 i=1

i=1 i=1 i=1

Hamilton Education Guides 7



Calculus I

1.2 Series

n

2

i=1

a —lbi
4

B

n

2

i=1

1
—q -

2 i

1

(

13 1<
“Na-—-Sb
2;‘11 4;1

2

—x20

M

—l><40)
4

Example 1.2-2 Solve the following series:

=[10-10]=[o]

6 7
a. Find Zan where a, = 2nt1 b. Find Zx[ where x; =(l+i2)(—2)l
n=1 " i=1
5 2 1 4
c. Find Z(xj —1) where x ; :Tj d. Find Z(uk)z where u, =k +1
]=0 k=0
> ]2 n 0 2
e. Find Z(yn —2)n+ where Yy = Tin f. Find Z(ua +a) where u, :a2 -1
n=l a=0
Solutions:
a ia where a _2ntl Z‘a +a,+a,+a,+a;+a |= 241, 4+1 6+1 8+1 710-‘_1+12+1
. o n n n 1 2 3 4 5 6 1 2 3 4 5 6
=242 7 2 I B S 033+ 2054224 2.17] = [1445]
1 2 3 4 5 6
! i 1 2
b. in wherexi=(1+i2)(—2)‘ =|x,+x2+x3+x4+x5+x6+x7|= (1+12)(72) +(1+22)(72)
i=1
+(1432)(<2) + (14 42)(=2)" + (1+5)(=2) + (14 6)(=2)" +(1+ 7)(-2) =‘(2-—2)+(5-4)+(10~—8)‘
|+(17'16)+(26-—32)+(37~64)+(50~—128)|=|—4+20—80+272—832+2368—6400|=|—4656|
5
C. (xj —1)2 where x, :% = (x0 —1)2 +(x] —l)2 +(x2 —1)2 +(x3 —1)2 +(x4 —1)z +(x5 —1)2
7=0 tJ
2 2 2 2 2 2 2 2 2
[T BT T TG
1 2 3 4 5 6 2 3 4
2 2
+(fj +(—§j =L 3,0 16 B 025 044441 0.5625 1 0.64 + 0.6944] = [2.5913]
5 6 4 9 16 25 36
4 2 2 2 2 2 2 2 2 2
d. Z(”k) whereu, =k +1|= (uo) +(u1) +(u2) +(u3) +(u4) = (0+1) +(1+1) +(2+1)

k=0

+(3+ 1)2 4—(44—1)2

Hamilton Education Guides
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Calculus I 1.2 Series

5
e. | Y (v, —2)" wherey, = :n =|(n-2)"+(n,-2)" + (3, -2)"
n=1

- [1l+l_2]2+[H22_2)3+[H33_2j4+[1+44_2]5+[1+55—2j6 =|(-1.5)" +(-1.33) +(-1.25)"

+(-1.2) +(-1.17)| = [2.25-235+ 2.44 - 2.49 + 2.56] = [2.41]

4+1 5+1

+(y4—2) +(y5—2)

5
£ (u, + a)2 whereu, =a’ —1| = |(u, + 0)2 +(u, + 1)2 +(u, +2)2 + (u, 4—3)2 +(u, 4—4)2 +(us + 5)2

a=0

= (=140 +(0+1) +(3+2)° +(8+3) +(15+4) +(24+5) | = [1+1+25+121+361+841| = [1350]

Example 1.2-3 Solve the following series.

5 5 2a+1 5 (_1)i+l
. 2a-1) = b. = . =
a ;an( a ) azz; P (¢ lzzll 2
4 3 i 5 k-1
2/ (1-k)
d. Z(n—l)z(n+l) = e. —_— = f. Z— =
n=0 = ]+5 =l k
Solutions:
a. ia(Za—l) =|[1-(21-1)]+[2-(2-2-1) |+[3-(2:3-1) ] +[4-(2-4-1) |+[5:(2:5-1) || = |1+ 6+15
[+28+45] = [os]
b ZS:ZaH _ (2~1)+1+(2-2)+1+(2-3)+1+(2~4)+1+(2-5)+1 _3,5,7,9, 11j_ 3725
S a 1 2 3 4 5 1 23 4 5 :
[+2.33+2.25+2.2| = [12.28]
C. 5 (_l)x’H _ (_I)HI+(_1)2+I+(_1)3+I+(_1)4+I+(_1)5+l _ (_1)2+(_1)3+(_1)4+(_1)5+(_1)6
= 2i 21 22 23 24 25 2 4 6 8 10

=[0.5-0.25+0.167-0.125+0.1] = |0.392]

1 1. 1 1 1
2 4 6 8 10

4

d. O(n—l)z(rH-l) =[(0=1y (+n)]+[(1-1) (+D)]+[ =1 2+ |+[ -1 B+1) [ +[(4-1)'(4+1)]

n=

=) +(0-2)+(1:3)+(4-4)+(9-5)| = 1043+ 16 +45] = [65]

Hamilton Education Guides 9



Calculus I 1.2 Series

3 2j 273 272 2—1 20 2] 22 23 2—3 2—2 2—] 2(} 2] 22
+ + + + + +
=Jj+5 -3+5 2+5 -1+5 0+5 145 2+5 3+5 2 3 4 5 6 7

2°1 10125 025 05 1 2
==+ ——+=+=+
2 3 4 6

4
= +§ =[0.0625+0.0833+0.125+0.2+0.3333+0.5714 + 1] = |2.3755 |

e =[os 267

s (-0 | _|(1-1) (-2 (-3 (1-4)" (1-57|_[o
f. > + + + + =7t R

1
= % 1 2 3 4 5 2

[+20.25-204.8] = [-186.72]

Example 1.2-4 Prove that both sides of the following series are equal to one another.
n n n n n

a. z2xi+z4)’i = 2Z(xl-+2y,-) b. Za yl-2 =a Z yiz
i=1 i=1 i=1 i=1 i=1

n

n n
C. Za=na d. Z(xi+a) =2xl~+na
i=1 i=1

i=1

Solutions:

= ‘(2){1 4—4)/l)+(2x2 +4y2)

a. 22)@. +Zn:4yt. = ‘(2){1 200, 420+ 4+ 2x, )+ (4, + 4y, 4y, + -+ 4y,)
i=l i=1

|+(2x3+4y3)+-~-+(2xn +4yn)‘ = ‘2(x1+2y1)+2(x2+2y2)+2(x3+2y3)+---+2(xn +2y,)

n

= ZZ(x,. +2y,.)

i=1

b. [Yay|= |ay12 +ayl +ay? +ayl +--+ay

= a(yf+y22+y§+yf+---+y:) = ai A
i=1

C. al|=|ata+a+a+---+a :

n terms

d. Z(x,.-i—a) =|(xl+a)+(x2+a)+(x3+a)+---+(xn+a)|=|(xl+x2+x3+---+xn)+(a+a+a+-~-+a)|

= ixi +na
i=1

Example 1.2-5 Use the properties of summation to evaluate the following series.

6 7 4
a. > 2k = b Y (4k-3) = c. (K -2%) =
i=1 i=1 k=1

Hamilton Education Guides
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Calculus I 1.2 Series

5 4 5
d Z(k2+a)= e 22(—% = f Z( +k)
k=1 k=1 3 k=1
Solutions

a. [D2k|=2)k|=|2-6k|=[12k

b. i(4k—3) = Z4k+z7;—3 =4 k- 3|=[4-7k-7-3] = |28k - 21|

4
c. z(k3_2k) =3« +Z—2k =Y K -2 k[ = (P42 +3 +47)-2(1+2+3+4)| = [1+8+27+ 64

d. i(k2+a) =38+ a| =[Sk 5| = (1P+2°+3° +47+57)+ Sa| = |(1+4+9+16+25) + 5a|

-0 |5 ) A A aess)

= [2-(0.4444-02963+0.1975-0.1317) | =[2:02139] = [0.4278]

f. ZS:(2"+k) =32+ k| = (242742424274 (14243444 +5)| = (2+4+8+16-+32) + 15|

k=1 k=1 k=1

= 62+15 =[17]

Section 1.2 Practice Problems - Series I

1. Given ) a;=10 and ) b =25, find

i=1 i=1

a. (2, +4b,) = b S(arb) = e Y (Ga+sh) = d ( R
i=1 i=1

i=1 i=1

2. Evaluate each of the following series.

5 6
a. Zykwhereyk =2+k b. anwherexn =# c. Zx wherex, = )"+1
k=1 n=0 -2

Hamilton Education Guides 11



1.2 Series

Calculus I
3 5 5 (_ 1)i+1
d. Zuj whereuj:j—sz €. Zyawherey:a+2 f. inwherexi: -
j=3 a=3 i=0 2
3 5 1
g. Zyk+2wherey=2k—3 h. Z(xm —l)zwherexm =—
k=2 | "
3. Find the sum of the following series within the specified range.
3 ) 6 n—1 4 1
a. Y10’ = b. Y= c. — =
i=—3 n=0 2 a=010
1+ (=1)*

d. D(n=n) = e 2= D

3
LR
3
Il
o
=~
Il
S

a=1 k=0 j=1
400 &2 5 4 _
iY== = k. Yoskt = L Y (01 =
n n+ X
n=1 n=1 k=1 i=1
4. Rewrite the following terms using the sigma notation.
a. l+l+l+l+l+l = . l+2+2+i+2+é = C. 2+4+8+16+32+64 =
2 3 4 6 7 2 3 4 5 6 7
d 11l 1o e 0+L42.3,.8.5 £t L 1o
3 5 6 4 5 6 2 3 4 5 6

Hamilton Education Guides



Calculus 1 1.3 Arithmetic Sequences and Arithmetic Series

1.3  Arithmetic Sequences and Arithmetic Series

An arithmetic sequence is a sequence in which each term, after the first term, is obtained by
adding a common number to the preceding term. The common number added to each term can

be found by taking the common difference, denoted by 4, of two successive terms. For

1 . .
example, the sequences 3,6,9,12,15,--- and 5,1,3,2,2,3,%,--- are arithmetic sequences because

the common difference that is added to each term in order to obtain the next termis 6-3 = 3 and

1—% = %, respectively. Note that the »” term in both examples can easily be stated as s, =3n

and s, =—n. Therefore, the two arithmetic sequences can be written as 3,6,9,12,15,---,3n and

A
2

|
2
5
2 2

o 1929 2’3
22

To obtain the »™ term of an arithmetic sequence, a general form can be developed by letting s,

and 4 be the n™ term and the common difference of an arithmetic sequence. Thus, the first
terms can be written as:

NI =a
Sy = 51 +d where a and d are real numbers and » is a positive integer
S3:S2+d:(sl+d)+d:.5‘]+2d

Sq4 = S3+d = (S1+2d)+d = S1+3d

55 = sqg+d = (s;+3d)+d = s, +4d

5;1 =5, +d = [sy+(n=2)d]+d = s, +nd-2d+d = s +nd—d = s; +(n-1)d
Syl = Sy +d = [sy+(n-1)d]+d = sy +nd—d+d = s, +nd
Thus, the »” and n+1 term of an arithmetic sequence is equal to

sp = s;+(n-1)d (1)

Sp+1 = Sy +nd (2)

In the following examples the above equations (1) and (2) are used in order to find several terms
of arithmetic sequences.

Example 1.3-1 Find the next five terms of the following arithmetic sequences.
a. s,=5,d=3 b. s,=-5,d=2 c. 5,=20,d=04
Solutions:

a. The n™ term for an arithmetic sequence is equal to s, = s, +(n—1)d . Substituting s, =5 and
d =3 into the general arithmetic expression for »=2,3,4,5, and 6 we obtain

= si+(2-1)d|=]s +d|=[5+3]=[8]
=s1+(3—1) =|s+2d|=[5+(2x3)|=[5+6]=[11]

Hamilton Education Guides 13



Calculus 1 1.3 Arithmetic Sequences and Arithmetic Series

o] o+ =04] = 9]~ 7]~
] =604 [y 730~ - =

so| =[s1 +(6-1)d|= s +5d|=[5+(5x3)| =[5 +15] = 20]

Thus, the first six terms of the arithmetic sequence are (5, 8,11,14,17,20 ).
b. Substituting s, =-5 and d =2 into the general arithmetic expression for n=2,3,4,5, and 6 we
obtain

S, | = sl+(2—l)d =|s+d ==
=[5, +(3-1)d Z‘sl+2d‘=‘—5+(2x2)‘==
s,|=]sy +@-1)d =|s1+3d|=|—5+(3><2)|==

Y
w
|

55| = s;+(5-1)d Z‘sl+4d‘=‘—5+(4x2)‘==
55| =51+ 6-1)d] =[s; +5d] =[5+ (5x2)]| = [55+10] = [3]

Thus, the first six terms of the arithmetic sequence are (-5,-3,-1,1,3,5).

c. Substituting s; =20 and d =04 into the general arithmetic expression for n=2,3,4,5,and 6 we
obtain

s,|=s1 +2-1)a|=]s, +d|=[20+0.4] = [20.4]

5] =1+ B=1)a] = [5+24] = [0+ (200 - 20405~ (0]
5] = o+ =) =[s +34] =20+ (3x04)| = [20+12)= (5]

55| =[s1 +(5-1)d| =5, +4d| =20+ (4x04)| = [20+1.6] = [21.6]
56| =51 +(6-1)d | =[5, +5d|=[20+(5x0.4)| =[20+2] = [22]

Thus, the first six terms of the arithmetic sequence are (20, 20.4, 20.8, 21.2, 21.6, 22 ) .

Example 1.3-2  Find the general term and the fiftieth term of the following arithmetic
sequences.

a. S1:3 5 d=5 b S1:—2 5 d=4 C. S1:10 , d=-25
Solutions:

a. The n™ term for an arithmetic sequence is equal to s, = s; +(n—1)d . Substituting s, =3 and

d =5 into the general arithmetic expression we obtain

=== Sn+(3-5)|=[5n=2]

Hamilton Education Guides 14




Calculus 1 1.3 Arithmetic Sequences and Arithmetic Series

substituting » =50 into the general equation s, = 5n—2 we find

b. Substituting s; = -2 and d =4 into the general arithmetic expression s, = s; +(n—1)d we obtain

g=== 4n+(-2-4)|=[4n—6]

substituting » =50 into the general equation s, = 4n—-6 we find

c. Substituting s; =10 and 4 =-25 into the general arithmetic expression s, = s; +(n—1)d we

obtain |s, | =[10-+(n—1)x-2.5|= =|-25n+(10+2.5)| = [-2.5n+12.5]

substituting » =50 into the general equation s, = -2.51n+12.5 we find

= ‘(—2.5><50)+12.5 ‘ =[-125+12.5|=|-112.5]

Example 1.3-3 Find the next four terms in each of the following arithmetic sequences.

a. 6,10,--- b. x,x+2,-- C. 2x+1,2x+5, - d x,x-29,--

Solutions:
a. The first term s; and the common difference 4 are equal to s, =6 and d =10-6=4. Thus,

using the general arithmetic equation s, = s, +(n—1)d or s,,; = s, +d the next four terms are
as follows: Let’suse s,,; = s, +d. Then,

b. The first term s; and the common difference 4 are equalto sy, =x and d=x+2-x=2.
Thus,

53| =[5, +d] =[x 2)+ 2] =[x74] 5| =[5y +d]= [+ 4) 2] = [x+]
Z‘s4+d|=|(x+6)+2‘=\x_+8| Z‘s5+d|=|(x+8)+2|=\L10|

c. The first term s; and the common difference 4 are equal to s; =2x+1 and d =(2x+5)—(2x+1).
= 2x+5-2x—1 = 4. Thus,

:|82+d‘=‘(2x+1)+4‘=\2x_+5| : sy+d|= (2x+5)+4|= 2x+9|
= sy +d|= (2x+9)+4 = Z‘s5+d|=|(2x+13)+4|= 2x+17|

d. The first term s; and the common difference 4 are equal to s; =x and d =(x-29)-x=-29.
Thus,

=|s,+d|=|(x-29)-29|=[x-58] = |s;+d|=|(x-58)-29| = [x-87]
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Calculus 1 1.3 Arithmetic Sequences and Arithmetic Series

[s5]=[s4 +d]=|(x~87)-29| = [x=11] [s6]=[s5 + d]=|(x~116)-29| =[x =145

Example 1.3-4 The first term of an arithmetic sequence is -5 and the fourth term is 10. Find
the twentieth term.

Solution:
Since s; =-5 and s, =10 we use the general formula s, = s +(n-1)d in order to solve for 4.

sq =5 +(4=1)d|;[10=-5+(4-1)d|;[10=-5+3d];[10+5=3d];[15=3d]; d=1?5 ;[d=5]. Then,
S20 :Sl+(20—l)d ; 520:—5+19d ; S20 :—5+(19X5) ;

Having learned about arithmetic sequences and the steps for finding the terms of an arithmetic
sequence, we will next learn about arithmetic series and the steps for finding the sum of
arithmetic series over a given range.

= 90|

520 =

Addition of the terms in an arithmetic sequence result in having an arithmetic series. To obtain
the arithmetic series formula let s; =s, +(k—1)d be an arithmetic sequence and denote the sum of

the first » terms by

n

Sy =D s +(k=1)d

then, .
S, = s +(sy+d)+ ---+[s1 +(n—2)d]+[s1 +(n—1)d] (a)

Let’s write the sum in reverse order and add the two series («) and (b) together.
Sy = [s1+(n=1)d]+[s; +(n=2)d]+ -+ (s +d)+5 ()
S,+S, = {sl +[s1 +(n—l)d]} +{(s1 +d)+[s1 +(n—2)d]} +-~+{[s1 +(n—2)d]+(s1 +d)} +{[s1 +(n—l)d]+s1}

28, =[s1+sl+n 1d] [s1+d+s1+n 2d]+ +[s1+n 2)d+sl+d] [s1+(n 1d+s1]

28, = [25 +(n=1)d]+[s) +s1 +(n=2)d +d]+ - +[s) + 51 +(n=2)d + d]+[s) + 51 +(n—1)d]
28, = [281 +(n—=1)d]+[2s) + nd = 2d + d]+ - +[2s) + nd = 2d + d] +[2s; +(n - 1)d]
2Sn=[2s1+(n 1)d]+[2s1+nd d] [2s1+nd d] [2s1+(n 1)d]

]

28, = [281 +(n—=1)d]+[2s) +(n=1)d]+ - +[2s) +(n = 1)d] +[2s1 +(n = 1)d]

n[2s1 +(n —l)d]

28, = n[2s+(n-1)d| ; S, = >

= %[2s1 +(n=1)d]

Therefore, the arithmetic series can be written in the following two forms:

z o ()

S, = "7[2s1 +(n-1d] ()
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Calculus 1 1.3 Arithmetic Sequences and Arithmetic Series

Note that equation (2), similar to the »™ term of the arithmetic sequence [s, =s; +(n—1)d], is
given in terms of s;, n, and d .

In the following examples the above equations (1) and (2) are used in order to find the sum of
arithmetic series.

Example 1.3-5 Find the sum of the following arithmetic series.
20 15

a. Y (2i+1) = b. > (3i-2) = c. > (sj-1)=
i=1 i=l1

Solutions:
a. First - Write the first three terms of the arithmetic series in expanded form, i.e.,

20

> (2i+1) =‘(2+1)+(4+1)+(6+1)+-~-|=

i=1

Second - Identify the first term, s, , the difference between the two terms, 4, and », i.e.,
s1=3,d=5-3=2,and n=20.

Third - Use the arithmetic series formula to obtain the sum of the twenty terms.

S, = %[231 +(n-1)d]

S| = %[ml +(20-1)d]|=[10[2s; +19d]|= |10[ (2x3) + (19x2) ]| =|10[ 6 + 38

—_

Note that prior to learning the arithmetic series formula the only method that we could use was
by summing each term as shown below:

i(znl) :‘(2+1)+(4+1)+(6+1)+(8+1)+(10+1)+(12+1)+(14+1)+(16+1)+(18+1)+(20+1)|

i=1

|+(22+1)+(24+1)+(26+1)+(28+1)+(30+1)+(32+1)+(34+1)+(36+1)+(38+1)+(40+1)‘

=|3+5+7+9+11+13+15+17+l9+21+23+25+27+29+31+33+35+37+39+41|= |440|

As you note, it is much easier to use the arithmetic series formula as opposed to the
summation of each term which is fairly long and time consuming.

b. First - Write the first three terms of the arithmetic series in expanded form, i.e.,

1

> (31-2)|=[(3-2)+ (6-2)+ (9-2) + | = [T+ a+ 7+

i=1

Second - Identify the first term, s, , the difference between the two terms, 4, and », i.e.,
si=1,d=4-1=3,and n=15.

Third - Use the arithmetic series formula to obtain the sum of the fifteen terms.

S, = %[2sl+(n—1)d]
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1.3 Arithmetic Sequences and Arithmetic Series

5]= 175[2s1+(15—1)d]

or, we can obtain the answer by summing up the first fifteen terms of the series, i.e.,

15

i=

(3i-2)

=|7.5[2s, +14d]

=|7.5[ (2x1)+(14%3) || =|7.5[2+ 42

—_

=[1+4+7+10+13+16+19+22+25+28+31+34+37+40+43|=330]

c. First - Write the first three terms of the arithmetic series in expanded form, i.e.,

15

Jj=3

2.(57-1)

:|(15—1)+(20—1)+(25—1)+---|:

Second - Identify the first term, s, , the difference between the two terms, 4, and », i.e.,
s;=14, d=19-14=5,and n=13.

Third - Use the arithmetic series formula to obtain the sum of the thirteen terms.

SlS

= %[2s1+(13—1)d]

s, = %[2s1+(n—l)d]

6.5[2s, +12d|

6.5 (2x14)+(12x5) || = |6.5[ 28 + 60] | = [6.5x88] = [572

or, we can obtain the answer by summing up the first thirteen terms of the series, i.e.,

15

J

(57-1)

:|14+19+24+29+34+39+44+49+54+59+64+69+74|= |572|

Example 1.3-6 Given the first term s, and 4, find Sg, for each of the following arithmetic
sequences.
a. N 5 ) d=2

Solutions:

b. 5,=-10, d=3

C. 5,=500, d=25

a. The n™ term for an arithmetic series is equal to S, = %[2s1 +(n—1)d]. Substituting s; =5

and 4 =2 into the general arithmetic expression we obtain

Sso| =

2

0 [2s, +(80-1)d] =

40[2s, +79d |

40[ (2x5)+(79%2) ]| =

40[10 +158]| = [40x168] = [6720]

b. Substituting s, =10 and 4 =3 into S, = %[2s1 +(n—1)d] we obtain

Su| =

%[zs] +(80-1)d]|=

40[2s; +79d ]| =

40[ (2x-10)+(79x3) |

= |40[-20 +237]| = [8680

c. Substituting s; =500 and d =25 into s, = %[zs1 +(n—1)d] we obtain

S80

= %[ml +(80-1)d]

Hamilton Education Guides
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Calculus 1 1.3 Arithmetic Sequences and Arithmetic Series

Example 1.3-7 Find the sum of the following sequences for the indicated values.
a. Sy for the sequence -5,3, - b. S,y for the sequence -10, 10, ---

Solutions:
a. The first term s, and the common difference 4 are equal to s; = -5 and d =3—(-5)=3+5=8.

Thus, using the general arithmetic series S, = %[25‘1 +(n—1)d] we obtain

[s.]= 375[2s1+(35—1)d] = [17.5[2s; +34a]| = 17.5[ (2x-5) +(34x8) ]| =|17.5[-10+ 272]| = [4585

b. The first term s, and the common difference ¢ are equal to s; =10 and d =10—(~10)=20.

Thus, using the general arithmetic series S, = %[2s1 +(n—1)d] we obtain

= %[2s1+(200—1)d] = [100[2s, +199d]| = |100[ (2x~10)+(199x20) ]| = [100[-20 + 3980]

=1396000

Section 1.3 Practice Problems - Arithmetic Sequences and Arithmetic Series I

1. Find the next seven terms of the following arithmetic sequences.

a s =3,d=2 b. s=-3,d=2 c. sy=10,d=08
2. find the general term and the eighth term of the following arithmetic sequences.

a. sy=3,d=4 b. s,=-3,d=5 C. 5=8,d=-12
3. find the next six terms in each of the following arithmetic sequences.

a. 58, - b. x,x+4,--- C. 3x+L3x+4,--- d ww-10,---

4. Find the sum of the following arithmetic series.
20 1000 100

a. Z(Zi—4) = b. Zk = C. Z(Zk_g) =

i=10 k=1

15 10 15

d. 3= e. Y (i+1) = f. > (2k-1) =
i=l i=1 k=5
10 13 18

g > (3i+4) = h. D (3j+1) = i) (4k-3) =
i=4 j=5 k=17

5. The first term of an arithmetic sequence is 6 and the third term is 24. Find the tenth term.

6. Given the first term s, and 4, find Sy, for each of the following arithmetic sequences.
a. 5122,d=5 b S1=—5,d=6 C. S1:30,d=10
7. Find the sum of the following sequences for the indicated values.

a. S5 for the sequence -38,6,--- b. 8o for the sequence -20, 20, ---
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Calculus 1 1.4 Geometric Sequences and Geometric Series

1.4 Geometric Sequences and Geometric Series

A geometric sequence is a sequence in which each term, after the first term, is obtained by
multiplying the preceding term by a common multiplier. This common multiplier is also called
the common ratio and is denoted by ». The common ratio » is obtained by division of two

successive terms in a sequence. For example, the sequences 3,6,12,24,48,--- and
111 1 1 . . . ..
Ty A geometric sequences because the common ratio that each term is multiplied
1
: . . 6 _ s Ix2 2 1 .
by in order to obtain the next term is equal to 37 2 and & = IR respectively.
E X
2

To obtain the n” term of a geometric sequence, a general form can be developed by letting s,

and r be the »™ term and the common multiplier (common ratio) of a geometric sequence.
Thus, the first terms can be written as:

51 = a where a is a real number and # is a positive integer
Sy = siF
53252r:(s1r)-r251r2

S4 = S3r = (slrz)-r = slr3

S5 = Sur = (S1r3)~r = slr4

Sy = Sy = (Slr"_2)~r = slr”_2+1 = slr"_l

Spil = Spr = (slr"_1)~r = sy = g

Thus, the »” and n+1 term of an arithmetic sequence is equal to

Sp = syt (1)

Sue1 = spr” (2)
In the following examples the above equations (1) and (2) are used in order to find several terms
of geometric sequences.
Example 1.4-1 Find the next five terms of the following geometric sequences.
a. s;=5,r=2 b. s,=-3,r=3 c. =10, r=05
Solutions:

a. The n™ term for an geometric sequence is equal to s, = s;"~'. Substituting s, =5 and r=2
into the general geometric expression for n=2,3,4,5, and 6 we obtain

: Slrs_1 = Slr2 =|_‘X22 ==
= slr4_1 = s1r3 =|5x23 ==
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Calculus 1 1.4 Geometric Sequences and Geometric Series

= slrs_1 = slr4 =[5x2% ==
= slr671 = slr5 =|5><25|= x32 :W‘

Thus, the first six terms of the geometric sequence are (5, 10, 20, 40, 80, 160) )

b. Substituting s; = -3 and r =3 into the general geometric expression for n=2,3,4,5,and 6 we

= v]-Ea-)

=1 =[] - [~ 5] - (2

5= )= |- 3] - - )
)=o) =[] =[] = (8] = [249]

= slr671 = s1r5 =|—3><35|=|—3><243|=|—729|

Thus, the first six terms of the geometric sequence are (-3, -9, —27, - 81, — 243, - 729) .

c. Substituting s, =10 and » =05 into the general geometric expression for n=2,3,4,5, and 6 we
obtain

[5]= s> | = [sr] = [10x0.5] = [3]
53] =51 =[5y = 100,52 = [10x025] = [25]

[53] =[5+ =[57*| = [10x0.5*| = [10x0.125] = [1:25]

[55] =[5> = s*| = [10x 0.5 = [10x0.0625] = [0-625]

[5¢] = 57" =[s7°| = [10x0.5°] = [10x0.03125] = [0.3125]

Thus, the first six terms of the geometric sequence are (10, 5,2.5,1.25, 0.625, 0.3125) )

Example 1.4-2 find the general term and the tenth term of the following geometric sequences.
a. s =3,r=12 b. s=-2,r=08 C. s,=10, r=-05
Solutions:

a. The n™ term for a geometric sequence is equal to s, = s;""'. Substituting s, =3 and r =12

into the general geometric expression we obtain

[5] = [3xrm] = [3x1.271]

substituting » =10 into the general equation s, =3x12""! we have

—[3x1.210-1| = [3x1.2°| = [3x5.1598] = [15.479 |

b. Substituting s, =—2 and r =08 into the general geometric expression s, = s;7"~' we obtain

Hamilton Education Guides 21



Calculus 1 1.4 Geometric Sequences and Geometric Series

=21 = |-2x0.8m1]

substituting » =10 into the general equation s, =-2x 08""' we have

=\—2x0.8‘°“\=\—2x0.89|=|-2x0.1342|= —0.2684]

c. Substituting s; =10 and r=-05 into the general geometric expression s, = 5" we obtain

= =10 (-0.5)""

substituting » =10 into the general equation s, =10 x (—0.5)”_1 we have

[510] =[10(0.5)"""| =|10x(<0.5)" | =[10x(-0.0019) | = [~ 0.019]

Example 1.4-3 Find the next four terms and the »” term in each of the following geometric
sequences.

1 11 1 1
a. 1,—,-- b. —,—, - C. —X,——Xx,-
2 3'°9 2 4
Solutions:
11
. 2 2 Ixl1 1
a. The first term s, and the common ratio » are equal to s; =1 and r:%:%: ;1 =7 Thus,
1 X
1

using the general geometric equation s, = s;#"~ the next four terms are:

2 3
=ls2l=1.(L) =] L|=|1 [ 3l=l (L) =)L =X
s 1(2] sr 1(2 >3 3
4 5
A=l (L) =] L= | L oSl (IY =] L= | L
i 1[2} il I Gy v I
1

Thus, the first six terms of the geometric sequence are (l, %, %, %, %, e and the »™ term is
oy et T
equal to |s,| = 1(5) =3 [
1 S Ix3 1
b. The first term s; and the common ratio » are equal to s; = -3 and r :il =~oni="3" Thus,
— = X
3

using the general geometric equation s, = 57" the next four terms are:

|| (][l _[oa]o|
51 3[ 3) P 27 i 3

4

Thus, the first six terms of the geometric sequence are (—

W | =
N
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n-1 n—1 _\n-1
n™ term is equal to= —1-[_1] _| G0 e

3 3 3.3n71 3"

c. The first term s, and the common ratio » are equal to s; = %x and r = —%. Thus, using the

general geometric equation s, = s;""' the next four terms are:

O ] B LI R A U T — A (Y
1 2 2 23 8 1 2 2 24 16

4 5
S DY Y O Y PO (D W RS O Y O )
'] = |2 ( 2] 51| = |3 se’l= 3> (-3) |7 |6 = e
. . 1 1 1 1 1 1
Thus, the first six terms of the geometric sequence are | —x, ——x, —x, - —x, — X, —— X
2 4 '8 16 " 32 64
-1 n—1 n—1 n-1
th , Ly ) T ) [ x (1)
and the »™ term is equal to Ex'[_ﬁj e P v

Example 1.4-4 Given the following terms of a geometric sequence, find the common ratio r.

1 1
a. s; =32 and s7=7 b. 5, =3 and $5= 57 c. s;=5and sg=1

Solutions:
. 1. -
a. Substitute s; =32 and s, =7 into s, = s;#""' and solve for r.

1 1 .
_ ) ) ) Ix1
s7:s1r71 ; l:32r6 ; 2 6 ; réz% ; r6 =2 ; PO =" ; r6:L6 ; r=1
2 32 2 2 2%2° 2 2
1
. 1 . -
b. Substitute s, =3 and s; =% into s, = s;7""' and solve for r.
1 1 1
Y 3 3 1x1
ss =s;r>1; 134 D21 =4 P ; pAo3 et oL : r=l
27 3 3 % 33 %3 34 3

c. Substitute s, =5 and sg =1 into s, = 5" and solve for r.
8-1 71 77 1 1

= 1=5r"|;|—= : =—|:|lr==

S§g =811 ) ri, 5 r,|r 5 B yg

Example 1.4-5 Write the first six terms and the »” term of the following geometric sequences.

n—1 n+2 2n n+l
a. s, =(§) b. Sy =(%) C. s, =(—§j d. Sy =(—%)

Solutions:

[ TT-E)-e A -
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(I o] ] oMy o2
373 3 32 9 413 3 ¥ |27
(Yoo ooy o[ 2 [
573 3 34 81 673 3 35| 243

Thus, the first six terms of the geometric sequence are (1, =
1+2 3 ]
Dy ] _
o =3 7[5 3l il
(ATl e[ o[ AR G
302 2 2°] (32 42 2
IR IR TR I
2 2 8 256

Thus, the first six terms of the geometric sequence are (1, i, i, i, L, Lj )
8 16 32 64 128 256

R
=)
=

T[]
) s =

e 3 321 [9.0x10° 2 3 34 [8.1x10!
S_Flezl r%lezl
3 3 30| [7.29x10% 4 3 38 16.56x103

IJIO 1 1 ( 1112 1 1
= —— = | =l s =| —= =l | =
% ( 3 30| [5.9x107 673 32| [531x10°
i 1 1 1 1
Thus, the six terms are ( ! T L B > > e 5] .
9.0x10° 8.1x10' 7.29x10% 6.56x10° 59x10* 531x10
YRR NINEETEE!
d. Sl =| ——= - 7 | S2 = - - _73 i
2 22| |4 2 b 8
(0o (YL
302 24 |16 47|17 2 32
AT B EEAL E E
5702 20| |64 67 2 77 128

Thus, the first six terms of the geometric sequence are (1, —l, i, —L, L, —Lj .
8 16 32 64 128
Having learned about geometric sequences and the steps for finding the terms of a geometric

sequence, we will next learn about geometric series and the steps for finding the sum of
geometric series over a given range.
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Similar to arithmetic series, addition of the terms in a geometric sequence result in having a
geometric series. To obtain the geometric series formula let s, = s;-*~! be a geometric sequence
and denote the sum of the first » terms by

n

S, = Zslrk_l

k=1
then,

S, = sp 54 st 45 b s (a)

Let’s multiply both sides of the equation (a) by » and subtract (») from (a).

Spor =9 -r+slr-r+s1r2 -r+---+s1r”_2 -r+S1F”_1 .

rS, = S17’+S1r2+s1r3+...+slr”—1+slrn (b)
S, -rS, = (s1+s1r+slr2 +Slr3+"'+S1Fn_1)—(S1V+S1r2+Slr3+-'-+s1rn_l+s1r”)

Sa(1=r) = (Sl +S1r+s1r2 +S1r3 +"'+Slrn_1)+(_sl”—s1r2 —slr3 s —Slrn)

Sy(1=7) = s +(slr—s1r)+(s1r2 —slr2)+(slr3 —s1r3)+ +(s1r"_1 —slr"_l)—slr”

n
s —syr" L = Sl(l_r )

5 S, r+l

S”(l—r) =5 -5 S, =

1-7 1-7

Therefore, the geometric series can be written in the following two forms:

k=1
s1 l—r")
S = — r#1 (2)

Note that equation (2), similar to the »” term of a geometric sequence (sn = slr"_l) , 1s given in
terms of s,, n, and ».

A third alternative way of expressing the geometric series is by substituting s;7" with its

equivalent value s;7" = sy = r(slr”_l) = rs, which result in having

§ = Sl—S]rn _ S]—V(Sll”nil) _ Sl—r(Sll"nil) _ §1 — ISy, (3)
8 1-r 1-r 1-r 1-r

where the geometric series is given in terms of s, s, (the geometric sequence), and r.

In the following examples we will use the above equations (1), (2), and (3) in order to find the
sum of geometric series.

Example 1.4-6 Evaluate the sum of the following geometric series.

10 10 6 1 k+1
a. Y37 = b. D ()7 = c. Zg[—ﬂ =
k=1 k=1 2
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Solutions:

a. First - Write the first few terms of the geometric series in expanded form, i.e.,
10
231‘_2 =312 43224332432 4 =37 430 43t 32 =137 H 1434 64
k=1

Second - Identify the first term, s,, the common ratio between the two terms, », and », i.e.,

1
=3, e L1 DS s nd 0,
31 % % 1x1
Third - Use the geometric series formula to obtain the sum of the ten terms.
Sl(l—}"n)
S =
" 1-r
| s e M e M I BT
: 3 =3 =3 |=—3_|= = = [9841.333
1-3 -2 -2 _% 3x2 6

Note that prior to learning the geometric series formula the only method that we could use was
by summing each term as shown below:

10
23"‘2 =\3*1 +3°+3' 432 433 +3% 435 430 437 +38\=\3*1 +1+3+9+27+81+243+729+2187\
k=1

+6561] = (37" +9841| =[0333+9841] = [9841.333]

As you note, it is much easier to use the geometric series formula as opposed to the summation
of each term which is somewhat long and time consuming.

b. First - Write the first few terms of the geometric series in expanded form, i.e.,

10

2 =) )T ()T ()T =) () () ()

k=1

=31 41-349+ -

Second - Identify the first term, s,, the common ratio between the two terms, », and =, i.e.,

1
_ 1 1 T
sp=-37", r= L DS 5 and w10,
371 _1 1 1x1
3 3 3

Third - Use the arithmetic series formula to obtain the sum of the ten terms.

sl(l—r")
S =

" 1-7

59048
—7[1—(—3)10] Lioso0a9)| 2228 |5

_|_3 _|_3 3|
_ 1-(-3) | 4 s |

_[59048x1| _ 159048 | _ romo e

3x4 12

— | B

or, we can obtain the answer by summing up the first ten terms of the series, i.e.,
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23T =) (3 () () + (3 () (3 () + () + ()]

= \—3‘1 +1—3+9—27+81—243+729—2187+6561‘= \—3‘1 +4921| =[-0333+4921] = [4920.666|

c. First - Write the first few terms of the geometric series in expanded form, i.e.,

6 K+l 2+1 341 4+1 5+41 3 4 5
SO 0
= 2 2 2 2 2 2 2 2

6
+ 8| _l 4+ .| = 8><—l+8xl—8><i+8xl+ —— _§+£_i+i+ el = _1+l_l+l+
2 8 16 32 64 8 16 32 64 2 4 8

Second - Identify the first term, s,, the common ratio between the two terms, », and », i.e.,
1

2

2 IxlI 1
-1

=- =——,and n=5.
2x1 2

Slz—l, r=

'_"_'l'\)"_'

Third - Use the geometric series formula to obtain the sum of the five terms.

Sl(l—l”n)
L

L _[=(+0.03125)] _| 1.03125|_

1.5 1.5

: .1_( 1) _ —(1+125j _ _(1

or, we can obtain the answer by summing up the first five terms of the series, i.e.,

& 1y 1Y Y oy 0 oy 11 1 11
28 —— =8|—=| +|-—=| +|-—=| +|—=| +]|——= =8|t ———t———
= 2 2 2 2 2 2 8§ 16 32 64 128

=[8-(~0.125+0.0625—0.03125+0.01563—0.00781) |=[8x—0.08593| = [-0.6875|

| 4+

Example 1.4-7 Given the first term s, and r, find S;, for each of the following geometric

sequences.
a. s;=5,r=2 b. 5;=-10, r=3 C. 5=50,r=-2

-r

Solutions:

a. The n™ term for a geometric series is equal to S, = . Substituting s; =5 and r=2

into the general geometric expression we obtain

5(1—210)

B _|5(1-1024)|
[S10]= =T = (Es

o : Sl(l—rn) :
b. Substituting s; =-10 and =3 into S, = — = e obtain
—-r
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—10(1—310)

B _|-10(1-59049) |
_ 1-3 | ) B

c. Substituting s; =50 and r=-2 into S, =

50[1 —(—2)101

[5x =59048] = |-295240]

-r

we obtain

50x —1023 _

3

S0[1-1024]
[S10]= 1-(2) | |12 |

Example 1.4-8 Find the x and y values to the following problems.

6
a. x ifZix =20

i=1
5

c. xif ) (x+5)=15
i=1

Solutions:

5 5
b. x and y if Z(ix+2y) = 30 and Z(ix+2y) =10

i=1 =2

6 8
d. x and y if Z(x—i—iy) = 50 and Z(x+iy) =24

i=3 i=4

6
a. Expanding Zix = 20 we obtain [x + 2x +3x +4x + 5x + 6x = 20] ; 21x = 20] ; |x = = ; [x = 0.952]

i=1

5
b. Expanding ) (ix+2y) = 30 we obtain

i=1

(x+2y)+(2x+2y)+<3x+2y)+(4x+2y)+(5x+2y):30

3

(x+ 20+ 3x +4x+5x)+ 2y + 2y + 2y + 2y +2y) =30

: [15x+10y =30

5

Expanding )" (ix+2y) = 10 we obtain |(2x+2y) +(3x +2y) +(4x +2y) +(5x +2y) =10 ; [14x + 8y = 10]

i=2

The two linear equations with two unknowns x and y are solved using the substitution method

to obtain |x =-7 | and |y =135

5
c. Expanding ) (ix+5) = 15 we obtain |(x +5) +(2x +5)+ (3x +5) + (4x +5) + (5x +5)| ; [[5x + 25 =15

i=1

=19, r=oaw)

15

6

d. Expanding Z(x+iy) = 50 we obtain |(x +3y)+ (x +4y)+(x +5y) +(x+6y) =50 ;

i=3

8
Expanding  (x+iy) = 24 we obtain

i=4

—_

x+4y)+(x+5y)+(x+6y)+(x+7y)+(x+8y):24

:[5x+30y =24

The two linear equations with two unknowns x and y are solved using the substitution method

to obtain [x = 35.6] and [y = -5.133
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Example 1.4-9 Find the value of x for the following geometric sequences.
a. 2,4x,16. b. 271,271k, 273 C. 5,5x,125

Solutions:
a. Since the common ratio » of a geometric sequence is defined as the ratio of the (n+1) sz

term to the »™ term, we can use this principal to solve for x, i.e.,

x2=2 ; x:ir\El

2
[r]= 4x _16 therefore |4x x4x =16 x2| ; 16x% =32 ; x2—3 ;

2 4x T 16

b. Using the common ratio principal we can solve for x in the following way:

27y 27 R B s ) I . 2™ .
[r] = lx: . therefore‘z 1x><21x=23><21;22x2=24;xz=—2 ;
2 27 x 2
Z _ 1 1
I P i S P I Py P
2? 2

c. Using the common ratio principal we can solve for x in the following way:

5 125
[r]= X therefore [5x x 5x =125x 5] ; 25x2 = 625 sl

5 5y

Section 1.4 Practice Problems - Geometric Sequences and Geometric Series ||

1. Find the next four terms of the following geometric sequences.

2025\ 12
25 |’

a. S1=3,7”=0.5 b. S1=—5,I":2 C. S1=5,I":O.75
2. Find the eighth and the general term of the following geometric sequences.

a. 51:2,}"=\/§ b. s1:—4,r:1.2 C. 51:4,7”:—2.5
3. Find the next six terms and the »” term in each of the following geometric sequences.

a L b L1
4 274

4. Given the following terms of a geometric sequence, find the common ratio ».

1
C. —p,—3p, -
3P 3P

1 1
a. s =25 and 54:§ b. 5| =4 and S5:a C. s9=3 and sg =1

5. Write the first five terms of the following geometric sequences.

2n-1 2n+2 2n-3 n
1 1 1 1
o s=(3 b =[] c. s2=(-5) & (-]

6. Evaluate the sum of the following geometric series.

a. 26_:3k_] — b. Z(_z)k—3 _ .. Z4(—%jj+l _
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24:(—2)m_3 = e. Z(—s)”“‘ = f. 25:(_3)1{_1 =
2.

3 j 6 1 k+1
4" = h. » =—= 1. Y 6= =
Z 27 z (2)
k=3
7. Given the first term s, and », find Sg for each of the following geometric sequences.

a. S1:3,I"=3 b. S1:—8,r=0.5 C. 51:2,’,:_2'5

8. Solve for x and y.
7 6
a. Z(ix+2) = 30 b. (ix+y) =20 and Z(ix+y) =10
i=3

4
=1 i=2

1
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1.5 Limits of Sequences and Series
A sequence s, s,, 53,54, ,5,, - 1S said to converge to the constant K ,
lim, s, = K

n—>0
if and only if, for a large value of », the absolute value of the difference between the »” term

and the constant X is very small. For example, the sequence 2, % ? % (1+L2j
n

converges to 1. This is because, the absolute value of the difference between (1 i j for large
I’l

n,and 1 is very small. On the other hand, the sequence s, s,, 53, 54, -, 5, -+ 1 said to diverge,
if and only if, for a large value of », the sequence approaches to infinity («). For example, the
sequence 4,8,16,32,---,2"*! ... does not converge. This is because, as » increases, the n” term
increases without bound, i.e., it approaches to infinity. In the following examples we will learn
how to identify a convergent or a divergent sequence:

Example 1.5-1 State which of the following sequences are convergent.

a. 1,2,3,4,5,"‘,71,"‘= b' 23_9_3_7"'9—a”'=
8 27 64 n3
n_
o 282680 o1 PR U B B
3927 3n-l 16 64 256 1024 4+l
e. 32,23 oL = £l 89 . n+S oo
49 16 n? 4 9 16 n?
11 11 1
8 ooy e = h. 3,6,9,12,15,+,3n, - =
2°3°4’5 n+1
Solutions:

In solving this class of problems write the »” term and observe if it converges or diverges as n
approaches to infinity.

a. The sequence 1,2,3,4,5,---, n,--- continues to increase. lim,_ ., n = o which is undefined.

Hence, the sequence diverges or is divergent.

2 2
. n°+1 . n 1 . I 1 1 1
b. (lim,_,, 3| T hmnaco[_3+_3J = hmnaco[;"'__o,j =t ==@

n n

The sequence converges to 0

. 31|, 3 . 3 . il
c. |lim, . 3n—1 =|lim,, o, Pl | lim,, ., f_ =lim,,_,, 1 _3n—1

. 1 1 1 1
= hm,Hoo(3—3 j =]3-——|=[3-—|=[3-—|=[3-0]=[3]  The sequence converges to 3
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. | U e N A O O I B O
d. |lim,_, presa il e i ey o 0] The sequence converges to 0
: 1 1 1
e. (lim, | 2+—||=(2+—|=|2+—|=[2+0]= The sequence converges to 2
n °9) ©

. n+5 . n 5 . 1 5 1 5 I 5
f. lim,, P = hmn»oo(_z""_z) = hmn»oo(;"'_zj = _+_2 ==t ==IEI
n

0 o0 0

The sequence converges to 0

o<
-
S
J
8
+
I
I
51—
I
(=]

o+1

The sequence converges to 0
h. The sequence 3,6,9,12,15, -+, 3n, --- continues to increase. lim,_,, 37 = 3-00 = o which is

undefined. Hence, the sequence diverges or is divergent.

Example 1.5-2 State which of the following geometric sequences are convergent.

a. l,lﬂijl,...,L,... = b. 2,4,8,16,32,-.-,2",... =
379727781 3"
n—1
C. 1,_1’1’_1,...’(_1)””’... = d. 1071,L’L,L,...,10.(i) e =
10° 100 1000 10
n—1
e. 02,002,00002,-,2(01)", - = f. 1,f,5,ﬁ,@,---,(ij o T
379727 81 3
A 11 Nt
g —2,4,-8,16,-32,--,(-1)"2", ... = h. 27,3, -, —,---,27-| =] ,- =
3727 9

Solutions:
1

: L, ... converges to 0 since, for large value of », the absolute

a. The sequence l,l, ,L,-- ,
39 27 81 3"

value of the difference between Ln and 0 is very small.
3

b. The sequence 2, 4,8,16,32,---,2", ... diverges since, as »n increases, the »” term increases
without bound.
c. The sequence 1, -1,1, —1,‘--,(—1)””, ... diverges since, as » increases, the »" term oscillates

back and forth from +1 to -1.

n—1
d. The sequence 10, I,L,L,L, ---,10~(i) ,--- converges to 0 since, for large value of #,
10100 1000 10
n—1
the absolute value of the difference between 10-(%) and 0 is very small.

e. The sequence 0.2, 0.02, 0.0002, ~~-,2(0.1)”,-~~ converges to 0 since, for large value of =, the
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absolute value of the difference between 2(01)" and 0 is very small.

4 16 64 256 4! . . .
f. The sequence I,E,K,E,H, (Ej ,--- diverges since, as » increases, the »™ term

increases without bound.

n

g. The sequence -2,4,-8,16,-32, -, (—1) 2", ... diverges since, as n increases, the n™ term
oscillates back and forth from a large positive number to a large negative number.

n—1
h. The sequence 27, 3%% 27(%) ,--- converges to 0 since, for large value of », the

n—1
absolute value of the difference between 27(3 and 0 is very small.

Example 1.5-3 Discuss the limiting behavior of the following sequences as » approaches .

2
a.izz b. 1—%2 c. n+25= d. ";52
n n n n
ol _ n™" _ 1 _ _
e. (1)"== f.l1+=] = g 2+— = h. 100n =
n 2 n2
5n+10 _ .21
= J. . =
n 2
Solutions:
. 1 1 1
a. [lim, ., —|=|—|=|—|=[0] converges to 0
n 0 ©
. 1 1 1
b. [lim, o, 1-—|=|1-—|=[1-—|=[1=0]=[1] converges to 1
) ) o

. n+5 . / 5 . I 5 I 5 I 5
c. (lim, P = hmnaco(?"'_zj = hmn%oo[;"'_zj = _+_2 ==t 22@
n

converges to 0

2
d. [lim, .~ 2+5 = 1im,,ﬁw(”—2+i2J = limn_m(1+i2) = 1+i2 =[1x0]=1]

converges to 1

. nl 1 1 1 1 11
e. [lim, (1) =|= hm,Hw[— —) =|— —|=|=-—|=[1-0]=[0] converges to 0
n " n 1%® oo 1 o
. IR 3T - ‘ 1 1 1
f. 11mn_>00(1+5) = hmn_m(E) =lim,,_,,,(L5) "= hm"*w(ﬁj = 5 ==|E|

converges to 0
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. 1 1 1
g [lim, 2+ —|=|2+—|=|2+—|=[2+0 =[2] converges to 2
n 0
h. [lim,_,,, 100n|= = diverges
o 1 . . 1
1. |lim,_,, Sn+10)_ hmnﬁw(s—n+&) = hmn%w(5+&] =|5 102 5+0 =|E|
n Vi n o0
converges to 5
. 2" -1 2" 1 1 1
Jo [limy, e | hmn»ooﬁz_m_z_nJ = hmn»w(l_ZT) = 1—2T0 === =[-0]=1]

converges to 1

Note that an easier way of finding the answer to sequences as n — « 1s by rewriting the sequence
in its “almost equivalent” form. This approach is only applicable to cases where n is

approaching to infinity. For example, lim, ., n+8 is almost the same as lim,_ . 7.

(This is

because «+8 is the same as «. Addition of the number eight to a very large number such as
infinity does not significantly change the final answer.) Let’s use this approach to solve few of

the above problems.

n+5 n 1
lim —— | & |lim —|=|lim —|=|—]=
n—>0 n2 n—»0 n2 n—>0 n 0 IEI

2 2

. n°+5 . . 1

lim,,_, P ~ hmn—)oo_z = (lim,,_,o ~| =
n n 1

. 5n+10 . n .

lim,, o, R hmn—)oo7 = hmn—)ooT =

. 2" -1 . " : 1

hmn—>oo R hmn—)oo_ = hmn%oo_ = m
2" 2" 1

which is the same answer as in 1.5-3c.

which is the same answer as in 1.5-3d.

which is the same answer as in 1.5-31.

which is the same answer as in 1.5-3;.

Example 1.5-4 State whether or not the following sequences are convergent or divergent as »
approaches infinity. If the sequence does converge, find its limit.

n 2

a. =
n—1
8”

c. =
2" 41
1 n

i (_j -
4

m A
12n% +5

Hamilton Education Guides

8)1 d 2}1
c. = L= =
2" +10° 8" +10°
n
g. 10" = h. (;5 =
n-+1
n
k. |as-L = i
n 3N
n? . 1 I _
0. = R =
8n4+1 n n+3
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n—1 2vn
q. (035)" = r. (057" = S. = t. =
( ) ( ) 2\/; vn+l1
Solutions:
2 n2 n
a. |lim, ,, —|~ hmn_,w7 = hmn_mT == diverges
. S5n . S5n . ;
b. lim,,_, 2. R hmn—>ooﬁ = hmn—)oo7 == IEI converges to 5
8" ~ |13 " — |1: 23” —|1: 3n A-n|_|1; 3n—n|_|y; 2n
c. [lim,_, 7108 ® |lim, ., —|= hm"—>°°2_n =|lim,_,,, 27" -27" | = |lim,_, 4 2 = lim,_,,, 2
=[2%|= diverges
. 2" o 2" . 1| | . 1
d. |lim,_,,, 105 | hmn—>oo8—n = hmn—mzﬁ = llmn—mW = llmn_>oo23n—,n = hmn—mzj
=L=L=@ converges to 0
2% ®© &
: 8" : " : 23” : 3n H-n : 3n-n : 2n
e. [lim,_, ] ~ hmn_mz—n = hmn_)wz—n =|lim,_,, 27" -277 | =|lim,_, 2 =(lim,,_,, 2
=2%|= diverges
1
. 10°Vn| |, 103Jn | _|.. 10502 | |, 10° | _|.. 10° | _|. 10°
f. hmn—)oo 1 ~ 11mn—>oo - hmn—)oo - hmn»oo ' hmnaoo 1| hmn%oo_
+n n n ) ) 5
n-n n n
105 |_|10°
=—1=—|= converges to 0
02
g. |lim,_,, 10"|=[10"]= diverges
. 05" . 05" 05"
he [lim, o =" | & [lim,, 0 == =5 == 0] converges to 0
n”+1 n )
. 1" 1”
i. hmn_m(zj = (Zj = =[0] converges to 0
3 3
- +1 . .
] llmn_m;l—  |lim, o — | =|lim, o —|= converges to 1
n” +n+l n
. 1 1
k. llmn_>oo\/25—— x \/25—— =|V25-0|=|V5*|=[5] converges to 5
n 0
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L i 3" +1| |, 3L 1_
clim,_ o el hmn_m?,—n = hmn_mT = converges to 1
6 6 6 —4
. n e n | _|,. nn | [ 2 _H_
m. hmn—)ooT ~ hmn—>oo_4 =lim,, o, ——|=|lim, ,,, n"|= -
12n" +5 n 1
diverges
4 4
. n' +3n . n . 1 . 1 1
n. |lim, ,,———| ~ hmn_m—:hmn_m—:hmn_,w—:2@
n’ +3 n’ n’n~ n 0

converges to 0

n 1 1
0. |lim ———| ® |lim — | =|lim,_,, ———|=|lim — ==
n—»o0o ,—8n4 ) n—w 8n4 n— 2112\/5 n—o 2\/5 2\/5

1
converges to —

22
p- limeG— nlJ R limnﬁw(%—%) = limnﬁoo(%l) == @ converges to 0
q. |lim,_,(05)"|=|(05)"|=0] converges to 0
r. |lim, . (05)"|= (0;)” = (0;)00 =|—|=[] diverges
S. limn_m;i\/_;1 R 1imn_m% = limn_mz = converges to %

2n_ 2n |

t. [lim,_,. lim,_,, —=|=|lim,_,, —|=
i 1

1%

|
[]

converges to 2
n+1

Infinite Geometric Series:

In section 1.4 we stated that the geometric series can be written in the following two forms:

n
S, = Zslrk_l (1)

where r#1 ()
1-r

In equation (2), let’s consider the criteria where || is less than one and » is considerably large.

. 1 (1 - I"n) .
Then, under these conditions »" approaches to zero and S, = ——~ reduces to S, = e,

1-r 1-r
(=) g0 _

1-r 1-r 1-r

o0
Sw = Y s = lim,
n=1

Thus, the sum of an infinite geometric series as » —»« and if |»|( 1 is equal to
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o0 o0
n=0

n=1

Example 1.5-5 Find the sum of the following geometric series.

S -

18
d. z 1Ok+1 -

k=1

8

Solutions:

a. s;=2 and r—4

b 3 - e o2 -

2 - "2

Since |7 |{ 1 therefore, we can use equation (3) to obtain the sum

2
(UYL 2 L 2 2] g [2x4] |8
Zz— === |=|Z|=|1]|= ==
: 4 1 a-1| |3 3 1x3| |3
=0 - |=—= 2] |2

4 4 4| |4

b. 5;,=5 and r:—%

. Since |r|( 1 therefore, we can use equation (3) to obtain the sum

5
2 1_(_1) Lol |2E (3] 3] Lx3] 3
> 2 2 2| |2

c. s;=5and r—3

k-1
Since |r|)1 therefore, the geometric series ZSG) has no finite sum.
k=1

[>e} v}

18 | 18 = &8 (1
d kzz;lo’“+1 - 2102.10’f—1 - Z;l (1ok J B zﬁ(ﬁj

k=1 =1
1 1 . . .
51 :% and r 10 Since |r|( 1 therefore, we can use equation (3) to obtain the sum
; =1 TR TR T
Zﬁ(_j | 100 |_| 100 |_|100|_|18x10)_|180}_ )1
100110 L1019 [100x9 [900] |5
10 10 10

e. s;=1and r—3

Since |r|(1 therefore, we can use equation (3) to obtain the sum

1-=
3

)|

1
2| 32 1x1

=20 (L1
3 13 |3

f. s;=1and r:—é

. Since |7|( 1 therefore, we can use equation (3) to obtain the sum

1
(_1) LB o o [1x9
8 8| |8
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Example 1.5-6 Find the sum of the following infinite geometric series.

a. PY L b. —%+1—3+9+--- =
C. 1+1+L+L+...: d 1+l+l+i+...:
9 81 729 2 4 16

Solutions:

. 1 1 1 . .
a. Given 2ol 8 =2 and r = - Since |r|( 1 therefore, we can use equation (3)

to obtain the sum, i.e.,

1 1 2 2 2 2 2x2 4 -
2_1+___+... = = = =l—=|—|= =|—|= .333

2 4 1 (l) 1+l 241 |3 3 1x3

2 2 2 2

Note that in example 1.4-6¢ the answer to the same problem when »=5 was 1375. However,
as n— o the answer approaches to 1333.

b. Given —%+1—3+9+---, s :—% and r:Ll:—?a. Since |r|=|-3|=3 is greater than one therefore,
3

the geometric sequence —%+1—3+9+ --- has no finite sum.

1
c. Given 1+$+$+%+---, sp=1 and rz%zé. Since || (1 therefore, we can use equation

(3) to obtain the sum, i.e.,

11 1 1 1 1x9 E
14— —F—+ | = —— | = —| === || = =
9 81 729 Lot (8] (8 [ixs
9 9 9 9
111 31
d. Given 14+—+—+—+--, 5; =1 and r:%:g. Since ||(1 therefore, we can use equation

(3) to obtain the sum, i.e.,

1
1+l+l+i+...=;=;=l =L = 1x2 ==

2 4 16 1 2-1 1x1
2

1-— J—

Repeating Decimals:
An application of infinite geometric series is in representation of repeating decimals as the
quotient of two integers. For example, 0131313 --- and 066666 --- are repeating decimals. The bar

above the repeating numbers denotes that the numbers appearing under it are repeated endlessly.
The following examples show the steps as to how repeating decimals are converted to fractional

forms:
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Example 1.5-7 Write the following repeating decimals as the quotient of two positive integers.
a. 0131313 = b. 5510510510 = C. 012451245 =

Solutions:
a. First - write the decimal number 0131313 --- in its equivalent form of

0131313 --- = 013+ 0.0013+ 0.000013 + ---

Second - Since this is a geometric series, write the first term in the series and its ratio, i.e.,

s; =013 and r:wzom.
013

. . . . . . . . . s
Third - Since the ratio » is less than one, use the infinite geometric series equation s,, = 1—1
—-r

to obtain the sum of the infinite series 013+0.0013+0.000013+ ---, i.e.,

K 013 013 13 — 13
oo =il = 2 o = S < s s ] -

-y

b. First - Consider the decimal portion of the number 5510510510 ---and write it in its equivalent
form of 0.510510510--- = 0510 +0.000510 + 0.000000510 + ---

Second - Since this is a geometric series, write the first term in the series and its ratio, i.e.,

s;=0510 and r:w:0.00I.
0510

. . . . . . . . . S
Third - Since the ratio » is less than one, use the infinite geometric series equation s,, = 1—1
—-r

to obtain the sum of the infinite series 0.510+ 0.000510 + 0.000000510 + ---, i.€.,

5 0.510 0510 510 510
S = 3 S0 = S0 = ———| 5 |50 = — | thus |5.510510510--- [ = |5—
* ©1-0001]" 0999’ 999 999

-y

c. First - write the decimal number 012451245 --- in its equivalent form of
012451245 --- = 01245+ 0.00001245 + ---

Second - Since this is a geometric series, write the first term in the series and its ratio, i.e.,

5 =01245 and r = 2200028 _ 0001,
0.1245

. . . . . . . . . S
Third - Since the ratio » is less than one, use the infinite geometric series equation s,, = 1—1
—-r

to obtain the sum of the infinite series 01245+ 0.00001245+ ---, i.€.,

51 0.1245 0.1245 1245 — 1245
= DS =] 5 [Seo = ;150 = —— | thus [0.12451245. - | = | ——
S0 ©1-00001]" " 09999’ 9999 9999

1-7
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Section 1.5 Practice Problems - Limits of Sequences and Series I

1. State which of the following sequences are convergent.

2_
a. 1’3,2,2,3,...,7["'1,...: b. 0,§’§’1_,...’n 1,...=
2 2 2 2 3 4 n
C. 4,816,32,...,2" ... = d. L’L,L’L’...’;’...z
16 64 256 1024 g+l
n+l
e 0l 23 el ST T T E)
4916 n2 25 1257 625 3125 5

2. State which of the following geometric sequences are convergent.

. l’i,L,L’...’L,... = b. —5,25,—125,625,—3125,--~,(—5)”,-~=
416 64 256 4"

111 1!
C. 29_2>23_2,""2(_1)n+l’..' = d 15_:_5_;“'>(_) PR =
248 2

n—1
e -9.27,-81,243,-,(-1)"3", .. = ST T

3. State whether or not the following sequences converges or diverges as n — «. If it does

converge, find the limit.

2 n n
5 25
a. 3n = b, ontl c. 251 = d. -
n -4 24l 5 125"
o (n+2)2 _ £ 2" g Vn? +2n _ h 5 _
. n? T2 . 2t 11 n? +1
1 2
~ -1
AL ] T = k. 107 = 1 Gl
n—1 3 -1 (1—n)(1+n)
L 3 100 100%
m. 100 7 = n. 3n = 0. L= = — =
n” —10 n°+3
_ N 1
g. L 1= r. (025)" = s, YT = t. n +2 =
n+1 \/;+l n+l

4. Find the sum of the following geometric series.

« 33 - b 3o - e 33

=0 k=1

~
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5. Find the sum of the following infinite geometric series.

a. 5—1+1—L+~~- = b. —%+2—8+32+~-- =
C. 1+1+L+L+... = d 1+L+L+;+... =
6 36 216 10 100 1000

6. Write the following repeating decimals as the quotient of two positive integers.

a. 0.666666-- = b. 3027027027 --- = c. OI11111--- =
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1.6 The Factorial Notation

As was stated earlier, the product of several consecutive positive integers is usually written using
a special symbol »!, read as “n factorial,” which is defined by

n! = n(n—1)(n-2)(n-3)(n-4)...(4)(3)(2)(1)

For example, 1! (read as “one factorial”) through 10! (read as “ten factorial”) are written in their
equivalent form as:

[]=[] [6]=[6-5-4-3-2-1]=[720]
2=[2-1]=[2] [7]=[7-6-5-4-3-2-1] = [5.040]
B3Y=[3-2-1]=]6] [8]=[8-7-6-5-4-3-2-1] = [40320]
[4]=[43-2-1]=[24] [9]=[9-8-7-6-5-4-3-2-1] = 362,880
[5]]=[5-4-3-2-1] = [120] [101=[10-9-8-7-6-5-4-3-2-1] = 3,628,800

Note that, for n)1, since n! = n(n-1)(n-2)(n-3)...4-3-2-1 and (n-1)! = (n-1)(n—-2)(n-3)---4-3-2-1
we can rewrite the recursive n! relationship in the following way:
n! = n(n—l)(n—Z)(n—3)(n—4)...4-3~2o1 = n(n—l)!
(n-1)!
n(n—l)! = n(n—l)(n—2)(n—3)(n—4)...4~3-2~1 = n(n—l)(n—Z)!
(n=2)!
n(n-1)(n-2)! = n(n-1)(n-2)(n-3)(n-4)...4-3-2:1 = n(n-1)(n-2)(n-3)!
(n=3)!

n(n=1)(n-2)(n=3)! = n(n-1)(n-2)(n-3)(n-4)...4-3-2:-1 = n(n-1)(n-2)(n-3)(n-4)!

(n—4)!

For example,

[7=[7-6!]=

=|10-9! |=[10-9-81]=[10-9-8-71|=[10-9-8-7-6! | =10-9-8-7-6-5! |

7-6-5!|=[7-6-5-41|=[7-6-5-4-31|=7-6-5-4-3-2!]

=|35-34! | =[35-34-331|=[35-34-33-321] =[35-34-33-32.311 | = |35-34-33-32-31-30!

(n+a)|=|(n+4)(n+3) |=|(n+4)(n+3)(n+2)! | = |(n+4)(n+3)(n+2)(n+1)!

(n+8)!1|=|(n+8)(n+7)!|=|(n+8)(n+7)(n+6)|=|(n+8)(n+7)(n+6)(n+5)

(2n+2)!1|=|(2n+2)(2n+1)!|=|(2n+2)(2n+1)(2n)!| =|(2n +2)(2n+1)(2n)(2n - 1)!| = |(2n+ 2)(2n+1)(2n)

(2n-1)(2n-2)!| = |(2n+2)(2n+1)(2n)(2n—-1)(2n - 2)(2n - 3)!
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(2n+5)!|=|(2n+5)(2n+4)1|=|(2n+5)(2n+4)(2n+3)! | =|(2n+5)(2n +4)(2n+ 3) (2n + 2)!| =|(2n + 5) (2n + 4)

(2n+3)(2n+2)(2n+1)! | = |(2n+5)(2n+4)(2n+3)(2n+2)(2n +1)(2n)!

The above principal can be used to prove that 0!=1. Since 1! = 1-(1-1)! = 1-0! in order for

equality on both sides of the equation to hold true 0! must be equal to one. Hence, we state that
0r=1.

Example 1.6-1 Expand and simplify the following factorial expressions.

| |
a. 131 = b. (6-2)! = c. 3= d. 2=
4! 1!
! ! 118! 4-2)18!
e. 10 £ = g. LLiL h. (o2pst
5141 31(8-2)! 16! 11(5-3)!
Solutions:
a. [13!]=[13-12-11-10-9-8-7-6-5-4-3-2-1] = 6,227,020,800 |
b. [(6-2)| =[] =[a3-2:1] = [24]
| .7-6-5-4! 7:.6-5-4!
. %Z 8:7:6-5-41]_[8:7-6-5 4| ey riggg)
4! 4! 4!
12! _[i2-11] _[12-11
d. |[=|=|=——=|=="=|=]12
11! 11! 1 1]
2
o |101|_|10-9-8-7:6-5!] 110-9-8-7-6-5!| |10-9-8-7-6|_10-9-8.7-6|_[10-9-27|_ 5
514 5141 514 4! 4-3-2-1 1
4
£l 8 || 8| (876 187 )\ &7 |_\4-7)_|28
31(8-2)! (36! 316! 3] 321 3
118! _ 118! _[11'8-7-6-5-4.3-2.1|_|8-7-6-3-4-3-2-1| _| 4-3-2-1 | |1
& 61| |16-15-14.13-12-111] | 16-15-14-13-12-11! 16-15-14-13-12 2-3-2-13-2] |1
232 2
h (4-2)18!| | 218! |81]_ 8! _ 8! |1
Clin(s-3)| |tn2| 11 [11-10-9-8!] [11-10-9-8! 990
Example 1.6-2 Write the following products in factorial form.
a. 4.3.2.1= b. 10-11-12:13 = C. 20-21-22-23-24 =
d. 9-8.7-6:5 = e. 3-4.5.67 = f. 20 =
g 15-14-13-12-11 = h. 8= i 1.2.3.4.5.6 =
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Solutions:
a. [432.1]=[4] b. [0IL20= | c. 2= |2

! ! !
d. BET63= 5 . BA5671=| 7, £ 2= 5

!

g ST =| h {=7; i. (234566}
Example 1.6-3 Expand the following factorial expressions.
a. nl = b. (n-1) = c. (n-3)= d. (n-5)=
e. (n-8) = f. (2n) = g (n-1)1= h. (3n-5) =
i. 2n+1) = j. (n+1) = k. (n+3) = l. (n+8) =
m. (2n+2)! = n. (2n+5) =
Solutions:

a. [nl]=|(n)(n-1)(n—-2)(n-3)(n—4)(n—5)(n—6)(n—7)(n—-8)(n-9)---4-3-2-1

b. [(n-1)1|=|(n-1)(n-2)(n-3)(n—4)(n—-5)(n—6)(n—7)(n—8)(n—9)---4-3-2:1

c. |(n=3)t|=|(n—-3)(n—4)(n—5)(n—6)(n—7)(n—8)(n—9) ---4-3-2:1

d. |(n-5)!|=|(n-5)(n—6)(n-7)(n-8)(n—-9)(n-10)(n-11)--4-3-2:1

e. |(n-8)!|=|(n-8)(n-9)(n-10)(n—11)---4.3-2-1

f. |(2n)!|=|(2n)(2n-1)(2n-2)(2n-3)(2n-4)---4-3-2-1

g |(2n-1)1|=|(2n-1)(2n-2)(2n-3)(2n—-4)---4-3-2-1

h. |(3n-5)!|=|(3n-5)(3n—6)(3n—7)(3n—8)(3n—9)(3n—10)(3n—11) ---4.3-2-1

i. [(2n+1)!=|(2n+1)(2n)(2n-1)(2n-2)(2n-3)(2n—4)---4-3-2-1

j. |(n+1)!|= |(n+1)(n)(n-1)(n—2)(n-3)(n—4)(n-5)(n—6)(n-7)(n—8)---4-3-2-1

k. (n+3)! = (n+3)(n+2)(n+1)(n)(n—l)(n—2)(n—3)(n—4)(n—5)(n—6)(n—7)(n—8)---4~3~2-1

L |(n+8)!|=|(n+8)(n+7)(n+6)(n+5)(n+4)(n+3)(n+2)(n+1)(n)(n-1)(n-2)(n-3)---4-3-2-1
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m. |(2n+2)!|=|(2n+2)(2n+1)(2n)(2n-1)(2n-2)(2n-3)(2n—4)---4-3-2-1

n. |(2n+5)!|=|(2n+5)(2n+4)(2n+3)(2n+2)(2n +1)(2n)(2n-1)(2n—-2)(2n-3)(2n - 4) - 4-3-21

Example 1.6-4 Expand and simplify the following factorial expressions.

. (n-1)! _ (n+2)! _ . (n+3)! _ (n+2)(n+2)! _
C(n-3) b. n! " (n-1) d (n+3)
o (ur)i@En-nr c (n)> o (2n-2)12(n)) _
(3n)!(3n-3)! (n+1)1(n-1)! (2n)!(n-1)!
Solutions:
. (n—1)! _ (n—1)! _ (n-1)! _ 1
=3 [(n=3)(n=2)(n-1)t| [(n=3)(n=2)(n-1)!| |(n-3)(n-2)
b, (n:!z)! _ (n+2)l(1}’!l+l)n! _ (n+2)}5:+1)r/l! _[(ne2)(ns1)

(n+3)! _ (n+3)(n+2)(n+l)(n)(n—l)! _ (n+3)(n+2)(n+1)(n)(i/l—1)! —(ne3Vns2 nsiln
(n-1)! (n-1)! (n-1)! (n+3)(n+2)(n+1)

d (n+2)(n+2)! _ (n+2)(n+2)! _ (n+2)(;ﬂ+2)! _ n+2
o (n+3) (n+3)(n+2)!| |(n+3)(n+2)!| |n+3

o |Gnr )1 G-1)| [(3n+1)(3n)][(3n =1)(3n = 2)(3n=3)1]| _|[(3n +1)(34)] [(3n —1)(3n —2) (31 - 3)]
’ (3n) (3n 3) (311) (3n 3) (31/1) (31/z 3)

- (3"”)(3”1_1)(3”_2) =[(3n+1)(3n—1)(3n-2)

(n))? B (n!)(n)) - (n!)(n)) B n! | oa(-Dr | | m
() (n =1 |[(n+0)(m)] (n=1)t| [+ D) ()] (n=1)| |+ D)(m=1)t] |(n+1)(n-1)1] [n1

. @n-2)12(n)]_|  (@n-2)2n(n-1)] | | (@-2)2n(n-1)] | [ 2n
| @A) (n=nr | [(20)(2n=1)(2n=2) (n=1)!|  |[(2n)(2n-1)(2-2)](r=1)!| |(2n)(2n-1)

2 1

(2n)(2n-1)| |2n-1

The factorial notation is used in expansion of the (nj read as “the binomial coefficient »,” in
r

the following way:
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Example 1.6-5 Write the following expressions in factorial notation form. Simplify the answer.

4
(2)-

b. @
e (4

Solutions:

qH

- )
(o)

—

‘

d @

3
|6t || 6 | | 654321 | | 654321 | |35 ng
41(6-4)t| (4121 ((4:3-2-1)-(2-1)| |(4-3-2-1)-(2-1) 1
3
"1 | 6-5-4-3-2.1 | | 65-4-3-2- .
_|_ 6t || 6 | | 654321 | | 654321 | |35 ng
21(6-2)1| (241 [(2:1)-(4:3-2-1)| |(2-1)-(4-3-2-1) 1
5! 5! 51| _[1]
= = =|=-|=|-|=11
01(5-0)!| |ot-5tf |1-8!] [1]
5! 5! 51 |_[1]
= = = =|-|=[1
51(5=5)t| |50 |81-1] |1
! 6-5! 25' 3
7! 7! 7-6-5!_|7-63!_|7-
= = = = =|—|=21
S1(7-5)1) |52t | 521 (51-2-1 1]
2 2
_| 1ot | _|100|_|10-9-8-7-6-5-4-3-2-1|_| 10-9-8:7-6-5-4-3-2-1 | _|2:9-2.7
51(10-5)1 |5!-5!] |(5-4-3-2-1)-(5-4-3-2-1)| |(5-4-3-2-1)-(5-4-3-2-1) 1
87654
8! 8! 8:7-6-5-4! 7-6:5-4!| _|7-2:5
41(8—4)1| [41-41| |41-4.3.2.1| |41-4-3-21 1 0]
n! n! ! 1
= = = =|-|=[1
nl(n—n)| |nl0!] |p!-1
n j _ n! _ n! _ n! _ n-(n—l)! _ n~(i/l—I)! -
n=U| A(n=1)n=(n-1)]t| [(2=1=—n+1)t| |(n-1)111 | (n—1)! (n-1)!
n J _ n! _ n! _ n! _ n~(n—l)-(n—2)-(n—3)-(n—4)!
n—4 (n—4)![n—(n—4)]! (n—4)(n—n+4)!| |(n—4)4! (n—4)14!
n~(n—1)~(n—2)-(71—3)-(1/1—4)! _|n (n—l) (n—2)-(n—3) _ n-(n—l)-(n—2)~(n—3)
(n—4)14! 4-3.2-1 24
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An application of the binomial coefficient »,r, i.e., (nj is in its use for expansion of binomials
r

of the form (a+5)" , where n is a positive integer. In general, the binomial equation of order »
can be expanded in the following form:

(a+b)" = (nj a”" +(nj a"lb—i-(nj a2y +(” ] a" Tyl ---+(nj b" (1)
0 1 2 r—1 n

note that the above equation is used for expanding binomial expressions that are raised to the

second, third, fourth, or higher powers. For example, (x-2)*, (x+3)>, (x=1)°, (x=3)°, (2x+)",
5

(2x—%) , (x—\/g)4, (x-25)°, (x—»)'°, etc. can all be expanded using the above equation. The

following examples show the steps as to how binomial coefficients are used in expanding
binomial equations:

Example 1.6-6 Expand the following binomial expressions.
a. (x—l)3 = b. (x+2)5 = C. (x—3)4 =
Solutions:

a. First - Identify the a, 5, and » terms, i.e., a=x, b=-1, n=3.

Second - Use the general binomial expansion formula, i.e., equation (1) above to expand (x—1)°.

[0 o er e e -0

- @ x3_® x2+@ x_@'l - 0!(33!—0)!x3_1!(33!—1)!x2+2!(33i2)!x_3!(3313)!

31 5 31 , 31 31 [31 5 321, 321 3
t—x-—|= = X"t ——x——
3! 21 207 31| |3 2! 2! 3!

=[x3-3x2+3x-1

b. First - Identify the «, 5, and » terms, i.e., a=x, b=2, n=5.

Second - Expand (x + 2)5 using equation (1).

5 5 5 5 5 5
(x+2)5 = [)x5+()x51-2+()x52-22+(jx53~23+(jx54~24+()x55~25
0 1 2 3 4 5
5 5 5 5 5 5 5 5 5 5
= ()x5+2£jx4+4()x3+8()x2+16£jx+32()x0 = ( ]x5+2(jx4+4(jx3+8()x2
0 1 2 3 4 5 0 1 2 3

5 S\_[ st st . st st 51
+16(4]x+32(5) T ) TR VTG0 TR £ TR T Fey TR T e
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| | | | | ! | -4
I YU LU P - ENC S LV PR LS SV S LIV VP P LI S L [ L R e B
51(5-5)! |5t 41 213! 312! 41 st |8 4!
4.3 4.3 -4 |
g2 4B s @3B o 3 3 B 5 110 6% 140 X% + 80x2 + 80x + 32
213! 3! # 5!

c. First - Identify the a, 5, and » terms, i.e., a=x, b=-3, n=4.

Second - Expand (x-3)* using equation (1).

(X—3)4 - (3 x* +Gj 41 .(_3)+@j »2(3)? +(‘3‘) «3(a)? {3 (3 = (3] N _3[3 i

T e S o T e N S SN B S RENC TP Y S LN
2 3 4 0!(4-0)! 11(4-1)! 21(4-2)! 31(4-3)!

! 4! 41 4! 41 4! ! 3! 3.2
T PR LN U o SN N S S Qe S a1 [ LA A LN B AL
41(4-4)| |4 3! 212! 3! 41010 |4 3! 212!

.31 |
7B s M o] e 12x% 154?108 4 81
3! 410!

Example 1.6-7 Use the general equation for binomial expansion to solve the following
exponential numbers to the nearest hundredth.

a. (083)° = b. (105)° = c. (121)" =
Solutions:
a. First - Write the exponential expression in the form of (0.83)6 = (1-01 7)6 .

Second - Identify the a, b, and » terms, i.e., a=1, b=-017, n=6.

Third - Use the general binomial expansion formula, i.e., equation (1) above to expand (1-017)°.

(1-017)°| = @ 19+ @ 1°(<017)+ @ 14.(-017)% + @ 13.(-017) + @ 12.(-017)" + @ 1-(-017)’

+@ (-017)°|= @ -017 @ +0.0289 @ —0.0049 @ = (66!_ 0 017 (66!_ o

6! 6! 6! 6! 6! 6!
+0.0289 ~0.0049 4| == =017 = +0.0289 —— — 0.0049 —— + ---
2006-2) 36-3) 6! 5! 214! 313!
| .3 5.4 .5.4.3)
= %—0.1765—?#0.0289 62'54?‘—0.0049%;34--- =[1-102+04335-0.098+ | ~ [03155
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Therefore, (1- 0.17)6 , to the nearest hundredth, is equal to

. First - Write the exponential expression in the form of (105)* = (1+005)°.

Second - Identify the 4, b, and » terms, i.e., a=1, b=005, n=8.

Third - Use the general binomial expansion formula, i.e., equation (1) above to expand (1+ 0.05)8 .

(1+005)°

(ij 18 +G) 17 .(0.05)+(§j 1°-(005) +(§) 13.(005)° +(ij 2. (00s)* +[§) 1.(005)° + -

+0.05 +0.0025 +0.000125 + -
0 1 2 3

8!

8!

0!(8-0)

Tt 0.05

[t 0.0025

11(8-1)

21(8-2)!

8!

8!
+0.000125 '

31(8-3

4+ ...

8!
8!

)!

!
+0.05 % +0.0025

8!
216

8!

+0.000125 —+---
! 315!

8! 8- 7!

8! 7!

— +005——+

00025 -

7-6!

216!

+0.000125

8-7-6-5!

313!

Therefore, (1+ 0.05)8 , to the nearest hundredth, is equal to

First - Write the exponential expression in the form of (1.2 1)5 =(1+ 0.21)5 .

Second - Identify the a, b, and » terms, i.e., a=1, b=021, n=5.

+ e =\1+o.4+0.07+0.007+---| ~ (1477

Third - Use the general binomial expansion formula, i.e., equation (1) above to expand (1+021)°.

(1+021)°

@ E +® 14 .(0,21)+© 12-(021)> +@ 12 (021)° +@ 1-(021)? +@ (021)°

5 5 5 5 5 5
+0.21 = [+0.0441 |+0.00926| _|+0.0019 [+0.0004
0 1 2 3 4 5

5!

5! 51

0!(5-0)!

+0.21
1

15

T+ 0.0441

_1)

21(5-2)

!
+0.00926 '

31(5-3)

+0.0019
5!

5!

+0.0004
S

(5-5)

5!

5!
5!

5

4

!
+ 0.21—;+ 0.0441

!
5" +0.00926

3!

213!

3! ! 3!
+0.0019——+0.0004—
312! 411 5!

b 5-4

+0.21

3!

!
~+0.0441
A

5-4-3
23!

5-4 8

!
“+0.00926

5.4-3
12

!
-+0.0019
312!

!
-+ 0.0004
4!

5!

=12.594

= |1+ 1.05+0.441+0.0926 +0.0095 + 0.0004

Therefore, (1+021)°, to the nearest hundredth, is equal to

Note that in equation (1) the »” term in a binomial expansion is given by
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n n—r+l,r—1 _ n! n—r+1, r—1
= 2
(r—lja b (r—l)!(n—r+l)!a b ()

this implies that we can use the above equation to find any specific term of a binomial. For
example, the sixth term of (x-3)° is equal to

8) 3 5 8! 3 5 8! 3 8-7-6-5! 5 1 3
3| = 233 = | a3 (-243) | = 243 D02 5 < | 13,608
@x =3 S13=5)1 ()= s (29)| =2 al

and the fourth term of (x - 3)4 is equal to

4 4_4+1_3=L_3=i._ =_4_3' ==
@x =3 3!(4—3)!x( V=5 = 275

Example 1.6-8 Find the stated term of the following binomial expressions.

a. The sixth term of (x + 2)10 b. The eighth term of (x - y)12
c. The fifth term of (w- a)13 = d. The tenth term of (x+ 1)20
Solutions:

a. First - Identify the a, 5, and » terms, i.e., a=x, b=2, r=6,and n=10.

Second - Use equation (2) above to find the sixth term of (x+2)'.

32
| | .0.8.7-6-%3! .9.8.7. T
10! 10641 561 _| 101 s,5| _[10-9-8-7:6-31 ) 5| [10-987-6 ., 5| _|6:7:6, s
(6-1)!1(10-6+1)! 515! 515! 5-4-3-2-1 1
= 8064 x>

b. First - Identify the a, 5, and » terms, i.e., a=x, b=-y, r=8,and n=12.

Second - Use equation (2) above to find the eighth term of (x - y)'.

! ! 11 .9.8.7! 11- .9.
12! 128l pset| | 12! S| = 12:11:10-9-8 7.x5y7 12111098 5 5
8-1)1(12-8+1)! 715! 7!5! 5-4-3-2-1

=[-(11-9-8)x%y7 |=|-792 x5y’

c. First - Identify the a, 5,7 and » terms, i.e., a=w, b=—-a, r=5,and n=13.

Second - Use equation (2) above to find the fifth term of (w—a)".

5
13! 13-541(_g)> 13! W0 (ca)* 13-12:11-10-91 5 4 _|13-12:11-10 o 4
(5-1)1(13=5+1)! 419 419! 4-3-2-1

= 13'11'5 wla?|=|715w’a*
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d. First - Identify the q, b, and » terms, i.e., a=x, b=1, r=10,and n=20.

Second - Use equation (2) above to find the tenth term of (x+1).

20! 20-1041_;10-1 200 11 jof _[20-19-18-17-16-15-14-13-12-111 4

10-1)1(20-10+1)" 9111 oU 1!
(to-1)1( )

2
2019-18:17-1615-14-13-12_yy| _[19-17-2-15-13-12
9-8-7-6-5-4-3-2-1 9

Section 1.6 Practice Problems - The Factorial Notation I

1. Expand and simplify the following factorial expressions.

=1167,960 x!!

a. 11! = b. (10-3)! = c. 2o d 2=
5! 10!
150 (. 1216! (7-3)91 _
— = f. —— = g —— = . =
814! 41(10-2)! 14! 12(7-2)

2. Write the following products in factorial form.
a. 7:6:5-4.3.2.1 = b. 10-11-12-13-14-15 = C. 22.23.24.25 =
d. 8.7-6:5-4 = e. 4.56-7-8.9 = f. 35 =

3. Expand the following factorial expressions.

a. 5(nl) = b. (n-7)1= c. (n+10)1 = d. (5n-5)1 =
e. (2n-8) = f. (2n+6)1 = g (2n-5)1 = h. 3n+3)! =
4. Expand and simplify the following factorial expressions.
. =20 b, (14 ) (n=n)(nen)
(n—4)! n! (n-2)! (n+2)!
(3n)!(3n-2)! _ N (n-1t N (2n=3)12(n) _
(3n+1)!(3n—4)! (n+2)!(n))? (2n)!(n-2)!

5. Write the following expressions in factorial notation form. Simplify the answer.

N RN N R
f @= g (:_5]= h. GZ—J - L @2—3) - J (Z—J:

6. Expand the following binomial expressions.

a. (x—2)4 = b. (u+2)7 = c. (y_3)5 =
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7. Use the general equation for binomial expansion to solve the following exponential numbers

to the nearest hundredth.
a. (093)° = b. (225) = c. (1.05)* =
8. Find the stated term of the following binomial expressions.

a. The eighth term of (x+3)" b. The ninth term of (x— y)'°

c. The seventh term of (u- 2a)11 d. The twelfth term of (x - 1)18
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Differentiation (Part 1)

Quick Reference to Chapter 2 Problems

2.1 The Difference Quotient Method.....................ccoooiiiiiiiiiiii e, 54
lim ! S PR .5 o P TS () o e
h—0 m_i_m 5 h—0 ) h—0 h
2.2 Differentiation Rules Using the Prime Notation ..................cccccooviiiiiiniiiininniiennn. 59
1 3 2
r(0)=t92+ 2(2+x 2x° +3x+1
7= - _Z —. _ —
(0+1) ; [/() x(xHJ Ve 241
23 Differentiation Rules Using the di NOtAtion .........ooovviiiiieiiiie e 71
X
2
i(5x+ 2x ) = i(x+1)(x2—3)] = i[ L J =
dx x2 +1 dx dull—-u 1+u
24 The Chain Rule ... 82
3 3 2 ) 4
f(x)z(%+xj = h(l)z( 4t +t2J = f(x)z[(x3+2x) x| |=
X -1 i
2.5 Implicit Differentiation................ccccoooiiiiiiiiiii e 97
x2y2+y:3y3—1 =; xy+x2y2+y3:10x =; 3x3y3+2y2—y+1 =
2.6 The Derivative of Functions with Fractional Exponents......................cccccoeeie. 102
_ 2% 2 1%_, . ll 2 3%_ x%(x—l)_
y—(x) +(2x+1)5|=; y—(x+)2(x +) = =S =
2.7 The Derivative of Radical Functions..................ccoooiiiiiiiiiicceeee 109
1 3 3/,2
r(9)=92+ 7= - r(€)= 6°+1 _. h(l‘): t“+1 _
(0 - 1) ’ 6% +1 ’ \/t_3
2.8 Higher Order Derivatives...............coooiiiiiiiiiiiiie et 124
3 3.2
u -1 2 1 7+t +1
= =: |HO)=0 = = =
f(u) e r(6) +(6’+1)3 5 1(1) 0
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Chapter 2 - Differentiation

The objective of this chapter is to improve the student’s ability to solve problems involving
derivatives. In Section 2.1 derivatives are computed using the Difference Quotient method.

Various differentiation rules using the prime and di notation are introduced in Sections 2.2 and
X

2.3, respectively. The use of the Chain Rule in finding the derivative of functions that are being
added, subtracted, multiplied, and divided are addressed in Section 2.4. Implicit differentiation is
discussed in Section 2.5. Finding the derivative of exponential and radical expressions is
addressed in Sections 2.6 and 2.7, respectively. Finally, computation of second, third, fourth, or
higher order derivatives are discussed in Section 2.8. Each section is concluded by solving
examples with practice problems to further enhance the student’s ability.

2.1 The Difference Quotient Method

In this section students learn how to differentiate functions using the difference quotient equation

flx+h)- f(x)
h

as the limit » approaches zero. The expression is referred to as the difference

quotient equation. A function f(x) is said to be differentiable at x if and only if lim,_,,

f (x+h)— f (x)
h
x which is denoted by s’(x). It should be noted that this approach is rather long and time

exists. If the limit exists, then the result is referred to as the derivative of f(x) at

consuming and is merely presented in order to show the usefulness of the differentiation rules
which are addressed in the subsequent sections. The following examples show the steps in
finding derivatives of functions using the Difference Quotient method:

Example 2.1-1: Use the Difference Quotient method to find the derivative of the following
functions.

a. f(x)=3x+l b. f(x)=4x2 c. f(x): x+3
d. fx)=(2x-7) e. f(x)=—vxtl £ f(x)= \/ﬁ
Solutions:

a. To find the derivative of the function f(x) = 3x+1

First - Substitute | /(x+#)| = |3(x+4)+1|=[3x+3h+1]and | /(x)=3x+1] into the difference quotient

equation, i.c., St n)= ()] _[Gx+3r+1)-Bx+1)| _[3+3h+1-35-1 ==

h h h

Second - Compute f'(x) as the lim,_,, in the difference quotient equation, i.e.,

. h)— .
7)o LIS i, 5~

b. To find the derivative of the function f(x) = 4x2

~—o

First - Substitute | /(x+h)|=|4(x+h)*|= 4(x2 +h% +2xh

=|4x? +4h* +8xh| and = into the
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difference quotient equation, i.e Sl )= flx)| (4x2 4 +8Xh) —At || 427+ 4h7 + B —da”
T h h h

_[4h(h+2x)| _|4(h+2x) =[4h+8x]

h 1

Second - Compute f'(x) as the lim,_,, in the difference quotient equation, i.e.,

7] = i LI iy, a5 = [0-0) 5] = 8- (8]

c. To find the derivative of the function f(x)=+vx+3

First - Substitute | f(x+4)|=|/(x+4)+3|=|Vx+h+3|and | f(x)=+/x+3 | into the difference quotient

Fle+n)—f(x)| _|Vx+h+3-vx+3
h

equation, i.e., . =

To remove the radical from the numerator multiply both the numerator and the denominator

by vx+h+3++4/x+3 to obtain the following:

SO+n)= /()| _|Vx+h+3-Vx+3|_[Jx+h+3-Vx+3 Jx+h+3+4x+3 1
h h h Jx+h+3+4x+3| |[Vx+h+3+4/x+3

Second - Compute f'(x) as the lim,_,, in the difference quotient equation, i.e.,

Fle+n)-r(x)] .. 1 _ 1 IR
————=|=lim;_, = =
h Nx+h+3+4/x+3 Jx+3+4/x+3 2Jx+3

d. To find the derivative of the function f(x) = (2x-7)>

f'(x) =|lim;,_,

First - Substitute | f(x+4)|=|[2 (x+7#)-7]?|=|4(x+h)* +49-28(x + 1) =\4x2+4h2+8xh+49—28x—28h\

and | /(x)| = |(2x—7)?|=|4x? +49-28x| into the difference quotient equation, i.c., w

(4x2 +4h? +8xh+49—28x—28h)—(4x2 +49—28x) 432 + 407 +8xh+ 49— 28x —28h— 4x” — 49+ 28y
h h

_|4n* +8xh—28h| _| h(4h+8x-28) :

h h

Second - Compute f'(x) as the lim,_,, in the difference quotient equation, i.e.,

)| = 1imhﬁ0f(x%)_f(x) =|tim,,_, (4% +8x-28)| = |(4-0)+ 8x — 28| = [0+ 8x — 28] = [8x — 28]

e. To find the derivative of the function f(x) = —vx+1

First - Substitute | f(x+ )| =|—4/(x+4)+1|=|-+/x+h+1|and | f(x)|=|-+x+1]|into the difference
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quotient equation, i.e., f(x+h2_f(x) =|- 'x+h+;l+ x+l

To remove the radical from the numerator multiply both the numerator and the denominator by

Vx+h+1—-+/x+1 to obtain the following:

So+n)=f()| | Jx+h+l+yx+1| | Jx+h+l+yx+l Jx+h+l-vx+1|_| 1
h h h Nx+h+1—+/x+1 Nx+h+1+4/x+1
Second - Compute f'(x) as the lim,_,, in the difference quotient equation, i.e.,
Fle+n)-r(x) 1 1 1

fl(x) = [limy_ =(~lim_, =~ =\~

O«/x+h+1+\/x+1 Vx+1l+4x+1 2¢x+1

1

h

f. To find the derivative of the function f(x) =

Vvx+1
First - Substitute [ /(x+4)] = ﬁ and = \/1_1 into the difference quotient equation,
x+h+ X+

1 1
ie Se+h)= /()| _| i+ NS Vx+l—x+h+1
o h hx+1-Ax+h+1

h
To remove the radical from the numerator multiply both the numerator and the denominator

by vx+1++x+h+1 to obtain the following:

f(x+h)—f(x) _ Vx+l—+x+h+1 .\/x+1+\/x+h+1 _ (x+1)—(x+h+l)
h Ax+1-Ax+h+1 Ax+1+x+h+1| |A(x+)Vx+h+1+h(x+h+1)yx+1
i l—f—h—1 h _

h(x+)x+h+1+h(x+h+1)Jx+1 h[(x+1)M+(x+h+l)ﬁ] (x+D)Vx+h+1+(x+n+1)Vx+1

Second - Compute f'(x) as the lim,_,, in the difference quotient equation, i.e.,

f'(x)|= lim,, o—f(x+h)_f(x) =|limj_,o = = =
' ” h T DAl hr)x+ 1| [ (e41) xal+(x1) Yxr
e
2(x+1) Vx+1
Example 2.1-2: Given the derivative of the functions in example 2.1-1, find:
a. ['(2) b. (3 c. [(1)
d. r'(0) e. f'(15) f. r(0)

Solutions:

a. Given f'(x) = 3 then, =
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Note that since the derivative is constant f’(x) is independent of the x value. f'(2) can also

. . . h)— . 3 h)+1[—-(3x+1
be calculated directly by using =lim,, _’OM =|lim,,_,, [0+ )+h] (x+1)

and by replacing x with 2, i.e., = lim,_, [3G+h)+1]-(6+1) =|lim;,_, O+3h+1-7

h h
. 3h ;
b. Given f'(x) = 8x then, =[8-3]=

4(x+h)2 —4x?
h

£'(3) can also be calculated directly by using | £'(x)| = lim;_, w =lim,_

2_4.32 2 3
and by replacing x with 3, i.e., [/B)]=|tim 4(3+h)h 4.3% | _ lim,_, 4(9+h h+6h) 36

2 p—
= limh_>0 36+4h 2_24}1 36 = limh_)ow = 1imh_>0 4h+24 ::

c. Given f'(x) =

1 1 1 1
then, | /'(1)|= =|l—|=|—|=|=
24/x+3 W3] |244] [2:2] |4

Sle+n)-f(x)
h

Again, f'(1) can also be calculated directly by using the equation = [lim,,_,¢

Ja+n)+3-4x+3

S m3 i3
h

=|lim;,_,, p and by replacing x with 1, i.e., =|lim,_,q
e e O P R e C N R 1 B h = [lim_ g
P PO Jhrd 444 (e N "0 T+ a2

1 1 1 1

Jora+2| [Ja+2| [2+42] 4
70~ 6028~ 23]

d. Given f'(x) = 8x-28 then,

. 1 1 1 1 1
.G (x) = - then, | £'(15)|=|- =|- =|-—|=|-=
e. Given f'(x) S then = e 2'4 .
f. Given f'(x) = N S then, = NS S PO S ) —%
24(x+1) 24(0+1)° 21

In problems 2.1-2 d, e, and f students may want to practice finding 7'(x) for the specific values of
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x by using the general equation f'(x) = lim,_,, M . The answers should agree with the

above stated solutions.

Finally, it should be noted that every differentiable function is continuous. However, not every
continuous function is differentiable. The proof of this statement is beyond the scope of this
book and can be found in a calculus book. In the following section we will learn simpler
methods of finding derivative of functions using various differentiation rules.

Section 2.1 Practice Problems — The Difference Quotient Method I

1. Find the derivative of the following functions by using the Difference Quotient method.

a. f(x)=x>-1 b, f(x)=x® +2x-1 c. flx)=— d. f(v)=-—
X—= x
e. f(x)=20x% -3 £ r(x)=vx> g )= i‘is h. f(x)za):b

2. Compute f'(x) for the specified values by using the difference quotient equation as the lim,_,,.
a. f(x)=x3 at x=1 b. f(x)=1+2x at x=0 c. f(x)=x3+l at x=-1

d. f(x):xz(x+2) at x=2 e. f(x):x72+x71+1 at x=1 f. f(x):\/;+2 at x=10
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2.2 Differentiation Rules Using the Prime Notation

In the previous section we differentiated several functions by writing the difference quotient
equation and taking the limit as # approaches to zero. This process, however - as was mentioned
earlier, is rather long and time consuming. Instead, we can establish some general rules that
make the calculation of derivatives simpler. These rules are as follows:

Rule No. 1 - The derivative of a constant function is equal to zero, i.e.,

if flx)=k, then f'(x)=0
For example, the derivative of the functions f(x)=10, g(x)=-100, and s(x)=250 is equal to
f'(x)=0, g'(x)=0, and s'(x) =0, respectively.
Rule No. 2 - The derivative of the identity function is equal to one, i.e.,

iff(x):x, then f’(x):l
For example, the derivative of the functions f(x)=5x, g(x)=-10x, and s(x):\/gx is equal to
f(x)=5-1=5, g'(x)=—10-1=-10, and s'(x)=+/5-1=+/5, respectively.

Rule No. 3A - The derivative of the function f(x)=x" is equal to f'(x)=nx""", where n is a
positive integer.

* is equal

For example, the derivative of the functions f(x)=x, f(x)=x*, f(x)=x, and f(x)=x
to f’(x): 1oxh =50 =1, f’(x):2-x271 =2x! =2x, f'(x):3-x371 :3x2, and f’(x)=4-x471 = 453 R
respectively.

Rule No. 3B - The derivative of the function f(x)=x" is equal to f'(x)=nx""", where n is a
negative integer.

For example, the derivative of the functions f(x)=x7", f(x)=x72, f(x)=x7, f(x)=x"*, and
1
f(x) —x 8 is equal to f’(x) =—].x =y R f’(x) =2.x 2=y R f’(x) = —3.x =3 R

1 9
_7_1 . .
and f'(x)= —é-x 8 = —éx 8 , respectively.

Note that this rule can also be used to obtain the derivative of functions that are in the form of
f (x):in by rewriting the function in its equivalent form of f(x)=x"". For example, the
X

derivative of the functions f(x)= Lo, 1= % =x72, flx)= —% =—2x7, and f(x)= LS =x?
X x b X

is equal to f’(x) =—l.x o2, f’(x) =2.x2 =273, f’(x) = (—2 . —3)-x7371 —6x~*, and
f(x)=-8-x%"1 =—8x7?, respectively.

Rule No. 4 - If the function f(x) is differentiable at x, then a constant k multiplied by f(x) is

also differentiable at x, i.e.,

(kf) x = kf(x)
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Note that this rule is referred to as the scalar rule.
For example, the derivative of the functions f(x)=5x, g(x)=-10x, and s(x):\/gx is equal to
f(x)=5, g'(x)=-10, and s'(x) = /5, respectively.

Rule No. 5 - If the function f(x) and g(x) are differentiable at x, then their sum is also
differentiable at x, i.e.,

(f+2) () = f(x)+ ')
In other words, the derivative of the sum of two differentiable functions, (f+g) (x), is equal to

the derivative of the first function, f'(x), plus the derivative of the second function, g (x). Note
that this rule is referred to as the summation rule.
For example, the derivative of the functions h(x)=(5x —3)+(2x2 —1) and s(x)=6x> +(3x+2) is
NG )Tl

equal to h’(x) = f’(x) + g’(x) =5+4x and s’(x) = f’(x)+ g'(x) =18x% +3.
Rule No. 6 - If the function f(x) and g(x) are differentiable at x, then their product is also
differentiable at x, i.e.,

(1-8) (x) = 1(x)g(x)+ &'(x)/(x)
In other words, the derivative of the product of two differentiable functions, (f-g) (x), is equal to
the derivative of the first function multiplied by the second function, f'(x) g(x), plus the
derivative of the second function multiplied by the first function, g (x) f(x). Note that this rule is
referred to as the product rule.

For example, the derivative of the functions f(x)=(3x-5)(6x+1) and g(x)= —10x2(5x3 —2) is equal
to f'(x) = [3-(6x+1)]+[6-(3x—5)] = 18x+3+18x -5 = (18x+18x)+(~5+3)= 36x -2 and
g'(x) = [—2ox-(5x3 —2)J+[15x2 -—10x2J = —100x* +40x-150x* = —250x* + 40x

Rule No. 7 - Using the rules 1, 4, 5, and 6 we can write the formula for differentiating
polynomials, i.e.,

lff(x) = a,x" +an_1xn71 —i-an_zxnf2 + e +a3x3 +a2x2 +a]xl +ag , then

fx) = na,x"! +(n-1)a, x"2 +(n—-2)a,_» X" 4 3a3x? 4 2ax +
For example, the derivative of the polynomials f(x)=6x*+5x> -3, g(x)=2x"-3x*—4x, and
h(x):%xz —2x+5 isequal to f(x) = (6-4)x* +(5:3) x> = 24x? +15x%, g'(x) = (5-2)x* -(2-3)x-4

2 .
= 10x* ~6x -4, and #'(x) = (Z%Jx—z = 5% -2, respectively.

Rule No. 8 - If the function f(x) and g(x) are differentiable at x, then their quotient is also
differentiable at x, i.e.,
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(9 - f’(X)g[(X)—g’(X)f(X)

g

In other words, the derivative of the quotient of two differentiable functions, (LJ (x), is equal to
g

the derivative of the function in the numerator multiplied by the function in the denominator,
f'(x)-g(x), minus the derivative of the function in the denominator multiplied by the function in
the numerator, g'(x)- f(x), all divided by the square of the denominator, [g(x)]>. Note that this
rule is referred to as the quotient rule.

2
For example, the derivative of the functions f(x)= 13X and g(x)= 3x3 +15 is equal to f'(x)
X X7+
_ )] [10439)] _ 343x-1-3x -2 ) = [6x( )] [3x (3x +5)]
(1+x)? (1+x)  (1+x) (2 +1)?
et 6x—9xt —15x2 | 3x* —ox?

(x3 +1)2 (x3 +1)2

In the following examples the above rules are used in order to find the derivative of various
functions:

Example 2.2-1: Differentiate the following functions.

a. f(x):5+x b. f(x):x3+3x—1 C. f(x):2—x
d. f(x) =10x> +5x> +5 €. f(x):3(x2 +2x) f. f(x) =ax® +bx? +¢
5 4 3 2 . 10
g. f(x)=ax2+b h. f(x)z)1C—0—XT+X?—XT 1. f(x)zx_z
1 1 1 -5 3 1 2+2
J f(x)=;—x—3 k. f(x)zx +3x7-2x"+10 L. f(x):xx4
m f()_ X4 n f()—x4+10 0 f()_ 3+x
. X—l_x . X—x2+1 . _x_x3_5
3
p. f(x):%[%) a4 f(x)=(x?+1)(x+9) I f(x)=(x+1)(x+2)
S f(x)=(1+lj 1_L t f(x)={3x2+5J(x+1) u f(x):1+x2
. X x> . X . 1-x2
2x2 43x+1 ax? +bx+c 3-x
\& f(X):T W. f(X):W X. f()c):l_5
x

Solutions:

a. Given |f(x)=5+x|then|/f'(x) ===
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b. Given

1|=[3x2+3]

f(x):x3+3x—1 then | f'(x) =‘3x3_1+3-x1_1—0|=|3x2+3-x0‘=‘3x2+3~

c. Given ‘

f(x)zZ—x‘then‘f’(x)|===

d. Given

£(x)=102% +5x% + 5| then [/(x)] = [10- 3.3 +.5-24>T + 0] = |30x2 +10x]

e. Given

S—

then ["(x)] = 3(2x2*1+2-xH) = 3(2x+2-x0) =3

f(x) = 3(x2 +2x

(2x+2-1)|=[6x+6

f. Given

f(x):ax3+bx2+c then | /'(x) =‘a-3x3_l+b-2x2_1+0‘= 3ax2+2bx|

g. Given f(x)=ax2+b then | f/'(x)|= a-2x>1y0|= 2ax|
h. Given f(x)=£—£+£—ﬁ then= L-53c5_1—1«4x4_1+1-3x3_1—1'2x2_1
) 10 4 o6 4 10 4 6 4
=223, 3,2 2= LA SO S or, using the quotient rule we obtain
10" 4" e g 2 1 2 2| onusthetheq
- (557110} =(0-%°)  (4x*1-4)=(0-x) (3577 -6)-(0-) (2677-4)~(0-x7)
x = — + J—
( ) 102 42 62 42
_[50x* 1627 18x® 8| _|xt_a¥ x?
100 16 36 16 2 2
2 2-1
o T (0-3%)=(25>"10)| To—(2x-10)] [20¢] [ 20
1. Given|f(x)==|then|f'(x)|= = = =|-=
S(x)=5 (x2)2 A =3 3
3 3-1
o T (0-x)-(1-1) (0-F)-(3"1)| [ 32 3
. Given|f(x)=—-—|then|f'(x)|= - =t | = -5t
] /() x ¥ x? (x3)2 2 x4 x2 Xt
k. Given f(x)=x_5+3x_3—2x_1+10 then =|—5x_5_1+3-—3x_3_1—2-—1x_1_1+0
— -6 -4 -2 . 1 3 2 ,
= ‘—Sx —9x" +2x | or, we can rewrite m as f (x):x—5+x—3—;+10 and then find f'(x)

using the quotient rule.

: (0-x)=(sx* 1) (0)-(33) (0-)-(1-2) || 5x* ox® 2|

Hamilton E

(xS)Z (x3)2 x2 10 x6 %2

B Sxt 3 9x2
xl(():6 x6=4

2

X

2
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5 9 2 — _ —
= —F—x—é‘—i-x—z =|—5x 6 _9x44+2x 2|
2-1 4 4-1 2 4 3 2
. 212 , B [(Zx +0)~x ]—[4x '(x +2)] [Zx'x ]—[4)( -(x +2)]
L. Given|/(x)==—=| then /'(x)| = ] = 3
_ 2X5—4X5—8X3 _ —2X5—8X3 _ —2x3(x2+4) _ _2(x2+4)
x8 x8 x8:5 xS
m. Given f(x)—i then | f'(x)| = [4x4_1.(l_X)]_[(0_1).x4] _[4P (=)t At -t s
| Lo (1-x)° (1-x)" (1-x)"
_ 4x3 —3x4 _ 4x3 —3x4
(x| |-
4 [ 4x* 1 0) W% +1 H 2x2_1+0) x*+10 ] 4x3(x% +1)-2x x4+10)
+ vl 8 [ 2l I o el |_[o
X7+ (x2+1) (x2+1)

4% +4x3 —2x° —20x

2x° +4x3 —20x

2x (x4 +2x2 —10)

() (2 +)° (x2+1)°
) X , [(O+1)(x3—5)]—[(3x3_1—0)(3+x)] x5 —3x2(3+x)
o Gienl =35 en{ ]
_ X —5-9x2 353 _ —2x3 —9x2_5
(x3—5)2 (x3—5)2
' 22443 —1_[[(0-x)-(1-2) 243 . [(0+3x3_1)(x+1)]—(1+0)(2+x3) 2
p. Given f(x)—x[ 1 ] then { = H 7 J [ — (;j
_ [3x2(x+l)J—(2+x3) _| 2 243 L2 33 43x2 3 -2 _ _2[2+x3j+2 237 +3x7 =2
(x—i—l)2 xz[ x+1] x ()c—i-l)2 2 x+l x (x+1)2
q. Given f(x):(x2+l)(x+5) then = [(2x2‘1+O)(x+5)}+:(1+0)(x2+1)J = 2x(x+5)+(x2+1)
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=|2x2+10x+x2+1‘= ‘3x2+10x+1|

A second method would be to multiply the binomial terms by one another, using the FOIL
method, and then taking the derivative of f(x) as follows:

flx)|= (x2 +1)(x+5) =|x> +5x2 +x+5 then =13x3 4 (5-2)x* 4 x T 0| = 3x7 +10x+1

r. Given|f(x)=(x+1)(x+2)| then|/"(x)|= [(1+0)(x+2)]+[(1+0)(x+1)]|=|(x+2) + (x+1)| = [2x+3]

An alternative way is by multiplying the terms in parenthesis together and then taking the
derivative of the product, i.e.,

(7)) =|(r+ D) (x+2)| =[x+ 20+ x+ 2] then [77()] = [27 #2141+ 0| = 2x+2+1] = 2 +3]
s. Given f(x)=(1+%j[l—i3] then= {0+W}(1_;j+[o_Wk“i)

X
_ _1[1_1}3#(“1] 13 31 1 3 3
x2 x3 x6 X x2 x5 x6 x7 x2 xS x6=4 x7=5
= _L+7+i+i = i+i_i
x2 x5 X4 x5 x5 x4 x2

A perhaps simpler way is to write f(x) in the following form:

f'(x)|= (1+1](1—%J = (l+x_1)(l—x_3) then | /'(x)| = [(O—x““).(1—x‘3)]+[(0+3x‘3“).(1+x‘1)]

X X

B e 1 Ay SN Ry e o)
S e e ME PR

t. Given f(x)=[3x2x+5J(x+1)a then [7'(x) = [(3'2x2_l+0)’;];[1'(3x2+5) (x+1)+[1.[3xzx+5ﬂ
E=mealcomice

u. Given| /(x) =" then [7'09) - :(‘”2"21)(1‘x2(1)];[2()‘)2‘2x21)(1”2)] _ 2X(l-)(62;2;2(1+x2)
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2x—2x% +2x+2x | |(2x 4 2x) —2x% 4 24 4x

xt—2x? 41 (1—x2)2 (1—x2)2

[(4x2“ +3+0)(x2 +l)]—[(2x2_] +O)(2x2 +3x+l)]

(x2 +1)2

[(4X+3)(x2 +1)H2>C(2x2 +3x+1)] 4x +ax+3x2 +3-4x% —6x7 —2x|_|-3x*+2x+3

(x2 +1)2 (x2 +1)2 (x2 +1)2

[(2ax2‘1 +b)(ax2 —b)]—[zax2‘1(ax2 +bx+c)]

2
v. Given f(x)=M then=

xZ+1

2
w. Given f(x)=ma then=

2_ 2
ax” —b (ax2 —b)
2 2
_ [(Zax-i-b)(ax —b)]—[2ax(ax +bx+c)] _ 2¢2x3—2abx+abx2—b2—2¢lzx3—2abx2—2acx
2 2
(a)c2 —b) (ax2 —b)
_ —abx? —2abx —2acx—b> _ —abx2—2a(b+c)x—b2
2 2
(ax2 —b) (ax2 —b)
1 0-x)—(1-1
S 1) = e
x. Given |f(x)=7 K then | /"(x)| = — = 1 X
) )
X X
1 3-x | 1,3 1 o [ 3 2 3x-2x% 5| | 3x-2x7 450
|l x ¥ —x x? x| X x % 1| X
1Y 14 110, 55] {2107 25] | x-1027 +250°
X X X X x3 1 x3
2
5 —2x? 43 | #(5x* ~2x+3) _ | 5x2-2x+3
25x3 —10x% + x x(zst —10x + 1) 25x2 —10x +1

Example 2.2-2: Find f'(0), f'(1), and f'(-2) for the following functions.
a. f(x):(x+5)x2 b. f(x)=3x2+1 C. f(x)=x_5—2x_4—3x_2+1

d. f(x):xfl(x—i-Z) €. f(x):x3+2x+% f. f(x):xz(x—i-l)
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x?+4 5 2 i 2

g. f(x)= 5 h. f(x)=x —2x° +3x+10 1. f(x):(x +3)(x—1)
3x°+1

Solutions:

a. Given f(x)= (x+5)x2 , then

)=

1'(0)]=

[(1+0)-2 [+ 2677 (x+3)]

=2 +2x% +10x] = 322 + 10x| and

x? +2x(x+5)

(3-0%)+(10-0)

-0

JS']=

(3-2)+(10-1)

)=

[3~(—2)2}+(10-—2)

b. Given f(x)=3x%+1, then

/()=

1'(0)]=

(3-2)x*+0

[6-0]=1[0]

=[6x]and

70~

c. Given f(x)=x7>-2x"*-3x"2 +1, then

)=

-

)=

)=

sy (c2-4)x 4 (3. -2)x 2 40| = [ —sx 08y S 163 = _x%+xﬁ5+? and
5 8 6 8 6 . L
-t =t gzttt '(0) is undefined due to division by zero
06 05 03 0 0 f( ) y
1° P P 1
-2 3 i 3 ¢ 5= _5, 8,06 =[-0.078-0.25-0.75] = |-1.078|
(-2)" (-2) (-2) 64 32 -8

d. Given f(x)=x""(x+2), then

J'(x)]=

1'(0)]=

JS']=

—1-1 —1\| _ -2 -1 _ x+2 1 1 2 1|_ 2
[—x (x+2)}+(1~x ) = [—x (x+2)}+x = {— .~ } i il e el il and
2 2 . .
-=1|=|-=| f£'(0) is undefined due to division by zero
0? 0 Y
2 2
—_—— = —_—_ | = —2
3 o= =2
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I'(=2)

e. Given f(x)= ¥4 2xado

2
4

1
2

X

3 2x+x! , then

m = ‘3x3_1 2o ‘ = ‘3x2 +2 —x_z‘ and

1

f. Given f(x)=x?(x+1), then

70
70
fm=

I'(=2)

g. Given f(x)=

[sz_l (x+ 1)} + (1 . x2)

1
32 42——|=[3-02+2——|=[2-—

g x2 0?
3x2+2—i2 = 3-12+2—1l2 = 3+2—% =[3+2-1]=[4]

X
3-(2P +2-—|=|3-4+2-1 | =[12+2-025] = [13.75]
(-2) 4
= [2x(x+1)}+x2 =|2x2+2x+x2‘=‘3x2+2x|and

(3-0%)+(2-0)

-0

7'(0) is undefined due to division by zero
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(3:-2)+(2-1)|=p=+2]=[5]

=||3(2* [+(2--2)| =[3-4)-4]=12=4]=[3]
%,then

[(3)52“)'2*}‘[(’“%4)'6{ _ (6x3+2x)—(6x3+24x) _ |62 +2x—6x° —24x 22x

(3x2 + 1)2 (3x2 + 1)2 (3x2 + 1)2 (3x2 + 1)2

22-0 0o |_[o|_[0]_

ey | Lo LE) L o
21 |_[ 22 |_[2]_[22]_r

o] o) el T

_ 22 | [ a4 | [a4] [44]_

_ _[3.(—2)2+1T eyl Tlie] 2
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h. Given f(x) =x>—2x2 +3x+10 , then

[F()] =[5 -2:22 4340) =[50 —4x 43
= 5-0*—4.0+3|=[0-0+3]=[3]
= 5-14-4.1+3|=[5-4+3]=[4]

F(2)|=[5-(=2)" +(~4--2)+3| =|(5-16) +8+3| =[80+ 11] = [91]
i. Given f(x):(x2 +3)(x—1), then

()= Lo ) [ [1- (2 43)] | =[22 —2e 0243 = [32 22 03]
= 3.02-2-0+3|=[0-0+3]=[3]
= 3-12-2.1+3|=[3-2+3 4]

(-2)]=[3-(-2)* +(-2--2)+3| =[3-4+4+3}=[12+7] = [19]

Example 2.2-3: Given g(x):l—i-l and h(x)=x, find f(x), f'(x) and f(0).

X
a. f(x)=xg(x) b. f(x)=2x? —5h(x) c. f(x)=g(x)+ h(xx
d. h(x)=3x f(x) e. h(x)=1-f(x) f. 3n(x)=2x f(x)-1
Solutions:
a. Given g(x)=—+1 and /(x)=xg(x), then
f(x)|=[xelx)|= X~G+1j = therefore =[1]and =
b. Given i(x)=x and f(x)=2x*-5h(x), then
f(x)[=]2x2 =5h(x)| = 22 _5.x| = |2x% - 5x| therefore =|(2-2)x*1-5|= and
c. Given gx) :%+1, h(x)=x,and f(x)= g(x)+ﬁ, then
f(x)]= g(x)+ﬁ = Gﬂj% = G+1j+1 = §+2 =[x"+2 therefore=
=|-x72|= —% and | f'(0)|= —Oiz = —% which is undefined due to division by zero.
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Calculus I 2.2 Differentiation Rules Using the Prime Notation

d. Given A(x)=x and h(x)=3x f(x), then

h 1 , ]
f(x) = % :=therefore, =@and=@

e. Given h(x)=x and h(x)=1- f(x), then

f(x) =- -therefore _ and- 1]

f. Given h(x)=x and 3h(x)=2x f(x)-1, then

3h(x)+1| _|3x+1 [2x-3]-[2-(3x+1)]| _|6x—6x-2 2
= - therefore, [/'(x)| = - =--2,
/1) 2x 2 | (2x)° 4x* 4x
-1 oyl=|__1 |—|_1 s .

=|-5,z|and e 5| which is undefined due to division by zero.

Section 2.2 Practice Problems - Differentiation Rules Using the Prime Notation I

1. Find the derivative of the following functions. Compare your answers with Practice Problem
number 1 in Section 2.1.

a. f(x)=x2—1 b. f(x)=x3+2x—1 C. f(x)zxxl d. f(x)z——2
- X
e. f(x)=20x*-3 £ r()= g flx)= :is h. f(x):%

2. Differentiate the following functions:

a. _f(x):x2 +10x+1 b. f(x)= x®+3x% -1 C. f(x):3x4 —2x? 45
d. f(x): 2(x5 +10x* +5x) e. f(x): a’x® +b%x+c? f. f(x): xz(x—1)+3x
g flx)= (x3 +1) (x2 —5) h. f(x)= (3x2 +x—1) (x—1) 1. f(x):x(x3 +5x2)—4x
. x> +1 x> +2x% -1 (N x?
o fx)= . k. f(x)=3x—2 L f(x)—m
m. f(x):x2(2+l) N f(x)= (e )2 0. flx)= 2t

x x-— X

) 233 +5 3x* +x2 +2 o1
p. /(x)={ 1) g fl)=2rrr2 rofl)= e
x x-1 2

3. Compute f'(x) at the specified value of x. Compare your answers with the practice problem
number 2 in Section 2.1.

a. f(x):x3 at x=1 b. f(x)=1+2x at x=0 c. f(x):x3+l at x=-1

d. f(x):xz(x—i-Z) at x=2 e. f(x):x72+x71+1 at x=1 f. f(x):\/;+2 at x=10
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4. Find f'(0) and f'(2) for the following functions:

a. f(x)=x3—3x2+5 b. f(x)=(x3+1)(x—1)
d. f(x)=2x5+10x4—4x e. f(x)=2x_2 —3x 71 4+5x
g flv)=— he f(x)=2+x3

I+x X

5. Given f(x)=x2+1 and g(x)=2x-5, find A(x) and A'(x).

a. h(x)= x3f(x) b. f(x)=3+h(x)

d. 3n(x)=2xg(x)-1 e. 3[/(x)]* -2hn(x)=1

g 3h(x)-f(x)=0 h. 2g(x)+h(x)= f(x)

i )= ) K i()=2/()+ &

m _ 2g(x) o )1
=50 )

Hamilton Education Guides

L f(x

. f(x)=x(x2 +1)
. f(x)=x_2(x5 —x3)+x

ax? +bx
( )_ cx—d
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Calculus I 2.3 Differentiation Rules Using the di Notation
X

2.3 Differentiation Rules Using the di Notation
X

In the previous section the prime notation was used as a means to show the derivative of a
function. For example, derivative of the functions y=f(x)=x?+3x+1 was represented as

y'=f'(x)=2x+3. However, derivatives can also be represented by what is referred to as the

“double-d” notation. For example, the derivative of the function y=f(x)=x?+3x+1 can be

shown as %:di f(x)=2x+3. Following are the differentiation rules in the double-d notation
X X

form;

Rule No. 1 - The derivative of a constant function is equal to zero, i.e.,

. d
lff(x):k, then Ef(x)zo

Rule No. 2 - The derivative of the identity function is equal to one, i.e.,

if f(x)=x, then di f(x)=1

X

Rule No. 3 - The derivative of the function f(x)=x" is equal to dif(x) = nx""1, where n is a
X
positive or negative integer.

Rule No. 4 (scalar rule) - If the function f(x) is differentiable at x, then a constant k
multiplied by f(x) is also differentiable at x, i.e.,

k)] = 1|0

Rule No. 5 (summation rule) - If the function f(x) and g(x) are differentiable at x, then their

sum is also differentiable at x, i.e.,

L[ +)x] = < )+ l)

Rule No. 6 (product rule) - If the function f(x) and g(x) are differentiable at x, then their

product is also differentiable at x, i.e.,
029 =100 o)+ o)1)

Rule No. 7 - Using the rules 1, 4, 5, and 6 we can write the formula for differentiating
polynomials, i.e.,

if f(x) = a,x" ta, x"Vta, x" v azx’ +arx? +aix! +ay then,

d _ _ _

d—f(x) = na,x""! +(n-1)a,_x" 2 +(n-2)a, 5 x" 344+ 3a3x? +2a5x + 4y
x

Rule No. 8 (quotient rule) - If the function f(x) and g(x) are differentiable at x, then their

quotient is also differentiable at x, i.e.,
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Calculus I 2.3 Differentiation Rules Using the di Notation
X

{d (iﬂ()‘) _ [;Cf(x)}g(x)—[ig(x)}f(x)

ax\ g

Note 1 - depending on the letter used to express the terms of a function, the double-d notation of a

.. . where a is equal to the letter used in the left hand side of the equation
derivative is then shown as %% ( . 9 . .f : A 9 : ) .
db (where b is equal to the letter used in the right hand side of the equatlon)

For example,

e ifthe function y is represented by f(x), i.e., y = f(x)=x*+2x, then its derivative is shown as
d—y:if(x) :i(x2 +2x):2x+2 .
dx dx dx
e ifthe function y is represented by 1(r), i.e., y=f(t)= > +2¢% + 4, then its derivative is shown
s W _4 (1) :i( 3402 +4):3t2 +4t.
dt dt dt
e if the function u is represented by f(v), i.e., u= f(v)=v> +3v, then its derivative is shown as
d d
== f(v)

—_—=— =i(v3+3v)=3v2+3.
dv dv dv

e if the function p is represented by f(r), i.e., p=/(r)=2r>-2r> -3, then its derivative is

shownas % -9 f(;)= i(2r3 _2r2 —3) =32 _ar.
rdr dr
e ifthe function y is represented by f(z), i.e., y=f(z) = 29 +3z2 +1, then its derivative is shown
as d_y:i (z) :i(z5 +322 +l)=524 +6z.
dz dz dz
e if the function v is represented by f(x), i.e., v=f (x)= x% +4, then its derivative is shown as
v _d (x):i( 8 +4):8x7, etc.
dx dx dx
In the following examples the above rules are used in order to find the derivative of various

functions:

Example 2.3-1: Find % for the following functions.
X

a. y:x3—2x2+5 b. y:4x5—3x2—1 C. y:)c2+l
X
2
y=3L €. y=5x+ 2x f. y:x3(x2+1)
1+x x2+1
g y=(er)k?-3) h. y=sx(e+1) [ ylselor
i y=x(een)(e-2) koy=d (27 Loy=(es))(e1)?
Solutions:

a. = %(x3—2x2+5) - %(x3)+%(—2x2)+%(5) —[3x2 +(=2-2)x+0| = |3x2 - 4x]
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x

| _[d ;5 22 n|_[d 5. 4d 2\, d _ 4 — 04 _

b. x| a(4x =357 1)) = a(4x )+§( 3x )+$( 1) =[(@-5)x* +(~3-2)x+0|= |20x* — 6x]
ay|_[a > N4 (2, a)|_|d[2y,d/ 1\|_ 2\ — Y P

C. d__x_ a(x +;j = E(x +x ) = a(x ) a( ) = 2x+(—x ) =|2x—-x 2x 2
- d 2\ ] 2\ d

d dy|_|d 3x2 _ [(1+x)a(3x )g_[ 3x )a(1+x)} _ [(1+x)-6x]—[(3x2)'1] _ 3x2 +6x

Clde] |dx(14x (1+x)* (1+x)> (1+x)
- 2 _ a (.2

o || d(5x+ 2x Jz s )+d[ 2x j_ 4 )i(x +1)—(2x)} 25 +1)}

Cldx | |dx x2+1 dx dx\ x% +1 dx (x2+1)2

lmz)

Bl2] 2]

&|&

BEEIaE
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5+[(x2+1)~2}—[2x.2x] g, 2P ea-ax?]_ 5+_2x2+§
(xm)z (xmf (x2+1)
AR on)] =] (2 )5 |l 1) =] 1) 36 26| = 530 r3 o,
a[xs(x2+l)} = :(xs +x3) = %xs +%x3 = 5x5_1 +3x3_1 = 5x4+3x2
X

%[(x+l)(x2 —3)]

[(x2 —3)%(“1)}[(“1)%(% -3)}

[x2 31252 12x]= 322 +2x-3] or,

[(xz —3)-1}+[(x+1)-2x]

%[(x+l)(x2 —3)}

d

dx

;[Sx(x + 1)]

—( 3 _3x+x? —3)

=32 +209]

[(x+1)%(5x):

[(x+1)-5]+[5x-1]

=|5x+5+5x|= |10x+5|0r,

:;CI:Sx(x + 1)]

:;( Sx2 + Sx)

(5-2)x2_1 +5x171

d

dx X

d

a““ﬁ?)

0+[x-—l]—£§l—x)'lJ
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2.3 Differentiation Rules Using the 4 Notation

Calculus 1 e
_|mx—lex| |1
x? x?
J- % = %[x(x+l)(x—2)] = %[(x2+x)(x—2)} = [(x—Z)%(xz+x)}+[(x2+x)%(x—2)}

= [(x—2)-(2x+1)]+_(x2+x)-l} =‘2x2+x—4x—2+x2+x|= |3x2—2x—2|or,

P %[x(x+l)(x—2)] = %[(x2+x)(x—2)] = %(x3—2x2+x2—2x) = %(x3—x2—2x)

=1L 2 ) D (L) =[50 2?2 = [322 — 20 22| = [32 - 2x-2]

o= e (S o (e el i |

2 _ 2 2 2 2 3x(x=2
:[Zx 6x]+(x2 1] 2x 6x+L_ 2x° —6x+x" | _[3x" —6x|_ ( )or,

5 5 5 5 5 5 5

~—

dv| |d[ o(x=3\]| _|d[x>=3x%)_ [5%()9—3x2):—[(x3—3x2)a(5)}
E_dx{x(Sﬂ_dx[ 5 ]_ 52
[5(3x2—6x)]—_(x3—3x2)-0} 5(3x2—6x)—0 5(3x2—6x) 352 _6x 3x(x—2)

L=l =17 ] = e o] e et =] [ o o200

dx dx x Ix

I P Y 3] 1 _2(x+1) .
()2 = o

] [(x—l)Z%(x+l)}—[(x+1)%(x—1)2} [e-11]

A i[(x+1)(x—1)_2} = ;i[ X+

dx | |dx (x—1) (x-1)* (x—1)*
) [Ge+1)-2(x-1)] G- 2+ ) (-1 | -1 2+ D=1 |1 2(x+1)
(e-1)* (e-1)* (- -] [x-1)? (x-1)?
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X

Example 2.3-2: Find the derivative of the following functions.

d (o4 5.2 - di(3 -
a. (3x +5x — l) b. x(8x +3x +x) C. T (u +5)(u+l)]
2
A [ 2 +3t+ e. i[(l—tz)(l+t)+t = T Lty
dt dt dr\ 2 —1
g i t3 __Zt = h i u + uz = i i —S3+3S2+1 =
Codr| 4 " dull-u 1+u o ds $3
i. i_(w3+1)(i) - K i( 2x ) - A B
dw| w ©ode \1+2x Cods\ 1452
3 3
m. i[13(t2+1)(3t—1)] = A i) 0. 4 | =
dt du| 42 dx| x? 41
Solutions:
a. i(3x2+5x—1) = i(3x2)+i(5x)+i(—1) =1(3-2)22 1 452171 40| = 6 + 52°| = [6x +5)
dx dx dx dx

d

a(8x4+3x2+x) = %(8x4) j(?;x ) Zc(x) = (8-4))6471+(3-2)xz*1+x1’1 = 32x3+6x+1|

c. j—u[(u3+5)(u+l)} = {(u+l)%(u3+5)}+[(u3+5)j—u(u+l)} = [(u+l)~3u2}+[(u3+5)-1}

=‘3u3+3u2+u3+5|= |4u3+3u2+5|

. d[2t2+3t+1J ) [35(2f +3t+1)} [(2z2+3z+1)%(t3)} ) [t3.(4t+3)}—[(2t2+3t+1)~3t2}

al 3 6 6
_ (4t4+3t3)—(6t4+9t3+3t2) |4t e3P -6t -9 -3 | _|-2r* —6r3 =37 | _ —12(2t2+6t+3)
6 6 6 6
_ (22 +60+3) 27 +61+3
S - ¢

e. %[(1—t2)(1+t)+t} = %[(1—t2)(l+t)]+%t = {|:(1+t)%(1—t2):|+|:(1—12)%(1+t):|}+1

= {[(IH)-—2t]+[(1—z2)~1}}+1 =[(2r-22 4121 | = 2 -2 41 -2 41] = |32 - 2042
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X

e (R S N (B R N e
(2-1) (7#-1) (2-1)

dt

21

28 -2t-203-2¢ —4¢
=

BT S s

_ _£+|:t3([4.—2]—[(—2t).0]j:| _ _g{t{—_ﬂ B T U e P VO N L B I
16 4 16 4 2 8 8

A second way of solving this problem is to simplify %{P(— %ﬂ as follows:

A=) 1[&} R R
dt 4 dt 4 dt 4; 2 dt 2 2
d
X i u 2 aru J( 2 [(l—u)d—u}—[ud—(l—u)} [(1+u)d—u2}—[uza(l+u)}
- du[l—qulJruJ B @[HJW(HJ B (1—u) ’ (1)
_ [(1—u)-1]—[u-—1]+[(1+”)'2”]_[”2'1] _ 1—u+u+2u+u2—u2 |1 L 2u
(l—u)2 (1+u)2 (l—u)2 (l-i-u)2 (l—u)2 (1+u)2
d d
: d B 136241 _ [33%(s3+3s2+1)}—[(s3+3s2+1)$s3} _ |:s3-(3s2+6s):|—|:(s3+3sz+1)-3s2]
" lds 33 S6 S6
. (3s5+6s4)—(3s5+9s4+3sz) _ 357 + 654 =350 — 95 — 342 _ —3s% — 352 _ —3s2(s2+1) _ _3(52"'1)
a 6 - 6 6 B = r
] 4 (w3+1) |= i[(\4/3 +1)w71] = i(w?’*l+w71) = iwz-i-iwf1 =w—w?|= ZW—L
" ldw w dw dw dw dw w2
[(1+2x)i(2x)}—[(2x)1(1+2x)} [(1+2x)-2]-[2x-2]
K i[ 2x j _ dx dx _ _|2+4x—4x|_ 2
©|dxe\1+2x (1+2x)° (1+2x)? (1+2x)* | |(1+2x)
76
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X

- (=) 2 a0 e 2 ]| 0|5

ds {1+’ (1457 (147 (o2 | |(1+s2)

m. %[;3(12 +1)(3t—1)] = %[(ﬁ +t3)(3t—1)] = {(3t—1)%(t5+t3)}+{(t5+t3)%(3;_1)}

= [Gr=1)-(5t +36) |+ | (5 +2)-3) | =| (1567 +96 =51 =362 ) (367 +3¢) | = 182 —5¢* +126° -3¢

Another way of solving this problem is by multiplication of the binomial terms using the FOIL
method prior to taking the derivative of the function as follows.

%[ﬁ(rz +1)(3t—1)] = %[t3(3t3 —12 +3t—1)] = %(&6 —5 434 —13) =186 —5¢* v 126 3¢

N d{4u3+2} ~ [MZ%(4M3 +2)]_[(4u3+2)a%u2} (u2~12u2)—(4u3+2)-2u 2 —8u*—au
: 2

u? u® u?

4 4=3 3

P G R | 4[”3_1J _ {ﬁ_LJ _ 4[1;}

)| [ e 2 | o

+1)2 (x2 +1)2 (x2 +1)2

d[ > } ) {(x%l);;ﬁ

dx| x? +1 (x

[

2 2
4 132 X (x +3)

(22 +1)° (x2+1)2

Example 2.3-3: Find the derivative of the following functions at the specified value.

d du+1

a. E[(r+1)(t—2)+3t] at t=1 b — u3_J at u=2

(33 +1)(x-1

C. ix—_l at x=0 d. iw at x=2

de | (x+1)(2x +1) dx 2x2
2 2

e. i[S—HSJ at s=-1 f. i(ﬂ] at z=2
ds\ §2 11 dz z

Solutions:

a. [+ 1)(e-2)+30]| = | L+ 1)(e-2)]+ 2 (30)| = [(t—2)%(t+1)+(r+1)%(z—2)}+%(3,)
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2.3 Differentiation Rules Using the di Notation

X

[(1=2)-1+(¢+1)-1]+3

=|((=2)+(t+1)+3|=[r=2+1+1+3]=[21+2]

d
dt

[(£+1)(t=2)+31]

Therefore, at 1 =1
d

u? +1

[(uz_l)%(uz+1)H(u2+1)57(u3_1)}

[4]

[(uB—l)-Zu}—[(u2+l)~3u2J

el

w1

(

u’ —1)2

2u* —2u —3u® - 3u?

u u3+3u+2
( )

(-

()

d(u?+1)| u(u3+3u+2) B 2'[23+(3'2)+2} [ 216] [ 32]_
Therefore, at u=2 T ;_J =|- (u3_1)2 =|- (23_1)2 T T
p T Fra— [(2)(2+3x+1)%(35—1)}—[@—1)%(2)9+3x+l)}
¢ dx{(x+l)(2x+1)} B dXLx2+3x+J - (2x2 +3x+1)2
[(sz+3x+1)'1}—[(x—1)'(4x+3ﬂ (267 +3x+1) = (427 +3x—4x=3) | |(247 +3x+1) (42" —x-3)
- 2 - 2 - 2
(267 +3x+1) (267 +3x+1) (267 +3x+1)
20 +3x+1-4x? +x+3 | _ | 227 +4x+4
(2x2 +3x+ 1)2 (2x2 +3x+ 1)2
o[l ot [ earea] | (2:07)+(4-0)+4 ::
Therefore, at x=0 dx{(x+l)(2x+1) (2x2+3x+1)2 [(2.02)“3_0]“}2 1 (4]
J (x3+1)(x—1) RPN [(2x2)%(x4—x3+x—1)}—[ x4—x3+x—l)%(2x2)}
P e - dx{ 21 - (2x2)2

:2x2(4x3 ~3x2 +1)} —[(x“ e +x—1)-4x}

(8x5 —6x*+ 2x2) —(4x5 —4x* 1+ 4x? —4x)

4x*

4x*
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X

4_3
8x0 —6x* +2x% —4x> +4x* —4x? +4x | |4x° —2x* —2x% +4x 2x(2x -X —x+2) 2t -3 —x+2
4x* 4 443 2x3

a| (B0 || [ 3 pea] |(2:24)-20-2+2

24
Therefore, at x=2 |— = = =|=Z|=11.5
atx=2 [0 5]

2x° 2.23

a5 - (1)) || (o) )| ) o [0 30)-

© 241 )| (s2 +1)2 B (s2 +1)2
_ (2s3 +3s2 +2s+3)—(253 +652) _ 253 +35% + 25 +3 25 — 65> _ 352 +25+3
(s2+1) (s2+1) (s2+1)]

Therefore, at s=-1

d[s2+3s] 352 +25+3 [—3‘(—1)2}(2‘—1)+3 _[3=2+3]_[ 1
ds\ 5?41 (s2+1)] [(—12)+1]2 2 2

[z~(22+3)}—[(zz+32—5)-1}

2

dz

d(22+32-5 _ [2%(22+3Z—5):|—|:(22+3Z—5)%(Z):|
= z

z z z

222432-22-32+5 2245

22 z?

z 22 22

2,4 2 2
Therefore, at z=2 j(z 3z 5} =|E A3 =203 ==
¥4

Example 2.3-4: Given the functions below, find their derivatives at the specified value.

2 B . )
a. dy,givenythl at x=2 b. ﬂ,glven y=2 at u=4
X X3 du 1—u
C. ﬂ, given V=(x3+1)(3x2 +5) at x=5 d. ﬂ, given u = 3x at x=2
dx dx x—1 2
Solutions:
3d (2 5 N2 119 (.3 3 2 2
@) [af ez | sl )22 )] [P s 2ei)ed)
" ldx dx P (x3)2 %0
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Calculus I
dx
4 3 4 3 L2
_ 2x7+2x —(3x +6x7 —3x ) _2xt 4 2x% =3t - 6x3 4302 | [ —xt - 4a® 437
)C6 x6 )C6
d d{x*+2x-1 x4 43| |24 —4.234+3.22| [=36
Therefore, at x=2 |=|=|— = = =|— =-m
’ X dx dx x3 xé 26 64

dvi_|d u? )| _ [(l—u)%(uz)}—[uzé(l—u)} [(l—u)~2u]—[u2-—l] 2u—2u® +u? | _|—u®+2u
ANl —; o e

2 2 —(4)? +(2- -
Therefore, at u—4 % _ d(u J: 2+ 2u|_|—(4) +(2-4)| _[-16+8 ::

aul =) (o= || 0| [

1—u

C. = i[(f +1)(3x2 +5ﬂ = (3x2 + 5)%()63 +1)—i—(x3 +1)%(3x2 + 5) = (3x2 -1-5)'3162 +(x3 +1) -6x

dx
=9x* +15x2 +6x* + 6x| = [15x* +15x2 + 6x

2
dv d(x”"‘l] —[15x* 115:% + 6x|=[15-5* 11552 +6.5|=[9375+ 375+ 30| = [9780]

Thus, at x=5 a = E x?’

¢ &7 (x-1)* (x-1)* (x-1)*

du d{ 3x }_ [(x_l)zé(m}_{3’(%“_1)2} _ [(x—1)2'3}—[3x'2(x—1)] 3(x—12 —6x(x-1)

(x-1)°

3(x2—2x+1)—6x2+6x 3x2 —6x +3—6x2 +6x ~3x% +3
(x-1)* (x=1)° (x-1)*

Therefore, at x=2 |—|=|—
erefore, at x 0 0

du d[ 3x ] 43| _|322)es|_[12+3] [ o o)

B (x—1)* (x—1)* (2-1)* 1 1

Section 2.3 - Differentiation Rules Using the % Notation

1. Find i for the following functions:

dx
a. y=x5+3x2+1 b. y=3x2+5 C. y:x3——
X
2 2
1 2
d. y= al 3 €. y:4x2+— f. y:x3+ al
1-x x—1 x” +1
. 1
g. y:x3(x2+5x—2) h. y:xz(x+3)(x—1) 1. y=5x——3
x
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Calculus I 2.3 Differentiation Rules Using the di Notation
X

. x—1)(x+3 x—1 _
] yz—( )(2 ) k. yz){ 3 j L y=x?(x+3)"
X
m [ x x-3 0 T 1 o _ 1 2x-1
Y U - x—1 RIS
_ax2+bx+c q y_x3—2 Iy 5x
bx x*-3 (l-i-x)2

2. Find the derivative of the following functions:

a. i(3r2+51)= b. i(6x3+5x—2)= c. i(u3+2u2+5)=
dt dx du
2 3 2
d. dt”+2t| _ e d|s"+3s-1] _ £ d w3 _
de| 5 ds 52 dw I+w
d 2 2 _ d 2 _ . d u2 u _
=t =3)| = h., —|(x+1)lx" +5)| = . — - =
g dt[ ( )( )] dx [(x )(x )] du (l—u 1+u
id 3% —2r% +1) _ A S ) A A E g
’ dr r ’ dS S3+1 S2 ’ du 1_u uz
3. Find the derivative of the following functions at the specified value.
a. %(x3+3x2+1) at x=2 b. %_(x+1)(x2 —1)] at x=1 c %[?mz(s—l)] at s=0
2 3 2
d | o e, 4| at u=1 TN [ L ) PV
dr| t-1 du _(u+1)2 dw| 32
3 2
g. i[( 2+1)v3] at v=-2 h. | at x=0 1. a4 u| 2 at u=0
dv dx| 2 41 du 1-u
4. Given the functions below, find their derivatives at the specified value.
ds . 2 2 dy . 3 +3t2 +1
a. —,given s=(t"-1|+(3t+2)° at t=2 b. =, given y=——— atr=1
ar > BV (1) r+2) i BV YT Ty,
. 2 . 2
C. d—w,glven w:(x2+1) +3x at x=-1 d. Q,glven y:xz(x3+2x+1) +3x at x=0
dx dx
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Calculus I 2.4 The Chain Rule

2.4 The Chain Rule

The chain rule is used for finding the derivative of the composition of functions. In general, the
chain rule for two and three differentiable functions are defined in the following way:

a. The chain rule for two differentiable functions f(x) and g(x) is defined as:

(o2 (x) = L {rlelol} = 1 e(x)] &'(x)

dx
b. The chain rule for three differentiable functions f(x), g(x) and #(x)is defined as:

!

(rogen) (x) = “LUrtelnlolll = el Tt )

The derivative of four or higher differentiable functions using the chain rule involves addition of
additional link(s) to the chain. Note that the pattern in finding the derivative of higher order
functions is similar to obtaining the derivative of two or three functions, given that they are
differentiable.

One of the most common applications of the chain rule is in taking the derivative of functions
that are raised to a power. In general, the derivative of a function to the power of » is defined as:

d n n-1 d s
@ =AW ) = ] ()

which means, the derivative of a function raised to an exponent, [f '(x)]” , 1s equal to the exponent
times the function raised to the exponent reduced by one, »[f(x)]"", multiplied by the derivative
of the function, f(x) ,ie., n[f(x)] n-l f(x)

Note that the key in using the chain rule is that we always take the derivative of the functions by
working our way from outside toward inside. The following examples show in detail the use of

chain rule in differentiating different types of functions. Students are encouraged to spend
adequate time working these examples.

Example 2.4-1: Find the derivative of the following functions. (It is not necessary to simplify
the answer to its lowest level. The objective is to learn how to differentiate using the chain rule.)

a. f(x)=(3-5x)" b. f(x)=(1+x)° c. f()f)=(1+2xz)3

i f(’):(ljtzjs k. r(g):[%f 1. p(r):[rf:rrT

m. o) (i +22) nh@:[r3+gf o =[]
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Calculus I 2.4 The Chain Rule
x? 2x - 0 ! 30

P f(x):(T_?] a r(9)=(1+92j - f(t):[litzj

S f(x)={(x3+2x)2—x2}4 t. f(x):{(x_1+x_3)2+x}3 u f(x):(Z—x ])73

v. f<x>:'(1+2x2)3_x—2f w. f<x>:[(z_x—1)-3+2xar

Solutions_:

a. Given|f(x)=(3-5x) 7| then [f'(x)]=|-2(3-5x) 2" ~(0—5x1_1) =[-2(3-5x)3-(=5)|=[10(3-5x)

b. Given |f(x)=(1+x)’|then|/'(x)|= 6(1+x)6*1-(0+x1‘1)= 6 (1+x)°-1|=6(1+x)>

c. Given f(x):(1+2x2) then | /'(x)| = 3(1+2x2)3_1-(0+4x2_1)= 3(1+2x2) 4x|= 12x(1+2x2)2

d. Given f(x)=(x3—x5) then | f/'(x)|= 8(x3—x5)871 -(3x3*1_5x5’l) = 8(x3—x5)7(3x2—5x4)

e. Given f(x)=[xlz+xj3 = (x‘2+x)3 then | f'(x)|= 3(x—2 +x)3_1 ( 2x—2—1+1) = 3(x—2 +x)2(—2x‘3+1)

f. Given f(x)=(1+)lcj3 =|/(x)=(1+x""] | then | /"(x)] = 3(1+x_1)3_1 (O—x_l_l) = —3x_2(1+x_1)2a

g. Given f(x)=(x+x3) then | f/'(x)|= (fog)'(x) = 4(x+x3)3(1+3x2)

LG L VY ten <o ) o+ Let)]| [ 2 2

. Given f(x)—(szj en— (sz : (1+x2) _(1+x2].(1+x2)2

derivative of f(x). Hence, =

Hamilton Education Guides

= (1+x2) and then take the
-3 . —4x
212 (2] = (1+x2)
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Calculus I

2.4 The Chain Rule

1. Given

then =

2

ax+b

cx—d)]—[c-(ax+b)]

cx—d

|

JH-{[‘”(

(ex— d)2

|

ax+b (acx—ad)—(acx+bc) _ ax+b \| a¢x—ad — g¢x —be _ ax+b\| —ad —bc
z(dj{ fer—ay } 2(6% (cr—ay } Z(M—dJch_d)J
2(ax+b)(-ad —bc) _ ~2(ax+b)(ad +bc) _ —2(ax+b)(ad+bc)

(cx—d)(cx—d)2 (cx—d)l+2 (cx—d)3

3 LIPS 2)_n,.
J- Given f(t)=(l+1t2j then= 3[1+1t2] _[0 (l(:tz))zm 1]
|3 =2 | 3.2t | -6t | _| -6t
(1+72) (1+t2)2 (1+t2)2-(1+t2)2 (l+t2)2+2 (1+t2)4

3 3 -
A second method is to rewrite =I5 lzJ = {(th) 1} = (1+t2) > and then take the
+1
derivative of f(r). Hence, = —3(1+12)_3_1.(0+2z) = —3(1+t2)_42t = ( _6:)4
1+¢
L G o[ 2 3th -3 0> H. [2«9-(1+9)]—[1-e2] _|s 02 V[ 204207 62
- Given |r(0)=| 1 en 7 zo7 " iro7
[ 30 62+20|_| 30% (0% +20) | _|30% 0(0+2)| _[30* (0+2)| _ |30 (6+2)
1+6)7 (1+0)*| |[(1+6)*-(1+6) (1+6)**2 (1+6)* (1+(9)4
. "4 ’ ] P2ty - [(2r+1)(1+r)]—[lo(r2+r)]
1. Given p(r):( 1+rj then— 3( o J . (1)
_|3 P24 ? 2r+2r2 +14r—r2 —r _ 3|:r(l+#)}2 72 +2r+1 _|3,2 (I+l‘)2 —[3,2.1| = |32
(1+7) (1+7)? W) 1| (140)2 (1+#)
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A simpler way is to note that =

r(1+7)

r(l+7)

;

|

(1+7)

(1+r)

i

=then=

m. Given g(u)=(u3+3u2) then |g'(u)|= 3(u3+3uz)3_1 -[3u2+(3-2)u: = 3(u3+3u2)2(3u2+6u)
. 3 2 3 - a2l (a3 o
n. Given h(t)=[t4t_1+t2J then ['(1)| = 2(t:_l+tzj {[(t ) Etj_[lt)z( ! )]+2t
3 36 342 _ 446 /3 _ 6 _342
= 2[t4t—1+ 2}{ t (t4z_l) t +2;} = 2[t4—1+t2J[(t4_1)2 +2t]
0. Given s(t):[(l+t3)_]:|3 :(l+t3)_ then= —3(1+t3)7371~(0+3t2) = —3(l+t3)_4-3t2
_ 4| 92
=9 (1+7) | = (1+t3)4
Gi _[#? 2x71h (2 ) T2 2| (2 a2 2
p. Given ()= S5 | [then[700] = 55| (53] =55 (555
. 0 ! ___ o Y 1-(1+92)—29~9 ~ 0 V2| 1402202
q. Given r(9)=[1+gzj then— —(ng] { (1+92)2 = _£1+92j (1+92)2
_ _( 0 J‘z_ 1-6% | _ _[1+92]2_ 1-0% |_ _(1“92)2. 1-6% |_| 1-6%|_|6*-1
1+62 (1+6%) 0 (1+.92)2 0’ (1+¢92)2 02 e
. A |2 4-1 3t2-(1+t2)—2t~t3 e 3 32 434 g
ol {5 [ e
4 st | a0 2347 _ 4t9+2(3+t2) _ 4'l(3+7)
(1) ()| |e2) ()| | (e2)7 | | (2]
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Calculus I 2.4 The Chain Rule

s. Given f(x):{(x3 +2x)2 —xZT then - 4[(x3 +2x)2 —xzr_l {2(;& +2x)2_1 ~(3x2 +2)}—2x}
= 4|:(x3 +2x)2 —x2]3 -{[2(x3 +2x)(3x2 +2)]— 2x}

t. Given f(x)={(xl +x*3)2 +x}3 then = 3[(x_1 +x_3)2 +X}3_1{{2(x‘1 +x—3)2‘1(_x—2 gt )}rl}

= 3[(x‘1 +x_3)2 +x} i {[Z(x_l +x_3) (—x‘2 —3x_4)]+1}

u. Given f(x):(Z—x_l)_3 then= —3(2_x—1)_3_1.(0+x—2) - _3(2_x—1)—4x_2 _ —3x_ i

3
x2(2— x_1)4

N

. 3 . i AL b 2)3! -2-1
v. Given f(x){(nzxz) —x 2} then | /'(x)|=|5 (1+2x ) -x } -|:3(1+2x ) x4+ 2x }

= 5|:(1+2x2)3 —x_2:| 4[12x(1+2x2)2 +2x_3i|

w. Given f(x)={(2—xl)_3+2x3} then | /'(x)|= —{(2—x‘1f3+2x3}11{—3(2_{1}3‘1.{%6%}

= —{(2 —x7! )_3 +2x3 r [—3x_2 (2- x_l)_4 + 6x2}

Example 2.4-2: Find the derivative at x=0, x=-1, and x =1 in example 2.4-1 for problems a - g.

Solutions:

a. Given f'(x) = 10(3-5x)", then

10[3-(5-0)]°| = 10[3-0] ®|=|1033| = 10-3i3 = % —[037

J'(0)|=
(7)) = 10[3-(5--1)] | =103+ | = [10.87| = 10 1| = | 12| = [0.019]

g3 [512
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Calculus 1 2.4 The Chain Rule
rml=l0[3-(5-0]7|=[10[3-5] | = 10- (-2 |= 10-j = % = —% =
b. Given f'(x) = 6(1+x), then
1'(0)]=[6(1+0)’| =|6-1°|=[6:1] = [6]
7'(-1]={6(1-1’| =[6:0°|=[6-0] = [0]
7] =|6(1+1y|=|6-2°|=[6-32]=[192]
c. Given f'(x) = 12x(1+2x2)2,then
1'(0)]= (12.0)[1+(2-02)]2 —lo-(1+0)%|=|0-12|=[0-1]=[0]
f(-nl= (12-—1)[1+2-(—1)2]2 =|-12(1+2)%| =|-12:3%| = [-12.9] = [-108]
f)]= (12-1)[1+(2-12)]2 =[12(1+2)*|=|12:3%| = [12:9] = [108]

d. Given f’(x) = 8(x3 —x5)7(3x2 —5x4), then

J'()

f. Given f'(x) = —?a)c_2(1+x_l)2 = -

~f02)-Fo2F

= 8(03—05)7[3.02—5-04] =|m=]m|=@
)| = 8[(—1)3—(—1)5]7[3-(—1)2—5-(—1)4] =|8[-1+1]7[3-1-5-1]
= 8(13—15)7[3~12—5-14] =18(1-1)7(3-1-5-1)|=(8-07 (3-5)

-E02-[

1) , then

£'(0) is undefined due to division by zero.

=13.02.3|=
o]

Hamilton Education Guides

3(1+1)2 (-

=3-22.—1|=[3-4—1|=[-12]

2+1)

3(1+

2
_1)2 3(1+]
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2
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Calculus I 2.4 The Chain Rule

f(0)=1- 020 =|- 0 f’(O) is undefined due to division by zero.
3(1 1j2
T 2
gy e S B B
3[1 ljz
+o
oy | [ [ (3

g. Given f'(x) = 4(x+x3)3(1+3x2),then

3
4(0+03) (1+3-02) =[4-0%-1]=[4-0-1]=]0]

~
—~
(e}
SN—
I

f1(-n|= 4[—1+(—1)3]3[1+3-(—1)2] =|4-(-1-1)° -(143)|=|4-(-2)° -4|=|4-(-8)-4| = [-128]

: 4(1+13)3(1+3-12) =|4-(1+1)°-(1+3)| =[4-23-4|=[4-83-4] = [128]

Example 2.4-3: Use the chain rule to differentiate the following functions. Do not simplify the
answer to its lowest term.

a. %(x2+3)5 - b. %:(x2+5)3+1} = C. %[(u2+1)3(u+5):| =

44 (t2+3)5 _ . d_(e +2e>)3 . - 2( +3)4}

. E 1 d_H (49-1—1)2 dar| r

g iu{(u2+4)6(u3—1)} = h. di{ £ 421 +1 t +t+1)3} i j_x xl_-‘:zx 8 =
i(ﬁzjz _ . i[ (2x+3) ] Lol ]
dx\x—-2 d dx_x3+2x_

o i(szr 1 ]4= n, i{bc +1 x +1 }
dx x7+5 d.

Solutions:

a. %(x2+3)5 = 5(x2+3)5 - Zc(x +3) - 5(x2+3)4-2x = 10x(x2+3)4

b. j—x[(x2+5)3+1}4 = 4[(x2 +5)3 +1} 41%[(#%)3 +1} = 4{()62-1—5)3+1}3~{3(x2+5)3_1%(x2+5)+0}

Hamilton Education Guides 88



Calculus I

2.4 The Chain Rule

4[(# +5)3 +1} ’ -[3(# +5)2 ~2x}

24x |:(x2 +5)3 +1} 3(x2 +5)2

(u+5)i u2+13 + u2+13i(u+5)
(R e N (R )

{(u+5)-[3 (u2 +1)2 -2u}+(u2 +1)3

d

et

(e el

(e-1)’

[(t—l)ﬁ(tz +3)4 -2:}—(# +3)5

10¢(-1)(#2 +3)4 -(# +3)5

(e-1)?

(1-1)*

d

(6’3 + 29)3
do (0+ 1)2

04124 (6° +26) || (6% +26) L (0+1)
(07 Ggl0"+20) || (020 o7

d

I-E(.ﬁ +29)}

{(9+1)2-3(93+29)3_

(0+1)*

(6’+1)4

{(93 +20) -2(0+1)" ~af19(¢9+1)}

{(9+1)2 3(6° +26r)2 (362 2)}{(93 +20) -2(0+ 1)'1}
4

3

(0+1)*

(6+1)

[3(9+1)2(93 +29)2(3e2 +2)}—[2 (03 +29)3(9+1)}

(6+1)*

{(ﬂ”)“;rﬂ{ﬂjr(rm)“}

e e e ]

2r(r2 +3)4 + 8r3(r2 +3)

3

2r(r? +3)3 [(rz +3)+4r2}

{(zﬁ —1)-6(u2 +4)6_1 '%(uz +4)}

|:12u(u3 —l)(u2 +4)5}+|:3u2 (u2 +4)6}
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= 3u(u2+4)5[4(u3—1)+u(u2+4)]
h. % (t3+2t2+1)(t2+t+1)3} = |:(t2+t+l)3%(1‘3+2t2+1)}+|:(t3+2t2+1)%(t2+t+1)3}

[
=‘:t +t+l 3t +4t} {(t +2t2+1)~3(t2+t+1)3_] '%(t2+t+1)} = {(t2+t+1)3'(3t2+4tﬂ
v

202 +1 t +t+l (2t+l)} = (t2+t+1)2{[t(t2+t+1)(3t+4)]+[3(t3+2t2+1)(2t+1)]}

. d [ +3x ’ x3 +3x . d [ x> +3x x> +3x ! [(l—xz);;(f-i-?)x)}—{(ﬁ+3x);i(1—x2ﬂ
B ey R

1-x

1-x

- 8[,; +3x] 7 | _(l—x2)~(3x2 z)]i()f +3x)~(—2x)] s{x3 +32x] 7 . [(l—xz)(3x2(:-_31]:-)[22x2(x2 +3)_

i(x+2j2 _ 2(”2}2 ! d(x+2j _ 2[“2)_[(x‘Z)ZC(X+2)}—[(X+2);C()C—2)}

dx\x-2 x=2 dx\x-2 x-2 (x—2)2

_ 2(x+2j‘[(x—2).1]—[(x+2)-1} _ 2()”2)')6;2_)6_2 _ 2(x+2j'( —4 | | 8(x+2)

x—2 (x-2)° x=2)  (x-2) x=2) (x—2) (x—2)3
o d
ar (2x+9)° . [(1+x)2%(2x+5)} [(2x+5) x“”ﬂ . {(1+x)2-3(2x+5)31dx(2x+5)}
| (1+x)2 (1+x)4 (1+x)*

{(2x+5) (1”)21;;(1”)} [(1+x)2-3(2x+5)2-2]—[(2x+5)3-2(1+x)-1] [6(1+x>2(2x+5)2]

(1+x)° (142)° - (142)°

(2 (2045) (1) 21+2) 2 +5)2 Bl +x)-(x+5)]|_[20x+52G+3x-20-5)] _|2(2x+5) (x—2)
(14x)* (14x)*3 (1+x) (1+x)°

i[(l—x)zi B [(x3+2x)%(1—x)2}—[(1ﬁ)2%(x3+2x)} :(x3+2x).2(1 x)! a‘é( x)}

(x3 + 2x)2 (x3 + Zx)2
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[2(x3+2x)(1—x)-—1]—[2(1—x)2(3x2+2)] [=2(x +2x)(1-x) | (1-x)" (3 +2)|

(«*+ 2x)2 (x4 24) (x3+ 2x)2

d RN 1 Y g 1 1Y [d d( 1
m. —(x2+ J = 4(}C2+ 3 ] -(xz-}— 3 ] = 4 x2+ .|:(x2)+( 3 j:|
dx x> +5 x°+5 dx x°+5 V45 dx dx\ x° +5

e ) = o e e oo

= {(x2+1)4~3(2x3+1)31-:;C(2x3+1)}+{(2x3+1)3-4(x2+1)4I-ZC( 2+1)} = |:(x2 +1)4 -3(2x3 +1)2 -6x2}

+ l:(2x3 +1)3 4(x7 +1)3 .2x} = {ISxZ(xz+1)4(2x3+1)2}+{8x(2x3+1)3(x2+1)3}

In some instances students are asked to find the derivative of a function y, where y is a function

of u and u is a function of x. We can solve this class of problems using one of two methods.

The first method, and perhaps the easiest one, is performed by substituting » into the y equation
and taking the derivative of y with respect to x. The second method is to find the derivative of

y by using the equation Z—y = Z—y% This method is most often used in calculus books and can
X u X

be time consuming. For example, let’s find the derivative of the function y=u?+1 where u=x+1
using each of these methods.

First Method: Given the function y=u? +1 where u=x+1, substitute » with x+1 in the function

y and simplify, i.e., y = u? +1 = (x+1)*> +1 = x2 +2x+1+1 = x?> +2x+2. Next, take the derivative

of y with respect to x, i.e., Z—y = Q(xz +2x+2) =2x2 T pox 0 = 2x 42,

x dx
Second Method: Given the function y=u?+1 where u=x+1, find & and @, ie., P -
du dx du
2240 = 24 and ™ = 10 = 0 = |. Next, substitute D and ™ in the equation
dx du dx

D _dy du o find the derivative ﬂ, ie., D= gt = 2u. Substituting u =x+1 in place of u we
dx du dx dx dx

obtain % =2u = 2(x+1) = 2x+2.

X
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The second method is generally beyond the scope of this book, therefore the first method is used

in order to solve this class of problems.

Examples 2.4-4 and 2.4-5 below provide additional

examples as to how these types of problems are solved.

Example 2.4-4: Find ? given:
X

and u=3x+1

a y= b. y=u?+2u+1 and u=3x+2
1+u
C. y= uz and u=5x+1 d. y:u2+1 and u= x;_l
1+u x° -1
1+u 2 3 P -1
€. y= and u=x"+1 f. y=u’+1 and u:(x +1)
u
Solutions:
a. Given y= and u=3x+1, then y= ! = and
+u 1+(3x+1)  3x+2
d d
: [(3x+2)a(1)}—{1-a(3x+2)} (o3 |3
dx (3x+2) GBx+27| | (3x+2)
b. Given y:u2+2u+1 and u=3x+2, then y:(3x+2)2+2(3x+2)+1 = (3x+2)2+6x+5 and
dy|_|d 2 d d .| _ 2-1 d _ _
= [ B 2) b 25| = 2(3x+2) T (B +2) +6+0 =[2(3x+2)-3+6]=18(x+1)|
. Sx+1
c. Given y=—" 5 and u=5x+1, then y:(x—)2 and
l+u 1+(5x+1)
[1+(5x+1)2}i(5x+1) - (5x+1)~i[1+(5x+1)2J il 2] s
: e e _ 1+(5x+1)% |5 j=[(5x+1)-2(5x+1)-5]
) 2
dx [1+(5x+1)2 [1+(5x+1)2]
_ 5[1+(5x+1)2]—[10(5x+1)2] _|5+5(5x+1)2 —10(5x+1)* | _| 5-5(x+1)°
2 2 2
[1+(5x+1)2] [1+(5x+l)2] [1+(5x+1)2]
+1 +1 :
d. Given y=u?+1and u=-—-"— then y:(x2 ) +1 and
x° -1 x° -1

x+1 d( x+1 x+1

x+l)}—[(x+l)~%(x2 —1)}

dy 2-1
{ [xz—lj dx[xz—lﬂw [xz—l

].[(xz—l);'i<

(1]

x+1

2 —1-2x2 - 2x x+1 ¥ +2x+1

j[(x2—1)-1}—[(x+1)~2x]

(1) 2[ j

xr -1

2( j._

x -1

o -

Hamilton Education Guides

92



Calculus I 2.4 The Chain Rule

HINETS C(xtD) | > (x+D)(x+1) | _ ., (1) ||, x#1Y
i N N e
1+(x2 +31) _ szr23
(x2+l) (x2+1)
: {(xz+1)3.gc(x2+2)}_{(x2+2).gc(xmﬂ i {(xmf.sz(x2+z).3(x2+1)25x(x2+1)}

(1) (1)

. 1+
e. Given y=—3u and u=x?+1, then y=
u

i) [ ()3 2] el ] [ o+ 2) 1)

(+? +1)6 (+? +1)6

3
. -1 -1 3
f. Given y=u’+1 and u:(x2+l) , then y:{(xz-'rl) } +1= (x2+1) +1

31 g —4 —4
LA |:—3(x2+l) -(x2+1)}0 =|-3(27+1) 2x|=|-6x (27 41) == bx
dx dx (x2+1)
Example 2.4-5: Find »’' given that:
3 2 3u’ 2
a. y=3uw -1 and u=x"+1 b. y= and u=x
1+u
1 _
C. y=u+ and u=x%+3 d. y=1 Su and u=1-x
u-—1 u
u 1 4
€ y=— and u=2x-1 f. y=u+— and u:(2x—1)
u” +1 4
2u 4 I+x
g y= 3 and u=x+2 h. y=u"-1and u=
(u—l) 1-x
Solutions:
. 3
a. Given y=3u’-1 and u=x?+1, then y:3(x2+1) -1 and
3-1 2 2
V]= 3~3(x2+1) 2x-0]= 9(x2+1) 2x|= [18x(x% +1)
2 4
b. Given y= 3 and u=x2, then y= 3 and
1+u 1+x2
41 3 2 5 3 2
_ [3 -4x } 2x 3x _ 12x (1+x )—6x _ 1223 4+ 6x° _ 6x (2+x )
2 2 2 2
(1+ ) (1+x2) (1+x2) (1+x2)
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Calculus I

2.4 The Chain Rule

. +1
c. Given y= u
"

== and
x2+3)—1 x°+2

2
(x +3)+1 2
and u:x2+3,theny=( X+

- Lot (2 o) ot (2 )] | {[2e( 2 2) ool +a)] | v o a] [
(x2 +2)2 (x2 +2)2 (x2 +2)2 (x2 +2)2
. 1-5 1-5(1- 1-5+5 Sx—4
d. Given y= uzu and u=1-x, then y= (1_()6);) = (1_::)2" = (1ix)2
- [5~(...l—x)2]—[2(1—x)2_1~—1-(5x—4)] _ 5(1-x)* ~[2(1-x)(5x-4)] _5(1-x)* +2(1-x) (5x-4)
(1-x)* (1-x)° (1-x)*
_|5(P 204 1)+ 2(Sx-4-57 +4x) | [52 10x 15 1027 +18x-8] |-5x2+8x—3
(1-x)° (1-x)° (1-x*
e. Given y= 2u and u=2x-1, then y:zx—_z1 and
u”+1 (2x-1)" +1

2-[(2x—1)2 +1}—[2(2x—1)2_1 -2-(2x—1)}
[(2x—1)2 Jrl}2

2.0 (2x =12 +1|-[4(2x-1)-(2x 1
|2 @ o1 -[42x 1) (25 1)

1P 1]
R

_|202x-1) +2-4(2x-1)7 | _| 2-2(2x-1)° 2[1—(2x-1)2] —2[(2x—1)2—1]
[(zx—1)2 +1]2 [(2x—1)2 +1}2 [2e-1p 1f [(2x—1)2 +1 ]2

Given y=u+- and u=(2v-1)", then y=(2x-1)" + and

] =[4x-1*"" 2+ 0[= |42x-1 2| = 8(2x—1)°

2 2
g. Given y= 2u (x+2)

2x+4
5 and u=x+2,then y= = X7
u—l)

(x+2-1)7  (x+1)?

- [2~(x+1)2]—[2(x+1)2_1~(2x+4)]

_ |21 —2(x)(2x+4) | (2 +2041)-2(267 +6x+4)
(x+1)* (x+1)* (x+1)*
_|2x?rax+2-4x2 120 -8 | _ |26 —8x—6| _ —2(x2+4x+3)
(x+1)* (x+1)* (x+1)*
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Calculus I 2.4 The Chain Rule

4
h. Given y=u*-1 and u:H—x,then yz(i) —1 and
X

- X

- 4(1+xj41.[1-(1—x)]—[—1'(1+x)] ol 4(1+x)3_(1—x)+(1+x) _ 4(l+xj3.(1 >

1-x (l—x)2

:4[0”)3. 2 }_ 80+ |_[8(1+x)’

(-2 | | (1-x)

Section 2.4 Practice Problems - The Chain Rule

1. Find the derivative of the following functions. Do not simplify the answer to its lowest term.

3 -2 5
a. y:(x2+2) b. y:(x2+1) C. y:(xS—l)
2 2 4
1 1 I+x
d. y=[1——j €. y:2)c3 +— f. y=
x2 3x2 r3
x+1) [ 3 ) ¥ -1
g. yzxz( 3 ] h. y:_x(x+1)2+2x] 1. y=(§—2x3j
3
: 3,221 £ -2\
J. y=\x"+3x"+1 k. y= 5 l. y=\1+x
1+t
(x+1)72 1Y 2,
m. y= 3 n y= 3 +— 0. y= 3 -X
X 1-x X x> +2

2. Find the derivative of the following functions at x=0, x=1, and x=-1.

3.4)° 3,22 ) x )

a. y:(x +1) b. y:(x +3x —1) C. y:[ j
x+1

2 3 2 3

d. y=x(x2+l) e. y=x3+2(x2+l) f. y= al 3
I+x

5 3 2

3 .
g. y:[ 2x j h. y=(x2+1) Lz 1. y= S Y

x“+1 X x—1

3. Use the chain rule to differentiate the following functions.

a i{&} _ b, | la2et) | il(zmr] _

C.
dt| 42 du| 3, dx (1—x)2
2 2 3
2 = -1
d. i[(xs—l) (2x+1)3} = e. 4 53 - ! = f. 4 =
dx ds 5246 dt| 4?41
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Calculus I 2.4 The Chain Rule

d 30102 alo2is | d r7
o dleaf(L)]- wd[esT a0
du u+1 do (9_1)3 dr (r2+2r)3

4. Given the following y functions in terms of « find y'.

a. y:2u2—1 and u=x-1 b. y= “ and u=x C. y:L2 and u=x?+1
u-—1 1+u
2 1 4 4 1 u?

d. y=u"-—and y=x e. y=u"and u= 3 f. y= 3 and u=x-1
2 I-x (u+1)
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Calculus I 2.5 Implicit Differentiation

2.5 Implicit Differentiation

In many instances an equation is explicitly represented in the form where y is the only term in
the left-hand side of the equation. In these instances y’ is obtained by applying the
differentiation rules to the right hand side of the equation. However, for cases where y is not
explicitly given, we must either first solve for y (if y can be factored) and then differentiate or
use the implicit differentiation method. For example, to differentiate the equation x y=x? +y we
can either solve for y by bringing the y terms to one side of the equation and then differentiate
as follows:

e 2] 2] x
xy=x"+y;|xy-y=x{;|y(x-1)=x"|;|y=

therefore, y' is equal to:

[2x2—1 -(x—l)]— [l-xz] [2x(x-1)]-x> 2x2 — 2y x> 2 _2x

R = I = e

or, we can use the implicit differentiation method as shown below.

xy:x2+y ; (1-y+y'-x)=2x2_1+y’ ;

y+yx=2x+y'[;|yx—y =2x-y|;|y(x-1)=2x-y|; |y’ =

9

2
Substituting y = x—l into the y’ equation we obtain:
Y-

e x2 2)6()6—1)—)62 2)6()6—1)—x2

T_|2x-y|_ —-1|_ -1 _ -
)= P N T =

[2x(x—1)—x2]~1 2 _2x

G000 | |(em1)?

Ll L
|
|

‘

Note that the key in using the implicit differentiation method is that the chain rule must be
applied each time we come across a term with y in it. Following are additional examples

showing the two methods of differentiation when y is not explicitly given:

Example 2.5-1: Given xy+x=y+3, find y’.
Solution:

First Method: Let’s solve for y by bringing the y terms to the left-hand side of the equation,

i.e.,m; y(x—1)=—-x+3|; y:—x+13
_

We can now solve for y’ using the differentiation rule for division.

[—1~(x—1)]—[1-(—x+3)] —x+1+x-3 -2

: (x—l)2 - (x—1)2 B (x—l)2

Second Method: Use the implicit differentiation method to solve for y’, i.e., given

then

L y+1
1-x

(1-y+y'-x)+1:y'+0 y'(l—x):y+l

Jly+l=y'=yx |y

3
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Calculus I 2.5 Implicit Differentiation

Substituting y =— 3 into the y' equation we obtain:

—x+3 | [=+31 (Cxe3) 1l e-0) | 3T T2 2
- A2l I ST N TR (x=1)-1 et x| xmd
1-x 1-x 1-x 1-x 1-x l1-x 1-x
1
21 2 2 -2

) o e I T [ Y

Example 2.5-2: Given x?y+5=y+2x, find »'.

Solution:
First Method: Let’s solve for y by bringing the y terms to the left-hand side of the equation,

_2x-5
x2 -1

ie., |x2y—y=2x-5|; y(xz—l):Zx—S Dy

We can now solve for y’ using the differentiation rule for division.

[2~(x2 —1)]— [2x2_1 -(2x—5)] 2x2 —2—4x2 +10x| |-2x7 +10x-2
- 2 - B z
21 (+-1)

2
(xz—l) x -1

Second Method: Use the implicit differentiation method to solve for y’, i.e., given

x2y+5:y+2x then, (2x~y+y'~x2)+0:y'—i—2x171 ; 2)cy+y’x2 =y'+2]; y’x2 —-y'=2-2xy

_2-2xy

x2 -1

; y’(x2—1)=2x—2xy S

Substituting y = into the y' equation we obtain:

2
2
2 2(x? —1)—(4x> —10x 2 2
2x-5 4x° —10x 2x° =2—-4x° +10x
2-2x- = 2-—— : :
: 2-2xp | _ x“—1|_ x“ =1 |_ x° -1 _ x° -1
x2 -1 x2 -1 x2 -1 2 -1 x2 -1

2x2+10x-2| |-2x%+10x-2 ;
xz—l 3 xz—l 3 (—Zx +10x—2)'1 _2x2+10x_2

X1 ¥l (2 —1)-(x2 —1) (+* —1)2

1

In the previous examples, to find y’ we could either first solve for y and then differentiate or use
the implicit differentiation rule. However, sometimes we can not simply solve for y by bringing
the y terms to the left-hand side of the equation. In these instances, as is shown in the following
examples, we can only use implicit differentiation in order to differentiate y.
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2.5 Implicit Differentiation

Calculus I
. d
Example 2.5-3: Given x2)2 +y=3y> -1, find y'= 2.
X
Solution:
d d -1 ' — ' . ' ' [
—(x2y2+y):—(3y3—1) ; (2x~y2+2y2 1y ~x2)+y =(3~3)y3 1~y -0/; 2xy2+2yyx2+y =9y“y
dx dx

2xy2
2x%yy'=9y2y 4y =225 |y (2x2y =9y +1) =202 |5 |V = —
vy =97y 4y =207 |y 227y -9y +1) =207 |5 |y 22y 937 1

o .

Example 2.5-4: Given xy+xy% +y°> =10x, find ;i_y in terms of x and .
X

Solution:

d 22, 3\_4d . ' 2,52 '
a(xy+x ye+y )—a(IOX) : (y+xy)+(2xy +2x yy)+3y y'=10

,=—2xy2—y+10

Xy +42x%y Y +3y%y = 2x y? =y 4105 | V' (x++2x2y+3y? | = —2x )% — y+10] ;
y yy'+3y°y Y-y ,y(x X%y y) SRR El Sy ey

o .

Example 2.5-5: Given 3x3y3 +2y% = y+1, find Z—y in terms of x and y.
X

Solution:

i(3Jc3y$+2yz)=i(y+l) ; 3(3x2y3+3y2y'x3)+(4yy'):y'+0 ; 9213 +9x3)% Yy 44y =y
X dx

2.3
932y +dyy —y =92 |y (95 e ay-1) =023 s |y = - oy
Ix "y +4y—1

r—

Example 2.5-6: Given xy+x>y> =5, find Z—y in terms of x and .
X

Solution:

%(xy+x3y3):%(5) ; (1-y+y'-x)+(3x2-y3+3y2y’-x3):0 Jly+xy #3327 43532y =0

; - } , 3x2 3+
xy' 4302y = =320y || (v 3607 ) = =368 -y | |y S
x+3x7y

o .

. dy .
Example 2.5-7: Given 3xy+y=(x2 +y2), find d_y in terms of x and y.
X
Solution:
%(3xy+y):%(x2+y2) ; 3(1-y+y'-x)+y':2x+2yy' 13y +3xy'+y'=2x+2yy

. 2x -3y
Y T 3xs2p 1

V' (3x+1-2y)=2x-3y

b

3xy'+y'=2yy'=2x-3y

b

99
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Calculus I 2.5 Implicit Differentiation

Example 2.5-8: Given l-i-%: 10x , find j_y in terms of x and y.
X y X
Solution:

i(1+L2}:i(10x) ; i(x_l+y_2):i(10x) S—x2=2y73y =105 |2y 73y =x2 410

dx | x y dx dx dx
1o 1+10x2 S 5 -
, X72+10 . ’ x2 . ' xz . ’ y (1+10x ) . r_ y 1 +10
5| =—_3 5|V = P y |V = 2 s |V = 2 |V T 72
-2y 4 —< —2x X
3 3
Yy y

Example 2.5-9: Given xy? +yx? =x2, find % in terms of x and y.
X

Solution:
i(xyz+yxz):i(x2) R (1-y2+2yy'-x)+(y'-x2+2x-y):2x R y2+2xyy'+x2y'+2xy=2x
dx dx
2
,_ =y =2xy+2
R 2xyy’+x2y'=—y2—2xy+2x ; y'(x2+2xy)=—y2—2xy+2x sy =W
x“+2xy

2
Example 2.5-10: Given y3 +x’y=y, find Z—y in terms of x and y.
X

Solution:
d( 2 d 2 2 7 -1
—|y3 Xy |=—()); |53 -y’+(3x2-y+y'-x3)=y' =y 3y 3lyexty =y
dx dx 3 3
2 3 3 2 2 3.3 2 ~3x2y
ed V' HxTy =y =32y sy 37 T4xt =1 =3x"y |5 y'=21—
Sy 3exda
3.V
. N dy .
Example 2.5-11: Given xy+y? = »8, find “ in terms of x and y.
X
Solution:
d Z_d é . ' r_l é_l . ' r_l _%r
a(xyw )—dx[y S|LA2)+ (0 x) ]+ 200 =gVt Yy e2yyi=gy By
, e : 1 -3 , ¥
R T F y(x+2y—8y 8]=—y e
x+2y-gp 8

Example 2.5-12: Given xy? +y=x2+3, find Y in terms of x and y.
X

Solution:

%(xy2+y)=%(x2+3) ; [(l'y2)+(2yy'~x)]+y'=2x+0 R y2+2xyy'+y'=2x R 2xyy’+y'=2x—y2
' ' 2x— 2

; y(2xy+1):2x—y2 sy = ny-i.-yl
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Calculus I 2.5 Implicit Differentiation

Example 2.5-13: Given x*y3 +? =x+4, find j_y in terms of x and y.
X

Solution:

i(x4y3-|-y2):i(x+4) ; [(4)63~y3)+(3y2y’~x4ﬂ+2yy':1+0 ; 4x3y3+3x4y2y'+2yy':1
dx dx

_ 1—4x3y3
3x4y2+2y

o .

3x42y 42y =1-4xy3|; y'(3x4y2+2y)=1—4x3y3 '

Example 2.5-14: Given »®+x%)°+x% =5, find j_y in terms of x and y.
X

Solution:

i(y(’+x3y5+x2):i(5) ; 6y5y'+{(3x2-y5)+(5y4y'-x3ﬂ+2x:0 1637y +3x%)° + 553y +2x =0
dx dx

es a3 4 2.5 Aorfe5 23,4 2.5 o 3ty +ax

5 6yy+5xyy:—3xy —-2x N y(6y +5)Cy )=—3xy —2x N y__m

Section 2.5 Practice Problems - Implicit Differentiation I

Use implicit differentiation method to solve the following functions.

a. x2y+x=y b. xy—3x2+y=0 C. xzyz+y=3y3
d. xy+y3=5x c. 4x4y4+2y2=y—1 f. xy+x2y2—10=0
g. xyz+y=x2 h. xy3+x3y=x 1. y%+x2y=x

J- x2y+y2=y% k. x+y2=x2—3 L. x4y2+y=—3

m. y7 —x2y4—x=8 n. (x+3)2=y2—x 0. 3x2y5+y2=—x
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Calculus I 2.6 The Derivative of Functions with Fractional Exponents

2.6 The Derivative of Functions with Fractional Exponents

The derivative of a function f(x) with fractional exponent is obtained by applying the chain rule
in the following way:

AL = 4L )

a

For example, the derivative of f(x)= xb is equal to

a a a a a-b
d 3 _a ;7' d a 77V a 71 _a
Lr =4 : 1=4 4
dx b dx b b b
Note that the steps in finding the derivative of a function with fractional exponent is similar to
finding the derivative of a function that is raised to a power as discussed in Section 2.4. The

following examples illustrate how to obtain the derivative of exponential functions:

Example 2.6-1: Find the derivative for the following exponential expressions.

2 1 1
a. y=x3 b. y:(3x2)3 C. y:(3x3+2x)4
2 3 2
d. y=(3x2+6x)5 e. y=(2x+1)Z f. y=(3x2+8)7
1 3 2 | 1
g y:(x2)3+(2x+1)5 h y=x(x2+l)3 1 y=(x+l)§(x2+3)3
2 3 1
2 1
(1) (x+3)" S
Jooy= k. y=— L oy= 5
X X3 (x+1)§
m. y=(x+1)-L1
7
Solutions:
2 2 2_1 2-3 1
. 2 2 = 2 2 2 222 5|2 1 2 1 2
a. leen =x3 then = _x3 = _x3 1.1 =|Zx 3 =|—=x 3 =12. " =12 __ |=|——
Y 3 3 3 3 3 x% 3 x| [3¥x

Note that the answer does not necessarily need to be in radical form. We can simply stop
1 .
when y' = %x 3. However, for review purposes only, the answer to some of the problems are

shown in radical form (see Sections 1.1 and 1.2 from Mastering Algebra — Advanced Level to
review the subjects of exponents and radicals).

1 1, 11 13 2
b. Given y=(3x2)3 then= %(3x2)3 -6x|= gx(3x2)3 l= 2x(3x2) 3= 2x(3x2) 3=]2x !
3x2

| —
N—

W

1 1 2% 2

Y(52)7 | 3ot [x30x] (30«
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Calculus I 2.6 The Derivative of Functions with Fractional Exponents

1 1 1_1
) 1 11
c. Given y=(3x3 +2x)4 then ' = i(3x3 +2x)4 (9x2+2) = %(3x3 +2x) 4 1(9x2+2)

1-4 2 2
e Bl 2
— (30 20) (002 2) | =130 2] F0x2 4 | = | 2T H2 o] O H
4(3x +2x)4 4y13x7 +2x

d. Given y:(3x2 +6x)i then= %(3x2 +6x)%71(6x+6) = %(3# +6x)%%(x+1) = %(3x2+6x)25_5(x+1)

_3
= %(3x2+6x) 5(x+1) = %()H—l)—l = 2 X+l = 12(x+1)

3 5 3 3
(3x2 +6x)5 %/(3x2 +6x) 5 %/(3x2 +6x)

3-4
e. Given y=(2x+1)% then= %(2x+1)%‘1.2 = g(2x+1)%‘% = %(2x+1)7 = %(2x+1)‘i
2 (2x+1)% 2 ox+1| |282x+1
: 2 2 2 12x 2.1 l12x =z
f. Given y:(3x2+8)7 then= 7(3x2+8)7 6x|= T(3x2+8)7 = T(3x2+8) 7
7 2 5 7 2 5 7 2 5
(3x +8)7 (3x +8) 7 (3x +8)
. ) 3 2 3 2. 3, 2 21 ¢ 3.1
g. Given y=(x )3 +(2x+1)5 =x3 +(2x+1)5|then |y'|=|=x3  +Z(2x+1)57" 2= gx3 1+§(2x+1)5 I
2-3 _ 1
=245 +E(2x+1)3?5 =27 +—(2x+1)75|= EL}+é ! ~|= 32 6
3 > 3 3505 er)E| 3V syaxer)?

i. Given y:(x+l)%(x2 +3)% then = {%(x+l);_l -l'(x2 +3);:|+{§(x2 +3»')%_1 '2x-(x+1)é}
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2.6 The Derivative of Functions with Fractional Exponents

1 (2.5 1 2x 1 1
[E(x +3) ( }+ 3 -(x+1)2-(—

w[N

et s [ 2l

-(x+1);}

1
2 3 1
I e
1 2
2(x+1)2 3(x2+3)g 24/x+1 3%/(x2+3)2

1 l( 2+1);_1,2x}.x}_|:1,(x2+1);:| 252 5 1
) . (xz+1)2 B {{2 ( )
j. Given |y="—" then—

1
—\x“+1 2—(xz+l)2
_| 2
X x2 x2
x2¥—(x2 +1)% 2 x2—(x%+1 1
) 1 a —\lx2+l > ~
= (x +1)2 — x“+1 — x° +1 _ \/X2+1 _ ——1
2 2
x° X x? x 2 xt+1

1 2] [5 2- 2 _1 1
1 —(x+3)5 " x3 || =x x+3)s —x>(x+3) 5 || =x J(x+3)5
g PR Ll w it s e
. xX+3)5
k. Given|y="— then— — = 3
x3 %3 %3
2 1 2 3 2 5
1 x3 2 (x+3)s x3 2x+3)s x®  23x+3
15 (k435 i Sx43)3 340 s3(x+3)*  3x
N 4 4 3 4
X3 x3 X
2 2 2 2 2 2x3 _1
3 [3)63_1~(x+1)3}—{3(x+1)3_1~x3} [3); (X+1)3}— = ()
l. Given|y= al 5 then= 7 = 7
(x+1)3 (x+1)3 (x+1)3
2x 23 > 20 23 2 2x
3 +1)° - 3x x+1
_ 3x (x+1)3 3(x+1)% _ x (x ) 3m ( ) 33x+1
(x+l)% 3(x+1)4 (x+1)3x+1

I 1 I x+1 1
1 ] {l-xil—[;)ﬂ (x+1) x;7x+1xfg x7——7 —
. _ X+ 1 _ 7 _ x7
m. Given y—(x+1)~T_T then |y'|= 5 ! 5
x7  *7 x7 x7 x7
Ir_xtl | U XH1
7 7x6 _ 77x6
7/x2 7x2
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Example 2.6-2: Find 4 ofthe following functions.

dx

d -2\ _ d 1 d L
a. E[ 3} - b. E(X-Fl) 4 — C. E(x3+l)§ ==
7 _1
d. i(3x2+4x)8 = e. i)c(x2+l) 3= f. i(3)(3+4) 3=
dx dx dx
d (x-i—l)_% L .dJ 5
g Ljbrl)2 ) h. (24 30as) = i 4 (x+1)(x_1)4} =
dx X dx |
1 3 1 2
J- i(x2+5) 6 = k. i[x5(x2+1)4} = | 4 al =
X dx dx (x+1) 3
Solutions:
d —2J 2 21 4 21 2 23 Sl 2 -2 -2
a. |[—|x 3 ||=|-=x —(x)|=|-=x 3 T|=]-2x 3 |=|-Zx 3|=|-2.—|= =
dx[ dx 3 3 x% 3%/x_5 Z«&x%/x_2
b [ L) 5 = L) 5 L) = L)1 1| = L ) = - L )
dx dx
_ _l 1 1 _| 1
(x+l)Z 44(x+1)5 4(x+1)4x+1
1 1 11 1-8 _7
C i()63+1)8 = +1)8 —(x3+1) = —(x3+1)8 1.3x2|= —x2(x3+1) 8 |= —xz(x3+1) 8
dx X
_ 2 1 3x2 _ 3x?
=252 1= -
(x3 +1) 8(363 +1)8 8\/(x3+1)
d 7 7 7_ d 7_1 7 7-8
d. a(3x2+4x)8 g(3x2+4x)8 E(3.x2+4x) = —(3x2+4x)8 L.(6x+4)|= §(3x2+4x) 8 .(6x+4)
7(, 2 . ) 7 6x+4 7(6x +4)
=|=B3x? +4x) 8 -(6x+4)[=|= = | ——=
8( ) 8 (3x2+4x)% 8\/8 3x? +4x
_2 _2 _2 _2 _2_
€ ix(xz+1) 3 (x2+1) 3 ~ix+x~i(x2+l) 3= (x2+1) 3 ~1—x-£(x2+1) 3!
dx dx dx 3
21 2o, —2-3 2, s
= (x2+1) 3 ——(x2+1) 3= (x2+1) 3 —?(x2+1) 3= (x2+1T3 —?(x2+1)T
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o e o | x| 2x
(x2 +1)% (x2 +1)§ %/(xz +1)2 3%/(# +1)5 %/(x2 +1)2 3(x2 +1)\3/(x2 +1)2
f. %(3x3+4)_é = ——(3x3+4) ; ;;(3x3+4) = 3(3x +4) 1 0y2|= —9L(3x +4) s
YA = I Y 1 | 32 _| 3x?
3x (3x +4) 3 3x (3x3 +4)4 3\/(3x3 +4) (3x3+4)%/3x3+4
d (x—i—l)_% {x ac,i(x*'l)l} [(x+1) 2 - (x)} {x —%(x+1) -1 ;;(x+1)}—{(x+l)é~l}
& E{ X } N X2 - X2
{—(xﬂ)‘i‘?l} ()2 | S o) 5 o) | feen)d ()
- 2 - 2 - 2
h. %(xz+3x+5)‘IT = ;(x +3x+5T (x +3x+5) = %(x2+3x+5‘1‘7%~(2x+3) = %(x2+3x+5)%~(2x+3)
2x+3 2x+3 1 2x+3

3
%(x2 +3x+ 5}4(2x+3)

(x +3x+5T

4

.#(x2+3x+5)3

3
4‘{/(x2 +3x+ 5)

[(x_l)i L s

X

H(m)%(x_m

i

e e S

Hamilton Education Guides

=|(x-1)3 +{(x+1)-%(x—1)451_1-1} = (x_l)i{(ﬂl).%(x 1)544} _ (x_1)§+i(x+1)(x o}
N rrews N RTow e e R e
AR
3 (x2+5)% 6(x2+5)7 NEPA
|| 2o Lt oo | (2 2 L
- E(x “)411 "z_%_{xg%(x%rl)‘l‘_1 2x} = E(xzﬂ)‘l‘ x355}{2x-x§ -(x2+1)144]
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Calculus I 2.6 The Derivative of Functions with Fractional Exponents

L |- 4] - [(xﬂ)éiszxzdi(m)é}

dx X

_ {(x+1)§-2x}+{x2%(x+l)é_l-i(x+1)} _ zx(x“)é{x%%(xﬂ)é-}.1} . zx(x+1)§+x?2(x+1)—§

dx

Example 2.6-3: Find y'(1) in example 5.6-1 a through i .

Solutions:
In Example 2.6-1 we obtained the derivative of the exponential functions « through e to be equal
to the following:

. 2 2 2
a. Given |y = then |y'(1)| = |—== ==-
33/x 0 3| 3
. 2x 2.-3 6 6 6
b. Given|y'= then |y'(1)|= =l-—|=|- =|-——|=]-2.88
Vi y 3’_9x4 y () 3[9.14 i/g 90.33 208 -
2 2
c. Given y’=9x—+23 then |y'(1)|= 017 +2 - = 4113 = 13.25 = 313:3 =13.29
W@x3+2x) W@-ﬁ-+zq) 53] [12s :
. 12(x+1 12(1+1
d. Given y’:————jfi—l;—then »(1)]= (L+1) = %?L_ =22 -1 ?24 —[1.28
5322 + 6x] Y612 veaf | N2 15729 :
. 3 3 3 3 3 3
e. Given|y'=———/|then|y'(1)|= = = = = =|1.14
232x+1 Y 282-1+1| [282+41] |28 [2.30%] [2:132 114

Section 2.6 Practice Problems - The Derivative of Functions with Fractional Exponents I

1. Find the derivative of the following exponential expressions.

1 L 1
a. y=x° b. y=(4x3)2 c. y=(2x+1)3
1 3 2
d. y:(2x2+1)8 e. y:(2x3+3x)5 f. y:(x3+8)3
3\ 1 ) 1 ) 3 2 1
g. y=(x )2 —(3x—1)§ h. y=x (x+1)§ 1. y:(x +1)5 +x2
1
: x+1 21 x+1)
J- y= 2 k. V= 2 L y:( 1)
x3 . x3
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Calculus I 2.6 The Derivative of Functions with Fractional Exponents

2. Use the -% notation to find the derivative of the following exponential expressions.

dx
2
a. %[x;j = b. %( 1)y = c. %(xzﬂ)é:
LAt - . 4t SETERS
d (3 25 | d| 3 1 — i_ x° =
g' dx|:(x +1)(x )3} h dx ) (x2+1)% 1 dx_(x3+1)%
- et - bl ot ]
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Calculus 1 2.7 The Derivative of Radical Functions

2.7 The Derivative of Radical Functions

In this section finding the derivative of radical expressions and the steps as to how it is calculated
is discussed. The derivative of radical functions is found by using the following steps:

3
First - Write the radical expression in its equivalent fraction form, i.e., write Vx> as x2.

Second - Apply the differentiation rules to find the derivative of the exponential expression.

Third — Change the answer from an expression with fractional exponent to an expression with
radical expression (optional).

The following examples show the steps in solving functions containing radical terms. Students
who have difficulty with simplifying radical expressions may want to review radicals addressed
in Chapter 5 of the “Mastering Algebra - An Introduction”.

Example 2.7-1: Find the derivative for the following radical expressions.

a. f(x)=vx+1 b. f(x)=Vx? +3x+1 c. flx)=v2x"+1
fu):%/u_3+3u €. f(t):t2+ t+1 f. g(x):xz\/x3+x—5
g. h(w)=3w2+l h. f(z):4\/z3—zz+z 1. f(x): !

x? +1
x 3
I Sx)= 2 k L p(r)= 3
x° -1 -1
u—1 Ve +1 P2 -1
m. = n. At)= 0. =
() = — (1) ye s(n) ==
Solutions:
1
a. Given f(x =x’+1 = (x +1)2,then
1_ 1 1 2 2
f(x)]|= l(x +1)2 L= l(x3+1) 2352 = 3)cz(xS-I-l) 2= éx—l ) .
2 2 2 2(x3+1)5 2. /3.1
1
b. Given f(x = x?+3x+1 = (x2+3x+1)2,then
1{ 2 L 2-1 1-1 1 2x+3 2x+3
f(x)|= —(x +3x+1)2 ~(2x +3x )= (x +3x+1) (2x+3)|= =
2 2 % 2\/x2+3x+1

2(x2 +3x+1)

c. Given f(x) = v2x (Zx +1) then

5
11 _1 4 5.4
%(sz +1)2 -(2><5x5_1 +o) = %(2);5 +1) 2 qoxt| = TOx ||

225 +1)% V2x" 41

/()

3
d. Given f(u) = %/u_3+3u = u3 +3u, then

3_ _2 _2
f’(u)=2u51+3u1_1=§u5+3u0=§u5+3= 3_3|= 3 .3
5 5 5

Su

wo
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e. Given /(1) = 2 ++r+1 = 2 +(¢+1)2, then

/()

2! +%(t+1)%’1 A =

Zt+%(t+1)’%-t° =

1
f. Given g(x) = x x5 = xz(x3 +x—5)2 , then

2t + !

2t + 1)%

g'(x)

|:2x2—1 (x3 +x_5);:|_{%( 3 +x—5)%_l .(3x3_1 +x +O)}x2

1 _
= 2)c(x3 +x—5)2 +%(x3 +x—5) 2

1

(3x2 +1)>c2 =

1 ‘ 2 ’ 2
2x(x3+x—5)2+ X7 H1)x

1
2(x3 -i—x—S)2

1

2 2

20x3+x-5

g. Given i(w) =3Aw? +1 =

(wz + 1)5, then

h’(w) =

1 _2
%(w2+1)3 (2w2_1+0) = %(w2+1) o] =|— 2| =

2w
32 +1)% 3w? +1f

1
h. Given f(z) = 423—22 +z = (23—22)1 +z,then

f’(z) _ 1(23 —22)%_1 (323_1 g2 )+1 _ (23 —22)_3' (322 —22)4_1 _ 3(322 —223) il 372 -2 +1
1 1 4(23—22)Z 44(2.3 —z2)3
i. Given f(x) = ——— = ! _ = (x2 +1)_%, then
Al (2
e IR R P e RIS = - _ —-x
) Z(X +1) 2 (zx +0) Z(X +1) o (x2+1)% 2\/(x2 +1)3 (x2+1)\/x2 +1
j. Given f(x) = \/xj_l = (xleé , then
1T : (x2 ); x?
[1 (xz—l)z:l—{z(xz 1)2 (2)c2_1 0) x:l (x2—1)2 —{z(x2 —1) 2 sz} X -l _( ) 1)5
' — — — X
f(x) v2 1 x2 -1 x? -1
(x2 —1)% 3 x2 (x2 —1)5 -(x2 1)2 —x? ( 2 _1)%+% x? xz —1—x2
_ (x2 —1)% _ (x2 —1)% _ (x2 1 % _ (x2 —1)%
x2 -1 x? -1 x? -1 x2 -1
—|_ 1 _| 1 _ 1 _| 1 _| 1
N ) ) W
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Calculus 1 2.7 The Derivative of Radical Functions

. 0P+ 03 +1
k. Given r(0) = r;ﬂ = (92 ++1)§ , then
- {(363“ +0X¢92 +1H—B(ez +1)%_1 (292‘1 +0X.93 +1)} i {392(92 +1H—;(92 +1)_%
ally 0% +1 B 0% +1
392(92 +1)% ~20l0® +1) 662(92 +1)—2e4 -20
_ 29(93“) _ 2(0%1)5 _ 2(0%1)5 _|66* +66% —26* —26
0 +1 07 +1 0% +1 2(92+1)%(92 +1)
_|46* +60% -20| _ 26(26° +30-1) _ ol26% +30-1) _ ol26° +30-1)
2o Jrl)%+1 o2 +1)% Jo? +1f (o2 +1No2 41
1. Given p(r) a r , then

) \/r3—1 ) (,,3 _1)%

{3#‘1 (r3 —1)% } —[; (r3 - 1)%_] (3r3‘1 - 0)}

P'(”) - P -1 - P31
3r2(r3 _1)2 33 1 3r2(r3 _1)5 33 6;’2(r3 —1)—3r 6r> —6r% =37
_ z(r3 —1)5 _ z(r3 —1)5 _ 2(r3 1)5 _ 2(r3 1)5
- -1 - -1 - P -1 - 73 -1
_ 35 —6r? _ 3r2(r3—2) _ 3r2(r3—2) _ 3r2(r3—2) _ 3r2(r3—2)
S0 ) Y Y
m. Given g(u) = Juol (”_1)% , then
u+l (u+l)5
B(u_l)é1(u+1)5}_[;(u+1)§1(u_1)§} B(u_l)é(uﬂ)é}_[;(uﬂ)é(u_l)é}
g’(u) N u+l N u+1
{(u+1); }[ (u—1)2 } 20ur1)2u—1)| [ 2ut2-24+2 4
L2022z ]| | a1 wr1)s || A1) 1) || 412 1)z
u+1 u+1 u+l1 u+1
_ 4 _ 1 _ 1
M) =12+ | | @s1)2@—1)z | (erDVu+1 Ju-1
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1
32 2 1k
. 3
n. Given i(r) = rel o (t +31) , then
i 3
1 3 3, 1 2 3 1 1
l(t2+1)3 -(2t2_]+0) I e (t2+1)3 l(2+1) 3.20 012 - Et2(t2+1)3
h() 3 3 2
"¢t) = =
i i
s s 3 %(2 )%
1 5 —t2t" +1
2 1 3 5 _; 3 l 2 l 2t2 — Et%(t2+l)§ 2t2 _2
=t 2([ +1)3 - —t2(t +1)3 , 2 2 2 1
BIE 2 B 3(t +1)3 _ 3(z2+1)3
i i i
5031 1 2
22 =202 (t2 +1)3 -3(t2 +1)3
5 1 1,2 21
;B 2t2_2,2(t2+1)3+3 2,2\/;_@’;)
_ 3 +1 _ 2 _ 2
3 2 2
d 3t3(t2 +1)3 3t3\3/(t2 +1)
2 2
. -1 r° -1
0. Given s(r) = £ = , then
/ 1
r-1 (r—l)i

B [—

{(2#‘1 —ofr-1)3 } —B (1312 - 1)} [ZV(r -1)

s'(r)

r—1 r—1
[21’(1‘—1)%}—[ (”2_1)] [2’”(”_1);]_[ (’”2—1)} 4r(r—1)—(r2—1) 4r% —4r—r?% 11
o(-1)z || || ! 0= )| | 2p-r || 20—
r—1 a r—1 B r—1 B r—1
3% —dr+1 |_|3r —4r+1
2(r-1)(r—1)2 | [2r—1Nr-1

Example 2.7-2: Use the chain rule to differentiate the following radical expressions.

2

o [ x
dx| \x?+1
d 53

f. dxx+1

d 1 dl [x+2
a dx[\/—_\/}J b dx[ 3x+1]

d[Jx d (32, 2
Solutions:

dm 1) |d| 2 1|_|d] 2 2|=]|d 2 4d
a. dx(\/— \E] dx[x x;} dx[x x ey
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Calculus I 2.7 The Derivative of Radical Functions

1 1

+
2x  2xix

1 1
+
1 3
2 2 2x2  2x2 2\/; 2\lx3

o e 22 i[ﬂz]i _ l[ﬁzf—l_i[ﬁz] _ l[ﬂzj—i [1-(3x+D)]-[3-(x+2)]
Cde(V3x+1 dx \3x+1 2\3x+1 dx \ 3x+1 2\3x+1 (3x+l)2

| [3x+1—3x—6] | [ -5 ] I 5 | s
1 2 1 2 I 1
2 3x+1 7 W(3x+1 2 2 2
2[x+2j2 (3x+1) 2(x+2j2 (3x+1) 2(x+2j2(3x+1)2 2(x+2)2(3x+1)
3x+1 3x+1 3x+1
_ 5 _ 5 _ 5 _ 5
e 1 2 NN ! 1| | 1 a0 il 3
2(x+2)2(3x+1)*(3x+1)"2 2(x+2)2(3x+1) " 2 2(x+2)2(3x+1) 2(x+2)2(3x+1)2
5 5

2(\/x+_2) (3x+1)° Z(M)(3x+1)\/3x+l

1 14
3 (x2+1)%ix2—x2 i(x2+l)% 2x(x2+1)2—{1(x2+1)2 (2x2_1+0):|x2
d( ¥ d x dx dx 2
C. ; \/2 N :d_ 1 = 2 = 2
x4 (x2+1)2 x°+1 x°+1
1 3
1 1 2 )5_ x
sl i) bl | o
_ 2 _ 2x(x +1) 2_x (x +1) 2 _ (x +1)2
x2+1 x2+1 x2+1
1 1
2x(x2+1)2(x2+1)2—x3 2)c(x2+1)—x3
1 1
_ (x2+1)2 _ (x2+1)2 _ 2x3 1 2x—x3 _ X3 +2x _ X3 +2x
2 2 1 1.9 3
X" +1 x” +1 (x2+1)2(x2+1) ()c2+1)2+ (x2+1)2
3 2
o oxT+2x | _ x(x +2)
[(x2+1)3 (x2 +1) xr+1

3 ( +1).i 31 %i( +1) ( +1).E ER I
d d \/x_?, ~ d xi ~ X dxx X dx X ~ X 2)C X
Clae| x+1 || |ae] x+1]|] (r+1)2 a (r+1)2
1 3 1 13 3 L3 3 3 1 3 1
§x2(x+1)_x2 3232 3 13,243,202 (—lsz + - x2 12,32
_|2 _|2 2 _|2 2 _ _|2 2
(x+1)2 (x+1)2 (x+1)2 (x+l)2 (x+1)2
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3 1
x2 +3x2 3 1
_ 2 X2 43x2 | Vad +34x _|x x+3x _ \/;(x+3)
(x+1)2 2(x+1)2 2(x+1)? 2(x+1)2 2(x+1)?
2 2 2, 2-3 _
€ i(%}xz +x2j — |4 xX3+x 2 ||=xd x| = zx3 2x 27 = Ex 3o Y= Ex 3 —2x?
dx dx dx dx 3 3
2 2] 2 2
3x% x3 33x x3
d 1 1_ _4 _4
f. Ix* +1|= —(x3 +1)5 = —(x3+1)5 —(x3+l) = —(x3+l) 5(3x3_1 +0) = —(x3+l) 5.3x2
x dx x
_4
_ 3x2(x3+1) | 3x2 _ 3x?
5 4
5(x3+1)5 55\/(x3+1)4
Example 2.7-3: Use the chain rule to differentiate the following radical expressions.
a. y=x3 x2-1 b. y=3x2+\/x+1 c. y=+ S1x? 41
d. y:\ls Syx? -1 e. y=\/x2—1-\/x+1 f. y=\/;(x+l)3
5 .
g y= (x2+5x—1) h. y:x23x+1 1. y=(x—1)3\/3x5

Solutions:
1
a. Given y=x>vVx?-1 = x3(x2 —1)2 , then

7= [3xz.(xz_l)é}g(xz_l)é-l.zx.xs} - [3xz(xz_l)éHg(xz_l)é-q - {()}

1-2 1 _1 1 4
+ {x‘l(xz—l) 2 ] = 3x2(x2—1)2 +x4(x2—1) 2= 3x2(x2—1)2 b |=[3x2xr -1+

. 1
b. Given y=3x%++x+1 = 3x? +(x+1)2, then

1_ 1-2
)= (3.z)x2-1+%(x+1)z "= 6x+%(x+1)T - 6x+%(x+1)—% = |ox— | =|6x+

1
c. Given y=+vx>+x%+1 = (x3+x2+1)2,then
14 2 _ 2 <
= %(x3+x2+1)2 -(3x2+2x) = {%J(x3+x2+l) = [@J(f +x? +1) 2

N |—
—_
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3x2 +2x

|

](x3+x2+1)_

1

3 3x2 +2x

1

3x2 +2x

|

2

J'(xz

1
2

+x? +1)

2\/x3+x2+1

1
d. Given y:5\/x5+x2—1 = ()65+x2 —1)5 , then

- |1 Loy 5x* +2x 11 5x* +2x )
=L (55 2 )i et 2) [ : ](xs+xz_1)s | ( : ](xs+xz_1) ;
4 _4 4 4
_ [Sx +2xJ(x5+x2_l) s|_ [Sx 5+2x} 1 _|= 5x% +2x
(x5+x2 —1)5 55(x5+x2 —1)4
1
e. Given y=\/x2—1-\/x+1 = (xz—l)z-(x+1)%,then
= _l(xz—l)%_1~2x-(x+l)% + (x+l)%_l~(x2—l)% = E(xz —1)%_%-(x+1)% + 1(x+1)%7%~(x2—1)%
22 2 2
i _1 1 1 1
= x(xz—l) 2-(x+l);]{l(x+l)_;~(x2—1)2} = x- ]~()c+1)2 + ! l~()62—1)2
L 2 (x2—1 2 2(x+1)2
o 1 xdx+1 Ax?-1
=l x- Ax+1 +{ . 2—1} = +
_x Va2 -1 ' 2Jx+1 ) x2-1 2Wx+1
1
f. Given y:\/;(x+l)3 = x2(x+1)3,then
1 1- 1 311 1 31 1
= %xz ! (x+1)3}+{3(x+1)2-x2} = [(x+21) -x? 1]+{3(x+1)2x2} = {(x;l) x 2j|+{3(x+1)2x2}
(x+1)® 1 > LN (1)’ 2
= — |+ 3(x+1)“x2 ||= +3vx (x+1
[2 . (x+1)%x i )
I
5 5
g. Given y= (xz-i-Sx—l)5 = |:(x2+5x—1)5}2 = (x2+5x—1)2,then
5_ 5.1 3-2
[]= g(x2+5x—1)2 (2x4+5)|= 5(2x+5)~(x2+5x—1)2 = 5(2x+5)~(x2+5x—1) 2
_|5(2x+5) ( 2+5x_1)g: 5(2x+5) /(x2+5x_1)3 _ 5(2x+5)(x2+5x—1)\/x2+5x—1
2 2 2
1
h. Given y=x?3x+1 = x?(x+1) 3, then
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(x+1)

1-3
3

3

i 1 2 11 2
7= 2x-(x+1)§}+B(x+1)§ ! xz} _ {zx(ﬁl)sH_(m)s ] ~|osre)t o
152 2 X2 N x2
=2x(x+1)3 +=(x+1) 73| =2x (x +1)3 +— — = 2x ¥+ —=
3 3 (x+1)3 33(x+1)2
1
i. Given y= 3%/_5 ( )3 = (x-1)3x3, then

_

{

3x %/x_z(x—l) L

2 (x-1)°

Example 2.7-4: F1nd

x 4y =10

by implicit differentiation.

a. xX“+yT=x
2
d. v2x+ =y2 e. 5x2+1—y3 f. 4x2y2 =x
g. 7xyz=3)c2 h. yx +y3—2 1. \lxz—l:xy
Solutions:
a i(\/¥+\/_)—— (9 22 |2ofs [ Ly i(x)+l 7! 4 )=0; L ST SR
" dx 4 > ldx 7 ’(2 dx 2y dx Y > 12 d ’
1
Lo—5 L 5[t » _ 11 11y L AR LA
N R N TR W P S W SO U ) PO 1 2 Y Py
2 2 2 12 7 2 1 2 1 1 Jx x
2 x2 y2 X2 X2
1 1 4 _1
b. —( x2+y2j—i(x) ; i(x2+yz)2=1 ; l(x2+y2)2 ix2 +iy2 =11; l(x2+yz) 2(2x+2yy) 1
X dx X 2 dx dx 2
1
2x+2 1 2( 2y )2 2 yxtey? —x
|2 yy1_1;2x+2yy _Z(X iy )2; ,_2x"+y oy o y
2(x2+y2)5 2y y
1 1 2 3 2 3
32 5[ 3)_ .d(2)§(3)§_, 2 3 12 2-1 4 3 3.1 4
C. x4+ =—2)];|—|{x + =0|;|—|x3+y5|=0|;|=x3 -—x)+=y5 -— 0
(o) L)s ()l Lyt s 237 3,57
1 2 2 1 1 2 H 103/ 2
_1 _2 2 _7 1 o 1 2 —10v5
;%x ’ 1+§y >y =0l; %y y=—x 35 3y; :_21 3 19x3y' =-10p3 |5y = 10{ |y =- 9%;
53 3x3 9x3 X
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1-2

d d L 1 =21 11 _1
d. |[—W2x+1 :—( 2); —2x+1)2=2y-—)|;l6x+=(x+1)2 |;|=(2x+1) "2 -2x=2y-)’
L {2)= (2 ) | L ent) 2220 L () s foea L) 7[5 L) vy
| (x+1)2
2y y =x(xrn) 2]y = B2, y’=+1 |y =——
2y 2y (2x +1)2 2y2x+1
d52)d2 (2)i 2.1 d (z)l—ld(z)d 2 2.1 4
e 1= 3 || (w2 1) =205 L) = x 2 )5 )22 S
x( dx 4 X 7 dx(y) dx dx<) 3)/ dx(y)
4 1 1 4 ; 4 1
-4 2 -1 2 -1 -4 |2 4 1
12 +1) T2x=2y Gyny y= 2 (6 41) s L= 0(a? +1)5 =60
3y3 5(x2+1)§
3 3
, 6x y3 : 3xyy
9 y = 4 ) y -
10 (x2+1)5 55(x2+1)4
d(yf22) d d ar 1o -3
f. —(4x2y2j= (x) ; (x2y2)4=1 ; —(xzyz) 4 i(xzyz) =1]; l(xzy2 —l) 4(2xy2+2x2yy'):l
dx d X 4 dx 4
27 +2x%y y! 2(xy2+x2yy') 2.2 22 Nall2 22 )3 2
; =1 =1 +x yy'=2(x y —1)4 Sl yy'=2(x y —1)4—xy
4(xzy2 —l)Z 4()c2y2 1)Z
3 3
, 2(x2y2—1)4 xp? ) 2\ x2yr-1)4
S|y = - 5 = -
xzy x2y xzy X

dx X Ix
2 6 13 12 ’
+2yy" s 6 2xTyT —
I yy6x=6 ; y2+2yy'x=6X'7(xy2)7 ; 2yy'x=4zx(xy2)7—y2 ly == zy :
7()6)/2)7 Xy
3. 3)_4d 3.3)2 3. 3)3-1(d 3 3 33V o .o,
by Zd—(Z),—ery =055 \x +y d_x +d—y =0[;|=lx" +y Bx“+3y“y')=0
X I o
2 _1 2 1 >, T 5 -
3x7(x3+y3) 2 P I P A () R e A y=-=
1 1_ 1
! %( 2_1):%()”)) ; %(x2—1)2:1 y+x'%()’) 5 —(x2—1)2 2x=y+xy'|; x(xz—l) 2= ytxy
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>

_1
; y+xy':x(x2—l) 2l

0=

xy’:x(x2 —1)7

>

_y'

, x(xz—l)_

1

2y

y:

>

X

Example 2.7-5: Compute the derivative for the following Radical expressions.

d _ d (—\ _ d (32 -
a. E(2x+\/;)— b. —x( X 1)_ C. E( X +1)_
d. i(x+\/)c_3j = . i(\/x_s—?)) = f. i(x3\/)c—i-l)=
dx x X
g dfx+1)_ A iy B A .
" dx Jx Codx | Vx+1 " odx x
Solutions:
1 1_ _1
a. %(2x+\/;): %2x+%\/; = %2x+%x2 = 2+%x2 = 2+%x 2= 2+2XL2 = 2+$
d 1 1, 1 1 1
b. [—Wx+l)|=|=(x+1)2|=|=(x+1)2 7 1= |=(x+1) " 2|= =
dx( ) dx 2(x+1); 2yx+1
1 1_ _2
C. —(3 x2+1) = di(x2+1)3 = —( 2+1)3 2x|= 2—x(x2+1) 3| = 2x —|= 2x
d - 3(x201)3 | |aY(x241)?
3 3 3_ 1
d. —(x-i— x3j = i(x+x2 = ix+ix2 =|l+=x?2 = 1+§x2 = 1+§\/;
X dx dx  dx 2 2
A I A SN T SRV N EIE S N EE | I E ey I
e. x(\/x_ 3) dx[x 3J dxx +dx( 3) 2x +0 2x 3 X 5
f. i()63 x+l) = i{x3(x+l);} = (x+1)%ix3+x3—(x+l)% = (x+1)%~3x2+x3 -l(x-i-l)%_l
x dx dx X 2
3 3 2 I L3 2 3
_ 3x2(x+1)% +x—(x+l)_% _ 3x2(x+1)%+ X = 3x (x+1)2 2(x1+1)2 +x7 | _|6x (x+1)+x
2 2(x+1)2 2(x+1)2 2yx+1
_l6xd vex? x| |76 v6x? || x*(1x+6)
24/x+1 24x+1 24/x+1
Lq d 1 1 1 1
x2 - —(x+1)|—|(x+1)-—x2 x21|—|(x+1)-=x2
pressy e 8l il
& dx\ \x dx x% X X
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1 1
1 2952 —
x;—{(x+1)'1x_é} x? _x+11 r 2 1 o) Zx-x-l x-1
_ 2 _ 2x2 | _ 2x2 _ 2/x _ 2/x _|x-1
X X X X X 2x\/;

h. d[ Lj _ d( 1 j_ al 1] {(X-I-l);-;i(l)}—[kic(x-i-l);} 0—%(x+1)%*1

de |V x+1 dx Jx+1 dx (x+1)% x+1 B x+1
_ - Y 1
_ S ()72 | 2z | [ 1 RN
1 3
x+1 (x-+1) 203 (re1)| | 2(e+1)3 | | 2f(ern)? | 204DV
6-1 5 5 2
Lo =T T x> =|l—x =|—x =|l—x’|=|=x =|=x°|= 3
dx | 3fx dx 3 dx dx dx dx 3 3
Example 2.7-6: Evaluate the derivative of the following equations at the given values.
3 [
a. y=[x*+1) atx=2 b. y=3x+Jx+2at x=10 c. y=xx’+latx=5
d. y=3\/2x+3\/x2 at x=2 €. y= 6x2+1 at x=3 f. y= ! at x=-5
X Vx? +1
g y= X+ at x=3 h. y =x x2-10+2x at x=5 1. y=x21[(x+l)3 at x=1
2x+1
2 [ 5
. 1
]y = x+2 at x=0 k. y= X+l at x=2 L. y= xil at x =1
1— 2x 3
X x”+1
Solutions:

a. Given y = \/(x2+1)3 = (xz +1)%,then
3-2
= %(xz +1)%71(2x2_1 +O) = %(xz -i-l)T 2x|= 3x(x2 +1) =3xvx? +1
Substituting x =2 in place of x in the y’ equation we obtain the following value:

1 1
b. Given y = Ax +/x +2 = x3 +x2 +2, then

N |—
|

14 14 _2 _1
= lx?) +lx2 +0|= lx 3+lx 2 | = 1 + 1 = 1 1

+
2 1
3 2 3 2 33 o042 33/x2 24/x

Substituting x =10 in place of x in the y’ equation we obtain the following value:
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=

1 1

+

1 1

2 1
3103 2102

. Given y = x\/x2+1

+
3-4.634 2-3.162

1

x(x2 +1)5, then

=[0.072+0.158] = [0.23]

:

{1-()9 +1)%

1

2

(xz +1)7

1

(x2 +1)§ +

1, 1 1 1
}-{%(xz +1)2 -(2)62_1 +0)~x} = (x2 +1)2 +{%(x2 +1) 2 ~2x2} = (xz -1-1)2 +x2
1 1 11
x2 _ (x2+1)2(x2+1)2 +x2 _ (x2+1)2 2 42 _ x2+1+x2 _ 2x% +1
1 1 1 1 P
(x2 +l)2 (x2 +1)2 (x2 +1)2 (x2 -1-1)2 x”+1

Substituting x =5 in place of x in the y’ equation we obtain the following value:

:

e

2-52 41| | 2-25+1 | [50+1| |51
L T T R P =[]
(52 +1)2 (25+1)2 262 :
2
. Given y = ¥2x +3x? = (2x)5 +x7, then
1.4 2 21| |1, 2 2 -1 1 2 1 2
~(2x)3 T2y = —(2x) 3 +2x 3|= + = +
3 3 3 3205 33| |3 R

Substituting x =2 in place of x in the y’' equation we obtain the following value:

=[0.132+0.53] = [0.662]

: 1 N 2 1 N 2 || 1 N 2
2 1 2 1 ; .
3223 3.0 | |3.43 37| 3253 3126
e. Given y = \/6_)62“ = (6x)§+1 , then
X X

el e}

Substituting x =3 in place of x in the y’ equation we obtain the following value:

:

3.32.(6-3)72-2-3-(6-3)2 2.3

27.(18) "2 —6-(18)2 —6

(27-0236) - (6-4.243)-6

34

81

81

6372 -25458-6

25086

81

81
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f. Given y = ! = ! -, then
X241 (x2+15

ol [Tl o] oyt 2]
: . _ _ :—x(x2+1)2

x°+1 x“+1 x°+1

—X —X —X —X —X

(x2+1)(x2+1)% (x2+1)1+% (x2+1)% m (x2+l) X241

Substituting x =-5 in place of x in the y’ equation we obtain the following value:

1= - == = | | = (0038
\/[(— S| Yeserp | (V17576 | [13257

5)2+l]
—_— 1
g. Given y = Se+l _ (Swrl)2 , then
2x+1 2x+1

[1(5x+1)§‘1 -(Sx“1 +O)~(2x+1)}—[(2x1_1 +O)(5x+l)é} [2.5(5x+1)‘§ .(2x+1)}— 2sx+1)2
1= ) (x+1) [ |

(2x+ 1)2

Substituting x =3 in place of x in the y’ equation we obtain the following value:

- [2.5(15+1)§~(6+1)}—[2(15+1);} ) [17.5-(16)5}—{2(16);} B R .

(6+1) 72 49

1
h. Given y = xyx?-10+2x = x(x2 —10)2 +2x, then

ca SR N R T e e H R Y T

Substituting x =5 in place of x in the y’ equation we obtain the following value:

N |—

}2

v]= (52—10);{52(52—10)_;}2 = 155{25-15_;}2 =|3873+[25-0258] + 2| =

i. Given y = x2\/(x+1)> = x2(x+1)2, then

)= (2 o Sl 02 | = [t 3 o | 20 e

Substituting x =1 in place of x in the y’ equation we obtain the following value:

37 [3 1 3V (3,4
= [2(1+1)2}+{5(1+1)2} = [2-22J [E-zzJ =[5657+2121]=(7.778]
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1
[ 2 2 . 1)2
j. Given y = ,|= +21 Sk , then
1-x 1-x2

:

: 2)((1—)(2 )+ 2x(x2 +1)

(=

2

1

a

=

x2+1 2x—

2x? 423 4 2x

1—x?

]

=

1
2 4x

()

x2 41
2

1

2

1-x

=)

Substituting x =0 in place of x in the y’ equation we obtain the following value:

=

k. Given y

:

1

0+1

1
2 40

1

0 —

2

[

1-0

|

1
2

(1-o0)?

=

-

X +1

_ (xs +1

o~

)

2x

, then
2x

1
2

(x5 +1)7

1

E

_]5x4 -2x —{le_] ~(x5 +l)

0 [—

|

{5x5(x5 +1)_

0 [—

;:I—I:2~(x5+l)

|

(20)°

4x?

Substituting x =2 in place of x in the y’ equation we obtain the following value:

=

l. Given y =

[160(32+1)_§}—[2-(32+1)é}

[160-0.174]~[2-5.744]

278-115

4.4

x+1

16

X+

\/x3+1 ) (x

ll,then
341

16

1.02

=

1 1 1 1
{1~(x3+1)2:|—{{;(x3+1)2 (3x2+0)}(x+1)} (x3+1)2—ﬂ;(x3+1) 23x2}(x+1)}
x3+1 X2 +1
1 ixz(erl) 30 3 2 3 ol 3 2 3 3 2
( 3 1)5 (x +1)2 3x7 +3x (x +1)2 2(x +1)2 -3x”° —-3x Z(x +1)—3x -3x
S il ' il il il
(x3 +1)2 _ 2(x3 +1)2 _ 2(x3 +1)2 _ 2(x3 +1)2
x4l x3+1 x3+1 X2 +1
203 +2-3x3 -3x2 | | X3 -3x?a2 | |—xd-axa2] |—xP-3xP a2
3. b5 (03 - 3 b3 - 3, ! - 3.4 )
Z(x +1)2 (x +1) 2(x +1)2 (x +1) 2(x +1)2 2(x +1)2
Substituting x =1 in place of x in the y’ equation we obtain the following value:
—13—(3-12)+2 S A I e T I s W B e
;B 3 2-2.828| [2.828 -
2(1 +1)2 222
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Section 2.7 Practice Problems - The Derivative of Radical Functions

1. Find the derivative of the following radical expressions. Do not simplify the answer to its
lowest

term.

a. y= x? +1 b. y:\/x3+3x—5 C. y:x2+\/x—1
[ 2

d. y= Xl €. y= al f. y:\/x3 +3x°2
* x? -1

g y=- x?+3 h y_4x3—1 iy x3
Vx+1 \/; xz\/;

X

A1) = df == A S
a dx(\/x_-'-xJ b. dx[ x—l} ' dx[dx_,.]]

C
@ dds) . dfw et 2 -
de| x dx X dx 3
3. Find the derivative of the following radical expressions.
d (7 fy) (e 3)d i
a. E(\/x_+\/;j_dx(x) b. dx(J;+y )_dx(z) e L (xr)=-L ()
4 () ([Tl () [,
d. E( y+x )—0 €. dx( x +y )—dx(x) f. dx( x l)_dx(y )
4oy ) 4T (o) a _d
g, E(xy i )=L@) h. dx(\/x_j+dx(xy)_o L a)= ()

4. Evaluate the derivative of the following radical expressions for the specified values of x.

2_

a. y= 3x3 +x2 at x=1 b. y=(x2+1)\/; at x=0 C. y:x ! at x=2
\/4x2
X 3 3 x2+1

d. y= at x=1 €. y=vx"+1+4x" at x=0 f. y= at x=3

Hamilton Education Guides 123



Calculus 1 2.8 Higher Order Derivatives

2.8 Higher Order Derivatives

If the function y= f(x) is differentiable, then we can form a new function y'= f'(x) which is
referred to as the first derivative of y= f(x). Consequently, if = f'(x) is differentiable, then
we can form another new function y” = f"(x) called the second derivative of y= f(x). This

process of obtaining a new function can continue as long as we have differentiability. First,
second, third, and higher order derivatives are denoted in various notations. In general, however,
first, second, third, and n'™ derivatives are shown in the following forms:

d d
=@ =l = /)| = [By] = [2s()

d? d(d d? d[d
o Rran o R R A Pt R M

& d(d? 43 dla* ]
R R P )

dx?

dx" dxn—l dxn—l

: M (x)|= ] j—x[dn_ly] |4 )| = j—x{ @ f(X)} =|D" y|=|D" f(x)

Students are encouraged to become familiar with these notations for finding the derivative of
different functions. Note that the prime notation is not used beyond the third derivative. In

general, the fourth or higher derivatives are shown as y*=f%(x); »>=/>(x); »*=r%(x); -
y"=f"(x) instead of "V =f"(x); »=s"(x); »'=f"(x), etc. For example, given
f(x)=xC+x*+1, then fr(x)=6x>+3x%, fr(x)=30x"+6x, ["(x)=120x"+6, f*(x)=360x%,
f3(x)=720x, f%(x)=720, and all derivatives higher than 7 are equal to zero. The following

examples show in detail how higher order derivatives are obtained:

Example 2.8-1: Find the second derivative of the following functions.

a. f(x)=58 -3 +1 b. f(x)=2*(x?+x+3) c. f(x):x2+%
N f(u):u;—ll . g(x):xz+xL3 fl h(x):(a2+x3)2
g f(x):(x2+1)_1 h. r(9)=02+(9+11)3 i s(r)=r2(2 1)
j. f(t)=# ke plr)=r - L f(x)=x’“_+31
Solutions:

a. Given f(x) = 5x®-3x +1, then

70 =(5-8) 1 —(3-3)x3 1 +0| = 4057 —9x?] and
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7)) =[(40-7)x71 —(9-2)271| = [280x° — 18|

b. Given f(x) = x3(x? +x+5), then

-(x2+x+5)]+

—_—

(2)62_1 Py O)~x3

= [3x2(x2 +x+5)]+[(2x+1)~x3]

f'(x) = [3x3_

=3t 433 w15e2 420t 120 = I5x* +4x3 +15x2] and

£ [=(5-4)x (4303 1 (15 2)x 7 = 205 + 1242 + 304 ]

c. Given f(x) = x? +L then
X

-x|—(1-1 _
f’(x) = 2x271+—[0 x] 2( ) = 2x+0—21 = 2x—i

2
X X X

1

A second way is to rewrite f(x) as f(x)=x*+x"" and find its derivative, i.e.,

f’(x) =|2x2_1 —l'x_l_l|=|2x—x_2‘= 2x—i2 and
X
£r(x) = 2x e (-1 2) ! — a0 1223 =24 2073 = 2+i3
X
d. Given f(u) = %, then
7)) = [(3“371_0)'(””)]_[(”171+O)'(”3_1)] _ 3”2'(”+1)_(”3_1) (3?30 —ud 11| 20 +3u? +1
(u+1)? (u+1)? (u+1) (u+1)?

[(2~3u3“ +3-2u% +0)-(u - 1)2]— [Z(u +1p .(2u3 +3u° +1)]

709)=
(u+1)4

[(6142 +6u)(u+l)2 ]- [2(u+1)(2u3 +3u’ +1)] [(6u2 +6u)(u+1)2 H(— 2u—2)(2u3 +3u? +1)]
(u-i—l)4 (u+1)4

e. Given g(x) = x? +L3, then
X

(0~x3)—(3x3_1~1) 342 3,2 3
g’(x) =|2x?1 4 R Y PR R P
x6 x6 x6=4 x4

A second way is to rewrite g(x) as g(x)=x”+x~> and find its derivative, i.e.,
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g’(x) Z‘sz_l —3-x_1_3|=|2x—3x_4|= 2x—xi4 and

g"(x)[= ]2 + (=34 =|2x0+12x_5|=|2+12x_5|= 2+ =

f. Given h(x) = (a2 +x3)2 , then

2-1
h’(x) = 2(a2 +x3) -(O+3x3_1) = 2(a2 +x3)-3x2 = 6x2(a2 +x3) =|6c12x2 +6x5|=|6x5+6azx2

h”(x) = (6-5))65_1 +(6a2 -2))62_1 =|30x* +12a2x|

g. Given f(x) = (x2 +1)71, then

70| = {_1,(; +1)”](2x2—1 +0)|= sz +1)2}.2x = —2x(x2+1)*2

/(x| = —2{1-(x2 +1)_2 +[—2(x2 +1)_2_1 (2! +o)}} = —2{()(2 +1)_2 J{—z(xz +1)_3 -2x}

_ —2{(x2 +1)_2 ~4u(+? +1)_3} = |2+ +1)72 +8x(x? +1)73

1

h. Given r(6) = 6* + - then
(0+1)
- 202_1+[o.(a+1)3]—[3(9+1)3‘1~1] _ 2H+O—3(6’+1)2 _lyg_ 3(0+1)° | 0-— 3 |and
0 +1)° (0+1)° (0+1)5 (6+1)?
0)]= 26,1_1_[0'(‘9+1)2]-[2(9+1)2_1'3] |, 0-s(exn)|_|, (oD | [, 6
(0+1)° (0+1)* (0+1)* (0+1)°

i. Given s(r) = r2(r2 +1)3, then
()= {2;/2‘1 (- +1)3}+{3(r2 +1)3_1 (22! +O)}-r2 = {2}”(;’2 ¥ 1)3}{3(;9 ¥ 1)2 -2r]r2

3 2
= 2r(r2+1) +6r3(r2+1) and

s"(r)|= 2{1-(r2 +1)3}{3(r2 +1)3f1 (22 +O)]r}+6{3r3_1 (- +1)2}{2(r2 +1)271 (22! +0):|~r3}
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Z{r +1 n 3r +1)3_1-2r]r}+6{3r2(1’2+1)2}+[2(r2+1)~2r]-r3}
-

=2 + +1)2}}+6{{3r2(r2+1)z}+[4r4(r2+1)]}
j. Given f(1) = u,then
e 2 vo)10]-o- (442 +1)] 10(3¢2 +20)=0| [10(3¢+2¢)| [3,2 45 .
)= 102 100 " Tie0=10 | | _10_|*
—— [(3~2t2_1+2t1_])~10]—[0-(312+2l)] 10(6r+2) =01 _|10(66+2)| _|2(3+1)| _[3¢+1
1)|= 102 100 100 =10 10=>5 5
k. Given p(r) = r? ~1 Which is equal to p(r) = r* —r7', then
p’(r) =272 —(—1~r_1_1) = 2r+r_2|and
2] =l2r —2r 2 =20~ 2,73 = [2- 23]
3
l. Given f(x) = x+1,then
3x3_1-(x+1) —|(1-x" +0) %3 2 _ .3 3 23 3 2
)= [ ] (2 ) _ |3 (X+1)2 X7 3x7 +3x . x| |2x +3)2c and
(x+1) x+1) (x+1) (x+1)
o [9 2] e} (36| [[ox rox)ie 17 e o +342)]
(x+1)4 (x+1)4
Example 2.8-2: Find 42 y Y for the following functions.
)C
B 3 B 2\ 2 B x243x+1
a. y—(l—Sx) b. y—(a—bx ) C. =1
d y=lo541ls e @ +b f. x4
. y—5 4 V= .y= x3
Solutions:
a. Given y=(1-5x)°, then
] =1-507 " (0-5"1) = |3(1-59)* +(-3)| = |15 (1- 5x)?
)= |(-15:2) (1-50)*" (052" | = [30(1=5x) (5) | = [ 150 (1 - 5
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[y"]=[150(0-5

x1—1)
b. Given y:(a—bxz)_z,then

={150-(-5)|= [=750

[]= —2(a—bx2)72 " (0-2m)|= —2(a—bx2)73 (~2bx)| = 4bx(a—bx2)73

"]= {(4!}-1)(41—bxz)_3}+{—3(a—bx2)_3_l~(0—2bx)](4bx)} = {4b(a—bxz)_3}+{6bx(a—bx2)_4~(4bx)}

- :4b(a—bx2)3}+{24b2x2(a—bx2)4}

= {—1217 (a=bv? )_3_1 -(—2bx)}+{(48b2x)~(a — by )_4 +(-96024% J(a - x? )_4_1

-(—2bx)}

i -4 -4 -5
- 24b2x(a—bx2) }+{48b2x(a—bx2) +192b3x3(a—bx2) }

2
. +3x+1
c. Given y=x ol

, then

: [(Zx T 4+3x +0).(x+1)]—[(x_ +0).(x +3x+1)] [(2x+3)-(x+1)]—[1~(x +3x+1)]

(x+1)2 - (x+1)?
(2x2+2x+3x+3)—(x2+3x+1) _ %2 455 +3—x2 —3x—1 _ x242x42
(x+l)2 (x-kl)2 (x+1)2

: [(2#“+2x1“+o).(x+1)2]—[2(x+1)2‘1.(x2+2x+2)] ~ [(2x+2)(x+1)2]—[2(x+1)(x2+2x+2)]

(x+1)4

(x + 1)4

[(2x+2) (x+1) ]— [2(x+l)(x2 +2x+2)]

[2x3 +6x° +6x+2]— [2x3 +6x° +8x+4]

(x+1)4

(x+ 1)4

|2xd r6x? 4 6x+2-2x7 —6x? —8x—4

-2x-2

(x+1)4

(x + 1)4

_ [(— 231! +0)~(x+1)4 ]—[4(x+1)4—1 -(—2x—2)] [—2 (x+1)4 ]+[(x+1)3 (8x+8)]

(x+l)8

(x + 1)8
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. 1
d. Given y =5

s, 1oa
4

+x, then

=l

1 _
§-5x5 ! +Z'4x4 Pyl

" —
"=

(4-3)x> 1 +(3-2)x>7!

= 12x2+6x|

= |4x4_1 +3x3! +0‘ = ‘4x3 +3x2| and

2
e. Given y=% b , then
2-1 2
[(a.Zx +0)-C]— [O.(ax +b)] (2ax.c)_0 2a¢x zax za
)= = ol e bk o= S I U b EE N P R
2
f. Given y== :1 , then
X
[(sz_l +0)-x3]— [3x3_1 «(x2 +l)] [Zx'x3]— [3)c2 «(xz +l)] x4 —3x% — 352 x4t 3y
Y= = =
x6 x6 x© x6
3 —xz(x2+3) B X243
x6:4 x4

[(2x2‘1 +0)-x4]— [4x4_1 -(x2 +3):

[2x-x4]—[4x3 -(x2 +3)]

2x° —4x° —12x3

y'=|-

X

xS

2w - 120

x3(2x2 +12)

C2x? 412

xS

x8=5

xS

[(4x2“ +0)'x5]— [st_l .(2x2 +12)]

[4x-x5]— [5x4 ~(2x2 +12)]

4x° ~10x° — 60x*

10 - 10 10
6 4] |x*(-6x2-60 2
—6x% —60x* | _ | 6x?+60
10 - L 10=6 G
Example 2.8-3: Find f"(0) and (1) for the following functions.
b. f(x)zxs(x—l)2 C. f(x)=)c—l

a. f(x)=6x7 +7x%2 -2

3
d. f(x): x” +1

g flx)=(x-1)"

J. f(x)= (1+5x)3

Hamilton Education Guides

¢ f(x) = - x+1
h f(x) _ (x -;1)2
ko sl)=—5

X

f. f(x) = (ax + b)2

—

2

()= (x+)(x? +1)+

5

1. f(x)=lx3+%x +x+10

3
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Solutions:
a. Given f(x) = 6x’ +7x* -2, then

1(x) =\6-7x7*1 +7-2x%! —0\=\42x6 +14x\and f"(x) =|42.6x6*l +14-1x1*1|=|252x5 +14|

Therefore, | /"(0)|=[252-0° +14|=[0+14] = [14] and | /"(1)| = |252-1° + 14| = [252 + 14] = [266]
b. Given f(x) = x>(x-1)°, then

f’(x) = (5x571 ~1)~(x—1)2 +[2(x—1)-1]-x5 = 5x4(x—1)2 +2x5(x—1) = 5)64(96—1)2 +2x% —2x3|and

S-ax T (x=1)7 +2(x =1)-5x* |+ 26207 = 2. 5657 = 2063 (x = 1)? +10x* (x = 1) + 12 — 10x*

79)=

= 20x3(x2 ~2x +1)+10x5 C10x* 1205 —10x4| = 2055 —40x* + 2023 4225 —20x*|

— |42x5 —60x* +20x| Therefore,

£7(0) —[42-05 ~60-0* +20.0%| = [0] and (1) —|42.1° —60-1* +20-13| = [42_60+20] = 2]

c. Given f(x) = x—l,then
X

0-x-1-1 1 0-x—-2x-1 2x 2
f(x)|=1- =ll+—|and | f"(x)| =0+ ———|=|-=|=|-—
(x) 2 2 (x) A 4 3
2 2 . 2 2
Therefore, | /(0)| = i which is not defined and | /"(1)| = =7

P |

d. Given f(x) = , then
X

[3x2-x]—[l'(x3+l)] 3x3 —x3 -1 263 —1

"(x)|= = = and
f (X) x2 X2 x2
)= [6X2'x2]—[2X'(2x3—1)] _lext —axt 2x | |2xt 42| 24 +1) _ ol +1)
A 4 4 A3 3
3 3
Therefore, | /"(0)|= 4%) = which is not defined and | /"(1)| = 2 113+1 =2|=[4]
e. Given f(x) = x> ———, then
x+1
f’(x) =33 _()-(Ll);ll =3x% + ! 3 and
(x+1) (x+1)
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2 2-1
fr(x)|= 3-2x2’1+0'(x+1) _2()2+1) 1 —2(x—+14) —[6x——2 - | Therefore,
(x+1) (x+1) (x+1)
2 2 2 1
£"(0)|=1]6-0- =|-Z|=[=2]and | f"(1)|=|6-1- =l6-=|=l6-=|=|6-—|=5.75
©) (0+1)’ L2 0 (1+1)° 2} 4
f. Given f(x) = (ax+b)2, then
f’(x) = 2(ax+b)271 ca|= 2a(ax+b) =and f"(x) == 24
Therefore, | /"(0)|= and ()=
Note that since f(x) is independent of x, f”(x) is equal to 24 for all values of x.
g. Given f(x) = (x—1), then
()] =2 -1 1) =|2(x-1)"and | /7(x)| = |2 [-3(x 1) ~1] =|6(x~1)"*| Therefore,
_ —4l_| 6 |_|6]|_ _ 4| _|6|_|6 S
£r(0)|=|6(0-1)""|= Q) ——Eland Fr|=6(1-1)""|= il which is undefined
-1
. (x+1)2
h. Given f(x) = , then
X
[2(x+l)2_1~1-x]—[1~(x+1)2] 2x(x+l)—(x+l)2 2x? r2x—x2—2x -1 x2 -1
f’(x) — > = 3 = 3 = 5 and
X X X X
. _ [Zx-xz]—[2x~(x2—l)] . 2% —2x3 +2x C2x| |2
AL . T TETE
2 2 L 2 2
Therefore, | £"(0)|=|—|= Wthh is undefined and | /"(1)| = |=|=|>|=
i. Given f(x) = (x+1)(x2+1)+5 = X +x+x2+1+45 = x> +x2 +x+6, then
()= and [ /()] =
Therefore, | /"(0)[=[6-0+2]=[2] and | /"(1)|=[6-1+2]=
j. Given f(x) = (1+5x)°, then
7(%)|=[300+5x)"" 5| =[15(1+ 5x)%| and | £7(x)| = [0-(1+ 5x)7 +2(1+ 5x)-5-15| = [150(1 + 5x)
Therefore, | /7(0)| = [150(1+5-0) |= [150] and | /"(1)| = |150(1 +5-1)|= |150(1 + 5)| = [150-6] = [900]
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k. Given f(x) = 1+—3x,then
X
ROE 1'X3—3X2(1+X) _ X3 —3x% =33 _ —2x3 - 3x2 _ ~x2(2x+3) _|2x-3
6 i 6 64 4
4 3
f”(x) _ [—2~x ]—[4x (—2x—3)] _ —2xt 48x*t 41243 _ 6x* +12x° _ 6x3(x+2) _|6x+12
8 .8 .8 = e
6-0+12 12 C g 6-1+12 18
Therefore, | /(0)|=|—<—|= Wthh is not defined and | /"(1)| = |———|=|—|=
0 1
l. Given f(x) = PR +x+10, then
f’(x) = §x3_1 +%x2_1 +x 40 =and f"(x) =|2xz*l +x!! +0|= 2x+1
Therefore, | /(0)| = =]and|/"(1)|= =
2 3
Example 2.8-4: Find d—y, Q, and ay for the following functions.
dx’ dx? dx?
a. y=x4+5x3+6x2+1 b. y:x+l C. y:x(x+1)
X
2\ 3 2.2 1
d. y:(x +1) e. y=x3+3x2+10 £ oy=—
1+x
1 3 X3 +1
g y=x—— h. y=ax’+bx L y=-—
X X
Solutions:

a. Given y=x*+5x3+6x% +1, then

= \4x3 +15x2 +12x|

=|12x2+30x+12|

= |24x! +30x°| = [24x + 30]

DI |4 a5 d 36D 2 9|2t +(5-3)x ! +(6-2)x % +0
dx dx dx dx dx
2
bl R I TN S DI (4-3)> 1+ (15-2)x? 7+ (1241
a2 dx x x
3
b B I LY (12-2)x* 1+ (30-1)x' " +0
di3 dx x /X

. 1 C _
b. Given y=x+— which is the same as y=x+x"', then
X
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x—Z
= O—(—2~x_2_1) = 2x7Y)
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dy d 3 —3-1 —4|
— 2 | =|7— = . =|—6
P dex (2 3)x X
c. Given y:x(x+1)3,then
%= [(x+1)3%x}+[x%(x+l)3} = (x+1)3-1]+:x-3(x+1)3_1-1] = (x+1)3+3x(x+1)2
d*y|_|d 3 2 d d 2 || _ 3-1 2 2-1
| dx(x+l) +[3(x+1) dxx}[:sxdx(xﬂ) } 3(x+1) 1]+ 3(x+1) 1]+ 3x-2(x+1) 1]
= [3(x +1)% +3(x +1)% + 6x(x +1)| = |6(x + 1) + 6x(x +1)
3
d—g = 6i(x+1)2+{|:6(x+1)ix}+|:6xi(x+l)}} = [12(x+1)2‘1-1]+{[6(x+1)-1]+[6x-(x+1)1‘1-1]}
dx x dx dx
= [12(x+ 1)+ 6(x+1)+ 6x(x +1)°| = [18(x+ 1)+ 6x] = [18x+ 18+ 6x] = [24x + 18] = [6(4x + 3)|

d. Given y=(x+1), then
dy d -2 —2-1] d -3 -3
=2 == el == 1l=1=2 1
g dx(x+1) 2x+1) dx(x+1) 2Ax+1)" -1 (x+1)
d’y d -3 -3-1] d 4 -
[ - S S = —_) e — . —_— = = 6 1
2 de(x+1) [( 2--3)(x +1) dx(x+1) 6(x+1)7" 1= |6(x+1)
d3y d -4 —4-11 d -5 -5
—_ = — = pp— . —_— = |— . = —24 1
3 6dx(x+1) [(6 4)(x+1) dx(x+1) 24(x+1)" -1 (x+1)
e. Given y=x>+3x?+10, then
dy|_|d 3 d o d 4 _1d 3 d o 1 [ 30 o2 _[a.2 |
g dxx +dx3x +dx10 dxx +3dxx +0 3x +(3 2)x 3x” +6x
2
d—zy =932 1 e =3 L 2 46 L x| =|(3-2)2 4 (6-1)| = [6x 26
dx dx dx dx dx
3y [d d | | d _ _
il 6 +—-6|=(6——x+0 6]
f. Given y:L,then
1+x
d d
T [(1+x)0b61}—[1-6h(1+x)} ) 0—() N
dx (1+x)* (1+x) (1+x)?
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72 _ _[(1+x)2261}—[1-i(1+x)2_ ) _0_[(1_2)(1“6)271] ) Ai+7) ) 5
dx? (1 + x)4 (l+x)4 (1 +x)¢':3 (1 + x)3
iy [(1”)3;2}[2'i(l”)3} 0—[(2~3)(1+x)3_1] | 6(1+x) |6
dx? (1 + x)6 (1 + x)6 (1 + x)6:4 (1 + x)4

g. Given y=x _L which is the same as y=x—-x"", then
X

h. Given y=ax> +bx, then

L iax3+ibx =la—x>+b—x
dx x dx dx dx
d? d_ -, d d »
—|=|—3ax"+—>b|=|3a—x" +0|=
a2 dx dx dx
d’y|_[d d

— |=|—6ax|=|6a— = 1=
| ax a—-x|=[6a1]

3

. . +1

1. Given y =x—2, then
X

L ix—i)f1 =‘1+x7171|=|1+x_2|
dx dy dx

d—zf O I e
dx dy dx

% = —2%;& |2 3] = x|

(a . 3))6371 + (b . l)xk1

=‘3ax2 +bx0‘= ‘3ax2 +b|

(3a . 2)x 21

{xz %(f +1):|—|:(x3 +1)5—xx2}

ﬂ =
dx x4

3t —2x* —2x

dx?
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4 d d 4 4 4-1
P A (x 'O)—(6'4)x 0—24x° 24x? 24

di? x8 x8 x8 x3=3 x>

Example 2.8-5: Find »' and y” for the following functions. Do not simplify the answer to its

lowest term.
a. x2+y2:2 b. xy+y2:1 C. 1+x2y2:x d. x3y+y:1
Solutions:
. 2,2 e 2-1 . o, —2x
a. Given x +y? =2, then[y'|is equal to | 2> +2y-y'=0]; [2x+2yy' = - 2xl:|y T
y y y
b. Given xy+ y? =1,then is equal to|(1~y+y’-x)+2y-y’— y'(x+2y)=-y
. y/:_ Jy and y”=_I-y"(x+2y)]—[(1+2y,)'y] . y//:_xy’+2yy’_y_2yy, . yn:_ xy,_y
’ X+2y (x+2y)2 ’ (x+2y)2 ’ (x+2y)2

2xy2 +2yy’x2 =1

c. Given 1+x2y2=x,theis equal to 0+(2x~y2+2yy'-x2) =1
, 1—2xy2

e Y O e [ M ey e
; 2x2y (2x2y)2

2yy’x2 =1—2xy2

o .

—4x2y(y2 + nyy’) - 2(2xy + xzy’)(l - 2xy2)

S|y =
4x4y2

e S A

d. Given x3y+y:1 ; y(x3+1):1 ; y=+l,then= = and
X"+

(x3 +1)2 (x3 +1)2

. [—6x.(x3+1)2}—[2(x3+1)-3x2-—3x2] ) _6x(x3+1)2+18x4(x3+1) (x +1)[ (x +1)+3x ]
b o oo

6x(—x3 —1+3x3) 6x(2x3 —1)

(x3 +1)3 (x3 +1)3
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Example 2.8-6: Find the first, second, and third derivative of the following functions.

a. f(x)=6x7+7x2—2 b. f(x)=3x4—2x2+5x+9
C. f(x)zx_4+3x_3+x_2 +x d. f(x)=x7 +6x° +8x+3x 7
3 2 1
€. f(x):x—3+x—2+; f. f(x):x(2x+l)3
g. f(x):x3—i-L3 h. f(x):(x+1)2—x3
x
Solutions:

a. Given f(x) = 6x’ +7x* -2, then

()] =](6-7)x" +(7-2)x* " ~0|= 425 + 14x]
()| =(42-6)x 7 +14x | = 2525 +14]
f(x)|=|(252-5)x> " +0|= 1260

b. Given f(x) = 3x* —2x? +5x+9, then

()| =34t = (220 52 0| = 1247 —4x+5|
7)) =123 - axt1| = (3622 - 4

f(x)[=(36-2)x*" —0|=[72x

c. Given f(x) =x P , then

f’(x) =|-4x! -i—(3~—3)x*371 —2x 2 = ‘—4x_5 —9x 4 _2x3 4 1|

L) = (45 e (-9 A (2.3 40| = 1207 +36x~5 + 6x4

£(x)|=](20--6)x ¢ +(36-=5)x > 4 (6-—4)x | = -120x~7 — 180 — 24575

d. Given f(x) = x” +6x> +8x+3x >, then

£ =727+ (6-5)x 7+ 8x T 4 (3. 3 = |75 + 30x% + 8- 9x7*

£r()|=((7-6)x7 +(30-4)x T+ 0+ (-9 —4)x | = [42x% +120x% + 363

7] = (4255 (120337 + (36--5) 51| = [220x* + 360x2 — 1801
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e. Given f(x) = %4‘%4—1 which is equal to f(x) = 3x +2x72 +x7", then
xT x- X

f’(x) = (3-—3)x_3_1 +(2-—2)x_2_1 —x = |—9x_4 —4x73 - x_2|

L) =((-9 =4+ (43T (12 = 36x~5 41204 + 207

7] =[(36- )5+ (1241 4 (23] = | 1806 — 485 — 6x~Y]

f. Given f(x) = x(2x+1), then

32x+1) 2

7)) = :1~(2x+1)3]+

x| = (2x—i—l)3 +6x(2x—i—1)2

76 -

32x+1)! -2] ¥ [6~(2x +1)2+2(20+12 " 206

=|6(2x +1)% +6(2x +1)* +24x(2x+1)

=12(2x+1)% +24x(2x +1)

£(x)|= [(12 2)(2x+1)7 2] + [24 (2x+1)+(2x+1)" 7 2. 24x

=48 (2x +1)+[24(2x +1) +48x]

=|72(2x+1) +48x

g. Given f(x) = x> +i3 which is equal to f(x) = x* +x7°, then
X

f’(x) = |3x3_1 —3x 37! ‘ = ‘.”x2 — 3x_4|

Fr()|[=](3- 22 + (-3 -4 = 6x + 12|

(x| =6x" + (12 -5)x ! =\6x°—60x‘6\=\6—60x‘6|

h. Given f(x) = (x+1)* —x>, then

f(x)]= :2(x+1)2_1 1

=3 = 2(x +1) =352 =|2x+2—3x2|=|—3xz4'23“'2

70| = {3202 + 22 + 0] = |6 + 20| = [Fox+2]

- oo -

Section 2.8 Practice Problems - Higher Order Derivatives I

1. Find the second derivative of the following functions.

a. y:x3+3x2+5x—1 b. y:)cz(x+1)2 C. y:3x3+50x
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_s5, 1 X 2 £ oo 3(y2
d y=x"+— €. y= —5x Cy=x"Ix7 -1
x2 x+1
8 5
4 x°=Tx" +5x 2 1 . 1
Loy=xT h. y=x"-—— 1. y=—-3x
& 10 d il Y2

2. Find y" for the following functions.

1
a. y=x5+6x3+10 b. y:x2+— C. y=4x3(x—1)2
x
-1
d. y=-2 e. y=x®-10x% +5x-10 £ oy="""1s5?
x+1 X2

3. Find 7"(0) and £"(1) for the following functions.
a. f(x)=6x5+3x3+5 b. f(x)=x3(x+l)2 C. f(x)=x+(x—l)2

d. f(x)= (x—1)73 e. flx)= (x—l)(x2 +1) f. fl(x)= (x3 —1)2 +4/2x
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Calculus I

Quick Reference to Chapter 3 Problems

Differentiation (Part I1)

Chapter 3

Quick Reference to Chapter 3 Problems

3.1 Differentiation of Trigonometric Functions

i tan? x
dx| cotx

3.2 Differentiation of Inverse Trigonometric Functions

X

di[tan‘l(x2 +3)] =

= i
> ldx

sin 3x
cos 2x

’Ex+3

d (sin 4x

j _

| d 3x?
> |dx| arc tan x

)
dx X

d (ar051nx+5x3j _

33 Differentiation of Logarithmic and Exponential Functions ..................................

i(emx tan x)

3

d _
u ecosSxe 3x

; %[lnx3+ln(cscx)] =

dx dx
3.4  Differentiation of Hyperbolic Functions...................cccocooiviiiiniiiiniiieee,
i(sinh x> +cosh 3x) =; i(sinh x2 +cosh xz) = a4 lsinh 3x+10x | |=
dx dx dx\ 6
3.5 Differentiation of Inverse Hyperbolic Functions ...................cccccooniiiiiiniiinnnnnnn.
i(sinh_l x2+lnx3) = i(tanh_l 2x+lnex) = i(tanh_1 x3+5x) =
dx dx dx
3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule ................................
. e* —el? . x> —25x . 2x2 —Inx
lim,_, 9 = |limy 5 — =5 (limy o | =
~10 x° 125 3x“ +3In x
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Calculus I 3.1 Differentiation of Trigonometric Functions

Chapter 3 — Differentiation (Part II)

The objective of this chapter is to improve the student’s ability to solve additional problems
involving derivative of functions that was not addressed in the previous chapter. The derivative
of trigonometric functions is addressed in Section 3.1. Finding the derivative of inverse
trigonometric functions is discussed in Section 3.2. How to obtain the derivative of exponential
and logarithmic expressions is addressed in Section 3.3. Differentiation of hyperbolic and
inverse hyperbolic functions is addressed in Sections 3.4 and 3.5, respectively. Finally,
evaluation of indeterminate forms of the type %, L, 0.0, 0—c0, 17, »?, 0° using L’Hopital’s
rule is discussed in Section 3.6. Each section is concluded by solving examples with practice
problems to further enhance the student’s ability.

3.1 Differentiation of Trigonometric Functions

The differential formulas involving trigonometric functions are defined as:

Table 3.1: Differentiation Formulas for Trigonometric Functions

d . du d 2 du
—SInu=cosSu-— —cotu=—csc” u-—

dx dx dx dx

d . du d du
—cCcosu=—sinu-— —secu=secu tanu-—
dx dx dx dx
d 52 du d du
—tanu =sec” u-— —cscu=—cscucotu-—
dx dx dx dx

In the following examples we will solve problems using the above differentiation formulas:

Example 3.1-1: Find the derivative of the following trigonometric functions:

a. y=sin 8x—cos3x b. y=sin 3x* C. y=cos x% +tan x°
d. y:tan(1+3x2) e. y:sin\/x—3+cos\/; f. y=cos® Vx

g. y=sec5 \/; h. y=sin6%/x—2 1. y=x3 sin? 3x

] y=(x+l)cot x? k. y:m l. y=,/csc5x
Solutions:

dy

a. Given |y =sin8x—cos3x |then - |- di(sin 8x —cos 3x)|=|cos 8x~di8x+sin3x-di3x = [8cos 8x+3sin 3x

X X X X

b. Given|y =sin3x* then%= di(sin 3x4) =|cos 3x4-di3x4 =|cos 3x* -12x*7!| = [12x3 cos 3x*
X

x x
. d d . d d

c. Given yzcosx2 +tanx3 then A —(cos x2+tanx3) =|—sin x2 -—x2 +sec2 x3 -—x3
x dx dx dx
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—sin x% -2x+sec’ x> -3 x?2

2

—2xsin x? +3x2 sec? x

3

d. Given y=tan(1+3x2) then i itan(1+3xz) =|sec (1+3x2)-i(1+3x ) =|sec? (1+3x2)~(0+6x)
dx dx dx
=|sec? (1+3x2)-6x =|6x sec? (1+3x2)
3 1
e. Given |y =sin Vx> +cos /x| then Y= di(sin\/x3 +c0s\/;j = di(sin x2 +cosx2J
X x X
3 i 3 3 1 1 33 3, 1 1
= ismx2 +icosx =|cos x2 -ix2 —sin x2 -ix2 =|cos x2 ~2x2 —sin x2 ~lx2
dx dx dx dx 2 2
33 1 1y 1 1 3 11 3 1
=|cos x2 2 2 —sin x2 lx =|=x2 cos x2 —lx 2sin x2|= —\/;cosxz— sin x2
2 2 2 2/x
. d d d
f. Given |y =cos> Vx| then D=L cos? Jx|= —(cos\/;)3 = (cos\/_) (cos\/_)
dx dx dx
2 1 2 1
= 3(cos\/;) -—sin\/;-di(\/;) = (cos\/_) —sm\/_ diXZ = 3(cos\/;) ~—sin\/;-%x2
X
_1 _1 2 3
= (cos\/_) ——sm x-x 2|= —ix 2(005\/;) 'sin\/; = cos? /x sm\/_
C2x
. d d d
g. Given |y =sec’ Jx|then |2 |=|%sec’® Vx |= —(sec\/;)s = (secJ_) (secJ_)
dx dx dx
14 _1
= 55604\/;~sec\/;tan\/;~di(\/;) =|5sec \/; sec\/_tan\/_ —x2 = %sec4 x-sec\/;tan\/;-x 2
x
1.5 4 _|_5 5
= sec x~sec\/;tan\/; = |—F—=sec xtan\/;
24x 24x
3 2 dy|_|d 2 2 2 2 2 4 2
h. Given|y=sin®3/x? =sin® x3|then Zlsinx3 | [=]6]sinx3 | -—sinx3|=|6sin> x3 -cosx3 -—x3
dx dx dx dx
2 2 9 2, 2 2 9 _1 12 2 2 4 5 2 2
=|6sin> x3 -cosx3 -=x3 |=|6sin> x3 -cosx3 -=x 3|= sin> x3 -cosx3|= sin® x3 cos x3
3 3 33 x
i. Given |y =x>sin? 3x|then LA i(x3 sin? 3x) = [sin? ?ax'ix3+x3~isin2 3x
x dx dx dx
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Calculus I 3.1 Differentiation of Trigonometric Functions

=|sin? 3x-3x% +x° ~—(sm3x)2 ={3x% sin? 3x + x° ~2s1n3x~is1n3x =13x% sin? 3x + x> ‘251n3x~cos3x~i3x
dx dx dx
=13x2 sin? 3x+ x> -2sin3x-cos3x-3 |=|3x%sin* 3x + 6x7 sin 3x cos 3x

j. Given|y =(x+1)cot x* then= di (x+1)cotx2] = cotxzi(x+1)+(x+l)icotx2
. L

X dx dx
=|cot x* ~1+(x+1)~—csc2 x? -dix2 =|cot x2 —(x+1)~csc2 x2.2x |=|cot x* —2x (x+1)csc2 x?
x
. P . 1 d . 1 1, . 1_ . 1, . _1
k. Given |y =,/sin 5x =(s1n 5x)2 then | |= i(sm 5x)2 = —(sm Sx)z lism 5x|= —(sm Sx) 2 -Cos 5x-i 5x
X dx 2 dx 2 dx
1. -1 5 5
= —(Sln Sx) 2 .cos Sx-5|= ELSXI = E.co‘s—x
2 2 (sinSx)E sin Sx
. 1 d d 1 1 1yd
1. Given |y = 4/csc 5x = (csc 5x)2 | then 2= “(csc 5x)2 | =|=(csc 5x)2 7' —csc 5x
X dx 2 dx
1 -1 1 _1 t
= —(csch) 2 -—cschcot5x~in =|=(csc 5x) 72 -—csc 5x cot 5x- 5| = _ 5 esedxcot Sx
2 dx 2 2 1
(csc 5x)2
5 _L -1 1 5
= —E'csc5x~(cs05x) 2 -cotSx|= —§~(csc5x)1 2 -cotSx|= —%-(csch)z -cot Sx | = =3 escSx cot Sx

Example 3.1-2: Find the derivative of the following trigonometric functions:

.2
CSC X sin x .
a. y= b. y= C. y=sinSx
X2 x+3
d. y=sinx5 c. y=sin5x f. y=tan(x2+l)
3 .
g. y:tan(x2+1) h. y=tan3(x2+1) i. y=cosx’
j. y=cos’ x k. y=cscl0x l. y=cscx!'”
2 4 goex)-fesc x4 x2)
a2 Given y_cscx then dy|_|d [escx )| _ (x dy OSC X)X g X _ x2 -—csc x cot x—csc x-2x
’ x2 dx dx x2 x4 x4
_ —x? ¢sc x cot x—2xcse x _ —xcscx(xcotx+2) _ —cscx(xcotx+2)
x4 x4:3 x3
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dgin 32| [sin a4 (x43)]
] sin x2 dy d [ sin x2 [(x+3) 4 Sin X sin x*= - (x+3)
b. Given|y= then |—|=|— =
x+3 dx de| x+3 (x+3)2
2 2 : 2
_ (x+3)-cos x -%x =sinx” -1} | (x+3)-cos x22x-sinx?| |2x (x+3)c0s x? —sin x?
(x+3)? (x+3) (x+3)?
c. Given|[y=sin 5¢] then | 2| = | sin 54| = |cos 55| = [cos 5x 5] = [Seos 53]
dx dx dx
. ) d .
d. Given |y =sin x°|then Y= ism x| =|cos x° -ix5 =|cos x° -5x%| = [5x% cos x°
x dx dx
e. Given |y =sin’ x|then |2 |= is1n5 x|= i(sm x)°|=|5(sin x)4~ismx =15(sin x)* - cos LA
x dx dx dx dx

=|5(sin x)4 -cos x-1|=

5sin? x cos x

f. Given

g. Given

y =tan (xz +l)

X

= ditan (x2 +1) = secz(x2 +1)~i (x2 +1)

dx

= |2 sec? (x2 +1)

3
y =tan (x2 +1)

%tan (x2 +1)3

= secz(x2 +1)3 % (x2

3
+1)

3 2
= secz(x2+1) -3(x2+1) -i(x2+

dx

1) = secz(x2 +1

3 2 2 3
) -3(x2+1) 2x|= 6x(x2+1) secz(x2+1)

h. Given

X

X

—[tan (x2 +1)]3 = 3[tan (x2 +1)]2 -ditan (x2 +1)

ye tan3(x2 +1)= [tan (x2 +1)]3 then |-~ = 5

dx

= 3tam2(x2 +1)-sec2 (x2 +1)-i(x2 +1) = 3tan2(x2 +l)-sec2 (x2 +1)~2x =

1. Given

j- Given

y =cos x°| then

d
Y- icosx3 = —sinx3~ix3 =|—sin x> -3 x?%| =
dx dx dx

6x tan? (x2 +1) sec? (x2 +1)

-3 x%sin x°

y=cos® x= (cos x)

=3(cos x)2 -—sin x-1

?| then = i(cos x)3 = 3(c0s x)2 ~icos x|=|3(cos x)2 -—sin x-ix
dx dx dx dx

= |—3sin x(co

s x)?
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: dy d
k. Given|y=csc10x|then|—=|=
a

0x cot 10x-i10x =|—-10csc 10 x cot 10 x

dx
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Calculus I 3.1 Differentiation of Trigonometric Functions
. d d d
1. Given |y =csc x'°| then D=9 e 10 = —ese 210 cot x10 - L 110 = =10 x° ese x'° cot x!°
dx dx dx

Example 3.1-3: Find the derivative of the following trigonometric functions.

a. y=csc'¥x

d. y=secx-cotx

b.

y =sec 5x4

e. y=sin’ x-sec (x+1)

C. y= sec* 5x*

2

f. y=sin(x2+1)-cos x

i. y=sin?x?

L. » =cosz(3x+2)

d
10csc’ x-—cscxcotx-d—x

X

g. y=sin2x+cos2x h. y=,/4+cos4x
] y=sec2x—tan2x k. y=cos(l—x2)
Solutions:
. d d d
a. Given y=csc10x then Y= —(cscl0 x) =10csc” x-—csc x |=
dx dx dx
— 9 _ 10
={10csc” x-—cscxcot x-1|=|—10csc " x cot x
. d
b. Given |y =sec 5x*|then Y= i(sec 5x4) = [sec 5x* - tan 5x4-i(5x4)
dx dx dx

sec 5x% -tan 5x* ~(5-4)x471

sec 5x* -tan 5x% - 20x°

20x3 sec 5x* tan 5x*

— (sec 5x4 )4 4(sec 5x4 )

i ~i(sec 5x4)

4(sec 5x4)3 -sec 5x*

dx

80x3 (sec

4
5x4) tan 5x4

(

d
cot x-—sec x
dx

H

)

d
sec x-—cot x
dx

(cot X-sec x tan x-l)

+(secx-—csc2 x-l)

sec x (tan X cot x—csc2 x)

. 4 d d
c. Given|y=sec* 5x* =(sec 5x4) then |2 |=
dx dx
=|x tan 5x* -di(5x4) = 4(sec 5x4)3~sec 5x* -tan 5x* - 203
X
. d d
d. Given |y =secx-cotx |then|=|=|—(sec x-cot x)
dx dx
=]l cotx-secxtan x-—x |+| S€CX-—CSC™ X-—X
dx X
=|cot x-sec x tan x +sec x-—csc’ x| =
. ) dy | _
e. Given |y =sin” x-sec (x+1)| then |=|=
dx dx

i[sin2 x~sec(x+1)]

sec (x+ 1)~isin

2 2

X +sin x~disec (x+1)

dx x

X

sec (x+1)-2sin x-cos x-i x+sin? x-sec (x+1)-tan (x+1)-i(x+1)

X

sec (x+1)-2sin x-cos x-1
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+sin2x~sec(x+1)tan (x+1)1 |=

2sin x cos x sec (x+1)+sin

2 xsec (x+1)tan (x+

1)

sinxsec(x+1)[2cos X +sin x tan (x+1)]

. . d [ .
f. Given |y =sin (x2 +1)~cos2 x |then || = 4 sin (x2 +1)~cos2 x] = || cos? x-ism (x2 +1)
x dx " dx
+| sin (x2 +1)-icos2 x||=1| cos? x-cos (x2 +1)'i(x2 +1) +| sin (x2 +1)'200sx~icosx
L dx dx dx
_ 2 2 1.7. 2 . _ 2 2 . . 2
=||[cos” x-cos|x +1-2x_+ sin|x“ +1)-2cosx-—sin x| |=|2xcos” xcos|x“ +1)-2sinx cos xsin|x“ +1
. . d d( . . . .
g. Given y=sm2x+coszx then 2= —(sm2x+coszx) = is1n2)c+icoszx =|2sin x-ismx
dx dx dx dx dx
d . d . . .
=|+2cosx-—cos x|=|2sin x-cos x-—x+2cos x-—sin x-—x|=|2sin x-cos x-1+2cos x-—sin x-1
dx dx dx
=|2sin x cos x —2sin x cos x =|E|
A second way of solving this problem is by noting that sin? x+cos?> x=1. Therefore, given
. 2 2 d d{ . 2 d
=sin“ x+cos” x=1|then |—|= —(sm X +cos x) =|—(1)=
, 4 L(1)=
. 1 1 1 1_
h. Given y=1[4+cos4x:(4+cos4x)2 then | |= di(4+cos4x)2 = E(4+cos4x)2 1~di(4+cos4x)
X Ix Ix
1 _1 1 _1 _1
= —(4+cos4x) 2 - i4-|-icos4x = —(4+cos4x) 2 - 0—sin4x~i4x = l(4+cos4x) 2 ~(—4sin4x)
2 dx dx 2 dx 2
2
4sin 4 _1 _1 2sin 4
=|-20 x'(4+cos4x) 2 |=|-2sin 4x-(4+cos 4x) 2 |= |- el 1
(4+cos4x)5
. . . d . 2 . . .
i. Given |y=sin? x?|then|=|= i(sm2 xz) = i(sm xz) =|2sin x2~ism x> |=|2sin x? -cos x% -— x?
dx dx dx dx x
=[2sin x2 -cos x2 -2x | = |4x sin x? cos x>
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. . d d d
j. Given |y =sec? x—tan® x|then 2= —(sec2 x—tan? x) =|—sec? x——tan? x|=|2sec x-—sec x
dx dx dx dx dx
_ d _ d 2 _ 2 2
=|—2tan x-—tan x| =|2sec x-sec x tan x-—x—2tan x-sec” x-—x|=|2sec” x-tan x-1—2tan x-sec” x-1
dx dx dx

2sec? x tan x—sec? x 2tan x

-0

A second way of solving this problem is by noting that sec? x—tan® x=1. Therefore, given

. Given

l. Given

—sec? x—tan? x = D19 (e x—tan2 x) | =4 (1) =
y =sec” x—tan x—lthen dx(sec x—tan x) dx(l) 0]
dy|_|d | d I P 2)
y=cos(l—x2) then— E[cos(l—xz)] = —s1n(l—x2)-a(1—x2) = 2xsm(1—x
y:cosz(3x+2) then L i[cosz(?ax+2)] = i[cos(3x+2)]2 =|2cos (3x+2)~icos (Bx+2)
dx dx dx
2cos (3x+2)-—sin (3x+2)‘di(3x+2) =|2cos (3x+2)-—sin 3x+2)-3 |= —6c0s(3x+2)sin (3x+2)
x

Note that since sin 2« = 2sin « cos ¢ the above answer can also be written as:

=|-6cos (3x+2)sin (3x+2) = —3-[2 sin (3x+2)cos (3x+2)] = —3~[sin 2'(3x+2)] = |—3sin (6x+4)
x
Example 3.1-4: Find the derivative of the following trigonometric functions:
a. y= x? sin’ 2x b =X c. v= tan” x
cos x cot x
d. y:8602 10x e. y:cos3 2y £ y=x3 cot 1
)
g. -2 h. y=cos?(1+3x) i, y=x3cotdx
x
J- y=tan 4x sin 5x k. oy 3x |, Sin 4x
cos 2x x+3
Solutions:
a. @\ i(xz sin’ 2x) = |sin’ 2x'ix2 +x7 'isin3 2x|=|sin® 2x-2x+x? -3sin? 2x.isin 2x
dx dx dx dx I

. . d
2x sin? 2x+x2 -3sin? 2x-cos 2x-d—2x

X

2x sin? 2x+x2 -3sin? 2x-cos 2x-2

2x sin> 2x + 6x2
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Calculus I 3.1 Differentiation of Trigonometric Functions

x sin? 2x cos 2x | = | 2x sin? 2x( sin 2x+3x cos 2x)

d .2 - 2 d . . . .
b av] | d sin? x B (cosx-asm x)—(sm x-acosx) B (cosx~2smx~%smx>—(sm2x-—smx)
" |dx dx| cos x cos? x cos? x
. .3 . 2 -3 . 2 s 2
(cosx-2s1nx-cosx)+sm X 2sin x cos” x+sin” x smx(Zcos X +sin x)
cos? x cos? x cos? x
d 2 2 d
. a| | d tan? x B (cotx-atan x)—(tan x-dxcotx) 3 (cotxoZtanxo%tanx)—(tanzx~—csc2 x)
" ldx dx| cotx cot? x cot? x
2 2 2 2 2
cot x-2tan x-sec” xJ+tan“ x csc” x tan x | 2cot x sec” x+tan x c¢s¢” x
cot2 X cot2 X
d d d d
d. 2= —(se02 IOx) =|2sec 10x-— ( sec 10x)| = [2sec 10x-sec 10x tan 10x-— (10x) [ = [2sec 10x-sec 10x
dx dx dx dx

xtanlox-lo-dix= 2sec? 10x tan 10x-10| = |20 sec? 10x tan 10x
X

d
e. [Z|= i(cos3 Zx) =|3cos? 2x~i(c052x) =|3cos? 2x-—sin 2x'i2x =|3cos? 2x-—sin 2x-2-ix
dx dx dx dx dx

=13cos? 2x-—sin 2x-2|= |- 6cos? 2x sin 2x
d d d d
f. D14 x3 cotx5 = cotx5 ~—x3 +x3 -—cot x5 = cotx5 -3x2+x3 ~—c502 x5 ~—x5
dx dx dx dx dx
=13x2 cot x> —x> -csc? x> -5 x| =|3x% cot x> —5x csc? x°|= x2(3c0t x> —5x5 cse? xs)
d .2 .2 d . . .
dy| | d(sin?x)|_ (x~$s1n x)—(sm x-ax) B (x-2smx-jxsmx)—(sm2x~1)
g I dx| x 2 2
X X
. .2 . .2 . .
( x-2sin x-cos x)—sin” x 2x sin x cos x —sin” x sin x (Zx cos x —sin x)
= = = 2
x2 x2 X
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d .
h. | 2= i[cos2(1+3x)] = 2cos(l+3x)'icos(1+3x) = 2cos(l+3x)-—sm(l+3x)-i(1+3x)
dx X dx dx
_ . d d _ . _ .
=|-2cos (143x)-sin (1+3x)- 3| |= —2cos (1+3x)-sin (1+3x)-(0+3) |=[=6cos (1+3x)sin (1+3x)
X X
1. i —( 5cot3x) = oot} x5 4 x5 L cord x| =cot? x-5x* +x° 3cot? x-Lcot x
X dx dx dx dx
=|5x* cot® x+x° -3cot? x-—csc? x~dix =|5x* cot® x—x7 -3cot? x-csc? x-1 |=|x* cot? x(Scot x—3xcsc? x)
X
J- ) i(tam 4x sin 5x)| = [tan 4x-isin 5x+sin 5x'itan 4x|=|tan 4x-cos 5x-i5x+sin 5x-sec? 4x-i4x
dx X dx dx dx dx
=tan 4x-cos 5x-5+sin 5x-sec> 4x-4|=|5tan 4x cos 5x+4sin 5x sec’ 4x
K dy|_|d sin3x | | _ (cos2x-%sin3x)—(sin3x-%0052x) _ (cos2x~cos3x-%3x)—(sin3x~—sin2x-%2x>
| dx | cos 2x cos? 2x cos? 2x
_ (cos 2:x-cos 3x-3)—(sin 3x-—sin 2x-2) _ | 3cos 3x cos 2x + 2 sin 3.x sin 2x
cos? 2x cos® 2x
| a| |a [ sin4xJ B [(x+3)~%sin4x]—[sin4x-%(x+3)] ~ [(x+3)~cos4x~%4x]—[sin4x-1]
" dx dx\ x+3 (x+3)2 (x+3)2

[(x+3)-cos 4x~4]—sin 4x 4(x+3)c0s 4x —sin 4x
(x+3) (x+3)2

Example 3.1-5: Find the derivative of the following trigonometric functions:

a. sin y =cot 3x b. cos3y =tan 5x c. sin(y+1)=cos x?
d. sin y=cos10x e. tan (3y+2)=sin5x f. sec? y=cscx
g. xcos y=sin (x+y) h. x?sin2y=cos(3x+5y) 1. xtan y=cotx

a. Given sin y = cot 3x, let’s take the derivative on both sides of the equation to obtain P _ ¥
X

3ese? 3
cosy-iy:—csc2 3x~i3x ; cosy-y'z—csc2 3x-3 |; y'=—M
dx dx cos y
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b. Given cos 3y = tan 5x, let’s take the derivative on both sides of the equation to obtain % =y'.
x
2
5 5
—sin 3y-i 3y =sec? 5x~i5x :|—sin3y-3y" =sec? 5x-5 | ;|-3sin3y-y’ =5sec? 5x |; y'=—w
dx dx 3sin 3y
c. Given sin (y+1)=cos x2, let’s take the derivative on both sides of the equation to obtain @ v
X
. 2
2x sin
cos(y+1)~i(y+1):—sin x? -ix2 ; cos(y+1)-y’=—sin x%.2x Sy == T
dx X cos ( y+1)
d. Given sin y =cos 10x, let’s take the derivative on both sides of the equation to obtain % =y'.
x
10sin 10
cosy~iy =—sin10x~i10x ;lcos y-y'=—sin10x-10 |; |y’ =%
dx dx cos y
e. Given tan (3y+2)=sin 5x, let’s take the derivative on both sides of the equation to obtain % =y'.
x
5 5
secz(3y+2)~i(3y+2):cos5x-i5x ; secz(3y+2)-3y’:c055x~5 ; y'=#
dx dx 3sec (3y+2)
f. Given sec? y =csc x, let’s take the derivative on both sides of the equation to obtain % =y'.
X
d d 2 ,
2sec y-—sec y=—cscxcotx-—x|;|2sec y-sec ytan y-— y=—cscxcot x-1|; |2sec” ytan y-y'=—cscxcot x
dx dx dx
, —cscxcotx , csc x cot x
N Ll LA
2sec” ytan y 2sec” ytan y
g. Given xcos y=sin (x+y), let’s take the derivative on both sides of the equation to obtain Z—y =y
X
cos ~ix+x~icos = cos (x + )~i(x+ )|;[cos y-1+x-—sin 4 =cos (x+y)- ix+i
ydx dx 7 7 dx ek 4 ydxy 4 dx dxy
;lcos y-1+x-—sin y-y" =cos (x+y)-(l+y') ;|cos y—xsin y y' =cos (x+y)+y'cos (x+y)
;|—xsiny y'—y'cos (x+y): cos (x+y)—cos vy |;|xsiny y'+y'cos (x+y): COS y —CoS (x+y)
€Os y —cos (x+y)
s |=y' [xsin y+cos (x+y)]=cos y—cos (x+y) |; |y =~
x sin y+cos (x+y)
h. Given x?sin 2y = cos (3x+5y), let’s take the derivative on both sides of the equation to obtain Z—y =y
x
. d » o d . . d . 2 d .
sin2y-—x“ 4+x° -—sin 2y = —sin (3x+5y)~—(3x+5y) slsin2y-2x+x“-cos2y-—2y =—sin (3x+5y)
dx dx dx dx
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—3x+iSy] ;

(
X
d.

x dx

sin 2y-2x+x2 -cos 2y-2y"=—sin (3x+5y)-(3+5y’) ;

2x sin 2y+2y'x2 cos 2y

=-3sin (3x+5y)-5y"sin 3x+5y) |;

2y’x2 cos 2y +5y"sin (3x+5y)=—3sin (3x+5y)—2xsin 2y

y' [2 x? cos 2y +5sin (3x+5y)] =-3sin (3x+5y)—2x sin2y |;

1. Given x tan y =cot x, let’s take the derivative on both sides of the equation to obtain

’

y'=

3sin (3x+ 5y)+ 2xsin 2y

[2 x2 cos 2y +5sin (3x+5y)]

dy
dx_y )

d d )
tan y-—x+x-—tan y=—-csc” x-—Xx
d dx d

X

X

2 d
tan y-1+x-sec” y-— y =—csc
dx

2

x-1{;

tan y+x-sec’ y-y'=—csc? x

x-y'-sec? y=—csc? x—tan y ;

4

y ==

cse? x+tan y

x sec? y

Example 3.1-6: Find the first and second derivative of the following trigonometric functions:

a. y=sinSx
d. y=tan2x

g. y=sin3x+cos3x

J. y=sinx—xcosx

b. y= sin? 5x

2

€. y=tanx

h. y=xsinx

k. y=,2+sin2x

C. y=cos(10x+3)
f. y=tan2 X

1. y:tan(5x+1)

1. y:(sin x2)2

Solutions:
a. ) i(sin 5x) = |cos Sx-i(Sx) =|cosS5x-5 |=
dx dx dx
ﬁ = i(SCos Sx) =|-5sin Sx-in =|-5sin5x-5 |=
dx2 dx dx
b | 2= i(sin2 Sx) = i(sin 5x)*| = |2sin Sx-i(sin 5x)|=|2sin 5x-cos 5x-i(5x)
dx X X dx X
2
ar|_ i(IOSin 5x cos Sx) = loi(sin 5x cos Sx) = 10|:COS 5x-i(sin 5x)+sin 5x~i( cos SX)}
dx? dx dx dx dx

10(cos 5x-5cos 5x —5sin 5x-sin 5x)

10(5 cos? 5x—5sin? Sx)

50 (cos2 5x —sin? Sx)

Note that since sin 2o = 2sin @ cos o the first derivative can also be written as:
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2
@ (2sin 5x cos 5x) = 5(sin 2-5x) = 5sin 10x. Thus, 9V — 5 cos10v-L10x = 50 cos 10x
dx dx? dx
dy|_|d . d . _ .
¢ |o|= a[cos(10x+3)] = —sm(10x+3)-5(10x+3) =|—sin (10x+3)-10 | =|—-10sin (10x +3)
A2y | | do,. . _ d _ _
—|= —E[IOSln(10x+3)] = —1OCos(IOx+3)~E(10x+3) =|-10cos (10x+3)-10 |=|-100cos (10x +3)
dx

d. Z—y = di(tan 2x) =[sec? 2x-di(2x) =|sec? 2x-2 |=|2sec? 2x|
X

/x Ix
d? d d
£r= —(25e02 2x) = 20—(se02x)2 = 2~2sec2x-ise02x = |4sec 2x-sec 2x tan 2x~i2x
dx? dx dx dx dx
=|4sec2x-sec2x tan 2x-2 |=|8sec 2x sec 2x tan 2x |= 8sec? 2x tan 2x
d
€. - i(tanxz) =|sec? x2~i(x2) =lsec? x?-2x |= 2x sec? x?2
X dx dx
d? 2 2 2
27= i(2xsec2 xz) = i2x(secx2) = (secxz) -i2x+2x-i(secx2)
dx? dx dx dx dx
= (secx2)2-2+2x-2(secx2)~di(secx2) = (sec)c2)2~2+2x-2(sec)c2)~secx2 tan xz-ix2
x Ix
=|sec? x?-2+2x-2sec? x% tan x% - 2x |=|2sec? x% +8x2 sec? x2 tan x> | = |2sec? x2(1+4x2 tan xz)
d
£ [2]= —(tan2 x) = i(tanx)2 = Ztanx-itanx = 2tanx'sec2x'ix =|2tan x-sec? x-1 |=|2tan x sec® x
X dx dx dx dx
d2
2= —(Ztanxsec2 x) =12 seczx-itan x+tanx'iseczx =12 se02x-sec2x+tanx'2secx~isecx
2 dx dx dx X
= 2(sec4x+tanx~25€cx'secxtan x) = 2(sec4x+2sec2x tan > x) = ZSeczx(sec2 x+2tan2 x)
d d ;. . . .
g. 2= —(sin 3x+cos 3x )| = is1n3x+icos3»x = cosSx~i3x—sm 3x-i3x =|3cos 3x—3sin 3x
dx dx dx dx dx dx
d? d . d . .
£r= —(300s3x—3sm 3x)| = —3cos3x—i3sm 3x|=|-3sin 3x-i3x—3cos3x-i3x
2
dx x dx dx dx dx
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=|-3sin3x-3—3cos 3x-3 |=|—9sin3x—9cos3x |=|-9(sin 3x+cos 3x)

h. i —(xsin x)|= sinx-—x+x'isinx =|sinx-1+x-cosx |=|sin x+Xx cos x
dx dx dx dx
d*y| . |d . d B d d d
—= | =|=(sin x+x cos x)| = | —sin x +— (x cos x)| = |cOS x-— X +| €COS X-—— X+ X -——COS X
A2 dx dx dx dx X dx
=|[cos x-1+(cos x-1—2x-sin x) |=|cos x+cos x—xsin x |=|2cos x—xsin x

. |d

i 2= i[tan( 5x+1)] = secz(5x+1)-i(5x+1) = sec2(5x+1)-5 = 5sec2(5x+1)
dx dx dx
d2
£ 2= i[556:02(5x+1)] = 5~i[sec(5x+1)2] = 5~2sec(5x+1)-isec(5x+1)
dx2 dx dx dx

10sec (5x+1)-see (5x+1)tan (Sx+1)- (5x-+1)| = [10sec? (5x +1) tan (5x +1)- 5| = [50 see?(5x +1) tan (5x +1)

dx
. |dy| . _ . d _ d d d
J. |—=|= —(smx—xcosx) = —smx——(xcosx) =|cosx-— Xx—|COS X — X+ X-—COS X
dx x dx dx dx X dx

cosxol—(cosx-l—x-sinx) =|cos x—cos x+xsin x |=|xsinx

U
S}
<

d . . d d . . -
—(xsmx) =|sin x-— x+x-—sin x| =|sin x-1+x-cos x |= [sin X+ X cos x
dx dx dx

&
[\S)

k. %= di(1/2+sin o )|= di(2+sin 23)3 | =| L (2+sin 26)2 7 L (2 4in 24)| = %(Z—ksin 2¢)2
X

Ix Ix 2 dx

1 cos 2x
-2cos 2x|=

1
2 (24sin2x)2 y/2+sin 2x

(i2+—sm 2xj = l(2+sin 2x)_%><(0+20052x) =
d. dx 2

1 1
d?y B d[ cos 2x } ((2+s1n2x)2-dxcos2x)—(cos2x-dx(2+sm2x)zj

dx? dx 42 +sin 2x

2+sin 2x

((2 +sin 2x)% -—sin 2x- % 2x) - (cos 2x- % (2 +sin Zx)%_l di (2+sin 2x)) ((2 +sin Zx)% -—sin 2x- 2)

2+sin 2x 2+sin 2x
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1
- (cos 2x- % (2+sin 2x)72 -2 cos 2xj

(_ 2sin 2x-(2+sin 2x);)_(c052 2x'(2+sin Zx)_i)

2+sin 2x

2+sin 2x

& &
|

%(sin xz)z =

2sin x2

d .
= sin x?| =
dx

2sin x2 cos x>

X

2|

-—x“|=|2sin x

Zcosx?2x |=

4x sin x2 cos x?

Note that since sin 2o = 2sin « cos o the first derivative can also be written as:

d_y = 2x
dx
2
d_y = i(2xsin 2x2)
dx? dx

(ZSin x2 cos xz) = 2xsin 2x? and the second derivative is equal to the following:

X

Z[Sin 224 i L na? | |=
d dx

Z(Sin 2x% 14 x-cos 2x°2 ~12x2j
dx

= Z(Sin 2x2 4+ x-cos 2x2 -4x) =

2(sin 2x2 +4x2 cos 2x2) =

2sin 2x2 +8x2 cos 2x?

Example 3.1-7: Find the derivative of the following trigonometric functions:

a.

d.

)

lmz)

y=sinx2+4x3 +7

y =5cos (4x—1)

y=sin

X —cosa/x+3

b. y=10sin (-5x)

€. y=sin 27x+3x?

h. y=5sin 8x—3x2 +2x

C. y=cot (5x+3)

f. y=sec 3x+10x2

i. y=7csc(x+10)+10x

X

—(sin x2 +4x3 +7)

dy|_|d
" ldx d

d .
=|—sin x
dx dx

+i4x3 +—7|=

d 2
dx

cos X -ix2 +(4-3)x2 +0|=

cos x2 - 2x +12x2

={2xcos x% +12x2| =

2x (cos x2+ 6x)

ix[loSin (-5x) ]

= |10cos (_5x).di(_5x)

X

= [10cos (— 5x)~—5

—50 cos (— Sx)

= %[cot (5x+3)] =

—csc2(5x+3)-i(5x+3) =

X

—csc? (5x+3)-5

= —5csc2(5x+3)

%[5005(4x—1)]

X

—5sin (4x—1)-di(4x—1) =

~5sin (4x—1)-4

=|—20sin (4x-1)

= i(sin 27rx+3x2)
d.

X

X X

isin 27rx+i3x2
d d.

X

=|cos 27rx-di 27 x+6x

= |27 cos 2xx+6x

= di(sec 3x+10x2)

X

isec 3x +110x
dx dx

X

sec 3x tan 3x-di 3x+20x|=

3sec 3x tan 3x+20x
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Ix x Ix x dx

g. = di(sin X —Cos x+3) = disin x—dicos x+di3 = cos\/;-i\/;+sin\/;~%\/;+0

1 cos\/;+sin\/; cos \/;+sin\/;
Je| | 2dx 0 2% 2x

Il
(@}
[}
[7Z]

X - ! +sin\/;~
2

2Jx

h. |2|= i(Ssinsx—3x2+2x) =L sin 83— L 352 4+ L 2| =| 5008 8x--L 8 —6x+2| = |40 cos Bx—6x +2
dx dx dx dx dx dx

i |- i[7csc (x+10)+10x ] |= i7csc(x+1o)+i10x =|-7csc (x+10)cot (x+1o)-i(x+1o)+10
dx dx dx dx dx

—7csc (x+10)cot (x+10)-1+10 |=|—7ese (x +10)cot (x+10)+10

Example 3.1-8: Given the following trigonometric functions find % .

X
a. y=Il+cost and x=t+sin¢ b. y=1+t2 and x=t¢sin¢
C. y=sin3 6 and x=cos? @ d y=sin3 a and x=cos’ &
e. y=te' and x=¢' cost f. y=51n3t2 and x=In7>
g y=e'cost and x=¢In¢ h y:sin2 ¢t and x:sec4\/_t
i. y=cos?(9+1)and x=sin 6> j. y=3sinw and x=cos 3w’
k. y:%/t72 and x=1+\/_t 1. y=49—\/5 and x =62 cos 0
Solutions:

. . @] [d d. d : dx
a. Given|y=1+cost |and|x=¢+sin¢ |then|——|=|—(1+cost)|=|—1+—cost|=|-sin¢|and |—
g i = la"a

d . d d . dy/dt| |dy-dt|_|dy —sin ¢
=|—(t+sint) |=|—¢+—sin¢|=|1+cos¢| Therefore =l=—|=|=|=
dt ( ) dt dt dx/dt| |dt-dx| |dx 1+cost

. - d
b. Given|y=1+¢*|and |x=1¢sin¢|then = i(l+t2) S A ==and

dt dt dt

d . . d d . - - dy/dt d 2t
=% tsint|=|sint-—t+¢-—sint =|smt-1+t-cost|=|smt+tcost| So y/dt| _\dy|_
d dt dt dx

t dx/dt sin z+ ¢ cos ¢

. . d . . . .
c. Given |y=sin’0|and|x=cos® 0|then | £ |= 4 Gind0|= i(sm 6)3|= 35in? 0L sin 0
do do do do

=|3sin? 6 cos | and L icos2¢9 = i(cos@)2 = 2cost9-icosé? =|2cos @-—sin @
do do do do
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dy/do 3sin” 0 cos 8 3

=|-2sin & cos @ | Therefore /o) _\dy|_ M =|-—sind
dx/do x| |—2sin@cos 6 2

d. Given|y=sin® «|and |x =cos® «|then LU i(sinoz)3 = 3sin? a--Lsin o
da da da da
=|3sin? & cos | and ) icos30: = i(coso:)3 = 3cos2a-icosa =|3cos? a-—sin &
da da da da
. dy/da| _|dy 3sin? & cos a sin &

=|-3sin a cos? «| Therefore === =|- =

dx/da dx ~3sina cos’ a cos o

dy d d d t t t t
—|=|—te' |=|e -—t+t-—e |=|e 1+t-e’|=|e +te
dt dt dt dt \—‘

e. Given|y=re'|and |x=e’ cost|then

~—
S

d d d . .
= e’(1+t and |—|=|—e cost|= cost-d—et+et-;cost =|[cost-e' +e' -—sint|=|e’ cost—e' sint
t t

dt dt

dyldt| _|dy|_ e'(1+2) | 1+¢
dx/dt dx e'(cost—sing)| [cost—sint

=|e'(cos t—sin ¢) | Therefore

f. Given|y=5In3t?|and|x=In¢>|then % = %SIn?atz =|5.— 32| = 5-%-& === and
t

dx|_|d 1 d 1 3% | |3 dy/dt| |dy| [10/¢| |10
)1y 3= L) | L2 | =3 = 3] Therefore | 219 = |42 | = |10/
dt dt 3 dt £ 3 t dx/dt dx 3/t 3

. a| [a d d
. Given|y=e' cost|and [x=¢In¢|then |=|=|—e¢’ cost|=|cost-—e' +e' -—cost
£ 4 dar| [a dt dt

. . . d d d
=|cost-e’ +e' -—sint|=|e' cost—e' sint|=|e’(cost—sint)|and |—|=|—¢Int|=|Int-—¢+¢-—Int
dt dt dt dt

dy/dt| _|dy|_ e’ (cos t—sin 7)

1
=|ln¢-1+¢-—|=|In¢t+1| Therefore
t - dx/dt x Inz+1

h. Given y=sin2\/_t and x=sec4\/_t then % = %sinz\/_t = %(sin \/_t)z =|2sin \/_t-%sin\/_t

=|2sin t.cos\/_t-%\/_t =2sin t-cos\/_t~—2\1/_ = _sin i/ios\/_t andZ%sec4\/_t
t t
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el

4sec’ \/_t-%sec\/_t

d
dsec’ [t -sec 4/t tan \/_td_\/_t
t

4sec? t-tan\/_t~—

L

2

—sin tcos\/_t/\/_t

sin 4/ ¢ cos \/_t

—2sec? ttan\/_t/\/_t

2sec? /¢ tan \/_t

2sec? [t tan /¢ dy/dt

=|- \/_ Therefore |- ) ||
\/_t dx/dt| |dx

P 2 2 dy | _

i. Given |y =cos*(0+1)|and |x =sin 6*|then 0

dd—(gcos2 (t9+1)

j—e[cos(¢9+1)]2

= 2cos(0+l)~%cos(6’+l) =|2cos (0+1)-—sin (9+1)-%(9+1) =|-2cos (0+1)-sin (9+1)-1|
=|-2sin (@ +1)cos (0+1) |and Ly isinez = cos92-102 =|cos 6226 |=|26 cos 6>
do dt dt
Therefore dy/do =E_ —2sin (9+1)coz(¢9+1) _|_sin (6’+1)c0s2(t9+1)
dx/d dx 26 cos b 6 cos 0
. . d .
j. Given|y=3sing |and|x=cos3¢p?|then & i3sm(p =|3cos ¢ |and L3 icos3(p2
do do do dt
dy/d
= —sin3¢)2-i3¢)2 = —sin3(p2~6(p = —6gosin3go2 So M — | 3cos ¢ 1= cne 3
dt dx/dp dx —6¢ sin 3¢ 2¢ sin 3¢
. dy| _|ds[ 2 d 2| |2 2-1] |2 -1 2 2
k. Given|y=3¢?|and [x=1+,/¢|then|=|=|=3¢? |=|=¢3|=|Z¢3 |=|2¢ 3|=|—"-|=|—=|and
y * dt dt dt 3 3 1 33/
33
dx la. a ~_ 1] [ dyjdt] [ay| |2 /33| |224¢| |44t
—|==\1+4t)|=|—=1+— =0+ = So =|=|= = ll
dt d dt dt 2.t 2\/_; dx/dt| |dx 1/2\/_[ 1.33)1 33
. 7 d d 1 246 -1
1. Given|y=60-./60|and |x=6? cos 6| then 2 i(e—\/E) = Lo-Z Jo|=1l-——|= Vo
do do do  do 2.6 24J6
and A i(192 cosH) = 0059-102+92-icose =|cos 0-20+62 -—sin 6| =26 cos -6 sin 6
do dt dt
dy/dé d 240 —1/2+/0 246 -1
Therefore /o) _\dy|_ Jo-y/ 2\/_ = Vo
dx/d6 dx 20 cos -0 sin 0 2\/5(20c0s6—02 sinﬁ)
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Section 3.1 Practice Problems — Differentiation of Trigonometric Functions

1. Find the derivative of the following trigonometric functions:

a. y=sin(3x+1) b. y=5cosx’ c. y=xcosx?
d. y=sin5x-tan 3x e. y=tan’ x> f. y=cot(x+3)’
g y=x>cosx’ h. y:sec4\/x—3 i. y=sec3x?+x’
j. y=tanx’ k. y=tan’ x l. y=csc (x3+1)

2. Find the derivative of the following trigonometric functions:

_tanx b :sin(x3+1) c _ secx
ese x Y x? Y csc x>
d. y=x°tanx’ e. y=x"sinx> f. y=(x+5)%cos x
g. y=x’tan’x° h. y=q/x+sinx> 1. y:sin(1+x5)
j. y=cot?x? k. y=sin3(1+5x) l. y=x>cscx’

3. Find the derivative of the following trigonometric functions:

a. y=sin7x b. y=cosx’ C. y=cotx>
d. y=x>tanx? e. y=cot(x+9) f. y=sin2(x3+5x+2)
g y=sinyx+3 h. y=sinx? +cos x° i. y=x2sinx’

Hamilton Education Guides 157



Calculus I

3.2 Differentiation of Inverse Trigonometric Functions

3.2

Differentiation of Inverse Trigonometric Functions

The differential formulas involving inverse trigonometric functions are defined as:

Table 3.2-1: Differentiation Formulas for Inverse Trigonometric Functions

d arcsinuy = sin"ly = ;ﬂ iarccotu = icot_lu = - ! ﬂ

dx dx [1_,2 & dx dx 1+u? dx

d arccosu = d cosu = —;ﬂ iarcsecu =% seclu = ! d_u
dx dx ll—uz dx dx dx udu? -1 dx
d _d g 1 du d _ a0 1 du
—arctanu — —tan = — —arccscu = —CsC U — —
dx dx l4y? dx x e udu?_1 9

Let’s differentiate some inverse trigonometric functions using the above differentiation formulas.

Example 3.2-1: Find the derivative of the following inverse trigonometric functions:

a. y=arcsin (3x—4)

b. y=arcsin x>

C. y= tan_l(x2 +1)

d. y=x2arcsin2x e. y= s1n3 ol f. y=cosx? +arccos x>
X
-1
g y=(1+x)cot™ x h. y:arctani iop=2 7
x cos x
j. y=w k. y=x5+arctan\/; 1. y:arcco‘[\/3 x?
COS X

Solutions:

. . . 1 d 3
a. Given |y =arcsin (3x—4) |then D= i[arc sin(3x—4) | [= —(Bx-4)|= | —=—oo—

de| [dx 1-(3x—4)> & 1-(3x-4)

\/1_(9x2+16_24x) J1-9x% ~16+24x J—9x2 +24x-15

. 1 1 2
b. Given |y =arcsin x> then= i(arc sin xz) = —-ix2 = 2x |= ad

dx dx ,1—x4 dx 1= x4 1—x?

. _ _ 1 1

c. Given |y =tan l(xz-i-l) then - i[tan 1(x2+1)] = di(xz—i-l) = -2x
dx | |dx 1+(x2 +1) X 1+(x2 +1)
2
= ! 2x|= y ~

1+x* +2x+1 X" +2x42

d. Given |y = x2arcsin 2x | then |4 x2arcsin 2x) | =|arc sin 2x-ix2 +x2 ~iarc sin 2x
y
dx dx dx dx
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2 2
=|arc sin 2x-2x+x2-;'i2x = (2x arc sin 2x +x° ! -2|=|2x arc sin 2x + d
J1-(x)2 & 1-4x2 1-4x?
1 o1
. L d -1 Y 3x- —sin~ x-3
. sin” x dy d sin™!x (3’6'551“ x)—(sm x-—3x) l-x
e. Given|y= then |—=|=|— = =
3x dx| |dx| 3x (3x)? 9y 2
2. -l
3x —3sin71x 3x=3v1l-x"sin~ x
|y 1=x _ V1-x2 _3x-3 1-x%sin”' x _ x—1-x%sin"! x
= - = = =
9x 9x2 9x2\/1—x2 3x2\/1—x2
. d d d d
f. Given |y =cos x* +arc cos x| then Y\ = —(cos x? +are cos xz) =|—cos x° +— arc cos x>
dx dx dx dx
- 1
= —sinxz-ix2+ ! ~ix2 =|-sin x% - 2x - ! 2x|=|-2x] sin x% +
dx 1—x4 dx 1—x? 1— x4
. _ d d _ _ d d _
g. Given |y =(1+x)cot ™! x| then 2= —[(1+x)cot lx] =|cot ™ x-—(1+x)+(1+x)-—cot ! x
dx dx dx dx
_ -1 - 1+
= |cot 1x-1+(l+x)~ =|cot™ x - a
2 2
I+x 1+x
. 5 d d 5 1 d 1 -5 1 -5
. Given |y =arc tan 2| then | |=|-<| arc tan 2 | | = —Z|= —|= —
X dx dx X 1+(§)2 dx x 1+25 2 x2+25 x2
X x2 x2
B TS 1 I S I I
x2 425 x? xl(xz +25) x? 425
-1 -1 o os7 )= -1,.d
) ) d d (cosx cos x) (cos x4 cos x)
i. Given|y=2Ylthen|Z|=|L | X]|= dx d
cos x dx dx| cosx (cos x )2
-1 ( -1 . ) —Cos X . -1
cos x- —\cos™ x-—sin x +sin x cos " x
B 1 B 1-x? | —cos x+4/ 1—-x% sin x cos™! x
cos? x cos? x \/l—x2 cos x
. . arc sin x fy d ((arc sin x (cos x-%arc sin x)—(arc sin x-%cos x)
. Given|y=——|then|—|=|— =
oS X de| |dx| cosx (cosx)?
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Calculus I 3.2 Differentiation of Inverse Trigonometric Functions

cos x-—L——(arcsin x-—sin x) BT 4 sin x arc sin x
B Vi W 1-x? | cos x+4/ 1—x? sin x arc sin x
cos? x cos? x \/1_x2 cos? x
. d
k. Given|y=x> +arctan/x |then D= i(xs +arc tan\/;) = ix5 +iarc tan +/x
dx dx dx dx
1 1 -3
1 1 d = 1 1 =- 2 1
= 5x4+—2-i\/; =t —— L2 = st s —— o2 = st =5xty——
) (\/;) dx 1+x dx l+x 2 2(1+x) 24/x (1+x)
. 2 d d d 2 1 d 2
1. Given |y =arc cot x2 |then D=1 L gre cot Yx? | = | L arc cot x3| = |- —x3
dx dx dx 4 dx
I+x3
B 12 21 12 1| 1 2 | 1 2 | 2
=|- —Zx == —=x 3|=|- TR =-—=F ="
R I e 3|l 3| | s (142 7)
Example 3.2-2: Find the derivative of the following inverse trigonometric functions:
2
X 1 X -1
a. y=arccos— b. y=—arccot= C. y=cot  x—tanx
a 3 5
d. y:tanfl(x2 +3) €. =w+5x3 f. y:cosx—i-tan*lx
X
3x2 . .1 .
g y=—— h. y=sinx+sin™ x 1. sin 3y =arc tan S5x
arc tan x
. | k . _ 2 _ -1
J. cosy=sin"" x . sin (y+1)=arccos x l. coty=tan™" x
Solutions:
2 2 2
. d 1 1 2
a. Given y=arc cosx— then Y\ = iarccosx— = _—.ix_ e P
a dx dx a N2 dx a N2 a
IGRN|IES
a a

1_% a a2_2x4 % al_x4 @ /az_x4 a P
a a
. 1 d 1 1 1 -1
b. Given|y=—arc cot X | then |2 | = a4 ~arccot>| |= 1d arccot > | |= 1 -1 dx
3 5 dx| |dx\3 5 3 dx 5 31+(x)2 dx 5
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Calculus I 3.2 Differentiation of Inverse Trigonometric Functions
_|r - 1|t -1 =25 | 5
3 1+% 51 |15 25442 15 254+ 2 3(25+x2)
25
: - av] _[d( _ d . d
c. Given|y=cot™ x—tan x|then - —(cot 1x—tanx) =|"cot x——tan x|=|- —sec? x
|dx | |dx dx dx 1+x
: , dy] l 1 2
d. Given|y=tan 1(162-1-3) then |2 | = itan ](x2+3) = 5 i(xz+3) = —xz
(x| |dx 1+(x2 +3) dx 1+(x2+3)
2x 2x

1+(x4 +9+6x2)

x*+6x2+10

arc sin x d d ( arcsin x (% arcsin x- x)— (%x aresin x)
e. Given|y=—"—"1+5x%|then DI | 4T 53] | = +15x2
X dx dx x %2
1 _( in x- ) x ;
X arcsin x-1 —arcsin x —
{ 1-x? ] ) 1-x | |x—arcsinx \l 1-x? 5
= 5 +15x%| = 5 +15x%|= +15x
X X X2 1=
. _ d _ - .
f. Given|y=cos x+tan"! x|then - —(cosx+tan lx) = icosx+itan Uy|=|-sin x+
dx dx dx /x 14 x2
. 3x2 by d 3x2 (arc tan x- —3x ) (3x —arc tan x)
g. Given|y=——— then|—|=|— =
arc tan x X dx | arc tan x arc tan? x
. — 2.1 _ 3x2
B (arc tan x-6x ) (Sx 1+x2j - 6x arc tan x a2 | |6x (1+x2)arc tan x —3x2
arc tan? x arc tan? x (1.,. xz)arc tan2 x
. . . d . - . -
h. Given |y =sin x+sin~! x|then d (smx+s1n lx) = ismx+ism U x|=|cos x+
dx x dx dx 1—x2
i. Given sin 3y = arc tan 5x let’s take the derivative of both sides of the equation to obtain:
5
d 1 d 1425 x2
cos3y - —3y=————5x|;|cos3y-3y'=———5|;|3cos3y-y =———|; |y’ =
dx 1+(5x)? dx 1+25x2 1+25x2 3cos 3y
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5

b 1425x% | L] s

5.1 ,

5

3cos3y

y =
1 (1+25x2) 3cos 3y

;Y=

3(1+25x2) cos 3y

1-1

1-x2

-—sin y

i =_\[1—x2 sin y

!

Given cos y =sin ! x let’s take the derivative of both sides of the equation to obtain:

1

1-x

2

—sin y

cos (y+1)~d—
x

L (yin)ee L

-1

-1

slcos (y+1)-y' = ——-

1-x*

2x

slcos (y+1)y' = ——

! . r_

—2x
Y1 “2x-1

!

’

5y_

cos (y+1)

S|V = 5
1 1[1—x4 -cos(y+1)

2x

y =
\ 1-x* cos(y+1)

1. Given cot y=tan"! x let’s take the derivative of both sides of the equation to obtain:

—cseT y—y=

1+x2 dx |’

1

1+x

d 1

x|;|-cse? yoy' = 5

. 2 "
,|—CSsC Y-y =

1

1+x

2

ly'=

, 1-1

, 1

y =
(1+x2) -—csczy

y =0
(1+x2) csczy

. Given sin (y+1)=arc cos x* let’s take the derivative of both sides of the equation to obtain:

1
, 1+ %2 .

—csc? y

_ 14+x2

—osc? y

Example 3.2-3: Find the derivative of the following inverse trigonometric functions:

3

a. y=x !

sin”" x
d. y=arctan2(x3+1)

g. y=arccscl0x

Solutions:

b. y=arcsin® x

€. y=arc cot? 2x

h. y=arccscx

10

C. y= sin”!

f. y=cotx-cot”

x2

'x

i. y=arcesc!®x

sin” " x

a |Do|4 .3
dx dx
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Calculus I 3.2 Differentiation of Inverse Trigonometric Functions

d . . . . . 2 i

b. || = < aresin? x| = i(a”CSln x| = 2arcs1nx'i(arcs1n x)|=|2are sin x- ! —|Zaesinx
dx | |dx dx dx \/l—xz \/l_xz
dy | i 2

c. 2= isin Lx?|= 1 ~ix2 = ! 2x|= al
|dx | |dx |4 dx 1—x? 1— x4

X X X

2
d. Q = i[arc tanz(x3+l)] = i[arc tan (x3 +1)] =2 arc tan (x3+1)‘iarc tan(x3 +1)
dx d d d.

1 6x2arc tan(x3 +1)

2 arc tan (x3 +1)~ ! 5 -i(x3+1) =|2arc tan(x3 +l)-—-3x2 = 3
1+(x3+1) dx 1+(x3+1)2 1+(x3+1)

d _
e. |2£|= iarc cot> 2x|= i(arc cot 2x)3 = 3(arc cot 2)c)2 -iarc cot 2x | =|3(arc cot 2x)2 4 2x
dx dx dx dx 1+(2x)2 dx
2
- -6 t2
= 3(arc cot 2x)2- ! 2| = (arc coz x)
1+4x> 1+4x
d B _ B B -
f. D= i(Cotx-cot lx) =| cot 1x-icotx+cotx'icot Px|=] cot 1x-—csc2 x+cot x- !
dx dx dx dx 1+ x2
) ) cot x (1+x2) esc? x cot™! x+cot x
=| —csc” xcot™ x— =|- 5
1+x° 1+x
(ay] [a 1 d 1 1
g |—|= —(arccscle) =l-———10x | = |- ——F———= 10| = |-—————
x| [dx 10x 4/ (10x)2 -1 % 10x 4 100x2 1 x4100x2 -1
dy | 1 10
h. |[Z|= i(arccscxlo) = ——~ix10 = —;40)69 = |-
|dx| |dx 10 /xzo_l dx L1020 4 xql x20 1
. | d -
1. Y= i(arc csc!? x) = i(arc csc x)lo = IO(arc csc x)9 ~iarc csc x| = IO(arc csc x)9- !
dx X dx dx 2
x4 x° -1
10(arccscx)9 -1 _ —IO(arccscx)9

1 X x2—1 x\/xz—l
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Calculus I 3.2 Differentiation of Inverse Trigonometric Functions

Example 3.2-4: Given that the inverse sine function is given by y=sin™!

~Z<y<Z and -1<x<1, show that isin‘lxz !

x < x=sin y where

2 2 dx —2
-X

Solution:

. d
Given sin y = x then isiny:ix ; cosy-iyzl - D !

dx dx dx dx cosy
Since y=sin~' x we can state that y__1 ; isin_l x= !
dx cosy ~ dx cos y

To express cos y in terms of x we can use the relation sin? y+cos? y=1; cos? y=1-sin? y

; cos? y=1-x2. Therefore, cos y =4 1-x*> and we have shown that %sin_l PSR

cosy [1— x2
Example 3.2-5: Given that the inverse sine function is given by y=cos™' x < x=cos y where
1 -1

0<y<rz and -1<x<1, show that dicos_ x=
x

> .

1-x
Solution:
. . d 1 -1
Given cos y =x then icosy:ix; —smy-iyzl ;—y= — =—
dx dx dx dx —siny siny
. _ d -1 d _ -1
Since y=cos ! x we can state that 2= ; L cos7 x =
dx siny = dx sin y

To express sin y in terms of x we can use the relation sin? y+cos? y=1 ; sin? y=1-cos? y

. . _ -1 -1
; sin? y=1-x2. Therefore, sin y =4/ 1-x> and we have shown that %cos Ty=— =—
sin y

1-x

Example 3.2-6: Given that the inverse tangent function is given by y=tan™' x < x = tan y where

—£< v 7 forall x, show that U T
2 2 X 1+x2
Solution:
Given tan y = x then itamyzix ; sec2y-iy:1 ; @y __1
dx dx dx dx  sec? y
Since y=tan~! x we can state that d—y=+ ; 9 tan x = 12
X sec” y dx sec” y

To express sec? y in terms of x we can use the relation sec? y—tan? y =1 ; sec? y=1+tan’ y

; sec? y=1+x2. Therefore, we have shown that %tan_l PUNEE S -

sec? y - 1+x
Example 3.2-7: Given that the inverse tangent function is given by y=cot ™! x < x = cot y where
0( y( = forall x, show that ot =
29 I+x

7
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Calculus I 3.2 Differentiation of Inverse Trigonometric Functions

Solution:
. d d d d 1 -1
Given cot y=x then “cot y=Lx ; —esc?y-Lyp=1; £ =
dx dx dx dx _CSC2 y CSC2 y
. _ d -1 d _ -1
Since y=cot™! x we can state that —y:—2 i —cot x= :
dx  csc y dx csc” y

To express csc? y in terms of x we can use the relation csc? y—cot? y=1 ; csc? y=1+cot? y

d _ -1 1
; csc? y=1+x2. Therefore, we have shown that oot L= =—

Note: Similar steps can be taken to show that:

1. isec_I)c: !

dx xvx? -1

0<y( % or 7<y( 37” and x>1 or x<-1 and

1

where the inverse secant function is given by y =sec™ x < x =sec y for

d - -1 . N _
2. “csc”! x=——— where the inverse cosecant function is given by y=csc™! x < x=csc y for

x X x2—1

0( »( % or ys%ﬂ and x>1or x<-1I.

Section 3.2 Practice Problems — Differentiation of Inverse Trigonometric Functions I

1. Find the derivative of the following inverse trigonometric functions:

a. y:sin_1 3x b. y:x3 + arc cos S5x C. y:xsarc tan x*
. 1 arc sin 3x
d. y=arcsin (x3+2) e. y=arccot—- f. y=——
X X
tan~! x x3 . . -1
g y= h. y= —arcsin x 1. y=x+cos™ x
x+5

2. Find the derivative of the following inverse trigonometric functions:

a. y:x2+arc sin ax b. yzcofl 6x C. y=x+arcsin x>
d. y=arc tan? x €. y=x-—arctan x? f. y:x2 —arc sin x
g. yztanf1 x° h. yztanf1 Sx 1. y=arcsin 5x2
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Calculus I 3.3 Differentiation of Logarithmic and Exponential Functions

3.3 Differentiation of Logarithmic and Exponential Functions
When differentiating logarithmic functions the following two rules should be kept in mind:

1. The derivative of a logarithmic function to the base e, i.e., log, x =In x is equal to:

d_4d _1 L
E_dx(loge x)—x logee—x l—x

or,
&4 ()L (1)

dx  dx x

2. The derivative of a logarithmic function to the base other than e, i.e., log, x is equal to:

Q:i(

1
R log,, x)—;logax (2)

Let’s differentiate some logarithmic functions using the above differentiation formulas.

Example 3.3-1: Find the derivative of the following logarithmic functions:

a. y=In5x b. y=In x> C. y=5In 3x?2

d. yzln(x2+x+3) €. y:ln(xz—i-x-i-l)4 f. y:len(x—i-l)

g y=xlnx-x h. y:x2 In x—x> 1. yzln(lnx+l)

] y:hl;cz k. y:ln(;H-lj 1. y=ln(sin3x+cos5x)
x _

Solutions:

. av] [ 1 d 1 5] |1
a. Given |y =In5x|then |—|=|—(In5x)|=|— -—(5x)|=|—'5|=|—|=|—
dx( x) S5x dx( x) S5x ! X
. d d 1 d 1 x| |3
b. Given|y=1Inx*|then Y= —(lnx3) = —~—(x3) =|—.3x2|=|2 =
dx dx 3 dx 3 3=l x
. 10
¢. Given|y=>5In3x|then|%|= i(51n3x2) = 5.L~i(3x2) =2 6x|=| 22|20 =
dx dx 32 dx 3x2 3y 2=l 3x x

d. Given y=1n(x2+x+3) then LA i[ln(x2+x+3)] = ;-i(x2+x+3) _ | 2x+1
dx dx x?4x+3 dx x2+x+3
e. Given y=1n(x2+x+1)4 then Q = i[1n()c2-i-x+l)4] = ;~i(x2+x+l)4
dx dx (x2+x+1)4 dx
1 4(x2+x+1)3-(2x+1) 4(2x+1) 8x+4
= —-[4( 2+x+1)3-(2x+1)] — = = |
(x2+x+1)4 (x2+x+1)4=1 x24x+l x“+x+1
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f. Given

y=x21n(x+1)| then Zﬁ E[xz ln(x+1)] = {ln(xﬂ) %(xz)}{xz %[ln(xﬂ)ﬂ
[ln(x+1).2x]+[x2.m.ix(xﬂ)} - [ln(x+1)~2x]—{ 2 ﬁl} = 2xln(x+1)+xx—:1

dy|_ d d d d d
. 1 -x)|=|— ——(x) =] x—I( Inx—(x)|-—
g leenthen il ~—(xInx-x) o (xIn x) o (x) {x dx(nx)+ nx— (x)} dx()
= [xl-i(x)ﬂnxq—l = {£+lnx}—l —|1+lnx—1‘—‘ln x|
x dx x
h. Given y=x2 In x—x>|then % —x(x2 In x—x3) = %(x2 In x)—%(f) = {lnx E(x2)+x2«%(lnx)}
2=1
—i(x3) = |:1nx~2x+x2~l-i(x):|—3x2 = {2xlnx+x 1 1} 3x2| = {2xlnx+x }—3)62
dx x dx X X
=[2xIn x+x-3x%|=|-3x? +x(2In x +1)
R dy 1 d 1 d d 1 1 d
. =In(1 1 —|= —(l 1)) = | —Il —W)||= = 0
. Given (=i ten || o) = gy [ 0] | [
nx+l Inx+1 x (lnx+1)

3 2
j. Given In x* then || =L Inx? | f_ [x3 %(lnx )] —[lnxz-%(x3)] _ [x x1 }_[lnx -3x ]
2x4=2 2
x? (3x nx ) 2x (3x2 In x ) (2 3In x ) 2-3Inx
x° % L 6=4 o
i x+1 y|_|d, (x+1 1 x+1 1 [(x 3 dierl] [(x+1 5
k. Given yzln( jthen_=_1 [ j - ( Jz
x=3 X dx x-3 x4+l el x=3 x+1 (x 3)2
x-3 x=3
AR [(x=3)1]-[(x+1)1] ! (x=3)-(x+1) 1(x=3 (x=3)=(x+1) o3 go3-go
- (x-3) L (3 ()1 (r—3)? s (o3P
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Calculus I 3.3 Differentiation of Logarithmic and Exponential Functions

=3 -4 | 4
X+l (x-3)H (x+1)(x-3)
1. Given |y = In (sin 3x +cos 5x) thenﬁz ,;-i(sin 3x+cos5x)| = ;[ < in3x
dx sin3x+cos5x dx sin3x+cos5x = dx
+i(cos5x)] = ,;-(3cos3x—55in Sx) = 3c?s 3x = 3sin Sx
dx sin 3x +cos 5x sin 3x +cos Sx
Example 3.3-2: Find the derivative of the following logarithmic expressions:
a. y:(x3+1)-1nx2 b. y=sin(In3x)-cos(In5x) c. y=x’lnx-x
3 In x°
d. y:ln(x —1)—ln(secx) . y=—(+x f. y=1In(sec5x+tan 5x)
x
g. y=sin(lnx)+x h. y=sin(Inx)+cos(Inx) 1. yzéxs(lnx+3)
. x2
j. y=Inx’+In(cscx) k. y=In . l. y=1In(secx+cscx)
x+
Solutions:
a. Given y:(x3+1) ‘Inx? then= {i(f+1)-lnx2}+[—(lnx2)'(x3+1)} =[3x? Inx?
dx dx X
2(x3+1)

X

>

(xz)-(x3+l):| =[3x? 1nx2+{ 21:1 -Zx-(x3+l)} =3x2Inx%+

{ !
x2

b. Given |y =sin(In3x)-cos(In5x) |then |4 [ sin (In3x)—cos( In 5x) ] = isin (In 3x)—icos (In5x)
dx dx dx dx

= cos(ln3x)~iln 3x+sin(1n5x)-iln Sx|= cos(ln3x)~i-i(3x)+sin(ln5x)~i~i(5x)

dx dx 3x dx S5x dx
5sin(1n5x) sin(lnSx)
= cos(1n3x)-L~3+sin(1n5x)~L~5 = 3cos(1n3x)+ = cos(ln3x)+
3x Sx 3x 5x X x

c. Given|y=x*Inx-x then%z [di(xz)-lnx+di(lnx)-x2:|—%(x) = |:2x-lnx+—~di(x)-x2:|—1

X

i 2=1
= {2x-lnx+l~lox2}—l = 2xlnx+xx }—1 =2xInx+x-1
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Calculus I 3.3 Differentiation of Logarithmic and Exponential Functions

d. Given|y=In (x3 —1) ~1In (sec x) then%z %[ln (x3 —1)—1n (secx)] = diln(x3 —1)—diln (secx)

x X
1 3x?
= -i(x3—l)— ! 'i(secx) = 3x? - -sec x tan x | = 3x —tan x
w31 dx secx dx -1 sec x x> =1
5 d 3 3 d .5
) In x3 In x3 In x3 x> Lnx” )-|\Inx” £ x
e. Given|y=——+x then=i XLl oy +ix=( dx ) ( dx )+1
x5 dx dx xs dx xs dx xlo
7=4
(xs-% %x3j—(lnx3-5x4) (xs-%ﬁxz —(5x4 lnx3) (3)‘ 3 j—(5x4 lnx3)
X X X
= +1|= +1|= +1
x!0 10 10
(3x4)—(5x4 1nx3) x4(3—51nx3) 3—5In x>
- 0 = 10=6 = 6 1
xl x X
f. Given |y =In (sec5x+tan5x) |then LI i[ln (sec5x+tan5x) ] = ;-i[(seCSertanSx)]
dx dx secS5x+tanSx dx
1 d
= —sec5x+itan5x = ; sechtanSx.iSJHsec2 Sx'in
secS5x+tan5x \ dx dx secS5x+tan Sx dx dx

Ssec 5x (tan 5x+sec Sx)

sec 5x tan 5x-5+sec” 5x-5

sec5x + tan 5x (sec 5x + tan 5x)

g. Given|y=sin(Inx)+x |then = i[sin (Inx)+x] |= 4 i (In x)+ix =|cos (In x)i (Inx)+1
dx dx dx dx dx

=|cos (lnx).l.ix+1 = COS(lnx)~l.1+1 = M+l
x dx X x
. . dy _ d ) B d ' d
h. Given|y =sin (1n x)+ cos(ln x) then |—|= —[sm (In x)+ cos (In x)] =|Lsin (in x)+-cos (ln x)
dx dx dx dx

= isin (lnx)+icos (In x)| =|cos (In x)~i(lnx)—sin (In x)~i(lnx) = |cos (In x)-l-ix—sin (In x)‘l-ix
dx dx dx dx x dx x dx

cos (In x) _sin (In x)

= Cos(lnx)-l-l—sin (lnx)‘l-l = = l[cos(ln x)—sin(ln x)]
X

X X X X

dx 30d x dx

1. Given y=%x5(lnx+3) then Gl l|:i)65-(1nx+3)—i—di(lnx+3)~xS:| = %{5x4(lnx+3)+(dilnx+i3)x5}
X X
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Calculus I 3.3 Differentiation of Logarithmic and Exponential Functions
1], 4 1 d 5 1], 4 1 5 1|, 4 xP=4
=|—|5x (lnx+3)+ —-—(x)+0 X7 || = =] 5x (lnx+3)+ —1]-x ||=|=[5x*(Inx+3)+
3 x dx 3 X 3
4 4 4 4 4 4
5x71 5x71 16
= l[5x4(lnx+3)+x4] = éx4(lnx+3)+x— =[x Inx 5x  x)_|5x Inx nx+ * or,
3 3 3 3 3 3 3 3
. d
Given y=1x5(lnx+3):lx5 In x+x>| then |2 | =|= ix5-(lnx)+i(lnx)~x5 +—x°
3 3 dx 3| dx X dx
1 4 1 d 5 4l |1 a 5 4l _|1|c 4 x4 4
=|=[5x* - (Inx)+——(x)-x” [+5x*|=|=| 5x* -(Inx)+—-1-x” |+5x* | =|=| 5x" In x+ —— |+ 5x
3 x dx 3 X 3 X
4 4 4 4 4 4 4.1) (5 4.3)
1 1 1 (x +\5x
= l[5x4 1nx+x4]+5x4 = —Sx oY x—+5x4 = Sx_Inx X 5 nx+
3 3 3 1 3 3-1
_ 5x* lnx+x4+15x4 _ 5x4lnx+16x4
3 3 3 3
. . d
j. Given|y=Inx®+In(cscx)|then D)4 1nx3+ln(cscx)] =L 3 +iln(cscx)
dx dx x dx
2
t 3
=L i()c3)+ —(cscx) = L-3x2+ -—cscxcot x| = 3x’ _csexcotx) ——cot x
3 dx cscx dx ¥ cscx x3=2 csc x x
ST 2]
) x2 dy 1 a2 % [(x+1) o (x X (x+1)
k. Given|y=In| —| |then|=|=|— —| —||=|—
x+1 X X2 dx| x+1 X2 (x+l)2
x+1 x+1
1 (een) [rn) 20 [ 1] v ;
_ (1) 1) 2x® H2x—x? | (D) 2P 2w || x(x+2) || x+2
x21 (x+1)2 x2 (x+1)2 x? ()c+1)2:1 xzzl(x+1) x(x+1)
1. Given |y =In(secx+cscx) |then ) i[ln(secx+cscx)] = ;~i(5ecx+cscx)
dx dx secx+cscx dx
secx tan x —cscx cot x
=|——————(sec x tan x—csc x cot x)| =
secx+cscx secx +cscx
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Example 3.3-3: Find the derivative of the following logarithmic functions:

1 5
e n (sec 5x)

x2

d. y=tan (1nx2)

g. y=sin5x+In(sin5x)

J- y:ln%/x—l

Solutions:

b. y=1Incscx?

€. y=cot (ln3x5)

h. y:ln\/x2 +1

k. y:ln(1+x2)+

—

2 arctan x

d Insec5x

[xz -4 n sec5x ]—[lnseCSx-ixz]
dx x

a

y=In

x+1

sin x

y =tan(In x)— cot (1n x)

y:\/;-ln(xz +3)

y=In (arc tan 3x)+ 3x?

2.1 .d
I:x secSx dx

(sec Sx) } -

[ In (sec Sx)o Zx]

d
a' _y=

dx xz

x4

x4

2
[ x5 ~sec5x-tan5x-d15x} —2x In sec5x 5 5
_ seeox o _ (x -tan5x~5)—2x Insec5x| _ (Sx tan5x)—2x In sec 5x
4 4 4
¥ (5x tan 5x -2 In sec5x ) Sx tanS5x—21In (sec Sx)
x4=3 x3
b. d_y = i(ln cscxz) = ! L esex?|= —cscx?cot x2 - x2|= —cscx? -cot x2 - 2x
X dx cscx? dx csc X dx csC X
= : ¢3¢ x2 -cot x2 - 2x|= |- 2x cot x?
¢8¢ x
c dy|_ i[ln“lj |1 'i(ﬂlj _ % .[sinx~%(x+l)]—[(x+1)~%sinx] _[Lsinx
: ; x+1 ; x+1 . 2 .
X dx\ sinx S dx \ sin x i (sin x) (x+1)-1
><[sinx~1]—[(x+1)~cosx] _|sin x sinx—(x+l)cosx _| 1 sin x—(x+1) cos x _ sinx—(x+1)c0s x
(sin x)? x+1 (sin x)2~1 x+1 sin x (x+1)sin x
d. d_y = i[tan(lnxz)] = secz(lnxz)-ilnx2 = secz(lnxz)L-ix2 = secz(lnx )L 2x
X dx dx x2 dx X
) 5\ 2% ZSecz(lan)
=|sec (1nx ) |
<= x
c. Q = i[cot(ln3x5) = —cscz(ln3x5)-i(ln3x5) = —cscz(ln3x5)~— i(?;)cs)
dx dx : dx 3y dx
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5 *(im3)
4.2 5 Scse”|In3x
= —cscz(ln?axs)-LJSx4 = _15x hiad (ln3x ) =|-
3x° 3x°! d
f. % = %[tan(lnx)—cot(lnx)] = %tan(lnx)—%cot(]nx) = sec2(lnx)-%(lnx)+cscz(lnx)%(lnx)
= se02(lnx)-l~ix+cscz(lnx)~l-ix = se02(lnx)-l~1+csc2(lnx)-l~1 = l[secz(lnx)+csc2(lnx)]
X dx x dx X X X
g. D di[sin5x+ln(sin5x)] = disin5x+diln(sin5x) = cos5xd15x+ ,15 -di(siHSx)
x x X X x sin5x dx
=|cos 5x-5+— -cosSx-in =|5c0s Sx+— -cos5x-5|= 5c055x+5?055x = 5c0s5x(1+ - ! J
sin 5x dx sin 5x sin 5x sin 5x
L 1_
h |2 Z—(ln\/x2+lj S D U FERY i(x2+1)2 - -l(x2+1)2 i(2x+1)
X X 241 dx 241 dx 2.1 2 dx
1 1(2 11 1 2x(2 )—l x 1 x 1
—|xT+1P 12x|= x7+1) 2= . = .
K1 2 w1 2 Vx? 41 (xzﬂ)% (sz)% (xzﬂ)%
_ x | x
(xzﬂ)%r% x2+1
1 1 1
1. d—i = %[\/;~ln(x2+3)] = —x{xz -1 (x2+3)} = |:1n(x2+3)~% 2}+{x2 ~%1n (x2+3)}
D O T 1 1
=|lIn{x?+3)=x2  |+|x2- = (x?+3 } = {ln x2+3)—x 2}+[x2- 2x}
L e { O] I L -
| fulers
_ 1n(x2+3) 2x-x2 | _ _ In{x"+3 2xyx
53 xt43 2/x X243
. ldy|_|d 3 |1 d ;3 _ 1 d 1 1 Lgl_| 1 1 _
== —\1 -1)|= —aAlx-1|= —x-1)3|= —x-1 = —(x—
] e dx(n X ) i x ST dx(x )3 ST 3(x )3 ST 3(x 1) 3
_| 1 1 _ 1 _ 1 _ 1 _ 1 _ 1
Vol 36-1)3 | [(-1)5 3a=1)3| [3G-13"3 | [3(c=1)'3 | |3(x-1)3| [3(x=1)
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i i[ln(1+x2)+2arctanx] = iln(1+x2)+i(2arctamx) = -i(l+x2)+2~ ~ix
dx dx dx dx 1+x2 dx 1+x2 dx
1 2 2 2xi2| [20+x)
= .2x+2. .1 = + = = 2
1+x 1+x° 1+x2 1+x?| [1+x° 1+x

1 LA i[1n (arc tan3x)+3x2] = iln (arc tan3x)+i(3x2) = ;-i(arc tan 3x)+ 6x

dx dx dx dx arctan3x dx

3
= ! ‘ ! 2~i3x+6x = ! S 2~3+6x = +6x
arctan 3x 1+(3x) dx arctan3x 149y (1+9x2) aretan 3x
When differentiating exponential functions the following two rules should be kept in mind:
Given y=e", then L o A1
dx dx
Given y=a", then d—y:a” -In a-ﬁ
dx dx
Let’s differentiate some exponential functions using the above differentiation formulas.
Example 3.3-4: Find the derivative of the following exponential functions:
a. y=e'0¥ b. y=xe* c. y=x2e™
2 .
d. y=(x+8)e3x c. y=esms}C f. y=esx sin 2x
g y=e> cos3x h. y=e"tanx . y=+e* +arcsinx
j. y=e> arccos x k. y=eex . y=eC0s3%e™3
Solutions:
a. Given |y=e'"|then Ll i(elox) =|e!0x ~i(10x) =1e'%%.10|=[10!*
dx dx dx
b. Given |y = x ¢**| then d_y = i(xezx) =|e2* ~i(x)+x-i(ezx) =le? 1+x-e>* ~12x
dx dx dx dx dx

. d
c. Given|y=x2e>"|then|=|= i(xzesx) =|e>* -i()c2)+x2 -i(esx) =l 2x+x%-e>F ~i5x
dx dx dx

=3 . 2x+x? -esx-5‘= 2x &> +5x%e> | =|x ™ (2+5x)
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dx

d. Given|y=(v+8)™ | then| L |= di{(x+8)e3x2} _ [@xz .i(“g)H(Hg)i(axzﬂ

= [e3"2 ~l:|+{(x+8)~e3x2 ~—3x2} =3 4 (x48)-> 6x|= |3 [146x (x+8)] = e3x2(6x2+48x+1)

sin 5x

. : d . . _ :
e. Given|y=e""|then |2 |= i(esmsx) = esmsx-di(sm 5x) | =[eS"% .5cos 5x | =|5cos Sx e

f. Given |y = e sin 2x|then Gl i(esx sin 2x) =|| sin 2x~i(e5x) +| e -i(sin 2x)
d. d. dx dx

= {sin 2x-e5x~d15x +{e5x~cos 2x-di2x} = [sin 2x-e5x-5]+[e5x~cos2x-2] = |e>*(5sin 2x +2cos 2x)
x x

g. Given |y =e** cos 3x|then ﬁ = i(ezx cos 3x) = {cos 3x-i(ezx ):|+|:62x ~i(cos 3x)}
dx d.

x dx dx

= [cos 3x-e2x~di2x +{62x~—sin 3x-di3x} = [cos 3x-e%" -2]+[e2x~—sin 3x‘3] = |e**(2 cos 3x —3sin 3x)
x x

h. Given |y =e™" tan x|then LA i(el”tanx) =|| tan x-i(elnx) + elnx-i(tan x)
dx dx dx dx

d ] 1 tan x
= [tanx'emx-—(lnx) +[em ¥ sec? x||=|| tan x-e™ ¥ = |+|eM™ ¥ -sec? x|| = e ¥| = +sec’ x
: x x

X

i. Given|y=ve" +arcsin x| then LA i(\/ex +arc sin x) = i\/ex +iarc sin x| = ie3+iarcsinx
dx dx dx dx dx dx

dx 1 d |_|*1
_——t——Xx|=|e p—
dx 2 1= x2 dx 2

X
=le2.

j. Given |y =e> arc cos x| then | i(esxarccosx) = arccosx~i(esx) + esx-i(arc cos x)
dx dx dx dx

d 1 d
= [arc Cos x-esx ~d—5xj+ eSx ———X = (arc Ccos x~esx .5)+ eSx —_ 1
X

Hamilton Education Guides 174



Calculus I

3.3 Differentiation of Logarithmic and Exponential Functions

1 S5x
= |arc cos x-5¢°F —e™* . =|5¢3* are cos x ——= = || Sarc cos x -
1-x? 1-x2 1-x2
X X X X
k. Given|y=e® |then D= ieex =l -iex =l ~ex~ix =e¢ ¥ 1|=e® e*|=e® **
x dx dx dx

l. Given y=6c055x6—3x then d_y — i( cosSxe—3x) — ef3x .i(eCOSSX) + ecosSx _i(e—3x)
’ dx dx dx dx

_ |:e—3x_e(:055x.i(cossx) +|:e(:055x_ —3x i(_?,x):l _ |:e—3x_eCOSSx._Sinsx_disx:l_i_[ecosSx_e—3x._3]

X X X

[e—Sx .08 5x .—sin 5x.5]+[ec055x .e—3x ._3]

—5sin

Sxe

—Sxecos 5x —30C08 Sxe—3x

— ¢ 3% 3% (55in 5x+3)

—¢®85%3%(55in 5x + 3)

Example 3.3-5: Differentiate the following exponential functions

In %2 -Xx e3x 3 -5x
a. y=e —e = C. y=xTe
cot5x
2 2
d. y=e** arccosx? e. y=Ine* +arctanx+x> f. y=e* —arcsinx
_ lnx2 3 h _ . X . _ . 3x
g. y=e +Xx . y=arcsme 1. y=xarcsine
Solutions:
. 2 d d 2 d 2 d _ d x d
a. Given|y=e™" +¢|then |2 |= —(elnx —e xj == e =] S 2 —e ™ (= x)
X dx dx dx dx dx
2
2 1 d _ 1 | [2e™
=l S ey = e 2f+e | = +e™*
x2 dx 2= x
FTF (o]
. JES iy d( &3 [coth ac\e e dx(coth)
b. Given|y= then |—=|=|— = >
cotSx x dx | cot5x cot® 5x

o d H 3% so2 5. d ]
cotSx-e p 3x e csc” S5x dex

e3x(3c0t 5x+5csc? Sx)

_ _ cot5x-e3* 3+e .csc? 5x-5 _
cot? 5x cot? 5x cot? 5x
c. Given|y=x’¢™*|then G i()c3e_5x) S A P (R | | -e_5x~i(—5x)
dx dx dx dx dx
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+[e_5x -3x2] = (x3 e ~—5)+(e_5x -3x2) =|-5x%e™* +3x2e ™ |=|x2e ¥ (-5x+3)
. d
d. Given |y =e>" arccosx?|then Y\ = i((33x arccosxz) =|arc cos x° ‘iek +e3F ~iarccosx2
dx dx dx dx
1 1
= arccosxz-e3x-i3x+e3x-——~ 4 2= arccosx? e 3+e3 - 2x
dx 1—x4 dx 1= x4
3x
2
=3¢ arccos x? — 2xe =|e3*| 3arccos x? ——=%
1-x* 1-x4
. 2 d d 2
e. Given|y=Ine* +arctanx+x>|then Y= —(lnex +arctanx+x3) = ilnex +iarctanx+ix3
dx x dx dx dx
1 d 2 1 2 d 1 < 1
= —e' + +3x%|= ¥ X2y +3x2 =S 2x +3x2=[3x2 +2x+
¥ dx 1+x2 x? dx 1+x2 x? 1+x 1+x?2
e e e
. 2 . d 2 . 2 . 2 1
f. Given|y=e* —arcsin x|then Y= i(ex —arcsmx) = |4 —iarcsmx =le* 4,2
dx dx dx dx dx 1—x2
2 2
=le* -2x— ! =[2xe* - !
1-x2 1-x2
) 2 d d 2 2
g. Given|y=e™" +x3|then 2= —(elnx +x3j = | Lpina? L 3?42 500
X dx dx dx dx
2 1 d 1 2 2¢m%°
L P I PLE 2x+3x2 =M 243y = +3x2
_x2 dx x2:1 X X
. . . 1 d 1 d x
h. Given |y =arcsin e*|then D= i(arcsmex) = —e|= et —x|= d
X dx |_p2x dx 1—e2¥ dx 1—e2*
. . . d . . d d .
i. Given |y = x arc sin e**| then Y= —(xarc sin e3x) =|arc sin 3 -——x+ x-— arc sin >~
x dx dx dx
. 1 . 1 . 3xe3*
= |are sin &> -1+ x- ~ie3x = |are sin &> +x- -e3x-i3x = |are sin e3¥ + 2X¢
1—ef% dx 1— 0% dx 1— 5%
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e In order to find the derivative of the functions of the form y =x¢ () first multiply both sides of
the equation by natural logarithm (log, =1n ) and then apply the logarithmic rules prior to taking
the derivative. The following examples show how to differentiate this class of functions:

Example 3.3-6: Find the derivative of the following functions:

a. y:xx,x>0 b. y:xsmx,x>0 o y:(sinx)x,x>0
1 x
d. y=x-~, x>0 e. y=xm*¥, x>0 f. y=x°
Solutions:
. . . d d
a. The function y=x" is equivalentto|ln y=Inx*|;|ln y=xIn x|thus|—In y=—x1nx
yer q 4 4 dx 7 dx
; l~Q:lnx-ix+x-ilnx ; l-y’:lnx-1+x-l ; l~y’:lnx+1 sy =y(Inx+1) |; y'=xx(lnx+1)

y dx dx dx y x| |y

sin x

b. The function y=x*"* is equivalent to |In y =In x ;|In y =sin x In x |thus:

d . 1 ay d . . d r . 1
—mhy=—sinxInx|;|——=Inx-—sinx+sinx-—Inx|;|—y =Inx-cos x+sin x-—
dx dx y dx dx dx y x

1 i i i sin
;—-y'zlnxcosx+smx ; y':y(lnxcosx+smxj ; y'=xsmx[lnxcosx+ ! xJ
y x x x

c. The function y =(sin x)* is equivalent to|In y =In (sin x)*|; |In y =x In (sin x) |thus:

d . . .

iIny:ixln (sinx)|; l-—y=1n(smx)-ix+x~iln(smx) ; l-y'=ln(smx)-1+x~ ——C0S X
dx dx y dx dx dx y sin x
;l-y’:ln(sinx)ﬁtx?osx i1y =y [In(sin x)+xcotx] |; y'=(sinx)x[ln(sin x)+xc0tx]
% sin x

. L, . 1 1

d. The function y=x~ is equivalent to |ln y =Inx*|;|ln y =— In x| thus:
X

d d (1 1 dy d1l 1 d r I 11 (1 , Inx 1
—mhy=—|—Ihx||;|——=hx-——+——Inx|;|—y'=hx—F+——|;|— V' =——F+—
dx dx \ x y dx dx x x dx % 2 x x|y 2 2

, I-Inx ., L (1-Inx ,  XxX*
o A ) T

X
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e. The function y=x™% is equivalent to|In y=In x™*{;|{In y=Inx-Inx [=|In y=1n? x |thus:

ilny:ilnzx ; l~6~l—y:21nx'ilnx ; l~y':21nx'l~ix = l'y':Zlnx~l'1 = l'y':2lnx~l
dx dx y dx dx y x dx y X y X
1 , 2Inx , 2In x , In x
|my'= ;y=y[ J ; yﬂx'”(—)
¥ x x x

f. The function y= x¢ s equivalent to |In y =1In x¢ ;{Iny=e*Inx |thus:

ilnyziex Inx|; l-d—yzlnx~iex—i-ex-ilnx ; l-y':lnx-ex~ix+ex~l-ix
dx dx y dx dx dx y dx x dx

X x 1
l'y'=lnx'ex~l+ex~l'1 ; l-y':ex Inx+5— ; y':yex[lnx+lj Dy =x¢ ex[lnx+—j
y X y X X x

Example 3.3-7: Find the derivative of the following functions:
_ 5

a. y=x b. y=(sinx)” C. y=x

d. y=x27r e. ylena f. y:xsmg+x3

Solutions:

. d —
a. Given|y=x> then= 3e x3¢71
X

Note that we could have solved this problem, and other problems in this example, by first
multiplying both sides of the equation by natural logarithm (log, =In) and taking the
derivative as shown below. However, this is a more difficult way of solving this class of
functions and is not recommended.

o

y=x"|; lny=1nx3e then ilnyzilnx% ; lﬂ: ! -ix3e ;
dx dx y dx 3¢ dx

;y,:y(3ex3e—1_x—3e) ;y!:y(3ex3e—l—3e) ;y,:y(3ex—1) ;y,:x3e(3ex—1) [y =3ex

b. Given |y =(sin x)|then A 7 (sin x)! 2 inx|= 7 (sin x)* " cos x
dx dx
. 3 d 5 5 3 5 5
c. Given yzx‘/EZX2 then:_xz :Exz 1243 =2 xVx
X
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. d d _
d. Given|y=x?"|then|—=|=|—x%"|=|2z x27-1
dx d

e. Given|y=x"%|then LA ixln” =|lnaxme1
dx dx
f. Given|y=x""% +x3|then L i(xsme +x3) = |4 ysin0 4 31 lgin g x0T 4352
X dx dx dx
Note: The problems in this example can be written in the standard form of y=x“ where Z—y is
X

-1

equal to y' =ax“ Therefore, students should not get confused if the constant « is replaced

1
with numbers such as /3, 3, e, e, a, m, n, sin@, etc. The process of finding the derivative
remains the same.

e The derivative of the functions of the form 4¢* =¢“" is equal to the following:

4 gv|= ie“ln" = e”lna-iulna = e”ln”~1na-iu =leMd" g ) a”lnad—u Thus,
dx dx dx dx dx dx

ia" =a”lnaﬂ
dx dx

The following examples show how to differentiate this class of functions:

Example 3.3-8: Find the derivative of the following functions:

a. y=2" b. y=55inx c. y=x~
1 3
d. y=10~ e. y=10"~ f. y=5°¢
Solutions:
a. Given|y=2"|then DDy = av 2Ly =2 ma2a1|= (In2)2*
dx dx dx
b. Given |y =5%"*|then || = |Lssin+| = |55+ 10 5. L gin x| = |55 .10 5.cos x| = |(1n 555 * cos x
dx dx dx
c. Given|y=rx"|then L iﬂ'x = ﬁx-lnmix =lz" Inrx-1|= (lllﬂ')ﬂ'x
dx dx dx
1
) 1 1 1 In10)10~
d. Given|y=10~|then LA ilox = 10)r In10- 41 10> ~1n10~—L = —&
dx| |dx dx x x2 x2
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. In10)10™*
e. Given|y=10"*|then | |=|L10m*|=[10™* .1n10--L1n x| =|10M* 1 10. 1| = (n10)10"*
dx dx dx X X
. 3 3 3 3 3 3 3 3
f Given|y=5" |then|Z|=|L5" |=|5¢" In5.Lex'|=|5 n5.e® Lx3|=]5¢" n5.er 302
dx dx dx dx

3
=|(In5)3x? 5¢° o’

Section 3.3 Practice Problems — Differentiation of Logarithmic and Exponential Functions

1. Find the derivative of the following logarithmic functions:

a. y=In10x b. »=10In5x> C. y=In (x2 +3)
d. y=x3 In x €. y=xlnx—5x2 f. y:(x3+2)lnx2
g. y:sin(lnxz) h. y=Incscx 1. yzln\/x_3

] y=cos(lnx2) k. y=In iii 1. y=x3 Inx+5x

2. Find the derivative of the following exponential and trigonometric functions:

a. y=xe* b. y= (x2 + 3)e3x c. y=ein¥
2
d. y=e"~ e. y=e sin5x f. y=e*arcsin x
X

. y=kx=-5)" h, y=elnlb+l) i y=-25
g y=(x-5) Y 7 lanx
: _AX X k _ .3 . 1 _ 5x
J. y=3"-e . y=Xxarcsinx . y=e cos(5x+1)
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3.4 Differentiation of Hyperbolic Functions
Hyperbolic functions are defined as:

Table 3.4-1: Hyperbolic Functions

X —X X —X
. e’ —e cosh x e’ +e
sinhx = —— coth x = — = where x =0
2 sinhx g% _o*
X X 1 2
cosh x =&£re sechx = =
2 cosh x eX+e™*
i Y™ 1 2
tanh x = sinhy _ e” —e cschx = — = where x#0
coshx ¥ fo% sinhx % _¢™

The differential formulas involving hyperbolic functions are defined as:

Table 3.4-2: Differentiation Formulas for Hyperbolic Functions

isinhu = coshu'd—u icothu = —csch2u~d—u

Ix dx dx dx
icoshu = sinhu~ﬂ isechu = —sechutanhwﬂ
dx dx dx dx
itanhu = sechzu-ﬂ icschu = —cschucothu-d—u
Ix dx dx dx

Let’s differentiate some hyperbolic functions using the above formulas:

Example 3.4-1: Find the derivative of the following hyperbolic functions:

a. y=>5sinh 6x b. y=sinh x> +cosh 3x C. y=cosh2 5x°

d. y=x3 sinh\/; €. y=sinh x2 +cosh x2 f. y=tanh(3x2 —l)
g y= %sinh 3x+10x h. y=Incosh 3x i. y=1In tanh 3x°
Solutions:

. ) av| [d .. d
a. Given |y =5sinh 6x |then |—|=|—/(5sinh 6x)|=|5cosh 6x-—( 6x)|=|5cosh 6x-6 |=|30cosh 6x
y | = |- (5sinh 6x) x-——(6x) 30 cosh 6x

b. Given |y =sinh x> +cosh 3x| then | = | = i( sinh x* + cosh 3x) = i(sinh x> )+i(cosh 3x)
x dx dx dx

3

=|cosh x> -ix +sinh 3x'i3x =|cosh x> -3x? +sinh 3x-3| = 3x? cosh x> + 3sinh 3x

dx dx
. 2
c. Given y=cosh2 5x3| then d_y = i(cosh2 5x3) = i(cosh 5x3) =2 cosh 5x° -icosh 553
dx dx dx dx

=2 cosh 5x> -sinh 5x° -din3 =|2cosh 5x> -sinh 5x> -15x2|= 30x? sinh 5x° cosh 5x°3
X
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) i d ) ) .
d. Given|y — x3 sinh +/x | then - i(x3 sinh /x ) = smh\/;~ix3 +x3 ~ismh Jx
dx dx dx dx
= h
= sinh\/;-3x2 +x3 .cosh \/;i\/; =|3x? sinh\/;+x3 cosh \/;lx 2| =[3x? sinh \/_+ x* cos \/_
dx 2 2\/_
e. Given |y =sinh x? +cosh x| then L —(sinh x? +cosh x2) = isinh x2 +icosh x2
dx dx dx dx
=|cosh x? ~ix2 +sinh x? ~ix2 =|cosh x2 - 2x+sinh x2 -2x| = |2x cosh x* +2x sinh x?
dx dx
f. Given y:tanh(3x2—1) then |2 |= i[tanh (3x2 —1)] = sech2(3x2 —1)-1(3x2 —1) = [6x sech2(3x2 —1)
dx dx dx
g. Given yzlsinh 3x+10x|then DN DL Gon 3xs10x || =L Lsinh 3 |+ L 10x
6 dx x\ 6 dx\ 6 dx
1
= lcosh3x~i3x+10 = icosh3x+10 =|—cosh 3x+10
6 dx 6 2
h. Given |y =Incosh3x |then b|_|d ~—(In cosh 3x)|= ! i( cosh 3x) | = sinh 3x- 3¢
x X cosh 3x dx cosh 3x X
= sinh 3x.3|= 3. SR 3|
cosh 3x cosh 3x
. . dy d 3 1 d sech?3x® d 3
i. Given|y =In tanh 3x3| then (ln tanh 3x ) =— (tanh 3x ) =——3x
X X tanh 3x° dx tanh 3x°>  dx
sech? 3x° 052 9x% sech? 3x3
e — x =
tanh 3x° tanh 3x°
Example 3.4-2: Find the derivative of the following hyperbolic functions:
o y:cothiz b, ,__sinh x? _ sinh 10x?
X cosh (x+1) cosh 3x°

_ sinh e

d.

cosh x>
g. y=sinh Vx? +cosh x

Solutions:

1
y =coth —
x2

a. Given
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€. y= x? sinh x2

h. y = x> sinh? 5x

f. y=(x+l)coshx

y=csch x+3\/x2

—csch?

x3

X

~_eseh? —

2
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Calculus I 3.4 Differentiation of Hyperbolic Functions
- inh x2|[sinh . 4 |
' sinh x2 dy 4 sinh x2 [cosh (x+1) 4 Sinh x sinh x* -7~ cosh (x+1)
b. Given|y=—+——|then|—|=|— =
cosh (x+1) dx dx | cosh (x+1) cosh? (x+1)

[cosh (x+1)cosh x? -%xz ]— [sinh x? sinh (x+1)-%(x+ 1)]

cosh? (x+ 1)

cosh? (x+1)

2x cosh x2 cosh (x + 1)— sinh (x + 1) sinh x2

cosh? (x + 1)

[cosh 3x° -%sinh 10x2]—[sinh 10x2 -ixcosh 3> ]

. sinh 10x? d d [ sinh 10x? d 4
c. Given y=— then |=—|=|— i s
cosh 3x dx dx | cosh 3x cosh” 3x
5 2 2 . 2 - 5 5
- [cosh 3x” -cosh 10x % 10x ]—[smh 10x~ -sinh 3x % 3x ] - [cosh 3x° -cosh 10x2 -20x]
cosh? 3x° cosh? 3x°
- 2 5 4
|~ [smh 10x7 -sinh 3x~ -15x ] _ |20 cosh 10x?% cosh 3x° —15x* sinh 3x° sinh 10x2
cosh? 3x° cosh? 3x°
3 d 3x]_[- 3 d 3
. sinh 3* P d [ sinh ¢3* [cosh X7 sinh e sinh e e cosh x
d. Given y=—-= then |—=|=|— = —
cosh x dx dx | cosh x cosh” x
3 3 3 . 3 . 3 3
_ cosh x” -cosh e>* ~%e ¥ —sinh e”* -sinh x '%x _|cosh x3 -cosh ¥ -3 ¢3* _sinh €3* -sinh x> -3 x2
cosh? x3 cosh? x3
_ |3 &3* cosh ¢3* cosh x° —3 x? sinh x> sinh &>*
cosh? x>
. i d ) ) .
e. Given|y=x?sinh x?|then|=|= i( 2 sinh xz) = |sinh x? -ixz +x? ~ismh x2
dx dx dx dx
=|sinh x2 -2x+x2 -cosh x?2 -dix2 =[2x sinh x2 + x2 -cosh x2 - 2x| = |2x sinh x* + 2x> cosh x?
X
. d d
f. Given|y=(x+1)cosh x |then 2= = [(x+1)cosh x] | =|cosh x-i(x+l)+(x+1)-icoshx
dx dx dx dx

cosh x-1+(x+1)-sinh x

cosh x + (x + 1) sinh x
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Calculus I 3.4 Differentiation of Hyperbolic Functions

g. Given |y =sinh \x3 +cosh +/x | then P di(sinh Vx> +cosh \/;j = disinh Vxd +dicosh\/;
X I X

dx
3 1 34 3 14 1 33 3 11
=|—sinh x2 +—cosh x2 |=|cosh x2 -—x2 +sinh x2 -— x2|=|cosh x2 -—x2 +sinhx2.-—x?2
dx dx dx dx 2 2
3 1 1 1 1 3 1 1
331 19 1 1 3o 2L 13 =1 .
= coshx2~2x2+smhx2-—x 2= 3xzcoshx2 +lx 2 sinh x2|= \/;cosh x>+ smh\/;
2 2 2 2 2 24x
. ] d ) ) )
h. Given|y = x> sinh? 5x|then Y\ = i(x3 sinh? Sx) =|sinh? 5x~ix3+x3 -ismh2 5x
dx dx dx dx

=|sinh? 5x-3x% + x> -2sinh 5x-disinh Sx|=|sinh? 5x-3x2 + x> -2sinh 5x-cosh 5x-di S5x
X X

=|sinh? 5x-3x% + x> -2sinh 5x-cosh 5x-5|= 3x2sinh? 5x +10x> sinh 5x cosh 5x

2
1. Given|y=csch x+3x2 |then L i(csch x+3/x2 ) = icsch x+i3 x?|= icsch x+ix3
dx dx dx dx dx dx
d 2 2 -1 2
=|-cschxcothx-— x+—x3 |=|-cschxcothx-1+=x 3|=|—csch xcoth x+——=
dx 3 33x
Example 3.4-3: Find the first and second derivative of the following hyperbolic functions:
a. y=sinh 8x b. y=sinh?3x C. y=cosh (10x+3)
d. y=cosh+/x €. y=sinh (x2+1) f. y=xsinhx
g. y=cosh3x—x> h. y=tanh5x i. y=cothx?
Solutions:

a. %: i(sinh 8x)|=|cosh 8x-i(8x) =|cosh 8x-8 |=|8cosh 8x
x

dx dx
d’y|_|d d .
~—=|=|=-(8cosh 8x)| =|8sinh 8x-— (8x)| = [8sinh 8x-§ |= |64sinh 8x
dx? dx dx
b. G i(sinh2 3x) = i(sinh ?ax)2 = |2sinh 3x-isinh 3x|=|2sinh 3x-cosh 3x-i3x
dx dx dx dx dx

= (2sinh 3x-cosh 3x-3 |=|6sinh 3x cosh 3x
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4’y

dx? dx

dx dx dx

= i(6 sinh 3x cosh 3x) |= 6i( sinh 3x cosh 3x) = 6[cosh 3x--L ginh 3x -+ sinh 3. cosh 3x)

= 6(cosh 3x-cosh 3x di 3x +sinh 3x-sinh 3x ~13xj = |6(cosh 3x-cosh 3x-3+sinh 3x-sinh 3x-3)
x

dx

6(3 cosh? 3x+3sinh? 3x)

= 18(cosh2 3x +sinh’ 3x)

= dicosh(10x+3) = sinh(10x+3)-i(10x+3) =|sinh (10x+3)-10 |=|10sinh (10x +3)

c. |¥
dx x X
2y i[msmh(lox+3)]
dx? dx x

= 10cosh(1ox+3).di(10x+3) =[10cosh (10x+3)-10 |= |100 cosh (10x+3)

d. LA %(cosh\/;)

1 1 .
sinh\/;.di(\/;) = Sinh\/;-dixz _ sinh\/;%x o sinh v/x
X X

2 dx

2yx

d2y i[sinh\/;}

l isinhx
2 dx

N |—
=

N |—
(@]

o

7]
=
=

N =
|~
=

N =

1 1 1
x2 -9 ginh x2 —sinh x2 -4 x
dx dx

1 1
2 X 2 X

W=

1
x2

1 1
1 _1 1 1 _1 1 _1 2 1 : 2.1
—sinhx2-%x 2 =l.x2-coshx2-%x 2—sinh;ﬂ%x 2 |t \E'COShXZ'T—SthZ'Z\/;
1 2 X 2 X
| % ) % | cosh\/—_sinh\/; \/;cosh\/;—sinh\/;
|1 7 cosh x* —sinh x x| |1 I Jx | x cosh /x —sinh /x
2 X 4 X 4x 4xx
€. Q = isinh (x2+l) = cosh(x2+l)~i(x2+l) = |cosh (x2+1)-2x = 2xc0sh(x2+1)
X dx dx
d2
ari_ i[2xcosh (x2+1)] = 2i[xcosh(x2+l)] =|2| cosh (x2+1)-ix+x-icosh (x2+1)
A2 dx dx dx dx

2[ cosh(x2 +1).1+ x-sinh (x2 +1).i (x2 +1)} - z[cosh(x2 +1)+ 2x” sinh (x2 +1)]

dx
d . . . . .
f. g P —xsinh x| = smhx-ix+ismhx~x = smhx-1+coshx~ix-x = |sinh x + x cosh x
dx dx Ix X dx
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Calculus I 3.4 Differentiation of Hyperbolic Functions
d? . ,
2r\= i(smh X+ x cosh x) = ismh x+ix cosh x | =|cosh x-ix+cosh x'ix +icosh X-X
dx2 dx dx dx dx dx  dx

=|cosh x-1+cosh x-1+sinh x-x

=|cosh x+cosh x+xsinh x |=

2 cosh x+ x sinh x

sinh 3x-3—2x |=|3sinh 3x—-2x

g. G i(cosh 3x—x2) = icosh 3x—ix2 = |sinh 3x-i3x—2x =
dx dx dx dx dx
2
901219 (3inh 3x-2x) |=|-L3sinh 3 2x| =
dx2 dx dx dx dx

3cosh3x-i3x—2 =|3cosh3x-3—-2 |=|9cosh 3x—-2

h. Z—y = i(tanth) = sech25x~di(5x) =|sech?5x-5 |=|5sec
X

dx

h?5x

X

dx? dx

—|= i(SSecthx) =1|5-2sech Sx-disecth
Ix

=1|5-2sech 5x-—sech 5x tanh 5x-din

X

—5-2sech 5x-sech 5x tanh 5

x5 |= —50sec h? 5x tanh 5x

1. P i(cothxz) = —cschxz-ix2 =|_cschx?-2x |=|-2xecsch x?
x dx dx
d2
4= i(—2xcschx2) = —2i(xcschx2) =(-2 cschxz'ix+x-icschx2
dx? dx dx dx dx
= —2(cschx2~1—x-cschx2 cothxz-Zx) = —2(cschx2—2x2 cothxz) =|-2csch x? (1—2x2 coth x2)

Section 3.4 Practice Problems — Differentiation of Hyperbolic Functions I

Find the derivative of the following hyperbolic functions:

a. y=cosh(x3 +5)

d. y=In (sinh x)

_ tanh 2 x

X

j. y=sinh’® x?
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b. y=x3 sinh x

sinh x

€. y=e

h. y= cothi3

X

k. y=tanh’ x

C. y=(x+6)sinh X3
f. y=cosh3x>
L y=[x?+9)
1. y={x“+9]tanh x

L oy=x° coth(x3 +1)
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3.5

Inverse hyperbolic functions are defined as:

Differentiation of Inverse Hyperbolic Functions

Table 3.5-1: Inverse Hyperbolic Functions

sinh ' x = ln( x+\/x2 +1 j for all x coth™ x = %IH(X_T] x2>1
X—
-1, = [ 2 S [ 2
cosh™ x 1n(x+ X 1) x>1 sech~ly = In 1++1—x 0<x<1
X
-1 _ 1 1+x 2 / 2
tanh " x Eln(l_xj * <1 cschlx = In 1 —1|+)|C xz0
X X

The differential formulas involving inverse hyperbolic functions are defined as:

Table 3.5-2: Differentiation Formulas for Inverse Hyperbolic Functions

L sinh Ty = ! '_du —d cothlu = ! 3 ._du |u | >1
dx w2 +1 dx dx 1—u*® dx

d a1 1 du d 1 -1 du

£ = Rhatd it =_ - .7 0 1
dxCOSh u ,_uz_l = u)l xsech u - T_Lﬂ = (u(
d -1 _ 1 du d -1 _ -1 du

il = - 1 it = - .= 0
dxtanh u 2 |u|< dxCSCh u |u| - e u+

Let’s differentiate some inverse hyperbolic functions using the above formulas:

Example 3.5-1: Find the derivative of the following inverse hyperbolic functions:

a. y=sinh~! 10x

d. y=xtanh's’

b. y=cosh™! x?

e. y=sinh~! e

C. y= sinh ™! \/;

f. y=x>+coth ' x

-]
g. y=cosh ! x+e2* h. _sinh ¥ i. y=sech le*
3x
Solutions:
. — ] [a 1 d 1 10
a. Given |y =sinh~! 10x|then = —sinh ™ 10x —10x| = | ——=10| = | ——
dr| |dx (10x)2 +1 & V100x2 +1 V100x2 +1
. . dy] _ 1 d 1 2
b. Given|y=cosh™" x?|then LA icosh I y? x| = 2x|= d
|dx | |dx (xz)z— dx ¥4 x4 -1
. — dy| o 1 d 1 d L 11 1
c. Given |y =sinh~" Vx| then Y= is1nh x = Jx|= —x2|= —x2
|dx | |dx (\/;)2+1 /x Jx+1 dx x+1 2
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Calculus I 3.5 Differentiation of Inverse Hyperbolic Functions
x+1 2 i+l 24x | [24/x x+1
d. Given|y=xtanh™' x*|then L xtanh ' x* || =|tanh 7 x* -ix +x~itanh_1 x>
Yy
dx dx x x
1.3 d 3 -1.3 1 2 1.3, 3%
=|tanh™ x” -1+x- -—x”|=|tanh™ x~ +x- -3x“|=tanh " x~ + G
1-x0 dx 1-x% 1-x
. .- d d . _ 1 d 1 d
e. Given|y=sinh~! ¢>*|then D=L ginh ™! 2| = e = 2. oy
dx dx (ezx)z 1 dx M 4 dx
2
= ! Le2X | = 2¢7
e 41 et +1
. 1
f. Given|y=x> +coth™! x|then Y= —( 3 +coth™ x) = ix3+icoth_1 x|=3x%+
X X dx dx 1—x2
. _ d _ _ 1
g. Given |y =cosh™! x+e>*|then 2= i(cosh 1x+e2x) = icosh Lxs=—e¥|= —+iezx
dx dx dx dx ,xz—l dx
1
= ;+i62x = ! +ezx~i2x = L 2= +2e2¥
Vx2op & x2-1 dx x2-] x?-1
1 s 1 —1
d -1 .1 4 3x- —sinh ™ x-3
. inh ! d [ sinh™! 3x-4-sinh™ x—sinh™ x-9-3x 2
h. Given y=u then |2 |=| 4| S Y1) dx & = x
3x dx| |dx 3x 9y 2 9y 2
3x sl
—=X_ —3sinh™ x
RN 13x=3vYxZ+1sinh x| |x—Vx? +1sinn7! x
2
9x 9x2x? +1 3x24x? +1
. . _ 1 1 1
i. Given |y=sech 'e*|then (U0 1 S W g ef|=|-
dx o }1_(ex)2 dx XAl 1—e?* 1—e 2

Example 3.5-2: Find the derivative of the following inverse hyperbolic functions:

a. y= sinh ™! x? +1n x3
d. y=sech 'x-secx
g y= cosh ™! In x

j. y=e®sinh ! x

Hamilton Education Guides

b. y=tanh~' sinx

e. y=sinh~! 3¢*

h. y=tanh™! 2x+Ine*

k. y=xcosh™'x

C. y=coth_1 COS X
f. y=coth!(10x+3)
i. y=tanh ' x+x

l. y=tanh~' x3 +5x
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Solutions:
a. %= i(sinh_1 x2 +In x3) = isinh_1 x2 +iln 3= ! ~ix2 +—3-ix3 = ! -2x
dx dx X dx P dx x> dx P
1 . 5 2x 3t 2x 3
+—3~3x = =7 +—
X xte1r X7 xt+1 X
[y | 1
b. L itanh_1 sin x| = %-—sinx = ! S—rcos x| = COS;C coszx =
| dx | X 1-sin® x dx l1-sin”“ x 1-sin“ x cos” x €os x
(] [a 1 d 1 . —sin x sin x 1
C. |—|=|—coth™ cos x|=|—————cos x|= -—sin x| = =|- =|-—
|dx | |dx 1-cos? x dx 1-cos? x 1-cos? sin? x s x
[y | _ _ _ _
d. Y= isech Iy sec x|= secx-isech Iy +sech 1x~isecx =|sec x- +sech 'x-sec x tan x
dx dx X dx
[ | x4 1—x
—sec x+x\/ 1-x? sec x tan x sech ' x
S +sec x tan xsech \x|=
x4y 1-x2 x\/l—x2
3 X
e. d_y = isinh_l 3e%| = ;.ikx = 1 3ex.ix = 3e* ] = __ %
dx dx (3ex)2+1 dx 902% 41 dx 902% 41 9¢2% 11
1
£ 2= | Lot (43)| =|——— L (x43)| = ! 1|=|— - |-
dx| |dx 1-(x+3)> dx 1_(x2+9+6x) —x?—6x-8 x?+6x+8
O 2 O | 72O T 2 it S o O W
d_x dx (lnx)2 -1 dx \ nZx-1 % dx v nZx-1 % X In2x-1
h. LA i(tanh_1 2x+lnex) = itanh_1 2x+ilnex = ! -12 +L-iex = ! 2+L e
| dx | X X X 1-(2x)? dx e’ dx 1—4x e”
2 eF 2 2+1-4x% | |-4x?+3
- A > = 2 | 2
1-4x? " | |1-4x 1-2x —2x%+1
1
LA i(tanh_1x+x) = Lanh ! v+ x| = | L= | +1
de| |dx dx dx 1—x2 dx 1—x2 1—x2
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.| d d L .1 d d . _ - d 1 d
J- 2= —(ex sinh lx) =|sinh ™ x-——e* +e* -——sinh ' x|=|sinh ! x-e* - x+e*- —x

dx dx dx dx dx 2 dx

x“+1
=|sinh ! x-e¥-1+e* - 1|=|e* sinh ! x+ e |- e*| sinh ™! x+;
2 2
x“+1 x°+1 Vx® +1

d _ _ _ _ N

k | 2= —(xcosh lx) =|cosh ! x-— x+x-—cosh™ x|=|cosh™ x-1+x- —|cosh™ x+—=
X X X X 2
x° -1 x“ -1

dv|_|d _ d . _ d 1 d 1 3x?
1. Y= —(tanh 1x3+5x) =|—tanh ' 3+ = 5x|= xS 4s5|= 3x? +5|= a P +5

de| |dx dx dx 1—x0 dx 1—x9 1-x

. d
Example 3.5-3: In the following examples find d_y :
X

a. x=t+sinh~'7 and y=cost b. x=cosh™!s and y=t3+3t2+t
c. x=sinh'7? and y=sin2t d. x=tanh™! & and y=sina
e. x=0coth™'0 and y=0 f. x=¢2sinh™'7 and y=re¢
g. x=cosh'e’ and y=eZt h. x=¢>+3¢ and y=cosh_1\/;

Solutions:

[,2
. L dx d | 1 1+4/ 7 +1
a. Given |x=¢+sinh~'¢|and [y =cos¢|then | — |= —(t+smh t) =1+ = and
il - -
t“+1 t“+1

sin ¢

dy|_|d . So |/dt] _ | —sint ] sinz-qf 12 +1 sint4 12 +1
dt dt dx/dt 144/ 1241 144 1241 1144 2 +1 14422 +1

241 241

b. Given|x=cosh™ ¢t|and |y =13 +3t% +¢ then= %cosh_lt =1 |and % = %(ﬁ +3¢2 +t)

3[2+6t+1 ( 2 2
2 3¢ +6t+l)~ﬁt -1
—[32 v6r+1| So| /| (3601 L= - (3t2+6t+1)1/t2—1

dx/dt 1 1-1

c. Given |x=sinh ™' ¢?|and |y =sin? ¢| then % = disinh‘1 2|=|-L and= %sinzt
4

t
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p p d/dt 2 sin 7 p 2sint cos ¢
_ VY B P N e ly sintcost| |— 1
= |—(sin¢)°|=|2sin ¢-—sin ¢|=|2sint cos ¢| Therefore = =
5 6in) i aeidi 1 1
441 41
2sinzcost-y t*+1| |2sinzcostq st +1
= |- colsl == COSI = Zm sin 7 cos ¢
. _ ; dx 1 1 dy d .
d. Given |x=tanh ' «|and|y =sin «|then |—|=|tanh ' a|= and |—|=|—sina|=[cos a
- s and|[ =
dy/da cos a cne cosa-(l—az) cosa(l—az) )
Therefore = =—1|= = = (l—a )cosa
dx/da 1 1 1-1 1
1-a? 1-a?
. Given [x=6 coth ' 6| and [y =8] then [ [=|- L (9coth ™ 0 )| = |coth ' 6L 0+6. L com1 6
do do do do
(1—92)coth‘1e+e
—lcoth 0140 — L g|=|com™ 9+ —2—|= and| Y |=|-Lo|=[1]
1-92 do 1-62 1-62 do| |do
dy/do 1 1-(1-62 1-62
Therefore dy / in = ( ) =
5/d0] (1202 Jeom™ 0+0/1-6 [(1_92) cothlmg]l (1-62) cotn1 646

f. Given|x=¢?sinh ' ¢|and|y =1 ¢'| then Lo i(tz sinh_lt) =lsinh 1 Ls2 2 gt
dt dt t dt
4 5 . t2 212 +1sinh ™ 1472 dy| _|d
=|sinh ™ ¢-2t+1~ - =|2¢tsinh™ ¢+ = and |—|=|—te
t”+1 \/t2+1 \/t2+1 dt dt
t d d t t ¢ t dy/dt et(1+t)
=le' -—t+t-—e'|=|e' ‘1+1-¢'|=e'(1+1) | Therefore =
dt dt d/dt| |5\ 41 sinh‘1t+t2/\/t2+1
_ e (1+1)/1 | (1)t 41
20412 +1 sinh_1t+t2/\/t2+1 2t t? +1sinh ™! 7442

g. Given |x=cosh™' ¢| and

<

Hamilton Education Guides

y=e2 then & - i
dt dt

cosh

-1

e

t

1

eZt

-1

d
dt
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p 2%
d dy/dt 2
=|_° and= 4=l Loy |=]e2 2 | =|2¢¥] Therefore yldt|_ ¢
221 dr| |dt dt dx/dt ez/ 02

2@21‘ eZt -1 2@2[ et eZt -1

3

~

h. Given |x=¢> +3¢|and |y =cosh™" /¢ then = i(ﬁ +3t) S

dt dt

kS

S N I U T T 77 B
& (-1 di Ji-1 2| 2=l dx/dt 3% 43
- 1 _ 1
(3t2 +3)-2\/;«/t—1 6(t2 +1)\/;w/t—l

Section 3.5 Practice Problems — Differentiation of Inverse Hyperbolic Functions

Find the derivative of the following inverse hyperbolic functions:

a. yzxsinhf1 3x b. yzcoshf1 (x+5) C. y:tanhf1 \/;
d sinh ™! x sinh ™! x cosh™! x
L y= T e, y=dmb X fopocosh x
3 cosh 3x e
g y= (xz +3)coth_l x h. y=e*cosh™'x i. y=x>+tanh x>
. 2
j. y=sinh 7x+1Ine” k. y= tanh_l(ezx) . y=coth™'(3x+5)
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Calculus I 3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

In Chapter 1 the concept of limits and how they are used in finding a solution to an expression as
the limit of a variable, within the expression, approaches a constant or infinity was addressed. In
Chapter 2 and this Chapter finding the derivative of various class of functions was discussed. In
this section, we will use what we have learned in the previous chapters in order to solve
expressions of the form referred to as indeterminate forms.

We stated earlier that the derivative of a differentiable function f(x) is defined as

f(x+Ax)—f(x) (1)

im s x>0 (x+ Ax)—x

As the limit Ax — 0 the above expression reduces to:

flatax)-flx) _ f+0)-f(x) _ fx)-s(x) _ 0
(x+Ax)—x (x+0)—x X=X 0

lim 50

Since the limit on both the numerator and the denominator is zero, equation (1) is referred to as

indeterminate form of the type %. Similarly, when both the numerator and the denominator are

equal to o, i.e., 2 the resulting expression is also referred to as indeterminate form. Note that
o0

indeterminate forms of the type 0.0, -, 0°, «’, and 1 need to be transformed to one of the

types % or = first. These types of indeterminate forms will be discussed later in this section.
e 0]

To solve expressions that result in indeterminate forms of the type % or 2 we apply a rule that
0]

is referred to as the L’Hopital’s rule.

L’Hopital’s Rule — Given that f(x) and g(x) are differentiable and g(x)=0 and assuming that
lim, _,, f(x): .f(a): 0 and lim, ., g(x): g(a): 0, then

f(x)

M)

is referred to as the L’Hopital’s rule provided that f'(a) and g'(a) existand g'(a)=0

lim, _, ,

Note that we proceed to differentiate f(x) and g(x), i.e., continue to apply the L’Hopital’s rule,
as long as we still obtain the indeterminate forms of the type % or 2 as the limit x approaches
o0

to a. We stop differentiation as soon as either the numerator or the denominator has a finite
nonzero limit. The following examples show application of the L’Hopital’s rule.

Example 3.6-1: Evaluate the limit of the following functions:

. e’ -1 _ . In x . o +x? -1
a. 11mxHO—3 = b. lim, ,, —— c. 11mxH1#
X X x =2x"+x
d i eX+e -2 . ¥ —x?—x-15 £l x—sin x
s x x°=2x"-9 X
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

. sin 3x
L lim,

-1

Calculus I
h. 1imt4)1
43 —1-3

lim 2%
& x”% CoS x
Solutions:
. e 1] _|e%-1]_|1-1 . . . ,
a. (limy o ——|=|—5—|= 1710 which is an indeterminate function. Let’s apply the
X 0
d [, x d x _d x d
, o ) x_q f(e —1) _ e —4-1 _ e’ - “-x-0
L’Hopital’s rule |lim,_,, ¢ | = | im0 dx | = [limx0 d 2dx =|lim,_,q dx2
X s 3x 3x
X
e’ -1 e” el
U] 302 (O

1 1
b. |tim,_, x| [In=
X 0
rule
d 1.d 1 1
. 1 . X . Yo . . . ¥ . 1 1
hrnx—)ooH = hmx—)oo dxd = hmx%oo A\ = hmxaco . = hrnxﬁooi = hmx—)oo_ == IE
X e 1 1 1 x| |oo
X
4 3,2 4 13 42
. s | I PR S s | I PSR e ) e
c. [lim, ,, ——2 % = = = =|—| Apply the L’Hopital’s rule
xt—2x? 4 x 14-21%2 +1 1-2+1 -
d 4 3 2 d 4 _d 3 ,d 2 d
) R B | . a(x -Xx7+x —1) e wr T X _El
lim,_; 2 > =|lim,_;; =|lim,_,; Y g
X =2x" +x %(x4—2x2+x) 4y _25)( +4 x
3 2 3 2
. 4x° =3x" +2x-0 4-1°-3-1"+2-1 4-3+2 6-3 3
4x° —4x+1 4-1° =4-1+1 4-4+1 1 1
e+ - ¥+l 1
) X te ¥ -2 . . i I+9-21 |141-2| |2-2
d. [lim,_, _ =|lim,_,g —— = = = = =|—| Apply
sin x sin x sin 0 0 0 0
d X -X d x ,d _—-x __d
, o I ) —(e +e —2) . e 4+ et =42
the L’Hopital’s rule |lim, o < =lim,_, o = i ={lim,_,o % dd". dx
sin x Esinx 2 S X
_ 1
. et +e " %(—x)—o ) e +e 7t —1 e’ —e* . ex_:
= |lim,_, = |lim, =|limy_, g ————| = lim,_,
cos x cos x cos x cos x
194
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

Calculus 1
0__1
B o B L« N TETT MY T
cos 0 1 1 1
. P —x?—x-15|_[3%-32-3-15|_[27-9-3-15| _|27-27 p e 1>
e. |lim, _, 3 = = = =|=| Apply the L’Hopital’s
x3-2x2 -9 332329 27-18-9 27-27
3.2 i(x3—x2—x—15) d.3_d 2 _d, djs
rule hmx”3x3x—2x15 = [tim, 3 & = lim,,_, 5 & d 3dx d d; ddx
x> =2x"-9 %(x3—2x2—9) <4 x _27)6 _ag
Mgy 30 20-1-0) | 30 2x1f (337 -2:3-1) 12761 |27-7| |20 :
r=3 3x2 —4x—0 x3 3x2 —4x 3.32 _4.3 27-12 15 15 3
. —sin 0—sin 0 0-0 R < 1 . —sin
f. |lim, o al 3 = 03 i = Apply the L’Hopital’s rule llmx_m%
X X
—llim %(x—sinx) — liim %x—%sinx — lim l-cosx|_|l-cosO|_|1-1|_|0
d dqi_d
. . 1—cos . 4 (1-cos x) . e g cosx
Apply the L’Hopital’s rule again 11mx_>0—2x = |lim o | = [lim ., E— P —
3x a?ﬁx $3x

0+si i in 0 . . i
=lim, o — "% = lim, ot | =20 = Apply the L’Hopital’s rule again lim, o on™
6x 6x 6-0
d o
.. g Smx cosx| |[cosO| |1
=|lim, ¢ e | lim, ,o——|= e | [s
dx
d
x| [25A| [ — [ fen
g |lim_ LA ) S = Apply the rule |lim . T = lfjm T 77
X=7 cos X cos T 0 Y7 cos x =y dicosx
X
d d
L I2x—4-1 _
=[lim , % & |=llim , 2_0 —|_2 ==
25 deosx ¥2% —sinx —sinZ| |[=1
dx 2
. 3 -1 1P -1 1-1 1-1 et i1
h. |lim,_,; — =|-— = = =|=| Apply the L’Hopital’s rule
47 —t-3| |4.1°-1-3| [4-1-3| |4-4
195
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

1 G I O P T s
e 3—11mz—>1d ; _hmt—>1d43 5 d3—hmz—>122 o
t~ —t— E(4t —t—3) E t _EI—E = —=1-
. 32 312 3| 13
- hm[‘)l 2 - 2 - - H
12¢“ -1] |12:17-1] [12-1
. sin 3x sin 0 . sin 3x di sin 3x
1. (lim,_,q ol Apply the L’Hopital’s rule |lim,_,, =|lim, _, xd
ax
cos 3x--4-3x 3x-3
= |lim,_,, 1 A" = 1imH0°°S+ =lim,_, ( 3cos 3x| =[31im ,_, ( cos 3x| =[3cos (3-0)

. sin 6
a. lim

Example 3.6-2: Evaluate the limit of the following functions

b. lim, o —— c. lim, 52>
x++/x 1= =5
2x
. . . -1
d. lim,_,, . e. lim, _, ((cscx—cot x) £ lim, o<
e tan 3x
tan 5 in x? : -1
g lim, o —2>% h. lim, 20 i. 1imH0x(?°” )
tan 7x X sin x—x
Solutions:
. sing | _|sin3| 1] |2
a. hme ,[ = =|—|=|—
_)5 T—0 7[—% % V(3
d
. x | 0 . , . 1, . x | A
b. [lim,_,q = = Apply the L’Hopital’s rule [lim,_,, =|lim, _,
xevx| 040 x+ix 4 (x+x)
d
s 1 1 1 1
=|lim,_,, dx =lim,_,, = = = = =|_ :@
A x4 d 1+ 1+ J1+1] J1+d| [Q+oo] |
dxx+dx\/; W 20 0
-5 5-5 0 0
c. |lim = = =|—|=
=32 5| |s2_s| [25-5| |20 9]
d
. 0 0 , . 1s . R
d. |lim,_,, xx =l I=— = Apply the L’Hopital’s rule |lim,_, xx =|lim,_,, dx
e —1 e —1 1-1 e —1
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

d
. W . 1 . 1 1 1
=lim,_, g —& = |lim,_,o =limy o —|=|— ::
d x _d x _ X 0 1
€ 1 e -0 e e
x dx
. . 1 . 1- 1- 0 -
e. [lim,_,(csc x—cot x) |=|lim,_, o — S8 = llim, SO | T T -1 Apply
sin x sin x sin x sin 0 0
d d d
. . : 1—cos x ) *(1_0053‘) ) e lm g cos x
the L Hopital’s rule to the expression |lim,_, o — =|lim, ;o0& =|lim,_, & &
sin x 4 gin x 4 gin x
dx dx
0+sin x sin x
= (lim —— | =|lim = (lim tan x| =|tan 0| =
x—0 oS x x—0 oS x—0 @
2x 2:0 0 2x
-1 e —1 e’ —1 1-1 0 . -1
f. |lim ¢ = = =|—|=|—=| Apply the L’Hopital’s rule |lim -
x>0 tan 3x tan 3-0 tan 0 0 0 PPl p x>0 tan 3x
d 2 d 2 d
|y a(e x—l) B et | 2% -0 | | 22
= limy g = —————| = |lim,_,o — = limy 0 ——— | T (im0 ————
d—tan 3x d—tan 3x sec” 3x--%3x sec” 3x-3
x /x dx
. 203 | 2% || 2% cos? 3x| 2?0 .cos?3-0] [2e%-cos?0| |2
= |lim,_, | limy_, g ——|=|lim,_, 3 = 3 = 3 I3
cos2 3x cosz3x
tan 5x tan5-0 tan 0 . tan 5x
.l = = = Apply the L’Hopital’s rule |lim -
& x>0 tan 7x tan 7-0 tan 0 PPy P ¥=0 tan 7x
d 2 d _5
. e ansxl sec” Sx-o=Sx || sec? 5x-5 . 5sec? 5x . cos2 5x
= im0~ | = limy 0 ——— ={limy 0 ————— = [limy 0 ——— | = |lim,,0 —>—
atan Tx sec 7x'd— Tx sec” 7x-7 Tsec” 7x 3
cos” 7x
Y 5-cos? 7x _ 5-c0s27-0 . 5-cos” 0 . 5-(0050)2 . 517 |51 _
= 0 = = = = 22 =2
0 7 cos? 5x| |7-cos?5-0 7-cos’ 0 7~(cosO)2 712 7-1 7
. 2 . 2 . . 2 d o 2
. sin sin 0 sin 0 " .1, . sin . Sin x
h. [lim, o xx ol e Al s = Apply the L’Hopital’s rule |lim,_, xx ={lim, o % y
Ex
.d 2 2 2
- CosX e X | i cosx”-2x | _|cos07-2-01_(1-2:0|_1|0 2@
my._, d my_, 1 1 1 1
dx
. cos x—1 COoS X — 0-cos0-0 0-1-0 0 R <1y
1. |lim,_ x(_ x1)|_ lim, ot T = | 2 = = =|—| Apply the L’Hopital’s
sin x —Xx sin x —Xx sin0-0 0-0 0-
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

a (cos x4 x+x-4 cosx)-2 )
. 4 (xcosx—x)| | COS X+ e XFX gy COSX)= e X1 | (cos x-1+x-—sin x)—1
rule lim, o <= lim,_,q y y lim,_,q ;
< (sin x— 4_sin x — 4 cOoS X —
o (sm X x) Spsinx—--x
. cos x—xsin x)—1 cos 0—0-sin 0)-1 1-0-0)-1 1-1
= hmx%o( ) | ) | ) =|— |=|=| Apply the
cos x—1 cos 0—1 1-1 1-1
d .
. . . . cos x—xsin x)—1 . —[(cosx—xsm x)—l]
L’Hopital’s rule again to the expression |lim, _, ( ) ={lim, o & y
cos x—1 a(cos x-1)
4 cos x—-4 xsin x—<41 4 cos x—-L xsin x—0 4 cos x—-4 xsin x
lim dx dx dx lim dx dx lim dx dx
x—0 d d x—0 d 0 x—0 d
acosx_a acosx_ aCOSX
—sinx—(sinx~ix+x-isinx) - - 3
. dx dx . —smx—(smx+xcosx) . —2sin x—xcos x
hmx—)O . = hmx—>0 ] = hmx—)O ]
—sin x —sin x —sin x
. 2sin x+ xcos x 2-0+0-1 . . .
lim, - = 5 =|=| Apply the L’Hopital’s rule again to the expression
sin x
) 2sin x + x cos x ) di(ZSinx+xcosx) ) 2cosx+cosx'dix+x~dicosx
limy_, o ——————|=[lim,_, o = = |lim,_,o . -
sin x A gin x cos x
dx
. 2cos x+cos x-1—x-sin x . 2cos x+cos x—xsin x . 3cos x—xsin x
= 11rnx—)O hmx—)O hmx—)O
cos x coSs X cOS X
3cos 0—0-sin 0 3-1-0-0 3-0 3
= | ==
cos 0 1 1 1
Example 3.6-3: Evaluate the limit of the following functions
. e’ —e ¥ —4x . sin x ) e’ -1
a. lim,_,)— b. lim, ,o——— c. lim, ,o—
sin 2x —3x Jx X
. X +sin 3x . 2 —2x% +3x-2 . In x
d. lim, ,,—— e. lim, ,,——— f. lim,_, ,—
x—sin 3x 3 —2x+1 2x
. 3lnx . J2xe* . V54 x2
g. llmx—>+oo_ h llmx_>0 1. llmx_>oo—2
2x 1-e* x
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

Solutions:
x 1 0
X -x _ e’ ————4x e ——-—4-0 1-1_-90 _
a. |lim,_, 6.6—4)6 =lim,_, e =—= =|—1 e Apply the
sin 2x —3x sin 2x —3x sin2-0-3-0 0-0 0
X _x i(ex —-e 4x) d ¥ _d gmX —i4x
L’Hopital’s rule [lim,_,o &% 2| = |{jm,_, & =lim, o, & &
d ( d
sin 2x —3x E(sm 2x—3x) £osin 2x——3x
_ 1 0,1
ex_e X gx(_x)_4 ex—(e_x~—1)—4 ' €x+7—4 e +*0—4
=|lim,_,, = |lim,_, = |lim,_,q < = -
cos 2x--4-2x—3 cos 2x-2-3 2c0s2x—3| [2cos(2:0)-3
X
1+1-4 1+1-4| |2
= = = |—]= 2
2cos0-3| [(2:1)-3
] X . d
sin x sin 0 . sin x —smx
b. |lim,_ o —|= =|—| Apply the L’Hopital’s rule |lim, ,, —|=|lim
x—0 \/; \/6 pply p x—0 \/; x>0~ 7 — d \/—
s cos x| _ Colsx i cos x-24/x . 24/x cos x L Jx
=|lim,_,, = hmxaoT = 11mx_)0T = 11mx_,0f =|lim, _, ¢ 24/x cos x
2x 2x
[0 o] - )~ [0~ [0
d X
Y| e —1]_[1-1 : -l *(e _1)
c. |lim,_,, ¢ —|= ¢ = E Apply the L’Hopital’s rule |lim,_, ¢ = hmx_)o”b‘—3
X 0 0 X Ay
dx
d ,x _d
a ot _ a4 X _ 0
=|lim,_,o & 2dx =1imx%0%= ez ==
3x 3x 3-0 0
. +sin 3 0+sin (3-0 0+0 N ., 15 . +sin 3
d. [lim,_,, e P S%n( ) =122 = Apply the L’Hopital’s rule 11mxﬁow
X —sin 3x 0—sm(3~0) 0-0 X —sin 3x
i %(x+sin 3x) |y %x+%sin 3x |y 1+cos3x-di3x |y 1+cos3x-3
20 7 my 0 my 0 My 07—~
di(x sin 3x) %x—;;smﬁ 1—cos3x-%3x 1-cos3x-3
N +3cos3x| 1+3cos(3:0)| _[1+3cos 0| _|1+(3-1)| _[1+3| | 4 _[3
200 3cos3x| [1-3cos(3-0)| [1-3cosO| [1-(3-1)] |1-3] |-2
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Calculus I 3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule
3 2 2
. —2x" +3x-2 1°-2-1"+3-1-2 1-2+3-2 4-4 R .
e. [lim, ,, = 3x 2= . = = = Apply the L’Hopital’s rule
x° —2x+1 1°—2-1+1 1-2+1 2-2
d(.3 2 3
; w3 2x2 43x-2 . a(x —2x +3x—2) _| %x Zdi +3jx diZ
my 3 hmx—)l 11rnx—)l 3
X3 —2x+1 %(x3—2x+1) 43 pd iy dy
2_ . . —_ 2_ . 2_ . —
—|tim, 3 f 2643120 _ | 3 24x+3 _[31 24 143]_[3-4+3 ==
3x° —2-1+0 3x° -2 3-17 -2 3-2 1
In x In o , . ) In x . %lnx
f. |lim, _, =|——=|—| Apply the L’Hopital’s rule |lim _, ., =|lim, _, ;o
2.0 0 d oy
dx
. 1 1
= (lim, , , % =limy o 3 ==@
d
3Inx|_ |3lnow| |w . 31n x adnx
Clim, L = =|—| Apply the L’Hopital’s rule |lim _, , ., =|lim dx
g xX—>+ 2\/; 2\/; ppy p xX—>+ 2\/; X —>+ %2\/;
3.1 3 3 3.
=\lim, o, ———|=|lim,_, ., =>|= limx_>+w—\/; = —\/; == Apply the L’Hopital’s rule
2.1 1 x 0 00
2/x Jx
3
| x| _|, %3\/;21. 2 | | 3 [ 3 1.3
1mx—>+ooT My 5 400 %x My 400 1 1mx—>+wm m -
i 2xe*
lmx 0 1_ex

again

i Apply the L’Hopital’s rule

L&
I
5

Jo]-[1]-@

h. |lim,_,, o
% 2 xe* . \/E(ex~%x x-%ex)
= |lim, = (lim, ¢ 7 4 x =(lim, ¢
4fi-e) ' e
\/E(ex+xex) \/E(eo+0~e ) V2 (1+0)
lim, _,, = = =
xX—> _ex _eo -1
2
e N
x? x? 02 ©
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

Example 3.6-4: Evaluate the limit of the following functions:

. e* —ell b. 1 x3 —25x . In x
a. llmx_>10 _10 . th;)Sm C. hmx_)wﬁ
43 2 2
d. fim, X+ e. lim,_,, > 1 £ lim,_,, —=
e +1 e Se* +2x
. e ) 7x+5In x . 2x% —In x
g lim, |, — h. lim,_,  , ———— 1. hmx_sz—
3e* +5x x+21Inx 3x“+3Inx
Sx —5x X —-X
. - - , -1
J. limxﬁoe .e k. limx_we ¢ L. 11mx%0m
5sin x sin x
Solutions:
o _ol0 10 _ 10 _ o _ o0
a. |lim = = Apply the L’Hopital’s rule |lim
x=10 10 10-10 pply p x—10 10
i(ex_elo) d gx_d 0 .
. . e —0 . 10
= llmx_)lo dx = |lim 10 dx dx = |lim 10 =|lim 10 ex =|e
d X—> d d X—> _ X—>
4 (x-10) 4 x4 10 1-0
x> -25x| |5°-25.5| [125-125 e s . ¥ —25x
b. |lim, 5= = = =|=| Apply the L’Hopital’s rule lim_, 5 ———
x’ —125 5° ~125 125-125 x’ —125
d (.3 d 3 _d
. *(x —25X) B X T x| | 3x2-25| [3-52-25| [75-25| |50 |2
lim,_, =|lim,_,5 T g =lim, _,5 5 = ot Il e e
%(x3—125) 433 _d s 3x2 -0 35
In x In o Aoplv the L’Hopital ! In x ;ilnx
c. lim, o, —|=|—|=|— the L’Hopital’s rule |lim, _, = |lim
X—> \/; \/; 0 ppy p xX— \/; X—>0 %\/;
1
¥ 2/x 2 2 2
={lim, o, ——|=|lim,_, , —~—| = lim —=—==@
1 X—> 0 X X—>0 0
2x | =
4, 3 4, 3 4.3
. +x° +5 +00” +5 , .1 . +x° +5
d. [lim, ,, =% =2 == = Apply the L’Hopital’s rule [lim ,_, , ~———>
er +1 e” +1 © e +1
d{.4..3 d 4,d 3,4d
. a(x +tx +5) . wt T T’ . 4x3 +3x% 40 . 4x3 +3x?
=(lim,_,, =|lim,_,, T 4 = hmx_)oox— =|lim,_,, .
%(ex +1) e Tl e” +0 e
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

4.00% +3.002

= Apply the L’Hopital’s rule again to the expression
o0

limy o

4x3 +3x2

12x2% +6x

0
o0

24

©0+6

(12x2 +6x)

d x
dxe

818

lim

= Apply the L’Hopital’s rule again

d d
a2 d6l
d

dx

X—>0

X
e

24+0

X—>0

lim, o d 2

dx

= |lim

rule again to the expression

Apply the L’Hopital’s rule |li >
0 e*

lim

dx
X—>0 d 2x

dxe

i(3x2 —1)

6x—0
X—w 5

e

lim,_,

6x

2e2x

6.0
2.62'00

= Apply the
e e}

6x
2e2x

lim,_, o,

lim,_,

dx

4 6x 6

d 5, 2x
= 2e

L’Hopital’s

lim, o

4e3*

0]

L’Hopital’s rule again to the expression

Hamilton Education Guides

d 2
&x 2X
X—>0
d x,d
ym Se +or 2x

Apply the L’Hopital’s rule
o0

2x2

lim, . T
S5e* +2x

lim,_,

4x

5e* +2

4.0

5. +2

lim,_,

Se* +2

4x

515]

Apply the

] d gy
lim,

|

=

o8

X

lim
X—>00 d

X
= S5e” +

d gy

d

dx

2
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

4 4 4 4
=|lim =|lim = =|—|=
T 50 40 TP 50 | |50 o
. e” e” 0 . . e’
g |limy o — =l— =|—| Apply the L’Hopital’s rule |lim . _,,, —
3e” +5x 3-e +5-0 © 3e” +5x
d x d x
- € e X 0
—Ir; dx — |1 d. _ | e _ e |0
= |lim,_, = [lim e — ;‘ = |lim s — =l— — Apply the
i(j,ex +5x) 536 +-5x 3e" +5 3-e” +5 %
dx
o d px d,
L’Hopital’s rule again to the expression |lim,_, =|lim,_,, —%& =lim,_,, —%&
3e* +5 di(%x +5) %Sex +
X
. et | _|. et | _|.. |1
=(lim,_,, - =lim,_,, —|=|lim,_,, —|= |7
3¢* +0 3e 3
. 7x+51n . 7-0+5-1noo 5 . 1s . 7x+51n
h. l1mx_mou =lim,_, 0 ———|= i Apply the L’Hopital’s rule 11mx_>+00u
x+2Inx 0+2-In ) x+2Inx
d d d 5 5
. 4 (7x+5In x) . G+ Snx | . 1+31_|7+2 | _[7+0 :E:
o di(x+21nx) TR d yypd gy 42 1+2 1+0 1
X dx dx X )
. 2x? —In 2-0% ~In o . . 2x% -In
1 (lim, o x2 = > = Apply the L’Hopital’s rule 11mxﬁ+w%
3x“+3Inx 3.0 +3Inow ®© 3x“+3Inx
_ %(2x2 —lnx) . %sz—%lnx ) 4x—% 4'00_% 0_0
= hmx%+oo = hmx—)+ooW = hmxﬁ-*—oo 3 = 3 = 040
%(3x2 +31nx) X Ty 3nx Xkl |6ty
0 . . . . 4x-1 . 6%(4)6_L)
=|—| Apply the L’Hopital’s rule again to the expression |lim,_, )3‘ =|lim,_,, , %= X
o + 2 d 3
x x 5(6)("1‘;)
d gy d 1 4+-L 1 |4+-L
— llm s dx 4x dx x — llm S x2 — 002 — 4+0 ==
LG & d 3 XDER 3 _3 - 3
dx 6x+ dx x 6 ¥2 6 o2 6-0 6
5 1 50 1 0 1
. ST i T el I i R e
j. [lim, =|lim, ,( ——<|= < |= ¢ |=|—Li=|—|=|=| Apply the
Ssin x Ssin x 5-sin 0 5-0 0 0
5x__-5x i( S5x _e—5x) ieSX _ie—Sx
L’Hopital’s rule |lim, _,, i =lim, _,, d — =|lim,_,o & y 'dx
Ssin x ESsmx aSsmx
Hamilton Education Guides 203



3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

Calculus 1
5x, 5 50, 5 0,5
i se™ +5e> || S| | e | |5t [5+s] [0
=0 S cos x 20 5 cos x 5-cos 0 5-1 5 5 5
et —e " ex_% 60_% 1_% 1-1 .
k. |lim,_,, =|lim, _, <= <= =|—1=|=| Apply the L’Hopital’s rule
X X 0 0 0
X _ =X i(ex _e—x) iex _ie—x ¥ _
lim,_, ‘|= lim, g & pl = |lim,_,o . 7 & = (lim, o e
X “x “x 1
dx dx
. I 1 1
= hmx%o 1 € |= limx_)o(ex +—xj = 60 +—0 = l+T ==
e e
. cos x—1 cos 0—1 1-1 R < 1 . cos x—1
. (lim,_,q T = |8 = = Apply the L’Hopital’s rule |lim,_,, >
sin x sin 0 0 sin x
i(cosx—l A cos x—4 1 —sinx=0 —sin 0
= lirnx—)O = ) = 1irnx—)O = &= lirnx—)O e =)= 9 = IEl
4 gin x 4 gin x cOos x cos 0 1
dx dx
Example 3.6-5: Evaluate the limit of the following functions:
. X3 -27 b 1 x*-16 . 6x% —5x
a. lim, ;5 3 . lim, c. llmxﬂwz—
x* -9 2x-4 7x” +1
.2 . .
. t . 10 . t— t
d. lim,_,, s €. lim,_,, smu ! f. lim,_,, tszm
. t—sint . I+x-1 . sin x
g lim, ,o—F— h. lim,_, > Lo limy 0 —
t X X
o 3-3 . 2+x? . -1
J. lim, cos ¥ k. lim,_, T 1. hmx_)oM
Solutions:
. P -27|_|3%-27|_[27-27 r 15 . X2 -27
a. |lim, _, 3 = = =|—| Apply the L’Hopital’s rule (lim,_, 3
x2-9| |3%-9 9-9 x? -9
d 3 d 3 _d
—liim E(x -27) P et N PR () N PRl DO - U 7 B
x—3 4 5 x—3 d .2 _19 x—3 2%—0 x—3 2y 2.3 6 2
e \ X -9 dx dx
X
4 4 4
—-16 27 —16 16-16 . x" —16
b. |lim al = = =|=| Apply the L’Hopital’s rule |lim
W2 ox—4 | |22-4] |4-4 PPy p T2 0x—4
204
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

. 4x3 -0 4x3| |4.23
2 d 4 - hmx—>2
_d

. : 32
oo | M2 1T ==
dx dx

2 2 B 2 _ Apply the L’Hopital’s rule |lim, .,
Tx° +1 7-0° +1 7.0° +1 0

7x% +1
i(6)62 —Sx) < -
d lim dx dx

- lim
X—>0 d 2 d X—>0
ix(%c2 +1) e

c. ltim 6x2—5x 6-002—5-00

X—>0

6x2 —5x

=(lim,_,

12x-5 . 12x-5
=1l

m 12-00-5
14x+0 o

14x 14-0

§| Apply the L’Hopital’s rule again to the expression
0

. 12x-5] |, 4 (12x-5)
lim,_, lim, ,, ——
14x

d
4 14x
d 1, d
~ltim,,,, 4

il I ﬂzzz
X—>0 %14)6 X—>0 14 14 7
X

sin £2 sin 02

.2 d i 42
. sin ¢ sin ¢
5 Apply the L’Hopital’s rule |lim, i

0 =|lim,_, cos 2=

lim, _,( 2t cos 2=

2.0-cos 0%|=[2-0-1 =@
_|sin10-0| |sin0

0 5 = Apply the L’Hopital’s rule |lim, _, sin 10u

cos 1ou-dl 10u
u

lim, lim,, _, ¢
d, 1
du

10u-10
COS+ =|lim,_,0 10cos 10u

e 109

. t—sint| |0—sin0
f. |lim,_,,

B d .
= > I B . t—sint E(t—sm t)
;2 02 — Apply the L’Hopital’s rule |lim,_,

2 lim,

d 2

dt
1—cost 1-cos 0 1- 5 - 1, . .
=20 Tl 17 Apply the L’Hopital’s rule again to the expression

d d d
. l-cost| |.. E(I—COSI) e 1= cost
lim, v | lim, 7 lim, —

0+sin ¢ sin 0 0
=|lim = =|=|= @

* 4 0
a2 a2 2 2 2

lim;

[

Hamilton Education Guides

205



Calculus I

3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

. t—sint 0—sin 0 0-0 R <1 . t—sint
g. |lim,_, = = =|—| Apply the L’Hopital’s rule |lim, ,q ——
3 03 0 3
4 (¢—sint) Ay dgin¢ 1
s d i di' " d i —cost| |l-cosO| |1-1|
llmt_>0td—3 llmtﬁo% llmtg)o 5 5 T - Apply the
! 3t 3t 3.0
d dqi_d
) . , l—cost . 4 (1-cos 1) . gl cost
rule again to the expression |lim,_, lim, -2 =|lim, ,, 4
2 d 2,2 d 2,2
3t p 3t 3t
t dt
. 0+sin ¢ sin ¢ sin 0 . .
=|lim,_, e lim, 50| T %0 |T Apply the rule again to the expression
; d
lim sint | _ | sint) lim cost|_|cosO| |1
t—0 6t t—>0 i6t t—>0 6 6
dt
J1+x-1 J1+0-1 1-1 1-1 s .1, ) J1+x-1
h. |lim,_,, —|= —|= =|—|= E Apply the L’Hopital’s rule |lim,_,, 5
X 0 0 0 X
1 1 1
0 1 1
i %(\lﬂx—l) B ER ST P 2l |20 | (2| (2| | 11| _|1 - =]
0T 2x 207y 20 o] |of |2:0] |o
dx 1
d .
. sin sin 0 s .1, ] sin ] 4 gsin x
1. (lim,_,q nt 3 = Apply the L’Hopital’s rule hmx_,o—x lim,_,, di[ 3
X 0 E
. cos x cos 0 1
hmx—)O 2 = 2 = =
3x 3-0 0
. 3-3cos 3-3cos0 3-3-1 3-3 R . 1y . 3-3cos
j. [limy > Tl= —|= = E Apply the L’Hopital’s rule |lim _>o—2x
X+x 0+0 0 0 X+Xx
, 4 (3-3cosx)| | 43-43c0sx| [ 0+3sinx|_ |3sin0| [3-0] [o
= hmx—>0 = hmx_)() = hmx_>0 = =|—|=|—|=
i(x+x2) oy d 2 1+42x 1+2-0 1 1
dx X X
d 2
. 2+x2 | 2402 , . 24 y2 . —(z+x )
k. |lim, o, 3x C;o = Apply the L’Hopital’s rule hmx_,w—; =|lim, ., & —
X o0 o0 X wX
X
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Calculus I 3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

d d .2
. S 2toox , 0+2x| |. 2x ) 2 2 2

d 43 3x 3x “ 0
dx

Note: Think of the division of 2 by « as the division of 2 by a very large number. In that
case, the result would then be very close to zero.

cos x—1

—_

cos x—1 cos 0—1 cos 0—1 1- .
1. [lim = = =|—|=|—=| Apply the L’Hopital’s rule |lim
20 cos 3x—1 cos (3-0)—1 cos 0-1 1- PPYY p ¥=0

cos 3x—1

—_—

. %(Cosx_l) . %COSX_% . —sin x—0 . sin x
= hmx—)Od— = llmx—)Oﬁ =lim, g ———F——|=|lim, ,o —
E(cos3x—l) 4, cos 3x—7- —3sin3x-0 3sin 3x
sin 0 sin 0 0 . . .
= = =|l—1= Apply the L’Hopital’s rule again to the expression
3sin(3-0)| |3sin0| |3:0 PP P 8 P
lim sin x i % sin x lim cos x cos 0 cos 0 1 1
*=0 3in 3x x>0 dl3sin 3x *2079 os 3x 9cos (3-0) 9cos 0 9-1 9
X

Solving indeterminate types of the form 0.« and «-o:

Indeterminate forms of the type 0-o0 and « -« can sometimes be transformed to the indeterminate

forms of the type % or 2 by changing the given expression algebraically. For example, the
0

expression lim, ,, x?¢ 2" result in the indeterminate form of the type «-0 as the limit x

_ . 1 1
e = e = 2. = o-— = ©-0. However, by
2-00 0

2

approaches infinity , i.e., lim,_,, x
.. . . . x2 . . .
rewriting the given expression in the form of lim,_,, = result in the indeterminate form of the
e

type = as the limit x approaches infinity. Thus, the L’Hopital’s rule can be applied, i.c.,
o0

d 2
2 dx _ 2x _ 2x  _ X _ _ ®
lim,_, 5 lim, _, T lim,_, % d lim,_, > lim T e T
€ ew - 2x 2 e ©

=

Applying the L’Hopital’s rule again to the expression lim, _,,, % we obtain: lim, ., ——
e e

=X 1 1 11 1

=0

1
262'00 o0

The following are additional examples of expressions that result in the indeterminate forms of
the

type 0-0 and «-o and can be changed to the indeterminate forms of the type % or 2
o0
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

Example 3.6-6: Evaluate the limit of the algebraic expression lim,_, 2{—

Solution:

4 1

4

1 4

1

lim -

|

224

2-2

4-4 2

- - [=a)

4 1

4 x-=2

2
X

|

Since the limit leads to

the indeterminate form of the type - we need to see if the given expression can be

rewritten in a different algebraic form. Let’s change the algebraic expression to the form that

leads to the indeterminate form of the type % by taking the common denominator of the

algebraic expression and simplifying the numerator and the denominator.

. 4 1, 4@—2}{x2—4) an 4x-8-x2+4 |_|. —x? +4x—4
lim, 5| ——- = (lim, 5 =|limyy ——— =|limyy ——a—
x> -4 x-2 (xz —4)(x—2) x° —2x" —4x+8 x° —2x° —4x+8
—2244.2-4 —448-4 . A —x%+4x-4
== +2 = | 8 = Apply the L’Hopital’s rule to |lim,_,, %
2°-2.2"-4.2+8| |8-8-8+8 x° —2x" —4x+8
‘%(ﬂg+4x—0 2x+4 —2.2+4 —4+4
=|lim, _,, —& = [lim,_,, — = > = =|=| Apply the
1«x3_2x2_4x+8) 32 _4x—4| [3.22-4.2-4| [12-8-4
dx
d
. NP 2x+4 . 4 (-2x+4) . ) )
L’Hopital’s rule again to (lim,_,, zx—+ =|lim, ,, —& =|lim,_, =
3x2 —4x—4 i(3x2—4x—4) 6x—4| |6-2-4
dx
|22 |=| 2|
12-4| |8 4
Example 3.6-7: Evaluate the limit of the algebraic expression lim, _,, xsin L
X

Solution:

1
X sin —
X

lim,_, 0~

sin —
[e0]

L = Since the limit leads to the indeterminate form of

the type «-0 we need to see if the given expression can be rewritten in a different algebraic

form. Let’s change the algebraic expression to the form that leads to the indeterminate form

of the type % by letting x :; and by allowing 1 — 0.

1
X sin —
X

lim,_,

. 1.
lim, _, o —sin
t

1

t
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lim,_,¢—sin¢|=
t

sin 0

=|—| Apply the
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Calculus I 3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

d

. . sin ¢ , st , cos ¢ -
L’Hopital’s rule to (lim,_, —|= lim,_, ”’td = hmt_)OT = [lim,_, cos ==

dt

Solving indeterminate types of the form 1°, «°, and 0°:

Similarly, indeterminate forms of the type 1, «°, and 0° may first be transformed to the

indeterminate forms of the type % or 2 by multiplying both sides of the function
o0

lim,_,, y=lim,_,, f(x) by logarithm (In ). For example, lim,_,(cos x)i result in the indeterminate
1
form of the type 1” as the limit x approaches zero, i.e., lim,_,(cos x)% = cos 00

1
= cos0° = 1”. However, if we let y=(cos x)f and take the logarithm of both sides of the

equation the solution has an indeterminate limit of the type %, i.e., given y=(cosx)x, then

In (cos x) _In (cos 0)
X 0

In y = In (cos x)% and Iny = lim,_,In (cos x)lx = lim,_yq l1n (cos x) ;5 lim,_
x

= — = % Since the limit result in an indeterminate form of the type % the L’Hopital’s rule

0
d 1 . d

b lied to th . li In (COS x) = i aln (COS x) =i cosx dx cos x

can be applied to the expression lim, g —— = lim,_,o <— L
ax

. . . sin x .

= lim,_, —sin x = lim,_,o— = lim,_,p—tanx = —tan0 = 0. Thus, Iny = 0. To solve
08 x cos x
0 0

for y we raise both sides of the equation by e and solve for y,ie., e’ =e’; y=e®; y=1.
Therefore, indeterminate forms of the type 17, «°, and 0° may first be transformed to the
indeterminate forms of the type % or 3 by rewriting the function lim,_,, y=1lim,,, f(x) in a
different form and solving the algebraic expression. The following are additional examples of
expressions that result in the indeterminate forms of the type 1, «°, and 0° which may be rewritten
in a different form and solved:

Example 3.6-8: Evaluate the limit of the algebraic expression lim,_,q x*"*.

Solution:

lim,_, o x*0%|=|0%M0| = Since the limit leads to the indeterminate form of the type 0° let

y=x%"¥ then by taking the logarithm of both sides of the equation we obtain

In x In0

={lim,_,¢ In x*"%| = [lim_, ¢ sin x In x|=|lim _, , = =|—| Apply the L’Hopital’s rule to
o0

csC X csc 0
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3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

Thus,; e =0,

y=e

; y=1|

Example 3.6-9: Evaluate the limit of the algebraic expression lim, _,w(cos lj .
X

Solution:

(o) | ()

lim, _,,|cos—| |=|| cos—
x 0

of

(cos 0)Oo

d 1 1 1
. In x i 7111)‘ T T i X i X
im,_,o = |lim =lim,_,q = (lim = (lim
xX—> cse x x—0 icscx x—> _csc x cot x x—0 ] cosx x—0 _ cosx
dx sinx sinx sin2 X
.2 .2 .2 ;
. 1-sin” x . sin” x sin” 0 sin 0 .
=|lim,_,o— =|lim,_,o— =|- =|- =|—| Apply the L’Hopital’s rule
X:COS X XCOoS X 0-cos 0 0-1
. . ) sin? x ) gxsinzx e 2sinx-%sinx
again to the expression |lim,_,o— = |lim g —-———| = |lim - y y
XCOos x ~S-XCcosXx COSX-——X+X-——COSX
dx dx dx
. 2sinx-cosx | | 2-sinO-cosO| | 2-0-1]| 0 |_| 0]_
im0~ e s0|_| 20 0| O
cos x-1+x-—sin x cos0—0-sin 0 1-0-0 1-0 1

the type 1” let y= (cos lj then by taking the logarithm of both sides of the equation we
X

obiain -

1 X
lim,_,, In (cos —J

= Since the limit leads to the indeterminate form

X

X

3

lim,_ . xIn (cos —

hmx—)oo 1

In (cos lj
x

In [cos i)
o0

X

1
©
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n ( 0) 1 ln(coslj %ln[coslj
==—|=|% = Apply the L’Hopital’s rule to | lim,_,,, ———%|=|lim,_,,, —7—=
x dx x
(I N L gplal TS S
) cos(1/x) e x ) cos(1/x) x dvx ) cos (1/x) x o x?
lim, : =lim, _, : =lim,_, :
2 2 2
sl " (12)] _[_sin (/)] _[ sin0
lim cos (1/x x| =|lim 1 —sin —| = llim _ Sin X)|_| sm _| Smn
o 1 7% cos(1/x) X % cos (1/x) cos (1/0) cos 0
0] _ “al- Ly _ ol [ ol.1oC
_T_@ Thus,,e =e’|;|ly=e’|;|ly=1
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Calculus I 3.6 Evaluation of Indeterminate Forms Using L’Hopital’s Rule

Example 3.6-10: Evaluate the limit of the algebraic expression lim _ , (tan x)***.

N4
2
Solution:
cos £
x sin Z 2 1n°
lim . (tan x)®¥|= (tan l)cos 2= 2 = - = Since the limit leads to the
7 2 cos 7 0

indeterminate form of the type « © let y=(tan x)°* then by taking the logarithm of both sides

of the equation we obtain |lim Iny|=[lim__,In (tan x)°°¥|=|lim cos x In (‘tan x)

T T z
e 2 2
In (tan 1)
. In ( tan x 2 In oo o . . In ( tan x
=lim ( ) = = =|—| Apply the L’Hopital’s rule to |lim __, g
=3 secx sec 7 0 0 ¥ secx
d 1 .d 1L gec?
. dx In ( tan x) . tan x dx tan x . tan x sec x . 8602 X
=/lim ,*~——|=|lm ,—-——|=|lim ,——|=|lim , ——"——
A di sec x ¥=5  secxtan x *¥=7 sec x tan x 2% sec x tan? x
X
1 2 =
. sec x . cos x . cos” x . coS x Cos 0
- hmxal 2 - hmxﬁﬁ 2| hmx—)£ T - hmx—>£ 2 - 2 i @
2 tan” x 2 Slnizx 2 cos xsin” x 2 sin“ x sin % 1
COS™ X

ThuS, : M; y=e; y=1|
Section 3.6 Practice Problems - Evaluation of Indeterminate Forms Using L’Hopital’s Rule I

Evaluate the limit for the following functions by applying the L’Hopital’s rule, if needed:

. Inx . sinx _ . l-cosx
a. lim, ,,—- = b. lim,_,, — = c. lim,_,o——— =
X e -1 X
. t-2 . cos x . tcost
d. lim,_,, ——— = e. lim ,—== f. lim, g —— =
12 +2t-1 ey x-% 2sin ¢
. x-8 _ h i sinx _ C sin 8x __
g. lim, g 5 = o limy  , —— = 1. lim, _,, =
X% —64 T—X 3x
8t+3 cos x—1 1—sin x
lim — = k. lim —_— = l. lim —_— =
] 242 x=00 2 H§1+cos2x
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Calculus I Quick Reference to Chapter 4 Problems

Chapter 4

Integration (Part 1)

Quick Reference to Chapter 4 Problems

4.1 Integration Using the Basic Integration Formulas ........................ccoccoiiinnnnn. 213

j(x6+x2+3)dx =; J’(LS+L+6jdx=; I(%/}Jr x+Sx)dx | =

X x2
4.2 Integration Using the Substitution Method.....................coocciiviiiiniiiniie, 222
x 4x> +6x 2x-1
de|=; || ——=—dx|=; || dx|=
I3Vx2 -1 \/x4+3x2+5 J.4)62 -x-3
4.3 Integration of Trigonometric Functions ...................cccocoiiiiiiiniiiiniiice e, 232

cos 2x +sin 2x i
I#dx =; Iesme cos 5x dx|=; J.etansxsec2 5x dx|=
sin 2x

4.4  Integration of Expressions Resulting in Inverse Trigonometric Functions ......... 259

2
J‘ dx = J' X dv| = J‘ de _
V16 -952 9+ x6 9x2 +25
4.5 Integration of Expressions Resulting in Exponential or Logarithmic Functions 273

I(ex+3)2 erdx|=; Ix+6dx =; I;dx =
xX+5 x2 +10x + 24
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Calculus I 4.1 Integration Using the Basic Integration Formulas

Chapter 4 — Integration (Part I)

The objective of this chapter is to improve the student’s ability to solve problems involving
integration of various classes of functions. Integration using the basic integration formulas is
addressed in Section 4.1. Integration of functions using the Substitution method is discussed in
Section 4.2. How to find the integral of trigonometric functions is addressed in Section 4.3.
Integration of expressions resulting in inverse trigonometric functions is addressed in Section
4.4. Finally, the steps in integrating expressions that result in exponential or logarithmic
functions is discussed in Section 4.5. Each section is concluded by solving examples with
practice problems to further enhance the student’s ability.

4.1 Integration Using the Basic Integration Formulas

A function F(x) is called a solution of the differential equation Z—y = f(x) over a defined interval
X

I if the function F(x) is differentiable at every point on that interval and if diF(x)= f(x) at
X

every point on that interval as well. Note that the function F(x) is referred to as the

antiderivative of f(x). The set of all antiderivatives of a function f(x) is called the indefinite

integral of f with respect to x. The indefinite integral is shown by the notation j f(x)dx. The
solution to the indefinite integral is given by F(x)+c¢ and is shown as J f(x)dx=F (x)+c. The

symbol '[ is referred to as the integral sign. The function f(x) is called the integrand of the

integral. The dx indicates that the variable of integration is x and c¢ is the constant of
integration. In the following examples we will solve problems using the following basic
indefinite integration formulas:

J-adx = ax+c a#0
J.af(x)dx=ajf(x)dx a#0
[L )] = [ 7o) [ o

+1
x}’l

‘[xndx = +c n#-—1
n+l

Let’s integrate some integrals using the above basic integration formulas.

Example 4.1-1: Evaluate the following integrals.

a. [ar = b. fadr = c. [sax=

d. [10a%ax = e. [3rax = f. [ar =

g [(avb)xiax = h. j(x3+x)dx = i j(x6+x2+3)dx =
Solutions:

a. |[ar|=|[x"ax|= ﬁx0+l+c =[x+c]
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Calculus I 4.1 Integration Using the Basic Integration Formulas

Check: Let y=x+c,then y' = x40 =x" =1

b. '[adx = aJ-dx = a_[xodx =90+, =

0+1

Check: Let y=axr+c, then y' = ax'™!

C. Jde = SJ.dx = SIxodx =2 x4 cl=[5x+c

Check: Let y=5x+c,then ' = 5x!'+0=5x"=5.1=5

2
d. leazdx = IOazjdx = IOazfxodx = 104 ¥ ye =

0+1

Check: Let y=10a’x+c, then y' = 10a’x''+0 = 10a%x° = 104? -1 = 104>

3
e. J.3xdx = 3J-xdx = 3J.x1dx = ixl+1+c ==x2+e¢
1+1 2
Check: Let y=%x2 +c,then y' = %-sz_l +0 = 3x
1
f. Ix3dx = Lx3+1+c =|-x*+c¢
3+1 4

1 -
—4xt 0 =43

Check: Let y:%x4+c,then y' 7

5 _ 5 _ a+b 54 — a+b g
g. J‘(a+b)x dx (a+b)J.x dx —5+1x +c o x" +c

or we can find the solution to the above integral in the following way — which is rather long:

'[(a+b)x5dx = I(ax5+bx5)dx = Jaxs dx+J.bx5 dx|= aJ.x5 dx+bJ.x5 dx|= a[%x5+1+01]

+1

a+b
S0 x4

1 54 a ¢ b 6 a by ¢
+b| ——=x"" 4y ||=|=x"F+aci+=x"+bcy|=|| —=+— +laci+becy)|=
(5+1 2) 6 "6 I 66 (acr+bea)

a+b

Check: Let y= a—gbx6+c,then y' = 6x57140 = (a+b)x°

1
h. '[(x3 +x)dx = .[x3dx+'|.xdx = Lx3+1+Lxl+l+c =|l=x*+=x2+c
3+1 1+1 4 2

1 1 _ _
Check: Let y:Zx4+5x2+c,then y' = i-4x4 1+%-2x2 140 = x% +x

1. .[(x6 +x? +3)dx = J-xédx+jx2dx+.[3dx =|— x0l +Lx2+1 +ix0Jrl t+el= %x7 +§x3 +3x+c
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Check: Let y=%x7 +%x3 +3x+c, then y' = %~7x7_1 +l'3x3_1 +3x17 40 = 20 422 43

Example 4.1-2: Evaluate the following integrals.

dx

x3

a.

d. J%/x—zdx =

b. j[xis+

X

3

1 _
—2+6J dx =

. JA(%/;+ x+5x)dx=

1

C. '[\/x_sdx=

f. j(%+x3 +10)dx

1 1 2
g. I—dt = h. J. dx = I +z% |dz =
\/_t 51x2 3[22
Solutions:
1
a. L .[x_3dx S L N O U P +e
3 ~3+1 2 2x2
Check: Let y:—lx_2 +c,then y' = —l~—2x_2_] +0 =x73 = L
2 2 3
b. J. L+L-|-6 dx|= J‘de+Ide+J'6dx = jx_s dx+jx_2dx+6jx0dx I ;x_2+1
52 %> x2 -5+1 -2+1
1 1
+——xM" o= x T —x T f6x 4| = |-————+6x+c
1+0 4 4x? x
Check: Let yz—%x_4 —x ' +6x+c, then y' = —%~—4x_4_] +x e 10 = 20 +x2 +6x0
X +x246 = L+L2+6
XS X
Exception: Note that we can not apply the same integration technique [ J x" dx = 1x’“rl +c)
n+
in order to find the integral of I L 4. This is because division by zero is undefined, i.e.,
X
J.ldx = jx_ldx = 11 lx_1+1+c = 104 c. Aswe will see in Section 4.5, Jldx = In|x|+c.
X -1+ X
1 1 145 6 5 6
C.Ixsdx='[x5dx= ! x5 rel=|—x 5 e lx5+c=—x5+c
1+ 1 541 6 6
5 5 5
6 64 65 1
Check: Let y==x5+c¢,then y' = %~§x5 +0=x5 = x5 =4x°
2 2, 243 s 3 5
d. ISszdx=jx3dx= ! x3++c=Lx3+c=lx3+c=—x3+c
142 342 H 5
3 3 3
5 3 5 3 5-3 2 3
Check: Let y==x3 +c,then ' = g-§x3 +0=x 3 = x3 =3x?
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[ T o L R
e. I(%+\/;+5x)dx = I x3 +x2 +5x |dx|= jx3 x+J.x2dx+J‘5xdx ) S L x2"
1+1 1+1
3 2
143 142 4 3 3 4 2 3 35
NS N U5 PO N U U O S IO ) [ U P U e U N A U SR A S
141 341 241 2 47 T30 T 4~ 3
3 2 3 2
4 3 4 39 4-3 3-2
Check: Let y=3x3 +2x2 +§x2+c,then y = 3-ix3’ +z-§x2 +é 2x271 10 =x 3 +x 2 +5x
4 3 2 4 3 32 2

1 1
= x3+x2 +5x = Yx++/x+5x

1 1, IS
f. I(%+x3+10)dx = J.(x5 +x3+10]dx = Ix5 X+Ix3dx+J.10dx = L)c5+ +%x3+1+10x+c

1
It 1
145 6

Lx 5 +lx4+10x+c = §x5 +lx4 +10x +c¢
541 4 6 4
5

58 1 4 56 %1 1 4y 1-1 &3 0
Check: Let y=gx5+zx +10x+c, then y =g-gx5 +Z-4x +10x 7 +0 = x 5 +x° +10x

1
= x5 +x>+10 = i/;+x3 +10

_1 1 1-L 1 2t 1
J.t 2dt|=|——t 2+C=2—t2 +c|=|2t%2 +c|= 2\/_t+c

|
—
|Dd
S
I

g. J-ﬁdt =

~
N [—
&}
N‘

1 1 1 1-2 _1 1 1
Check: Let y=2¢2 +c,then ' =2.-12 +0=¢2 =1 2= — ==
2 R
1 1 -2 1 1-2 1 2 3 5
h. .[5 dx:I_de:jx Sdx|= X 5+c=gx5+c=§x5+c=§5x3+c
U’ x5 -5 5
3 3 35 _2 1 1
Check: Let y:£x5 +c,then y' = 33 o=xs ==L =L
3 35 2 5/ 2
x5 X
. 1 2 1 2 -2 -2 2 112 1 5y
1. I +z dzZI—+z dzZJ.z3+z dzz.[z 3dz+.|.zdzz z 34—z +¢
3122 2 1-2 2+1
z
1 321 T 1
= ?z 3 +§Z3+C = 323 +§Z3+C == 3%/;+§Z3+C

1 1 1-3 2
Lo I R 1 -2
Check: Let y=3z3 +§z3+c,then y' = 3-523 +§-3z3 lyo0=23 422 =273
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Example 4.1-3: Evaluate the following integrals.

a. j(1+x2)&dx = b. j(x2+1)(x—l)dx =

C. I(SX—3)2dx =

d. .[x(2x+1)2dx = e. j(a+b)3dx = f. J(a+x)3dx =
4 3 2 3 2
4y° — .
g j(a—x)%zx _ h. I%dy: P jLﬁ”dy:
y y
Solutions:
1 1 1 ol
a. J.(1+x2)\/;dx = J-(\/;+x2\/;)dx = J.J;dx+jx2&dx = J.x2 a’x+J.xzx2 dx|= J.x2 dx+Ix 2
1 s 1 E 142 542 3 7
= J.xz dx+J.x2dx = |4 x4 ! X2 del=lemx 2 dx 2 4e|=|2x2 +£x2 +c
1+1 1+3 2+l 245 3 7
2 2 2 2
2 2x°
W ESE N e N N e N e N IV SR M - S - s
3 7 3 7 3 7 3 7
3 1 3 7 32 712 1 s
Check: Let y:gx2 -i—gx2 +c,then y' = %,ixz +g-1x2 +0=x2 +x 2 = x2+x2
3 7 32 7 2
b. J.(xz-i-l)(x—l)dx = J.(x3—x2+x—1)dx = .[x3dx—jx2dx+jxdx—jdx = jx3dx—Ix2dx+dex—Ix0dx
S S PSR W15 SR S o% DD SN\ N () £ SN SVE DA S S
1+3 1+2 1+1 1+0 4
Check: Let y=%x4 —lx3 +lx2 —x+c, then y' = %-4x4_1 —%~3x3_1 +l~2xz_1 140 = x> —x? +x-1
C. I(Sx—3)2dx = J.(25x2—30x+9)dx = '[25x2dx—'|-30xdx+j9dx = £x2+1—£x1+1+ix0+1+c
2+1 1+1 0+1
2 3—£)62+9x+c = §x3—15x2+9x+c
3 2 3
Check: Let y:§x3—15x2+9x+c,then y = §~3x3_1—15-2x2_1+9+0 = 25x2 -30x+9
d. J.x(2x+1)2dx = jx(4x2+4x+l)dx = j(4x3+4x2+x)dx = J-4x3dx+J.4x2dx+jxdx
S S VU S PR L e N R VR VL B S S
3+1 2+1 1+1 3 2
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Check: Let y=x4+§x3 +%x2+c,then y = 454! +i~3x3_1 +l-2xz_1 +0 = 4x> +4x% +x
1
€. j(a+b)3dx = (a+b)3jdx = (a+b)3jx0dx = (a+b)3-ﬁx0+l+c = (a+b)3x+c
+
Check: Let y=(a+b)’x+c,then y' = (a+bPx"+0 = (a+5)*x° = (a+b)’
f. I(a+x)3dx = J.(a3+x3+3a2x+3ax2)dx = J.(x3 +3ax2+3a2x+a3)dx = Ix3dx+J.3ax2dx+J‘3a2xdx
2 3 2
+Ia3dx . AL 3a x2+l+3a A L0 = et e +2% 2 vadx+e
3+1 2+1 1+1 0+1
2 2
Check: Let y:%x4 +ax’ +3a7x2 +a’x+c, then y' = %-4)64_1 +a-3x>7! +3L-2x2_1 +a’x M40
= x¥43ax? +3a%x+a’x" = ¥} +3ax? +3a%x+a> = @ +x% 430 x+3ax? = (a—Hc)3
g. J-(a—x)3dx = J-(a3 —x3+3a2x—3ax2)dx = I(—x3—3ax2+3a2x+a3)dx = —J.x3dx—j3ax2dx+‘[3a2xdx
2 3 2
1
+Ia3dx S N U L BV M SN [N N SV NS S AN S O
3+1 2+1 1+1 0+1 4 2
: 14 3.3 5 3 S 3-1 3a 21, 3 11
Check: Let y=—zx —ax +Tx +a’x+c,then y' = —Z'4x —a-3x +T-2x +a’x +0
= —x33ax? +3a%x+a’x" = —x* -3ax? +3a°x+a’> = &> —x’ +3a%x-3ax? = (a—x)3
4 3 2 4 3 2
+4y° -6 4 6
h. I#dy = J‘[y—zﬂ-Lz—Lszy = ‘[(y2+4y—6)dy = jyzdy+.|.4ydy—j6dy
y y y y
I o 2a, 4 111 6 on 1 3,42 6 1. 3.,.2
=|— +— - +e|=|-y ' +=y ——y+c|=|7y +2y° —6y+c
2+10 1 Tor? 37 T T 3V Y

Check: Let w:§y3+2y2—6y+c, then w'

%-3y3_1 +2:2y2 " —ey! T r0 = 32 14y-6

3,42 3 2
1. IL)ZMdyZI[y—Z+L2+%Jd =.|.(y+3+5y72)dy =Iydy+I3dy+ISy_2dy
y y y y
| 0+1 5 o 1 > -1 1 5 5
=|— — = te|=|=y+3y-5y" +c|=|zy +3y—-—+c
+1° Ton1? T )l T 27 T

Check: Let w:%y2+3y—5y_1+c,then w =
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Example 4.1-4: Evaluate the following integrals.

a, j(x3—6d§)dx = b, [Wx=Tax = c. [30Vx+s dx =

d. J(xz—S\/;)dx ~ e. J%Jﬁdx = £ [V3x+2ar =

g. j(2x—l)3dx= h. J.(2x+l)2dx = 1. J.6x2(x3+1)dx =
Solutions:

a. j(x3 —6\/;)dx = J.[x3—6x;]dx = J.x3dx—J‘6x%dx = ﬁx%l _;iIX§+1 +c|= %x“ —%xl;z+c

3 3 1
= %x“—%xz +c|= %x“—4x2 +c|= %x4—4\/x3 +c|= Zx4—4X\/;+C

3 3 1
Check: Let y:%x“—4x2 +c then ' = %-4)64_1—4-%)62 +0 = x3 —6x2 = x> —64/x

b. ij—l dx|= J.(x—l)%dx = 11 1(x—l)%“+c = %(x—l)%+c = % (x—1)3 +c|= @\/x—l+c
—+
2

Check: Let y:%(x—l)%+c then y' = %-%(x—l)%71 +0 = (x—l)% = (x—l)% = x-1

c. I3OVX+5 dx|= j30(x+5)%dx = 1301(x+5)%+1+c = %(x+5)% +c|= %(x+5)%+c
7+ ENER
2 2

= 20y(x+5)> +c|=[20(x+5)Vx+5+c

3 3 3-2 1
Check: Let y=%(x+5)5 +c then y' = ?-%(x+5)5_1+0 =30(x+5)2 =30(x+5)2 = 304/x+5
1 1, 12 3
d. J(xZ—S\/;)dx = szdx—Iszdx = Lx2+1— > 2 ye|= le ———x 2 +c|= lx3 —sz +c
2+1 | 3 % 3 3
1
= lx3 —E\/x3 +c|= lx3 —Ex X+c|= —x(x2—10\/;)+c
3 3 3 3 3
3 3, 32 1
Check: Let y=lx3 —Ex2 +c then y' = l-3x3_1—£-3x2 +0 = Ex2 —ﬁx 2 = x2_5x2
3 3 3 3 2 3 6

= x2—5\/;

c. J.§Vx+1dx = %J.(x+l)%dx = % ! (x+1)%+l+c = %-L(x+1)7 +c|= g‘g(x+l)%+c

0 [—
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= %(x+1)%+c = %1/(x+1)3 +c|= %(x+1)\/x+l +c

1

()i 40 = 2(x)2 = 2(ee1) = 24wl

Check: Let y=%(x+l)%+c then y' =

o=
N | w

J.\/3x+2 dx|= J-(3x+2)%dx = %1(3x+2)%+1+c = %(3x+2)% +c|= %(3x+2)
Pl 2

[\S[)

+c

= %11(3x+2)3 +c|= %(3x+2)\/3x+2+c

Check: Let y=§(3x+2)%+c then y' = % (3x+2)%‘1 +0 = g(3x+2)¥ = (3x+2)% = \3x+2

N | W

[(2x-1)% ax| = j[(Zx)3—13+3-(2x)2-1—3-2x~12] dx|= I(8x3—1+12x2—6x)dx = (8] Pax+12f Pax

—6J.xdx—'|.dx _ Lx3+l+£x2+l—ixl+l—on+l+c i P P S
3+1 2+1 1+1 0+1

Check: Let y:2x4 +4x% -3x? —x+c, then y' = 2-4x* 1 4.3 _3.2x2  _x o

= 8x3+12x2 —6x—-1 = (2x—1)°

j(2x+1)2 dx|= I(4x2+4x+l)dx = 4jx2dx+4jxdx+jdx S S L N
2+1 1+1 0+1
= ix3 +ix2+x+c = ix3+2x2+x+c
37 2 3

Check: Let yz%x3 +2x% +x+c then y' = %-?»x3_1 +2.2x7 4140 = 4x% +4x+1 = (2x+1)2

I6x2(x3 +1)dx = I(6x5 +6x2)dx = 6J.xsdx+6J‘x2dx =2 x>t +ix2+1 +c|= éxé +g)c3 +c

5+1 2+1 6

Check: Let y=x®+2x3+c,then ' = 6x°"+2:3x371+0 = 637 +6x2

In the next section we will discuss a more systematic method of integration, referred to as the
substitution method, in evaluating more difficult integrals.
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Section 4.1 Practice Problems — Integration Using the Basic Integration Formulas I

1. Evaluate the following indefinite integrals:

a. [-3dx = b. '[Skdx = c. J%xdx =

d. Ixsdx = . Iax7dx = f. I(x4+x3)dx =
d_;c = h. I[%—%} dx = 1. I%/x_6dx =
X xT x

2. Evaluate the following indefinite integrals:
32 — L o=
a. I(\/x_+xj dx b. J. 5 dt C. IW dx
d. I(l+x)&dx = e. I(2x2 +1)(x—1)dx = f. J-x (3x—1)2dx =

. > 4y2
g [(2+x)%dx = h. [(2-x)%x = [ =
-[ .[ ,[ I
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4.2 Integration Using the Substitution Method

A method of solving integrals in which a change in variable can often change a difficult integral
into a simpler form is referred to as the Substitution method. In this section we will learn how to
use this method.

Given the integral j fle(x)]-g'(x)ax , where f(x) and g'(x) are continuous functions, use the

following steps in order to solve the integral by the Substitution method:

First - Let u = g(x), then du _ g'(x) which implies du = g'(x)-dx and dx= du_
dx g'(x)
Second - Replace g(x) with « and dx with ( ) to obtain
g\x
[rle@)]g)ax = [rlulg) jf[ J-du

Third - Solve the integral by integrating the function f ( ) Wlth respect to « using integration
formulas.

Fourth - Change the solution back to its original form by replacing « with g(x).

Fifth - Check the answer by taking the derivative of the solution.
In the following examples we will solve integrals using the above substitution method.

Example 4.2-1: Evaluate the following indefinite integrals:

a. J.5x4(x5 —3)2dx = b. J.xz(x3 +1)2dx = C. '[4x3(x4 —1)3dx =

d. J.Zx 1-x2 dx = €. J.x x2+3dx = f. J‘1/10x+ldx=

g. IdeZ h. I6xsv3x2+2dx= 1. j\/xlT6dx:

Solutions:

a. Given J-5x4(x5 —3) dv let u=x5 -3, then % = i(xs —3) = 5x* which implies that du = 5x*dx
dx dx

and ax= -2 T . Substituting the equivalent values of x> -3 and dx back into the integral we obtain
Sx

2 1 3
J.5x4(x5 —3) dx|= J‘5x4-u2'ﬂ = J‘uzdu = ! w?el= lu3+c = —(x5—3) +c
5¢4 2+1 3 3

Check: Let y—3(x —3) +c,then y' = ~3(x5—3)3_1-5x4+0 = 5x4(x5—3)2

U.)l»—a

b. Given Ixz(x3 +1) dx let u=x*+1, then Z—u = di(x3 +1) = 3x? which implies that du =3x?dx
X X

and dx = -4 > . Substituting the equivalent values of x> +1 and dx back into the integral we obtain
3x
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2 1 3
J.xz(x3+1) dx|= Jlxz-uz‘ﬂ = ljuza’u = l ! u el = lu3+c = —(x3+1) +c
3x2| |3 9 9

Check: Let y—9(x +1) +c,then y' = %~3(x3+1)3_1~3x2+0 = %(x3+1)2-3x2 = xz(x3 +l)2

c. Given [4x*(v*-1)3as et u=x* -1, then % = < (1* 1) = 42> which implies that du = 4+’ds
X X

and dx - - — . Substituting the equivalent values of x* -1 and dx back into the integral we obtain
4x

3 1 4
J.4x3(x4—1) dx|= J'4x3-u3-d—u3 = Iu3du = ﬁu“l +c|= %u“—i—c = Z(x“—l) +c
4x +

Check: Let y—4(x —1) +c,then y' = %-4(x4—1)4_1-4x3+0 = 4x3(x4—1)3

d. Given [2x41-x% dx let u=1-x2, then % = di(l—xz) = —2x which implies that du = —2x dx
X X

and dx = d;’ . Substituting the equivalent values of 1-x? and dx back into the integral we obtain
—2ZX
1 1 3 2 3
J-2x 1-x? dx|= J2x~\/;- du_|_ —juzdu —|- w2 tel= —gu2 +c|= ——(l—xz)2 +c
—2x %4-1 3 3

3 3 1
Check: Let y:—%(l—xz)2 +c,then y' = —% %(1 X )2 -2x+0 = 2x(1—x2)2 = 2x4 1-x2
e. Given J-x Vx? +3 dx let u=x?+3, then Z—” = di(xz +3) = 2x which implies that du = 2x dx
X X

and dx = ‘21 Substituting the equivalent values of x> +3 and dx back into the integral we obtain
X

1
.|.x\/x2+3 dx|= J-x\/;;l—u = %J’uzdu =
X

1 1y
u? +c|=

3 3 3
1 u? 15
+1 2

tc|=|=u? +c|= %(x2+3)2

w|l\>

1
21
2

Check: Let y=§(x2+3)2 +c,then y' = % %(x +3) 2x+0 = x(x2 +3)2 = xVx?+3

f. Given .[,/ 10x+1dx let u=10x+1, then Z—” = di(10x+1) = 10 which implies that du=10dx and
X X
dx:%. Substituting the equivalent values of 10x+1 and dx back into the integral we obtain
14 3 3 3
_[ 10x+1 dx|= j\/;d—u = '[—du =1L u? ve|= L Eu2 +e|=|—u?+c|= l(10x+1)5+c
10 10 %+1 10 3 15 15
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3 3 1
Check: Let y=%(10x+1)5 +c,then y' = %%(10“1)5‘1 1040 = (10x+1)2 = 10x+1
g. Given J.3«/5x—1 dr let u=5x—1, then % = di(Sx—l) = 5 which implies that du =5 dx and
X X

dx = % Substituting the equivalent values of 5x—1 and dx back into the integral we obtain

+c|= —u%+c = i(5x—1)%+c
20

+1

L |—
[FIEN

1 1 1
—_— u +c = |—.
5 %+1 5

J.i/Sx_—ldx = J.%% = %Iu;du =

N w
<

Check: Let yzzio(Sx—l)%+c,then Y= %-g(Sx—l)éfl 540 = (Sx—l)% = 3Y5x-1

h. Given I6x Y3x2 +2 dx let u=3x%+2 then % = i(3)62 +2) = 6x which implies that du = 6x dx

x dx

and ax = Substituting the equivalent values of 3x% +2 and dr back into the integral we
X

obtain

1 14 6 5 6
J.6x\/5 3x2 +2 dx|= J.6x~§/;~2—u = IuSdu = 11 u5+ +c|= %uS +cl|= g(3x2+2)5 +c
X

6 6 1
Check: Let y=%(3x2+2)5 +c, then y' = %-g(sxz +2)5 6x+0 = 6x(3x2 +2)5 = 6x¥3x? +2

L v let u=x+6, then ¥ = % (x+6) = 1 which implies that du=dx. Substituting

x+6 dx dx

the equivalent values of x+6 and dx back into the integral we obtain

1. Given j

1 1 -1 1 11 1 2t 1 1
J- dx=J.—du=ju 2du|= u 2+4c|=|=—u? +c=2u2+c=2(x+6)2+c
x+6 Ju 1-1 21
1 1 1_ _1 1 1
Check: Let y=2(x+6)2 +c, then y' = 2. —(x+6)2 L1+0 = (x+6)2 = =
2 (x+6)% VX +6

Example 4.2-2: Evaluate the following indefinite integrals:

a I 10 dx = b J. al dx = C I i dx =
Vx-=5 VxZ =3 3\/x2—1

2 4 4
5x 5x
d. J. al dx = . J dx = f. j dx =
\/x3+1 \/x5+3 \/5 x> +3

4x3 +6x 3x2 +4x
g. I h. I

—_—dx = —_—dx = 1 _[de =
\/x4+3x2+5 3x3+2xz—1 4\/x2—x—3
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Solutions:
. 10 du _ d _ . . .-
a. Given j dx let u=x-5,then = = —(x-5) = 1 which implies that du = dx. Substituting
Jx—=5 dx dx
the equivalent values of x—5 and dx back into the integral we obtain
1 L 2-1 1 1
J‘ 10 dx|= J—du = IOIu 2du|= 10 u 2+c|= iu 2 4e|=20u? +c|= 20(x—5)5+c
Vx=5 -3 21
1 1 1
Check: Let y=20(x-5)2 +c, then ' = 2o-l(x—5)5‘1 +0 =10(x-5)"2 = 10 — = 10
2 (x-5)2 x=5
. Given I dre let u=x"-3, then 94 = 4 (x2 —3) = 2x which implies that du =2x dx and
2.3 dx dx
dx = j—u Substituting the equivalent values of x? -3 and dx back into the integral we obtain
X
-1 2-1 1 1
I al deIx U J.u2du=l- llu 2+c=l-%u2+c=uz+c=(x2—3)2
/xz 3 Ju 2x 2 -5 2 =5
1 1 1
Check: Let y:(x2 —3)2 +c,then y' = l()c2 —3)2 +0 = l(xz —3) 2.2x = al =7
2 2 N

(x2 —3)%

d (x2 —1) = 2x which implies that du = 2x dx and

-1, then L
dx

dx

dx let u=x?

. Given I

X
\/3 x? -1

dx:‘;—”. Substituting the equivalent values of x> -1 and dx back into the integral we obtain
X
1 3-1 2 3 2
I al deIx Au)_ )] J-u3du=l~ 11u 3+c=l-%u3+c=3u3+czz(x2—1)3+c
324 Yu 2x 21-14 2 31 4
3 2 2 2 2-3 _1
Check: Let y—4(x —1) +c,then y' = %-E(x2—1)3 2x+0 = (x2 —1) 3 2x = x(xz—l) 3

X

(x2 —1)%

X

3\/x2 -1

24

2
. Given I X v let u=x*+1, then % = i(x3 +1) = 3x? which implies that du =3x2dx
Vad +1 X X
and dx = -4 . Substituting the equivalent values of x> +1 and dx back into the integral we obtain
3x
2 1 2 1 1
- - = = 2 >
I al deI =lj.u 2du=l~ 11u 2+c=l~%u2+c=—uz+c=—(x3+1)
[3 11 Ji 32| |3 31-1 321 3

1

1 1-2 _
Check: Let y=§(x3+1)2 +c, then y’ 3x240 = %(x3+1) 2 3% = xz(x3+l) 2
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X X

1
(x3 +1)5 \Ix3+1

dr let u=x5+3, then 94 = i(x5 +3) = 5x* which implies that du =5x*dx

Sx4
Ixs +3 dx dx

and dx -2 T . Substituting the equivalent values of x> +3 and dx back into the integral we
Sx

obtain

e. Given j

1 s T 1
=J.u 2du|= u 2+c=2—uz+c=2142+c=2(x5+3)2+c

5x B
et e

1 1 1-2 _1
Check: Let y=2(x5 +3)2 +c,then ' = 2. %(x +3) Sxty0 = (x5 +3) 2 5yt = 5)c4(x5 +3) 2
5x4 5x

(x5 +3)2 x~ +3

dx let u=x5+3, then 9 = i(x5 +3) = 5x* which implies that du =5x*dx

5x4
5/x5 3 dx dx

and dx = -2 T . Substituting the equivalent values of x> +3 and dx back into the integral we
Sx

f. Given J.

obtain

us +c|=|-u

-1 1 =L
=J.u Sdu|= u S+c|=

4
S5x 1

J o=l [ =
1 5-1

U’ +3 st -5 5

5(5.4)s 54 1y s VA, al s L\
Check: Let y=Z(x +3)5 +c,then y' = Zg(x +3) SxT+0 = (x +3) 5 .5x" = 5x (x +3) 5

_ 5x _ s5x
1
(xs +3)§ Vx® +3
3
g. Given J' O e let w=x* +3x2 45, then P = i(x“ +3x2 +5) = 4x> +6x which implies

\/x4 +3x2 45 dx dx

that du = (4x3 +6x)dx and dx-—M Substituting the equivalent values of x* +3x? +5 and dx
4x” +6x
: : : 45 +6 4x% +6 d -1
back into the integral we obtain X Y = '[ X+ X _du |- _[ 2= '[ u 2du
Vxt +3x2 45 Vi 4x +6x

1 L | 2L 1 1 etoates
= Tu 2-i—c=ﬁuz-i—c=2uz+c=2x4+3x2+52+c=2 x*+3xr+54¢
2 2

1
Check: Let y=2(x4+3x2+5)2 +c,then y' = 2-%

14 1-2
(x4 +3x2 +5)2 (4x3 +6x)+0 = (x4 +3x2 +5) 2
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| 3 3
-1 4
><(4x3 +6x) = (x4 +3x2 +5) 2 (4x3 +6x) = Ax” +6x - X+ 6x
(x4 352 +5)5 Vxt 4322 45
2
h. Given jﬂd let u=x3+24% 1, then 9 = i(x3 +2x? —1) = 3x% +4x which implies
3/x3 +2x2 1 dx dx
that du =(3x2 +4x)dx and dx=—3 Substituting the equivalent values of x* +2x? -1 and dx
3x° +4x
. . . 3x2 +4 3 4 d -1
back into the integral we obtain J. =X P | = j X+ X _du | I3—u= J‘u 3du
Y3 1ox2 1 Ju 3x? +ax Ju
1L 31 2 2 3 2
=1 u 3+c|= Lu 3 tc|= §u3 +c|= i(x3+2x2—1)3 +e|=[23 (x3+2x2—1) +c
-1 3 2 2 2

23
3

Check: Lety—z(x +2x —l)z—i—c then »’ —% (x +2x —1)2_ (3x2+4x)+0 = (x3+2x2 —1)

ualt\.)

_1 2 2
x(3x2 +4x) = (x3 +2x2 —1) 3 (3x2 +4x) = 3x7 +4x = 3xT A

1
(x3 +2x2 _1)5 Vx? +2x2 -1

271 v let wu=x?—x—3, then ¥ = i(xz —x—3) = 2x—1 which implies that

1
4/x2—x—3 dx dx

du=(2x-1)dx and dx =

1. Given I

. Substituting the equivalent values of x> —x—3 and dx back into
e

. . 2x—1 d -1 1 L
the integral we obtain x :j xol _du | I—”z Iu ddu|= u 4+c

J‘ 2x -1 d
Vx?—x-3 Pu  2x-1 Yu 1—%

|

" 4 3 4 4 3
=l—u 4 +c|=|-ut+c|= —(xz—x—3)4 vel=|2{ x2=x-3) +¢
% 3 3 3

Check: Let y=§(x2 —x—3)%+c,then y' = % %(xz —x— 3)3 (2x—1)+0 = (x2 —x—3)¥(2x—1)

_1 _ _
=(x2—x—3) i(2x-1) = 2x -1 _ 2x-1
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Example 4.2-3: Evaluate the following indefinite integrals:

x2+2 B syt —axdi+r x4 -2
[ 22 - b [, [
5\/ 3 46x+3 x> —xt v —10x
3
T o [ - Y I
v2z% -1 xt-1 (1+43)2 Vx
1
g. I;dxz h. Ixz(x3—l)5dx= 1. j 8x dx =
(4—x2)2 x2-3
Solutions:
2
a. Given Y2 e let u=x>+6x+3, then & =2 (x3 +6x+3)= 3x2 +6 which implies that

\/5 x> +6x+3 dx dx

du
3x2 +6

. Substituting the equivalent values of x> +6x+3 and dx back
j X +2 Jx +2
Y +6x+3
5-1 4 4 5 5 4
Lu 5 4cl= iu5 +c|= i(x3+6x+3)5 te|=|=3 (x3+6x+3) +c
5 12 12

1
1 3 -1 12
5 5

du = (3x2 +6)dx and dx =

dx

into the integral we obtain

_1
lJ.u Sdu
3

R

4-5

: 1~(3x2+6)+0 = %(ﬁ +6x+3)?

. 5(.3 s I 5
Check: Let y=-—(x" +6x+3)% +c,then y' = — —(x’ +6x+3
12 12 5

1 2 2
-1 2
x(3x2+6) = l(x3+6x+3) 5 -3(x2+2)= X2 = i
3 (@ soxe3)s  Vxd6we3
. sxt —4x3 41 5 4 du d{( 5 4 4 3 < g .
b. Given j—d let u=x>-x"+x, then—=—(x —-x +x)= 5x* —4x” +1 which implies
,xs—x4+x dx dx
4 3 du - . 5.4
that du:(Sx —4x +1)dx and dx = . Substituting the equivalent values of x> —x" +x
5xt —axd 41
4 4
. . . 5x7 -4 1 5 4 l di d
and dx back into the integral we obtain j A = ‘[ ot —dx + Z “ —|= J. ad
JS —xt i syt —ax® 41| [P u
1 1 2-1 1 1
J.u 2du|= 11 u +c|l= %u 2 +c|=|2u? +c|= 2(x5—x4+x)2+c =2Vxd—xt+x+e
-2 5
5 4 1 1 5 4 1 -1 4 3 5 4 _1
Check: Let y=2(x -X +x)2+c,then y =2 —(x —-x"+x (Sx —4x +1)+0 = (x —-x +x) 2

2
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4_ 4.3 4 43
x(5x4—4x3+1)= S5x7 —4x +11 _ Sx7 —4xT +1
x5—x4+x)5 X —xttx
: x4 -2 du d 5 4 : . .
c. Given j—dx let u=x>-10x, then — = —(x —le) = 5x" —10 which implies that
Vx> —10x x *
du = (5x4 —10)dx and dx-—T Substituting the equivalent values of x> —10x and dx back
5(x4 —2)
. . . 42 -2 lrd 1p -1
into the integral we obtain I al = Ix du = —J.—”= —ju 2 du
Vx® —10x S(x _2) 5 \/; 5
1 2-1 1 1 )
|1 u % +c|= lLu 2 4c|= gu2 +c|= (x —10x) =[Z4x’ —10x +¢
51-1 5 2-1 5 5
2 2
2 1 21 1 -1
Check: Let y=g(x5 —1ox)2 +e, then ' = = E(x —10x) (5x4 —10)+0 = g(x5 —10x) 2(5x4 —10)
= L) 2t )= 2 X2
= —|x° -10x) 2-5{x" -2]=
1
5 (x5_10x)2 x —10x
. z du _ d 2 _ . . .
d. Given I—dz let u=2z%-1, then — = =222 -1 ) = 4z which implies that du =4z d=
222 _1 zZ dZ
and dz = . Substituting the equivalent values of 222 -1 and dx back into the integral we obtain
z
- 1 2 1 1
2 - = = 1 >
J‘;dzzj.i.ﬂ:j” du=l- llu 2+c=l%u2 +c=lu2+c=5(2z2—1)2+c
22 Vi 4z 4 41-1 4 21 2
1 1
Check: Let y:l(2z2—1)2 +c,then y' = l-1(222 1)2 4z+0 = (22 —1) 2.z = z
2 22 2
2z° -1
: x3 4 du d 3
e. Given j dx let u=x" -1, then — = (x —1) = 4x> which implies that du = 4x>dx and
Jxd -1 dx dx
= . Substituting the equivalent values of x* -1 and dr back into the integral we obtain
4x
1
3 2 1 2-1 1 1
J‘ al dx=J.x—-—u3=‘[u dul=|L. llu 2+c=l«%uz+c=lu2+c=—(x4—1)2+c
x* -1 Ju 4x 4 41— 4 21 2
1 1( 4 \ 1, x3
Check: Let y=— (x —1) +c, then y’ ——(x —1)2 4x° +0 = (x —1) 2.x° =
22 [

Hamilton Education Guides

229



Calculus I 4.2 Integration Using the Substitution Method

which implies that du = -

. dx du d
f. Given | ——2 let u=1++/x, then &£ = L (14x) =
J u=1l++x p ( + x) 2\/;

(1+J;)2J; dx X 2Jx

and dx =2+/x du . Substituting the equivalent values of 1++/x and dx back into the integral we
obtain

24/x di 2
j dx = J. \/2x_ ‘1= J'Zciu = 2Ju_2du = Lu1_2+c =|-2u"l4c|= —£+c =|- +c
(1e42)2 x| e ] P 1-2 BT
0——1_.2 1L
Check: Let y=- \/_+c,then y = - 2x +0 = Jx = !
2 2 2
L (144%) 1435 5 (1445)
i 2 du _ d 2\ . . .
g. Given _[ ————dx let u=4-x", then — = —(4-x"| = -2x which implies that du = -2xdx
(4—x2)2 dx  dx
and dx:d—;’. Substituting the equivalent values of 4—x? and dx back into the integral we
—zX
obtain
1
J‘;zdx = = —lju_zdu = —l-Lu_2+1 +c|= lu_] +c|= L-i-c =|———+c¢
(4_x2) —2x 2 2 —2+1 2 2u 2(4_x2)
Check: Let y:;w,then y' = _OrAx o= 4 = ol
2(4—x2) 4(4—x2)2 4(4—x2)2 (4—x2)2
h. Given Ixz(x —I)de let u=x*—1, then %% = i(x3 —1) = 3x% which implies that du =3x?dx
dx dx
and dx = -4 5 . Substituting the equivalent values of x> -1 and dx back into the integral we obtain
3x
1 1 1 541 6 6
J.xz(x3—l)5dx = J.x2u5 S .[—du= 1.1 u S+c|= L Lu 5 t+e|=|—u’ +c|= —(x3—1)5 +c
3 31l 375

6 6, 6-5 1
Check: Let y:i(x3 —1)5 +c,then ' = i~g(x3—1)5 3x2 40 = l()c3 —1) 5 .3x? = xz(x3 —1)5
18 18 5 3

i. Given I 8% ix let u=x2—3, then 9 = i(x2 —3) = 2x which implies that du = 2xdx and
/ 23 dx dx
dx = j—u Substituting the equivalent values of x? -3 and dx back into the integral we obtain
X

_1 -1 2-1 1 1
J- 8x dx|= J‘Sx du|_ 4Iu 2du|l=14- I u 2+c=4o2Lu 2 yc|=|8u? +cl|= 8(x2—3)2

\IJC2 -3 \/_ Zx 1- 5 ?1
1 _1
Check: Let y=8(x2—3)2 +c,then y' = % 3)2 2x+0 = 4(x2—3) 2.0x = ix
x° =3
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Section 4.2 Practice Problems — Integration Using the Substitution Method I

1. Evaluate the following indefinite integrals:

a. jtz(l+t3)dt = b. J.18x2 {653 =5 dx = c. J. S g =
x+5

d. Jx(x2—2)% dx = €. I3—xdx = f. J-i -2 dt =
X% +3 2

g. .[xz(l—x3)2 dx = h. I};—; dx = 1 jx8(2x9 +1)2dx =

2. Evaluate the following indefinite integrals:

a. I6x2(2x3—1)dx = b. Ix 1+x% dx = C. JA«5/7x+1 dx =

d. jx3\/3x2 —ldx = €. J.; dx = f. Ix(l—xz)z dx =
X2 +1

4
_ i J‘ 5x7 +6x gy =

g [ a- h [
\/x6+3 \/xz—l \/x5+3x2+1
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4.3

Integration of Trigonometric Functions

In the following examples we will solve problems using the formulas below:

Table 4.3-1: Integration Formulas for Trigonometric Functions

1. J.sinxdx:—cosx+c

2. J.cosxdx:sin x+c

3. jtanxdx:1n|secx|+c

4. Jcotxdx:1n|sinx|+c

5. .[secxdlen secx+tanx|+c

6. jcscxdx:1n| cscx—cotx|+c

7. Itanxsecxdx:secx+c

8. Jcotxcscxdx:—cscxﬂ:

in 2
9. J.sinz xdp=X 50X
2 4

+c

10. Icosz xde=2 30 2x
2 4

+c

11. Jtanz xdx=tan x—x+c

12. Jcotz xdx=—cotx—x+c

13. J.sec2 xdx=tan x+c¢

14. Icsc2 xdx=—cotx+c

Additionally, the following formulas (identities) hold for the trigonometric functions:

1. Unit Circle Formulas

2 2

2 2

sin® x+cos” x=1 sec” x—tan” x =1
2. Addition Formulas

sin (x+ y) = sin x cos y +cos x sin y (1)

cos (x+y)=cos x cos y—sin x sin y (3)

tan(x+y): tan x+tany

1—tan x tan y

tan (x—y):

csc? x—cot? x =1

sin(x—y):sinxcos y—cosxsiny (2)

cos(x—y)=cosxcosy+sinxsiny (4)

tan x —tan y
1+tan x tan y

Note that from the identities (1) and (2 ) above we can obtain the formulas

sinxcosy:%[sin (x—y)+sin (x+y)]

cosxsiny:%[sin (x+y)-cos (x—y)]

and from the identities (3 ) and (4 ) above we can obtain the formulas

sinxsinyzé[cos (x—y)-cos (x+y)]

. Half Angle Formulas

2 1

1 1 .
2 1—cos x =2sin Ex

sin Ex:—(l—cosx) or

\]

coszlx=1(1+cosx) or l+cosx=2coszlx
22 2
. Double Angle Formulas

. . . 1.
sin 2x = 2sin x cos x Or sin x cos x :Esm 2x
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COSX COS y = %[cos (x—»)+cos (x+y)]

therefore sin? x = (1—-cos 2x)

N

therefore cos? x = %( 1+ cos 2x)

cos2x=cos’ x—sin> x  and
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sin? x cos® x =

2

(isin 2)6)2=%sin2 2x=%(1—cos 4x)

Also, the tangent, cotangent, secant, and cosecant functions are defined by

We should also note that sine, tangent, cotangent, and cosecant are odd functions. This implies that

sin (— x): —sin x

cot x =

tan (— x): —tan x

1 CcoS X

tan x sin x COS X

S€C X = CSC

cot (— x): —cot x

on the other hand, cosine and secant are even functions. This implies that

cos (—x)=cos x

sec (—x)=sec x

X =

sin x

csc (—x)=—csc x

Finally, we need to know how to differentiate the trigonometric functions (addressed in Chapter

3, Section 3.1) in order to check the answer to the given integrals below. The derivatives of

trigonometric functions are repeated here and are as follows:

Table 4.3-2: Differentiation Formulas for Trigonometric Functions

d . du
—sinu=cosu-—

X

Y

d o du
—cotu=—csc” u-—

X dx

d .
—cosu=—sinu-
d

d u
—secu =secu tanuy-—
d. d

x x X x
d P d du
—tanu =sec” u-— —cscu=-—cscucotu-—
dx X X dx

Let’s integrate some trigonometric functions using the above integration formulas.

Example 4.3-1: Evaluate the following indefinite integrals:

a. Ism 3xdyx =

d. jcoslxdx =
4

g. jcscz Sxdx =

J- J.xsecz(x2 +1

Solutions:

a. Given Isin 3xdx let u=3x,then —

)i =

b. J.sinéx dx = C. Icos 5x dx
e. j(sin 4x+cos 2x)dx = f. Icsc 5x dx
h. J.cscz %x dx = 1. J.x2 sec? x
k. Jx csc? x? dx = L.

_[sin 3xdx|=

du _d 3¢ = 3 which implies ae = Therefore,
dx dx 3
. du 1r¢ . 1 1
jsmw— —jsmudu =|-—cosu+c|=|——cos3x+c
3 3 3 3
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3 dx

J.(2x+1)csc2 (xz +x)dx
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1 . |
Check: Let y=-—cos3x+c, then y' = —l-icos 3x+ic = —l~—sm 3x-i3x+0 = ——.—sin 3x-3
3 3 dx dx 3 dx 3

= %-sin 3x = sin 3x

b. Given jsinfdx let u=2, then du_dx_1 which implies dx =8 du. Therefore,
8 8 dx dx 8 8
J‘singdx = J-sinu~8du = SIsinudu == —8cos%+c
Check: Let y=-8cos~+c, then ' = 8L st = ginE L X 0= gogin XL
8 dx 8 dx 8 dx 8 8 8
8 . x _ . x
= —.gin= = sin =
8 8 8
. du d _ c . . du
c. Given J‘cos Sxdx let u=5x, then d—:d—Sx = 5 which implies dxz? . Therefore,
X  dx
JcosSxdx = J.cosu'ﬂ = lJ.cosuafu = lsinu+c = lsin S5x+c¢
5 5 5 5
Check: Let yzlsin 5x+c,then y' = l-isin 5x+ic = Lcos 5x-15x+0 = l-cos 5x-5
5 5 dx dx 5 dx 5
= %cosSx = cos 5x
. X X du d x _ 1 . .
d. Given Icos—dx let u==, then —=—= = — which implies dx=4du. Therefore,
4 4 dx dx 4 4
J-cos%dx = J.cosu'4du = 4jcosudu == 4sin%+c
Check: Let y=4sin£+c,then y' = 4-isin£+ic = 4-c0s£-i£+0 = 4~cos£-l
4 dx 4 dx 4 dx 4 4 4
_ 4 x _ X
= —.COs— = cos—
4 4 4
e. Given J-(sin 4x+cos 2x) dx = J.sin 4x dx +J- cos 2x dx let:
a. u=4x,then d—”=i4x; ﬂ=4; du:4dx;dx:d—u and
dx dx dx 4
b. v=2x, then ﬂ=12x; ﬂ=2; dv=2dx;dx:ﬂ.
x dx dx 2
Therefore, Isin 4xdx+jcos 2x dx|= Isinw%ﬂ[cosv-% = %J‘sinudu+%fcosvdv = —%cosu+cl

L. 1 1. 1 1.
+—sinv+cy|=|-—cos4x+—=sin 2x+c; +co|=|-—cos dx+—sin 2x +c¢
2 4 2 4 2
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Check: Let y=—1c0s4x+lsin 2x+c then y' = —l-icos 4x+l-isin 2x+ic = L gin 4x-i4x
4 2 4 dx 2 dx dx 4 dx
1 d _ 4 2 _ .
+—-c0s 2x-— 2x+0= —-sin 4x+—-cos 2x = sin 4x+cos 2x
2 /x 4 2
. du d <4 . . du
f. Given .[ csc 5x dx let u=5x, then d—zd—5x=5 which implies du:5dx;dx=?. Therefore,

x  dx

d 1 1 1
J‘CSCSde = Icscu-?u = gjcscudu = §1n| cscu—cotu |+c = gln| csch—c0t5x|+c

1

1
Check: Let y=11n| csc 5x —cot 5x |+c, then y' = l-iln| csc 5x —cot 5x |+ic =
5 5 dx dx 5 cscS5x—cot 5x

x— (cse 5x —cot 5x)+ic = l-;-(—csc&vcot 5x-5+csc? 5x-5)+0
x dx 5 csc5x—cot Sx
1 5csc5x(csc5x—cot5x) _ ScscS5x
= - = = csc 5x
5 csc 5Sx —cot 5x 5
g. Given J.csc 5xdx let u=5x,then — du :in; d—uzs; du =5dx ;dx=— du . Therefore,
x  dx dx 5
1
J'csc2 Sxdx|= J.csczu-ﬂ = lJ.csczualu = —lcotu+c =|—-—cotSx+c
5 5 5 5
Check: Let yz—lcoth—i-c,then y' = —l-icot5x+ic = —l-—csc2 Sx-i5x+0 = l-csc2 5x-5
5 5 dx dx 5 dx 5

= ;csc 5x = 0502 5x

h. Given jcsc %xdx let u—;x then — du_d x. ﬂ:l; 2du =dx;dx =2du. Therefore,

dx de’ dc 2

1
J‘csczéxdx = J.csczu~2du = ZIcsczudu =|-2cotu+c |= —2c0t3x+c
Check: Let y=-2cot=+c, then y' = —2. icot—+ic = _2.—csc2 X 4 x +0 = 2csc2 L. 1
2 dx 2 dx 2 dx 2 2 2
= Zcse? X = cse?l = cese?ox
2
. Given Ix sec? x> dx let u=x3, then == du ix3; 2. 5 du=3x2dx;dx=—ro du . Therefore,
x dx dx 32
1
J-x2 sec? x° dx|= J-x2 seczu-d—u = lJ.seczudu = ltanu+c =|=tan x> +¢
3x? 3 3 3
Check: Let y:ltan x> +c,then y' = l-itan x3 +ic = l-sec2 x> -ix3 +0 = l-sec2 x3.3x?
3 3 dx dx 3 dx 3

2
3x
= 3 sec? x3 = x?sec? x°
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j. Given Ix secz(xz +1)dx let u=x?+1, then d—”=i(x2 +1); ﬂ=2x; du = 2x dx;dxzﬂ. Therefore,
dx dx dx 2x

1
jxsecz(xz—i-l)dx = J.xseczu‘ﬂ = ljseczua’u = ltanu+c = —tan(x2+1)+c
2x 2 2 2

tan (x2 +1)+ic = l-secz(x2 +1)-i(x2 +1)+0

Check: Let yzltan (x2 +1)+c,then y' =
2 dx 2 dx

=~

1
2

= %-secz(x2 +1)-2x = 2—2xosecz(x2 +1) = xsecz(x2 +1)

k. Given jxcscz x? dx let u=x?, then ﬂ:ixz; d—u:2x; duszdx;dx:d—u. Therefore,
dx dx dx 2x
1
J‘xcscz x2 dx|= J.xcsczu-ﬂ = lJ.csczudu = —lcotu+c =|-—cot x% +¢
2x 2 2 2
Check: Let y:—lcotx2 +c,then y' = —l'icot x? +ic = —l'—csc2 x? ~ix2 +0 = Locse? x2 . 2x
2 2 dx dx 2 dx 2
2
= Txcscz x? = xosc? x?
; 2,2 2 du d [ » du
. Given I(2x+l)csc x* +x)dx let u=x*+x,then ==="\x* +x); ——=2x+1; du=(2x+1)dx;
dx dx dx
du 2 (.2 _ 2 du | _ 2
dx = . Therefore, J.(2x+1)csc x“ +xldx |= I(2x+1)csc u- = J.csc u du
2x+1 (2x+1)
=|-cotu+c |= —c0t(x2+x) +c
Check: Let y=—cot(x2 +x)+c, then y' = —icot(x2 +x)+ic = csc? (x2 +x)-i(x2 +x)+0
dx dx dx
= csc? (x2 +x)-(2x+1) = (2x+1)csc2 (x2 +x)
Example 4.3-2: Evaluate the following indefinite integrals:
a. Isecz 3xdx = b. J.sec 3xdx = C. Ix csc xdx =
d. jsins(x+l)cos(x+1)dx = e. jcoss xsin xdx = f. Icoss 3xsin3xdx =
g. J.cos4§sin§dx = h. Ixz cos x3dx = 1. jex sece” dx =
Solutions:
a. Given Isecz 3x dx let u=3x, then d—”=i3x; ﬂ=3; du=3dx;dx=ﬂ. Therefore,
dx dx dx 3

1
Isecz 3xdx|= J.seczu-% = %J.seczudu = %tanu+c = gtan3x+c
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Check: Let y=%tan 3x+c, then y' = itan3x+ic = %sec2 3x-3+0 = %scc2 3x = sec? 3x

dx dx
b. Given Isec3xdx let u =3x, then d—”=i3x; ﬂ:3; du=3dx;dx:ﬂ. Therefore,
dx dx dx 3

1 1 1
.[sec3xdx = J.secwd—su = EJ-secudu = §1n| secuttanu |[+c|= gln| sec3x+tan3x|+c

1

l~—-3sec3x tan 3x +3sec” 3x+0
3 sec3x+tan 3x

Check: Let y= §1n| sec 3x+tan 3x |+c, then y' =

3sec3 3x+tan3
_ 1 3sec x(sec X+ tan x) _ %sec3x — sec3x

3 sec3x +tan3x
c. Given Ix csc x2dx let u=x?, then d—uzixz; ﬂ:Zx; du =2x dx;dx:d—u. Therefore,
dx dx dx 2x
1
'[xcscxzdx = Ixcscu-ﬂ = lj cscudu|= l1n| cscu—cotu |+c|= —ln‘ esc x2 —cot x2|+¢
2x 2 2 2
Check: Let y:lln‘ csc x? —cotx2‘+c, then ' = l-2;~—2xcscx2 cotx? +2xcsc? x2 +0
2 cscx” —cotx
_ 1 2xcscx2(cscx2—cotx2) _ 2 2 2
= —- 5 > = —xcscx” = xescx
2 cscx” —cotx 2
. .5 . du d . du
d. Given Ism (x+1)cos (x+1)dx let u=sin (x+1), then == "—sin (x+1); — =cos (x+1);
dx dx dx
du
du=cos (x+1)-dx; dx= . Therefore,
cos (x+1)
.5 5 du 5 1 ¢ 1.6
J.sm (x+1)cos (x+1)dx|= J-u cos (x +1) ———|= J-u du|=|—u" +c|=|—sin (x+1)+c
cos (x+1) 6 6

Check: Let y:%siné(x+l)+c,then y = %~6sin5(x+1)~cos (x+1)+0 = sin®(x+1)cos (x+1)

e. Given jcosS xsin x dx let u =cos x, then ﬂ:icosx; d—”:—sinx ;dx= du . Therefore,
x dx dx —sin x
1
jcossxsinxdx = Ius sin x - du = —Jusdu = —lu6+c =|-=cos® x+c
—sin x 6 6
. 1 6 r — 1 5 : — 6 5 . _ 5 .
Check: Let y=—cos x+c,then y' = —g-6cos x-—sinx+0 = 5 Cos” asinx = cos” xsinx
f. Given Jcoss 3xsin 3x dx let u =cos 3x, then ﬂ:icos 3x; d—u:—Ssin 3x ; dsz. Thus,
dx dx dx —3sin 3x
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1
JcosS 3xsin 3x dx|= jus sin 3»& = —ljusdu = —l-lu6+c =|——cos®3x+c
—3sin 3x 3 36 18
. 1 6 , 1 5 . 18 5 . _ 5 .
Check: Let y=—gcos 3x+c,then y' = —E-6cos 3x--3sin3x+0 = i 3xsin3x = cos> 3xsin3x
g. Given J.cos Ysin T dx let u=cos > , then d—uzicosi; d—uz—lsini ;de=— 3du . Therefore,
3 3 3’ dx dx 37 dx 3 3 sin%
3
Jcos4£sin£dx = J-u4sin£-— Sdu |_ —3ju4du = —Eu5+c = |-Zcos® Z+e
3 3 sin% 5 5 3
Check: Let y——écoss—+c then y' = -3 scos? Xo—sin XLy = 1—500s4—sm£ = cos? Tsint
5 3 5 3 33 15 3 3 3 3
h. Given jx cos x>dx let u=x>, then = du :ix3; du _ 52 D du=3x%dx; di=—ro du . Therefore,
dx dx dx 32
1
J.x2 cos x dx|= Ixz cosu'ﬂ = lJ‘cosudu = l-sinu+c =|=sin x3 +¢
3x2 3 3 3
Check: Let yzésin x*+c,then ' = %cos x> 3x24e = %xz cos x> +0 = x% cos x°
1. Given je sece” dx let u=e", then d—”:iex; ﬂ:e";du: dx— . Therefore,
dx dx dx e*
_[ex sece” dx|= '[ex secuod—z = Isecudu = 1n| secu+tanu |+c |= ln‘ sece” +tane™|+c
e

1

sece” +tan e”

Check: Let y:ln‘ sec e” +tan ex‘+c ,then y' = e¥sece” tane” +e” sec? e¥ +0

_ e’ sece” (secex +tanex) N .
= = e" sece

sece” +tane”

Example 4.3-3: Evaluate the following indefinite integrals:

Itan7 xsec? xdx = b. Itan4(x—l)secz(x—l)dx = C. Icot3 xcse? xdx =
d. J.cot5 2xcse? 2x dx = e. J.tan 8xdx = f. J-tangdx =
X x .
g. Isec 9x tan 9x dx = h. J.sec 3 tan 3 dx = 1. jS sec3x tan 3x dx =
J- J.x2 cot x>dx = k. J.xcot3x2dx = L. J.sec\/;% =
X
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Solutions:
d
a. jtan7xsec2xdx let u = tan x, then d—u:itanx ; ﬂ:seczx ; duzseczxdx; do=—2" Thus,
dx dx dx sec” x
d 1 1 1
Jtan7 xsec? x dx|= Iu7 sec? x —2 | = Iu7du = ™ rel=]2ub +c|=|=tan® x+¢
1 1 _
Check: Let yzgtam8 x+c,then y' = §~8(tanx)8 P.sec? x+0 = (tanx)” sec? x = tan’ xsec? x

b. J.tan4(x—1)sec2(x—1)dx let u = tan(x-1), then ﬂ:itan(x—l) ; %:secz(x—l)c; du =sec? (x—1)dx

dx dx x
; dx:L. Therefore, Itan4(x—1)sec2(x—l)dx = Ju4-se02(x—1)-2d—u = Iu4du
secz(x—l sec (x—l)
1 44 5

1
=|—u +c|= lu +c|= —tans(x—1)+c
4+1 5 5

-S[tan(x—l)]y1 -secz(x—1)+0 = tan4(x—1)secz(x—1)

lj]l»—t

Check: Let y:%tans(x—1)+c,then v =

. du d du
c. Given J‘cot3xcsc2 xdx let u=cotx,then —=—"cotx ; d—:—csczxc; du=—csc’ x dx

x dx X
—d _
;de=— du . Therefore, Icot3xcsczxdx = J.u3-csc2x~ Y= —.[u3du = —1u3+1+c
csc” x csc” x 3+1
= —lu4+c = —lc0t4x+c
4 4
1 1 _
Check: Let y:—zcot4 x+c,then y' = —2-4(cot)c)4 P.—csc? x+0 = cot® xese? x

d. Given jcots 2x csc? 2x dx let u =cot2x, then d—u:icot2x ; %:—2%02 2x 5 du=-2csc? 2x dx

dx dx X
; dx:—d—u. Therefore, jcots 2x csc? 2x dx|= Ius -csc? 2x~_—dzu = —ljusdu
2csc” 2x 2csc” 2x 2
= —l-Lu5+1 +c|= —Lu6+c = —icot6 2x+c
2 5+1 12 12

Check: Let y:—%cot6 2x+c, then y' = —%~6(cot 2x)%71.2.—cse? 2x+0 = cot® 2x esc? 2x

e. Given J'tan 8x dx let u=8x, then d—uzifﬂx ; d—”=8 ; du=8dx ; dx:d—”. Therefore,
dx dx dx 8
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1
'[tanSxdx = Itanu-% = %J‘tanudu = %1n|secu|+c = §In|sec8x|+c

Check: Let y=11n|sec8x|+c,then y' = L ec8xtan8x-8+0 = >tan8x = tan 8x
8 8 sec 8x 8
f. Given J. tan—dx let u:— then — du _ d fzx. du_1 ; 4du=dx ; dx=4du. Therefore,
dc dx4’ dx 4
x x
Jtanzdx = J‘tanu~4du = 4J‘tanudu = 41n|secu|+c =|4In secz +c
Check: Let y=41In|sec>|+c, then y' = 4. seeftantlio =2t = @
4 secX 4 4 4 4
g. Given _[ sec 9x tan 9x dx let u=9x, then — du_dy, ; u_y ; du=9dx ; dx=— du . Therefore,
dx dx dx 9

1
Isec9xtan9xdx = J-secu.tanw% = éjsecutanudu = %secu+c = ;sec9x+c

Check: Let y=ésec9x+c then ' = é-sec9x tan 9x-9+0 = %-sec9x tan 9x = sec 9x tan 9x

h. Given J.secgtangdx let u— , then du_dx, du_

; 1 ; 2du=dx ; dx=2du. Therefore,
dx dx2  dx 2

X X X
J.seCEtangdx = Isecu~tanu-2du = 2J.secutanudu =|2secu+c |= 2secE+c

1 2
Check: Let y=2sec>+c,then y' = 2-sec > tan > —+0 = =-sec > tan = = sec - tan —
2 2 22 2 2 2 2 2

1. Given IS sec 3x tan 3x dx let u=3x, then au :i3 au =3 du=3dx ; dx =ﬂ. Therefore,
dx dx dx 3

JSsec3xtan3xdx = SJ‘secu-tanu-a;—u = gjsecutanudu = gsecuﬂ: = %sec3x+c

Check: Let yzgsec3x+c,then y' = %sechtan 3x-3+0 = %-sec3xtan 3x = 5sec 3x tan 3x

j. Given Ix cot x>dx let u=x>, then == du_d 3 ; 5,2 ; du=3x%dx | dx=——r du . Therefore,
dx dx dx 32
1
'[xz cot X dx|= J.xz ~cotu-ﬂ = lJ‘cotu-du = lln|sinu|+c = —ln‘sinx3 ‘+c
3x2 3 3 3
2 3
Check: Let y:lln‘sinx3 ‘+c,then y = 1.1 3 cos x> -3x2 40 = 3L.cosx3 = x% cot x3
3 3 sinx 3 sinx
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k. Given Ix cot 3x%dx let u=3x2, then du_d 0 : w_ex S du=6xdx ; dy =M Therefore,
dx dx dx 6x

1
'[xcot3x2dx = jx-cotu-;l—u = %Icotu-du = éln|sinu|+c = Eln‘sin 3x? ‘+c

x
352
Check: Let y:lln‘sin?)x2 +c,then y' = l-;z-cos3x2~6x+0 = bx CoSINT _ | ot 3x2
6 6 sin 3x sin 3x2
1 1 _1
1. Given J.sec\/;ﬁ let u=x2, then du_d 5 ; au_ 1.~ __1 ; dx=2+/x du . Therefore,
Jx dx dx dx 2 2/x

Isecﬁﬂ = Jsecwzﬁdu = 2Isecu~du = 21n|secu+tanu|+c = Zln‘secx/;+tan\/;‘+c
X

e e

1 sec \/; tan \/;-i- sec2 \/;
. +0
sec 4/ x + tan \/; 2\/;

' 1 .sec\/;(tan x+sec\/;) _ 2SGC\/; _ sec\/;
sec x+tan\/; 2\/; 2\/; \/;

Check: Let y:2ln‘sec x+tan\/;‘+c,then y =2

=2

Example 4.3-4: Evaluate the following indefinite integrals:

a. J.sec%/x_zﬂ= b. J.csc%/x—3 d _ . Jszcscx3dx=

o

d J‘ 1 g = e J'c052x+sin2x g = £ J' 1+cos x g =

" Jcos 3x ' sin 2x ' sin x
g. jS(sin3x csc 3x)dx = h. Ia (cos 2t sec 2t+12)dt = 1. Iesmsx cos Sx dx =
. 3cos L Leot3
J- je coszxsin%xdx = k. .[etansxsecz Sxdx = 1. jezcm " ese? 3xdx =
Solutions:

2 2 _1
a. Given IsecV3 x? & let u=x3, then ﬂ:iﬁ ; d_u:gx 3.2 ; dx:zi/;du. Therefore,
x dx dx dx 3 33/x 2

sec 3\/ x2 + tan \/3 x2

sec%/x—2+tan%/x_2 1 .2sec%/x_2tan%/x—2+2sec2%/x—2
sec 3\/x2 + tan %/x_2 3%

secy xz(sec3\1x2 + tan 3\/x2j 3[ 2 3[ 2
sec\x® _ seciyx

3
Vx di 3
J‘sec3\/x2 ﬂ = J.secu~i~£ = iIsecu-a’u = 3ln secu+tanu|+c =|—In +c
3x 2 2 2 2

%/;

Check: Let y:%ln

+c,then y' = %

1

=3
2 sec %/x_2+tan%/x—2

2 _
3 6
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3 3 _2
b. Given ICSCVS x3 dx x3,then — du _ d x3 'd—”=§x \/ du. Thus,
51x2 dx dx d 5 5 /
512
di 5 [
I 5x3 dx = jcscu-i- Al éjcscwdu = éln cscu—cotu|+c =|—In cscsx3 -
slxz 3 sxz 3 3 3

CSC %/x_3—cot %/x_3

Check: Let yzgln

+c,then y' = 3. 1 _—3csc§/x_3¢0t§/x_3+3CSC2%/x_3
c, Y3 ese ¥ —cot x> 532

5 | 3 csc %/x_3( cse %/x_3—cot %/x_3j 15 CSC\/_ csc%/_
R e 5 de

X,

c. Given ij csc x>dx let u=x3, then == du_d 5. ﬂ=3x2
x  dx dx

S du=3x%dx ;| dx=——r du - Therefore,
3x

d 5 5 5
'[sz cse x2dx|= SJ‘xz-cscu'—u2 = gjcscu-du = gln cscu—cotul|+c|= Eln‘cscx3—cotx3 +c
3x

5 5 - tx”-3x7 + 3.3
Check: Let y:—ln‘cscx3—cotx3‘+c,then y == ese x cot x° 3 X +ese? ¥ +0
3 cse x> —cot X
3

_ 5 3x? cscx3(cscx —cot x3) _ 15x2

3
3 cse x> —cot x°

-CSC x3 = 5x2 csc X

d. Given I dx = J‘sec3x dx let u=3x,then d—u:i?sx ; d—u

cos 3x x dx dx

3 du=3dx ; dx— 3 . Thus,

1
I ! dx|= .[sec3xdx = Isecwﬂ = lJ-secudu = lln secu+tanu|+c|= —ln|sec3x+tan3x|+c
cos 3x 3 3 3 3

2
1 1 - 3x tan 3x-3 3x-3
Check: Let y=—In|sec3x+tan3x|+c, then y' = —. Sec ox tan Jx: 3+ 5eC X
3 sec 3x +tan 3x

3sec 3x ((sec 3x+ tan 3 !
3sec x (sec 3x + tan 3x) =§~sec3x = sec3x =

+0

1
E sec 3x +tan 3x cos 3x

e. Given J‘COSZJH-SIH 2 gy = I(COS 2% | J x = j(cot 2x+1)dx = J‘cot 2xdx+J‘dx let u=2x, then

sin 2x sin 2x
du_d 5. . du_ ; du=2dx ; de=—. Therefore,
dx dx dx 2

2x +sin 2 1
J.COS )C Sin xdx= J.cot2de+J.dx =1J-c0tudu+x :lln|sinu|+x+c = —ln|sin2x|+x+c
sin 2x 2 2 2
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1 cos2x-2 _ 2 cos2x
——+1+0 = =

2 sin2x 2 sin2x

+1 = cot2x+1

Check: Let y:%1n|sin 2x|+x+c,then y' =

1+cos x 1 coS X .
f. J‘(_—de = J-( — - — de = Icscxdx+jcotxdx =|In cscx—cotx|+ln|smx|+c
sin x sinx sin x

—CSC X cotx+csc2 X COSx

Check: Let y=In|cscx—cotx|+In|sinx|+c ,then y' = +——+0
csc x—cotx sin x
_ cscx(cscx—cotx) cosx cosx _ 1 cosx _ l+cosx
= +— = CSC X +— = — +— = -
csc x—cotx sin x sin x siIn X SIn x sin x

in3
o js(sin3xcsc3x)dx = SIsin3x~ dx|= 5jsm x| = SIdx —[5x+c

sin 3x

sin 3x

Check: Let y=5x+c,then y' =5.x!""+0 =5x"=5

h. ja(cos2tsec2t+t2)dt = aIcos2t- dt+aIt2dt = ajdt+ajt2dt = at+§t3 +c

cos 2t

Check: Let y=at+%t3 +c,then ' = g/} +§'3t2+0 = a+at?

1. Given jesmsx cos 5x dx let u =sin 5x, then ﬂ=isin 5x ; ﬂ:SCos 5x 5 dx= du . Thus,
x  dx dx 5cos 5x
; u 1 1 1
Jesmsx cos Sx dx|= Je“ cos 5x - du_|_ je—du = —J.e”du =|Ze vc|=|=e""* 4o
5cos 5x 5 5 5 5
. 1 ginsx v — 1 sinsx _ 5 sinsx _ sin5x
Check: Let y=ge +c,then y' = 3¢ -cos Sx-5+0 = 3¢ cosSx = e cos 5x
. . 3costx 1 1 d d 1 d 3.1 3.1
j- Given .[e 2% in—xdx let u=3cos—x, then =L 3cos—x ;: - Zsin—x ; du=—"sin—xdx
2 2 dx dx 2 dx 2 2 2
; dx:—ﬂ. Therefore,
3sin§x
3eoslx 1 1 =2 2 2 2 3cosl
Ie 2% sin —x dx|= Ie“ s1n—x-i = ——J.e”du S I Y I A
2 3sin L x 3 3 3
2 3cost 2 3cosk 11 3costr 1
Check: Let y=—Z¢ “*2% 1 ¢, then y =-Ze 2 Bsin—x—+0 = ¢ 2 sin—x
3 3 2 2 2
. Given |e sec” Sxdx let u=tan5x,then — =—tan5x ; — =5sec” 5x ; du =5sec” Sxdx
k. G @nSxec? 5x dx let sx,then @=L ansy 3 M 5gec? 5x 3 du=5sec? 5xd
dx dx dx
; deL. Therefore,
Ssec” 5x
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d 1 1 1
Jetanstecz Sx dx|= Ie” sec? 5x'—bé = —je“du =|—e yc|=|=e®3* 4o
5sec” S5x 5 S

1 1
Check: Let y:getansx +c,then y' = getansx -sec? 5x-5+0 = ¥ gec? 5x

. 1 1
1. Given IeCOtxcsczxdx let u=—cot3x, then ﬂ=i—cot3x ; d—u=—§csc2 3x a’u:—icsc2 3x dx
2 x dx 2 dx 2 2
2d
L . Therefore,
3csc” 3x

Leot3 -2 2 2 2 Lleots

J.ezcOt *ese? 3x dx| = je” csc? 3x~% = ——Ie”du S N ) L R
3csc” 3x 3 3 3
2 Leots 2 Leot3 1 Leot3

Check: Let y=—§ezco *ye, then y' = —gezco x-—zcscz 33340 = 277" cse? 3x

e To integrate even powers of sin x and cos x use the following identities:

sin? x+cos? x =1 Sin2x=%(1—0052x) coszx:%(1+cos2x)
To integrate odd powers of sin x and cos x use the following equalities:

J‘sinzn+1 xdx = jsinz" xsin x dx = J(sinz x)n sin x dx = J(l—cosz x)n sin x dx (let u=cosx)

jcosan xdx = J.coszn xcos xdx = j(cosz x)” cos x dx = I(l—sinz x)n cosxdx  (let u=sinx)

e To integrate products of sin mx, sinnx, cos mx, and cosnx (where m and » are integers) use
the trigonometric identities below:

Isin mx sin nx dx = J‘%[cos(m—n)x—cos(m+n)x]dx
jcosmxcos nx dx = J-%[cos(m—n)x+cos(m+n)x]dx

Isin mx cos nx dx = J.%[sin(m—n)x+sin(m+n)x ]dx

e To integrate tan” x, set

2 2 2

tan” x = tan" "2 x tan> x = tan”"> x(sec x—l) = tan""? xsec? x—tan" "% x

e To integrate cot” x, set
2

cot” x = cot" 2 xcot? x = cot" 2 x (cs02 x—l) = cot"? xcse? x—cot" 2 x

e To integrate sec” x
n=2
For even powers, set sec” x = sec"? xsec’ x = (tan2 x+l) 2 sec? x

For odd powers change the integrand to a product of even and odd functions, i.e., write
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Isec3x dx as jseczx sec x dr (see Example 4.3-6, problem letter h).

To integrate csc” x

2

n-2
2 escx

For even powers, set csc x = csc"? xesclx = (cot2 x+1)
For odd powers change the integrand to a product of even and odd functions, i.e., write

Icsc3x dx as jcsczx csc x dx (see Example 4.3-6, problem letter i).

In the following examples we use the above general rules in order to solve integral of products
and powers of trigonometric functions:

Example 4.3-5: Evaluate the following indefinite integrals:

a. Isin 5xcos Txdx = b. J.sinxcosxdx = C. Icos 3xcos2xdx =
d. J.sin 3xsin Sx dx = e. Jcos 3x cosSxdx = f. J‘sin5 xdx =
g. |sin” xdx . |cos” xdx 1. |tan™ xdx
J- Isin7 xdx = k. Jsec4 xdx = L. Icos3 xdx =
Solutions:
a. J.sin 5x cos 7x dx|= I%[sin(5—7)x+sin(5+7)x]dx = J.%[sin(—Zx)+sin(12x)]dx = %J.(sinIZx—sin 2x) dx
1 1
= ljsianxdx—lJ.SiHZxdx = l-—LCOSIZJC—l-—lcos 2x+c|=|-—cos12x+—cos 2x+c
2 2 2 12 2 2 24 4
1 1 , 1 . 1 . 12 . 2 .
Check: Let y=——cos12x+—cos2x+c,then y' = ——-—12sin12x+—--2sin 2x+0 = —sin 12x——sin 2x
24 4 24 4 24 4
_ 1. 1. _ 1. 1. _ 1. 1. .
= —sin12x——sin 2x = Esm 12x+zs1n (—2x) = Esm (5+7)x+zsm (5-7)x = sin 5x cos 7x
b. Jsinxcosxdx = J.%[sin(l—l)x+sin(l+l)x]dx = J.%[sin(Ox)+sin(2x)]dx = %J-(O+sin 2x) dx
= lJ-sinzxabc = l~—lcos 2x+c|= —lcos 2x+c
2 2 2 4
1 , 1 . _ 1. _ 1. .
Check: Let y=—2c0s2x+c,then y' = —Z~—Zsm 2x+0 = Esm 2x = E-2smxcosx = sin x cos x
1 1 1 1
C. J.cos3xcos2xdx = J‘E[cos(3—2)x+cos(3+2)x]dx = J.E(costrcosSx)dx = EJ.cosxdx+EJ.COSSxdx

1 . 1 1. 1 . 1 .
=|—-sin x+—-—sin 5x+c¢|=|—sin x +—sin 5x+¢
5 2 10
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Check: Let y=%sin x+%sin 5x+c,then y' = %cos x+%~5cos 5x+0 = lcos x+icos5x

= ECOS x+Ecos S5x = %cos (3—2)x+%cos (3+2)x = cos 3x cos 2x

d. Isin?axsin Sxdx|= I%[cos(3—5)x—cos(3+5)x]dx = J‘%[cos(—2x)—cos(8x)]dx = %I(eos2x—cos8x)dx

= lJ.c0s2>c dx—lJ.COSSx dx|=
2 2

11
2 2

sin 2x—l~lsin 8x+c|= lsin 2x—lsin 8x+c¢
2 8 4 1

Check: Let y:%sin 2x—%sin 8x+c,then y' = %~cos 2x~2—i~0058x-8+0 = gcos 2x—icos8x

ECOS 2x—%cos & = %[cos(—2x)—cos(8x)] = %[cos(3—5)x—cos(3+5)x] = sin 3x sin 5x

e. J.cos 3x cos Sx dx|= J‘%[cos(3—5)x+cos(3+5)x]dx = J-%[cos(—Zx)+cos(8x)]dx = I%(cos2x+cos8x)dx

= lJ‘cos2x dx+ljcos8x dx|=
2 2

l lsin 2x+l-lsin 8x+c|= lsin 2x+isin8x+c
2 2 2 8 4

Check: Let yzisin 2x+%sin 8x+c,then y' = %-cos2x~2+i-cos 8x-8+0 = zcos2x+£cos$x
_ 1 1 _ 1 _ 1 —
= ECOS 2x+zcos 8x = 5[005(—2x)+cos(8x)] = E[cos(3—5)x+cos(3+5)x] = cos 3x cos 5x

2 2
f. jsinSxdx = J‘sin4xsinxdx = J.(sin2 x) sin x dx = j(l—cosz x) sin x dx. Let u=cos x, then

du d du du

—=—cosx ; —=-sinx ; du=-sinxdx ; dv=———. Therefore,
dx dx dx sin x

2 2
.[sinsxdx = J.(l—cosz x) sin x dx|= J.(l—uz) sin x dx|= I(u4—2u2+l)sinx-

—Sm x

= —I(u4—2u2+l)du = —Iu4du+2ju2du—jdu = —%uS +§u3 —u+c|= —%cos5

2 3
x+§c0s X—COoSX+c¢

1 2 1 . 2 . .
Check: Let y:—gcos5 x+§cos3 x—cosx+c,then ' = ——-5cos* x-—sin x+§'3cos2 x-—sin x+sin x+0

2
= sin x cos? x—2sin x cos? x+sinx = sin x(cos4 x—2cos? x+1) = sin x(l—cos2 x)
2
= sin x(sm2 x) = sin xsin* x = sin’ x

g. Isin3 xdx = Isinzxsinxdx = j(l—cosz x)sinxdx. Let u=cos x, then ﬂ=icosx ; ﬂ=—sinx
dx dx dx
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. d
S du=—sinxdx ; dv=-—2__ Therefore,
sin x
jsin3xdx = I(l—cosz x)sinxdx = j(l—uz)sinx-— du = —J-(l—uz)du = J.uzdu—J.du
sin x
1 5 1,
=|qu —utc|=|ge0s” x—cosxte
1 1 . . . .
Check: Let yzgcos3x—cosx+c,then y = §~3coszx-—s1nx+smx+0 = _gin x cos’ x+sinx

= sin x(1—0052 x) = sin xsin? x = sin° x

2 2
h. J.coss xdx = J.cos4xcosxdx = J.(cos2 x) cos x dx = j(l—sinz x) cos xdx. Let u=sin x, then

ﬂ=isinx ; ﬂ=cosx ; du=cosxdx ; dx= du . Therefore,
dx dx dx coS x
2 2 2
Icoss xdx|= I(l—sinz x) cos x dx|= j(l—uz) cosS x - du = I(l—uz) du|= J-(u4—2u2+1)du
cos X
= Iu4du—zju2du+.[du = %us —§u3 +u+c|= %sin5 x—%sin3 x+sinx+c

1. 2. . 1 . 2 .
Check: Let y=§sm5 x—§s1n3x+smx+c,then y' = g-551n4x-cosx—§~3sm2x'cosx+cosx+0
_ .4 .2 _ .4 .2 _ .2 )2
= cosxsin’ x—2cosxsin“ x+cosx = cosx|sin” x—2sin“ x+1) = cos x|1—sin” x
_ ( 2 )2 _ 4 _ 5
= cos x|cos” x] = cosxcos” x = cos” x

1. jtan4 xdx = .[tanz xtan? x dx = jtanz X (8602 x—l)dx = jtanz x sec? xdx—jtanzx dx

= Itanz x sec? xdx—j(sec2 x—l)dx = J'tan2 x sec? xdx—jsec2 xdx+jdx. To solve the first

integral let u = tan x , then du_d iy : A ec? x s du=sec’ xdx ; dx= du_ Therefore,
X dx X sec” x
jtanz xsec? xdx = qu sec? x.— B = J-uzdu = %u3 = %tan3 x. Grouping the terms we find
seC™ X

1 1
J.tan4xdx = J.tanzxseczxdx—jseczxdx+'|.dx = Etan3x—jseczxdx+jdx = Etan3x—tan X+x+c

2

1 3
Check: Let yzgtan3 x—tanx+x+c, then y' = gtan2x~se02 x—sec? x+1+0 = tan? x-sec” x—sec’ x+1

= sec? x(tem2 x—1)+1 = (tan2x+1)(tan2 x—1)+1 = tan* x—tan? x+tan? x—1+1 = tan* x
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. 3 3
]. J.sin7 xdx = jsin6xsinxdx = I(sinz x) sin x dx = J.(I—cos2 x) sin x dx . Let u=cos x, then

du

du _ d 0sx %:—sinx y du=—sinxdx ; dx=—

au_4a —— . Therefore,
dx dx X sin x

3 3
'[sin7xdx = J.(l—cosz x) sin x dx | = J.(l—uz) sin x dx | = I(l—3u2+3u4 —u(’)sinx- du
—sin x

= —I(1—3u2+3u4 —u6)du = Ju6du—3ju4du+3ju2du—Jdu = %u7 —3~%u5+3~%u3—u+c

/1.7 3 5 3
= 7COS x—gCOS X+C0S” X—cos x+c¢

Check: Let y:%cos7 x—%cos5 x+cos® x—cos x+c, then ' = %~7cos6 x-—sin x—%-Scos4 x-—sin x
+3cos? x-—sin x+sinx+0 = —sin x cos® x+3sin x cos* x —3sin x cos? x +sin x
= sinx(—cos6 x+3cos* x—3cos? x+1) = sinx(l—cos2 x)3 = sinx(sin2 x)3 = sinxsin® x = sin’ x
k. Isec4 xdx = Isecz xsec” xdx = Isecz x(1+tan2 x)dx = Jseczx az’x+.|"tan2 x sec? x dx
= I(1+tan2 x)dx+jtan2 xsec? xdrx = Idx+Itan2 x dx+Itan2 xsec? xdx. To solve the third integral

2 du

let u=tan x, then A _d oy ; B sec?x s du=sec® xdx ; dx= . Therefore,
X X dx sec” x
d 1 1 .
jtanz xsec? xdx = qu sec? x- Z = J-uzdu = §u3 = Etan3 x. Grouping the terms we find
sec” x

1 1
Isec4 xdx|= jdx+J.tan2 xdx+J.tan2 xsec? xdx|= J.dx+-[tan2 xdx+§tan3 x|= x+tanx—x+§tan3 X+c

1 3 1 3
Etan x+tanx+(x—x)+c = gtan x+tanx+c

2

1 3
Check: Let yzgtam3 x+tanx+c, then y' = Etan2 x-sec? x+sec? x+0 = tan® x-sec? x+sec? x

= 8602 x(tan2 x+1 ) = 5602 xS602 X = sec4 X

L. J.cos3xdx = J.(cos2 x)cosxdx = J.(l—sin2 x)cosxdx. Let u =sin x, then ﬂzdisinx 5 %zcosx
x  dx X

du

; du=cosxdx | dx= . Therefore,

COS X

J.cos3xdx = J.(l—sin2 x)cosxdx = J.(l—uz)cos» du

COoS X

_ J‘(l_uz)du - —J'uzdu+J'du
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3 x+sinx+ec

1 1,
=|-—u’ +u+c|=|——sin
3 3

1 . . 1 . .
Check: Let y:—gsm3x+smx+c,then y' = —§~3sm2x-cosx+cosx+0 = —cos x sin? x +cos x

= cos x(l—sin2 x) = cos x(0052 x) = cos> x

Example 4.3-6: Evaluate the following indefinite integrals:

a. J.cos4 xdx = b. J.cosz Sxdx= c. J.sin4 xdx =
d. jtan3 xdx = e. jcot4 xdx = f. Jtané xdx =
g. Icot3 xdx = h. jsec3 xdx = 1. jcsc3 xdx =
] jtans xdx = k. IcotS xdx = 1. jcot6 xdx =
Solutions:

a. J.cos4xdx = I(cosz x)zdx = J[%(lﬂ:osbc)rdx = %J‘(l+c052x)2dx = %J.(I‘FCOSZ 2x+2cos 2x)dx

= lJ-abc+l'|-cos2 2xdx+£-|.cos2xdx = £+ljl(l+cos 4x)dx+l~lsin 2x|= —+—'—J.dx
4 4 4 4 472 22 2

3 1 1
+1J-cos 4xdx+lsin 2x|= £+£+l~lsin 4x+lsin 2x+c|=|—x+—sind4x+—sin 2x+c¢
8 4 4 4 4 8 32 4

1 . | 4cosdx 2 2 1 2
Check: Let y=3—x+—251n4x+zsm2x+c,then y' = §+ Cg; Al CO: Y0 = E+—cos4x+zcos2x

= l+l +lcos4x+%cos2x = l+l(1+cos4x)+gcos2x =
4 8) 8 4 4 8 4

+

l(1+cos 4x)+zcos 2x
2 4

N

1
4

11 2 1 1 1 2
= Z+—~cos2 2x+zcos 2x = Z(l+cos2 2x+2cos Zx) = Z(l+cos Zx)2 = {E(“—COS 2x)}

2
= (0052 x) = COS4 X

b. '[cosz Sxdx|= J(l—sinZSx)dx = J.dx—J‘sin2 Sxdx|= J‘dx—_[%(l—colex)dx = x—%J‘dx+%J-COSIOxdx

x 1 1 . 1 I . x sin 10x
=|lx—=+——sinl10x+c|=|x|1-= [+—sin 10x+c|= |-+
2 2) 20 2 20

in 10 1 1
s x+c,then y' = l+L-cos10x-10+0 = l+£~colex = —+—cos 10x
2 20 2 20 2 2

Check: Let y= §+
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= 1—l +lcoslox =1- l—lCOSIOx = l—l(l—cos10x) = 1-sin? 5x = cos? 5x
2) 2 2 2 2

4 2 )2 1 : 1 2 1 2
C. jsin xdx|= J.(sin x) dx|= J[—(l—cost)} dx|= —I(l—cost) dx|= —I(1+cos 2x—200s2x)dx
2 4 4

= ljdx+lj‘cos2 2xdx—£I0052xdx = £+1Il(1+cos4x)dx—l~lsin 2x|= i+l~ljdx
4 4 4 4 4J2 22 4 4 2
1 1
+1Icos 4xdx—lsin 2x|= i+£+l-lsin 4x—lsin 2x+c|= ix+—sin 4x——sin 2x+c
8 4 4 8 8 4 8 32 4

3 4cosdx 2cos2x
= —+ - +

Check: Let y:3—x+isin 4x—lsin 2x+c,then y' = = = E+lcos4x—£cos 2x
8 32 4 8 32 4 8 8 4

= l+l +lcos 4x—£cos 2x = l+l(1+cos 4x)—gcos 2x =
4 8) 8 4 4 8 4

+

(1+cos 4x)—%cos 2x

NG
NG
| —

2
= l+l-cos2 2x—gcos 2x = l(1+cos2 2x—2cos 2x) = l(l—cos 2)c)2 = l(l—cos 2x)
4 4 4 4 4 2

. 2 .
= (sm2 x) = sin* x

d. Itan3 xdx = '[tanz xtan x dx = J(secz x—l)tanxdx = Isecz X tan xdx—jtan xdx. To solve the first

integral let u = tan x, then d—u:itanx ; d—u:secz X du =sec? dx ; dx= du . Thus,
dx X dx sec” x
2 _ 2 du _ _ 1 2 _ 1 2 . e
J.sec x tan x dx = Isec Xu——— = Iu du = Su° = Etan x . Combining the term
sec” x

J.tan3xdx = J.tanzxtanxdx = J.(seczx—l)tanxdx = J.(seczxtanx—tanx)dx = J-seczxtanxdx

1 1
—Jtanxdx = Etanzx—jtanxdx = Etan2 x—ln|secx|+c

1 1
Check: Let y:—tanzx—ln|secx|+c,then 3 = ——-2tanx-sec’ x— -sec x tan x +0
2 2 sec x
_ 2 sec x tan x _ 2 _ 2 _ 2 _ 3
= tanxsec” x——— = tanxsec” x—tanx = tanx|sec” x—1 )= tanxtan“ x = tan” x
sec x

€. '[cot4 xdx = Icotz xcot? xdx = Icotz x(csc2 x—l)dx = Jcotz x csc? xdx—Jcotzx dx
= Icotz x csc? xdx—j(csc2 x—l)dx = Icotz x csc? xa’x—J.csc2 xdx+jdx . To solve the first

integral let u =cot x, then d—u:icotx ; ;l—u:—csczx ; du =—csc? xdx y dx=— du

dx dx X csc” x

. Therefore,
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du 1 1 .
jcotz xcse? xdy = qu csc? x— = —qudu = ——u> = ——cot® x. Grouping the terms we find
csc? x 3 3
1 1
Jcot4 xdx|= '[cotz x csc? xdx—jcsc2 xdx+'[dx = _§C0t3 x—jcsc2 xdx+jdx = —§c0t3 x+cotx+x+c
1 3
Check: Let y:—gcot3 x+cotx+x+c,then y' = —§c0t2x~—csc2x—csc2x+l = cot? xesc? x—osc? x+1

= csc? x(cot2 x—1 )+1 = (cot2 x+1)(cot2 x—1)+1 = cot* x—cot? x+cot? x—1+1 = cot* x
f. J-tam6 xdx = jtan4 xtan? x dx = Itan4 x(sec2 x—l)dx = J-(tan4 xsec? x—tan* x)dx = J-tan4 x sec? x dx

—Jtan4x dx . In example 4.3-5, problem letter i, we found that jtan“x dx = %tan3 x—tan x+x+c. Thus,

Itané xdx|= Itan4 xtan? x dx|= J-tan4 x(sec2 x—l)dx = Itan4 x sec? xdx—jtan“x dx

1 1 1
= -[tan4xseczxdx—(§tan3x—tanx+x+c) = gtansx—gtan3x+tan xX—x+c

2

1 1 1
Check: Let y:gtan5 x—gtan3 x+tan x—x+c, then y' = ;Stam4 x-sec? x—%tan2 x-sec? x+sec? x—1+0

= tan” x-sec? x—tan® x-sec> x+sec’ x—1 = seczx(tan4x—tan2x+1)—1

= (1+tan2 x)(tan4x—tan2x+1)—1 = tan* x—tan? x+1+tan® x—tan* x+tan? x—1 = tan® x

g. jcot3 xdx = Icotz xcot x dx = J‘(csc2 x—l)cotxdx = J-cscz xcotxdx—J‘cotxdx. To solve the first

integral let u = cot x, then d—u:icotx ; ﬂ:—csczx ; du =—csc? dx ;dx=— du . Thus,
dx X dx csc” x
2 _ 2 du _ _ 1 2 _ l 2 o .
jcsc x cot x dx = jcsc Xou-— = —Iu du = U= —Ecot x . Combining the term

CSC X

Jcot3xdx = J.cotzxcotxdx = J(csczx—l)cotxdx = J.(csczx-cotx—cotx)dx = jcsczxcotxdx

1 1 .
—Jcotxdx = —Ecotzx—_[cotxdx = —Ecotzx—ln|s1nx|+c

-cosx+0

1 . 1
Check: Let y:—Ecotzx—1n|smx|+c, then ' = —E'2cotx-—csc2 x—

Sin x

— 2 cosx 2 — 2 — 2 — 3
= cotxcsc” x—— = cotxcsc” x—cotx = cotx|csc” x—1)= cotxcot® x = cot” x
sin x
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h. .[sec3 xdx = jsecz xsecxdx = j(tan2x+l)secxdx = Jtanzxsecxdx+jsecxdx = Itanx-tanxsecxdx
+Isec xdx. To solve the first integral let u =tan x and dv = tan x sec x dx , then du = sec? x dx and
J dv:jtanxsecxdx which implies v =sec x. Using the integration by parts formula J-u dv=uv—jvdu
we obtain Itanz xsecxdx = Itanx~tanxsecxdx = tanx-secx—J‘secmsec2 xdx = tanxsecx—J’sec3 x dx

Combining the terms we have jsec3 xdx = Itan x-tan x sec x dx+jsec x dx = tan xsecx —J‘sec3 x dx .

+ I sec x dx. Moving the Isec3 x dx term from the right hand side of the equation to the left hand

side we obtain .[sec3 X dx+ I sec’ xdx = 2J- sec’ x dx = tan xsecx + I sec x dx . Therefore,

1 1 1
jsec3xdx = E(tanxsecx+jsecxdx) = Etanxsecx+;ln|secx+tanx|+c

2
sec” x-sec x+sec x tan x-tan x

1 1
Check: Let yzEtanxsecx+Eln|secx+tanx|+c,then y' = >
2 3 2 3 2
sec x tan x +sec” x sec” x+sec x tan x+secx(secx+tanx) _ sec” x+sec x tan x  secx
2(sec X +tan x) 2 2(sec X +tan x) 2 2
3 2 3 2 3 3 3
_ sec” x+secxtan” x+secx _ sec” x+secx|tan” x+1) _ sec® x+secxsec” x _ sec’ x+sec” x
2 2 2 2
2sec’ x 3
= = sec” x
2

1. JCSCS xdx = '[cscz xcscxdx = '[(l+cot2 x)cscxdx = Jcotz xcscxdx+.|-cscxdx = Jcotx-cotxcscxdx
+jcsc xdx. To solve the first integral let u =cot x and dv = cot x csc x dx , then du = —csc? x dx and
_[ dv= J. cot xcscxdx which implies v =—cscx. Using the integration by parts formula J-u dv:uv—jvdu
we obtain J.cotzxcscxdx = J.cotx'cotxcscxdx = cotxo—cscx—J.cscyrcsc2 xdx = —cotxcscx—J.csc3 X dx
Combining the terms we have J-csc3 xdx = jcotx-cot X €sC X dx+J.csc xdx = —co’wccscx—J.csc3 x dx .

+ j csc x dx. Moving the jcsc3 x dx term from the right hand side of the equation to the left hand

side we obtain JcscS x dx+‘[csc3 xdx = ZJ- cse’ xdx = —cotxcscx+J.csc x dx . Therefore,

1 1 1
Jcscsxdx = E(—cotxcscx+jcscxdx) = —Ecotxcscx+Eln|cscx—cotx|+c
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o —(—csc2 X -CSC X —CSC X cot x - cot x)

1 1
Check: Let y:—Ecotxcscx+Eln|cscx—cotx|+c,then ¥’

2
2 3 2 3 2
—csc xcot x+csc” x _ csc’ x+escxcot” x  cscx(cscx—cotx) _ csc” x+cscx cot x_ osex
2(csc x—cot x) 2 2(csc x—cot x) 2 2
3 2 3 2 3 2 3 3
_ csc’ x+escxcot” x+cscx _ csc” x+cscx|\cot” x+1) _ csc” x+cscxesc”x _ sec” x+sec” x
2 2 2 2
_ 2cse’ x _ 3
= ——— =csc’x
2

] jtans xdx = .[tan3 xtan® xdx = .[tan3 x (8602 x—l)dx = jtan3 x sec’ xa’x—J"can3 xdx. To solve the

du

first integral let u = tan x , then A _d oy ; A ee? x s du=sec’ xdx ; dx= . Therefore,
dx x dx sec” x
Itan3 xsec? xdx = Iu3 sec? x-d—z = J‘uSdu = iu“ +c = %tan4 x+c. Also, in Example 4.3-6,

S€C X

problem letter d, we found that J. tan® x dx = %tanz x—In|sec x|+c. Grouping the terms together

J.tan5 xdx|= J.tan3 xtan? x dx|= J.tan3 x(se02 x—l)dx = J.tan3 x sec? xdx—jtan3 x dx

1 1 1 1 1
= Ztan4x—jtan3 xdx|= Ztan4x—(5tan2 x—ln|secx|+c) = Ztan4 x—Etan2 x+ln|secx|+c

1 1 1 2 t
Check: Let y:Ztan4 x—Etan2 x+In|secx|+c, then y' = Z~4tan3 x-sec? x—ztanx-sec2 P
sec x

= tan3 xsec2 x—tanxsec2 x+tanx = sec2 x(tan3 x—tanx)—i—tanx = (1+tan2 x)(tan3 x—tanx)+tanx

= tan3 X —tan x+tan5 x—tan3+tanx = tan5 X

k. jcotS xdx = jcot3 xcot? xdx = Icot3 X (csc2 x—l)dx = J‘cot3 x csc? xa’x—jcot3 xdx. To solve the

first integral let u = cot x, then d—u:icotx ; d—u:—csczx s du=—csc? xdx | de=-— du . Thus,
dx X dx csece x
Jcot3xcsczxdx = J.u3 cse? xo— - —Iu3du = —lu4+c = —lcot4x+c. Also, in example 4.3-6,
csc” x 4 4
problem letter g, we found that jcot3 xdx = —%cot2 x~In|sin x|+c. Grouping the terms together
jcots xdx|= Icot3 xcot? x dx|= J‘cot3 x (csc2 x—l)dx = Icot3 x csc? xa’x—J-cot3 x dx
1 4 3 1 4 1 2 . 1 4 1 2 .
=|-—cot x—J.cot xdx|=|-—cot" x—| ——cot” x—In|sin x|+¢ || =|-—cot” x+_cot x+ln|s1nx|+c
4 4 2 4 2
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1.

Check:

Thus,

jc0t6 x dx

1 1 .
Let y:—zcot4 x+Ecot2 x+1n|s1n x|+c , then y’

cot3 x—cotx+cot5 x—cot3+cotx = cot5 X

_ —4.cot? x-—csc? x

2

2.cotx-—csc? x

CoS x

4

2

sin x

= Icot4 xcot? x dx = J-cot4 X (c502 x—l)dx = I(cot4 x cse? x—cot? x)dx = jcot4 x cse? x dx

—Jcot4x dx . In example 4.3-6, problem letter e, we found that .[cot4x dx = —%cot3 x+cotx+x+c.

J-cot6 x dx

J‘co‘[4 xcot? x dx

J.cot4 X (0502 x—l)dx

J.cot4 X csc2

X dx—Icot4x dx

1
Icot4 x csc? xdx—[—gcot3 x+cotx+x+c)

1 1
—gcot5 x+§cot3 xX—cotx—x+c

Check:

1 1
Let y:—gcot5 x+—cot® x—cot x—x+c, then y’

5.cot* x-—csc? x+3-cot2 x-—csc’ x

+CsC

5

Example 4.3-7: Evaluate the following indefinite integrals:

a. J.sin2 xcos? xdx =
d. .[sin3 xcos? xdx =
g. Itans xsect xdx =
] jcotz xcse? xdx =
Solutions:
.2 2 L. 1
a. jsm xcos” xdx|= ZISIH 2xdx|=
1 1
= £—1~lsin 4x+c|=|-x——=sindx+c
8 8 4 8 32
1 1 . ,
Check: Let y=—x-—sin4x+c,then y' = ——
8 32 8
11 1 .
= —-—(1—cos 4x) = —.sin?2x =
4 2 4
b. '[sinz xcos> xdx|= J‘sin2 x cos? x cos x dx

b. J.sinz xcos® xdx=

. jtanz xsecxdx=

h. Jtan3 xsect xdx =

k. Icot3 xcse xdx =

3

cot* x-cse? x—cot? x-csc? x+csc? x—1 = csc? x (cot4 x—cot? x+1 )—1

(1+cot2 x)(cot4x—cot2x+1)—1 = cot* x—cot? x+1+cot® x—cot* x+cot® x—1 = cot® x

C. J.sin4 xcos? xdx =

f. Itans xsec> x dx
1. jtan3 xsec> x dx

l. jcot3 x cse? xdx

ZI%(l—COS 4x)dx

1 4cosdx
32

sin? x cos? x

l 1—cos 4x)dx
8

1 dx—l cos 4x dx
sl

1

+0 = ——lcos4x =
8 8

é(l—cos 4x)

.2 2 P
J.sm x\cos” x| cos xdx

.2 .2 )2
J.sm x|{1=sin“ x) cos x dx
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4.3 Integration of Trigonometric Functions

Calculus I
A fw:n2 . 4 .2 _ ) . 6 . 4
= J‘sm x(1+s1n x—2sin x)cosxdx = J.(sm X COS x+sin” x cos x—2sin" x cos x)dx
. . . . 1, 2 .
= Ismzxcosxdx+.[51n6xcosxdx—2jsm4xcosxdx = ;sm3 x+7s1n7 x—gsm5x+c

_3sin2xcosx 7sin® x cos x 10sin4xc0sx+0

’

1 . 1. 2.
Check: Let y=—sin® x+—sin’ x—=sin°> x+c, then y +
3 7 5 3 7 5

_ .2 . . 4 _ .2 . .
— SIn XCOSX+SII’16XCOSX—28111 XCOSX — SIn XCOSX(I-‘FSIH x—2sin x)

2 2
= SlIl2 X COS )C(l-i—Sll’l2 X) = SlIl2 X COS X(COS2 X) = Sll’l2 X COS )CCOS4 X = SlIl2 X COS5 X

2
c. J.sin4xcos2xdx = '[(sinxcosx)2sin2xdx = J.(%sian) -%(I—COSZx)dx = éj‘sin2 2x dx

—ljsin2 2xcos2xdx|= lJ-l(l—cos4x)dx—lJ.sin2 2xcos2x dx | = LJ.abc—ij-cos4xdx—l-lsin3 2x
8 8J2 8 16 16 8 6

1 1
Lx—i-lsin 4x—Lsin3 2x+c|=|—x——sin 4x——sin> 2x+¢
16 16 4 48 16 64 48
)
Check: Let y=—x——sindx——sin® 2x+c, then ' = 4608 4x _6sin” 2xcos2x
16 64 48 16 64 48
= L(l—cos 4x)—%sin2 2xcos 2x = %-%(l—cos 4x)—lsin2 2xcos 2x = ésin2 2x—%sin2 2xcos 2x

2
1. 1 . . . . .
= (—sm2x] 'E(l—cos Zx) = (smxcosx)2 sin? x = sin® xcos® x-sin? x = sin* x cos? x
d. J.sin3 xcos® xdx = Isin3 x(l—sin2 x)dx = J.(sin3 x—sin® x)dx = Isin3 xalx—jsin5 xdx. In Example,
5

4.3-5, problem letters f and g, we found that Jsins xdx = —%cos x +§cos3 X —COSX+c

. 1
and jsm3 xdx = 50053 x—cosx+c. Therefore,

. . . 1 1
J.sm3 xcos? xdx|= jsm3 xdx—jsm5 xdx|= 50053 x—cosx+c—(—gcos5 x+§cos3 X—Ccosx+c

1 s 1 3 2 3 1 5 1 3
=|—COS” X+—COS™ X——COS™ X—COSX+COoSx+c|= gCOS x—gcos xX+c

4 2

3 x-—sin x+0

1 1 1 .
Check: Let yzgcossx—gcos x+c,then y' = g-Scos x-—sin x—%cos

= _sin x cos* x+sin x cos® x = sin x cos> x(l—cos2 x) = sin x cos? xsin’ x = sin> x cos> x
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Calculus I 4.3 Integration of Trigonometric Functions

e. jtanz xsecxdx = .[(secz x—l)sec xdx = Jsec3 x dx—jsec xdx. In Example 4.3-6, problem letter

h, we found that Isec3 xdx = %tan xsecx + %ln |sec x + tan x|+ c. Therefore,

3 1 1
sec” xdx—|secxdx|= Etanxsecx+51n|secx+tanx|—ln|secx+tanx +c

.[tanz xsecxdx|=

1 1
—tanxsecx—Eln|sec x+tanx|+c

secxtanx+se02 X

1 1 1
Check: Let y=—tanxsecx——In|secx+tanx|+c, then y' = —(sec3x+secxtan2 x)—
2 2 2 2(sec x +tan x)

_ 1 3 2 secx(secx+tanx) I 1 2 sec x
= —|sec” x+sec xtan” x |- = —sec” x+—secxtan” x—
2(sec X+ tan x) 2

1 1 1
= Esecx(sec2 x+tan2 x—l) = Esec x(tan2 x+tan2 x) = Esec x~2tan2 x = tan2 X sec x

2
f. Itans xsec3 xdx|= J.tan4 X8602 xsec x tan x dx|= '[(SCCZ x—l) se02 X sec x tan x dx

= J(sec4 x+1-2sec? x)sec2 xsecxtan xdx |= I(sec6 x+sec? x—2sec? x)sec x tan x dx
1 1 2 1 2 1
=|=sec’ x+§sec3 x—gsec5 x+c|=|—sec’ x—gsec5 x+§sec3 xX+c

4

1 2 1
Check: Let y:7sec7 x—gsec5 x+§sec3 x+c,then y' = ;sec6 x-sec x tan x——-sec x-sec x tan x

3
+—sec2 x-secxtan x+0 = sec6 X-Sec x tan x—ZSec4 x-secxtanx+sec2 X-sec x tan x

= (sec6 x+sec? x—2sec? x)sec xtan x = (sec4 x+1-2sec? x)se02 X Sec x tan x

2 ) 4 2 5
= |sec x—l sec“ xsecxtanx = tan xsec” xsecxtanx = tan” xsec” x

g. J-tan5 xsect xdx|= J.tan5 xsec? xsec? x dx|= Itans x(tan2 x+1)sec2 xdx |= J.tan7 xsec? x dx

1 1
+jtan5 xsec? x dx|= gtan8 x+ztan6 x+c

1 1
§~8tan7 x-sec? x+g~6tan5 x-sec’ x+0

= tan7 xsec2 x+tan5 xsec2 X = tan5 xsec2 x(tan2 x+1) = tan5 xsec2 xsec2 X = tan5 xsec4 X

Check: Let y:%tan8x+%tan6x+c,then y =

h. '[tan3 xsect xdx|= J-tan3 xsec? xsec? xdx|= Jtan3 x(tan2 x+1)sec2 xdx |= J-tan5 xsec? x dx
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Calculus I 4.3 Integration of Trigonometric Functions

1 1
+_[tan3 xsec? x dx|= Etan6 x+Ztan4 x+c

1 1 1 1
Check: Let y:gtan6x+ztan4x+c, then y' = g-6tan5 x-sec? x+Z~4tan3x~sec2x+O

= tan5 X sec2 x+tan3 X S€C2 X = tan3 X sec2 x(tan2 x+l) = tan3 X sec2 X 5602 X = t.an3 X sec4 X

1. J.tan3 xsecd xdx = Itanz xsec? x-tan xsecxdx = J-(sec2 x—l)sec2 x-tanxsecxdx = J.sec4 x-tan x sec x dx

Isecz x-tan x sec x dx. To solve the first and the second integral let u = sec x , then % = disec x
X X

du du
; —=secxtanx ; du=secxtan xdx ; dx= . Therefore,

dx sec x tan x

J‘tanSJcsec3 xdx|= Jtanzxseczx-tanxsecxdx = J.sec4xotanxsecxdx—'|.seczx'tanxsecxdx

du du 1 1
= Iu4~tanxsecx~——ju2-tanxsecx-— = Iu4du—Ju2du ==’ ——ul+c
tan x sec x tan x sec x 5 3
1 1
=|=sec® x—gsec3 x+c

1 1 5 3
Check: Let y=—sec® x——sec’ x+c, then ' = gsec4 X-sec x tan x—gsec2 x-sec x tan x +0

= sec4 X-sec x tan )C—SGC2 x-sec xtan x = (SCC4 x—sec2 X)SCC xtan x = (SGC2 x—1 )S602 X sec x tan x

= tan2 xsec2 xsecxtan x = tam3 xsec3 X

. . du d du —du
J- Given Icotzxcsczxdx let u =cotx,then —=—cotx ; == cse? x ; du =—csc? x dx ; dx=
dx dx dx csc” x
du 1 1
Therefore, Icotzxcscz xdx|= j-uz cse? x —— | = —qudu =|-=u? +c|=|-=cot® x+¢
—cse? x 3 3
1 3 b1 2 2 _3 2 2 _ 2 2
Check: Let yz—gcot x+c,then y' = —§'3c0t x-—csc” x+0 = ;cot xcsc” x = cot” xesc” x
k. J.cot3 x csc> xdx|= J-cot x cot? x esc® x dx|= J.cotx(csc2 x—l)csc2 xdx |= J.csc4 x cot x dx
1 1
—J‘csc2 xcotxdx|= —gcsc5 x+§csc3 x+c
1 1 1 1
Check: Let y=——csc® x+—csc’ x+c, then y' = —;50sc4x-—cscxcotx+§-305c2 x-—csc x cot x+0

= csc5 x-cotx—csc3 x-cotx = Csc3 xcotx(csc2 x—l) = csc3 xcotxcot2 X = cot3 xcsc3 X
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L. Jcot3 xesct xdx|= jcot3 xcse? xesc? x dx|= jcot3 x(co’t2 x+1)csc2 xdx |= Jcots x cse? x dx

1 1
+J‘cot3 xcse? xdx|= —Ecot6 x—zcot4 xX+c

2

Check: Let y:—%cot6 x—%cot4x+c, then ' = —%~6c0t5 X-—Csc x—%~4cot3 x-—csc? x+0

2

x+cot3 x0502 x = cot3 xcsc2 x(co‘[2 x+1) = Cot3 xcsc2 xcsc2 X = cot3 xcsc4 X

Section 4.3 Practice Problems — Integration of Trigonometric Functions I

1. Evaluate the following integrals:

= COt5 X CSC

a. Isin 3?)6 dx = b. J3cos 2x dx = C. I(sin 5x—cos 7x)dx =
d. j2cscz 3xdx = e. jxsecz X2 dx = f. I8sec Sxdx =
g. J-sin3 xcos x dx = h. Jcos3 xsin x dx = 1. j%cos xldx =

2. Evaluate the following integrals:

a. Ie3x sec & dx = b. jtang xsec’x dx = C. jcots xoscx dx =

d. Isec 2x tan 2x dx = e. Ix cot x2dx = f. J-%xz csc X dx =

g. I (sin5x csc5x) dx = h. I(cos 5t sec 5t +3t% + t) dt = 1. jecmx csc? xdx =
3. Evaluate the following integrals:

a. Isin 3xcosSxdx = b. .[cos 6x cos 4x dx = C. jsins 3xdx =

d. jtan4 2x dx = e. .[cosz axdx = f. J-tan3 5x dx =

g. Jcot4 3xdx = h. Jcot3 2xdx = 1. Jcot6 3xdx =
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Calculus I 4.4 Integration of Expressions Resulting in Inverse Trigonometric Functions

4.4 Integration of Expressions Resulting in Inverse Trigonometric Functions

In the following examples we will solve problems using the following formulas:

1 .X _ 1. gx
—arcsin—+c¢ = —sin~ —+c¢

J-; dx =
/az_xz a a a a

1 1 X 1 aqx
dx = —arctan —+c¢ = —tan —+c
a? +x2 a a a a

1 1 X 1 X
dx = —arcsec—+c = —sec  —+c

X lxz_az a a a a

Let’s integrate some algebraic expressions using the above integration formulas.

Example 4.4-1: Evaluate the following indefinite integrals:

a J‘ dx _ b J‘ dx _ c J‘ 3 dx _
V16-9x2 V36 -x? 1-x8
2 2
d.J‘x—dx: e..[ x6dx= fj i dx=
V16— x© 9+x xT+5
J’ dx _ h J' x3dx _ i J’ x2dx _
9x2 +25 49 + 4x% 5+9x°

Solutions:
dx

V16 -9x2

a. First - Write the given integral in its standard form J‘L —arcsin>+c, ie., I
[2_.2 a

_ dx
'[1/42 ~(3x)?
du d

Second - Use substitution method by letting « = 3x, then o= d—3x =3x which implies
X X

du=3xdx ; dx= % . Therefore, 1 arc sin %

_[ dx :I 1 ﬂ:lj‘ du _
\/42 —(3x)2 \/42 _,2 3 3 m 3
u

Third - Write the answer in terms of the original variable, i.e., x. %arc sin Z+c = %arc sin %H:

Fourth - Check the answer by differentiating the solution, i.e., let y = % arc sin %‘+ c then

11 33 1 _1 4 _ 1
y = Y e ———— = _ =
3 1_(34)2 dx 4 3 _% 4 12 /1612)62 4\/16—9x2 \/16—9x2

. . . . .. dx X . dx
b. First - Write the given integral in its standard form | ————=arcsin =+c, i.€., | ——
J.\/az—xz a J.\/36—)62

_ J’ dx
/62 2
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Calculus I 4.4 Integration of Expressions Resulting in Inverse Trigonometric Functions

Second - Use substitution method by letting u=x, then du_ 4 1 which implies du =dx.

dx dx

.u
Therefore, = arcsin . +c

J' dx _ J‘ du
V36—x? V6?2 —u?
Third - Write the answer in terms of the original variable, i.e., x. arcsin %+c = arc sin %+ c

Fourth - Check the answer by differentiating the solution, i.e., let y =arc sin %+ ¢ then

ol dx o 1 11 1 1
1_(%) V ~3% \ 36x
. . . . .. X .X . x3dx
c. First - Write the given integral in its standard form J‘ﬁ =arcsin—=+c, 1.€., J.
2_ .2 a 8
a” —x 1-x

Second - Use substitution method by letting u = x*, then fl—” = di * — 4x* which implies
X X
3

du=4x3dx ; dx— o . Therefore, I \/L J. \/7 =

. . . .. . . 1 . 1
Third - Write the answer in terms of the original variable, i.e., x. Jaresin %4—0 = Jare sin x* +¢

.u
—arc sm T+C

Fourth - Check the answer by differentiating the solution, i.e., let y = %arc sin x* +¢ then

L1 1 d 4 11 4 X3

3
_ 3 X
V= —————x +0=— A4x” = — =
4 1_(x4)2 dx 4 [1_.8 4\/1_)68 \/l_xs

2
d. First - Write the given integral in its standard form J.L —arcsin>+c, ie., I SESC
Va 2_y? a 16—x°
_ J‘ x2 dx
| 42 _ x3 z
Second - Use substitution method by letting u = x>, then 9 _ 4 3 _32 which implies

x  dx

du =3x2dx ; dx—3x2 Therefore, J.\/42x (dx )2 _ J'\/42 . J‘\/i =
3

Third - Write the answer in terms of the original variable, i.e., x. %arc sin Lt = larc sin xT+ c

.u
—arc Sin —+c¢
4

3
Fourth - Check the answer by differentiating the solution, i.e., let y= % arc sin xT+ c then

4x2 x2

11 3% 1 x? 1 _
Y 3/ 2dx4+0_§/ s 4 4 6 Z\/ 6_\/ 6
3 X 16—x 16— 16—
1—("7) 1 16 16 * x
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2

e. First - Write the given integral in its standard form J- _ L tan Xie ,1.e., _[ t ax
a’+x a a 9+x
_ dx
2
32 4 (x3 )
Second - Use substitution method by letting u = x>, then % = dix3 =3x? which implies
X X
du=3x%dx ; dx= d2 Therefore, I dx = j 5 ! > duz = lj% = L e tan Lie
3x 2+(x3)2 324u? 362 39324y 3

. . . .. . . 1 1 3
Third - Write the answer in terms of the original variable, i.e., x. 5 9re tan %+c = ke tan xT+ c

3
Fourth - Check the answer by differentiating the solution, i.e., let y = éarc tan %+ c then

x2 _19x2 _ x?
+

994 x° 9+x°

1 1
9 T3 T YT e s 9,
3 X
() 1+ 9

1 X . b
=—arctan —+c, 1.€., 4—dx

f. First - Write the given integral in its standard form _[
a’?+x? a a x +5

X dx

RESRRI G .

Second - Use substitution method by letting u = x?, then — = dix2 =2x which implies du =2x dx
X X

x du 1

; dx = d—u Therefore, j x d = du o arc tan ——+ ¢

2x (\/§)2+(x2)2 J.(\/g)z +u2‘2_x EJ.(\/g)z L2 25 J5

Third - Write the answer in terms of the original variable, i.e., x. Larc tan —— 4 ¢ = Larc tan >—+ ¢
245 V5 25 V5
: - o 1 2
Fourth - Check the answer by differentiating the solution, i.c., let y =——arc tan X +c then

25 V5
o L1 dx 1 1 21w 1S o«
2\/51"'()62]2 dx\/g 2\/§1+% \/g 10% 554 x4 54x4
V5
g. First - Write the given integral in its standard form J. L tan Xae ,1.e., j _
a -i—x2 a a 9x2 +25
_ J' dx _ J‘ dx _ lj dx  _ lJ‘ dx
2 25 2
25+9x 9(%4_)(2) 9 7+x 9 (%)2 +X2
Second - Use substitution method by letting u=x, then %:dix_l which implies du =dx.
X X

Therefore, lJ‘L =L
9 (%)2 o 9

mlw

3u 1 3u
arc tan —+c¢ —arc tan —+c¢
5 15 5

1
rctan +c = —
5 9

3

w\m|»—~

Third - Write the answer in terms of the original variable, i.e., x. %arc tan 3?”+ c = %arc tan 3%+ c
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Fourth - Check the answer by differentiating the solution, i.e., let y = %arc tan %x+ c then

00 @ 1033 0 _3 35 175
15 1+(3?x)2 dx 5 151+% 5 75 25;2;9 75 25+ 952 75 25+ 952 25492

Note that another way of solving this class of problems is by rewriting the integral in the
following way:

J' de =J' dx . =J' dx —. Now, let u=3x, then du_d 5 _3 which implies
9x2 +25 25+9x 52 +(3x) dx dx
du=3dx ; dxzﬂ. Therefore, I L = j ! d_u = lj du = l-larc tan£+c
3 52+(3x)2 524u% 3 30 52442 35 5
_ 1 u _ 1 3x
= —arctan —+c¢ = —arc tan —+c¢
5 15 5
. . . . .. dx 1 X . xdx
h. First - Write the given integral in its standard form I =—arctan —+c, 1.€., J.
a?+x* a a 49 +4x8
_ J‘ x3dx _ lJ’ x3dx _ l.[ x3dx
149 8) 49 8 2 2
Second - Use substitution method by letting u=x*, then ﬂ=a]ix4 =4x> which implies
X X
3 3
du=4x3dx ; dx:d—MS. Therefore, %J- % = %J- ;—d—z = %J‘ ;l—u
4 7 2 7 2
4x (%) +(x ) (5) +u 4x (5) +u

—

1 u 12 w1 2u
—-—arctan —+c¢ = —-—arctan —+c¢ = —arctan —+c¢
16 1 7 16 7 7 56 7

2 2

. . . . . . . 1 2u 1 2x*
Third - Write the answer in terms of the original variable, i.e., x. ik tan 7+c = garc tan T+ c

4
Fourth - Check the answer by differentiating the solution, i.e., let y = 51—6arc tan 2%+ c then

S T SR 2 APPNURES DU BN SRS B SRR B 5 SN &
4 56 (2x4j2 dx 7 56 1 4 7 49 49148 49 49 4 458 49 + 458
1+ N 49 49
or, the alternative approach would be to rearrange the integral in the following way:
3 3
I dx I Xodx Now, let u =2x*, then A _ 4 54 _gx3 which implies du =8x>dx
49 + 458 72 +(2x4)2 dx  dx
3 3
; dx:d—"3. Therefore, I X dx - = j 2x > d—”3 = lj % = l-larc tan —+c¢
8x 72+(2x4) 77 +u” 8x 89 7% 4u 8 7
1 u 1 x*
= —arctan —+c¢ = —arc tan —+¢
7 56 7
P . . . .. dx 1 x . x2dx
1. First - Write the given integral in its standard form I 5 =—arctan —+c, 1.€., I c
a”+x a a 5+9x
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_ x2dx 1

e sl x=—f( ] ()

Second - Use substitution method by letting u=x>, then %:iﬁ =3x? which implies
X X
2
du=3x%dx ; dx:d—2 Therefore, %I % — %J‘ x2 , d”2 — 2L7J’ d—zu —
2
" ()b f () e e T () e
3 3 3
L-Larc tanL—i-c —arc tan — 3u +c = Larc tan—u+c
T E N T T TR
3 3
3
Third - Write the answer in terms of the x variable, i.e., Larc tan 2L 4o = Larc tan 2 4+ ¢
95 NG 95 V5
3
Fourth - Check the answer by differentiating the solution, i.e., let y = ! arc tan 3L+c then
945 V5
,_ 1 Lood3’ o1 1o 1 a1 s A
905 (3;9)2 dx 5 05 1495° V5 55:9:° 554950 54090
1+| 2= 5 5
g
or, the alternative approach would be to rearrange the integral in the following way:
2,
I al = J. x2dx —. Now, let u =3x3, then du_ d 33 _9x2 which implies du =9x>dx
5+9x° (\/g) (3x3) dx  dx
du x2dx x2 du 1 du 1 1 u
jdx=—0>0. Therefore, I > - = J. > — = —I T, T g aretan—=+c
o G O RVAR I S R
= Larc tan L+c = Larc tan i+c
95 J5 9y5 J5
Example 4.4-2: Evaluate the following indefinite integrals:
a J‘ dx _ b J‘ dx _ c J‘ dx _
X\/x4—4 x1125x2—9 X\/x2 =25
dx dx e*
T S — N
xV6x% -9 xy16x*—25 e +4
X
o [ - ho[o - o
9e™ +16 25— (x+4) 3—(x-2)?
Solutions:
dx

a. First - Write the given integral in its standard form
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Second - Use substitution method by letting u=x?, then %:dixz =2x which implies
X X

dx _

u 1 u
arcsec—+c¢ = —arcsec—+c
2 4 2

du=2xdx ; dx= ;l—” Therefore, I
X

11
22

=_IMVM 2

. . . . . . . 1 1
Third - Write the answer in terms of the original variable, i.e., x. Zarc sec %+ c = Zarc sec x7+ c

2
Fourth - Check the answer by differentiating the solution, i.e., let y = %arc sec %4— c then

RS DS I SO S DS U S U N S DU SN
4x2 2V . dx 2 42 it 2 4.2 [x%-4 Yx2dxtoa xxt-s
=5 - 2 V4 2\ 4
b. First - Write the given integral in its standard form J.L ~LaresecXre ,1.e.,

X lxz_az a a
J‘ dx :J‘ dx :J dx _ lJ‘ dx
x25x%2 -9 \/Exwlxz —% 5x1¢x2—% 3 X ,xz_(%)z

Second - Use substitution method by letting u =x, then %:dile which implies du = dx.
X X

du 1 u 1 Su
Therefore, arc sec —+c = —arc sec 3 +c

lIL:lI—:l._
SN e T R

. . . .. . . 1 5 1
Third - Write the answer in terms of the original variable, i.e., x. Earc sec ?qu c= Earc sec 5?x+ c

Fourth - Check the answer by differentiating the solution, i.e., let y = % arc sec %x+ c then

_5 1 s 9 1
S CA R Py e 252 95% 2520 I sx2sa? -9 xy25¢7 -9

or, the alternative approach would be to rearrange the integral in the following way:

Now, let u =5x, then du_ 4 5. _5 which implies du = 5dx

J‘ dx =J‘ dx ' ’
xw[25x2 -9 xwl(Sx)z —32 dx dx

: de=%  Therefore, - Sdu_ du
x 3 ererore I . /(Sx)z _32 I / J ,uz 32 J . ,—uz 32

1 u 1 S5x
= —arcsec—+c = —arcsec—+c¢
3 3 3 3

c. First - Write the given integral in its standard form J-L ~LaresecX4e ,1.e.,

2 _g? @ a
J‘ dx =J‘ dx
xVx2—25 )C\/xz—S2
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Second - Use substitution method by letting u=x, then A _d . _1 which implies du =dx.

dx dx

u
Therefore, Jaresec +c

J‘ dx _ J‘ du _
x\/x2—52 u\/u2—52

. . . .. . . 1 1
Third - Write the answer in terms of the original variable, i.e., x. s sec %+ c = garc sec X4 ¢

Fourth - Check the answer by differentiating the solution, i.e., let y = %arc sec §+ c then

L1 1 dx 1 1 1 _ 5 _ 1
y' = Y T —
S x (=) -1 dr 3 Sx 22 5 25 x\/x T35 ava?oos
5 5 5V25
d. First - Write the given integral in its standard form J.L:larc sec - +c,ie.,

,x a

j m ‘/_x\/: 6x1,x - \/_I xw/x -

du

Second - Use substitution method by letting «=x, then d—=d—x_1 which implies du = dx.
X X
Therefore, \/_I \/_I = L6 é arc sec i+c = larc sec%—i—c
X x - u u \/g \/>
\/_ 1 \/gx

Third - Write the answer in terms of the original variable, i.e., x. garc sec +c = garc sec T+ c

Fourth - Check the answer by differentiating the solution, i.e., let y = % are sec Y% 1 ¢ then y'

Lot dder 1 1 Je_ 6 1 _Ae
3& &2_ dx 3 3
3 3 1

9 _ 1
6x ﬁ_l 3 9 \/Ex’ 99 9 J6x6x%2 -9 xV6x2 -9

3

w
=)

or, the alternative approach would be to rearrange the integral in the following way:

dx _ dx .
I xV6x2 -9 J X1,(\/gx)2—32

Now, let u =+/6x, then d—”: d J_ 6x=+/6 which implies du =+/6dx

L Therefore,J' dx =j ! du LJ‘ V6 du =J‘ du
J6 xw,(\/gx)z—32 %\/uz—?az Jo Vo uNu? -32 uNu? -32
_ 1 u 1 X
- Earc seC —+c = —arc sec +c
e. First - Write the given integral in its standard form J-—dx ~LaresecX4e ,1.e.,

j dx :J‘ dx :J' dx lJ‘ dx
x1116x4—25 J16x x4—%—g 4 (XZ)Z_(Q)Z 4 . (x2)2_(i)2
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Second - Use substitution method by letting « = x? , then Z—u =dix2 =2x which implies
X X
PSR WY R S S Y ST
1/ N x,/uz o 2 Ju? - (5f
1 du _ 11
—gj-—z—g?arcsecs—i-c—ﬁarcsec 5 +c
ufu® () p p

2
. . . .. . . 1 4 1 4
Third - Write the answer in terms of the original variable, i.e., x. TRk sec L= —aresec >4

2
Fourth - Check the answer by differentiating the solution, i.e., let y = L aresee ¥ tc then

y' = L 1 .i4x2 +0 = L;g_x = i X = 1
10 w142 )2 dx 5 10 42 [16x* 1 5 50 442 [l6x*—25 X /16x4—25
5 (?) -1 5 25 5 25
or, the alternative approach would be to rearrange the integral in the following way:
I dx = I dx . Now, let u=4x2, then % - % 4,2 _gy which implies
4 2 dx dx
xy16x* =25 . (4x2) 52
du dx 1 du 1
du=8x dx ; dx=—_ Therefore, J. = I — = I
8x . (4x2)2_52 X /uz _52 8 / _52
I I VL
8 l /uz_sz 8 u /uz_sz 2 " /uz_sz 25 5 10

X

f. First - Write the given integral in its standard form _[ _L e tan Xie ,1.e., I dx
a’?+x? a a e’ +4
X X
442 52 +(ex)
Second - Use substitution method by letting u =¢*, then %:die =¢”* which implies du =e”dx
X X
X X
; dx:ﬂ. Therefore, je—dx = _[ e du =J‘ 2d” ~ = larctanZJrc
e* 22+( X)z 22 +u? oF 2% +u 2
X
Third - Write the answer in terms of the x variable, i.e., %arc tan Lyc = larc tan &+ ¢
X
Fourth - Check the answer by differentiating the solution, i.e., let y = %arc tan %+c then
= l—l ii+ = l—] i = l ex = l 4e” = e’ = e’
P2 O a2 2 0 A daie i Paa
1+( 3 ) 4 4
X
g. First - Write the given integral in its standard form j :larc tan > +c, i.e., j ;—dx
a’?+x? a a 9e* +16
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_ J’ e” gy = j e dx _ lJ‘ efdx  _ lJ‘ e"dx

A A A I O
Second - Use substitution method by letting u =¢*, then —

du d
X
e Therefore, l_[ ¢ dx
e* (

y —e”* =¢* which implies du =e”dx
X X
_ 1 '

_edr  _ _I __ e 4 _ lj __du
%)2+(ex)2 ? (%)2+u2 et 9 (%)2+u2

W]
cl»—
Alw

3u
arc tan T+C = —arctan —+c¢

Third - Write the answer in terms of the original variable, i.e., x

3u _ 1 3e*
12
Fourth - Check the answer by differentiating the solution, i.e., let y =

—arctan7+c = —arc tan —+c¢
_ 11 3¢ 1 €F
Y s TR e T e
1+(£) X 1+9e
4

4

_ 1 16e* e*

16 16196 16 16+9¢2°  16+9¢>*

16 16

or, the alternative approach would be to rearrange the integral in the following way

X X

Ie—zdx=j ¢ dx > Now, let u =3e*, then — du _d
16+9 ¢ 42+(3ex)

3e™ =3¢* which implies du =3e”dx
dx dx
X
; dx:d—li. Therefore e d
3e

- e’ .ﬂzlj du
42+(3e”)2

42 +u? 3e* 37 4242

X
e

9¢2* 116

3e*
= —arctan —+c = —arc tan ——+c¢
4 12

h. Write the given integral j
\/ x + 4

u=x+4. Therefore, J

11
——arctan +c
3 4

in its standard form J. W = arc sin §+ ¢ by letting
_ J‘ dx _ J’ dx
\/25—(x+4)2 \/25— NE

Check: Let y=arcsin

.u .
- arcsmg+c = arc sin

+c
+c then y' = d xt+d

B 1 |
+0 = —=
5 [ 2 dx 5 / (vraf 3
- 25
1 5 _ 1
5 25— (x+4)? \/25—(x+4)2

in its standard form = arc sin — + ¢ by letting
3- (x -2)? '[ \/
u=x-2. Therefore,

J@ ) _IJ >

-2
~———+c then y' =
V3

_ u
= grcsin —

-2
+c = arcsin ——+c¢
g 7

Check: Let y=arcsin =
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S CRN
\/5\/3—(x—2)2 J3-(x-2)?

Example 4.4-3: Evaluate the following indefinite integrals:

2
a_J‘Lzz b. x—dxz C.'[(x—z)édx=
9+(x+3) 49.+(x2 +9)? 9+(x-2)
1 dx dx
g [l S o -
4+ (x+1)° I xVx%-36 (x—3)y/(x—3)* -49
[ & - I Y
x? —8x+17 32 +20y+120 2 +6t+13
Solutions:
a. First - Write the given integral in its standard form j- ~Lrc tan Tie,ie., J. %
a’+x a a 9+(x+3)
Second - Use substitution method by letting u=x+3, then %:di(x+3):l which implies
X X
du = dx. Therefore, jLz = 2d” _ = L octan e
9+(x+3) 3% +u 3

. . . . . 1 1
Third - Write the answer in terms of the x variable, i.e., 39re tan %+c = 3¢ tan x+3 +c

+c¢ then

Fourth - Check the answer by differentiating the solution, i.e., let y = % are tan *3

yr=l 1 d[x+3]0=l I 1_1 9 _ 1
3 (x;r3) dx\ 3 31+(X+93)2 30 994(x+3)  9+(x+3)?

X dx

b. First - Write the given integral in its standard form I L tanXie ,1.e., '[
a

B
a?+x? d 49+(x2+9)
x dx
B
72+(x2+9)
du d

Second - Use substitution method by letting »=x?+9, then d—=d—(x2+9)= 2x which implies
X X

du=2xdx ; de="_ Therefore, X dx du _ 1 I du

2x 72+(x2+9)2 I 72 4u? 2x 2

11
2 27

2 arctan—+c
77 +u 7
x2+9

7

. . . . . 1
Third - Write the answer in terms of the x variable, i.e., ﬁarc tan %+c = P iakd tan +c
2

Fourth - Check the answer by differentiating the solution, i.e., let y = iarc tan 2 4 ¢ then
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y' = L 1 .i('xz +9}+0 = i—l Z_X = L 49x = X
2 2 2 2
141+(xz+9) | 7 141+(xz_+9L 749 49+(x2+9) 49+(x2+9)
7 49
dx

2
:larc tan T1c, ie., j ﬂdx

c. First - Write the given integral in its standard form j
a’ +x a a 9+ (x - 2)6

(x—2)2 dx = (x—2)2 dx

9+ [(r—2) 2 32 4| (v-2)]

Second - Use substitution method by letting u =(x-2)*, then %:di(x—Z)S =3(x-2)* which
X X

2 2
implies du:3(x—2)2dx ; dx:Lz, Thus, I()C_—z)zdx = I ();_2)2. du .
3(x-2) 32 [ (x-2)] 32 4u? 3(x-2)

1 du 11 u 1 u
= —.[ = —-—arctan —+c¢ = —arctan —+c

3 32,,2 33 3 3

. . . . . 1 u 1 (x—2)3
Third - Write the answer in terms of the x variable, i.e., g are tan 5+c = ks tan~—/—+¢

)P
Fourth - Check the answer by differentiating the solution, i.e., let y = %arc tan (x 32) +c then

1 1 d[(x—2)3]+0 11 3(=2P 1 27(x-2f _ (x-2)

e=; 2 dx| 3 9.4 (x_92)6 3 27 94(x-2)°  9+(x-2)°
3

d. First - Write the given integral in its standard form I &1 etanZac ,1.e., .[

a’+x a a

(x+1)3
4+ (x+ 1)8

dx

_ (x—l—l)3 g = (x+l)3 dr
4+[(x+1)4]2 J 22+[(x+1)4]2
du d

Second - Use substitution method by letting u =(x+1)*, then _:d_(x+1)4 =4(x+1) which
X X

3 3
implies du:4(x+1)3dx ; dx = du . Thus, &dx :I (x+1) __du

4(x+1)° 2, (x+1)4]2 22 4u? 4(x+1)

1 du  _ 11 u _ 1 u
= _J‘ = —.—aqarctan —+c¢ = —arctan —+c
4 4 2 2 8 2

22 4 u?

4
(x+1) te
2

. . . . . 1 1
Third - Write the answer in terms of the x variable, i.e., 3 are tan %+c = Pl tan

4
Fourth - Check the answer by differentiating the solution, i.e., let y = %arc tan (x J;l) +c then

1on Al gt
81+((x+1)4]2 dx{ 2 81+(ij)8 2 16 4+ (x+1)%  4+(x+1)
2

o 1 .4(x+1)3 _ L6l o (x+1)

y =
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1 1 X . dx
dx=—arcsec—+c, 1.€.,

J‘JC\/xz—a2 a a J‘ x\/x2—36

e. First - Write the integral in its standard form

=J' dx
x\/x2 e
du d

Second - Use substitution method by letting u = x , then it 1 which implies du = dx.
X X

Therefore, I

dx = I du = lCl}"C SGCZ-FC
X /x2_62 u /u2_62 6 6
Third - Write the answer in terms of the original variable, i.e., x. %arc sec %+c = %arc sec %+ c
Fourth - Check the answer by differentiating the solution, i.e., let y :%arc sec %+c then
_ 1 1 1 _ 1 6 1 36 1
S RV I TR _£\/2 B S
2 | -36 _ _
% (%) -1 % )3676_1 X x36 x4/ x° =36 x4/ x° =36
1

1

f. First - Write the given integral in its standard form dx=—arcsec +c, i.e.,

2 2 a a
XNX —a
J dx _ J’ dx
(x—=3)4/(x—3)* —49 (x=3)4/(x=3)* =72
Second - Use substitution method by letting u = x-3, then du_ dix—3 =1 which implies du = dx.
X X

Therefore, _[

1 u
—arc sec7+c

& e
(x-3) -3 -7% Ium 7

Third - Write the answer in terms of the original variable, i.e., x. %arc sec %+c = %arc sec X 3

+c

x-3

Fourth - Check the answer by differentiating the solution, i.e., let y = %arc sec +c then y’

1 d x-3

7 2 dx 7 7 2 7 49 2 49 2
-3 |(x=3 3 (-3 [ (x=3)2-49 34 (=3 -
= <x7 ) 1 x7 (X49) 1 x-3 (x 4)9 x—=34/ (x=3)* -49

x=34 (x=3)*-49

g. First - Write the integral in its standard form J' zdx > = L aretan S 4e ,1.e., I ZL
a”+x a a x°=8x+17
_ J’ dx _ J‘ dx _ J‘ dx
2 2
(x2—8x+16)+1 (x=4)" +1 1+(x—4)
Second - Use substitution method by letting u = x—4, then du _ di(x— 4)=1 which implies
X X
du = dx. Therefore, J. Lz = I du_ _ arc tan u+c
1+(x—4) 1+u
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Third - Write the answer in terms of the x variable, i.e., arc tan u+c = arc tan (x—4)+c

Fourth - Check the answer by differentiating the solution, i.e., let y = arc tan (x—4)+¢ then

L1 d 1 o
V= —(x-4)+0 = ~1= 5
1+(x—4) dx +(x—4) 1+(x—4)
h 1 X . dy
. First - Write the integral in its standard form J- =—arctan =+c, 1.€., j -
a’+x? a a 32 +20y+120
- dy - dy - J‘ dy - I dy
2 2
(y2+20y+100)+20 (y+10)* +20 20+(y+10) ( 0 +(y+10
Second - Use substitution method by letting « = y+10, then j—” = di( y+10)=1 which implies
y y
du= dy . Therefore, I = j arc tan ——
(V20 )2 (y+10)? Pl u2 J_ J_
Third - Write the answer in terms y, i.¢ arc tan —— arc tan 210 4

J_ J_ J_ V20

Fourth - Check the answer by differentiating the solution, i.e., let w= ] arc tan 2% 10 +c then

V20 V20
b= ] 1 d[y+10]+0: 1 11 _ 12 _ 1
\/%H(yﬂo)z dy\ 20 V20 |, (54102 V20 20 204 (p+10)>  20+(y+10)?
m 20
1. First - Write the integral in its standard formf zlarc tan T4c, e, j I
a’+x? a a 2 +6t+13

dt _ _ _ dt
(t2+6t+9)+4 J-(t+3)2+4 J.4+(t+3)2 "‘22+(t+3)2

Second - Use substitution method by letting u =¢+3, then % = %( t+3)=1 which implies

du= dr. Therefore, I di = J' du
2% +u?

1
= —arc tan£+c
22 4+ (t+3) 2

. . . . . 1 1
Third - Write the answer in terms of the variable ¢, i.e., S are tanLvc = Lare tan It 3 +c

Fourth - Check the answer by differentiating the solution, i.e., let w= %arc tan ¥+ c then

| —

21+(%)2 dy\ 2 21+(r+43)2 2 444(r+3)% 4+(r+3)?
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Section 4.4 Practice Problems — Integration of Expressions Resulting in Inverse Trigonometric Functions

1. Evaluate the following indefinite integrals:

b._[dx: c

a J.L: J‘ x2dx _
V25-9x2 4-x? V25— x°
_ x2dx

d [—E - . - £ =
9x2 +16 © I7+9x6 Ix,/x4_25

2. Evaluate the following indefinite integrals:

" [t - [t ]
xvVxZ-16 x\/7x2—4 4> +9

dx _ dx

dx
. J-wlzs—(x—fs)z © -[25+(x+4)2 - t J-x2—10x+26 -
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4.5 Integration of Expressions Resulting in Exponential or Logarithmic Functions

In the following examples we will solve problems using the following formulas:
| -
I—dx = ln|x|+c
X

'[lnxdx = xln|x|—x+c

X

jaxdx =4

+c a)Oanda;tl
Ina

J‘exdx =e' +c
Let’s integrate some exponential and algebraic expressions using the above integration formulas.

Example 4.5-1: Evaluate the following indefinite integrals:

a._[dx: b.de: c._[xdxz
x+5 5x+1 x2 -3
2 3
d. I al dx = €. I4x dx = f. I(i+ijdx =
2x° +1 x*-3 x+1 x-1
2 . 3
g. J(x3 —zz—x] dx = h. J.xex dx = 1. J.szex dx =
x°+1
Solutions:
a. Given j Y et u=x+5, then ﬂ:i(x+5) : M _1; gv—du. Therefore,
x+5 dx dx dx
J. | J.ldu = ln|u|+c = ln|x+5|+c
x+5 u
Check: Let y=In|x+5|+c,then y' = 1o=_1
x+5 x+5
b. Given I B et u=5x+1, then d—”=i(5x+1) ; s D du=5dx ; de = Therefore,
Sx+1 dx dx dx 5
1
I &\ J.lﬂ = lJ‘la’u = l1n|u|+c = —ln|5x+1|+c
Sx+1 u 5 5Ju 5 5
Check: Let y:lln|5x+1|+c,then y' = Tl sip=2_1 _-_1
5 5 S5x+1 5 S5x+1 Sx+1
. Givenj Y dx let u=x2-3, then ﬂzi(xz —3) ; oy s du=2xdx ; v = Thus,
x% -3 dx dx dx 2x

1
J. T dx|= X dul_ l.[ldu = lln|u|—i-c = —ln‘x2—3‘+c
x2 -3 u 2x| [2du 2 2
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Check: Let y:lln‘x2—3‘+c,then y' = l~L~2x+0 ~2x =
2 2 x2-3 2 x2-3 x2 -3
. 2 du d 3 du 2 2
d. Given I dx let u=2x>+1, then —=—(2x +1) 3 —=6x" ; du=6x"dx dx— . Thus,
2x3 41 dx dx dx 6x2
2 2
1
'[ ol dx|= X ﬂ = lJ‘la’u = lln|u|+c = —ln‘2x3+1‘+c
2x3 +1 u 6x?| [67u 6 6
2 2
Check: Let yzlln‘2x3+l‘+c,then y' = l-;~6x2+0 =8 = ==
6 6 2x3 +1 6 23341 2x 41
3
e. Given J 4x dx let u=x4—3,then ﬁzi(x“—?)) ; ﬂzx4 3; du=4x3dx ; ; dx— . Thus,
x* -3 dx dx dx 453

4x3 4x3
I al dx|= Lﬂ = Ildu = 1n|u|+c = ln‘x4—3‘+c
x*-3 U 4y u

3
4x3 40 = éix
x =3 x =3

Check: Let y:hl‘x4—3‘+c,then y' =

f. Given _[ (i+ 2 jdx :J‘ S+ I dx let u; =x+1 and u, =x-1 respectively. Therefore,
x+1 x-1 x+1 x—1

idx+j dx|= sj du1+2j—du2 = |stn|uy|+2In|uy|+c |=|5In|x+1]+2In| x—1|+c
x+1 X— u;
Check: Let y=5In|x+1|+2In|x—1|+c ,then )’ = S L2 0=2,2
x+1 x-1 x+1 x-1
. 2
g. Given j[ﬁ— 2x de = _[x3dx__[ 2X v let u=x?+1, then s, : dv = Therefore,
x° +1 x2+1 dx 2x

1
J.x3dx—J- 2x dx|= %x“— 2_x ﬂ = lx4—JAla'u = %x4—ln|u|+c = Zx4—ln‘x2+1‘+c

%2 +1 u 2x 4 u

2x+0 = x3 - 2x

x“+1 x2+l

Check: Let y=ix4—ln‘x2+1‘+c,then y' = %-4x3—

. 2
h. Given Ixex dx let u=x?, then u_d 2 : sy S du=2xdx ; de = Therefore,
x  dx dx 2x

2 1 .2
J.xex dx|= jxe du|_ lJ‘e”a’u = le” +e|l=|—e* +c
2x 2

2
Check: Let y:%ex +c ,then y' =
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. . 3
i. Given Iszex dx let u=x>, then du_d 3 : du_ 52 S du=3x%dx ; dv =P Therefore,
dx dx dx 3x2
3 2 03
J.szex dx|= j2x2e” SR EJ-e”afu = ze”-i—c =|Ze* +c
3x 3 3 3
3 3 3 3
Check: Let yzéex +c,then y' = %-ex 3x2 40 = g xZe® = 2x%e*
Example 4.5-2: Evaluate the following indefinite integrals:
x 3x
a. '[ey\/5+3ey dy = b. J. ¢ i = C. J. 2e dx =
1-e* 1+e
675x+2
d. Ie_xdx = e. Ie_3xdx = f. J 5 dx =
1 1
g. I(x2+ex—e_3x)dx = h. J.l+e—2dx = 1. J.e Tdx =
X X
Solutions:
a. Given jeyV5+3ey dy let u=5+3e”, then d—uzi(5+3ey); ﬂ:%y ; dy:ﬂ. Therefore,
dy dy dy 3e”
— 1 e 3 3 3
J.ey 5+3ey dy =J.ey"\/;'ﬂ=lju2du :l. 1 u+ =l.£u2 =gu2 = _(5+3ey)2
3e” 3 3 ]+% 33 9
3 31 1
Check: Let y:§(5+3ey)2 ,then y' = %%(5+3ey)2 3e? = %ey(5+3ey)2 = e’ V5+3¢e”
X
b. Given I ¢ _ax let u=1-€*, then d—”=i(1—ex) ; au _ e’ ; du=—e"dx ; dx:—d—u. Thus,
1—e* dx dx dx e
X X
'[ ¢ dx=j ¢ —ﬂ=—Jldu =|-In|u|+c =—ln‘1—ex +c
1-e* 1-e¥ € u
1 e
Check: Let y:—ln‘l—ex +c,then y' = ————. % +0 =
1-e* 1-e*
3x
. Givenj 2¢" v let u=1+e>*, then d—”:i(1+e3x) : du_ 53 D du=3¢Fdx ; de=—T Thus,
1+ dx dx dx 3e3¥
3x 3x
2
j 267 | = Ize S Ej'ldu =2 1n|u|+c |= —ln‘1+e3x +e
1+e3* U 3e3F 3Ju 3 3
2 1 3x 3x
Check: Let yzzln‘1+e3x +c,then y' = = 33 40 = 6._e - 2
3 314+e™ 3 1+ 1+e3*

Hamilton Education Guides

275



Calculus I 4.5 Integration of Expressions Resulting in Exponential or Logarithmic Functions

d. Given Ie‘xdx let u =-x, then ﬂ=i(—x) ; au_ ; du=—dx ; dx=—du. Therefore,
dx dx dx

'[e_xdx = J.e”'—du = —Je”du =l-e"+c |=|-e" +c

Check: Let y=—e*+c,then y' = - -—-1+0 = ™~

e. Given J-e_3xdx let u =-3x, then ﬂ:i(—Sx) ; du_ 4 :du=-3dx ; dv =2 Therefore,
dx dx dx 3
je_sxdx = J-e“ SECUA —lJ.e”du S L L
3 3 3 3
Check: Let yz—%e_h te,then ' = ——e ¥ .2340 = 23 = ¢
—5x+2
f. Given Ie dx let u=-5x+2, then ﬂ=i(—5x+2) ; @ _ s s du =-5dx ; de=— . Thus,
dx dx dx 5
—5x+2 u
Ie de| = | [ m B o L gy = |- Lo ye| = L
2 2 5 10 10 10

Check: Let y:—Le_SXJr2 +c,then y' = —Le_
10 10

1 1 _
g. j(x2+ex—e_3x)dx = jx2 dx+Iexdx—Ie_3xdx = —x3+ex+§e ¥ e

2 3x

Check: Let y:%x3+ex+%e_3x+c then y' = %~3x2 +e* +%~e_3x =3+0 = x" +e —e”

1 1

h. J.l+ﬁdx = J.dx+J.idx let u:l,then d_u:il ; d_u:_i ; x2du = —dx ; dx = —x>du
%2 X2 x dc dxx  dx 2

1

1

x u 1
J-1+e—2dx = x+je—2-—x2du = x—je”du =|x—e+c |=|x—e* +¢
X X
1
1 1 1 ex
Check: Let y=x—e* +c,then y' = 1-e~ m— 0 = 1+ —
X X
1
e’ 1 du d 1 du 2 ¥
1. I dx let u=—,then —=—— ; = =—=: x3qu=-2dx ; dv=—-—du. Therefore,
%3 x2 dx dx 2 dx ¥ 2

€
1

2 u 3
x 1
Ie dx|= Ie—-—x—du = —lje”du S L I [ N
22 2 2 2

1 5 1 52 Loy e
Check: Let y:—Ee’f2 +c,then y' = —?exz — > ¢
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Example 4.5-3: Evaluate the following indefinite integrals:

2 1

= ok
a. J. 4dx= b. ‘[ 5 dx = C. J. 3 dx =
3x X X
d. .[(ex —l)exdx = €. j(ex +3)zexdx = f. I (efx —1)3efxdx =
3 2 4
I i 2 dx = h. J. X dx = 1. J. 10x dx =
1+4x 1-x3 1-3x°
Solutions:

2
4
du_d 2 . du__ 6 s xtdu=—6dx ; dx:—%du. Therefore,

X
a. Given je o dx let u:%,then

3x X dx _Ex3 T dx x
2
e* et Xt 1 1 1 3
J- dx|= j ——du|= ——Ie“du =|-—e" +c|=|-—e* +c
3t 34 6 18 18 18
2 2 Z
2 Z Z ¥3
Check: Let yz—Lex3 +c,then y' = —i~ex3 -—i+0 = £~ex3 SR
18 18 4 18 [
o8 2 du_d(2 du 2 2
b. Given Ie dx let u==+5, then —”:—(—+5j s 2 2du=2dx ; dv=—"—du. Thus,
X2 x o dx\x dx x2 2
245 u 2 2
x 1 =+5
J-e dx|= J.e—-—x—du = —lje”du S L T G B
2 22 2 2 2
1 245 1 245 2 2 25 ] ¥
Check: Let y=——e*  +c,then y' = ——-¢~* 0= et — = ¢ 5
2 2 X 2 X X
1
e 1 du_ d du %3
c. Given j de let u=——,then ——=-"x2; = =2x73 ; dqu=2x"3dx ; de="—du. Thus,
%3 X2 dx dx dx 2

1

2 u 3

x 1

J-e dx|= J.e—-x—du = lJ-e”du ) L DU [ L P
3 22 2 2 2

X
_
1 5 ) 2 "5 1 _e~
Check: Let y=—e¢ ** tc, then y' = —e P ox i =2 ¥ =
2 2 2 3 3
d. Given I(ex—l)exdx let u=e* -1, then ﬂzi(ex—l) ; ﬂ=ex s du=etdx ; dx:ﬂ. Thus,
x dx dx e~

1 2
I(ex—l)exdx = Iu-ex~ﬂ = Iudu = %u2+c = E(ex—l) +c

X
e
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Check: Let y:%(ex—l)zﬂ-c,then y' = %-2(ex—1)-ex+0 = %(ex—l)ex = (ex—l)ex
. Given J‘(ex+3)2exdx let u=e¢* +3, then d—u:i(ex+3); ﬂ:ex s du=e¥dx | dxzﬂ. Thus,
x dx dx e~

2 3
j(ex +3) erdx|= J'uz-ex~ﬂ = .[uzdu %u3+c = %(ex +3) +c

1 1 3 2
Check: Let y=—{e* +3)%+c,then y' = =-3|e* +3)%e*+0 = 2(e* +3) e* = |e* +3)%e"
y=1ler+3) v =13(er ) Hemea)er =[er+3)
. Given J (e_x—l)3e_xdx let u=e™ -1, then d—”:i(e‘x—l); ﬂ:—e‘x s dv=— Therefore,
dx dx dx e
3 1( _ 4
J.(e_x—l) e dx|= Ju3-e_x-— du | _ —Ju3du =-Lutic]= ——(e x—l) +c
o 4 4

Check: Let yz—%(e_x —1)4 +c,then y' = _%.4({" —1)3 —e 40 = i(e‘x —1)3e_x = (e_x —1)3e_x

4
3
) GivenJ. Y v let u=1+4x", then ﬂ=i(1+4x4) ; D163 s dx= du_ Therefore,
1+4x dx  dx dx 16x
3 3
1
[ ax|=|[~ )\ L L | = Lin)u)+e|= —ln‘1+4x4‘+c
1+4x? U 16x° 164 u 16 16
3 3
Check: Let yzlln‘l+4x4‘+c,then y' = L~;-16x3+0 =16 _=x ==
16 16 144x% 16 1+4x*  1+4x*
2
. Given I Y dx let u=1-x, then d—“:i(l—x3) : du_ 3,2 : dv = Therefore,
1—x dx dx dx 3x2
2 2
1
j SN P U —1J'ldu = |- Lin|u|+e|= ——ln‘l—x3‘+c
1= 53 U  3x2 3Ju 3 3
Check: Let y:—lln‘l—x3‘+c,then y' = ——~—3-3x2+0 3= T al 3
3 3 1-x 3 1-x 1—x
4
i. Given I 10X v let u=1-3x", then ﬂ:i(1_3x5); D5yt ; dx=— d”4 . Therefore,
1-3x dx  dx dx 15x
4 4
2
| 10X el= IIOX 1O L g = - 2| = ——ln‘1—3x5‘+c
1-3x° u o 15x4 150 u 3 3
2 5 2 1 4 30 x* 10x*
Check: Let y=——ln‘l—3x ‘+c,then y=—-=——15x"+0 = —. =
3 31340 312380 1-3x°
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Example 4.5-4: Evaluate the following indefinite integrals:

J'x+3dx — b. J'x+6dx _
x+1 x+5
2
d. J.a3xdx = e. '[ax xdx =
4
3 x' 3
g. J.axx2dx= h. J.a xdx=
2
Solutions:
a. jx+3dX=Ide=Ix—de+ idx:jdx+-“ dxl=
xtl x+l x+1 x+1 X+l
Check: Let y=x+2In|x+1|+c,then y' = 142 g0 =212
x+1 x+1

b | [ 20 e =| [ LS g = [ 255 g |

ax|=|[ax+ | L] =|x+mn|x+5|+c

J'x+8 dr =
x+4

2
f. J.ax Sxde =

. 3
1. J.3ax 2 ax

x+21n|x+1|+c

x+3

x+1

x+5 x+5 x+5 x4+ x+5
Check: Let y=x+In|x+5|+c,then y' =1+ I 4o = xH3Fl _ x+6
x+5 x+5 x+5
c. j”g dx| = dex = jx+4dx+J T a|= [dvs [——dv|=|x+am|x+a|+e
x+4 x+4 x+4 x+4 x+4
Check: Let y=x+4ln|x+4|+c,then y' =1+ 4 1+0 = x+a+4 _ x+8
x+4 x+4 x+4
d. Given ja3xdx let u=3x, then d—”:i3x ; d—”:3 ; du=3dx ; dx:ﬂ. Therefore,
dx dx dx 3
3 du| |1 1 a" 1a%*
Ia Tdx|= Ia”-— = —J-a”du == +e|=|= +c
3 3 3Ina 3Ina
3x
1
Check: Let y:la +c,then y' = —— 4 Ina-3+0 = 3 04 g3 = g3
3Ina 3lna 3lna

Reminder: In Section 3.3 “Differentiation of Exponential and Logarithmic Functions” we

learned that the derivative of a* =¢“™¢ is equal to the following:

ia” = ie“lna = ”lna~iulna = e’ ~lna~ﬂ = g" lnaﬂ. Therefore,ia
dx dx dx dx dx dx
. 2
e. Given Ia" xdx let u=x?, then u_d o ; oy s du=2xdx ;
dx dx dx

2 du 1 1 a" 1 ax2

J‘ax xdx|= J.a”-x-— = —Ia”du =|— +c|=|—
2x 2 2Ina 2Ina
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2

X 2 21 2 2
Check: Let y:la +c,then y' = " na2x+0= 2205 x = 0%«
21Ina 2Ina 2Ina
) 2
f. Given '[ax Syde let u=x?+5, then ﬂ:i(x2+5) : s, D du=2xdx ; dv = Therefore,
x dx dx 2x
2 du 1 1 a" 1 ax2+5
jax Bxdx|= Ia“ X—|= —J-a”du =|— +c|=|= +c
2x 2 2Ina 2 Ina
1 a¥ s 1 2 2lna 2 2
Check: Let y=— +c,then y' = ——a* P lna-2x+0 = a® oy =g Py
2 Ina 2Ina 2lna

) 3
g. Given J.a" x2dx let u=x>, then du_d 3 : 3,2 s du=3x%dx ; dv =P Therefore,
dx dx dx 3x2
3 du 1 1 a* 1 ax3
jax x2dx|= jau-xz-— = —Ia”du =|= +c|=|= +c
3x2 3 3Ina 3Ina
IGX3 X3 2 3lna 3 > 22
Check: Let y=— +c,then y' = -a® Ina-3x“+0 = -a® x* =a x
3Ina 3Ina 3Ina

4

x' .3
h. Given Ia—xdx let u=x", then u_d 4 ; g3 D du=4x7dx de = Therefore,
dx dx dx 4x3
x* 3 u x4
Ia_xdx _ Iau.xs.ﬂ - ljaudu _|La |_|La
2 8x3 8 8Ilna 8Ina

4
* 4lna 4 53 _ 1 4 3

1 4
Check: Let y=—a +c,then y' = a® Ina-4x>+0 = at -x
8Ina 8Ilna 8Ilna 2

. . 3
i. Given I3ax 1x2dx let u=x>+1, then d—u=i(x3+1) : 5.2 S du=3x%dx ; dx:d—uz. Thus,

dx dx dx 3x
3 du 3 at ax3+1
J.3ax Hy2ax|= 3Ia” X2 = —J-a"du = +c|= +c
3x2 3 Ina Ina
=1 1 3 2 Ina 3, .2 342
Check: Let y= +c,then y' = — " P Ina-3x"+0 = —-a* 7 .3x" = 34" T'x
Ina Ina Ina
Example 4.5-5: Evaluate the following indefinite integrals:
2
a. J.ax 2x dx = b. J.(aXH +ex+l)dx = o I(a2x+3 +3)dx =
5
d. I5a5x+3 dx = e. J.(ex+l) erdx = f. J'x+f dx =
X+
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Solutions:
d 2 . du
—X

b

=2x ; du=2xdx ; dxzd—u. Thus,

. 2
a. Given J.ax 2xdx let u=x?,then du _ au
dx 2x

dx dx

2

2 u ax
J.ax 2x dx|= J.a“~2x-— = Ia“du =L _Lcl= +c

Ina Ina

a’ Ina 2 2

2
+c¢, then y'=L~ax Ina-2x+0=——a" 2x = a* 2x
Ina Ina

Check: Let y=

Ina

b. Given J.(axJr1 +ex+l)dx = jax+ldx+fex+ldx let u=x+1, then @:i(x+1) ; ﬂ=1 ; de=du. Thus,

x dx dx

u x+1
a a
Iax+1dx+jex+ldx = ja”du+je“du = +et +c|= +e*t 4o
Ina Ina

x+1
a 1 Ina

Check: Let y= +e¥ie then y' = — @ a1+ 140 = —=. " 4™ = ¥ 4 ¥
Ina Ina Ina

c. Given j (a2x+3+3)dx = ja2x+3dx+j3dx let u=2x+3, then =@ (0xr3); -y ar=% Thus,
dx dx dx 2

1 a* a2x+3

J.a2x+3dx+j3dx = J.a”'ﬂ+3x = lJ.a”du+3x ==L 3x4c|= +3x+c
2 2 2Ina 2Ina

2x+3

1 21
+3x+c,then y' = —— a3 na-2+3+0 = ZME G243 3 = 243 43
Ina 2Ilna 2Ina

Check: Let y :C;

d. Given J.5c15x+3 dx let u=5x+3, then ﬂ=i(5x+3) ; a_s D du=5dx ; de = Thus,
dx dx dx 5

u a5x+3

J.5a5x+3 dx|= SJAa”~ﬂ+3x = éja”du = J.a”du =L ie|= +c
5 5 Ina Ina

Sx+3

S5lna
.a5x+3 na-5+0 = .a5x+3 — 5a5x+3

Check: Let y= a +c,then y' =

Ina na Ina

) 5
e. Given J.(ex +1) e*dx let u=e+1, then ﬂ:i(ex +1) ; ﬂ:ex J du=edx dx:d—u. Therefore,
x dx dx X

5 6
J-(ex+1) etdx|= J'us-ex-ﬂ = .[usdu = %u6+c = %(ex+1) +c
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6 S S
Check: Let y=%(ex+l) +c,then y' = ~6(ex+1)5~ex+0 = g(ex+l) et = (ex+1) e”

|-

f. jx+2dx = J.de = x—+1dx+J- ! dx|= jdx+J‘

dx|= x+ln|x+1|+c
x+1 x+1 x+1 x+1

x+1

x+1+1 _ x+2
x+1 x+1

Check: Let y=x+In|x+1|+c,then )’ = 1+L1.1+0 =
X+

In the following examples we will solve problems using the following two formulas:

| L N N il
x2 —a4? 2a x+a
I 21 5 dx = L1n arx
a —x 261 a—Xx
Example 4.5-6: Evaluate the following indefinite integrals:
a. J. 21 dx = b. J+dx= C. J+dx=
x* -4 36x° —25 (x-1)*-16
T S e [ - ) L
x% +10x +24 x% —4x+3 x? —4x+1
e [t bl a- Y
x* +18x+75 16-9x 4—(x-1)
. 3d
J. J‘;zdt = k. I22x+3 dx+'[ ! 3 dx = 1. J. 2dx +j x2 =
16—(1+3) x* +3x 36— x x* -5 J4-x
Solutions:
- 1 -2
a. || : dsz;dszlnx tel=|=m| X2 |+c
x2 -4 x2-22 22 | x+2 4 x+2
Check: Let yzlln *~2 1, ¢ then Y =11 -1'(x+2)_1.(x_2)+ =1 x#2 xt2-xt2
4 x+2 4 % (X+2)2 4 x-2 (x+2)2
X

1 4 1 1 1

1
4 x-2 x+2 (x-2)(x+2)  x2i2x-2x-4 x2-4

5
X% 1 6x—5
b | [y | = | [ de| = o [ | = [ | S e = | | 2 ‘
36x2 =25 362 - 2| 367 2 _(s) 3623 x4l 60 | 6x+5
36 6
Check: Let y=—-in| &3] o then yr= L1 elexe5)6lors) 1 6res
60 | 6x+5 60 % (6x+5)2 60 6x-5
X
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><36x+30—36x-1—30 _ 1 1

60 1 _ 1 _ 1
(6x+5)* 60 6x—5 6x+5  (6x-5)(6x+5)  36x2+30x-30x-25  36x2-25
C. J.;dx J.—l dx Lln (x—l)—4 +c|= lln Gl +c
(x-1)* -16 (x—1)? —42 2.4 | (x-1)+4 8 |x+3
Check' Let y:lln x=5 +c then y' = l 1 1(x+3)_1(x_5) — l.x+3.x+3—x+5
BEREREE S e 558 (e
=1 1t & _ ! _ 1 _ 1 _ 1
8 x=5 x+3 (x—S)(x+3) x? +3x-5x-15 x2 —2x-15 (x—1)2—16
d j;dx :.[ 1 N :J- oGS (X ]
T % 100424 (2 +10x+25)-1 (x 452 -1 21 | (x+5)+1 2| x+6
Check: Let —lln x+4 +c¢ then ' 1.1 '1'(x+6)—1~(x+4) 1l x+6 x+6—x-4
' 73 16 Yo 3

W P 2kt (o)
1 2 1

1
2 x+4 x+6  (x+4)(x+6)

x2 4 6x+4x+24 x2 +10x +24

€. J.;dx—j ! dx=j;dx= ! In (x—2)—1 +c—lln ad +c
X2 _4x43 (2 —4x+4)-1 (x—2)* -1 2:1 | (x—2)+1 2 | x-
Check: Let yzlln *=3 1, ¢ then y=i1 -1‘(x_1)_1‘(x_3)+ = L xzl x-lzxtd
2| x-1 2 X3 (x—l)z 2 x=3 (x-1)?
x-1
112 _ 1 _ 1 1
2 x-3 x-1 (x—3)(x—1) x?—x=3x+3  x?-4x+3
N S W S N I [ I
2 4y 41 (x2—4x+4)—3 (x—2)2—(\/§) 23| (x-2)++3
Check: Let y=——1n x=2-43 v then y' = .1 ~1'(x_0'27)_1'(x_3'73)+0 -1
23 | x-2+43 3.46 x373 (x-0.27) 3.46
><)c—0.27')c—0.27—x+3.73 . 1 . 346  _ 3.46
x=373  (x-027)? 346 x-3.73 x-027  3.46(x—3.73)(x-0.27)

1 B 1
x2—027x-3.73x+1  x%—dx+1

1 1 1 1 (x+9)-+6
g. _[—dx = dx|=|| ————dx|= In +e
x? +18x+75 (2 +18x481)6 (x+9) -(V6) 246 | (x+9)+46
1 (x+9)-2.45 |1 x+6.55‘
= n +c n +
2:245 | (x+9)+2.45 4.9 | x+1145
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Check: Let y L In

4.9

x+6.55

1 1(x+1145)-1-(x+6.55) 1 x+11.45
x+11.45

+0

49 x+655 3 —
4.9 1635 (x+11.45) 49 x+6.55

+c then y' =

(XH1145-x-655 _ 1 1 49 1 3 1

(x+11.45) 49 x+655 x+1145  (x+6.55)(x+1145) 2 1 18x+75

1

1 1 1 1 1
h. J.—dx = I dx|= —I dx|= —I dx|=|—-——1In +c
2 16 2 16 2 412 2 4 4
16-9x ofis—?) 7| |97 s 97 (4)2-x 925 |3

3(4+3x)
3(4-3x)

3 13
T +c|= Eln

1 4+3x
+c|=|=—1In
24 4-3x

+c

oo | W
—_
=

O | —

4+3x

4-3x

+c then y' = L 1 _3~(4—3x)+3-(4+3x)+0 _ 1 4 3x

24 % (4—3x)2 24 4+3x

><12—9x+12+9x _ 1 1 24 _ 1 _ 1 _ 1

Check: Let y:iln
24

(4-3x)> 24 4+3x 4-3x  (4+3x)4-3x)  16-12x4120-9x>  16-9x2

1 1

. 1 2+x-1
i. j—dx = j—dx =|——1In
4—(x-1) 22 —(x-1)? 22

2—x+1

c=lln
4

1+x
+c|=|—1In
4

+c
3—x

1+x

Check: Lety=—1n = 1 .l~(3—x)+1-(l+x)+0 _ 1 3-x 3—x+l+x

1
4 lex (3-x) 41+ (3_x)

+c then y' =
X

T4 1 1 1

1
4 1+x 3-x  (1+x)B-x)  3-x+3x-x%  3+2x-x> 4—(x—1)2

4+1+3
4-1t-3

+c =—ln‘

: 1 1 1
: —dt=J'—dx=—1n
! I16—(t+3)2 4% —(1+3)° 24

lL.l-(l—t)+l~(7+t)+0 1 1=t 1-t+7+¢
8 % (1—t)2 8 7+t (1-1)?

It +¢ then y'

Check: Let y:%l

11 8 _ 1 1 1 1

8 7+t 1-t (T+0)(1-1)  7-740-1>  7-61-1>  16-(r+3)

2x+3 1 | r2x+3 du dx | _|rdu dx | _ 1 6+x
k. j S dx+I S-dx | = I +j = I_+I —|= J._+_1
X +3x 36—x u 2x+3 Je°_x u 6% —x 6—x
—|infuf+-Lin| SF =] ¥ 43|+ | SEX
by 1 6—x
Check: Let y, :ln‘x2+3x‘+c then y; = 23 o= 22x+3 . Let y, N L
X +3x X +3x 12 —-X
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then ! :L.L.l-(6+x)+1-(6—x)+0_ I 6-x 6+x+6-x _ 1 1 12
P e (6-x) 12 6+x  (6—x) 12 6+x 6-x
1 1 _ 1

(6+x)(6-x)  36—6x+6x—x>  36—x>

5
x++5

- X

3 ‘2+x
+>In| ===

dx 3dx | _ dx 3dx | | 1
! jx2—5+'[4—x2 - -[xz_(\/g)ﬁj-zz—xz T

Check: Let y, = ! G \/_ +¢ then yi -1 1 .1~(x+\/§)—1-(x—\/§)+0: 1 _x+\/g
\/_ x+45 245 x5 (x+\/§)z 245 x—4/5
x5
><x+ 5—x+\/§ _ 1 1 2\/§ _ 1 _ 1 o

(x+\/§)2 2\/§.x—\/§.x+\/§ (x—\/g)(xﬂ/g) x% +4f5x—+5x-5 25

Let y, ziln 2+x +¢ then )"2 _ 3. _1'(2+x)+1-(2—x)+0 3 2-x 24x+2-x
4 - 4 2x (2—x)2 4 24x (z_x)
2—x
1 4 3 3 3

24x 2-x 2+x)2-x)  4-2x+2x—x2 4—x?

3
4

Section 4.5 Practice Problems — Integration of Expressions Resulting in Exponential or Logarithmic Functions

1. Evaluate the following indefinite integrals.

dx X
= b. j —dv = c. dx =
sz+1 g -[x4_1 !
1 3 3x2 eSx
I + dx = e. J.xexdxz f. J- dx =
x+3 x-5 1= X
1
—ax ;. — 3, 2x  -5x — e’ —
g. .[38 dx = h. .[(x +e —e )dx = 1. J. 2 dx =
Sx
2. Evaluate the following indefinite integrals.
2
a. I(3esx+5)esxdx = b. j( ) erdx = C. J. al s dx =
I+x
4
d. J- xsdxz e. Jx+7dx= f. J-x+9dx=
1+x x+6 x+5
2 3 3
g. J.ax thxdx = h. J.gax Sxldx = 1 J.(ezx +3) Fdx =
J- I+dx= k. J.Z;dx= 1 j ! dx =
(x+1)%-25 x* +6x+8 9—(x-1)
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Chapter 5
Integration (Part I1)

Quick Reference to Chapter 5 Problems

5.1 Integration DY Parts.............cooiiiiiiiii e e 287
JeZXCOSZxdx=; jexsinxdx=; J'xcos3xdx=
5.2 Integration Using Trigonometric Substitution....................ccccoeiniiiiiiiniiiieeenen. 308
I xdv | _ ; e |_. J- d | _
36— x* (9+x2) xx? -1
5.3 Integration by Partial Fractions...............cc.cccoooiiiiiiiiiiiiie e 320

Case I - The Denominator Has Distinct Linear Factors 320

x+1 1 x2+
-[—x(x—2)(x+3)dx = I—(x+1)(x+z)”’x = J.—x(x—l)(;+l)dx B

Case Il - The Denominator Has Repeated Linear Factors 327

x+3 . 1 _. 5 | =
J-x(x—l)z B '[xz(x—l)dx ’ Ix(x_l)zd

Case III - The Denominator Has Distinct Quadratic Factors 334

2 —

x—mdx = ; J‘;dx = ’ ;dx =
x(xz +1) x(x2 +25) xz(xz +16)

Case IV - The Denominator Has Repeated Quadratic Factors 344

2 2 3
(x2 +1) (x2 +4) (x2 +2)
5.4  Integration of Hyperbolic Functions..................ccoccooiiiiiiiniiiinee e 350
Icosh%xdx =, j(sinh 4x+cosh 2x) dx | = ; sz esch2x3dx| =
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Chapter 5 — Integration (Part II)

The objective of this chapter is to improve the student’s ability to solve additional problems
involving integration. A method used to integrate functions, known as Integration by Parts, is
addressed in Section 5.1. Integration of functions using the Trigonometric Substitution method
is discussed in Section 5.2. Integration of functions using the Partial Fractions technique is
addressed in Section 5.3. Four different cases, depending on the denominator having distinct
linear factors, repeated linear factors, distinct quadratic factors, or repeated quadratic factors, are
addressed in this section. Finally, integration of hyperbolic functions is discussed in Section 5.4.
Each section is concluded by solving examples with practice problems to further enhance the
student’s ability.

5.1 Integration by Parts

Integration by parts is a technique for replacing hard to integrate integrals by ones that are easier
to integrate. This technique applies mainly to integrals that are in the form of I f(x) g(x)dx where

in most cases f(x) can be differentiated several times to become zero and g(x) can be integrated

several times without difficulty. For example, given the integral _[ x%e**dx the function £ (x)= x>

can be differentiated three times to become zero and the function g(x)=e¢** can be integrated
several times easily. On the other hand, integrals such as .[ e?* cos 2x dx and .[ ¢ sin 3x dx do not

fall under the category described above. In this section we will learn how to apply Integration by
Parts method in solving various integrals. The formula for integration by parts comes from the
product rule, i.e.,

P L

dx dx
where « and v are differentiable functions of x, multiplying both sides of the equation by dx we
obtain

d(uv)=udv+vdu

rearranging the terms we then have
udv=d(uv)-vdu

integrating both sides of the equation we obtain

Iudv=uv—J-vdu

The above formula is referred to as the Integration by Parts Formula. Note that in using the
above equality we must first select dv such that it is easily integrable and second ensure that

ju dv is easier to evaluate than ju dv. In the following examples we will solve problems using

the Integration by Parts method.

Example 5.1-1: Evaluate the following indefinite integrals:

a. jx eXdx = b. Ixze3xdx = C. Ix e Py =

d. .[lnxdx = €. lenxdx = f. jx3 Inx dx =
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Calculus I 5.1 Integration by Parts

g. Ie2x00s2xdx = h. Iexsinxdx = 1. Ixcos3xdx =
Solutions:

a. Given Ixexdx let u=x and dv=e"dx then du=dx and jdv:jexdx which implies v=¢”.

Using the integration by parts formula j udv=uv- I vdu we obtain

Ixexdx = xex—Iexdx =|xe* —e* +¢ |= ex(x—1)+c

Check: Let y=e*(x—1)+c,then y' = e* - (x=1)+1-e* +0 = xe* —e* +e* = xe* —e* +e* = xe*
b. Given Ixze3xdx let u=x? and dv=e¢> dx then du=2xdx and Idv:IeSde which implies v=%e3x.

Using the integration by parts formula _[ udv=uv- j vdu we obtain

2 3x
Ix263xdx = x? ~le3x —lje3x 2xde = 28
3 3 3

2 I x e ¥dx (1)
3

To integrate J xe¥dx let u=x and dv=e**dx then du=dx and Idv = Ie3xdx which implies

3x 3x

v=%e3x. Therefore, jxe3xdx = x%e3x —Ile3xdx = %—69 +c (2)

Combining equations (1) and (2) together we obtain:

2 3x 2 3x 3x 3x

1 2 2
sze3xdx =2 —gj.xekdx S S | R S SIS
3 3 3 31 3 9

Check: Let yz%xze“ —%xe3x +22—7e3x +c,then y' = %(2x~e3x +3e3% -xz)—§(1~e3x +3e™ -x)

+i-3e3x +0 = zxeh +x2e>" —£e3x _zerx +ze3x = x2e3*
27 3 9 3

c. Given J‘x e >dx let u=x and dv=e**dx then du=dx and J. dv= I ¢ >*dx which implies

v= _%e—2x . Using the integration by parts formula Iu dv=uv- .[ vdu we obtain

1 _ 1 _
J.xe_zxdx = x-—le_zx +l'[e_2xdx = —lxe_2x+lje_2xdx =l——xe ey
2 2 2 2 2 4
Check: Let y=——xe 2> ——e > +¢,then y' = ——(1 e 2% —2e7% x) ! 2e 2 40 = —%e_zx
xe ¥ +le_2x = xe >
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d. Given Ilnx dv let u=tnx and dv=dx then du=-dx and Idv:jdx which implies v=x.
X

Using the integration by parts formula j udv=uv- I vdu we obtain

jlnxdx = lnx-x—J.x-ldx = xlnx—.[dx =|(xlnx—x+c
X

Check: Let y=xInx—x+c,then y' = (l'lnx+l~xJ—l+O =Inx+1-1 = Inx
x

e. Given lenxdx let u=1nx and dv=xdx then du=-dx and jdv:jxdx which implies v:%xz.
X

Using the integration by parts formula J udv=uv- J‘ vdu we obtain

1 1
lenxdx = lnx~lx2—.|.lx2~ldx = lx2 lnx—lJ.xdx =|=x?Imx-=x%+c
2 2 X 2 2 2 4

Check: Let yzlx2 lnx—lx2+c,then y' = 1 2x~lnx+lox2 —l~2x+0 = xlnx+lx—lx = xInx
2 4 2 X 4 22

f. Given .[x3 Inxdx let u=Inx and dv=x’dr then du=-dr and jdvzjx3dx which implies v=%x4.
X

Using the integration by parts formula I udv=uv- j vdu we obtain

1 1
jxlnxdx = lnx-lx4—J‘lx4-ldx = lx4 lnx—ljx3dx =|=x*mx-—x*+c
4 4 x 4 4 4 16

Check: Let y=lx4 lnx—Lx4+c, then y’' = 1 453 -lnx+l~x4 —i-4x3 +0 = x3 lnx-i-lx3
4 16 4 X 16 4

1
=¥ Inx
4

g. Given J‘er cos 2x dx let u=e?* and dv=cos 2x dx then du =2e¢**dx and Jdv = Icos 2x dx which
implies v = %sin 2x . Using the integration by parts formula j udv=u v—J-v du we

e sin 2x

5 J.ezx sin 2x dx (1)

. 1 . 1¢ .
obtain J-ezx cos 2x dx = e** oEsm 2x—5_|.s1n 2x-2e* dx =

To integrate jezx sin 2x dx let u=e?* and dv=sin 2x dr then du=2¢>*dx and jdv = Isin 2x dx which

2X 0o 2x

. . 1 . 1 1
implies V= cos 2x. Thus, J'er sin 2x dx = > =5 cos 2x+EIcos 2x-2e%dy = -5 5

+Ie2x cos2xdx  (2). Combining equations (1) and (2 ) together we obtain:
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2x : 2x _: 2x 2x -
e sin 2x . e~ sin 2x e~ cos 2x e sin 2x
J'er cos2x dx = —_J'er sin 2x dx = —{— +Ie2x cos2xde = —

2 2 2

2x
2 . . . .
+w—-|.e2x cos 2x dx . Taking the I ¢?* cos 2x dx from the right hand side of the equation

2
. . 2 5 e?“sin2x e cos 2x C )
to the left hand side we obtain J. e cos 2x dx + I e cos 2xdx = st which implies
2 e*¥sin 2x 2" cos 2x 5 1{ a2y . 2%
Zje Y cos 2x dx|= 5 + 5 and J‘e ¥ cos 2x dx|= nt sin 2x+e”* cos 2x |+ ¢

1 . 2 . 2 2
Check: Let y:Z(er sin 2x+e2* cos 2x)+c, then y' = Zezx -sin 2x+zcos 2x-e%* +Zezx -cos 2x

2 2 2 2 2

2 . 2 . 4 2 . 4
—Zsin2x-e?¥ 10 = Ze® sin 2x+—e?¥ cos 2x——e¥ sin 2x = —e?¥ cos 2x = ¥ cos 2x
4 4 4 4 4
h. Given Iex sin x dx let u=e* and dv=sin x dx then du=e*dx and _[dv=Isinxdx which implies

v=-cos x. Using the integration by parts formula ju dv=uv- _[ vdu we obtain

jex sin x dx = e” -—cos x—j—cos x-e*dx = —e* cos x+J-ex cos x dx (1)

To integrate _[ e*cosxdx let u=e* and dv=cosxdx then du=e"dx and jdv=J-cosxdx which
implies v=sin x. Thus, J-ex cos x dx = e” -sin x—J-sin x-e‘dx = e sin x—jex sin x dx (2)

Combining equations (1) and (2 ) together we obtain:

jex sinxdx = —e* cosx+J-ex cosxdx = —e* cosx+e” sin x—Iex sin x dx

Taking the J-ex sin x dx from the right hand side of the equation to the left hand side we obtain

jex sinxdx+Iex sin x dx|=|—e” cos x+e” sin x| which implies 2jex sin x dx|=|—e”" cos x+e” sin x
X 2 1 X 1 X
and .[e sin x dx| = —ecosx+_ e sinx+e
- I 1, S .
Check: Lety:—Ee cosx+—e sin x+c, then y’' = —eteosxtosinxe’ et sinx+—cosx-e

1 1 . 1 . 1 1 . 1 . .
= ——e*cosx+—ersinx+—e sinx+—e cosx = —e*sinx+—e*sinx = e’ sinx
2 2 2 2 2 2

i. Given Ix cos 3x dx let u=x and dv=cos3xdx then du=dx and J‘dv = J-cos 3x dx which implies
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V= %sin 3x. Using the integration by parts formula J udv=uv- I vdu we obtain

1 1
chos3xdx = x%sin 3x—%jsin 3xdx|= Exsin 3x+§c0s3x+c

Check: Let y:lxsin 3x+%cos3x+c, then y' = %(l-sin 3x+cos3x'3-x)—é-sin 3x:3+0 = %sin3x

+§x cos 3x—§sin 3x = xcos3x

Example 5.1-2: Evaluate the following indefinite integrals:

a. Ix sec? Sxdx = b. jx secz(x+1)dx = C. J‘gsin 2xdx =

d. J.arc sin 6x dx = e. J%arcsinydy = f. jarccosxdx =
X xex

g. Iarccos—dx = h. Iarctanle dx = 1. J—z dx =
2 (1+x)

Solutions:

a. Given jx sec? 5xdx let u=x and dv=sec? 5xdx then du=dx and .[ dv= j sec? 5x dx which implies

v= %tan 5x. Using the integration by parts formula j udv=u v—J-v du we obtain

1 1 1 1
_[xsecz Sx dx|=|x-—tan Sx——jtan 5x dx|=|—xtan 5x——ln|sec5x|+c
5 5 5 25

sec Sx tan 5x

1
Check: Let y:lxtan 5x—Lln|sec5x|+c, then y' = —(1~tan 5x+sec? 5x-5-x) 5+0
5 25 5 25sec 5x
_ tan5x Sx sec” 5x  Ssec 5x tan Sx _ tan 5x b tan Sx 2
= + - = +xsec” Sx——— xsec” Sx
5 5 25sec 5x 5

b. Given Ix sec?(x+1)dx let u=x and dv=sec?(x+1)dx then du=dx and J.dv:jsecz(x+1)dx

which implies v =tan (x+1). Using the integration by parts formula j udv=u v—jv du we obtain

.[xsecz(x+l)dx = x-tan(x+1)—Jtan(x+l)dx = xtan(x+1)—ln|sec(x+1)|+c

_sec (x+1) tan (x+1)

0
sec (x+1) i

Check: Let y=uxtan(x+1)-In|sec(x+1)|+c, then y' = 1-tan (x+1)+sec? (x+1)-x
= tan(x+l)+xsecz(x+l)—tan(x+l) = xsecz(x+l)

c. Given I% sin 2x dx let u :% and dv =sin2x dx then du = % and J-dv = J-sin 2x dx which implies
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v= —%cos 2x . Using the integration by parts formula J-u dv=uv- J. vdu we obtain

Iisin 2x dx|= £~—lcos 2x+ljcos 2xﬂ = —1xcos 2x+isin 2x+c
3 3 2 2 3 6 12

1
Check: Let y:—gxcos 2x+%sin 2x+c, then y' = —%(Lcos 2x —sin 2x~2-x)+%cos 2x-2+0
= —lcos 2x+lxsin 2x+lcos 2x = Zsin 2x
6 6 3

6 dx
1- (6x)2

implies v=x. Using the integration by parts formula J-u dv=uv-— _[ vdu we obtain

d. Given Iarc sin 6x dx let u = arcsin 6x and dv =dx then du = and jdv = jdx which

Iarcsin6xdx = arcsin6x-x—.’.x-& = xarcsin6x—6."& (1)

\1-36x2 J1-36x2

To integrate I —_*4 e the substitution method by letting w=1-36x> then M _ 75 and

V1-36x2 dx

dw

dx 1 [ adw 1 -1 1 1 1L
dx =——— Therefore, j- al I = —I— 2dw = : w 2
72x [1_36x2 J_ e I 72 72 1-1

2-1 1 1 1
= _LLW 2 = _LEWZ = _sz = _L(1_36x2)2 (2)
72 % 72 1 36 36

Combining equations (1) and (2) together we obtain

.[arcsin6xdx = xarcsin6x—6IL = xarcsin6x+£(l—36x2)2 +c|= xarcsin6x+—(1—36x2)2 +c
2 36 6
1-36x
1
Check: Let y=xarcsin 6x+l(1—36x2)2 +c, then y' = arcsin6x+ bx L 7« +0
6 J1-36x2 12 123612
= qgrcsin 6x + i - = qgrc sin 6x

J1-36x2 {13622

e. Given J'%arc sin ydy let u=arcsiny and dv=dy then du =L and '[dv = J.dy which implies
1- y2

v=y . Using the integration by parts formula J-u dv=uv- j vdu we obtain

dy ydy (1)

1 1 1 1 1
—arcsin ydy = —arcsin y- ——I ———— = —yarcsin ——j—
-[5 yay 5 y-y 5 y ,—l_y2 Sy y 5 ,—l_y2
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To integrate use the substitution method by letting w=1-? then fi—w =-2y and
'y

N

d _1
dy:—d—w Therefore, J. LY = IL—W J-— = ——Iw 2dw = ——~Lw 2
2y 1-y2 Jw =2 Jw -1
1 1 2-1 1 2 1 1 ) 1
= ——— W 2 = __‘_W2 = _W2 = _(1_ )2 2
2 21 21 g (2)
2
Combining equations (1) and (2 ) together we obtain:
1 ) 1 . 1¢ ydy 1 . 1( 2)a
I—arcsmydy = —yarcsmy——J-— =|-yarcsiny+—\1-y +c
5 5
5 5 5 ll_yz
1
> 1 . 1 11 2
Check: Let w:lyarc Siny+l(l—yz)2 +c,then w' = —arcs1ny+—¢ ————— —=Y o
5 5 5 50-,2 52 [[_,2
y y
1y _ 1 :
—arc 51ny+— — —arcsmy

\/_2 5\/1y

f. Given _[ arccos x dx let u=arccosx and dv=dx then du=——" and jdv = Idx which implies
1-x2

v=x. Using the integration by parts formula ju dv=uv- J vdu we obtain

jarccosxdx = arcCcosx-x— :XCIVCCOSX-FI (1)

_[x' —dx X dx
\ll—x2 \ll—x2

dw

To integrate j \/ﬂ use the substitution method by letting w=1-x? then d—:—zx and
. x
dw x dx x dw 1 dw 1 -1
dx=—-— Therefore, j— = I—— = ——j— =——|w 2dw = ——-—w 2
2x [ 2 Jw —2x 2 Jw I 2 1-1
11 12 1 3 2%
= _ . 2 = __ .22 = _yw2 = _ _ 2
2 %W 2 1W w (1 x ) (2)

Combining equations (1) and (2 ) together we obtain:

1
2

= xarccosx—(l—xz) +c

Iarccosxdx =|x arc cosx+

J‘ x dx
v 1-x2
1 _
Check: Let y=xarccosx—(1—x2)2 +c,then y' = arccosx——r —~ +0 = arccosx

\/1—x2 2\/1—x2

- + = arc cosx
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g. Given J.arc cos % dx let u=arc cos% and dv=dx then du :_—d)(c and Jdv = Idx which
2
24/ 1=

implies v =x. Using the integration by parts formula Iu dv=uv- _[ vdu we obtain

J‘ _ 1 J‘ x dx
To integrate j _xdv use the substitution method by letting w:l—( ) then —

-

x
jarc cos E dx = arc cos— xX— X arc cos

dw 2x .

and dx=—2 dw Therefore, x 2dw _ I dw

X J‘\/i .[ -2 1_%
———

Combining equations (1) and (2) together we obtain:

2-1
2

N =
—~
[\
N—

=-2.

_|[\)

_ 1
R
2

1
17 4 2 212
J.arccosgdx = xarccos— —I el = xarccosg—a{l—(i) } +c|= xarccos%—Z[l—(%) i| +c

Check: Let y:xarccosg—2l:1—(7)2:| +c,then y' = arccos——

T I

= arc cos—— + = arc cos—
2\/1 2\/1— >

h. Given jarc tan 10x dx let u = arctan10x and dv =dx then du =

10 dx )
——— and | dv=|dx which
1+(10x)? j I

implies v=x. Using the integration by parts formula J-u dv=uv-— _[ vdu we obtain

jarctan 10x dx = arc tanleqc—J.)pLx2 = xarc tanle—lO-[Lx2 (1)
1+(10x) 1+(10x)
To integrate J. _¥d _ yse the substitution method by letting w=1+(10x)? then @ —200x
1+(10x) dx
And dv=-%"_ Thus, jx—dx=J'iﬂ=LJ'd—W= —In|w| = —1n‘1+10x)‘ (2)
200x l+(10x)2 w 200x 2009 w 200 200

Combining equations (1) and (2 ) together we obtain:
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1
Jarctanledx = xarctanle—]OIx—‘bc = xarctanle—z—Oln‘1+(10x)2‘+c

1+(10x)?

X 1 20x

-—— +0
1+(10x)* 20 14 (10x)

Check: Let y=xarc ‘[an10x—21—0ln‘l+(10x)2 +c,then y' = arc tan10x+

X X
arc tan10x + — = arc tan10x

1+(10x)*  1+(10x)

X
i. Given IL)zdx let u=xe™ and dv=(1+x)?dx then du=e*(1+x)dx and J-dv=j(l+x)_2 dx
1+x

which implies v = —% . Using the integration by parts formula j udv=u v—jv du we obtain
+Xx

X x X X X
- - - - - 1
J-de = xex-—l—J-—l-ex(l+x)dx ==X +Iexdx ==X et ic|= L(—HC)+C
(1+x)? l+x J (1+x) 1+x 1+x 1+x
_|—xe* +e* +xe* | e¥
=l———tc|= +e
I+x 1+x
x (1 X x X _ X x
Check: Let y=-5—+c¢, then y' = % 0= X 2e =_X 5
I+x (l+x) (l+x) (l+x)
Example 5.1-3: Evaluate the following indefinite integrals:
a. Isin3x dx = b. Isinzx dx = C. Iarctanxdx =
d. J.sin(lnx)dx = e. Ixz edx = f. Ix3 sin x dx =
g. Ixz cos 3x dx = h. je_x cos x dx = 1. je_3x sin 3x dx =

Solutions:

a. Given Isin3x dx:jsin2x~sinxdx let u=sin? x and dv =sin x dx then du = 2sin x cos x dx and

j dv= I sin x dx which implies v=-cos x. Using the integration by parts formula Iu dv=uv- j vdu

we obtain jsin3xdx = sin2x-—cosx+jcosx~2sinxcosxdx = —sinzxcosx+2jcoszxsinxdx (1)

To integrate Icosz x sin x dx use the integration by parts method again, i.e., let u =cos? x and
dv =sin x dx then du =-2sin x cos x dx and J.dv = jsin x dx which implies v=-cos x. Therefore,
Icosz xsin x dx = cos? x-—cos x—jcos x-2sin x cos x dx = —cos’ x—2j‘cos2 xsin x dx . Taking the

integral — 2I cos? xsin x dx from the right hand side of the equation to the left side we obtain
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. . . 1
Icosz xsmxa’x+2j-cos2 xsinxdx = —cos® x. Therefore, Icosz xsinx dx = —gcos3 x (2)

Combining equations (1) and (2 ) together we have

. . . . 1 . 2
J‘Sln3xdx = —Sln2XCOSX+2J.0052 xsmxdx = —S1H2XCOSX+2'—§COS3X+C = —SIHZXCOSX—ECOS3X+C
2 2 3 _ 3. 2 3 L
- l—COS X COSX—ECOS X+c|=|—C0S x+| COS X—ECOS X |+c|= ECOS X—C0S xX+¢

Note that another method of solving the above problem (as was shown in Section 4.3) is in the
following way:

. . . . . d
js1n3xdx = J.smzx-smxdx = j(l—cosz x)osmxdx let u =cos x, then @:—smx and dx= -
dx sin x
.3 L2 2 . 2) . du
Therefore, Ism xdx|= Ism x-sin x dx|= j(l—cos x)~s1nxdx = J.(l—u )-smx~— -
sin x
_ 2) [, 2 _|1 3 |1 3
= —J 1-u”|du|= ju —ldu|= gu —u+c|= ;cos xX—cos x+c
1 1 . . . .
Check: Let y=§cos3x—cosx+c,then y' = §~3c052x-—smx+sm x+0 = —cos? x sin x+sin x

= sin x(1—0052 x) = sin xsin? x = sin° x
b. Given Isinzxdx:jsinx-sinxdx let u=sinx and dv =sin x dx then du =cosxdx and jdv:fsinxdx
which implies v=-cos x. Using the integration by parts formula ju dv=uv- j vdu we obtain
jsinzxdx = sinx-—cosx+Jcos x-cosxdx = —sinxcosx+Ic052xdx = —sinxcosx+J‘(1—sin2 x)dx
= —sinxcosx+x— I sin? xdx . Taking the integral .[ sin?x dx from the right hand side of the

equation to the left side we have Isinzx dx + _[ sin’x dx = —sinxcosx+x. Therefore,

. . . 1 . X 1 . X
2]51n2xdx =|-sinxcosx+x |and Is1n2xdx = —Esmxcosx+5+c = —Zsm2x+z+c

or, we can solve the given integral in the following way:

1
J‘sinzxdx = J.%(l—cost)dx = %Idx—%'[cosbcdx il +c|=|——sin 2x+§+c

(1-cos2x) = sin? x or,

N | =

Check: Let yz—lsin2x+£+c,then y' = —lc052x~2+l+0 = —lcos2x+
4 2 4 2 2
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1. 1 1 . . 1 1 1. 1
Let y=—551nxcosx+§+c,then y' = —Ecosxcosx+551nxsmx+5+0 = _ECOSZ )chEsm2 x+5

1 1 1 1 . .
2 2 2x+5s1n2x = sin? x

_ 1( .2 ) 1 . . . 1 . » 1 _ 1.
= ——|l-sin” xJ+—sin”“ x+— = ——+—sin” x+—sin” x+— = —sin
2 2 2 2 2 2 2 2

dx

c. Given jarctanxdx let u=arctanx and dv=dx then du= and .[ dv= I dx which implies

1+x2

v=x. Substituting the integral with its equivalent value J udv=uv- j vdu we obtain

dx X dx
J.xarctanxdx = arctanx-x—J.x- =xarctanx—j 5 (1)
I+x I+x
To integrate J. XX \se the substitution method by letting w=1+x? then Doy and dr=2
1+ x2 dx 2x
Therefore, J- xdr _ (xdw _ ljﬂ = lln|w| = lln‘l+x2‘ (2)
1+ 2 w2x 2w 2 2

Combining equations (1) and (2) together we obtain:

xdx 1 2

.[xarctanxdx = xarctanx—j =|xarctanx——In|1+x"|+c¢
1+x2 2

. 1 2 , X 1 2x _
Check: Let y=xarctanx——In|1+x°|+c, then y’' = arctanx+ TRy 5 +0 = arctanx
2 1+x 214x
X
+ 7~ = arctanx
1+x 1+x

d. Given Isin (Inx)dx let u=sin(Inx) and dv=dx then du= M dx and J-dv = de which
x

implies v=x. Using the integration by parts formula J. udv=uv- I vdu we obtain

Jsin(lnx)dx = sin(lnx)~x—J‘x-de = xsin(lnx)—jcos(lnx)dx (1)

To integrate | cos(Inx)dx use the integration by parts formula again, i.e., let « =cos(Inx) and
er g yp g

—sin (ln x)

dv=dx then du = dx and Idv = de which implies v=x. Therefore, .[ cos (In x) dx

X

sin (In x)

= cos(lnx)-x+jx- dx = xcos(lnx)+jsin(lnx)dx (2)

X

Combining equations (1) and (2) together we have

jsin(lnx)dx = xsin(lnx)—Jcos(lnx)dx = xsin(lnx)—xcos(lnx)—jsin(lnx)dx

Taking the integral — I sin (Inx)dx from the right hand side of the equation to the left hand side
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we obtain jsin (Inx)dx+ j sin (Inx)dx = xsin (Inx)-x cos (Inx)+c Therefore,

2Isin(lnx)dx =|xsin (Inx)-xcos(Inx)+c |and thus Jsin(lnx)dx = %sin(lnx)—gcos(lnxﬁc

x , sin(1nx)+xcos(lnx)_cos(lnx)+xsin(lnx)

Check: Let y=2sin (Inx)-2 cos(Inx +c,then y' = +0
Y 2 ( ) 2 ( ) Y 2 2x 2 2x

_ sin(lnx)+cos(lnx)_cos(lnx)+sin(lnx) _ sin(lnx)+sin(lnx)

= > 5 5 5 5 5 = sin ( In x)

e. Given Ixz e“dx let u=x? and dv=e*dx then du=2xdx and Idv:Iexdx which implies v=¢*.
Using the integration by parts formula Iu dv=uv- I vdu we obtain
J.xz e*dx :x2~ex—jex-2xdx=x2ex—21xex dx (1)
To integrate Ixexdx use the integration by parts formula again, i.e., let u=x and dv=e"dx
Then du =dx and Idv = de which implies v=e¢*. Therefore,
jxexdx = x~ex—j-ex-dx = xex—Jexdx = xe* —e” (2)

Combining equations (1) and (2 ) together we have

J-xz erdx|= xzex—ZJ-xex dx|= xzex—Z(xex—ex)+c =|x%e* —2xe* +2¢* +¢

Check: Let y=x2e® —2xe* +2¢* +c, then y' = 2xe™ +x2e* —2¢* —2xe* +2¢* +0 = x2e*

f. Given Jx3 sinx dx let u=x> and dv=sin xdx then du=3x%dx and J.dv = Isin x dx which implies
v=—cosx. Using the integration by parts formula '[ udv=uv- j vdu we obtain
Jx3 sinxdx = x> -—cos x+jcos x-3x%dx = —x cos x+3J‘x2 cos x dx (1)
To integrate sz cos xdx use the integration by parts formula again, i.e., let u = x> and dv = cos x dx
then du =2x dx and J-dv = J-cos x dx which implies v=sin x. Using the integration by parts
formula ju dv=uv- J vdu we obtain
sz cos x dx = x° -sin x—jsin x-2xdx = x°sin x—ij sin x dx (2)

To integrate Ix sin xdx use the integration by parts formula again, i.e., let u=x and dv =sin xdx
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then du =dx and .[ dv = j sin x dx which implies v=-cos x. Using the integration by parts
formula Iu dv=uv- .[ vdu we obtain

stinxdx = x-—cosx+Icosx-dx = —xcosx+sin x (3)

Combining equations (1), (2) and (3 ) together we have

J-x3 sin x dx|=|— x> cosx+3J‘x2 cos x dx| = |- x> cos x +3x2 sinx—6jxsinxdx =|-x3cos x+3x2sin x

+6x cos x—6sin x+c¢

Check: Let y=—x> cos x+3x? sin x+6x cos x—6sin x+c, then y' = (—3x2 cos x+x° sin x)

3

+(6xsin x+3x2 cos x)+(6cosx—6xsin x)—6cosx+0 = x”sin x

g. Given J.x2 cos3xdx let u=x? and dv=cos3xdx then du=2xdx and jdv = J-cos 3x dx which

sin 3x

implies v= . Using the integration by parts formula Iu dv=uv-— J. vdu we obtain

sin 3x _J‘ sin 3x

Ixz cos3xdx = x?*- 3

2xdx = %xz sin3x—§J-xsin3xdx (1)

To integrate jx sin 3xdx use the integration by parts formula again, i.e., let u =x and dv =sin3xdx

then du =dx and J. dv = I sin 3x dx which implies v=— cos 3x Using the integration by parts
formula Iu dv=uv- .[ vdu we obtain
jx sin3xdx = x- _COSS 3 +.[ coz3x ~dx = —%x cos 3x+%J‘cos 3xdx (2 )

Combining equations (1) and (2 ) together we have

J‘x2 cos 3x dx|= lx2 sin 3x—2jxsin 3xdx|= lx2 sin 3x—£~—lxcosSx—g-lIcos3xdx
3 3 3 3 3 33

= lx2 sin 3x+£x cos 3x—isin 3x+c
3 9 27

| . 2 2 . 1 .
Check: Let y=§x2 sin 3x+§x cos 3x—Esm 3x+c, then y' = E(Zx sin 3x +3x2 cos 3x)
+g(cos 3x—3x sin 3x)—£cos 3x+c = gxsin 3x+§x2 cos 3x+£cos 3x—2x sin 3x—£cos 3x
9 27 3 3 9 3 9

3
= Exz cos 3x = x2 cos 3x
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h. Given Ie_x cos x dx let u=cosx and dv=e *dx then du=—-sin x dx and Idv = Je_xdx which
implies v=-e"*. Using the integration by parts formula Iu dv=uv- .[ vdu we obtain
Je_x cos x dx = cosx-—e " —J-e_x -sinxdx = —e " cos x—J-e_x sin x dx (1)
To integrate Ie‘x sin x dx use the integration by parts formula again, i.e., let u =sin x and
dv=e"dx then du=cosxdx and Idv = je_xdx which implies v=-e™*. Therefore,
je_x sinxdx = sinx-—e " +Ie_x cos x dx = —e " sin x+je_x cos x dx (2)
Combining equations (1) and (2) together we have

je_x cosxdx = —e ¥ cos x—je_x sinxdx = —e ¥ cosx+e ¥ sin x—je_x cos x dx

Taking the integral .[ e ¥ cosxdx from the right hand side of the equation to the left hand side

we obtain J'efx cosxdx—i—JAe*x cosxdx = —e ¥ cos x+e " sin x therefore
—-x —-x . —x —x 1 _« 1 _x..
ZJ.e cos x dx|=|—e " cos x +sin x e *| and thus '[e cos x dx|= —Ee cosx+;e sin x +c¢
x .
—e " cosx e “sinx 1 _ “x . 1 “x . _
Check: Let y = 5 + 5 +c,then y' = —5(—6 Y cosx—e xsmx)+5(—e Tsinx+e Xcosx)+0

1

= —e ¥ cos x+le_x sin x—le_x sin x+le_x cosx = le_x cos x+le_x cosx = e ¥ cosx
2 2 2 2 2 2
1. Given je_3x sin 3x dx let u =sin 3x and dv=e*dx then du =3cos 3x dx and Jdv=je_3xdx which

implies v= —%e‘“ . Using the integration by parts formula ju dv=uv- J. vdu we obtain

_ . . 1 _ 1 _ 1 _ . _
je 3% sin 3x dx = s1n3x~—§e 3x +§J-e 3 3cos3xdx = —Ee 3x sm3x+je 3¥ cos 3x dx (1)

To integrate je‘” cos 3x dx use the integration by parts formula again, i.e., let u =cos3x and

dv=e¢"*dx then du=-3sin3x and _[dv = Je_3xdx which implies v = —%e_“ . Therefore,

J’e%x cos 3x dx = cos 3x-—%e_3x —%J.e_k -3sin 3x dx = —%6_3)( cos 3x—J.e_3x sin 3x dx (2)
Combining equations (1) and (2) together we have
J.e_3x sin 3x dx = —%6_3)“ sin 3x+je_3x cos 3x dx = —%e_3x sin 3x—%e_3x cos 3x—je_3x sin 3x dx

Taking the integral .[ e ¥ sin 3x dx from the right hand side of the equation to the left hand side
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. 3 . 3y . 1 3, . 1 _
we obtain Ie 3% sin 3x dx+Ie 3% sin 3x dx = —ge 3% sin 3x—§e 3* cos 3x therefore
—3x . 1 -3x _: 1 -3x -3x . 1 -3x _. 1 -3x
2Ie sin 3x dx|= —ge sin 3x—§e cos 3x | and thus J‘e sin 3x dx| = —Ee sin 3x—ge cos 3x
1 —3x . 1 —3x o 1 -3x _: —3x
Check: Let y = —ge sin 3x—ge cos 3x, then y' = 5 —3e>" sin3x+3e " cos3x
1 _ _ . 1 3, . 1 _ 1 _ 1 3, .
——(—36 3% cos3x —3e X sm3x)+0 = —e ¥ sin3x——e ¥ cos3x+—e > cos3x+—e % sin3x
6 2 2 2 2
= —3x sin3x+%e_3x sin3x = e sin3x

—e
2

Example 5.1-4: Evaluate the following indefinite integrals:

a. Jf(x+1)4 dx =
3
d. .[xsecz xdx =

g. J.%ex sin3x dx =

b. J.(x—3)(3x—l)3dx =
. jxmdx =

h. Icos_13x dx =

C. J.(x+l)csc2 xdx =
£ fm (2 +1)x =

1. jtan_ISx dx =

Solutions:

a. Given J'g(x+1)4dx:§_[x(x+l)4dx let u=x and dv=(x+1)4dx then du=dx and '[dv=j(x+l)4dx

which implies v= %(x +1)°. Using the integration by parts formula Iu dv=uv- .[ vdu we obtain

O . OO P B 20 YD AU CES O B 2.2 SO A
3v"x(x+1) dx 3 5 3 5JA()C+1) dx T T 6(x+1) +c s 9 (x+ ) +c
5 5

Check: Let y=@_%(ﬁl)6+c,men v = Llentf st S eanf a0 - (x1+51)

S5x 4_(X+1)5 _5x 4_x 4

+15 (x+l) 15 T (x+l) 3(x+1)

b. Given I(x—3)(3x—l)3dx let u=x-3 and dv=(3x—1)3dx then du =dx and jdvzj(3x—l)3dx
which implies v:%(3x—l)4. Using the integration by parts formula J u dv:uv—jv du we obtain
1] = (eo3) B0 ] = (B G) L L a
j (x=3)Bx 1) d| =|(x-3)- == j (3x—1)*dx 3 oGt
4

= (x—3)(3x—1) —L(3x—1)5+c

12 180
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. _(=3)Bx-1)t 5 p_ 1 4 3 15 4
Check: Lety_T 18—0(3x 1)’ +¢, then y E[(3x 1) +12(x 3)(x+1)] @(k 1)*+0

Ly +W%(zm)4 SN

c. Given I(x+1)csc2 xdx let u=x+1 and dv=csc? x dr then du=dx and Idv:.[cscz x dx which

implies v=—cot x. Using the integration by parts formula j udv=u v—jv du we obtain

.[(x+1)csczxdx = (x+1)~—cotx+jcotxdx = —(x+1)c0tx+1n|sinx|+c

Check: Let y=—(x+1)cot x+In|sin x|+c, then y' = —[cotx—(x+1)csc2 x]+ BT 10 = —cotx

Sin x

+(x+1)0502 x+cotx = (x+l)csc2 X
d. Given Ixsecz xdx let u=x and dv=sec? xdx then du=dx and Idv:jsecz x dx which implies

v=tan x. Using the integration by parts formula j udv=uv- I vdu we obtain

jxseczxdx = x~tanx—Itanxdx = xtanx—ln|secx|+c

sec x tan x
Check: Let y:xtanx—ln|secx|+c,then y' = tanx+xsec’ x——— " 10 = tanx+xsec’ x—tanx
secx

= )CSCC2 X

e. Given J‘x\/x—S dx let u=x and dv=+/x-5 dx then du=dx and J.dv=J.\/x—5 dx which implies

v= %(x - 5)% . Using the integration by parts formula I udv=u v—J-v du we obtain

Ix\/x—S dx|= x'g(x—S)%—jz(x—S)% dx|= Ex(x—S)% 21 ( —5)%+1+c = 3x(x—S)%
3 3 3 3 1+% 3
22 5 _|2 Q)4 3
—E-g(x—S)z +c|= 3x(x 5)2 15(x 5)2 +c

Check: Let yz%x(x—S)%—%(x—S)%+c,then y' = %(x—S)%+

[SSHI )

1 45 3
x(x—5)2 —E~E(x—5)2 +0

N | W

1 1

(x—5)%+x(x—5)5—§(x—5)% = x(x=5)7 = xvx5

[SSER N

2x

x°+1

f. Given J In (x2 +1)dx let u :ln(x2 +1) and dv=dx then du= dx and J dv = J. dx which implies

v=x. Using the integration by parts formula J. udv=uv- j vdu we obtain
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J-ln (x2+1)dx = 1n(x2+l)ox—jxox22)ildx = xln(x2+1)—2jx§ildx = xln(x2+1)—2j(1—x21+ljdx

= xln(x2+l)—2J.dx+2J. ! dx|= xln(x2+1)—2x+2tan_1x+c

x2+1
2 -1 , 2 2x 2
Check: Let ylen(x +1)—2x+2tan x+c,then ' = 1-Inlx" +1}]+ S X2+ >+0
x°+1 1+x
2 2 2
= ln(x2+1)+ 2x -2+ 2 = ln(x2+1)+ 2T -2 242 ln(x2+1)+ 0 - 1n(x2+1)
2 2 2 2
x°+1 x°+1 x“+1 x“+1

g. Given %Iex sin 3x dx let u=e* and dv =sin3xdx then du=e* dx and jdv = Isin 3xdx which
implies v = —%cos 3x. Using the integration by parts formula J. udv=uv- j vdu we obtain
I 5. 1 4 1 1 x _ 1 1 x
—.[e sin3xdx = —e” -——cos 3x+—J.cos 3x-e” dx = ——e" cos 3x+—J.e cos 3x dx (1 )
5 5 3 15 15 15
To integrate jex cos 3xdx use the integration by parts method again, i.e., let u =e* and
dv =cos3xdx then du=e*dx and Idv = J-cos 3xdx which implies v= %sin 3x. Therefore,
. L1 ¢ . N B ¢ .
Ie cos3xdx = e -gsm 3x—§Is1n 3x-edx = ge sin 3x—§J-e sin 3x dx (2 )
Combining equations (1) and (2 ) together we have

ljex sin 3x dx = —iex cos 3x+LJ.ex cos 3xdx = —iex cos 3x+iex sin 3x—LIex sin 3x dx
5 15 15 15 45 45

Taking the integral —%Jex sin 3xdx from the right hand side of the equation to the left side we

. 2 .
obtain lIex sin 3xdx+ij.ex sin 3xdx = —iex cos 3x+iex sin 3x+c¢. Therefore, —Iex sin 3x dx
5 45 15 45 9

. . . 3 1 .
= —iex cos 3x+iex sin 3x +¢| which implies jex sin3xdx|=|——e cos3x+—e*sin3x+c
15 45 10 10

Check: Let yz—%ex cos3x+%ex sin3x+c, then y' = —%ex'cos 3x+isin 3x~3~ex+iex -sin 3x
1 3 . 1 . 3 .
+—cos3x-3-e¥+0 = ——e” cos 3x+iex sin 3x+—e” sin 3x+—e”¥ cos 3x = ie’C sin 3x
10 10 10 10 0
. 1 . 1 . .
+—e¥sin3x= 9;ex sin 3x = —Oex sin 3x = e¥ sin 3x
10 10

3

h. Given jcos_13x dx let u=cos™' 3x and dv=dx then du=— dx and jdv = J-dx which

1-9x2
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implies v=x. Using the integration by parts formula .[ udv=uv- I vdu we obtain

I N 3dx J‘ 3x dx
\ 1-9x2 \ 1-9x2
dx use the substitution method by letting w=1-9x2 then D _ 18y which

J’ 3x
,1—9x2 dx

implies dx = _ D Thus

_ _ 1 _ -5
18x I /1 o .[ E__ j __E.[W%dw__%-[w T

J.cosfl3x dx = cos ' 3x-x+ = xcos 3x+

To integrate

1 1-9x2 _ 1-9x?
= —l-zw2 = ——xand jcos_13xdx =|xcos! 3x+I3—xdx =|x cos 13x——x+c
6 3 /1_9x2 3
\ 1-9x2
Check: Let y=xcos™ 3x—T+c, then y' = cos ™' 3x— AR 10 = cos ' 3x

J1-9x2  64/1-9x2

1. Given Itan_15x dx let u=tan"' 5x and dv=dx then du=——"dx and Idv—jdx which

1+25x

implies v=x. Using the integration by parts formula J. udv=uv- j vdu we obtain

5dx
1425x2

= xtan ! 5x—I5—x dx

Itan_ISx dx = tan”! 5x~x—Ix~
1+25x2

To integrate J-S_x2 dx use the substitution method by letting w=1+25x2 then Z—W =50x which
1+25x X

implies dr =2 . Thus, js—xdx =[x dw ijd—w -1y w| = iln‘1+25x2 ‘and
50x 14 25%2 w 50x 10J w 10 10
Itan_ISx dx|=|x tan™"! 5x—js—xdx =|x tan™! 5x—iln‘1+25x2 ‘+c
1+25x2 10

5x _L 50x
1+25x2 10 142552

_ 1 . _
Check: Let y=xtan 1Sx—mln‘1+25x2 ‘+c,then 3’ = tan~! 5x+ +0 = tan' 5x

Example 5.1-5: Evaluate the following indefinite integrals:

a. JAsinh*1 Sxdx = b. JAxtanf1 xdx = C. jsinxsin Ixdx =
d. Icos SxcosTxdx = €. J‘ge_x dx = f. Ixsinh 3xdx =
Solutions:

a. Given J-sinh_1 Sxdx let u=sinh~!5x and @v=dx then du= dx and Idv = dex which

5
\ 1+25x2

implies v=x. Using the integration by parts formula J‘u dv=uv- J vdu we obtain
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s L 5d L
jsmh U'5x dx = sinh ]5x-x—Ix-—x = xsinh 15x—J‘

| 1+25x2

Sxdx

Sx dx (1)

| 1+25x2

use the substitution method by letting w=1+25x then
1+ 25x2

dw=50xdx which implies dr =2 Sox . Therefore, j Sxdx RN LI

| 1+25x2 IJ— S0r 504w
_1 _1 1
:i de :%J.W ZdW:L.LWI 2 :% 2 :lwz %"14—25)(2 (2)

1 _1
10 2 10 1 5

Combining equations (1) and (2 ) together we have

_ _ 5xd _ 1 1
Isinh 15xabc = |xsinh 15x—JAL = | xsinh 15x——(1+25x2)2 +c
14252 S
o 1 L o
Check: Let y = xsinh 15)6——(1-1—25x2)2 +c,then y' = sinh ™' 5x+ AN S0x +0
5 V142552 10414252
sinh ™ Sxp—X % ginlsy

Vi+25x2 142552

b. Given J.xtan_1 xdx let u=tan"! x and dv =xdx then du = 5 dx and Idv J-xdx which

1+x

implies v = %x2 . Using the integration by parts formula J udv=uv- j vdu we obtain

_ _ dx 1
J-xtan U xdx|=|tan 1x~———jx2'— = Ex tan lx——J.

1+x2

dx = lx2 tan_lx—lj 1- ! dx
2 2 2

1+x

1+x2

1 _ _
dx|= —xztan 1x—lx+ltan 1x+c
2 2 2

= lx tan ]x——J-dx+—J.
2

1+x2

1 I N B B
"X+c,then y' = —2x-tan 1)c+—x—2—— —- >
2 l+x= 2 2 14x

1 _ 1 1 _
Check: Let y:Exz tan lx—5x+5tan +0

R L B B | 4 1 x*+1 1 1

xtan  x+—- 2 +—- TRy = xtan x+— s = X tan
2 1+x 2 1+x 2 1+x 2

1 1 4
X+——— = xtan " Xx
2 2

c. Given J‘sin xsin7x dx let u=sinx and dv =sin7xdx then du =cosxdx and Idv = Jsin 7x dx which

implies v = —%cos 7x . Using the integration by parts formula .[ udv=uv- I vdu we obtain

Isinxsin7xdx = sinx-—%cos7x+%jcos7x-cosxdx = —%sinxcos7x+%'|.cosx-cos7xdx (1)

To integrate Icosx-cos 7xdx use the integration by parts method again, i.e., let u =cosx and
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dv =cos7xdx then du=-sinxdx and J-dv = Icos 7x dx which implies v = %sin 7x . Therefore,

jcosx-cos Txdx = cosx~%sin 7x+%jsin Tx-sinxdx = %cosxsin 7x+%jsin xsin 7x dx (2)
Combining equations (1) and (2 ) together we have

. . . 1. 1 . . .
jsmxs1n7x dx = —151nxcos7x+ljcosx-cos7xdx = ——s1nxcos7x+—cosxs1n7x+LJ.s1nxsm7xdx
7 7 7 49 49

Taking the integral 4—19Isin xsin 7xdx to the left hand side and simplifying we have

. . 1 49 . 1 49 ) 7 . 1 .
Ismxsmhdx =|—-—-—sinxcos7x+—-—cosxsin7x+c|=|———sinxcos7x+—cos xsin 7x+c¢
7 48 49 48 48 48
7 . 1 . , 7 49 . .
Check: Let y=—&smxcos7x+gcosxsm7x+c,then y' = —Ecosx-cos7x+—sm7x~smx

sin 7x-sin x

—Lsinx~sin 7x+lcos Tx-cosx+0 = ﬁsin 7x-sinx—Lsinx-sin Tx =
48 48 48 48
= ﬁsin 7x-sinx = sin7xsin x
48
d. Given jcos 5xcos7x dx let u=cos5x and dv =cos7xdx then du=-5sin5xdx and jdv = J-cos 7x dx

which implies v = %sin 7x . Using the integration by parts formula I udv=u v—J-v du we obtain

Jcoschos7xdx = cos5x~%sin7x+§.[sin7x-sinSxdx = %cosstin7x+%J-sin5x~sin7xdx (1)

To integrate _[ sin 5x-sin 7x dx use the integration by parts method again, i.e., let u =sin5x and

dv=sin7xdx then du=5cos5xdx and Idv = Isin 7x dx which implies v = —%cos 7x . Therefore,

. . . 1 5 1. 5
J.sm5x-sm7xdx = sm5x-—7cos7x+7jcos7x~0055xdx = —751n5xcos7x+7J'0055xcos7xdx (2)

Combining equations (1) and (2 ) together we have

jcoschos7xdx = %cosstin7x+%jsin5x~sin7xdx = %cosstin7x—4igsin5xcos7x+i—§jcos5xcos7xdx

Taking the integral i—jjcos 5xcos7xdx to the left hand side and simplifying we have

7 5
Jcoschos7xdx = l-£0055xsin7x—i~£sin5xcos7x+c =|—=cos5xsin7x——sinS5xcos7x+c
7 24 49 24 24 24

. . . . 4
Check: Let y= icos 5xsin 7x—ism 5xcos7x+c,then y' = —Esm 5x-sin 7x+—9cos 7x-cos5x
24 24 24 24
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5
cos5Sxcos7x

—§c0s5x~cos7x+3—ssin S5x-sin7x+0 = ﬂcoschos7x—£cos S5xcos7x =
2 24 24 24
= E cosS5x cos7x = cosS5xcos7x
24
e. Given J%e"‘ dx let u =§ and dv=e " dx then du =§dx and Idv = J-e‘x dx which implies

v=-e*. Using the integration by parts formula j udv=uv- I vdu we obtain

-x X -x
J'ie_x P +J‘e_x-ﬂ =-X % = —e—(x+1)+c
5 5 5 5 5 5

—X —X —X —X —X
+c, then y'=—e + X 0=2
5 5 5 5

xe © e

Check: Let y=-

f. Given Ix sinh3xdx let u=x and dv =sinh3xdx then du=dx and Idv = jsinh 3xdx which

implies v = %cosh 3xdx. Using the integration by parts formula ju dv=uv- J vdu we obtain

1 1
J‘xsinh3xdx = x-%cosh3x—J%cosh3x-dx = %xcosh3x—%jcosh3x-dx = 5xc05h3x—;sinh3x+c

Check: Let y:%xcosh3x—$sinh3x+c,then y' = %cosh3x+§~3xsinh3x—%~3cosh3x+0 = %cosh3x

+xsinh 3x — % cosh3x = xsinh3x

Section 5.1 Practice Problems — Integration by Parts I

1. Evaluate the following integrals using the integration by parts method.

a. jxe4xdx = b. Igcosx dx = c. I(S—x)esxdx =

d. J.xsin S5xdx = e. J.xmdx = f. J-x3e3xdx =

g. Icos(lnx) dx = h. J.gtan_1 xdx = 1. Ilnxsdx =

] jx e Pdx = k. Iex sin 3x dx = 1. jex cos Sx dx =
2. Evaluate the following integrals using the integration by parts method.

a. J.x sec’ xdx = b. jarcsin 3ydy = C. J.arctanxdx =

d. .[sin35x dx = e. Ixz cos x dx = f. je_zx cos 3x dx =

g. jx(Sx—l)3dx = h. J‘xcsczxdx = 1. j%cos_ISxdx =

J- Jsinh_] xdx = k. Ix sec? 10x dx = L. j?sinh Txdx =
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Calculus I 5.2 Integration Using Trigonometric Substitution

5.2 Integration Using Trigonometric Substitution

Many integration problems involve radical expressions of the form

Va? -b2x? Va? +b%x? b2x? —a?
In such instances we can use a trigonometric substitution by letting

a . a a . .
x= Zsm t x= tan ¢ x= sec ¢ respectively to obtain

2
a” . [ . [ . [
a?—p3x? = \/az—b2~—sm2t =va?-d’sin’t = a (l—sm2 t) = a4 cos’>t = acost
b2
2 2.2 a2 2 2 2
Va® +b“x* = a’>+b? - _tan?t = Va“ +a“tan“t = a (1+tan2 t) = awl sec’t = asect
b2
2.2 2 aZ 2 2 2
b°x® —a® = b2~—2$ec2t—a2 =4Aa“sec“t—-a° = a (seczt—l) = awl tan’ ¢ = atant

b

Notice that using trigonometric substitution result in elimination of the radical expression. This
in effect reduces the difficulty of solving integrals with radical expressions.

Reminder 1:

. b
Given x=2sin¢, then r=sin 1 2% for -1<x<land -Z<r<Z
b a 2 2
. 4 b
Given x=2tan¢, then ¢=tan"' 22 for all x and —1( t( z
b a 2 2
. b 3
Given x:%sect,then t=sec 12X for x>1or x<-1 and 0<¢( % or z<t( 7”
a

Reminder 2:
In solving this class of integrals the integrand in the original variable may be obtained by the use of
a right triangle. For example, in a right triangle

opposite

=2 . Therefore, using the Pythagorean theorem, the adjacent side (w) is equal to
hypotenuse a

a:\/x2+w2 5 a?=x?+w? 5 w? =a? —x? , w= a2—x2

o costo ddjacent _x Therefore, the opposite side (w) is equal to

hypotenuse a

a=\/xz+w2 ) a2 =)cz+w2 5 w2 =az—x2 s w= az—x2

o tans=2PP%" _ X Therefore, the hypotenuse (w) is equal to w=va? + x>

adjacent a

® sint=

o cotr=I99Cen _X Therefore, the hypotenuse (w) is equal to w=1/a? + x>

opposite  a
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Calculus I 5.2 Integration Using Trigonometric Substitution

hypotenuse

® sect= £ . Therefore, the opposite side (w) is equal to

adjacent  a

x:\/a2+w2 5 x?=a’ +w? 5 w? =x2 —a? 5 w=\/x2—a2

hypotenuse _ x Therefore, the adjacent side (w) is equal to

opposite a

x=\/a2+W2 ) x2 =c12+w2 5 w2 =x2—a2 ) W=\/x2—a2

Let’s integrate some integrals using the above trigonometric substitution method:

® csct =

Example 5.2-1: Use trigonometric substitution to evaluate the following indefinite integrals:

2
C. J. 1+2x dx =
X

a '[ dx _ b. J‘ x2dx _
x2\14—x2 \/25—x2

dx x2 dx
T N Pk -
> S
(9+x2) x? -1 x4\/x2 -1
Solutions:
a. Given J- d let x=2sint, then dv=2costdt and vV4—x> = V4—dsins = 4(1—sin2 t)

xz\/4—x2

V4cos?t = 2cost. Substituting these values back into the original integral we obtain:

dx 2cost dt 2cost 1 1 P 1
J‘ = I 5 = J- 5 dt|= I dt|= —Icsc tdt|=|—-—cott+c
2244 —x2 (2sin ¢)* -2 cos ¢ 4sin”t-2cost 4sin” ¢ 4 4
42
1 cost 15— 1[Va-x2 2 1] Va-x?
=|l-——+c|=|-— te|=|-—| ————|+c|=|-—| — |+¢
4 sin ¢ 4 % 4 2-x 4 x

Check: To check the answer we start with the solution and find its derivative. The derivative
should match with the integrand, i.e., the algebraic expression inside the integral.
Note that not all the steps in finding the derivative is given. At this level, it is
expected that students are able to work through the details that are not shown (review
differentiation techniques described in Chapters 2 and 3).

_2x 2 —2x2 4—x2
cx—1-v4—x _
— 52 [, 2 X 2 1
Letyz—l 4-x +c, then y'=—1247" b0 = L2l
4 x 4 2 4 2
2\ 4-x2 A 4—x? —x? | 4-x?
1 a2 R B T B . S S U
2 2
4 x 4 X 4 x2/4—x2 4 x2/4-x2 x2/4-x2
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5.2 Integration Using Trigonometric Substitution

2
Given J.x—\/i let x=5sint¢, then dx=5costdr and \/25—)c2 = \/25—258in2t = 1/25 (l—sin2 t)
25— x?

= y25cos ¢ = 5cost. Substituting these values back into the original integral we obtain:

25sin2 ¢-5cos t dt

25sin> ¢ dr

J

J‘ x2dx
V25-x2

5cost

I~

25

3 I(l—cos2t)dt 2

5 1.
t——sin 2¢ |+c¢
2 2

ZSJ.sin2 tdt

25

25 .
—t——sintcost+c
2 2

1—cos 2¢
2

dt

2sj

25( . -1 X
—(sSm —
2 5 2

25

—é(i\/%—xz j+c

50 —4x2

X

25

25

Check: Let y=§sin_l§—§\/25—x2 +c, then ' = 225 -

.1_{5\/*25_; .

—2x
5

2425 x2

3

25

25 25-2x2

_2V25—x2

2W25-x2 )

_25-25+42x7 _

[2@5—x2}2x2

44/25— x2

2x2 2

_[4mJ

1+x2
x2

. Given J‘

Substituting these values back into the original integral we obtain

2J25—x2-_2J25—x2

2252

_-2J25—x2

_ X
\/25—x2

Jzzx/ﬁ

dx let x=tan¢, then drx=sec’tdt and \/1+x2 = \/l+tanzt = \/seczt = sect

dx

s

X

J

sect-sec’ t dt

tan2 t

sect~(1+tam2 t)dt

sec?+sect tan> ¢
dt

J

tan? ¢

J

tan? ¢

dt

sect
dt

J‘secttanzt
tan? ¢

|

tan” ¢

sec t
Isectdt+j

dt

tan” ¢

1
cos ¢

ln| sect+tan ¢ |+J ‘
sin~ ¢

COSzl

dt ln|sect+tant|+.|.

2
cos” t
dt

costsin? ¢

ln| sect+tan ¢ |+J‘sin_2

cos ¢

1n| sect+tant|+I -
sin”t

dt

tcostdt

1n| sect+tan ¢ |+sin_

1t+c

ln| sec ¢ +tan ¢ |—csct+c
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Calculus I 5.2 Integration Using Trigonometric Substitution

2

Y x—of1+x2
J1+x2 29 1+
Check: Let y=1In|/1+x> +x ——x+c,then y' = ! . 2x T M 5
* 1/1+x2 +x 1+x2 X
2
1 2x+2¢ 1+x2 x2_(1+x2) B 1 2()” I+x ) 22
w[l-ﬁ-xz +x 24 1+x2 xz\/l—i-xz \/1+x2 +x 24 1+x2 x2y 14x2
1 1 xz\/l—i-x2 +\/1+x2 \/1+x2 (1+x2) 1[1+x2
= + = = =
2
V1+x2 x2y1+x32 x2(1+x2) x2(1+x2) X
d. Given J.LZ let x=3tan¢, then dx=3sec’ tdt and 9+x% = 9+(3tant)2 = 9+9tan?¢
(9+x2)
= 9(1+tan2 t) = 9sec? s Substituting these values back into the original integral we obtain
3sec? ¢ di 3sec? ¢ di 1 ¢ dt
dx > = e 5 :I seg 1T 57 = chosztdt = L-lj(l+c0521)a’t
(9+x2) (9se02 t) 8lsec” tsec” ¢ 277 sec” t 27 27 2
= L(t+lsin 2tj+c = L(z‘+sintcost)+c -| L tan ' T4 . 3 +c|= L(tan_1£+ 3x ]+c
2
54 2 54 54 3 Jorr? AJori2 54 3 94y
319+ x%)-2x3
Check: Let L(tanler 3x J+c then y' = —-;2+i- ( X ) xox o1 ?
>4 9+x 3(1+%) 4 (94x2) 54 3(942)
L2736 1 3 1 27-3x% L 9-x?  _94xt49-4?
2 2 2
4 (9442 4 (04a2) 3 (oxa2f  ag(owx?) as(o+a2f  18(9422)
18 1

2 2
18(9+x2) (9+x2)

e. Given j

2
x
\/x2 -1

dx let x=sect, then dx=secstan+ and \/x2 -1 = \/seczt—l = \/tanzt = tan ¢

2

sec” ¢

Substituting these values back into the original integral we obtain I

xZ
dx = J.
\/x2 -1

seC

tan ¢

= Isec3tdt = J.secztsectdt. Let u=sect and dv=sec’ ¢, then du=secttans and v=tan¢.

Using the substitution formula uv - _[ v du the integral J. sec? rsectdr can be rewritten as

ttan ¢ dt

jsec3 tdt = secttant—Isecttanzt dt = secttant—jsect(seczt—l)dt = secttant—j (sec3 t—sect)dt
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Calculus I 5.2 Integration Using Trigonometric Substitution

= sect tant—J'sec3 t dt+jsec tdt
Note that J. sec® tdt = sect tan t—J-sec3 t dt+'[sec t dr therefore by moving — J. sec ¢ dr to the left

hand side of the equality we obtain

J.sec3tdt+jsec3tdt = secttant+jsectdt thus ZJ-sec3tdt = secttant+jsectdt and J‘sec3tdt

x+\lx2—1 J+c
2
j+c,then y' = 1 Vx2 -1+ 2 +l !
2 2Wx? -1 2x+\/x2—1

L) e
( j_ 1{24)@2%1+m]

1 1 1 [
E(secttant+J‘sectdt) = E(secltant+ln|sect+tant|)+c = E(x x*—1+In

x+\/x2 -1

Check: Let y:%( xVx? -1+In

2 |1 2(x2—1)+2x2 11
x| 1+ = — +— = —
wWalo1) 2 afxo1 Zaxada?on 2Wx?od 2

_ 14x? 242 4x? :

X
2 505201 adx®o1 k2o

f. Given let x=sect, then dx=secttantdr and \/x2—1 = \/seczt—l = \/tanzt = tan¢

J‘ dx
x4\/x2 -1

Substituting these values back into the original integral we obtain

ttan ¢t dt 1
= J-sec an =-[ a_|_ J.cos3tdt = Icos2tcostdt = j(l—s1n2t)costdt

J‘ dx
x4\/x2 -1

sec4ttant sec3t
2 2 3
. . . 1. x -1 1|vx“-1
= J‘(cost—smztcost)dt = J.costdt—J-smztcostdt =|sint——sin’ t+c|= - +c
3 X 3 X
2 2
2 Y %—sz—l \/2 2 sz —Vx? -1
-1 1 -1 24/ x*—1 3 -1 24/ x*—1
Check: Let y =" L +c,then y' = 22 2| e
X 3 X X2 3 X x2
x2—x2+1 xz—x2+1
_ [xz—lJ 21 _[xz—l] R D i
2 2 2 2
X X X x2yx? -1 X x2yx? -1 xz\/xz—l x4\/x2—1
_ x2—x?+1 _ 1
x*x? -1 x*x? -1
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Example 5.2-2: Use trigonometric substitution to evaluate the following indefinite integrals:

a. J.L3= b. sz 4-x2 dx = C. J.L3=
(1—x2)5 (4+9x2)5
2
d. J.x—dx = . J.\/az —x%dx = f. J-\/xz—a2 dx =
4+ x2
2
X _ 2 _ . 1 _
g. I—dx = h. J. 9—x"dx = L. J.—dx =
9—x2 xz\/4+x2
Solutions:
a. Given [—% et x=sins ,then dv=cosrdr and 1-x2 = 1-sin? ¢ = cos? ¢
. ); J . Therefore,
1-x2 )2

dx cost dt cost 1 2 sin ¢ x
= = = = = = el [P — + C
I 3 J 3 _[ 3 dt ‘[ 5 dt Isec tdt tant+c os? +c -

(1—x2)5 (0052 t)i cos’ ¢ cos” ¢ 1—x
2,2
1 1_x2 2x . 2-2x°+2x
2/ 1-x? 2/ 1-x?
Check: Let y:L+c,then y' = > ul = x2 = 2 - = 1 :
2 _ _ S 3
1—x 1 X 1 X 2(1_x2)2 (1_x2)2

b. Given Ixz\/4—x2 dv let x=2sint ,then dr=2costdr and v4-x2 = \/4—(2sin 1P = \4—4sin2s

1/4(1—sin2t) = \J4cos?t = 2cost. Therefore,

J.xz 4—x? dx|= .[4sin2t~2cost-2costdt = 16jsin2tcosztdt = 16ji(l—cos 2t)(1+cos 2t)dt

= 4J'(1—cos22t)dt = J'4dt—4jcos22tdt = j4dt—4j.%(l+cos4t)dt = J'4dt—fzdt—zj'cos4tdt

= 4t—2t—%sin 4t+c|= 4t—2t—%sin 2tcos2t+c|= 2t—2(sintcost)(cos2t—sin2 t) +c

2 2 2 3
- _ - e
= 2sin_1§—2 X N4-x [4 L ]+c =|2sin 1%— 4—x2[ roXx J.H;

2 2 4 4 4
_53 _ _y3 1
Check: Let y:2sin_]§—\/4—x2 [2x4x J+c,then y' = 2 - 2x(2x al )+(2—3x2)(4—x2)2
2
241-% 8y4-x?
_ 2 _—2x2+x4+(2—3x2)(4—x2) 2 2t eat g4t 4
N W42 N N
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_8-dxt 416x? -8 _ —axt4l6x? _ —ax* +16x? v4-x? _ 4(4—x2)x2 4-x? o2
2
444 —x? 44 -x? aa—x2  a-x? 4(4—)6 )
dx dx 2 2 2V
c. Given j = let x==tan¢, then dr="sec?rdr and 4+9x> = 4+9-[—tantj
4+9x~ J? otx )

4
= 4+9~§tan2t = 4+4tan’t = 4(1+tan2 t) = 4sec? ¢. Therefore,

J‘ dx %sec t %seczt J fsec t dt
3 I 3 3 3 B

(4+9x2)2 (4sec2)2 42 seczth \/ sec’ ¢ 3 \/6_45601 8sect

=L LJ.costaft = Lginrae|=| L3 L o|=

12 J sect 12 12 12@ m
(4+9x) —36x7
1-4y/4+9x2 -4
Check: Let y=—————+¢, then y' = _ :
W4 +0x? 16(4+9x ) 16(4+9x2) (4+9x2)3
2

d. Given [ Jet x=2tn: ,then dx =2sec? 7 dr and V4+x> \/4+ (2tan¢)* = = J4+4tan? ¢

Va+x?

= 1}4(1+tan2 t) = \J4sec?t = 2sect. Therefore,

4tan? t-2sec? ¢ dt

J’ x2dx _
\/4+x2

2sect

= 4Itan2tsectdt = 4“'(sec2 t—l)sectdt = 4_|A(sec3 t—sec t)dt

= 4I sec® tdt—4 j sectdt. To solve _[ sec® rdt = J-secz t-sec ¢ dt use substitution method by

letting u =sect and dv= sec>r then du=secstansdr and v=tant.

formula uv—jv du we obtain jsecz t-sectdt = secttant—jtant-secttantdt

obtain Isec3 t alt+.|‘sec3 tdt = sect tan t+Isect dt . Therefore 2J- sec> t dt = sect tan t+Isect dt

sec/ tan ¢ — I sec’ ¢ dt +jsect dt . Again at this point we know that Isec3 t dt

Using the substitution

secttant—jsecttanztdt = secttant—jsect(seczt—l)dt = secttant—J.(sec3t—sect)dt

sec/ tan ¢ — I sec’ ¢ dt +J-sect dt bringing —J.sec3 t dr into the left hand side of the equation we

thus J.sec3 tdt = %[sec t tan t+Isect dt ] = %[secttan t+In|sect+tan | ] Now substituting this

value into 4J- sec> t dt—4 I sec ¢ dt we have
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1
4J‘sec3tdt—4J.sectdt = 405[secttant+1n|sect+tant|]—4Isectdt = 2[secttant+ln sect+tant|]

—41n|sect+tant|+c = 2secttant+2ln|sect+tant|—4ln|sect+tant|+c =|2secttant
2 2 2 2
V4+ V4 + xV4+x x+Vd4+x
—21n|sect+tant|+c = 2-Tx%—2ln Tx+§ +c|= 5 —2In 5 +c

Check: Let y=
4+x

/4 2 [ 2 2
al ;x —2In X ;Hx +c, then y' 1{\/4+x +L
2

2 1

2x 4+2x 4+x% +2x
2 — = 1+ —=— | |40 =
x+v4+x? 2 204 +x? 4+x x+ 44 x j\/4+x2
2+ 2) +V4+x? |—2v4+x? -2 @+ 2{ j Wa+x? -2 T
( X (x \/ X \/ X X X \/ \/ X X Y 4+x2

4+x? ) ( +\4+x? J\/4+x2 .x—\/4+x2

2 2 2
(2+x )(x+\/4+x —2\/4+x _2x_x—\/4+x2 _ x4—x3\/4+x2 —x3\/4+x2 —x2(4+x2)
(x+\/4+x2 4+x2 x—V4+x2 — 44+ x?

xZ

4 ax? x4 _ —4x?

— 44+ x? _ 4112 ) N

e. Given J.\/a2 —x2 dx let x=asin¢ ,then dr=acostdr and va®-x> = Va®—a’sin?+

= 1/az(l—sin2t) = va?cos’t = acost . Therefore,
a

2 2
J\/az—xz dx|= J-acost'acostdt = jaz cos? ¢ dt|= %j(l+c052t)dt = 7[1+%sin2t}+

a’ . a’| . QX X a? —x? a’ . ax x\/¢12—x2
= —(t+smtcost)+c =|—|sinT —+= —— |+¢|=|| —sin —+————— |+¢
2 a a a a 2
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f. Given J.\/x2 —a? dx let x=asect ,then dv=asect tanrdr and Vx2 —a? = va®sec? t—a>

= Ja’tan?r = atans . Therefore,
‘[\/xz—az dx|= J-atant'asecttantdt = J.azsecttanztdt = azjsect(seczt—l)dt = azj.sec3tdt

2 2
—aZJ.sectdt = %(tantsect+ln|sect+tant|)—azln|sect+tant|+c = a?(tantsect—ln|sect+tant|)+c

a? a?
+—Ina+c|=|-Vx"—a” ——In
2 2 2

x+Vx2—a2

+c

2
Check: Let yzg\/xz—az —%m x+Vx? —a?

a’ 1 [ J L0 = x?—a?+x? 1 x+\/x2—a2
X+vVx 2 4 2\/x —a’

2\/)c2—a2 2 x+\/x2—a2 x? —a?
_ x?—a? +x? a’ _ 2x2 —2a? _ x?—a? _ x?—a? \/ /

2\/x2—a2 2\/x2—a2 2\/x2—a2 \/xz—a2 \/x a? \/x —a?
I

= v9cos®t = 3coss. Substituting these values back into the original integral we obtain:

. Given dx let x=3sins, then dx=3costdt and V9—x2 = y9-9sin2 ¢ = 9(1—sin2 t)

2 2 ;2
. 1- 2
J‘ xTdx | _ J‘9s1n t-3costdt| _ J‘9s1n tdt _ 9jsin2tdt _ 9J‘ cos tdt
,9—x2 3cost 1 2

.2
= gj(l—COSZI)dI =2 t—lsin2t +c|= 2t—2sintcost+c =2 sin”' 2 BEA N L +c
2 2 2 2 2 2 2|3

= %(sin_] ij—g(ﬁ 9—x2j+c = %[Sin_l %J—%\W—xz +c

3) 2\9

Check: Let y=25in‘1£—f\/9—x2 +c,then y' = K S N Y P T S
2 3 2 Y 2 2 3
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301 [Yo-x 4P 9 2o

)—2x2 _ 9

2 L _ —
2

9g_x2 3 2 24 9— 2 o <2 4y 9 x2

18—4x? | _ 9 9-2x% 9-942x2  2x?

2
— _ _ X
afo-x2 | 2)o-x? 2f9-2  209-x?  2)9-x2 o’

24/ 9-x2

h. Given J.\l9—x2 dv let x=3sins ,then dv=3costdr and y9-x% = 9-9sin?s = 9(1—sin2t)

=y 9cos’t = 9cost . Therefore,

J.\I9—x2 dx|= j3cost-3costdt = I9cos2tdt = %J.(l+cos2t)dt = %(t+%sin2t]+c
9—x? 9 . _ x\/9—x2
= 2(t+sintcost)+c =2 sin 24 XN = Zsin Tt 2 +c
2 2 3 3 3 2 3 2
2 2
x4 9-x -
Check: Let y=2sin? 2+ V"% ¢ then = 2L 1,1 Jg 2, =20
2 3 2 2 [1_%)2 3 2 D) /9_x2
9 3 L o-xtx? 9 9o 9492 | 18-227 _ 2(o-x?)
230922 2yo-xr  2y9-2? 2y9-x2  2y/9-x2 24922 24 0-i?

2J9-x2  Jo-x? |J9-x? -

9-x2  _ 9-x2 y9-47 (9 x )49 x? P

1. Given

J' 1
xz\/4—i-)c2

= 2v/sec?t = 2sect. Therefore,

dx let x=2tant, then dv=2sec? tdr and V4+x? = Va+4tans = 241+ tan? ¢

dx dx| = 2sec’ ¢ al=|1 secdt _|1 cos? ¢ al=|1 cost et u=si
.[ 2 2 o j4 2 _[ J.cost .[ Clu=smt¢
2ld+x tan l'(ZSCCt) tan 2 t sin” ¢ sin? t
. IJ‘cost du | _ j dul= 1 |1 . 1 . 1V4+x?2
=|— . =|—|—du|=|-—u +c|=|-—+c|=|-—+c|=|-——+¢C
4J ,2 cost| (47,2 4 4y 4sin ¢ 4 x
2
5 %~x—1~\l4+x2 Lz— 4+x2
2,4 24/ 4
Check: Let y——l dvx +c,then y' = 1 il =_1 il
4 x 4 X2 4 %2
x2 7(1[ 4452 j( 4452 j 24y
1 4422 _ 44x7 _ —4 — 1
2 2 /
4 X 4x 4x2 4+ x? x24+x?
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Calculus I

5.2 Integration Using Trigonometric Substitution

The following are additional standard forms of integration that have already been derived.
Trigonometric substitution can be used in most of these cases in order to confirm the result.

Table 5.2-1: Integration Formulas

dx 1 X dx _ X 1
1. J. 5 — —tan —+c 2. I 3 t——tan —+c
a-+x a a (a2+x2) 2a2(a2+x2) 2a 4
dx 1 xX+a 1 a+x dx X 1 dx
3. J 5 = —In +c¢ = —In c 4. 3 o8
a’ —x 2a | x—-a 2a |a-x (a2_x2) 2 2(a2_x2) 2a° ¢ a” —x
5. =sinh ' X4¢c = n x+va? +x% |+c Va2 +—smh 1—+c

J' dx
Va2 +x? a

6Imd:

X
2

x(a2 +2x2)\/a2 +xr 4t

7. J.xz\/a2+x2dx = g —?sinh71£+c I a’+a = Va2 +x? —asinh !
a
N X Va? +x? a? X wwa? +x?
9. J.—dx =sinh —————+c¢ 10. J dx = ——sinh™ —+———"—+¢
X a X [ 2 a 2
11 J‘ dx _ 1ln a+\la2+x2 te 12 J' dx _ a? +x? c
. ————— —_— . )
¥ /az +x2 a X w2a? 2 a’x
dx . a1X 2
13. J— s —+e 14. j\/az—xzdx = Vot —x? + S sin X he
/az_xz a 2 2 a
[.2 2 2 2
15. I \/ —x2ax :—sm %—%x\/az—xz(a2—2x2)+c 16. I a =X = a2 —x? —al a+ya  —x ‘e
X X
va’-x* . x a?-x? 18 J x? d i X1 Va2 —x2?
17. I—dx = —sin ————+c¢ . X s xwa© —x" +c¢
%2 a x /az_xz 2 a 2
dx 1 a+ya?-x? dx a?—x?
19, [ & - Ly jeae sl 20. | = +e
2
wa? —x2 a X 2va? —x2 a“x
dx _ X _ 2 2 [ [ 2
21 J‘ﬁ = cosh ;+C = In|lx+Vx° —a +c 22 J‘ xz_azdx = % xz_az —%COSh_]i'FC
x“—a a

23.

4
J.xz\/xz —a%dx = %(sz —az)\lxz —a? —a?cosh_1 £+c
a

24.

J' Vsz—az dx

1| X
X —a —ascc —|+cC

[2 2 22 x2 a? ax x5
25 J‘%dx = COSh_1£*¥+C 26 Jﬁdx = TCOSh 1—+E xz—az +c
X a 2 Vx“ —a a
dx 1 4=x 1 _ 2 2
27. J—:—secl—+c = —cos | =|+c 28 dx N —a .
Wil -a? a a a X ' zJﬁ a’x
x“Vx“ —a

29.

. x—a
= sin +c
a

J‘ dx
V2ax—x?

30.

2
I\/a2+x2dx = %\/az-rxz +%ln(x+\lx2+a2j+c
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Calculus I 5.2 Integration Using Trigonometric Substitution

Section 5.2 Practice Problems — Integration Using Trigonometric Substitution I

Evaluate the following indefinite integrals:
C. J‘L =

dx
a | —— = b.
Ix2V16—x2 J.\/ x\/9-i—4x2

d. ‘[mdx = J. x? —+5x |dx = f. J-\/xz—25 dx

g I\/36—x2 dx = h. IL = i. J—ug_;xzdx =

(9+36x2)

[Y[)
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Calculus I 5.3 Integration by Partial Fractions

5.3 Integration by Partial Fractions

The primary objective of this section is to show that rational functions can be integrated by
breaking them into simpler parts. A function F (x)z%x; , where f(x) and g(x) are polynomials,
g\x

is referred to as a rational function. Depending on the degree of the f(x), the function F(x) is
either a proper or an improper rational fraction.

e A proper rational fraction is a fraction where the degree of the numerator £ (x) is less than the

degree of the denominator g(x). For example, 2x+1 , ! ! , and

x“—x—-6 x3—1’ x2+2x—3 x7+1

arc

proper rational fractions.

e An improper rational fraction is a fraction where the degree of the numerator f(x) is at least
as large as the degree of the denominator g(x). In such cases, long division is used in order

to reduce the fraction to the sum of a polynomial and a proper rational fraction. For example,
3 4_3_

’ . and x —x" —x-1
x2-x-6 x?+1 x> —x?

Mastering Algebra — An Introduction for solved problems on long division.)

x3+2 x

are improper rational fractions. (See Section 6.3 of

A fraction, depending on its classification of the denominator, can be represented in four
different cases. These cases are as follows:

CASE I - The Denominator Has Distinct Linear Factors

In this case the linear factors of the form ax+5 appear only once in the denominator. To solve
this class of rational fractions we equate each proper rational fraction with a single fraction of the
A B C

ax+b’ ox+d’ ex+f
integrals are solved.

form -, etc. The following examples show the steps as to how this class of

Example 5.3-1: Evaluate the integral If;ldx.

x> +x? —6x
First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* +x% —6x into x(x—2)(x+3).

Third - Write the linear factors in partial fraction form. Since each linear factor in the
denominator is occurring only once, the integrand can be represented in the following way:
x+1 x+1 A B C

2 +xl—6x B x(x—2)(x+3) B ;+x—2+x+3

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.
x+1 _ A(x=2)(x+3)+Bx(x+3)+Cx(x-2)
x> +x? —6x x(x—2)(x+3)
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Calculus I 5.3 Integration by Partial Fractions

x+1 = A(x2+3x—2x—6)+B(x2+3x)+c(x2—2x) = Ax? + Ax—6A4+ Bx? +3Bx+Cx’ —2Cx

x+1 = (4+B+C)x* +(4+3B-2C)x—64 therefore,

A+B+C=0 A+3B-2C=1 —-64=1
. . . 1 3 2
which result in having Az—g, B:E’ and C:—E

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

1 A B 1¢1 1 2 1
dex = J.—dx+J. dx+J. ¢ dx = ——J.—abc+i dx —— dx
2 x?—6x x x—2 x+3 6J x 10J x-2 15 x+3

Sixth - Integrate each integral individually using integration methods learned in previous sections.

—lj‘ldx+i ! dx—i ! dx=—lln|x|+iln|x—2|—iln|x+3|+c
6Jx 10 x-2 159 x+3 6 10 15

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Let y=—lln|x|+iln|x—2|—iln|x+3|+c , then y' = 3t 2
6 10 15

~150(x —2)(x+3)+270x (x +3)—-120x (x - 2) —150(x2 +x—6)+270(x2 +3x)—l20 (x2 —2x)

900x (x —2)(x+3)

900x (x3 + x2 — 6x)

_ —150x% =150x+900+270x> +810x —120x% +240x _ (~150+270-120)x? +(~150+ 810+ 240)x + 900

900(x3 +x? - 6x) 900(x3 +x7 - 6x)

900x+900  _ 900(x +1) _ x+l
3 2
900(x3 +x° —6x) 900(x3 +x2 —6x) X~ 4+x7—6x

dx

X2 +3x42

Example 5.3-2: Evaluate the integral I

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x? +3x+2 into (x+1)(x+2).

Third - Write the linear factors in partial fraction form. Since each linear factor in the
denominator is occurring only once, the integrand can be represented in the following way:

1 1 A B

¥2 +3x+2 - (x+1)(x+2) - x+l+x+2

Fourth - Solve for the constants 4 and B by equating coefficients of the like powers.

1 _ Ax+2)+B(x+1)

x2a3xe2 (erl)r+2)
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1= A(x+2)+B(x+1) = Ax+24+Bx+B
1 = (4+B)x+(24+B) therefore,

A+B=0 24+B=1

which result in having 4=1 and B=-1

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

J‘;dx=j 4 dx—i—I B dx=I ! dx—J ! dx
X2 +3x+2 x+1 x+2 x+1 x+2

Sixth - Integrate each integral individually using integration methods learned in previous sections.

de—f Ldv = In|x41]-In| x+2]+e
x+1 x+2

Seventh - Check the answer by differentiating the solution. The result should match the integrand.
Let y :1n| x+1|—ln| x+2|+c ,then ' = 1 .1_;.14_0 = (x+2)-(x+1) - 1
e T T ) T e

x dx

Example 5.3-3: Evaluate the integral J- .
x2-5x+6

First - Check to see if the integrand is a proper or an improper rational fraction. If the

integrand is an improper rational fraction use synthetic division (long division) to reduce the

rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x? —5x+6 into (x—2)(x-3).

Third - Write the linear factors in partial fraction form. Since each linear factor in the

denominator is occurring only once, the integrand can be represented in the following way:
X X A B

2 ser6 (-2)(x-3) x-2 x-3

Fourth - Solve for the constants 4 and B by equating coefficients of the like powers.
x _ A(x-3)+B(x-2)

x2-5x+6 (x—2)(x—3)

x = A(x-3)+B(x-2) = Ax—34+Bx-2B

x = (4+B)x—(34+2B) therefore,

A+B=1 34+2B=0

which result in having 4=-2 and B=3

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

J. x dx =IAdx+Ide=—I 2abc+j3 dx
x2_5x+6 x=2 x-=3 x=2 x-3

Hamilton Education Guides 322



Calculus I 5.3 Integration by Partial Fractions

Sixth - Integrate each integral individually using integration methods learned in previous sections.

—J. 2 dx+j 3
x—2 xX—

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

T = —2In|x-2|+3In| x-3]|+c

Let y=-21n|x-2[+3In|x-3]+c , then ' = ~2.—.143. 1140 = ~2(x—3)+3(x-2)
x—2 x-=3 (x—Z)(x—3)
_ —2x+6+3x-6 _ X
x? —5x+6 x? —5x+6

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* —x into x(x2 —1) = x(x=1)(x+1).

Third - Write the linear factors in partial fraction form. Since each linear factor in the
denominator is occurring only once, the integrand can be represented in the following way:

2+l x4l A B C

P r xe-Da+D)  x xol xel

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

24l _ A(x—l)(x+1)+Bx(x+l)+ Cx(x—l)

x> —x Hx=1)(x+1)

2+l = A(x2+x—x—1)+3(x2+x)+c(x2—x) = Ax? — A+ Bx? + Bx+Cx? - Cx

x*+1 = (4+B+Cx?* +(B-C)x—4 therefore,

A+B+C=1 B-C=0 -A4=1
which result in having 4=-1, B=1,and C=1

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

sz+1 dx ngdx+jxljldx+ —dx— J dx + —dx+J- ! dx

x> —x x+1 x+1

Sixth - Integrate each integral individually using integration methods learned in previous sections.

I dr + —dx+I dr = —In|x|+In|x—1|+In|x+1|+c
x+1

Seventh - Check the answer by differentiating the solution. The result should match the integrand.
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Let y=—1In|x|+In|x~1]|+In|x+1|+c , then y = —%+ﬁ+ﬁ+o = _(x_l)(x;(i):;((;:))”(x_l)

_ —x? 4 l4x? dx4x—x _ x2+1

x(x2 —1) ¥ —x
Example 5.3-5: Evaluate the integral IL dx .
X (x2 +x- 2)
First - Check to see if the integrand is a proper or an improper rational fraction. If the

integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* +x-2 into (x+2)(x—1).
Third - Write the linear factors in partial fraction form. Since each linear factor in the
denominator is occurring only once, the integrand can be represented in the following way:

x-3 A B C

G2)ool)  x xr2 xo1
Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.
x-3 _ A+ 2)(x—1)+ Bx (x = 1)+ Cx (x+2)

x(x+2)(x—1) x(x+2)(x—1)

x=3 = A(x2 +2x—x—2)+B(x2—x)+c(x2+2x) = Ax? + Ax—2A+ Bx* = Bx+Cx?> +2Cx

x-3 = (4+B+C)x? +(4-B+2C)x—24 therefore,

A+B+C=0 A-B+2C=1 —24=-3

which result in having 4= %, B= —%, and C = —%

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

x-3 B

) dx='[§dx+_|.mdx+ —d ——J' d——szd = ;dx

x(x2 +x-2

Sixth - Integrate each integral individually using integration methods learned in previous sections.

i.[ldx—gj- ! dx—EJ.de = 3ln|x|—§ln|x+2|—zln|x—1|+c
24 x 6J x+2 3Jx-1 2 6 3
Seventh - Check the answer by differentiating the solution. The result should match the integrand.

3 5 2
Let y:51n|x|—gln|x+2|—§ln|x—1|+c ,then y' = =

_ 9(x+2)(x-1)-5 ( 1)-4 (x+2) _ 9(x2+x—2)—5(x2—x)—4(x2+2x) _ (9—5—4)x2+(9+5—8)x—18
6x ( 2)( 1) 6x(x2+x—2) 6x(x2+x—2)
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6x-18  _  6(x-3) _  x-3
6x(x2+x—2) 6x(x2+x—2) x(x2+x—2)

3
Example 5.3-6: Evaluate the integral jzx—+2dx.
x°—x—-6
First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction. In this case the
integrand is an improper rational fraction, i.e., the degree of the numerator is greater than the
degree of the denominator. Applying the long division method we obtain

3
;C +2 _ (x+1)+ Tx+8

X —x-6 x2-x-6

To integrate the second term we proceed with the following steps:

Second - Factor the denominator x? —x—6 into (x—3)(x+2).

Third - Write the linear factors in partial fraction form. Since each linear factor in the
denominator is occurring only once, the integrand can be represented in the following way:

Tx+8 Tx+8 A B

2 _x-6 (-3)(+2) x-3 xt2

Fourth - Solve for the constants 4 and B by equating coefficients of the like powers.
7x+8 _ A(x+2)+B(x-3)

x2-x-6 (x—3)(x+2)

Tx+8 = Ax+2A+Bx-3B

7x+8 = (4+B)x+(24-3B) therefore,
A+B=7 2A-3B=8
. . . 29 6
which result in having 4= 5 and B = 3

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

x3+2 7x+8 7x+8 1 5 A
= 1 J.— =J. 1 J-—d = —(x+1 I d I d.
sz_x_6dx I(x+ )dx+ xz_x_6dx (x+ )dx+ (x—3)(x+2) X 2()c+ )+ 3 X+ ) X
Zl(x+1)2+§ ! dx+EJ. ! dx
2 5Jx-3 5Jx+2

Sixth - Integrate each integral individually using integration methods learned in previous sections.

l(x+1)2+§ ! dx+éf ! dx=l(x+1)2+21n|x—3|+§ln|x+2|+c
2 5J4x-3 5 x+2 2 5 5

Seventh - Check the answer by differentiating the solution. The result should match the integrand.
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29 1

I 29 6 -
Let y=5(x+1)2 +?ln|x—3|+g1n|x+2|+c ,then y' = (x+1)+?.x_3 140

6
A4+—-
5 x+2

—( 29 1 6 1 _ 5(x+1)x=3)(x+2)+29(x+2)+6(x—3) _ 5x> —35x—30+29x+58+6x—18
= x+l)+—~ +—- = =

x-3 5 x+2 5(x—3)(x+2) 5(x=3)(x+2)
_ 510 5(x3+2) _ o xP42

o[£ R S R

1
49— x?
First - Check to see if the integrand is a proper or an improper rational fraction. If the

integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

dx .

Example 5.3-7: Evaluate the integral j

Second - Factor the denominator 49—x? into (7-x)(7+x).

Third - Write the linear factors in partial fraction form. Since each linear factor in the
denominator is occurring only once, the integrand can be represented in the following way:

1 1 4 B

49-x2  (7-x)7+x) T 7% T4x

Fourth - Solve for the constants 4 and B by equating coefficients of the like powers.
1 _ A(7+x)+B(7-x)

49— x? (7—x)(7+x)

1= A(7+x)+B(7-x) = 74+ Ax+7B - Bx

1= (4-B)x+(74+7B) therefore,
7A+7B =1 A-B=0
which result in having 4= i ,and B= i4

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

I ! dxzj' 4 dx+J' B o=t il
49— 52 7—x 7+x 14J 7-x 14J 7+x

Sixth - Integrate each integral individually using integration methods learned in previous sections.

T x+L ;dx =Lln|7—x|+iln|7+x|+c
144 7—x 149 7+x 14 14
Seventh - Check the answer by differentiating the solution. The result should match the

1 1 1 _ T+x+7-x
_ +_. + =
14 7-x 14 T+x 14(7 - x)(7 +x)

integrand. Let y=iln|7—x|+iln|7+x|+c ,then ' =

7+7 B 14 1

2
14(49+7x—7x—x2) 14(49—x2) 49-x
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CASE II - The Denominator Has Repeated Linear Factors

In this case each linear factor of the form ax+» appears » times in the denominator. To solve

this class of rational fractions we equate each proper rational fraction, that appears » times in the

denominator, with a sum of » partial fractions of the form L 2 St " . The
ax+b  (ax+b) (ax+b)"

following examples show the steps as to how this class of integrals are solved.

Example 5.3-8: Evaluate the integral J-x—”dx.

X —2x +x

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* —2x? +x into x(x2 —2x+1) = x(x—1)%.

Third - Write the linear factors in partial fraction form. Since one of the factors in the
denominator is repeated, the integrand can be represented in the following way:

x+3 _ x+3 _ x+3 _ A4 B C
= = = —4+—x

x> —2x? 4 x x(x2—2x+l) x(x—l)2 x o ox-l1 (x—l)2

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

x+3 _ A(x—1)2+Bx(x—1)+Cx
X2 —2x%+x x(x—l)(x—1)2

x+3 = A(x2—2x+l)+B(x2—x)+Cx = Ax? —2Ax+ A+ Bx> — Bx+Cx
x+3 = (4+B)x? +(-24-B+C)x+ 4 therefore,

A+B=0 —24-B+C=1 A=3

which result in having 4=3, B=-3,and C=4

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

j . x+3 j dx+ —dx+J' Czdx—3j dx— 3J' dx+4J' dx
2x +x (x l) x—1 )

Sixth - Integrate each integral individually using integration methods learned in previous sections.

3Ildx—3.[ 1 ax+4f L v = 3In|x|-3mn|x—1]-—+¢
x x—1 (x—l)2 x-—

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

2
41+c _then ' = LUV R S 3(x—1) —3x (x—1)+4x
x_

Lety=3ln|x|—3ln|x—1|— . 1 (x—1)2 x(x—1)2
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_ 3x2 —6x+3-3x% +3x+4x _ x+3
xS —2x?% +x 3 —2x?4x

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* —x? into x?(x-1).
Third - Write the linear factors in partial fraction form. Since one of the factors in the
denominator is repeated, the integrand can be represented in the following way:

1 1 _ 4 B C

X3 —x? xz(x—l) x x2 o ox-l1
Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

1 _ Ax(x—l)+B(x—l)+Cx2

X —x? xz(x—l)

1= A(xz—x)+B(x—1)+Cx2 = Ax? — Ax+Bx—B+Cx’
1 = (4+C)x* +(-4+B)x—B therefore,

A+C=0 ~A+B=0 ~B=
which result in having 4=-1, B=-1,and C=1

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

j 3dx _I dx+I—d +Ix_ I dx— I—d + _dx

x—x

Sixth - Integrate each integral individually using integration methods learned in previous sections.
1 1 1 _ 1 1

—J‘—dx—J‘—dx—i-I—dx = —ln| x|+—+ln| x—l|+c = —+ln|x—1|—ln| x|+c
X X2 x-1 x x

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

2
Let y=l+ln|x—1|—ln|x|+c ,then 3" = _%+L_l+0 _ —(x=1)+x* —x(x-1)
x x? x-l x xz(x—l)
_ —x+l+x?—x?4x _ 1
23— 32

Example 5.3-10: Evaluate the integral J-

x3 —2x? +x
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First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second — Factor the denominator x> —2x2 +x into x(x—1)*.
Third - Write the linear factors in partial fraction form. Since one of the factors in the
denominator is repeated, the integrand can be represented in the following way:

5 A B C

+
x(x—1)2 x x-1 (x—l)2
Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

5 _ A(x—-1) +Bx(x—1)+Cx

w3 —2x? 4 x x(x—l)2

5= A(x2—2x+l)+B(x2—x)+Cx = Ax? —2Ax+ A+ Bx> — Bx+Cx
5= (4+Bx?* +(-24-B+C)x+4 therefore,

A+B=0 -2A-B+C=0 A=5
which result in having 4=5, B=-5,and C=5

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

J‘ Sdx  _ édHI B dx+'|‘ ¢ dx=5'f1dx—5'[ ! dx+5j‘;dx
3 2 x—1 (x—1)? x x—1 (x—1)?

x —=2x" +x X

Sixth - Integrate each integral individually using integration methods learned in previous sections.

5

5[+ de-5[——dc+ 5[ dv = 5in|x|-5In|x-1]-—_+e
x x-1 (x—1)2

X

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Let y=5In|x|-5In|x—1|- > e then y' =5 taosloges L g0 =2_3 . 3
x—1 x x—1 (x—1)2 x x-1 (x—1)2

_ 5(x—1)2—5x(x—1)+5x _ 5(x2—2x+1)—5x2+5x+5x _ 5x% —10x+5-5x2 +5x+5x _ 5
x(x—l)2 3 —2x%+x x3—2x% +x x3—2x? +x

Example 5.3-11: Evaluate the integral f( x+6

)3

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.
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Second — Factor the denominator. However, the denominator is already in its reduced form of
(x+2)(x-3)%.

Third - Write the linear factors in partial fraction form. Since one of the factors in the
denominator is repeated, the integrand can be represented in the following way:

x+6 4 B C

(r2)(x—3f 2 x=3 (x_3)

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

x+6  _ A(x=3)" +B(x+2)(x—3)+C(x+2)
(x+2)(x—3)2 (x+2)(x—3)2

X+6 = A(x2 —6x+9)+B(x2 —x—6)+c(x+2) = Ax? —6Ax+94+ Bx* —Bx—6B +Cx+2C

x+6 = (4+B)x? +(-64-B+C)x+(94-6B+2C) therefore,

A+B=0 —-64-B+C=1 94-6B+2C=6

which result in having 4= 4 , B= —i, and =2
25 25 5

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

jx—%dx=.[ A dx+j B dx+j ¢ a’x=i ! a’x—i ! —J dx
(x+2)(x—3)2 x+2 x-3 (x—3)2 25 x+2 x— 3 (x- 3)

Sixth - Integrate each integral individually using integration methods learned in previous sections.

4 ! dx—— —I Z—ln|x+2| ln|x 3| ;+C
25d x+2 7 25 (x-3)

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

1+c,then 4t 4 9 1

-3) T 25 42 25 x-3 5 (x—3)>

Lety——1n|x+2| 1n|x 3|

Ax-3)* ~4(x+2)(x~3)+45(x+2) _ 4(x2 —6x+9)—4(x2 —x—6)+45(x+2) _ 4x? —24x+36—4x*
25(x+2)(x—3)? 25(x+2)(x—3)? 25(x+2)(x—3)>?

4x+24+45x+90 _  25x+150  _  25(x+6) _  x+6

+25(x+2)(x—3)2 25(x+2)(x=3)*  25(x+2)(x-3)*  (x+2)(x-3)*

x+5

Example 5.3-12: Evaluate the integral I—dx.

X2 +4x? +4x

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.
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Second - Factor the denominator x* +4x? +4x into x(x2 +4x+4) = x(x+2)°.

Third - Write the linear factors in partial fraction form. Since one of the factors in the
denominator is repeated, the integrand can be represented in the following way:

x+5 _ x+5 _  x+5 _ 4 B C

3 2 TR
X +4x7 +4x x(x2+4x+4) x(x+2)2 x o x+2 (x+2)2

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

x+5  _ A(x+2)* +Bx(x+2)+Cx
X3 +4x? +4x x(x+2)(x+2)2

x+5 = A(x2+4x+4)+3(x2+2x)+Cx = Ax? +4Ax+44+ Bx> +2Bx+Cx

x+5 = (4+B)x? +(44+2B+C)x+44 therefore,

A+B=0 44+2B+C=1 44

Il
(o)

which result in having 4 = % , B= —%, and C= —%

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

jx—”dxzj'ﬁdﬂj' B dx+J' ¢ dxzij'ldx—fj 1 dx—ij-;dx
x> +4x? +4x X x+2 ()c+2)2 44 x 4J x+2 2 (x+2)2

Sixth - Integrate each integral individually using integration methods learned in previous sections.

ijldx—idex—i.[ ! dx=§1n|x|—§1n|x+z|+3-L+c
4J x 4 x+2 2 (x+2)2 4 4 2 x+2

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

5(x+2)* =5x(x+2)-6
Let y=£ln|x|—iln|x+2|+é~ 1 +c ,then y' = £~l—§~L—;+O = (x+2) x(x+2)-6x
4 4 2 x+2 4 x 4 x+2 2(x+2)2 4x(x+2)2
_ 5x% 4+20x+20-5x% —10x—6x _ 4x+20 _ 4(x+5) . x+5
3,42
4(x3+4x2+4x) 4(x3+4x2+4x) 4(x3+4x2+4x) X7 +4xT +4x
Example 5.3-13: Evaluate the integral j ! v
x> +2xt +x

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x° +2x* +x* into x* (xz +2x+1) = x3(x+1)%.
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Third - Write the linear factors in partial fraction form. Since both factors in the denominator
are repeated, the integrand can be represented in the following way:

1 1 1 _4 B C. D E

= = _+_ —_— —

x>+ 2xt 3 x3(x2+2x+1) x3(x—i-l)2 x o ox2 3 ox+l (x-i—l)2
Fourth - Solve for the constants 4, B, C, D, and E by equating coefficients of the like powers.

1 _ AP (e +1)? + Br(x+1)? +C(x+1)7 + Dx> (x +1)+ Ex®

Or2xtaxd x> (x+1)2

1= sz(xz +2x+1)+Bx (x2 +2x+1)+C(x2 +2x+1)+Dx3(x+1)+Ex3

1= Ax* +24x> + Ax? + Bx> +2Bx? + Bx + Cx? +2Cx + C+ Dx* + Dx> + Ex?
1= (4+D)x* +(24+B+D+E)}x> +(4+2B+C)x? +(B+2C)x+C therefore,

A+D=0 2A+B+D+E=0 A+2B+C=0 B+2C=0 Cc=1
which result in having 4=3, B=-2, C=1, D=-3,and E=-1
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.
1

jﬁdx=3j‘ldx—2_[%dx+f%dx—3j ! dx—J. S dr
x” +2x7 +x X X X x+1 (x+1)

Sixth - Integrate each integral individually using integration methods learned in previous sections.

3Ildx—2j'idx+.[ldx—3j' 1 ax-| Lae = 3m|x[+2-—L —3m|x+1]+
X x? x> x+1 (x+l)2 X 2x

+c
x+1

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

! ic theny=3t_2,1 5 1 1

0
x+1 x x2 43 x+1 (x+1)2+

Let y=3In|x[+2-——~3In|x+1[+
X 2x

_ 3x2(x+1)2—2x(x+1)2+(x+1)2 —3):3(x+1)—x3 _ 3x% +3x% +6x° —2x% —2x—4x? +x? +1+2x-3x"

3 2
x (x+1) x3(x2 +2x+l)
B _ 1
5 4,3
x3(x2+2x+l) X7 +2x7 +x
Example 5.3-14: Evaluate the integral jﬁdx.
x —6x +9x

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* —6x* +9x? into x? (x2 —6x+9) = x2(x-3)*.
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Third - Write the linear factors in partial fraction form. Since one of the factors in the
denominator is repeated, the integrand can be represented in the following way:

1 1 1 -4 B C D

x4 —6x3 +9x? xz(x2—6x+9) xz(x—_%)2 x x2 x-3 (x—3)2

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

1 _ Ax(x—3)* +B(x~3)* + Cx? (x—3)+ Dx?
x* —6x3 +9x? xz(x—3)2

1= Ax(x=3)* +B(x=3)* +Cx*(x-3)+ Dx? = Ax(x2 +9—6x)+B(x2 +9—6x)+Cx2(x—3)+Dx2
1 = Ax® +94x—-64x> + Bx? +9B—6Bx+Cx> —3Cx? + Dx*
1= (4+C)x> +(-64+B-3C+D)x*> +(94-6B)x+9B therefore,

A+C=0 —-64+B-3C+D=0 94-6B=0 9B =1
. . . 6 1 6 1
which result in having 4=—, B=—, C=——,and D=—
81 9 81 9
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

dx _r4d B C D _ 6 dx lrdx 6 dx 1 dx
J.ﬁ = I—dx+I—2dx+j dx+j 2 dx = — | —+— S T +— )
X7 —6x" +9x X x X= (x—3) 81 x 9J x> 81Jx-3 9 (x—3)

Sixth - Integrate each integral individually using integration methods learned in previous sections.
1

—L—iln x—3|— +c
9x 81 9ix—3i

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

- =2
x2 814 x-3 9 (x—3)2 T

6 rdce 1rdx 6 dx 1 dx 6
e . N
81J x 9

+0

6 16 1 61 1 6 1 I
Let y=—1n|x|-——2in|x-3|-———+c, then y = 2.1, L _©.
et y=grinlxl-gygrinl-3 oG—3) Y TR Y2 x=3 o(x—3)

~6x(x=3) +9(x—-3)% —6x2(x—3)+9x> _ 6x(x2 —6x+9)+9(x2 —6x+9)— 6x3 +18x% +9x2

81x2(x—3)2 81x2(x2—6x+9)

_6x7 —36x% +54x+9x% —54x+81—6x° +18x% +9x> 81 1

4 3 2
81x2(x2—6x+9) 81(x4—6x3+9x2) x" —6x7 +9x
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CASE III - The Denominator Has Distinct Quadratic Factors

In this case the quadratic factors of the form ax? +bx+c appear only once in the denominator and
are irreducible. To solve this class of rational fractions we equate each proper rational fraction

Ax+ B Cx+D Ex+F

2

with a single fraction of the form y y =
ax“ +bx+c cox“+di+e ex 4+ fx+g

, etc. The following

examples show the steps as to how this class of integrals are solved.

Example 5.3-15: Evaluate the integral j—Xde.

X" +Xx
First - Check to see if the integrand is a proper or an improper rational fraction. If the

integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x> + x into x(x2 +1).

Third - Write the factors in partial fraction form. Since one of the factors in the denominator
is in quadratic form, the integrand can be represented in the following way:

x2—x+3 _ 2 —x+3 _ A Bx+C

3 o2
X~ +x x(x2+l) X o xT+1

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.
x2—x+3 _ A(x2 +1)+(Bx+C)x

3
Xt +x x(x2+1)

x2—x+3 = A(x2 +1)+(Bx+C)x = Ax? + A+ Bx?> +Cx
x> —x+3 = (4+B)x?> +Cx+ 4 therefore,

A+B=1 C=-1 A=3
which result in having 4=3, B=-2,and C=-
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

_[x —x+3 J' i IBX+C :3_[1‘1)”[ 2x1 _3_[ dr— I 2x dr J-
X

x+x x+l x+1 x+1

Sixth - Integrate each integral individually using integration methods learned in previous

sections. To solve the second integral let u = x? +1.

3[ dx J'x ~ J' l+ldx=3j.%dx %%—jx2+ldx=3j dx— j du — jx;ﬂdx

= 31n|x|—ln|u|—tan71x+c = 3ln|x|—ln‘x2+1‘—tan_1x+c
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Seventh - Check the answer by differentiating the solution. The result should match the integrand.

x+c ,then y' = 3.l+ -1 2x— ! +0 = 3 2x 1

X x2+1 1+x

1

NS
[\

Let y:3ln|x|—ln‘x2 +1‘—tan_

_ 3(x2+1)—2x2—x _ 3x2 +3-2x% —x _ x2—x+3
x(x2+1) x4 x X3 x

Example 5.3-16: Evaluate the integral I%dx.
x~ +25x

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x> +25x into x(x2 +25).

Third - Write the factors in partial fraction form. Since one of the factors in the denominator
is in quadratic form, the integrand can be represented in the following way:

1 _ 1 _ A Bx+C
x> +25x x(x2+25) X x2 425

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.
I _ Al 425 (BerO)x
3
X7 +25x x(x2 +25)

1= A(x2 +25)+(Bx+c)x = Ax? +254+Bx? +Cx
1 = (4+B)x? +Cx+254 therefore,

254=1 Cc=0 A+B=0

which result in having 4= ZLS , B= —2% ,and C=0

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.

1 A B 1 ¢l 1
‘[3—dx=I—dx+J. 2x+C dx = — | —dx—— 2x dx
x~ +25x X x“+25 25 x 257 x2 425

Sixth - Integrate each integral individually using integration methods learned in previous

sections. To solve the second integral let u = x? +25.

I LR S SN PN TR PN LA
x2 +25 25 x 25

RN _dx__ —du =
257 x 25

1
x 1n|x|——ln|u|+c
u 2x 257 x 509 u 25 50

1 1
= —ln|x|——ln‘x2 +25‘+c
25 50
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Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Let y:L1n|x|—iln x2+25|+c , then y' = L-l—i-;-bﬁ-o -1 al
25 50

25 x 50 2495 25x 25(x2+25)

_ ()c2+25)—x2 _ x2 +25-x2 _ 25 _ 1

3
25x(x2 +25) 25(x3 +25x) 25(x3 + 25x) x> +25x

Example 5.3-17: Evaluate the integral I;dx .

x* +16x2
First - Check to see if the integrand is a proper or an improper rational fraction. If the

integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* +16x? into xz(xz +16).

Third - Write the factors in partial fraction form. Since the factors in the denominator are in
quadratic form, the integrand can be represented in the following way:

1 B 1 _ Ax+B Cx+D

x* +16x2 xz(x2+16) X2 x?+16

Fourth - Solve for the constants 4, B, C, and D by equating coefficients of the like powers.

1 (Ax+B)(x2+16)+x2(Cx+D)

x4 +16x2 xz(xz +16)

1= (Ax+B)(x2 +16)+x2(Cx+D) = Ax> +164x+Bx? +16B+Cx> + Dx?

1= (4+C* +(B+D)x* +164x+16B therefore,

A+C=0 B+D=0 164=0 16B=1

which result in having 4=0, B:%, C=0,and p=-L

16

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

J.ﬁdx = J.Ax;de+.[Cj+Ddx = I%dx+j 2D dx = L Lzabc—L 21 dx
x" +16x X x“+16 X x“+16 167 167 x% +16

Sixth - Integrate each integral individually using integration methods learned in previous sections.

1 de—ij;dx - Ldex_LJ';dx - LIde_LI;dx
16427 16 22116 1642 16 > 1627 2563 (2
16{x +E 16

111 Jax 1 x
= —————4tan —+¢c = —————tan  —+c
16 x 256 4 16x 64
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Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Lety:—L—itan_1£+c,then y' = ! ! ! 'l+0= b 116

16x 64 = 4 16x2 64 1, 2% 4 16x2 256 164 x>
16

1 1 _ (16+x2)—x2 16+xr-x* 16 1

2 a 4 2
16x 16(16+x2) 16x2(16+x2) 16x2(16+x2) 16x2(16+x2) X" +16x

1

dx .
x> -8

Example 5.3-18: Evaluate the integral J-

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* -8 into (x—2)(x2 + 2x+4).

Third - Write the factors in partial fraction form. Since one of the factors in the denominator
is in quadratic form, the integrand can be represented in the following way:

1 1 4 Bx+C

+
3 _ 2
x” =8 (x—2)(x2+2x+4) X=2 x*+2x+4

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

1 _ A(x2+2x+4)+(Bx+C)(x—2)

x* -8 (x—2)(x2+2x+4)

1= A(x2+2x+4)+(3x+c)(x—2) = Ax? +2A4x+4A4+ Bx* —2Bx+Cx—-2C
1 = (4+B)x? +(24-2B+C)x+(44-2C) therefore,
A+B=0 24-2B+C=0 44-2C=1
. . : 1 1 1
which result in having A:E’ B:_E’ and C=—§

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.

|
_ 1,1
J'31 dx:JAdx+j 2Bx+C e = L 1dx+_[ 212 3= (Lo L 2x+4 0
x” -8 x=2 X +2x+4 120 x-2 x2 +2x+4 12 x-2 12 2 19544

Sixth - Integrate each integral individually using integration methods learned in previous

. Also,

sections. To solve the second integral let u = x> +2x+4, then % =2x+2 and dx= 5 du
X X+

x+4 can be rewritten as x+4 = (x+1)+3 = %(2x+ 2)+3. Therefore,
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1

~(2x+2)+3

LN SEVARIN S S TN Y PP 1 L0 I SN § LA

120 x-2 120 32 4 ox 44 120 x-2 120 32 4 ox 44 120 x-2 120 42 105 +4

1 1 1 2x+2 1 3 1 1 1 (2x+2 du 3 1

- [— x——I— x——j—dx - dx—— - 2
12J x-2 24J 42 1049 12 2 1244 12d x-2 24 u  2x+2 12 (x+1)2+3

11 1l 1 1 1 1 1 g x+l
= —|—d ——j—d ——J—d = —In|x-2|-—In|u|-—— -
)3 X 2l u 4 (x+1)2+3 X 2 n|x | 2 n|u| \Etan \/5 +c
= Lln|x—2|—Lln‘x2+2x+4‘—£tanlx—+1 = —ln|x—2|——ln‘x2+2x+4‘—£tan_1x—+1+
12 24 4-3 NG 12 V3
Seventh - Check the answer by differentiating the solution. The result should match the integrand.
Let y:L1n|x—2|—Lln‘x2+2x+4‘—£tanlx—+1+c , then
12 24 12 N
,_1 1 11 ~(2x+2)—£- 1 '(1~\/§)—0-(x+1)+0 1 x4l
12 x=2 24 249,44 12 1+(x+1j2 (\@2 12(x-2) 12(x2+2x+4)
NG}
NE 3 N x+1 3 o —x—-1-3
12 34(x41)? 3 12(x-2) - T 2k-2)"
123+ (x+1) 1202 +20+4) 1202 4 2044) 122 +2x+4
I D _ (x2+2x+4)+(—x—4)(x—2) _ x?42x+44-x7 +2x—4x+8
12(x-2) 122 +2x+4) 12(c-2)(x2 + 20+ 4) 12(r-2)(e? +2x+4)
_ 4+8 _ 12 1 1

12(x—2)(x2+2x+4) 12(x—2)(x2+2x+4) ¥ 427 +dx-22" —4x-8 x> -8

1

48

Example 5.3-19: Evaluate the integral j- dx .

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* +8 into (x+2)(x2 —2x+4).

Third - Write the factors in partial fraction form. Since one of the factors in the denominator
is in quadratic form, the integrand can be represented in the following way:

1 1 4 Bx+C

+
3 2
P48 ()P oarea)  ¥F2 a-2xed

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

1 A(x2—2x+4)+(Bx+C)(x+2)

438 (x+2)(x2 —2x+4)
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1= A(x2 —2x+4)+(3x+c)(x+2) = Ax? —2Ax+4A4+Bx? +2Bx+Cx+2C

1 = (4+B)x? +(-24+2B+C)x+(44+2C) therefore,

A+B=0 —2A+2B+C=0 44+2C =1
. . . 1 1 1
which result in having 4=—, B=-—,and C=—
12 12 3

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.

1 1
-Lx+l _
j dx—j 4 s I B+ C = L[] dx+I PRSP M S N A IIde
x> +8 x+2 —2x+4 120 x+2 x2-2x+4 120 x+2 1270 32 _ox44q

Sixth - Integrate each integral individually using integration methods learned in previous

d_ 5 2 and dx=

x 2x-2

sections. To solve the second integral let u = x> —2x+4, then — . Also,

x—4 can be rewritten as x—4 = (x-1)-3 = %(2x—2)—3. Therefore,
_ _ 1(2x-2)-3
Qg1 1 x4 =iJ'ld—lj("l)3dx=ijldx—i2(x)dx

dx— dx X
120 x+2 12 w2 _2x+4 12J x+2 129 4 _2x4+4 120 x+2 129 42 9514

X — dx+— —dx— X —
12J x+2 24 X2 _2x+4 124 42 9514 12d x+2 24 u 2x+2 12

1 ld 1 2x-2 1 3 _ 1 ld 1 r2x-2 du +ij‘( 1
1

=1 dx—— — —j =—ln|x+2|— ln| |+—tan1x—_l+c

12d x+2 43 3

V3, ix-1

= L1n|x+2|—iln‘x2 —2x+4‘+£tan_1 o= iln|x+2|—iln‘x2—2x+4‘+—ta S —+c
12 24 43 3 12 24 12 N

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

V3 x-

Let y:iln|x+2|—iln‘x2—2x+4‘+—tan —1+c , then
12 24 12

NG
T TR S S S N (9 B Y S S

12 x+2 24 2 _2y14 12 1+():/:1j2 (V3 120:+2) 152 gy 1)
3

3 3 N x—1 3 1 x+143

- +
12341 3 12002) (2 o) (e arva) 2002 p(2 o)

1 N —-x+4 _ (x2—2x+4)+(—x+4)(x+2) _ x2 —2x+4—x2 —2x+4x+8

|
+

12(x2 —2x+4) 12(x+2)(x2 —2x+4) 12(x+2)(x2 —2x+4)
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4+8 B 12 1 1

3 2 2
l2(x+2)(x2—2x+4) 12(x+2)(x2—2x+4) X7 =2x7 +4x+2x" —4x+8 a7 48

x2

o dx .

Example 5.3-20: Evaluate the integral j

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator 16—x* into (4 —x? )(4 +x2 ) = (2-x)2+ x)(4 +x2 )

Third - Write the factors in partial fraction form. Since one of the factors in the denominator
is in quadratic form, the integrand can be represented in the following way:

x? x2 A B Cx+D

= + +
16-x"  oy)ra)faea?) 27X 2r 4

Fourth - Solve for the constants 4, B, C,and D by equating coefficients of the like powers.
2 _ ARex)la-x?)s B -x)[4-22 )+ 2-x)(@2+x)(Cx+ D)
16-x* 2-x)@+x)a+?)

x? = A(2+x)(4+x2)+B(2—x)(4+x2)+(2—x)(2+x)(cx+D)
x? = 84+24x> +4Ax+ Ax> +8B+2Bx* —4Bx— Bx> +4Cx+4D - Cx> — Dx*
x* = (4-B-C)x* +(24+2B-D)x* +(44-4B +4C)x +(84+8B+4D) therefore,
A-B-C=0 24+2B-D=1 44-4B+4C=0 84+8B+4D =0
which result in having A:%, B:%, C=0,and D:—%

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.
2

j i deI A dx+I B dx+ch+?dx=lj ! dx+lj ! dx—lj lzdx
16— x4 2—x 2+x 4+ x 8J2—x 8J 2+x 2444

Sixth - Integrate each integral individually using integration methods learned in previous sections.

lj ! dx+lj ! dx—lj ! dlej ! dx+lj. ! dx—lj ! dx
8J2—x 8J 2+x 2J 4442 8J2—x 8J 2+x 249242

_ 1 x

1£+c = lln|2—x|+lln|2+x|—ltan_ —+c
2 8 8 4 2

= lln|2—x|+lln|2+x|—l~ltan_
8 8 22

Seventh - Check the answer by differentiating the solution. The result should match the integrand.
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Lety:lln|2—x|+lln|2+x|—ltan_1£+c,then y'=l~ ! +l~ Pt 1 ~l+0
8 8 4 2 8§ 2—-x 8 2+«x 41+ﬁ2
4

ot 4 (2+x)(4+x2)+(2—x)(4+x2)—4(2—x)(2+x) _ 8+2x% +4x+x’ +8

8(2-x) 8(2+x) a+2) 82-x)(2+x){a+x?) -2 Jla+22)

2x% —4x—x3 —16+4x? _ (2x2+2x2+4x2)+(8+8—16) _ 8x2 _ x?

8(4—x2)(4+x2) 8(16—x4) 8(16—x4) 16-x*
Example 5.3-21: Evaluate the integralJ‘ 45 dx .
x -1

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* -1 into (x2 —1)(x2 +1) = (x—l)(x+1)(x2 +1).

Third - Write the factors in partial fraction form. Since one of the factors in the denominator
is in quadratic form, the integrand can be represented in the following way:

5 5 4 B Cx+D

+ +
e B O s IR AL

Fourth - Solve for the constants 4, B, C,and D by equating coefficients of the like powers.
5 _ A(x+1)(x2 +1)+ B(x—l)(xz +1)+ (x=1)(x+1)(Cx+D)
to1 (- 1)+ 1) +1)

5 = (e 1) +1)+ Be—1){x2 1} (x=1)(x+1)(Cx+ D)

5= A3+ Ax® + Ax+ A+ Bx> —Bx?> +Bx—B+Cx> +Dx*> -Cx—D
5= (4+B+CW*+(4-B+D)x? +(4+B-C)x+(4-B-D) therefore,
A+B+C=0 A-B+D=0 A+B-C=0 A-B-D=5
. . . 5 5 5
which result in having A:Z’ B:_Z’ C=0,and D:_E

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

J. > dx=J. 4 dx+I B dx+chx+Ddx=£.[de—£J. ! dx—ij. ! dx
421 -1 x+1 %2 +1 4J x-1 4J x+1 24 42 4

Sixth - Integrate each integral individually using integration methods learned in previous sections.
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EIde—é de—ij. ! dx=§1n|x—1|—§ln|x+1|—§tan_lx+c
4J x-1 4J x+1 24,24 4 4 2

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Letyziln|x—1|—iln|x+l|—§tan_lx+c,then y'=£- P 5 1 5 1 1+0
4 4 2 4 x-1 4 x+1 2 24

_ 5 5 5 5(x+1)(x2+1)—5(x—1)(x2+1)—10(x—1)(x+1): 5x3 +5x% +5x+5-5x°

4x=1) 4w +1) 2x? +1) A1)+ )2 +1) A2 <1)fa+ 22
+5x% —5x+5-10x2+10 _ 20 _ 5

4(x2—1)(4+x2) 4(x4—1) -1

Example 5.3-22: Evaluate the integralf 31 dx .
x° —64

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x* —64 into (x—4)(x2 +4x+16).

Third - Write the factors in partial fraction form. Since one of the factors in the denominator
is in quadratic form, the integrand can be represented in the following way:

1 1 _ 4 Bx+C
+

x3—64 (x—4)(x2+4x+16) x-4 x2+4x+16

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.
1 _ A(x2+4x+16)+(Bx+C)(x—4)
x>~ 64 (x—4)(x2+4x+16)

1= A(x2 +4x+16)+(3x+c)(x—4) = Ax? +44x+16A4+ Bx? —4Bx+Cx—4C
1 = (4+B)x? +(44-4B+C)x+(164-4C) therefore,

A+B=0 44-4B+C=0 164-4C =1

which result in having 4= 1 , B= _ L ,and C= 1
48 48 6

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.

1 1

1

j ! dx=j A dx+j Bx+C dx=L ! dx+I 48 6 dx=L de—ijx—-kgdx
x> —64 x—4 x? +4x+16 4870 x-4 x? +4x+16 489 x—4 480 12 1u4x+16

Sixth - Integrate each integral individually using integration methods learned in previous
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sections. To solve the second integral let u = x> +4x+16, then Z—u=2x+4 and dx = zd”4.
X X+
. 1
Also, x+8 can be rewritten as x+8 = (x+2)+6 = 5(2x+4)+6. Therefore,
L(2x+4)+6
1 dx—ij 48 11 dx—ij (c+2)+6 1 11 pyxed)e
489 x—4 480 42 145416 489 x—4 480 2 14x+16 480 x—4  48J x2 145416
1 1 1 2x+4 1 6 1 1 1 (2x+4 du 6 1
= —|— x——j— x——‘[—dx = — X —— - ——j dx
48J) x4 9679 2 14x+16 48J 42 1 4x+16 48 x—4 96 u 2x+4 48 (x+2)2+12
1 1 _1 x+2
= — —dx—— ——I = x—4 ——1 u|— +c
480 x-4 (x+2) +12 | | [“] 8\/_ J12
= Lln|x—4|—iln‘x2 +4x+16‘—£tan1 x+2+c = lln|x—4|—iln‘x2+4x+16‘—£tan_lx—+2+c
48 96 812 Ji2 48 96 96 J12

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Let y:L1n|x—4|—Lln‘x2+4x+16‘—£tanlx—+2+c , then
48 9% 9% 2
ol L1 2 1 .(2”4)_\/5. 1 2.(1-\/6)—02(%2)“): 1 xe2
48 x—4 96 x214x+16 96 1+(&\/>2j (Vi2) 48(x—4) 48(x2+4x+16)
12
Jiz 12 Jizooo x+2 6 1 —x=2-6
96 2712 ag(x-4) 2 2 TG4 (2
% 12+(x+2) 48(x +4x+16) 48(x +4x+16) 48(x +4x+16)
S S —x—8 _ (x2+4x+16)+(—x—8)(x—4) _ x? +4x+16-x7 +4x-8x+32
48(x~4) 48(x2+4x+16) 48(x—4)(x2+4x+16) 48(x—4)(x2+4x+16)
16+32 B 48 1 1

3 2 2 3
48(x—4)(x2+4x+16) 48(x—4)(x2+4x+16) X7 +4x” +16x—4x" —16x-64  x” —64
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CASE IV - The Denominator Has Repeated Quadratic Factors

In this case each irreducible quadratic factor of the form ax?+bx+c appears n times in the
denominator. To solve this class of rational fractions we equate each proper rational fraction,
that appears » times in the denominator, with a sum of » partial fractions of the form
Mx+N; Myx+ N, M, x+N,
2 * 2 * 7
ax® +bx+c (ax2+bx+c) (ax2+bx+c)

this class of integrals are solved.

. The following examples show the steps as to how

2
Example 5.3-23: Evaluate the integral J.x—dx.
xt2x? 41
First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the

rational fraction to the sum of a polynomial and a proper rational fraction.

i ) >
Second - Factor the denominator x* +2x% +1 into (x2 +1) )

Third - Write the factors in partial fraction form. Since the quadratic form in the denominator
is repeated, the integrand can be represented in the following way:

x2 x2 _ Ax+B Cx+D

xt+2x? 41 (x2+1)2 x2 41 (x2+1)2

Fourth - Solve for the constants 4, B, C, and D by equating coefficients of the like powers.

x? (Ax+B)(x2 +1)+Cx+D

xt 425?41 (xz +1)2

x? = (Ax+B)(x2 +1)+cx+D = Ax® + Ax+ Bx> + B+ Cx+D
x? = Ax® + Bx? +(4+C)x+(B+D) therefore,

A=0 B=1 A+C=0 B+D=0
which result in having 4=0, B=1, C=0,and D=-1
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.

[ = [A g |

x4+2x2+1 x2+1

Cx+D _ [ 0+1 0-1 _ 1 1
(xji_l)z dx = I%dx+jmdx = J-x2+1dx—j( 2+1)2 dx

x“+1
Sixth - Integrate each integral individually using integration methods learned in previous

sections. To solve the second integral let x = tant, then % =sec? + which implies dx =sec? rdt .
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1 1 sec t sec’ t sec’ t
J. 5 dx—j—zdx = qrctan x — —zdt = arctanx—j—zdt = arctanx—J.—“dt
x°+1 (xz +1) (tan2 t+l) (5602 t)

sec” t
- 1 - 1 1 .
dt = arctanx—J‘cosztdt = tan 1)c—§_|.(1+cos2t)alt = tan lx—z(t+551n 2tj+c

= arc tanx—j
sec” t

ltan_lx—l al ! +c = 1tan_lx— *
2 2 V1+x? A14x2 2 2(x2+1)

Or, we could use the already derived integration formulas by using Tables 5.2-1 and 5.4-3.

— - — 1

= tan 1)C—E(z‘+sintcost)+c = tan x-—

+c

Note — Since the objective of this section is to teach the process for solving integrals using the
Partial Fractions method, in the remaining example problems, we will use the already derived
integration formulas summarized primarily in Tables 5.2-1 and 5.4-3 in order to solve this
class of problems.

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

2 9. 2 5.2
Let y=ltan‘1x——x +c ,then y' = L 21 L1 (x H) 22x Ti0= ! X2 :1
2 2(x2 +1) 25741 2 (2 ol 1) a2l 41
R T s T o S S D S S
2 2 2 2 4 2
2(x2+1) 2(x2+1) 2(x2+1) 2(x2+1) (x2+1) X0 2x" 41
2
Example 5.3-24: Evaluate the integral I%dx.
x" +8x7 +16

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is an improper rational fraction use synthetic division (long division) to reduce the
rational fraction to the sum of a polynomial and a proper rational fraction.

. . 2
Second - Factor the denominator x* +8x% +16 into (x2 + 4) .
Third - Write the factors in partial fraction form. Since the quadratic form in the denominator
is repeated, the integrand can be represented in the following way:

x? +1 _ x? +1 _ Ax+B  Cx+D

sasx? a6 (240 P4 (2aaf

Fourth - Solve for the constants 4, B, C,and D by equating coefficients of the like powers.

x2+1 (Ax+15’)(x2 +4)+Cx+D

x*+8x2 116 (xz +4)2

X241 = (Ax+B)(x2 +4)+Cx+D = Ax® +44x+Bx*> +4B+Cx+D

x2+1 = Ax® +Bx? +(44+C)x+(4B+D) therefore,

A=0 B=1 44+C=0 4B+ D=1
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which result in having 4=0, B=1, C=0,and D=-
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

3

J’ X 241 IAX+Bd j Cx+D dx _J' (;+1 dx+j 0_32dx=j 21 dx—j 2dx
ENTIEI PR (2 +af a7 (2 ) a2

Sixth - Integrate each integral individually by using Tables 5.2-1 and 5.4-3.

1 3 1 X QX 3x _ 5 1Xx 3x
Iz—dx—j—zdx = _tan —-—tan  —————+¢c = —tan ———""—+¢
X +4 (x2+4) 2 2 16 2 8(x2+4) 16 2 8(x2+4)

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

2 — .
Let y= S unt S o then ' - ERNR I R E ) e

2 2
2 gl 44 10 (1P 41 2 8 (1244
_ 5 3xt-t44 5 3 —xP44 oSk 42043x7-12 | xP4l _ x7 4l
2 2 2 2 4 2
sl va) B (244) sz ea) 8 (:244) 8x2 + 4] (2+af " +8x? 416
Example 5.3-25: Evaluate the integral J-—dx.

x* +10x% +25

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is a rational fraction use synthetic division (long division) to reduce the rational
fraction to the sum of a polynomial and a proper rational fraction.

i ) >
Second - Factor the denominator x* +10x2 +25 into (x2 +5) )

Third - Write the factors in partial fraction form. Since the quadratic form in the denominator
is repeated, the integrand can be represented in the following way:

1 _ 1 _ Ax+B_ Cx+D
x*+10x% 425 (x2+5)2 X245 (x2+5)2

Fourth - Solve for the constants 4, B, C, and D by equating coefficients of the like powers.

1 _ (ax+B)2 +5)rcrep
x* +10x% +25 (xz +5)2

1= (Ax+B)(x2+5)+Cx+D = Ax® +54x+ Bx? +5B+Cx+D

I = Ax> + Bx? +(54+C)x+(5B+D) therefore,

A=0 B=0 54+C=0 5B+D=1
which result in having 4=0, B=0, C=0,and D=1

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
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with their specific values.

J. 7} 12 dx=IA§+de+j
x +10x°+25 x“+5

—(;X:SD)Z dx = J. O; 05 dx+J-

0+1 1
dx = | ——=dx
e e R e
Sixth - Integrate each integral individually by using Tables 5.2-1 and 5.4-3.

! dx = 1 tan~! i+;
(2 +5f 1045 V5 10(x2 +5)

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

_ 1 1 1 1-!2 !—2-
tan al +c,then yy = —— ——— . — 4 xS Y0

L ooax,x
10V5 V5 jp(x2 45 10V5 ( x jz b B o esf

+c

Let y=

50(x2 +5) 10 (2esf rol?+s) wof2esf roh2esf (2esf xfel0e?s2s

5 L x?-2xt 45 _ 1 —x?+5  _ xPas—xtes 1 _ 1

3

Example 5.3-26: Evaluate the integral j dx .

_x
xt+4x? +4
First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is a rational fraction use synthetic division (long division) to reduce the rational
fraction to the sum of a polynomial and a proper rational fraction.

. . 2
Second - Factor the denominator x* +4x2 +4 into (x2 +2) )

Third - Write the factors in partial fraction form. Since the quadratic form in the denominator
is repeated, the integrand can be represented in the following way:

X3 x3 _ Ax+B Cx+D

xtrax? 14 (x2+2)2 242 (x2+2)2

Fourth - Solve for the constants 4, B, C, and D by equating coefficients of the like powers.

x> (Ax+B)(x2 +2)+Cx+D

xtrax? 14 (xz +2)2

X3 = (Ax+B)(x2 +2)+Cx+D = Ax® +24x+Bx*> +2B+Cx+D

x> = Ax® +Bx? +(24+C)x+(2B+D) therefore,

A=1 B=0 24+C=0 2B+D=0
which result in having 4=1, B=0, C=-2,and D=0
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.
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[ = [A g |

4 2 2

Cx+D dx:J'x+0 dx+j —2x+0 dx=J- X dx—J. 2x i
xtrax? 14 242 2 2 (

( +2)2 ? ( +2)2 2 x2+2)2

x“+2 x“4+2
Sixth - Integrate each integral individually by using Tables 5.2-1 and 5.4-3.

J.%dx—'[z—xzdx = J.i‘idu—Z'[iz~Ldu = lJ-ldu—z'[Lzafu = lJ.lclu—jz4_2dz4
X% 42 (x2+2) u 2x u® 2x 29 u 27y 29 u

1

= Linfu|-—
2

_ 1 _ 1 1 1
e = —ln|u|+u Ly = —1n|u|+—+c = —ln‘x2+2‘+
-2+1 2 2 u 2

+c
x2+2

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

2 —
Let yzlln‘x2+2‘+ 21 +c,then y' = 1 2x 2% +0= 2 x - x(x +2) 2%
2 X7 +2 2 x*+2 (x2+2)2 x%+2 (x2+2)2 (x2+2)2
_ x> +2x-2x _ X3 _ x3
(x2 —1-2)2 (x2 4—2)2 x4 4x? 14
. 2x% +x+7
Example 5.3-27: Evaluate the integral J.4—dx.
x* +8x% +16

First - Check to see if the integrand is a proper or an improper rational fraction. If the
integrand is a rational fraction use synthetic division (long division) to reduce the rational
fraction to the sum of a polynomial and a proper rational fraction.

. . 2
Second - Factor the denominator x* +8x% +16 into (x2 + 4) .
Third - Write the factors in partial fraction form. Since the quadratic form in the denominator
is repeated, the integrand can be represented in the following way:

2x% +x+7 _ 2x% +x+7 _ Ax+B Cx+D

x* +8x2 416 (x2+4)2 X214 (x2+4)2

Fourth - Solve for the constants 4, B, C,and D by equating coefficients of the like powers.

2x% +x+7 (Ax+B)(x2+4)+Cx+D

xt+8x2 +16 (x2 +4)2

2xt+x+7 = (Ax+B)(x2 +4)+Cx+D = Ax> +44x+Bx® +4B+Cx+D

2x2+x+7 = Ax> +Bx? +(44+C)x+(4B+D) therefore,

A=0 B=2 44+C=1 4B+D =17
which result in having 4=0, B=2, C=1,and D=-1
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.
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2 — p—
J' ix +)2c+7 dr = J'A;c+de+J‘ Cx+D2 dx=J. 02+2 dx+j x—1 dr =J‘ 22 dx+J. x—1 dx
x* +8x2 +16 X% +4 (x2+4) X% +4 ( +4 (
1

—I dx+j( 2i4)2 dx—j(x2+4)2 dx

Sixth - Integrate each integral individually by using Tables 5.2-1 and 5.4-3.

j%dx+j i 5 dx—I ! 5 dx = 2- —tan_] i I— du——ta _lz—;+c
x“+4 (x2 +4) (x2 +4) 2x 2 S(x +4)
= 2-lta - x+1 ;u_2+1 —Ltan_li—;+c = tan_lf—i—itan_lf—;+c
202 —2+1 16 2 8(x2+4) 2 2u 16 2 8(x2+4)
_ ax 1 1 X X _ 15 4x —4—x _ 15 1x x+4
=tm -——-—————tan —————+¢c = —tan —+————+c = —ta - +¢c
2 of2ea) 162 g2 ! (x? +4) 16772 g2 44)

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

15 _1x  x+4 1 l_l-(x2+4)—2x~(x+4)

15
Let y=—tan™ =—————+c, then ' = —. . +0
> 2 2
16 2 8(x2+4) 16 (%) +1 2 8(x2+4)
__ 15 1 a?-ax?Bewd 15 2P 48x-4 _ 1527 +60+a” +8x—4 _ 162 +8x+56
2 2 2 2
slc2ea) 8 (24d) 82 +a) 824l 8x2 +4) 8x2 + )
_ 8(2x2+x+7) _ 2x2 +x+7 _ 2x2 +x+7
8(x2 +4)2 (x2 +4)2 % +8x+16

Section 5.3 Practice Problems — Integration by Partial Fractions I

Evaluate the following integrals:

2
a. IzLZ b. jx3+1 dx = C. I dx =
x“+5x+6 x” —4x 36—x
d. J- x+5 _ e J‘;dx _ £ J'x +3
¥ +2x2 +x 3 —2x2% +x X —1
h. j 41 dx = 1. j ! dx =
xt -1 x> +64
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5.4 Integration of Hyperbolic Functions

In the following examples we will solve problems using the formulas below:

Table 5.4-1: Integration Formulas for Hyperbolic Functions

1. Isinhxdx:coshx+c 2. jcoshxdx:sinhx+c 3. Itanhxdx:lncoshx+c

4. Jcothxdx:1n|sinhx|+c 5. J’sechxdx:sinfl(tanh x)+c 6. jcschxdlen tanh% ‘e
7. Itanhxsechxdx:—sechx+c 8. Jcothxcschxdx:—cschx+c 9. J‘Sinhzxdx:Siﬂhzx_£+c
10. Icoshzxdx=8in22x+§+c 11. J.tanhzxdxzx—tanhx+c 12. jcothzxdx:x—cothx+c
13. Jsechzxdx:tanhx+c 14. Jcschzxdx:—cothx+c

Additionally, the following formulas, similar to the trigonometric functions, hold for the
hyperbolic functions:

1. Unit Formulas

cosh? x—sinh? x =1 tanh h2x +sech’x =1 cothh?x—csch’x=1
2. Addition Formulas

sinh (xir y) =sinh x cosh y +cosh x sinh y cosh (x + y) = cosh x cosh y £sinh / x sinh y

tanh (xiy)z M coth (xiy

)_ coth x coth y +1
1+ tanh x tanh y coth y = coth x

3. Half Angle Formulas

hx-1 hx-1
sinhlxz /cos—x x)O sinhlx:— {COS—X x(O
2 2 2 2
1 coshx+1
cosh—xzwf—
2 2
hx-1 hx—1
tanh -y = [SSEZL 4y sinh Ly = — [SOMX=L i or,
2 coshx+1 2 cosh x+1
sinh x cosh x—1

1 _
tanh—x = = —
cosh x+1 sinh x

4. Double Angle Formulas

sinh 2x = 2 sinh x cosh x cosh2x = cosh? x+sinh? x = 2cosh? x—1 = 1+2sinh? x
tanh2x:ﬂ
1+tanh~ x
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Also, the hyperbolic functions are defined by

. 1 _ 1 _
sinh x=—\e* —e™* coshx=—|e* +e ¥
2 2
. 1 X —Xx _ 1 X —X _
vanh sinh x 5(6 —e ) e*—e h cosh x j(e te ) eX+e*
anh x = = = coth X = — = =
cosh x i(ex +e_x) X re* sinh x i(ex —e_x) X —o %
2 2
1 1 2 1 1 2
sech x = = = csch x =— = =
cosh x %(ex +e_x) eXre ™ sinh x %(ex _e_x) R

Also note that the negative argument of the hyperbolic functions is equal to the following:
sinh (— x) =—sinh x tanh (— x) =—tanh x coth (— x)=—coth x
csch (—x)=—cschx cosh (= x)=cosh x sech (—x)=sech x

Finally, we need to know how to differentiate the hyperbolic functions (addressed in Chapter 3,
Section 3.4) in order to check the answer to the given integrals below. The derivatives of
hyperbolic functions are repeated here and are as follows:

Table 5.4-2: Differentiation Formulas for Hyperbolic Functions

isinhu = coshu-d—u icothu = —csch2u~d—u

dx dx dx dx

icoshu = sinhu~ﬂ isechu = —sechutanhwﬂ
dx dx dx Ix
itanhu = sechzu-ﬂ icschu = —cschucothu-d—u
Ix dx dx dx

Let’s integrate some hyperbolic functions using the above integration formulas.

Example 5.4-1: Evaluate the following integrals:

a. '[sinh Sxdx = b. J‘sinh%x dx = c. '[cosh Tx dx =
d. J' cosh%xdx = e. j (sinh 4x +cosh 2x) dx = f Icsch 8x dv =
g. IcschZSx dx = h. Icschz %x dx = 1. sz sech?x3 dx =
] Jx sechz(x2 +5)dx = k. Ixz esch?xidy = 1. J2xcsch2x2dx =
Solutions:

. . du d _ Sy . du
a. Given J-smh Sxdx let u=5x, then d—zd—Sx = 5 which implies dx:? . Therefore,

X X
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Jsinthdx = Isinhu-d?u =

lIsinhudu = lcoshu+c = lcosh 5x+c¢
5 5 5

Check: Let y:%cosh 5x+c,then ' = %disinh seaLe = Liginh sy L sx40 = %-sinh 5x-5

X dx 5 dx

= %sinh 5x = sinh 5x

b. Given Isinh%dx let u:%,

J.sinh%dx = Isinhu~6du =

= E-sinhi = sinh%

then %X — L which implies dx=6du . Therefore,
dx dx 6 6
X
6js'nh du|=[6coshu+c|=|6cosh = +¢c
inh 1 du ;
Check: Let y=6cosh£+c,then y = 6~icosh£+ic = 6~sinh£~i£+0 = 6~sinh£-l
6 dx 6 dx 6 dx 6 6 6
, then d—”=i7x = 7 which implies dx:d—u . Therefore,
dx dx 7

c. Given Icosh Txdx let u="7x

Jcosh7xdx = Icoshw% =

1
ljcoshudu = lsinhu+c = |—sinh 7x+¢
7 7 7

Check: Let y=%sinh 7x+c,then ' = %.disinh 7x+ic = %-cosh 7x-di7x+0 = %-cosh 7x-7

= ;~cosh 7x = cosh

d. Given Icosh % dx let u =§ ,

x dx x
Tx

then 94 _ 4 X — % which implies dx=5du. Therefore,

dx dx 5

Icosh X dx|=
5

Jcoshu~5 du|= SJ‘coshudu

5sinh £+c
5

Check: Let y:5sinh§+c, then y' = 5~disinh£+ic = s.cosh XL X410 = 5.cosh

5

e. Given J‘(sinh 4x +cosh 2x) dx

W | =
W | —

X 5 dx 5 dx 5

= —~cosh£ = cosh?

= Jsinh 4x dx +'[ cosh 2x dx let:

a. u=4x,then d—”=i4x;ﬂ=4; du:4dx;dx:d—u and
x dx dx 4

b. v=2x, then ﬂ:i2x;ﬂ:2;a’v:2dx;dx:ﬂ.
dx dx dx 2

Therefore,

Isinh 4xa’x+Icosh 2x dx|= Isinhw%ﬂ[cosh v-% = %Isinhudu+%jcoshvdv
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1 I . 1 1. 1 1.
=|—cosh u + ¢ +=sinh v+c¢,|=|—cosh 4x+—sinh 2x+¢| + ¢, | = |- cosh 4x +—sinh 2x +¢
4 2 4 2 4 2

Check: Let y:lcosh 4x+Lsinh 2x+¢ then y' = l~icosh4x+l~isinh 2x+ic = l~sinh 4x~i4x
4 2 4 dx 2 dx dx 4 dx

+%~cosh 2x-12x+0= %-sinh 4x+%-cosh 2x = sinh 4x +cosh 2x

dx
. du d C . . . du
f. Given J. csch 8x dx let u=8x, then —:d—8x=8 which implies du = 8dx ,dx:?. Therefore,
x  dx
1
Icsch8xdx = Icschu~d—u = lJ-cschudu = lln tanh £ |+ ¢|= lln tanhg—x +c|= —ln| tanh4x|+c
8 8 8 2 8 2 8
1 1
Check: Let y:lln| tanh 4x |+c, then y' = l-iln| tanh 4x |+ic = —~—-i(tanh 4x)+0
8 8 dx dx 8 tanh 4x dx
5 5 5 _ sinh?4x
_ 1 -(sech24x~4)+0 _ 1 4sech”4x _ 1 sech”4x _ 1 I-tanh” 4x _ 1 ?Osh24x
8 tanh 4x 8  tanh 4x 2 tanh 4x 2 tanh4x 2 sinhdx
cosh4x
cosh? 4x—sinh? 4x 1
— l cosh? 4x — l cosh?4x _ l cosh 4x — 1 — 1
2 sinh 4x 2 sinhdx 2 cosh? 4x-sinh4x  2cosh4x-sinh4x  sinh2-4x
cosh4x cosh4x
= — = csch8x
sinh 8x
g. Given jcschZSxdx let u =5x, then ﬂ=15x; d—”=5; du:de;dx:ﬂ. Therefore,
x  dx dx 5
1
J-csch25xdx = Icsch%p% = %jcschzu du|= —%Cothu—i-c = —gcoth5x+c

Check: Let y:—lcoth 5x+c,then y' = —l~i(coth5x)-i5x+ic = —l~(—csch25x)-5+0
5 5 dx X dx 5

= ;csch 5x = csch?5x

h. Given Icschzlxdx let u=— ! x, then — du_ d L. ﬂ:l; Adu = dx ; dx = 4du . Therefore,
4 4 dx dx 4 dx 4

1
J‘cschzixdx = J.cschzu-4du = 4jcsch2u du|=|-4cothu+c |= —4cothzx+c
Check: Let y:—4coth£+c,then y = —4-icoth£+ic = _4.—csch? . ii+O = desch? X 1
4 dx 4 dx 4 dx 2 4 4
4

= —cschzf = cschzﬁ = cschzlx
4 4

. Given J‘x sech?x> dx let u= then ix3 du_s.2. 3 du=3x"dx; de =T Therefore,
X

dx 3x2
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J‘x2 sech’x> dx

d
sechzuo—u2
3x

J?

Check: Let y:%tanh x> +c, then »’

ljsechzu du
3

1
—tanhu+c
3

1
—tanh x3 +c
3

§~ditanh X3 +ic = l-sechzx3 ~ix3 +0 = %sechzx3 3x2

x dx x
x? 2.3 2 2.3
= T-sech x> = x“sech“x
. . 21 2 2 du d 2 . du . . du
j- Given Ixsech x“+5)dx let u=x°+5,then —=—|x"+5); — =2x; du=2xdx;dx=—. Therefore,
dx dx dx 2x
1
J‘xsechz(x2+5)dx = Ixsechzu-g’—u = %J‘sech2u du|= %tanhuﬂ: = Etanh (x2+5)+c
x

Check: Let y=%tanh (x2 +5)+c, then ' = %-ditanh (x2 +5)+ic

k. Given Ixz csch?x3dx let u=x>, then

l‘sechz
2

(x2 +5)-2x

J-xz csch?xdx

cschzu~d—u2
3x

J

Check: Let yz—%coth x> +c,then ' = —%-dicoth x> +ic
= %'cschzx3 3x? = 3)CT-cschzx

1. Given j2xcsch2x2dx let u=x?, then

J-2xcsch2x2dx

Check: Let y=—coth x? +c, then ' = —dicoth x4+
x

= 2xcsc

2xcsch? uﬂ
2x

h? x?

z—zx'sechz(x2 +5)

X

- X

1
—.sech?

3 (xz +5)-i(x2 +5)+O

X X

sechz(x2 +5)

3x2; du=3x%dx;dx= d—u2 . Therefore,
3x

du_d 5. du

dc dx O dx
1 2 _
—Icsch udu|=
3

1
——cothu+c
3

1
——coth x3 +c
3

X

3_x2

du d

dx dx

d_u
dx

2.

9

1
———csch?x? i x> +0

dx dx

eschxd

2x 5 du=2xdx; dx= ;i—u Therefore,
x

jcschzu du

—cothu+c

—coth x2 +c

d
—c
X

2

csch? x ~dix2 +0 = csch? x2-2x

X

Example 5.4-2: Evaluate the following indefinite integrals:

a. jsechZSx dx =

d. Jsinhs(x+l)cosh(x+l)dx =

g. Icosh4 X sinh = dx
2 2
J- Isechz(Sx—l)dx =

m. J.cosh3 % dx =

Hamilton Education Guides

b.

@

s

k.

B

sz sinh x3dx =

jcoshs xsinh x dx =

.[x2 cosh x3ax =
Jcsch 7x coth 7x

Isinh3 xdy =

C. jxcsch x2dx =

f. jcoshs Sxsinh Sx dx =

. er
i
3

L. Jtanhz 10x dx =

sech e dx =
dx =

0. jfsmhxdx =
2
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Check: Let y:%cosh x3+c,then ' =

l~icosh x> +ic =
3 d

Calculus I 5.4 Integration of Hyperbolic Functions
Solutions:
a. Given jsechZSxdx let u=5x, then d—uzin; ﬂ:s; du=5dx;dx=ﬁ. Therefore,
x dx dx 5
1
J.sech25xdx = J‘sechzu-ﬂ = lJ.sechzu dul= ltanhu+c = |—tanh Sx+c¢
5 5 5 5
Check: Let y:ltanh 5x+c,then y' = l-itanh 5x+ic = Lech?5x.510 = 2sech?5x = sech?Sx
5 5 dx x 5 5
. 2 0 3 3 du _d 3 2 hioh imnli 2, . du
b. Given Ix sinh x”dx let u =x", then — =— x> =3x“ which implies du =3x"dx;dx=—-.
dx  dx 3x2
Thus,
1
J-xz sinh x> dx J.xz sinh u SR lJ‘sinhu du|= lcosh u+c|=|=cosh x3+¢
3x2 3 3 3

L sinh 2?4340 = %-sinh x> -3x2

x dx dx
x? 3 2 . 3
= T~smhx = x“sinh x
c. Given J-x cschx2dx let u=x?, then d—”=ix2; ﬂ=2x; du = 2x dx;dx:d—“. Therefore,
x dx dx 2x
1 1 1 2
Ixcschxzdx = J.xcschwﬂ = —J- cschudu|=|—In tanhz +c|=|=In tanhx— +c
2x 2 2 2 2 2
2 2 2
1 1
Check: Let y:lln tanh 2 +c,then y' = l~iln tanh *— [+ L e =~ . d tanh =—+0
2 2 /x x 2 X% dx 2
tanh 5
B sinhzé
2 2
1 1 )2 X2 d x2 1 sechz% 2% x l—tanhz% X cosh“7
= —. sec —_— —_—— = = . =
2 2
2 tanh - dx 2 2 tanhx 2 2 tanh - 2 Gnhxt
cosh%
2 .2
cosh”*——sinh“ X~ 1 )
_x coshz% _x coshzé _x COSh7 _ X _ X
2 S 2 Xt 2 2 2 2 2 . 2
sinh =5 sinh =5~ cosh? X .sinh *— 2 cosh > -sinh *— sinh 2'%
. 2 2 2 2 2
cosh 2~ coshT
= ad = xcschx
sinh x

d. Given Isinhs(x+l)cosh(x+1)dx let u =sinh (x+1), then ﬂ:disinh(ywl); %:cosh(ﬁl);
i dx x

du

. Therefore,
cosh (x+1)

du = cosh (x+1)-dx ; dx =
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JsinhS(x+l)cosh(x+l)dx = Jus cosh(x+1)-% = jusdu = %ué +c|= %sinhﬁ(x+1)+c
cosh (x +

Check: Let y:%sinh6(x+l)+c, then ' = %~6sinh5(x+l)~cosh (x+1)+0 = sinh®(x+1)cosh (x+1)

. Therefore,

e. Given J'cosh5 x sinh x dx let u = cosh x, then du = icosh X, au =sinhx ; dx= 'du
dx dx dx sinh x

1
Icoshsxsinhxdx = J-us sinh x - .du = Iusdu = lu6+c =|=cosh® x+¢
sinh x 6 6

Check: Let y:%cosh6 x+c,then y' = %-6cosh5 x-sinhx+0 = gcosh5 xsinhx = cosh® x sinh x

f. Given Jcoshs 5x sinh 5x dx let u = cosh 5x, then du _ icosh 5x; Z—u =5sinh 5x ; dx= du . Thus,

x  dx x 5sinh 5x

J.coshs Sxsin55x dx|= J-us sinh 5x-,d—u = lJ'usa’u =
5sinh 5x 5

u6 +c|= icosh6 Sx+c
30

|-

1
5

h> 5x-5sinh
Check: Let y:%cosh6 5x+c,then y' = 6cos 5;058111 5x+0 = %cosh5 5x sinh 5x = cosh® Ax sinh 5x

g. Given j cosh* Zsinh = dx let u =cosh >, then au _ icosh X au _ lsinh Xok= 2du . Therefore,
2 2 2 dx dx 2 dx 2 2 sin %

. . 2d 2
Jcosh4£smh£dx = Ju4 smh£~ Y= ZJ.u4du = 2u5+c = —cosh5£+c
2 2 2 sinh% 5 5 2

Check: Let yzgcosh5£+c, then y' = 2 scosh? Zosinh X L0 = 0o Fin® = cosh?® X sinh X
2 5 2 22 10 2 2 2 2

h. Given Ixz cosh x>dx let u=x>, then d—"=ix3; ﬂ=3x2; du=3x%dx; v =M Therefore,
x  dx dx 3x2

1
.[xz cosh x3dx|= sz coshu~ﬂ = lJ.coshua’u = l~sinhu+c = |=sinh x3 +¢
3x2 3 3 3

2

Check: Let y=%sinh x> +c,then ' = %'coshx3 3x? e = %x cosh x> +0 = x?

cosh x>

2x
1. Given Ie seche®® dx let u=e>, then ﬂ=ie2x; d—”zZezx;du:Zezx dx ) dx= du . Thus,
3 dx dx dx 2e2*
2x
1 _
J.e sech e dx|= lJ-ezx sechu- du | _ lJ-sechua’u = lsin_l(tanhu)+c =|—sin 1(tanhezx)+c
3 3 2e2* 6 6 6

2 2x
! -itanh e 10 = sech”e ~ie2x

6y1—tanh? 2* dx 6vsec h2e?™ dx

Check: Let y=%sin_1(tanh ez")+c,then y =
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2 2x 2x 2 2x 2x
_ sech e2 9p2% = 2e .sech e2 = & ech e
6seche”™ 6 seche™
j. Given jsechz(Sx—l)dx let u=5x-1, then ﬂ:i(5x_1); d—”:S; du = 5dx ; dv = Therefore,
dx dx dx 5

1
J.sechz(Sx—l)dx = Isechzw% = %J.sechzu du|= %tanh u+c|= gtanh (5x—1)+c

Check: Let y:%tanh (5x—1)+c, then y' = %-sechz(Sx—l)-di(Sx—IFO = %-sechz(Sx—l)S
x
%-sechz(Sx—l) = sech2(5x—1)

k. Given jcsch 7x coth 7x dx let u=7x, then du =i7x; du _ 75 du=7dx; dx= d7—” Therefore,

dx dx dx
du 1 1 1
.[csch 7x coth 7x dx|= IcschucothuT = 7Icschuc0thudu =|——cschu+c|= —7csch7x+c
1 A | d 1
Check: Let y:—7csch 7x+c, then y' = —7~—csch 7xcoth7x'd—7x+0 = 7~csch7xcoth7x~7
x
;~ csch 7x coth 7x = csch 7x coth 7x
1. Given Itanhz 10x dx let u =10x, then d—”=i10x; ﬂ=10; du=10dx; dxzﬂ. Therefore,
dx dx x 10

jtanhz 10x dx| = J'tanh%-d—” = ijtanhzudu = | L (u—tanh u)+ | =| L (10x — tanh 10x)+ ¢
10| |10 10 10

Check: Let y=--(10x—tanh 10x)+c, then ' = [ 10-sech210x--L10x |+0 = i(m—sech210x-10)
10 10 dx 10
_ 2
L si:;h 10x) _ 1-sech®10x = tanh? 10x

m. J.cosh3£dx = J-coshzicoshidx = I 1+sinh2£ coshidx = J- cosh£+sinh2£cosh£ dx
5 5 5 5 5 5 5 5

= J'coshfdx+jsinh2fcoshfdx let u==X, then d—”:ifg ﬂ:l; du:ldx; dx =5du . Therefore,
5 5 5 5 dx dx5 dx 5 5

J-coshgdx+.|-sinh2§cosh§dx = jcoshuSdu+Isinh2 u cosh u 5du|=|5sinh u+5JAsinh2 u cosh u du

dw—isinhu; d—W:coshu; dx = dw thus,

To solve the second integral let w=sinh u, then — =
dx dx dx cosh u
_ . 2 dw _ . 2 _ . 5 3 _ 5 . 3 X . X
= |5sinh ”+5_[W cosh u - = 551nhu+5J-w dw|=|5sinh u+=w"> +c|=|—sinh” —+5sinh —+¢
cosh u 3 3 5 5
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Check: Let y=5sinh§+§sinh3§+c, then y' = 5-cosh +

W | L

-3sinh? i-cosh £~l+0
5 55

W | =
W | —

= 2cosh£+1—5-sinh2£~cosh£ = cosh£ 1+sinh2£ = coshi-coshzi = cosh3£
5 5 15 5 5 5 5 5 5 5

n. .[sinh3 xdx = jsinhz xsinh xdx = .[(coshz x—l)sinh xdx = J‘(cosh2 x sinh x —sinh x)dx
= jcoshz x sinh xdx—jsinh xdx = jcoshz x sinh xdx —cosh x . To solve the first integral let u = cosh x,

du

then d—”:icoshx; ﬂzsinhx; dx = — . Therefore,
dx dx dx sinh x
J.coshzxsinhxdx—coshx = J.u2 sinh x-— —cosh x| = J.uzdu—coshx = l143—coshx+c
sinh x 3
cosh? x
= 3 —cosh x+¢

Check: Let yzécosh3 x—cosh +c, then y' = %~3cosh2 x-sinh x—sinh x+0 = cosh? x-sinh x—sinh x
= sinh x(cosh2 x—l) = sinh x-sinh? x = sinh® x

o. Given Esmhxdx = %jxsmhxdx let u=x and dv =sinh x dx then du = dx and Jdv=_[sinhxdx

which implies v =cosh x. Using the substitution by parts formula J‘u dv=uv- J vdu we obtain

lJ-xsinhxdx = lxcoshx—ljcoshxdx = lxcosh x—lsinh x+c
2 2 2 2 2

cosh x N xsinh x

Check: Let y:%x cosh x—%sinh x+c,then y' = %(cosh x+xsinh x)—%cosh x+0 =

2
coshx  xsinhx 1 .
- = = —xsinh x
2 2 2
Example 5.4-3: Evaluate the following indefinite integrals:
a. jtanhgxsechzxdx = b. Itanhs(x+3)sech2(x+3)dx = C. jcoth3xcsch2xdx =
d. [eoth® 3xesch?3x dx = e. [tanhsxdr = f. J'Ztanhgdx =
g. Isecthtanthdx = h. J.sechgtanhgdx = 1. jcschz(l—Zx)dx =

sech\/; _

J- Ixz coth x3dx = k. J.x2 sech5x> dx =
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Solutions:
a. jtanthsechzxdx let u = tanh x, then d—u:itanhx ; ﬂ:sechz)c ; duzsechzxdx; dx = du . Thus,
dx dx dx sech X
1

Itanhgxsechzxdx = J.ug-sechzx' au_ |- Iu8du = =110 v = [ L tann® x4 e

Check: Let y:%tanh9 x+c then y' = é~9(tanhx)971 .sech?x+0 = (tanh x)® sech?x = tanh® xsech’x
b 5 2 du _d . du 2 )

. J.tanh (x+3)sech”(x+3)dx let u =tanh(x+3), then = =—"—tanh(x+3) ; — =sech’(x+3)c;
dx dx dx
d
; du:sechz(x+3)dx ; dx:L. Thus, Itanhs(x+3)sech2(x+3)dx = jus-secz(x+3)- 5 -
sechz(x+3) sec” (x+3)
= J-usdu = Lus+1+c = l146—i-c = ltanh6(x+3)+c
5+1 6 6

Check: Let y:%tanh6(x+3)+c then y' = é-6[tanh(x+3)]671 -sechz(x+3)+0 = tanhs(x+3)sech2(x+3)

c. Given J‘coth3xcsch2xdx let u =coth x, then ﬂ:icothx ; %:—cschzxc; du=—csch’x dx

x dx x
; dx=— du__ Therefore, Icoth3xcsch2xdx = Iu3~csch2x~ —duz = —Iu3a’u ==L,
csch”x csch”x 3+1
= —lu4+c = —lcoth4 xX+c
4 4
Check: Let y:—%coth4x+c then )’ = —%~4(cothx)471 —csch?x+0 = coth® x csch’x
. 5 5 du d . du 2 . 2
d. Given jcoth 3xcsch”3xdx let u=coth3x, then —=—coth3x ; — =-3csch“3xC; du=-3csch3xdx
dx dx dx
) du 5 2 _If.5 2 —du |_| 1r 5
 de=-—""— Therefore, | [ coth® 3x csch?3v dv|=| [u® -cseh?3r—2—|=|-- [uiau
3csch?3x 3csch3x 3
= —l-Lu5+l+c = —Lu6+c = —icoth6 3x+c¢
3 5+1 18 18

Check: Let y:—%coth6 3x+c then ' = —%-6(coth 3x)071 3. —csc? 3x+0 = coth® 3x csch?3x

e. Given J-tanh 5x dx let u=5x, then d—“:in ; d—“:s D du=5dx dx:ﬂ. Therefore,
dx dx dx 5
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Check: Let y=6lncosh§+c,then y' =

sinh X140 = % ® = 2tann >
3 3 3

Check: Let y:—ésech5x+c,then y' = %-secthtanh5x~5+0 =

h. Given Isech%tanh%dx let uz%, then — =

cosh%
g. Given Jsech 5x tanh 5x dx let u =5x, then d—”:in ; ﬂ:s  du=5dx ; dx:d—”. Therefore,
x dx dx 5
du 1 1 1
.[sech S5x tanh S5x dx|= J-sechu-tanhw? = gj-sechutanhudu = —gsechu+c = —gsech5x+c

Calculus I 5.4 Integration of Hyperbolic Functions
'[tanh Sxdx|= jtanh u% = %J‘tanhudu = %lncosh Uu+c|= %lncosh 5x+c
inh 5
Check: Let y=llncosh 5x+c then y' = 1 -sinh 5x-5+0 = 3 simh>x tanh 5x
5 5 cosh 5x 5 cosh 5x
. by b du d x  du 1
f. Given J.Ztanh Zdx let u==,then —=—=; —=—; 3du=dx ; dx=3du. Therefore,
3 3 dx dx3  dx 3
Jztanh gdx = ZItanh u-3du|= 6'[tanhudu =|6Incoshu+c |= 6lncosh§+c

J‘sechftanhidx =
2 2

5sec i 5x tanh 5x _

5
du_d x . du_]
dc dx2  dx 2
jsechu-tanhu-2du = ZIsechutanhudu =|-2sechu+c

= —25ech£+c
2

— ; 2du=dx ; dx=2du. Therefore,

sec h 5x tanh 5x

Check: Let y=-2sech>+c then ' = “2—sech Ttanh X100 = 2 secn X tanh X = sech X tanh X
2 2 2 2 2 2 2 2 2

1. Given Icsc h?(1-2x)

Icsch2(1—2x)dx =

dx let u=1-2x, then d—”:il—Zx ; au _
dx dx dx
Jcsch2u~—d—u —%J‘cschzudu = %cothu+c

%coth (1— 2x)+ c

Check: Let y:%coth(l—Zx)ﬂ: then ' = %-—csch2(1—2x)-—2+0 = csch?(1-2x)

j. Given Ixz coth x* dx let u=x>, then o=

sz coth x> dx

Check: Let y :éln‘ sinh x° ‘

b

dui
x  dx

3. du _
dx

3x

[

du
-coth u —2

3x
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+c then ' = —.

lJ‘cothu-du =
3

lln|sinhu|+c
3

1
gln‘sinh x3 ‘+c

1

3 sinh x

3

3x2 cosh x>

.cosh x> -3x%+0 =

sinh x

=2 du=-2dx ; dxzd—Z;. Thus,

3x2 5 du=3xdx ; dx:d—uz. Therefore,

coth x>
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k. Given sz sech 5x> dx let u=5x>, then ﬂ:—Sx ;

d 3. du

dx dx dx

=15x2 ; du =15x2dx ; dx =

du

> Thus,
15x

Ixz sech 5x° dx|=

Ixz -sechu- du

15x2

= LJ.sechuﬁlu =
15

% sin ! (tanh u)+ c

= Lsin_l(tanh 5x3 )+ c
15

Check: Let y:%sin_l(tanh 5x3)+c then ' =

sec h?5x3 2

15x2 .sech25x3

1

15y 1—tanh? 5x3 &

-itanh 5x3 40 =

sech?5x° ~15x3

154/sec h?5x3 dx

= —15x" = = x2 sech 5x°
15sec h 5x° 15 sech 5%
1 1 _1
1. Given Ise Y ax let u=x2 , then d—”:iﬂ ; ﬂ:lx 2oL : dx=2+x du . Therefore,
Jx dx  dx dx 2 2w
J‘%Ch\/_ dx|= J.sef/fu-zx/;du = 2J.sechu~du = 2sin_1(tanhu)+c = ZSin_l(tanh\/;)+c
X
1 25 1
1 2 1
Check: Let y:2sin_1(tanh\/;)+c then y' = ;-ditanh x2+0 = M-di)ﬂ
1 dx 1 ax
\/ 1—tanh? x2 sech?x?2
1 1 1
_ 2sech2x2. 1 2 .sech2x2 _ sechx? sech/x

1 1

sechx? 2x?

1

2x2

sech x

N |—
=
N |—

Example 5.4-4: Evaluate the following indefinite integrals:

a. J.sechi/x—zi/ii3 =

J ! dx =
cosh 7x

IZsmh—csch—dx =

i Jet

Solutions:

a. Given J‘sech Vx? dx
5/x3

b3 smh dx =

let u=x5

b |

J' cosh 5x+sinh 5x

x dx

sinh x?2

- dx =
sinh 5x

h. J.(coshxsech x+e3x)dx =

k. Jeta"hsx sech’5xdx =

2

,then —=—x

Isech%/x—zi/c% =

jsechu-

5%/x_3 du

Ao

= éJ.sechuwlu =
2
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du d

w o
QU
<

dx dx

C. '[xz sinh x dx =

£ J' 1+cosh x _
sinh x

1. Jesmhgx cosh 8x dx =

1
~coth7 x
1. Ie3 csch?Txdx =

; dngxls x> du. Therefore,

%sin - (tanh u)+c

= Esm (tanh\/_]

361



Calculus I

5.4 Integration of Hyperbolic Functions

2
5

2 2 2
Check: Let yzgsin_l(tanh\/5 x2 j+c ,then y' = ;-ditanh x3+0 = M-di)ﬁ
2 X 2 X
2\[ 1—tanh? x5 2Vsech2x5
2 2 2
_ Ssech’xS 2 _ 10 sech?x s _ sech x5 _ sechs\/x2
2 3 3 2 3 5/ 3
2sech x5 5x3 10x3> sech x? x3 X
. d
b. GIVGHI T - J.xcschxzdx let u=x2,then ﬂzixz ; ﬂ:2x ; du=2xdx ; dx:ﬂ. Thus,
sinh x x dx dx 2x
1 2
'[ x| J- .x ) lJ- .du = lJ.cschualu = lln tanh % |+ ¢|=|=In| tanh *— |+ ¢
sinh x2 sinhu 2x 2 J sinh u 2 2 2 2 2
2 2
2 2 n? X 1—tanh? <~
1 1 2 sec a
Check: Let :lln tanh 2— +c,then y' = S sech? 2t = 2% 2 =X 2
Y y > 2
2 2 tanh - 2 2 4 tanh X 2 tanh X5
2 2 2
. 2x2 2x2 . 2x2
B sinh 5 cosh 7—s1nh 5 1 .
_ i coshzé _ f coshzé _ i'coshzé _ f COthT _ X
2 2 2 2 2 2 2
2 sinh% 2 sinhx? 2 sinh% 2 cosh? %-sinh% Zcosh%-sinh%
cosh% cosh% cosh%
Sinh 2 . % Sinh )CZ

c. Given jx2 sinh x dx let u=x? and dv =sinh x dx then du =2xdx and jdv = J‘sinh x dx which implies

implies v =cosh x. Using the integration by parts formula I udv=uv- j vdu we obtain

Ixz sinh x dx = x?2 ~coshx—Icoshx-2xdx

= x? cosh x—2jx cosh x dx

(1)

To integrate Ix cosh x dx let u=x and dv=cosh x dx then du =dx and .[dv = Icosh x dx which

implies v=sinh x. Using the integration by parts formula again we have

Ixcoshxdx = x-sinh x—jsinh x-dx = xsinh x—cosh x+¢

Combining equations (1) and (2 ) together we obtain

sz sinh x dx| =

x2 cosh x — 2I x cosh x dx

x? cosh x —2 (x sinh x —cosh x +¢)

(2)

(x2 + Z)cosh x—2xsinhx+c¢

Check: Let y=(x2+2)coshx—2xsinh x+c, then ' = 2x cosh x+ (x2 +2)sinh ¥ — 2 sinh x— 2x cosh x+0

Hamilton Education Guides

(+2 +2)sinh 7 x—2sinh x = x2 sinh & x+2sinh x—2sinh x = x2 sinh A x
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dx = J.sech7xdx let u =7x, then ﬂzi%c ; ﬂ:7 ; du=7Tdx ; a’x:ﬂ. Thus,
dx dx dx 7

d. Given I

cosh 7x

1. _
_[ : dx|= J‘sech Txdx|= Isechu-d—u = lJ.sechudu = lsin_l(tamh u)+c|=|=sin 1(tanh7x)+c
cosh 7x 7 7 7 7

2
Check: Let y:lsin_l(tanh 7x)+c, then y' = L pnero = ST 4 g
7 7\/ 1—tanh? 7x dx 7\/sech27x dx
_ sech’7x 7 sech’7x _ _ 1
= —~.7=——— =gechTx =
7sech7x 7 sechTx cosh 7x
. h5 inh 5 h &
e. Given dex = J. C?s il |ax = I(coth5x+1)dx = Icotthdx+de let u=5x, then
sinh 5x sinh 5x

du_d 5x A s du=5dx ; dx=— du . Therefore,
dx dx dx 5

dex = I C?Shhx—i-l dx|= Icotthdx+Idx = jcothu-ﬂ+x = lJ-cothuafu+x
sinh 5x sinh 5x S5x 5

= l1n|sinhu|+x+c = 11n|sinh5x|+x+c
5 5

1 h5x-5 h5
Check: Let y——ln|s1nh5x|+x+c then ' = — cc)?—x+1+0 = E-C?S Y41 = coth 5x+1
5 sinh 5x 5 sinh 5x
1 h h
f. I m dx|= I _1 +C9S ol dx|= J-cschxdx+.[cothxdx =|Iln tanhi +ln|sinhx|+c
sinh x sinh x sinh x 2
x . . 1 d d .
Check: Let y=In|tanh = +ln|smhx|+c,then y' = — tanh £ +— -—sinh x+0
2 tanh% dx 2 sinh x dx
sinhzg
1 2, 1 Sechzé coshx 1 l—tanhz% coshx 1  cosh’s
= sech” X —+ -cosh x = +— = —. +— ==
tanh x 2 2 sinhx Ztanhg sinh x 2 tanh% sinh x 2 sinh%
cosh%

2X _inh2X
cosh 3 sinh 3 |

2 2 X
. coshx 1 cosh” coshx _ 1 cosh”™> coshx 1 cosh > cosh x
sinh x 2 sinh % sinhx 2 sinhd  sinhx 2 cosh? £.sinh ¥ sinh x
X X
coshi coshi
_ 1 N coshx 1 coshx 1 coshx _ I+coshx
2 cosh % -sinh % sinh x sinh 2 % sinh x sinhx sinh x sinh x
: 3x
sinh 2%
g. J‘2smh—csch—dx = ‘[smh— dx|= 2.[ 2 dx|= Zde =|[2x+c¢
sinh 2% 3x sinh 37"
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Check: Let y=2x+c,then y' =2.x"T+0=2.x"=2

cosh x

1
h. I(coshxsechx+e3x)dx = j[coshx- +e3xjdx = I(1+e3x)dx = Idx+Ie3xdx = x+§e3x+c

Check: Let y:x+§e3x+c, then ' = x!! +§~e3x~3+0 = x0+%-e3x =1+
1. Given J'esinth cosh 8x dx let u =sinh 8x, then d—u:isinh 8x ; ﬂ:8cosh 8x ; dx= du . Thus,
dx dx dx 8 cosh 8x
u
; 1 o
J'esthx cosh 8x dx|= Ie” cosh 8x-L = je—du = lje“a’u = le” te|=|=eSmh8x 4
8cosh 8x 8 8 8 8
Check: Let y:éesmhgx +c,then y' = %esmhgx .cosh 8x-8+0 = %esinth cosh 8x = 5™ ¢osh 8
. . h ¥
J- Given Iems 3 sinh 2 dx let u =cosh>, then ﬂ=icoshi ; ﬂ=lsinh£ ;dx= Sdu . Therefore,
3 3 dx dx 3 " de 3 3 sin%
h & hX
J.ecos 3 sinh = dx| = J‘e” sinh£~ﬂ = 3Ie“du =[3¢% +¢ |=[3"""3 +¢
3 sinh £
3
h2 hX hX hX
Check: Let y=3eCOS 3 4¢,then y' = 373 ~sinh£~l+0 = éecos 3 ~sinh§ = sinh%

k. Given jeta“hsx sech?5x dx let u = tanh 5x , then ﬂ:i‘[anth ; %:55e0h25x 5 du=5sech? 5xdx

x  dx x
du
jdx=——. Therefore,
S5sech”5x
d 1 1 1
J.eta“hsxsechZSxdx = J-e” sech25x~—u2 = —Ie"du =|—et yc|=|=eBMM5¥ 4
5sech”5x 5 5 S

1 1
Check: Let y:getanhsx +c,then y' = getanhsx -sech?5x-5+0 = %emnhsx sech?5x = @MY e p25x

. Lcoth 7
1. Given Ie3co Y esch?7x dx let u=lcoth7x,then d—u:ilcoth%c ; d—u=—zcsch2 7x
3 dx dx3 dx 3
; du:—zcsch27xdx ; dxz—ng. Therefore,
3 7esch”Tx
Leoth 7 - 3 Llecoth7?
J.e3cot Y esch?Tx dx|= Ie” csch27x-3;dz = —ije"du = —ie”+c =|=2e3 4
7esch™Tx 7 7 7
Leoth 7 Leoth7 Leoth7
Check: Let y:—%e3CO * +¢, then y' = —%e3co x-—%cschz 7x-740 = e3 " esch? Tx
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Calculus I 5.4 Integration of Hyperbolic Functions

e To integrate even powers of sinh x and cosh x use the following identities:

cosh? x—sinh? x = 1 sinh xzé(cosh 2x-1) cosh? x:%(cosh 2x+1)
To integrate odd powers of sin x and cos x use the following equalities:
jsinh2”+1 xdx = Jsinhzn xsinhxdx = J‘(sinh2 x)” sinh xdx = I(coshz x—l)n sinh x dx (let u =coshx)
jcosh”’+1 xdx = J‘coshzn xcoshxdx = j(coshz x)n coshxdx = J.(1+sinh2 x)n coshxdx (let u=sinhx)
e To integrate products of sinh x, sinh y, cosh x, and cosh y use the identities below:
sinh x sinh y = %[cosh (x+y)-cosh (x—y)]

cosh x cosh y = l[cosh (x+y)+cosh (x—y)]

[\

sinh x cosh y = %[sinh (x+y)+sinh (x—y)]

e To integrate tanh” x, set
tanh” x = tanh”" 2 x tanh? x = tanh” > x (l—sec hzx) = tanh" 2 x—tanh" "2 x sec h’x
e To integrate coth” x, set
coth” x = coth” 2 x coth? x = coth” 2 x (1+csc h2x) = coth” 2 x+coth” 2 x csch’x
e To integrate sech”x
For even powers, set sech"x = sech" 2xsech’x = (1 —tanh? x)%z sech’x
For odd powers change the integrand to a product of even and odd functions, i.e., write

jsec h3x dx as J. sech’xsech x dx (see Example 5.4-6, problem letter h).

e To integrate csch”x
n=2
For even powers, set csch”x = csch" xcsch’x = (coth2 x—l) 2 csch’x
For odd powers change the integrand to a product of even and odd functions, i.e., write

Icsc h3x dx as J' csch?xcsch x dx (see Example 5.4-6, problem letter 1).

In the following examples we use the above general rules in order to solve integral of products
and powers of hyperbolic functions:

Example 5.4-5: Evaluate the following indefinite integrals:
a. Isinh 5x cosh 7Tx dx = b. Isinh xcosh xdx = C. Icosh 3xcosh 2x dx =

d. J.sinh 3x sinh 5x dx = €. Jcosh 3x cosh Sx dx = f. J-sinhs xdx =
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g. Isinh3 xdx = h. Jcoshs xdx = 1. jtanh4 xdx =
] jsinh7 xdx = k. .[sec htxdx = 1. jcosh3 xdx =
Solutions:

a. jsinh 5x cosh 7x dx | = I%[sinh(5+7)x+sinh(5—7)x]dx = I%[smh(12x)+sinh(—2x)]dx

= lJ.(sinhIZx—sinh 2x)dx|= lJ‘sinhIZx dx—l‘[sinh2x dx|= l~Lcosh 12x—lolcosh 2x+c
2 2 2 2 12 2 2

= Lcosh 12x—lcosh 2x+c
24 4

Check: Let yzlcoshIZx—lcosh2x+c ,then y' = L~125inh12x—l‘25inh2x+0 = 2sinhl2x—£sinh2x
24 4 24 4 24 4

= %sinh 12x —%sinh 2x = %sinh 12x +%sinh (-2x) = %sinh (5+7)x +%smh (5—7)x = sinh 5x cosh 7x

b. Jsinhxcoshxdx = J-%[sinh(l+l)x+sinh(l—l)x]dx = J.%[sinh(Zx)+sinh(0x)]dx = %I(Sinh2x+0)dx

= lJ-sinh 2x dx|=
2

cosh 2x|= %cosh 2x+c

N | =

!
2

Check: Let y:%COSh 2x+c,then y' = —-2sinh 2x+0 = %sinh 2x = %~2sinhxcoshx = sinh x cosh x

1
4

c. J.cosh 3x cosh 2x dx| = J.%[cosh(3+2)x+cosh (3-2)x ]dx = J-%(cosh 5x+cosh x)dx|= %J-cosh S5x dx

+ljcoshx dx|=
2

D | —

!
2

sinh 5x+lsinh x+c|= Lsinh 5x+lsinh xX+c
2 10 2

Check: Let y=%sinh 5x+%sinh x+c,then y' = %-5cosh5x+%~cosh x+0 = icosh5x+%coshx

= %cosh 5x+%coshx = %cosh(3+2)x+%cosh(3—2)x = cosh 3x cosh 2x

d. Jsinh 3x sinh 5x dx|= J.%[cosh (3+5)x—cosh (3—5)x ]dx = J.%[cosh (8x)—cosh (- Zx)]a’x

= %J‘(cosh 8x—cosh 2x) dx|= %jcosh 8x dx—%jcosh 2x dx|=

sinh 8x—l-lsinh 2x+c
2 2

1
28

= Lsinh 8x—lsinh 2x+c
16 4

Hamilton Education Guides 366



Calculus I 5.4 Integration of Hyperbolic Functions

Check: Let yzlsinh 8x—%sinh 2x+c,then y' = %-cosh 8x-8—%-cosh 2x-2+40 = Ecosh 8x—Zcosh 2x

-1 cosh 8x L cosh 2x = %[cosh (8x)— cosh (- 2x) ] = %[cosh B+ 5)x —cosh (3 ~5) ] = sinh 3x sinh 5x

e. Jcosh 3x cosh 5x dx|= J.% [ cosh (3+5)x +cosh (3 - S)x ]dx = J‘% [ cosh (8x)+ cosh (— 2x) ] dx

sinh 8x+l-lsinh 2x+c
22

= J‘l(cosh8x+cosh2x)dx = lJ-cosh8x dx+ljcosh2xdx |11
2 2 2 2 8

= isinh 8x+lsinh 2x+c¢

Check: Let y:Lsinh 8x+lsinh 2x+c,then y' = %-cosh 8x-8+%-cosh 2x-2+0 = Ecosh 8x+zcosh 2x

-1 cosh 8x +%cosh 2x = 1 [ cosh (8x)+ cosh (- 2x) ] = %[cosh (3+5)x+cosh (3—5)x ] = cosh 3x cosh 5x

2 2
f. jsinhs xdx = jsinh4 xsinh xdx = J.(sinh2 x) sinhxdx = J-(cosh2 x—l) sinh xdx. Let u=coshx, then

du _ icosh X du _ sinhx ; du=sinhxdx ; dx= .d” . Therefore,
sinh x

dx dx dx

2 2
J.sinhs xdx|= I(coshz x—l) sinh x dx|= J‘(u2 —1) sinh x dx|= j(u4 —2u? +1)sinh X .du
sinh x

1 2
= J-(u4—2u2+l)du = ju4du—2ju2du+jdu = %us —§u3 +u+c|= gcosh5 x—gcosh3 x+coshx+c¢

1 2 1 . 2 . .
Let y=—cosh’ x—=cosh? x+coshx+c, then ' = g-Scosh4 x-smhx—;&cosh2 x -sinh x +sinh x

Check:

sinh x cosh® x — 2 sinh x cosh? x +sinh x = sinhx(cosh4 x—2cosh? x+l) = sinhx(cosh2 x—l)

. .2 )2 . .4 .15
= sinh x|{sinh“ x| = sinh xsinh™ x = sinh” x

g. J.sinhs xdx = J.sinhz xsinh x dx = J-(coshz x—l)sinhxdx. Let u =coshx, then %:dicoshx
X dx
; ﬂzsinhx ; du=sinhxdx ; dx= .d” . Therefore,
dx sinh x
J.sinh3xdx = I(coshzx—l)sinhxdx = J.(u2 —l)sinh X- .dg = J.(uz—l)du = J-uzdu—J.du
sinh x

1 1
= —u3 —u+c|= —cosh3 x—coshx+c
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Check: Let y=%c05h3 x—coshx+c, then y' = %~3cosh2 x-sinh x—sinh x+0 = sinh x cosh? x —sinh x
= sinh x(cosh2 x—l) = sinh xsinh? x = sinh® x
2 2
h. Icoshs xdx = jcosh“xcoshxdx = I(coshz x) coshxdx = J-(1+sinh2 x) cosxdx. Let u=sinhx,

. Therefore,

thenﬂ:isinhx ; d—uzcoshx ; du=coshxdx ; dx= du
x  dx dx cosh x

2 2 2
Jcoshsxdx = J.(1+sinh2x) cosh xdx|= j(1+u2) cosh x- d:ll = j(l+u2) du|= J‘(u4+2u2+1)du
cosh x

= J-”4d”+zj-”2d”+_|.d” = %u +§u +u+cl|= %sinh5x+§sinh3x+sinh x+c

1 . 2 . . 5. 6 .
Check: Let y:gsmh5 x+§smh3 x+sinh x+¢, then ' = gsmh4 x-cosh x+§smh2 x-cosh x+cosh x+0
_ .4 ) _ .4 ) _ .2 )2
= coshxsinh™ x+2cosh xsinh“ x+coshx = coshx(smh x+2sinh x+1) = coshx(1+smh x)

2
cosh x(cosh2 x) = cosh xcosh? x = cosh® x

1. Jtanh4 xdx = '[tanhz x tanh? x dx = jtanhz x(l—sechzx)dx = Itanhzx dx—jtamh2 xsech®x dx

= j(l—sechzx)dx—_[tanhz xsech’xdx = —J‘tanh2 xsech’x dx—J-sechzx dx+Idx. To solve the first

du du

integral let u = tanh x, then —=itanhx ; d—u:sechzx ; du =sec h’x dx ; dx = . Thus,
dx dx dx sech X
—J‘tanh2 xsech’x dx = —qu sech’x - d_ —qudu = —lu3 = _Liann3 x. Therefore,
sech”x 3 3
1
.[tanh4 xdx|= jtanhz x tanh? x dx|= —J‘tanh2 xsech?x dx—jsechzx dx+‘[dx = —gtanh3 x—tanh x+ x+c¢
Check: Let y=—%‘[anh3 x—tanhx+x+c, then ' = —tanh? xsech’x—sech’x+1
= sechzx(—tanh2 x—1 )+1 = (l—tanh2 x)(—tanh2 x—1 )+1 = _tanh? x—1+tanh? x+ tanh? x +1

(—tanh2 x+tanh? x)+(—1+1)+ tanh* x = tanh* x

. 3 3
] jsinh7 xdx = Isinhéxsinhxdx = J.(sinh2 x) sinhxdx = J.(coshzx—l) sinh x dx. Let u =cosh x, then

du d du du

—=-—coshx ; — =sinhx ; du=sinhxdx ; dx=— . Therefore,
dx dx dx sinh x
- 2 3. 2 3. 6 4 ) . du
Ismh xdx|= I cosh” x—1] sinh x dx|= J. u®—1) sinh xdx|= I u’ —3u” +3u” -1 sinhx-— h
sinh x
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= I(u6—3u4+3u2—1)du = Ju6du—3ju4du+3ju2du—jdu = %u7—3~%u5+3%u3—u+c

1
= 7c0sh7 x—%cosh5 x+cosh? x—cosh x+¢

Check: Let y =%cosh7 x—%cosh5 x+cosh® x—cosh x+c, then ' = ;cosh6 x-sinh x—l?scosh4 x-sinh x
+3cosh? x-sinh x—sinh x+0 = sinh x cosh® x —3sinh x cosh* x +3sinh x cosh? x —sinh x
_ - 6 4 2 . 2 3 . ) 3
= smhx(cosh x—3cosh™ x+3cosh x—l)— sinh x{cosh“ x—1] = sinhx{sinh“ x
= sinh xsinh® x = sinh” x
k. Jsech4x dx = jsechzx sech’x dx = Jsechzx(l—tanhz x)dx = jsechzx a’x—jtanh2 x sec h®x dx
= I(l—tanhz x)dx—J"canh2 xsech?x dx = J‘abc—jtanh2 xabc—jtanh2 xsech®x dx. To solve the third

du_d du

integral let u = tanh x , then =~ =" tanhx ; A een’x S du=sech’xdx | dx= . Therefore,
x dx x sech”x
2 2 _ 2 2 du  _ 2, - 13 _ 1 3
—Itanh xsech xdx = —Iu sech”x- = —Iu du = ——u’ = ——tanh” x. Thus,
sech’x 3 3

'[sech4x dx|= Isechzx sech’x dx|= J‘dx—jtanh2 xdx—jtaxnh2 xsech’x dx|= Idx—Jtanhz xdx—%tanh3 X

1 1 1
= x—(x—tanhx)—gtanh3x+c = —gtanh3x+tanhx+(x—x)+c = —gtanh3x+tanhx+c

Check: Let y:—%tanh3 x+tanhx+c, then ' = —%tanh2 x-sech’x+sech’x = —tanh? xsech’x+sech’x
= sechzx(l—tanh2 x) = sech’xsech’x = sech*x
1 3 — 2 _ ) . du d .
. J.cosh xdx —J. cosh” xJcosh x dx —J. 1+sinh” x)coshx dx. Let u =sinh x, then —:d—smhx
x  dx

. Therefore,

; ﬂzcoshx ; du=coshxdx ; dx= du
dx cosh x

Icosh3xdx = j(l+sinh2 x)coshxdx = I(1+u2)cosh x- du = I(1+u2)du = qudu+jdu
cosh x

1 | .
= §u3+u+c = Esmh3x+smhx+c

Check: Let y:%sinh3 x+sinhx+c, then y' = %~3sinh2 x-cosh x+coshx+0 = cosh x sinh? x+cosh x

= cosh x(1+sinh2 x) = cosh x(cosh2 x) = cosh® x
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Example 5.4-6: Evaluate the following indefinite integrals:

a. jcosh4 xdx = b. Jcoshz Sxdx = C. jsinh4 xdx =
d. J.tanh3 xdx = e. '[coth4 xdx = f. J"tanh6 xdx =
g. Icoth3xdx = h. J.sech3xdx = 1. J.csch3xdx =
Solutions:

2
2
a. | cosh* xax|= I(coshz x) ax|= jB(coshzxﬂ)} dx|= H(coshzxﬂ)zdx = %I(l+cosh2 2x-+ 2 cosh 2x)dx

= ljdx+ljcosh2 2xdx+zjcosh2xdx = f+ljl(1+cosh dx Y +~ Linh 2x| =
4 4 4 4 4)2 22

ENIR
ENgE
| =

Idx
x x 1

1 1
+ljcosh 4xdx+lsinh 2x|= —+—+—-lsinh 4x+lsinh 2x+c|= ix+—sinh 4x+—sinh 2x+c¢
8 4 4 8 8 4 4 8 32 4

4cosh4x 2cosh?2
Check: Let y:3—x+isinh4x+lsinh2x+c,then y' = é+ COSITX | ZCOSZY §+lcosh4x+gcosh2x
8 32 8 32 4 8 8 4

+

= l+l +lcosh4x+gcosh2x = l+l(l+cosh4x)+zcosh 2x =
8) 8 4 4 8 4

(1+cosh 4x)+ 2 cosh 2x
4 4

EN e
N | —

1
4

2
%+%-cosh2 2x+%cosh2x = %(l+cosh2 2x+2cosh2x) = %(cosh2x+1)2 = {%(coshbﬁl)}

2
= (cosh2 x) = cosh* x

b. |[ cosh® sxdx|= J.(1+sinh25x)dx =[x+ sinn? 5x x| = Idx—kj%(costhx—l)dx = x+%fcosh10xdx

inh 1
—lJ.dx= x+l-isinh 10x—£+c = x| 1—l +Lsinh10x+c = K+M+c
2 2 10 2 2) 20 2 20

inh 1
Check: Let y==+3MI0Y hen 3 = Lo L icosh10v:10+0 = L4212 cosh10x = L+ Lcosh 10x
2 20 2 20 27 20 2 2

= (1—%)+%cosh10x = 1+(%cosh10x—%) = 1+%(cosh10x—1) = l+sinh? 5x = cosh? 5x

2
2
c. Jsinh4 xdx|= j(sinhz x) dx|= J[%(costh—l)} dx|= iJ-(cosh2x—l)2dx = %J.(cosh2 2x—2cosh 2x+1)dx

= lJ-cosh2 2xdx—£_[cosh2xdx+l'|-dx = lJ.l(1+COSh4X)dX—l'lSinh 2x+|= l-lj.dx
4 4 4 472 22 4| (4 2
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+ljcosh 4xdx—lsinh 2x+£ = £+£ +l~—sinh4x—lsinh 2x+c|= Ex+isinh4x—lsinh 2x+c
8 4 4 8 4) 8 4 4 8

4coshdx 2cosh2
Check: Let y:3—x+isinh4x—lsinh2x+c,then y' = E+ COSMTY ZCOSAZY E+lcosh4x—zcosh2x
8 32 4 32 4 g8 8 4
= l+l +lcosh4x—gcosh2x = l+l(l+cosh4x)—gcosh2x = l+l~l(1+cosh4x)—£cosh2x
4 8) 8 4 4 8 4 4 4 2 4

2
l+l-cosh2 2x—£c0sh 2x = l(1+cosh2 2x—2cosh 2x) = l(cosh 2x—1)2 = l(cosh 2x-1)
4 4 4 4 4 2

_(. 2 )2_ 4
= {sinh“ x] = sinh™ x
d. Jtanh3 xdx = Itanhzxtanhxdx = j(l—secth)tanhxdx = —J-sechzx tanhxdx+jtanhxdx. To solve

the first integral let u = tanh x , then % = ditanhx ; B ech?x ; du=sech’dx ; dx= du__ Thus,

X X dx sech”x

—Isechzxtanhxdx = —Isechzx-u- du = —Iu du = —

> L2 = _Lian? . Combining the term
sech”x 2 2

Itanh3xdx = jtanhzxtanhxdx = j(l—sechzx)tanhxdx = I(—sechzx tanh x+tanhx)dx

= —J.sechzxtanhxdx+'|‘tanhxdx = —%tanh2x+‘|.tanhxdx =

1
—Etanh2 x+In cosh x+¢

1 1 .
Check: Let y=——tanh2x+ln cosh x+c, then y' = ——-2tanh x-sech? x+ -sinh x+0
2 cosh x
inh
= _tanhxsec hix+ ot =
coshx

—tanh x sec h2x +tanhx = tanh x(l—sechzx) = tanh x tanh? x = tanh° x

€. '[coth4 xdx = J.cothz xcoth? xdx = J-cothz X (csch2x+l)dx = Jcothz xcsch’x dx+jcoth2x dx

= jcothz xcsch2xdx+j(csch2x+l)dx = '[cothzxcschzxdx+J-csch2xdx+J‘dx.

To solve the first integral let u = coth x, then du _ —cothx ; du _ —csch®x ; du=—csch’xdx
dx dx dx
; dv=— du__ Grouping the terms together we find Icothz xcsch’xde = I 2 csc 2y -
csch”x

esch?x

= —qudu = —%u3 = —%coth3 x. Therefore,

Jcoth4 xdx|= Icothz x coth? x dx|= J.coth2 x (csch2x+l)dx =

Jcothz xcsch?x dx+J-csch2x dx+jdx
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1
= —%coth3x+jcsch2xdx+jdx = —gcoth3x—c0th xX+x+c

Check: Let y:—%coth3x—cothx+x+c, then y' = —%coth2 x-—csch?x+csch’x+140

= coth? xcsch?x+cschlx+1 = cschzx(coth2x+1)+1 = (cothzx—l)(coth2 x+1)+1

= coth? x+coth? x—coth? x—1+1 = coth* x
f. Itanh6 xdx = J-tanh4 xtanh? x dx = Itanh4 X (l—sechzx)dx = J-(tanh4 x—tanh? xsechzx)dx =
J tanh* x dx — _[ tanh* x sech’x dx . In example 5.4-5, problem letter i, we found that

jtanh4x dx = —%tanh3 x—tanh x+x+c¢ . Therefore,

J"[anh6 xdx|= jtanh4 xtanh? x dx|= '[tanh4 X (1—sech2x)dx = jtanh4 xdx—jtanh4 xsech®x dx

1 1 1
= [—Etanh3 x —tanh x+xj—jtanh4 xsech?x dx|= —gtanhsx—gtanh3x—tanh xX+x+c
Check: Let y:—étanh5 x—%tanh3 x—tanh x+x+c, then y' = —%tanh4 x~sech2x—§tanh2 x-sech’x
—sech’x+1+0 = —tanh* xsech?x—tanh? xsech’x—sech’x+1 = —sech’x (tanh4 x+tanh? x+1 )+l
= —(l—tanh2 x)(tanh4 x+tanh? x+1 )+1 = —(tanh4 x+tanh? x+1—tanh® x—tanh?* x — tanh? x)+l

= _tanh* x—tanh? x—1+tanh® x + tanh* x+ tanh? x+1 = tanh® x

g. Icoth3 xdx = Icothz xcothxdx = j(csch2x+l)cothxdx = Icschzxcothxdx+jcothxdx. To solve the

first integral let u = coth x, then d—u:icothx ; ﬂ:—cschzx ; du =—cschdx y dx=— du . Thus,
dx dx dx csch X
2 _ 2 du  _ 1,1 ) ..
jcsch x coth x dx = Icsch XU = —Iu du = ——u” = ——coth” x. Combining the term
csch’x 2 2
Icoth3 xdx|= Icothz x coth x dx|= J(csch2x+1)cothxdx = I(csch2x~coth x+c0thx)dx
1
Icschzx cothxdx+.[cothxdx = —%coth2 x+J.cothxdx = —Ecoth2 x+ln|sinh x|+c
Check: Let y:—lcoth2x+ln|sinhx|+c, then y’' = L cothxo—csch? x+ . -cosh x+0
2 2 sinh x
_ 2 coshx _ 2 _ 2 _ 2 _ 3
= cothxcsch x+T = cothxcsch“x+cothx = cothxlcsch“x+1) = cothxcoth® x = coth” x
sinh x
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h. .[sech3x dx = jsechzx sechxdx = I(l—tanhz x)sech xdx = —J‘tanh2 xsechx dx+Isech X dx
= - I tanh x - tanh x sec & x dx + I sechxdx . To solve the first integral let u = tanh x and dv = tanh xsec h x dx ,
then du =sech’x dx and Idv = j- tanh xsec 4 x dx which implies v=-seck x. Using the integration by
parts formula j udv=uv- j vdu we obtain
—JAtanh2 xsechxdx = —Itanhx-tanhxsechxdx = tanhxsechx—jsechxsechzxdx = tanh xsech x
- .[ sech>xdx. Combining the terms we have
Jsech3x dx = jtanhx-tanh xsech x dx—Isech xdx = tanhxsechx—jsecth dx+jsech x dx . Moving the
_[ sec h’x dx term from the right hand side of the equation to the left hand side we obtain

Isech3x dx+Isech3x dx = ZJ‘sech3x dx = tanhxsechx+jsechxdx. Therefore,

1 1. _
Isech3xdx = %(tanhxsechx+'|‘sechxdx) = Etanhxsechx+;sin 1(tanh x)+c

sech”x-sech x—sech x tanh x-tanh x
2

Check: Let y= % tanh xsec/ x + % sin ! (tanh x)+ ¢, then ' =

sech’x 40 = sech3x—sechxtanh2x+ sech’x _ sech3x—sechxtanh2x+sechx

+—
24/ 1—tanh? x 2 24/ sech’x 2 2

_ sec h3x—sech x tanh? x +sech x . sech3x+sechx(1—tanh2 x) _ sec h3x+sech x sech’x

2 2 2

_ sech>x+sech’x _ 2sech’x
2 2

sech>x

1. Icsch3x dx = jcschzx cschxdx = j(cothz x—l)csch xdx = J.coth2 xcsch xdx—jcsch x dx
= Icothx~coth xcsch x dx—jcsch xdx. To solve the first integral let u =coth x and dv =coth x csc x dx,
then du =—csch’xdx and j dv = j coth x csc & x dx which implies v=—cschx. Using the integration by
parts formula J udv=uv- J vdu we obtain
jcothz xcschxdx = Icothx~c0thxcschxdx = cothx-—cschx—Icschx-cschzxdx = —cothxcschx
—jcsc h3x dx . Combining the terms we have

Jcsch3xdx = jcothx-cothxcschxdx—jcschxdx = —cothxcschx—Jcsch%cdx—jcschxdx. Moving
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the Icsc h3x dx term from the right hand side of the equation to the left hand side we obtain

jcsch3x dx+jcsch3x dx = ZJcsch3x dx = —cothxcschx—Jcschxdx. Therefore,

1 1 1
.[csch3xdx = E(—cothxcschx—.[cschxdx) = —Ecothxcschx—zln tanh% +c
1 1 —(—esch2x-esch x—csc h x coth x-coth x)
Check: Let y=——cothxcschx——In|tanh = |+c, then y' = CSCh Xesch X CSeh X COth X1 COTh X
2 2 2 2
2 x 2 x
sech” = hx+csch th2 sech” = .. .
- 2 4o0=S¢017 CS; YOO Y 2 The 2™ term is simplified as follows:
4 ( tanh %) 4 (tanh %)
) , B sinhzg coshzﬁfsinhzg ) . X
sech” 2 _ l.l—tanh 6 _1 coshzg _ 1 coshzg _1 coshzg _ 1 cos 5
4(tanh %) 4 tanh 4 sinh2 4 sinh £ 4 sinh2 4 osh? F ginn ©
cosh% cosh% cosh%
1 1 1 1 h
= = — T = Cscz aly Therefore,
2.2cosh > -sinh > 2~s1nh2-5 s x
2 2
2
csch3x+cschxc0th2x_ sech % _ csch’x+csch xcoth? x  csch x
2 4<tanh %) 2 2
_ eschix+cesch x coth? x—cschx _ csch3x+cschx(coth2x—l) _ eschix+esch xesch’x
2 2 2
_ sech>x+sech’x _ 2eschix _ 3
= 5 = 7 = csch’x

Example 5.4-7: Evaluate the following indefinite integrals:

a. J.sinhz xcosh? xdx = b. J.sinhz xcosh® xdx = c. J.sinh4 xcosh? x dx =
d. jsinh3 xcosh? xdx = e. jtanhs xsechxdx = f. Itanh3 xsech’xdx =
g. Icothz xcsch’xdx = h. jcoth3 xeschixdx = 1. jcoth3 xeschxde =
Solutions:

a. jsinhzxcoshz xdx|= %J'sinh2 2xdx|= %J‘%(cosh4x—1)dx = %J.(cosh4x—l)dx = %J-cosh4xdx—%.[dx

1
sinh 4x— > 4 ¢|= | L sinh dx— L x+¢
8 32 8

ENGE

1
8

4cosh 4
Check: Let y=isinh 4x—lx+c,then y'= M—l+0 = lcosh PR l(cosh 4x-1)
32 8 32 8 8 8 8
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(cosh 4x—1) = i-sinh2 2x = sinh? x cosh? x

-
N | =

2 2
b. '[sinhz xcosh® xdx|= J.sinhz xcosh? x cosh x dx|= Isinhz x(cosh2 x) cosh xdx|= jsinhz x(l +sinh? x) cos x dx

= J-sinhz X (1+sinh4 x +2sinh? x)cosh xdx|= j(sinhz x cosh x+sinh® x cosh x + 2sinh* x cosh x)dx

1 1 2
= J'sinh2 xcoshxa’x+jsinh6 xcoshxdx+2‘|‘sinh4 x cosh x dx|= gsinh3 x+7sinh7 x+gsinh5 xX+c

_ 3sinh? x cosh x  7sinh® x cosh x
3 7

Check: Let y:%sinh3x+lsinh7x+§sinh5x+c,then y'

. 10sinh* x cosh x

5 = sinh? x cosh x +sinh® x cosh x +2sinh* x cosh x = sinh? xcoshx(1+sinh4 x+2sinh? x)

- .2 - 2 P ) 4 ) 5
= sinh“ xcosh x|1+sinh“ x| = sinh” xcoshx|{cosh x] = sinh“ x coshxcosh™ x = sinh“ xcosh” x

2

. . . . 21 .
c. J.smh4 x cosh? x dx|= J‘(smh x cosh x)2 sinh? x dx | = J.(lsmh Zx) 'E(COSh 2x—1)dx|= —%jsmh2 2x dx

. 11 L. 1 1
JrlJ.smh2 2xcosh 2x dx|= ——J.—(cosh4x—1 )dx+—J.smh2 2xcosh 2x dx|= —jdx——-[cosh4xdx
8 g8J2 8 16 16

e 3 2= e Y inn s L sinh® 2x o] = | L x — L sinh 4x+ L sinh® 2x+ ¢
16~ 16 4 48 16~ 64 48

4cosh 4x  6sinh? 2x cosh 2
Check: Let y:Lx—Lsinh 4x+Lsinh3 2x+c,then y' = 1 _deos X oS SYCOShAY
16 64 48 16 64 48

0

—%(cosh4x—1)+%sinh2 2xcos2x = ——- (cosh 4x—1)+%sinh2 2xcosh 2x

oo | —
N | —

2
= —é-sinh2 2x+ésinh2 2xcosh 2x = (%sinthj %(COSh 2x—1) = (sinh x cosh x)2 sinh? x
= sinh? x cosh? x-sinh? x = sinh* x cosh? x
d. [sinh® xcosh® xax = [sinh’ x (14 sinh2 ) = I(Sinh3 x-+sinhS x)dx = [sinh? x dx+ [sinn® xdx . Tn
Example, 5.4-5, problem letters f and g, we found jsinhs xdx = %coshs x— %cosh3 x +cosh x + cand

Isinh3 xdx = %cosh3 x—coshx +c¢. Therefore,

J.sinh3 x cosh? xdx|= J.sinh3 xdx+jsinh5 xdx|= %cosh3 x—coshx+c+[%cosh5 x—%cosh3 x+coshx+c]
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1 1
= gcosh5 x+§cosh3 x—%cosh3 x—coshx+cosh x+c|= gcosh5 x—gcosh3 x+c

Check: Let y:%cosh5 x—%cosh3 x+c,then y' = %-5cosh4 x-sinh x—%cosh2 x-sinh x+0

= sinh x cosh® x —sinh x cosh® x = sinh x cosh? x(cosh2 x—l) = sinh x cosh? xsinh? x = sinh> xcosh? x

€. J.tanhsxsech4xdx = J.tanh5 xsech?xsech’x dx|= J.tanh5 x(l—tanh2 x)sechzxdx = —J.tanh7 xsech’x dx
5 2 1 g 1 6
+Itanh xsech“xdx|= —gtanh x+gtanh x+c
Check: Let y:—%tanhgx+%tanh6x+c,then y' = —éStanh7 x-sechzx+%'6tanh5 x-sech?x+0

= _tanh’ xsech’x+tanh> x sech’x = tanh® xsechzx(l—tanh2 x) = tanh> xsech’x sech’x

= tanh> xsech’x

f. J'tanh3 xsech xdx = Itanhz xsech?x-tanh xsechx dx = j(l—sechzx )sechzx-tanhxsechxdx

= - '[ sech*x-tanh xsec hx dx + J sech’x-tanh xsechxdx . To solve the first and the second integral

let u =sechx, then d—uzisechx ; d—u=—sechxtanhx ; dx:—d—u. Therefore,
dx dx dx sec h x tanh x
J-tanh3xsech3xdx = J“[anh2 xsech’x-tanh xsec h x dx| = —J-sech4x~tanhxsechxdx

tanh h tanh h
+Isech2x-tanhxsechxdx = —Iu4~—wdu+ju2~—wdu = ju4du—.[u2du
tanh x sech x tanh x sech x

1
=|-u —lu +c|= —sechsx—lsech3x+c
3 5 3

1 1 5 3
Check: Let yzgsechsx—gsech3x+c, then y’' = gsech4x~—sechxtanh x—gsechzx-—sechxtanhx

= _sech*x-sech x tanh x +sec h2x-sech x tanh x = (—sech4x+sech2x)sechxtanhx

(l—sechzx)sechzx sech x tanh x = tanh? xsech’xsech x tanh x = tanh> x sec /> x

g. Given J.cothz xcsch?xdx let u =cothx, then d—u:icothx ; ﬂ:—cschzx ;dx= —du . Thus,
X X X csch’x
2 2
1
J-cothzxcschzxdx = j%du = —qudu = —lu3+c =|-=coth?® x+¢
—csch™x 3 3
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Check: Let y=—§c0th3 x+c,then y' = —%-3coth2 x-—csch?x+0 = %~coth2 xcsch?x = coth? x csch’x

h. Icoth3 xcschixdx|= jcothxcothzxcsch3x dx|= Icothx(1+csch2x)csch2x dx|= Jcsch“x coth x dx

1 1
+Icsch2x coth x dx|= —gcschsx—gcsch3x+c

Check: Let y:—%cschsx—%csch3x+c, then y' = —%csch4x-—cschxcothx—%cschzx—cschxcothx

= csch’xcoth x+csch’xcothx = csch3xcothx(csch2x+1) = cschx coth x coth? x = coth? x csc /i x

1. Jcoth3 xceschtxdx|= Jcoth3 xcsch’xcsch’x dx|= Jcoth3 x(coth2 x—l)cschzx dx|= Icoths x csch?x dx

1 1
—J‘coth3 xcschlx dx|= —Ecoth6 x+Zc0th4 xX+c

Check: Let y=—%coth6x+%coth4x+c,then y = —%~6coth5x~—csch2x+%-4coth3x~—csch2x+0

= coth® x csc h?x—coth® x csch?x = coth’ xcschzx(coth2 x—l) = coth? x csch?x csch’x
= coth> x cschx

Table 5.4-3 provides a summary of the basic integration formulas covered in this book.

Section 5.4 Practice Problems — Integration of Hyperbolic Functions I

1. Evaluate the following integrals:

a. [cosh 3xdv = b. I(sinh 20— ) = ¢ [eschsydx =
d. [ sech’ax = e | %f csch?(x* +1)dx = £ [ esch (o3 + 5)ax =
g jcosh7(x+1)sinh (x+1)dv = h. J'csch(sx+3)coth (5x+3)dv = i. jw‘ seche™! dr =
2. Evaluate the following integrals:
a. jtanthsechzxdx = b. jcoth6(x+1)csch2(x+1)dx = c. je3xtanh Sy =
d. jx3 sech (x* +1)dx = e. Isech(3x+2)dx = f. jeCOSh(3x+5)sinh(3x+5) dx =
g j tanh® xdx = h. J.cotthdx = i. jcothﬁxdx =
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Table 5.4-3: Basic Integration Formulas

I fadr = axee a#0 2 [nas - Ly .
n+l

3. Iaf(x)dx = ajf(x)dx a#0 4. f[f(x)+g(x)]dx = If(x)dx+jg(x)dx

5. [sinxde=-cosx+e 6. [cosxdx=sinx+c

7. Itanxdx=ln|secx|+c 8. Icotxdx:ln|sinx|+c

9. [secxdv=In|sec+tan x|+ 10. [esexdv=In|csex—cotx |+e

1. [tan xsec x dx = sec x-+c 12 [eotrose x dx=—cse x+e

x sin2x
+c

in 2
13. J‘sinzxdx:E— X sin X e

14. Icosz xdx:5+

4 4
15. Jtanzxdxztan X—x+c 16. Jtanzxdxztan X—x+c
17. J.cotzxdxz—cotx—x-kc 18. Iseczxdxztanx-kc
19. [ese? xdr=- L =
. |esexdx=—cotx+c 20. J_dx = ln|x|+c
X
— X
21 Jlnxdx a x1n|x|—x+c 22. Jaxdx =4 .. a)Oanda;tl
Ina
23. Je"dx =e'+c 24, J';dx = larcsin£+c = lsin71£+c
/az 52 a a a a
25. J. ! dx = larc tan Ttc = ltanfli-rc 26. J ! dx = Lln atx
a? +x? a a a a a?—x? 2a a-x
1 1 -a 1 1 X |
27. J dx = —1In +c 28. I—dx = —arcsec—+c = —sec —+c
x2—a2 2a x+a X ’x2_a2 a a a a
29. Isinhxdxzcosh xX+c 30. jcoshxdxzsinh xX+c
31. Itanhxdlencoshx+c 32. J.cothxdlen|sinhx|+c
.1
33. Isechxdxzsm (tanh x)+ ¢ 34. Icschxdlen tanh% te
35. Jtanhxsechxdx:—sechx+c 36. jcothxcschxdxz—cschx+c
inh 2 inh 2
37. J‘sinhz)cabczSln Y Xie 38. J.cosh2xdx:M+ﬁ+c
2 4 2
39. Itanhzxdxzx—tanhx+c 40. Jcothzxdx:x—cothx+c
41. Jsechzxdxztanh X+c 42. jcschzxdxz—coth x+c
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Appendix - Exercise Solutions

Chapter 1 Solutions:
Section 1.1 Solutions - Sequences I

1. List the first four and tenth terms of the given sequence.

a. Given a, = 2n , th Qg =—F=—-—==- 1.5 a = ——=—-—=-1.25
“on -2-1 2 -2-2
L S R R R o - 21051 2L
-2.3 6 -2-4 -2-10 20
b.Givenbk:k(k+1),then bI—M—£—3=2 bz—M—2—2=15
k* 1? 11 52 4
3-3+1) 34 12 4-(4+1) 4.5 20 10-(10+1) 110
= =22 ===, = = ) e i |
b 32 g ~ o ¥ b 4 16 16 > ho 10 100
c. Given d,, =3—(~2)", then d=3-(-2) =3-(-2)=3+2=5
dy=3—(-2f =3-(+4)=3-4=-1 dy=3-(-2f =3-(8)=3+8 =11
dy=3-(-2) =3-(+16) = 3-16 = -13 dig = 3—-(=2)" = 3-(+1024) = 3-1024 = -1021
n n+l1 1 +1 2
d. Given k, =[—lj ﬁ,then ky = [—1] (_1)1 -1 ) -_11__1
2) n+2 2) 1+2 2 3 23 6
L (_LT( VA U o) S WS NN L (_1)3(—1)3“ I N ) S U S
2 2) 242 4 4 4 4 16 } 2) 3+2 8 5 85 40
- (_lj“ (_1)4+1 _ i (_1)5 _ L _l _ _i o (_ljlo (_1)10+1 _ 1 .(_1)11 _ -1
N 2) 4+2 16 6 16 6 9 10 2) 1042 1024 12 12,288
2. Write s3, 54, S5, Sg,and s for the following sequences.
a. Given s, :n(n+1),then s3 = 3.(3+11) = 3'41 = 3:4-3 = ﬁ =18
o] 2.3 2:3 2 2
o - 4-(4+1) _ 45 454 80 o - 5-(5+41) _ 56 _5:6:5 150 _
2.47 2.47! 2 2 2.570 .57 2 2
o - 8‘(8:1) _ 8-?1 _ 898 576 _ .. oo - 10~(1o_+]1) _ 10~1_1] _ 101110 _ 1100 _
2.8 2.8 2 2 2:10 2:10 2

b. Given s, = (~1)""'2""2 then
sg= (1) 22 = (1P 2t =—14 = 4
sg = (<1282 = (<120 = —1.64 = —64

_(2"n-2)

c. Given s, —2—,then
n

(-2)*(4-2) _

2:4 8 8
S+1 0
(-2)"(6-2) _ (2.6 _ 5126

2-8 16 16

S4 =

S8 =
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s3= (11232 = (12l =12 =2
ss = (1P 252 =(-1f 22 =1.8=8

s = (~1)0F1.210-2 = (1)1 28 = _1.256 = —256

+1 4
53 = (—2)3 (3—2) — (—2) 1 :E =2.67
2.3 6 6
+1 6
. (-2P*(5-2) _ (=203 643 _ 192
2.5 10 10
10+1 11
s10 = (C2)7700-2) | (278 _ 20488 _ g,
210 20 20
379
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3. Write the first five terms of the following sequences.

a. Given a, =(~1)""(n+2), then
ay = (1P 2+2) = (-1P 4 = -1.4

ay = (14 +2) = (-1P -6 = -1-6

Il
|
I

I
|
=)

1 i-2
b. Given a; =3 —| ,then
100

d. Given aq, =(3n—5)2, then
ay = (3-2-5¢ =(6-5F =12 =1
ay = (3-4-5¢ = (12-5F =7 = 49
e. Given uy = ark? +2, then
}’2

u, = a 22=a+2=a+2

Uy = ar* 42 = art +2

5 \k2
f. Given b, = —3[§j , then

b2 =-3.

g. Given c; :j—+],then
627L+2:2+2:ﬁ:§
2+1 3 3 3
4=i+4=i+4 4+20 _ 24
4+1 5 5 5
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aq

as

as

8}

U

us

Us

<

(%]

Cs

N

|
—_
~a
t
W
+
S
-
1]
|
—_
[=))
N
1]
—
<
1]
2

100 100° 1,000,000

(3-5-5¢ = (15-57 = 10> = 100

- - a
a2 = a2 =242
r

ar’ P42 =ar'+2 = ar+2

ar’r 42 = ard 42

1-2 -1
B e O e [ S O I .
3 3 2 2 2
3
3-2
2] -3 2o B2,
3 3 3
5-2 3
B e Y 1 S SO B
3 3 27 9
L.ﬁ.l:l_‘_l:izé
+1 2 2
3 3 3+12 15
R = _—43= =
3+1 4 4
5 5 5430 35
——+5=—45= = —
5+1 6 6 6
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(-4

TN
(%)
W
—_
~—
~
Il

i. Given uy =1—(~1)*"", then w = 1= =1-(-1f =1-1=0
uy = 1—-(1f" =1-(1f =1-(-1) =141 =2 uy =1-(-1f" =1-(-1f) =1-1=0
uy = 11" =1-(-1f =1-(-1) = 141 = 2 us = 1-(1P" =1-(-1f =1-1=0

k 1 11
] leenyk—F,then yl—F—z—o—T—l
2 2 2 3 33
4 4 4 5 5 5
y4*F*?*§*0.5 yS*F*2—4*1—*0.313
1 1
k. Given y, = 9% (k —2), then y=90-2)=9.-1=-
1 1 1 1 1
y,=92(2-2)=92.0=0 y,=933-2)=93.1=95 =39
1 1 1 1
yyg=94(4-2)=9+.2=2%9 ys=95(5-2)=95.3=3%9
2 _ 2 _ _
. Given ¢, = 2,then clfu7¥:——
1 1+1 2
22-2 4-2 2 322 9-2 7
€ = = =3 o = =——=_
2+1 3 3 3+1 4 4
42-2 16-2 14 522 25-2 23
cy = =— = — cs = =— = —
4+1 5 5 5+1 6 6
4. Given n! read as “n factorial” which is defined as n!:n(n—l)(n—z)(n—3)---5~4~3-2-1 , find
a. 8!=8-7-6-5-4-3-2.1 = 40,320
b. Givenan:2n+l,then 1=M=ﬂ—§—3
! 1! 1! 1
a2:2'2+1:ﬂ=i:§:25 a3:ﬂ_ﬂ_L:_:1.17
21 20 21 2 3! 31 3201
o ZATL_8HL 9 3
41 41 4321 8
. +37! 14301 143° 19,684 1+3271 143 177,148
c. Given ¢, = 5—-then  ¢p = = = and Cp = 5 = =
(n1) (101 101100 10!10! (121) 121120 12!12!
n!(n—l)
d. The first, fifth, tenth, and fifteenth terms of y, = ﬁ .
+n!
1i-1) 110 0
n=—F—r=7"=7=0
2+1! 2+1! 3
| — |. 4.3.2.1)- .
y5=5'(5 )54 (543.2:1)4 1204 480 _ L.,
2450 2450 2+4(5-4-3-2:1)  2+120 122
_1ot(lo-1) 1019 _ (10-9-8-7-6-5-4-3-2:1)-9 _ 3,628800-9 _ 32659200 _ ¢ o000 o
710 2+10! 24100 2+4(10-9-8-7-6-5-4-3-2-1)  2+3,628800 3,628,802 '
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1(10 - . . .
or, a quicker way of solving this problem is as follows:  y;o = 10! (10 1) _ 109 10t 1019

2+10! 24101 10! 10!
_151(15-1) 15014 (15-14-13-12-11-10-9-8-7-6-5-4-3-2-1)-14
Vis = = = ~14 or
2+15! 2+15!  2+(15-14-13-12-11-10-9-8-7-6-5-4-3-2-1)
151(15-1) _15!-14 15!-14 _ 15!-14
s = Us-1) = = =14
2+15! 24150 15! 15!
5. Write the first three terms of the following sequences.
a. Given ¢, :(2n—3)(n+1)’then _[@)-3]+1) _ (2-3)2 _-12 2
(n—4)n (1-4)1 -3-1 -3 3
~[(2-2)-3]2+1)  (4-3)3 13 3 ~[2-3)-3]G+1) _ (6-3)4 34 12
02 - - - — - — C3 - - - T . T T T T 3
(2-4)-2 22 4 4 (3-4)-3 -1-3 -3 4

b. Given, a, = ! n-2 , then a = =2y oLy 2L which is undefined
n—-1)\2+n 1-1){2+1 0/ 3
1 2-2 1)(0 1 3-2 1)1 1
a=|—I—=I=|-||-1=0 a=l—=—|=|=ll=|=—=
5)5) - 6 565G %

c. Given s, = (=1)""'2"*1  then s = ()2 = (c1P 22 =14 =4
sy = (1P 22 = (c1p 2P = -1.8 = -8 sy = (1P 23 = (1) 2t =116 = 16
d. Given y; =(71)/‘+l k(k_l) , then M= (71)1+1 M = (*1)2 1002, 0
2 2 2 2
_pn2@o) o p 2t 2 Cpn 36D 32 6
¥ = (1) 5 (-1 5 > vy = (1) 5 (1) 2 "3 3
e. Given bnznz[n_lj,then blzlz.[ij: .(Oj:
2+n 2+1 3
b :22.(ﬂj:4.[lj:i:1 b :3?(2):9.[3):&:36
: 2+2 4) 4 ’ 2+3 s) s 7
f. Given x, = (5—a)*"'2%, then x=06-1)"2=422=162=132
= (5-2p".22 =33.4=27.4=108 x3=(5-3p".23 =2%.8 =16-8 = 128

Section 1.2 Solutions - Series I

n n
1. Given Zai =10 and Zbi =25, find
i=l i=l

2 S 2a; +4b;) 2a+ 4b—2 a+4 b, = (2:10)+(4-25) = 20+100 = 120
2.
P

) =Z 4 +Zb ——Za +ib,. = -10+25 = 15

i=1 i=1 i=1

Z3a +25b 73Za +52b = (3-10)+(5-25) = 30+125 = 155
Zn:[a+ bj Z Zb Za+ be( j@as]:sw:lo

i=1

< =
M Mx
o T
= =
+
+
S.C' >

&
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2. Evaluate each of the following series.

5
a. Zz+k = 2+1)+(2+2)+(2+3)+2+4)+(2+5) = 3+4+5+6+7 = 25
k=1

b _ 1 + 1 1 1 LN SN SR SR
o (7 2)n+l (_ 2)04—1 )1+1 2)2+l ( 2)3+1 ( 4+1 2)5+1 ( 6+1 (_ 2)1 (_ 2)2 (_ 2)3 (_ 2)4
+ ! + ! + L —lwtl—l+i—i+L—L = -0.5+0.25-0.125+0.0625-0.031+0.016 —0.008

2f (2 (2 2 4 8 16 32 64 128

= (~0.5-0.125-0.031-0.008)+ (0.25+0.0625 + 0.016) = —0.664 +0.328 = —0.336

c. Z( = O™ e ) P (P e ()t = (PP ) (1P = 111411 = 1

n=0

d. 23:]—3] Fa-3-apfrfa-a-(opfr fros-apfefo-3-02si-3-12)s]-3.22+ p-3.32]
=[-3-3-9)]+[-2-3-4)]+[-1-B-1)]+0+[1-(3-1)]+[2-(3-4) ]+ [3-(3-9)] = [-3-27]+[-2-12]+[-1-3]+[1-3]

+2-12]+[3-27] = -30-14-4-2-10-24 = -84

5
. Z a+2) = (+2P +@+2)' +(5+2f = 53 +6* +7° = 125+1296 +16807 = 18,228

a=3
c i( 1)(+1 ( )0+1 1+1 1)2+1 1)3+1 4+1 1)5+1 _ _1)2 } (_1)3 : (_1)4= (_1)5 : (_1)6
il 4 20 2‘ 2? 23 24 2° 1 2 4 8 16 32
1 1 1 1 1
=—-l+———+——+— = -140.5-0.25+0.125-0.063 + 0.031 = —-1.313+0.656 = —0.657

RN TED

e i(Zk =3f2 = [2-2) =317 4 [ -1)-3] 7 +[(2-0) =31 +[(2-1) -3 +[(2-2) - 3F* +[(2-3)- 3P
Lo asl oo el il elooaf - (oPesh o (AP (ot -2

h ;&_1]2 - G_1j2+G_1j2+(§_1j2+&_1)2+&_1f (1= 1P+ (05— 1P+ (0333 1P+ (025 1P+ (0.2 -1

= 0%+ (= 0.5 +(0.667)+(~0.75F +(= 0.8 = 0.25+0.445+0.563+0.64 = 1.898

3. Find the sum of the following series within the specified range.
3

a. Zloi =103 4102 +107" +10° +10' +10% +10° = 0.001+0.01+0.1+1+10+100+1000 = 1111.111

6

b' Zn_l = E+ﬂ+ﬂ+ﬂ+ﬂ+ﬂ+ﬂ = 7l+9+l+g+i+i+i = _1+025+025+01875
par S L A L S S A AR & 12 4 8 16 32 64
+0.125+0.08 = ~0.108
4

Y Lttt L 0.14001+0.001+00001 = L1111
~10° 10 10" 10 10° 10* 1 10 100 1000 10000

d. i(nz—n) - (12—1)+(22—2)+(32—3)+(42—4)+(52—5) = 0+(4-2)+(9-3)+(16-4)+(25-5)= 2+6+12+20 = 40

n=1
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e. i(_l)mﬂ _ (_ 1)0+1 +(_ 1)1+1 ( 2+] 1)3+1 ( 4+I 1)5+l ( 6+l _ (_ 1)1 +(_ 1)2 +(_ 1)3 +(_ 1)4 +(_1 S

m=0
(=1 +(=1) = —1+1-1+1-1+1-1= -1
. ZS:H(_])k 1+(1) 1)‘ DR GO E ) C e R L B B W O U C B RS B B
e ok 2° 2 3 4 25 12 4 8 16 32
= E4—9+£+9+i+i =2+05+0.125 = 2.625
1 2 4 8 16 32

g i[S(a—l)+3] = [5(1-1)+3]+[5(2-1)+3]+[5(3-1)+3]+[5(4 —1)+3]+[5(5-1)+3]+[5(6 = 1)+ 3] = [5-0+3]+[5-1+3]

a=1

+[5-243]+[5-3+3]+[5-4+3]+[5-5+3] = 3+8+13+18+23+28 = 93

A A O R S RS S A

0
0N ooy 111
+[——] +[—§] =-3+l-—+—-—+—=-3+1-033+0.11-0.04+0.01 = -2.25

e+l e el 241 341 441 (2 22 3 & 2 3 4 5) (1 4 9 16
j. Z —Z | T —— | = | S o | o —
~ Hn+1 12 3 a 141 241 3+1 4+1 1727374) 2737475

5
k. ZSk‘l — sl s a5 3 esaa s = 20 0 505 S 67412541 = 1142
1 2 3 45
k=1
4
L 0P = (0P (0P 4 (0P (0P = (<0.1) P+ (0.0 (0.0) + (0.1F
i=1
= e 01-0001 = — 41 0120001 = ~1000-10-0.1-0.001 = ~1010.101
(-0.1)  (~0.1) -0.001 —0.1
4. Rewrite the following terms using the sigma notation.
5 6
R Ty R
23 4 5 6 7 n+2 2 3 4 5 6 7 n+l
n=0 n=1
2 1111 1 &1
C. 2+4+8+16+32+64 = Y 2k d l+—F—t—t—t—= Yy —
Z 2 3 4 5 Zk
k=0 =1
6 6 +1
NETEVENE FEIE I S RIS U NN R oo )i
234 56 & 23 45 6 4o

Section 1.3 Solutions - Arithmetic Sequences and Arithmetic Series I

1. Find the next seven terms of the following arithmetic sequences.
a. Substituting s; =3 and d =2 into the general arithmetic sequence s, = s+ (n - 1)d for n=2,3,4,5, 6,and 7 we obtain
sy =s;+(2-1)d = s,+d =3+2 =5
s3=5+B-1)d = s;+2d =3+(2-2)=3+4 =17
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sg =5 +(@-1)d = 5+3d =3+(3-2)=3+6=9
s5:s1+(5 1)d = s;+4d = 3+(4-2)=3+8 =11
s¢ = 51 +(6-1)d = s;+5d =3+(5-2) = 3+10 = 13

$7 = s1+(7—1)d s;+6d =3+(6-2)=3+12=15
Thus, the first seven terms of the arithmetic sequence are (3,5, 7,9,11,13, 15)
b. Substituting s; =—3 and d =2 into the general arithmetic sequence s, = s+ (n - l)d for n=2,3,4,5, 6,and 7 we obtain

s, =51 +(2-1)d = sy +d = 3+2 = -1

s3=8s+(3-1)d = s +2d = 3+(2-2) = 3+4 =1
sy =51 +(@=1)d = s,+3d = 3+(3-2) = 3+6 =3
ss = s;+(5-1)d = s, +4d = 3+(4-2) = 3+8 =5
s¢ = 51 +(6-1)d = s;+5d = 3+(5-2) = -3+10 =

s;=5+(7-1)d = s;+6d = 3+(6-2) = 3+12 =9

Thus, the first seven terms of the arithmetic sequence are (— 3,-1,1,3,5,7, 9)

c. Substituting s; =10 and d =0.8 into the general arithmetic sequence s, = s +(n —l)d for n=2,3,4,5,6,and 7 we obtain

s = s1+(2-1)d = s, +d =10+0.8 = 10.8

53 = s1+(3 1)d = s +2d = 10+(2-0.8) = 10+1.6 = 11.6
sg =5 +@-1)d = 5;+3d =10+(3-08) = 10+2.4 = 12.4
ss = s +(5-1)d = s, +4d = 10+(4-0.8) = 10+3.2 = 13.2
s¢ = 51 +(6-1)d = s;+5d =10+(5-08) = 10+4 = 14
s7=8s1+(7-1)d = 5y +6d =10+(6-0.8) = 10+4.8 = 14.8

Thus, the first seven terms of the arithmetic sequence are (10,10.8, 11.6,12.4,13.2,14, 14.8)
2. Find the general term and the eighth term of the following arithmetic sequences.

a. Given s; =3 and d =4, the n' term of the arithmetic sequence is equal to s n =S+ (n - l)d =3+ (n - 1), 4 =3+4n-4
= 4n—1. Substituting n = 8 into the general equation s, = 4n—1 we have sg = 4-8—-1 = 32-1 = 31

b. Given s; =—3 and d =5, the n™ term of the arithmetic sequence is equal to s, = s, + (n - l)d =3+ (n - 1)~ 5=-3+5n-5
= 5n—8. Substituting n =8 into the general equation s, = 5n—8 we have sg = 5:-8—-8 = 40-8 = 32

c. Given s, =8 and d = —1.2, the n™ term of the arithmetic sequence is equal to s, = s, +(n—1)d = 8+ (n—1)--1.2

8-12n+1.2 = -1.2n+9.2. Substituting » = 8 into the general equation s, = —1.2n+9.2 we have sg = —1.2-8+9.2

=-9.6+92 = -04
3. Find the next six terms in each of the following arithmetic sequences.

a. Given the arithmetic sequence 5,8,--- , s5; =5 and d =8—-5=3. Therefore, using the general arithmetic equation

S, =51+ (n - l)d or s,,; =S, +d the next six terms are as follows:

§3 = 85;+d =8+3 =11 sq = s3+d =11+3 = 14 §5 = s4+d = 14+3 =17
S¢ = s5+d =17+3 =20 s7 = sg+d =20+3 =23 sg = s7+d =23+3 =26
Thus, the first eight terms of the arithmetic sequence are (5, 8,11,14,17, 20, 23,26)

b. Given the arithmetic sequence x,x+4,---, sy =x and d = (x + 4)7 x =4 . Therefore, using the general arithmetic equation
S, =51+ (n - l)d or s,,; =S, +d the next six terms are as follows:
s3=sy+d = (x+4)+4 = x+8 sy =s3+d = (x+8)+4 = x+12
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ss = sq+d = (x+12)+4 = x+16 sg = ss+d = (x+16)+4 = x+20
s7 = sg+d = (x+20)+4 = x+24 sg = s7+d = (x+24)+4 = x+28
Thus, the first eight terms of the arithmetic sequence are (x,x +4,x+8, x+12,x+16, x +20, x + 24, x + 28)
c. Given the arithmetic sequence 3x +1,3x+4,--- , s; =3x+1 and d = (3x+4)—(3x+1)=3. Therefore, using the general
arithmetic equation s, = s; +(n—1)d or s,,; =5, +d the next six terms are as follows:
s3=sy+d = (3x+4)+3 = 3x+7 sg=s3+d = (3x+7)+3 = 3x+10

ss+d = (3x+13)+3 = 3x+16

ss = sy +d = (3x+10)+3 = 3x+13 S6
57 =sg+d = (3x+16)+3 = 3x+19 sg = s7+d = (3x+19)+3 = 3x+22

Thus, the first eight terms of the arithmetic sequence are (3x +1,3x+4,3x+7,3x+10,3x +13,3x +16,3x +19,3x + 22)

d. Given the arithmetic sequence w, w—10,---, s; =w and d = (w - 10)— w=-10. Using the general arithmetic equation

S, =8+ (n - l)d or s,,1 =S5, +d the next six terms are as follows:

s3= sy +d = (w=10)=10 = w—20 sy = s3+d = (W=20)-10 = w—30
ss = sq+d = (W=30)-10 = w—40 sg = ss+d = (w=40)-10 = w—50
s7 = sg+d = (W=50)-10 = w—60 sg = s7+d = (w=60)-10 = w—70

Thus, the first eight terms of the arithmetic sequence are (w, w—10,w—20,w—30,w —40,w —50, w — 60,w — 70)

4. Find the sum of the following arithmetic series.
20
a. The first three terms of the given series are »_ (2i—4) = (2:10=4)+ (2-11-4)+(2:12-4)+ - = 16+18+20+ - .
i=10
Therefore, s; =16, d=18-16=2, and n=11. Substituting s;, d, and n into the arithmetic series formula

S, :g[Zsl-&-(n—l)d] we can obtain S;; = %[2-16+(11—1)~2] =5.5-(32+10-2) = 5.5-(32+20) = 5.5-52 = 286

1000
b. The first three terms of the given series are Zk =1+2+3+--- . Therefore, sy =1, d=2-1=1,and n=1000 .
k=1

Substituting s1, d , and n into the arithmetic series formula S, = 3[251 + (n - l)d ] we obtain

Si000 = @[2-”(100071)-1] = 500-[2+999] = 500-1001 = 500500

100
c. The first three terms of the given series are Z(Zk—3) =(2:1-3)+(2-2-3)+(2-3=-3)+ -+ = —1+14+3+-- .
k=1
Therefore, s, =-1, d=1-(-1)=2, and n=100. Substituting s;, d, and n into the arithmetic series formula

S, :§[2s1+(n71)d] we obtain ;o) = % (2--1)+(100-1)-2] = 50-(-2+99-2) = 50-(~2+198) = 50-196 = 9800

15
d. The first three terms of the given series are 231' = (3-1)+(3-2)+(3-3)+ - =3+6+9+--- .
i=1
Therefore, s, =3, d=6-3=3, and n=15. Substituting sy, d, and n into the arithmetic series formula

S, :§[2s1+(n—1)d] we obtain Sj5 = %[(2-3)+(15—1)~3] =12.5-(6+14-3) = 12.5-48 = 600

10
e. The first three terms of the given series are Z(Hl) = ((+)+Q+1)+@B+1)+- =243 +4+- .
i=1
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Therefore, s,=2, d=3-2=1, and n=10. Substituting sy, d, and n into the arithmetic series
S, :§[2s1+(n71)d] we obtain Sjo = %[(2-2)+(1071)-1] =5.(4+9)=513 = 65

15

f. The first three terms of the given series are Z(Zk—l) = (2:5-1)+2:6-1)+(2-7=1)+- = 9+11+13+ - .
k=5

Therefore, s,=9, d=11-9=2, and n=11. Substituting s;, d, and n into the arithmetic series

S, :§[2s1+(n71)d] we obtain S}, = %[(2-9)+(1171)~2] = 55-(18+20) = 5.5-38 = 209

10

g. The first three terms of the given series are Z(3i+4) = (3-4+4)+(3-5+4)+(3-6+4)+ - =16+19+22+---

i=4
Therefore, s, =16, d =19-16=3, and n=7. Substituting s;, d, and n into the arithmetic series

S, =§[2s1 +(n—1)d] we obtain S, = %[(2-16)+(7—1)-3] =35.(32+18) = 3.5.50 = 175
13
h. The first three terms of the given series are Z 3j+41) = (3:-5+41)+(3-6+1)+@B-7+1)+-- =16+19+22+---

j=5
Therefore, s; =16, d=19-16=3, and n=9. Substituting s;, d, and »n into the arithmetic series

S, :%[2s1+(n—1)d] we obtain Sy = %[(2~16)+(9—1)-3] = 4.5-(32+24) = 4.5-56 = 252

formula

formula

formula

formula

18
i. The first three terms of the given series are z 4k-3) = (4-7-3)+(4-8-3)+(4-9-3)+ -+ = 25429433+ .

Therefore, s =25, d=29-25=4, and n=12. Substituting s1, d, and n into the arithmetic series
S, =%[251 +(n—1)d] we obtain S}, = %[(2~25)+(12—1)~4] =6-(50+44) = 6-94 = 564
5. The first term of an arithmetic sequence is 6 and the third term is 24 . Find the tenth term.

Since s; = 6 and s3 =24 we use the general formula s, = s, + (n —1)d in order to solve for d . Therefore,

formula

sy=s+(3-1)d ; 24=6+2d ; 24-6=2d ; d_2 ;d=9. Then, 50 = s +(10-1)d = 5,+9-d = 6+9-9 = 87

6. Given the first term s; and d , find S5, for each of the following arithmetic sequences.

a. Given s; =2 and d =5, use the n™ term for an arithmetic series S, = %[2s1 + (n —l)d] to find S5 .
Sso = % (2-2)+(50-1)-5] = %(4+245) = 25.249 = 6225
b. Given s; =—5 and d =6, use the n™ term for an arithmetic series S, = %[ZSI +(n —l)d] to find S5 .

Sso = % (2--5)+(50-1)-6] = %(—10+294) = 25.284 = 7100

c. Given s; =30 and d =10, use the n™ term for an arithmetic series S, = %[251 +(n fl)d] to find S5 .

Ss = %[(2.30)450—1)«10] = %(60+490) = 25.550 = 13750

7. Find the sum of the following sequences for the indicated values.

a. Given the sequence —8,6,--- the first term s; and the common difference d are equal to s, = -8 and d = 6—(-8)=14.

Thus, using the general arithmetic series S, = %[Zsl +(n-1)d ] S5 is equal to:
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Sys = % (2--8)+(15-1)-14] = %(—16“96) =7.5-180 = 1350

b. Given the sequence —20, 20, --- the first term s; and the common difference d are equal to s; = —20 and d =20 —(-20)
= 40 . Thus, using the general arithmetic series S, = %[251 + (n ~1)d ] , 1o is equal to:

Si00 = %[(2-720)410071)-40] = 50(~40+3960) = 50-3920 = 196,000

Section 1.4 Solutions - Geometric Sequences and Geometric Series

1. Find the next four terms of the following geometric sequences.

a. Substituting s; =3 , r=0.5 into s, = 57" we obtain
s;=3r1=3=3.05=15 sy =31 =32=3.052 =3.025 = 0.75
sg =311 =37 =3.05 =3.0.125 = 0375 ss =3-r771 = 3%=3.05% =3.0.0625 = 0.1875
Thus, the first five terms of the geometric sequence are (3, 1.5, 0.75, 0.375, 0.1875)

b. Substituting s; =—5 , =2 into s, = 57" we obtain
s;==57"1=_5=-52=-10 s3= =571 =_52=_522=_5.4=220
sg =571 =_5%=_52 = _5.8=_40 ss= =571 =_5%= _5.24= _5.16 = -80
Thus, the first five terms of the geometric sequence are (— 5,-10, 20, — 40, — 80)

c. Substituting s; =5 , r=0.75 into s, = s;""! we obtain
sy =571 =5-=5.075 =375 s3= 571 = 57=5.075* = 5.0.563 = 2.81
sq =541 =53 =5.075 =5.042 = 211 ss =511 =5%=5.075" = 5.0316 = 1.58

Thus, the first five terms of the geometric sequence are (5, 3.75, 2.81, 2.11, 1.58)

2. Find the eighth and the general term of the following geometric sequences.
a. Substituting s, =2 , 7 =3 into s, = sy"! the eighth and the n” term are equal to:

7 _ n-1
sg = 2% =207 = 2-(J§)7 =2.32 = 2.46.76 = 93.53 and s, = 2~(\/§)’ fo2.302

b. Substituting s; =—4 , r=1.2 into s, = s;" " the eighth and the n term are equal to:

sg = —4% =47 = —4.12) = -4.127 = —4.3583 = ~14-33 and s, = —4-(1.2)""
c. Substituting s; =4 , »=-2.5 into s, = slr"*l the eighth and the n'” term are equal to:

sg = 487 =47 = 4.(-25) = -4.25" = —4.610.35 = —2441.4 and s, = 4-(-2.5)"""

3. Find the next six terms and the n™ term in each of the following geometric sequences.
1

. 1 3 1 . . . _ .
a. Given I,Z,--- ,then s; =1 and r :%:Z. Using the general geometric equation s, = s;7” ! the next six terms are:
2 3
_ 1 1 _ 1 1
s;=1.7T=2=2| == sg=1 4 == 2| = =
4 4? 4 43
4 5
_ 1 1 _ 1 1
ss=1.71T=p4 = || == sg=1.71=p= || = —
4 4* 4 43
6 7
_ 1 1 _ 1 1
s7:1-r71*r6=— = — s8:1-r81:r7=— = —
4 4° 4 47
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Thus, the first eight terms of the geometric sequence are | 1, l,i,i,i, L, L,L and the n™ term is equal to
4742 3748 450 480 47
(] S o B |
K Y T B
1
. 1 " 12 2 . . . et
b. Given EERERE then sy =—— and r=—r= fﬂzfzz — —. Using the general geometric equation s, = s7
2
the next six terms are:
2 3
R S RN o S Y UL B PR S N S U Y N R
) 2 2\ 2 23 o 2 2 2)
4 5
R S RN S Y UL B go= Lot s Lf 1y 1
) 2 2\ 2 25 672 2 2) a8
6 7
PR S N I o L R PR S RN S R L S
T2 2 2\ 2 27 82 2 20 2 28
Thus, the first eight terms of the geometric sequence are (—l, Lz’ —%,%, _is’is’ —%,LSJ and the n™ term is
22 27 2 2° 2 2 2
n-1 -1 -1 -1 -1
equaltosn=—l~ 1 =—l-(1 =—(1)n :_(1)" =—( 1)"
2 2 2 2n—l 2. 2n—1 2n—l+1 on
1 2P _3p3 -9
c. Given 3 p, —=3p, -+ ,then s :g and r :_STP :% :% =P . Using the general geometric equation
3 3 pr )4
s, = sp"! the next six terms are:
P 31_P 2_0P 2 _ D 42 3 P 41_P 3_0PD P 43 5
§3 = =17 ==7"==(-9) ==9"=3 S4 = —1 == ==(-9f =-=9"=-3
P 51_P 4_7P 4 _ D o4 7 P 61_P 5_0D 5 9
ss = =7 =7 =2 (-9) =297 =3 sg = —1r === = (-9 =-2=.9°=-3
P 71_P 6_0P 6 _ P o6 _ all P 81 _ 7_DP (oY _ P o7 13
s == T === =(-9P ==.9° =3 sg = =1 =yp'==.(-9) =-=.9"=-3
7 3 3 3 ( ) 3 p 8 3 3 ( ) 3 p

Thus, the first eight terms of the geometric sequence are (%, -3p, 33p, - 35p, 37p, -3 D 31 Dy — 383 pj and the n”"
p

term is equal to s, =

p

4. Given the following terms of a geometric sequence, find the common ratio » .

. 1. - . a1
a. Substitute s; =25 and s4 =5 into s, = sy ! and solve for 7, i.e., s, = 5?7 ; 5= 257% ;
1
1 1)3 Lo U | 1
;—3:r3;[—3J :(rSF; 1:r><3;_:r’r:_
5 5 53><§ 5 5
- [ n-1 . 5.1, 1 5-1
b. Substitute s; =4 and s; 7 into s, =s;7"" and solve for 7, i.e., 55 =857""" ; i 4r
SR S IV S S S LXZ(#)%. L S W |
" 64x4 " 256 gt gt " 47 4

1
. . — . - 1 7
c. Substitute s; =3 and sg =1 into s, = 57" ! and solve for r,ie., Sg = slr8 Lor=37, 3° P [—j

1
L: ,,7X7

s

1
37

Hamilton Education Guides

’ oy = g'(_IYr—l(?)z)l*l _ %'(_1 N R e 1)n7132n—3

389



Calculus I Chapter 1 Solutions

5. Write the first five terms of the following geometric sequences.

2n-1 2:1-1 2-1
a. Given s, = 1 , then s = 1 -1 -1
3 3 3 3
R R [
2 3 3 3 33 3 3 3
. (_lj2-4—1 _ [_l)g_lz [_1]7 _ _L .- (_lJZ-S—l _ (_l)lo_lz [_lj9 _ _L
* 3 3 3 37 > 3 3 3 39

. 1 1 1 1 1
Thus, the first five terms of the geometric sequence are [— 3w T —)

337357 377 3
. 1 2n+2 1 2142 1 2+2_ 1 4 1
b. Given 5, =| = , then s1=|= == == = —
3 3 3 3 4
s:12-2+2:l4+2 16:L L .
213 3 3 36 3
s:12~4+2:l8+2:110:L L
MR 3 3 310 5
. 1 1 1 1 1
Thus, the first five terms of the geometric sequence are | —, —, —, —, —=
3

1 2n-3 213
c. Given s, = (—g) , then 5= _gj

s:_12-4—3:_18—3:_15 s s:_12-5—3
4 5 5 5 55 5 5

. 1 1 1 1
Thus, the first five terms of the geometric sequence are [— 5, ——, ——,—— ——]

2
2 3
1 1 1 1 1 1
sy =|-=| == ===1025 s3=|-=| =——=—-==-0125
? ( 2) 2 4 : ( 2) 2?8
4 5
sS4 = L B X% 55 = L kS
2 24 16 2 25 32

Thus, the first five terms of the geometric sequence are (- 0.5, 0.25, —0.125, 0.063, — 0.031)

6. Evaluate the sum of the following geometric series.

6
a. 23“ = 30132 33l g4l 351 3671 30 3l 32 33 34 35 11310407 4814243 = 364

k=1
. . siit=r" 3
or we can use the geometric series formula §, = where s; =1, r===3,and n=06. Therefore,
1-7
a— 6 —
S6:1(1 S 29 718 _ L,
1-3 -2 2

b. i(— 27 = (2P (2 P 2 e (2 P () P e (2T e (2P P (27 = (2P e (2) +(2f
+(-

2P (2 + (2P + (-2 +(-2) =1-2+4-8+16-32+64—128 = —85
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. . sill=r" -2
or we can use the geometric series formula S, = 1 where s; =1, r= T =-2,and n=28. Therefore,

-r

1.[1— —28] _
5 - C2F] _1-2s6 255
1-(-2) 142 3

3 B A R e I I e W [ R
{ 1

8 9
- +[—%j +(—%j } = 4(~0.03+0.012 - 0.008 + 0.004 — 0.002) = 4(~0.024) = —0.096

n
or we can use the geometric series formula §, = Slll_r where s, =-0.12, r = O'(())li =-0.4,and n=5. Therefore,
-r -0.
_ ~0.12. [1— 04)5] _ —0.12:(1+0.0102) _  0.1212
5 = -0.09
1-(- 04) 1+0.4 1.4
4
d. 23 = P a2 = o) w2 (-2 = Lo
;()’" —2f 7 )3()()()()()(_2)2_2
= l—14-1—2 =025-0.5-1=-1.25
4 2
sll—r" —05

or we can use the geometric series formula S, = where 5, =0.25, r = E =-2,and n=4. Therefore,

-r

0.25~[1—(—2)4] _025-(1-16) _ 375

M 23 B
e. IZO:(— 3P = 3P (3 ) T 3 (3P (3) 0 = (3 + (3P (3P + (3 + (3 + (-3
n=>5
= 349-27+81-243+729 = 546
or we can use the geometric series formula S, = -1 1__: where s, = -3, r = _% =-3,and n=6. Therefore,
5= = .1[]__(5_3;)6] - §1+_ 3729) B 21484 -6
fl ZSZ(—s)k‘l = (3T 3P (3P (3 (=3P = 1 (-3 + (<3P + (<3P +(-3) = 1-3+9-27+81 = 61
k=1

L si\t-=r" -3
or we can use the geometric series formula S, = J—) where s; =1, r = I -3,and n=5. Therefore,

1-r

1[1 3)5] _ 14243 244

(-3) 143 4

= 61

5
e. 24’” — 4 428 4% 145 = 4416+ 64+256+1024 = 1364
m=1

) ) si\l=r" 16
or we can use the geometric series formula §, = 1 where sy =4, r= e =4,and n=5. Therefore,

1-7

4.(1—45) _ 4-(1-1024) _ 4092
1-4 -3 3

S5 = = 1364

4 4
3 1 1 120
h. 2—7 - 2—2 - 2—7(3 +32433 434 )= 2—7(3+9+27+81) Sy~ 44
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1_ n
or we can use the geometric series formula §, = St where, s; = % =0.111, r= % =3,and n=4. Therefore,

-r

4
Sy = 0.111:0-3*) _ 011181 _ 888 _ 4.44
1-3 -2 2

6 k+1 6
. 1
i ;6(5J = 6;0.51‘“ =6 [0.53+1+0.54+l +o.55+1+0.56+1] =6 [0.54+0.55 +0.56+0.57] = 6[0.063+0.031]
+6[0.016+0.008] = 6 (0.118) = 0.708 ~ 0.7

0.031

17
ull where, s; =6-0.5* =0.375, r = 0.063 0.5,and n=4. Thus,

or we can use the geometric series formula S, = "
—-r
g, _ 0375 (1 - 0.54) _ 0.375-(1-0.063) _ 0.351

! 1-0.5 0.5 0.5
7. Given the first term s, and 7, find Sg for each of the following geometric sequences.

=0.702 = 0.7

1—p"
a. Given s; =3 and r =3 use the geometric series formula §,, = 511 to find Sy, i.e.,
—-r
f1-3% (1-6561) 1
Ss:3( 3):3( 6561) _ 19680 _ go.0
1-3 -2 2
1—
b. Given s; =-8 and r = 0.5 use the geometric series formula §, = all to find Sy, i.e.,
—-r
-8-l1-0.5° -8-(1-0. .
5 = =8 ( 0.5 ) _ -8:(1-0.0039) _ 7968 _ .,
1-0.5 0.5 0.5
Sl lfrn

c. Given s; =2 and r =-2.5 use the geometric series formula S, = to find Sy, i.e.,

—-r

2-[1——2‘5 ] Ji- :
5, = (-25f _2:[1-1525.88] _  2:1524.88 _ 3049.76 _ 87136
1-(-2.5) 1425 3.5 3.5
8. Solve for x and y .
7
a. Given Z(mz) =30, then (3x+2)+(4x+2)+ (5x+2)+ (6x+2)+(7x+2)=30 ; (3x+4x+5x+6x+7x)+10 =30
i=3

; 25x+10=30 ; 25x=30-10 ; x=§—(5) ; x=0.8

4
b. Expanding Z(ix+y) = 20 we obtain (x+y)+(2x+y)+Bx+y)+ (4x+y)=20 ; 10x+4y =20.
i=1

6
Expanding Z(ix+y) = 10 we obtain (2x+ y)+(B3x+y)+(4x+y)+(5x+y)+(6x+y)=10 ; 20x+5y=10. Using
i=2
substitution method we obtain x =-2 and y =10

Section 1.5 Solutions - Limits of Sequences and Series I

1. State which of the following sequences are convergent.

To see if a sequence is convergent or divergent consider the n term of the sequence and let it approach infinity.

. n+1 . n ) .
a. lim, ,,— = lim, ,,— =— = The sequence diverges
2 2 2
a2 -1 n? 2=l
b. lim,_,, =~ lim,_,,— = lim,_,, = lim,_,,n = o The sequence diverges
n n 1/1
¢. lim, ,,2"" ~ lim, ,,2" = 2° = w The sequence diverges
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. 1 . 1 1 _
d. hmn_mm ~ hmn_m4—n B 0 The sequence converges

. -1 . 1 1
e. llm,Hoon 7 = hm,Hooi2 = lim,_,4 ;/1:1 =lim, ,,—=—=10 The sequence converges

n n n n ©
n+l 1 n
f. lim, %w[gj ~ lim, Hw[;} = lim, 02" = 027 =0 The sequence converges
2. State which of the following geometric sequences are convergent.
11 1 1 1 . .

a. The sequence —, —, —,——, -, —, --- converges to 0 since, for large values of 7 , the absolute value of the difference

4716764256 4"
between Ln and 0 is very small.
4

b. The sequence —5, 25, —125, 625, -3125, ---, (— 5)", --- diverges since, as n increases, the n™ term increases without bound.

c. The sequence 2,-2,2,-2, -, 2(— 1)””, --- diverges since, as n increases, the n™ term oscillates back and forth between
+2 and -2.
111 !
d. The sequence 1, T e (Ej ,--- converges to 0 since, for large values of 7 , the absolute value of the difference

n—1
between (%j and 0 is very small.

e. The sequence -9, 27, —81, 243, ---, (— 1)”3"*1, --- diverges since, as n increases, the n™ term oscillates back and forth from

a large positive number to a large negative number.

n—1
f. The sequence 1, %, %, %, é, e [%) ,--- converges to 0 since, for large values of n , the absolute value of the

n—1
difference between (é) and 0 is very small.

Again note that an easier way of knowing if a sequence is convergent or divergent is by considering the n™ term and letting it
approach to infinity as shown in practice problems 1.5-1 and 1.5-3.

3. State whether or not the following sequences converges or diverges as n — o . If it does converge, find the limit.

. . . 1 1
a. hmn_m;z— ~ hmn_mn—3 = lim,_,,—— 11mn_,00; = 0 converges to 0
n - n
. Sn+l . 5 . .
b. lim,_,, n2 ~ hmn_)w% = lim,_,,— = lim,_,, lim, ,,5=5 converges to 5
n”+1 n
) 25" ) 2n 52n 57N )
c hmn_mw lim, o, — = lim,_,,, = lim,_,, 52" = lim,_,,,5" = 5° = o diverges
a1 5" +25 i " 1 1 _ 1 17170
My, 125" My, o0 3 n—»0 53” 5n My, 53,,,” n—o 5, T 5200 - ST.O - ; -
converges to 0
2 2 2
. +2 . . .
e. lim,_,, (n 2) = llmn%wn— = llmnﬁwn— =lim, ,,1 =1 converges to 1
n n n
n n o
f. limn_mm ~ lim"—>°°2_n = hm”_’“’z_m = lim, ,,1=1 converges to 1
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. \In2 +2n 2 . n . /! . 1 1
g lim, ,,——— ~ lim, ,,—— = lim, ,,,— = lim,_,,— = lim, ,,— = — =0 converges to 0
\In4 +1 nt n n n 0
h. limn_m% ~ limn_mi2 = iz R 0 converges to 0
n-+ 0 0
i lim,,_,oon-‘_1 ~ lim,,_,ao2 = limn_mg = lim,_,,1 =1 converges to 1
- n
Jo limy, o — ~ hmn_mi3 = lim,_, 3”72 = limn_mL2 = Lz Lo 0 converges to 0
n - n n n o o
1 1
k. lim,_,,10" = 10° = 10° =1 converges to 1
. n—l)2 . n’ . n . n .
L lim, ,———— =~ lim,_,, = lim,_,—— = lim,_,,—— = lim,,_,,—1 = -1 converges to —1
(1—n)(1+n) —-n-n n? n?
— 1 1 1 1
m. lim,_,,100 * = lim,_,, T = T = 1000 = 1 =1 converges to 1
1007 100>
33
n. lim, ,,3" = 3% = 30 =1 converges to 1
. n+100 no_ . /S 11 1
0. llmnﬁwm ~ 111’1’1}14)00’1—3 = llmnﬁoo n3=2 = llmn%wn_z = ? = ; =0 converges to 0
1 1 1
, 100" , 1007 _ 100 _ 100" _ 1
p. lim, ,,—  lim, ,,—— = —— = =—=0 converges to 0
n”+3 n o0 Y ey
. 1 . 1 1
q. lim, ,,,——-1 = lim, ,,,——1=—-1=0-1=-1 converges to —1
n+1 n 0
. n_ g 11 1 .
r. llmnﬁw(O.ZS) = lim,_,, 025 o5 e ) diverges
s. lim n+l o lim ﬁ = lim o lim 1=1 converges to 1
N n—o0 \/;+1 n—>0 \/; n—>0 ﬁ n—>x0
t. Jn +2 = limn_m£+2 = lim ﬁu = lim,_,(1+2)=1+2 =3 converges to 3

hmn—)oo ﬁ . n—om \/;

4. Find the sum of the following geometric series.

a. Given 3 —| ,then s, =3 and r =—. Since |r|{ 1 we can use the equation S, = ¥ sy = Y sy’ =1
Z (8) 1 ] | |< q Z 1 Z 1 1—r
j=0 n=0 n=1
. 3
. oo~4(1Y 3 3 3 7 _3x8 24
to obtain the sum, 1.€., Z(;?{g] = 1_—1 = H = j = j = m = 7
g 8 8 8 8
b. Given 3| ——| ,then s, =3 and r=——. Since |r|( 1 we can use the equation S, = ¥ s = Y s =L
S e - s awaion 5, =3 g7 = 3 g
j=0 n=0 n=1
. . 1Y .3 3 3 3 _ 1 _3x4_12
to obtain the sum, i.e., 23(_ZJ = 7 I ] 5 5 x5 5
j=0 1-|—— 1+— —_— = =
4 4 4 4 4

0 k-1 o k-1
c. Given Z?{%) ,then sy =3 and r = % Since |r| y1 the geometric series Z?{%) has no finite sum.
k=1 k=1
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© © © ) k-1
5 5 1
d. Given = ,then sy =—— and r=—.
;100"“ Zlooz 10051 ;10000(100" 1) ZIOOOO[IOOJ 1™ 10000 100

1

0 o0 0 k-1
5 1
Since 1 we can use the equation S, s s’ —_— —
K q Z ! Z ! 10000(100]
n=0 n=l1 k=1
5 5 5
_ 10000 _ 10000 _ 10000 _ 5x100 ~_ 500 _ 5 _ 1
_ L 100-1 2 10000 x99 990000 9900 1980
100 100 100
e. Give —| ,then s, =1 and r=—. Since |r|{ 1 we can use the equation S, = » sy = Y s =—1
(5] e s ;- since ] Y= Dot =
j=0 n=0 n=l1
) 1
. oo~(1Y 1 1 1 7] _1x3 _ 3
to obtain the sum, 1.€., Z(;(E) = 1_—1 = ﬁ = ? = 2 = m = E
. 3 3 3003

0

Jj 0 0
f. Given Z(—%j ,then sy =1 and r = —%. Since |r| ( 1 we can use the equation S, = ZSIr” = zslr”—l :1S_1

-r

j=0 n=0 n=l1
) 1
. o~ ( 1Y 1 1 1 1] _1x5 5
to obtain the sum, i.e., Z(—gJ = 1 = T 5376 6 m = E
P -l 1+t T 2
5 5 5 5 5

5. Find the sum of the following infinite geometric series.

. . 1 1 1 o
a. Given the series 5—1+———+ -, 5y =5 and r =—-—. Since |r|: 1 :l=02<1 we can use the equation
5 25 5 5| 5
Bl
S, = %1 to obtain the sum, i.e., 5—1+l—i+-~- = > S B T T L
-7 5 25 (1) L1 i 6 6 k6 6
5 5 5 5 5
. . 1 1 2 . . .
b. Given the series ——+2-8+32+ -+ 5y =—— and r == —4 . Since |r| :|— 4| =4 is greater than one the geometric
2 2 -1
series f%+278+32+ -+ has no finite solution.
1
. . 11 1 6 1 1| 1
c. Given the series 1+—+—+——+ -+ sy =1 and r =--=—. Since |r|= —|=—=0. 17( 1 we can use the equation
6 36 216 1 6 6| 6
1
1 1 1 1 1 1 1 _Ix6 6
Sy, = to obtain the sum, i.e., l+—+—+—+ - = — = —— = — = — = —— = —
? l—r 6 36 216 o615 5 x5 5
6 6 6 6
1
. . 1 1 1 10 1
d. Given the series 1+ —+—+——+ - sy =1 and » ==—==—_ Since |r|: —|=—=0 1(1 we can use the equation
10 100 1000 1 10
1
. . 1 1 1 1 1 1 1 I1x10 10
S = to obtain the sum, ie., |+ —+—4+—+ - = —— = —— = — = — = —— = —
“ 1-r 10 100 1000 b= 9 9 x99

10 10 10 10
6. Write the following repeating decimals as the quotient of two positive integers.

0.0066

a. Given 0.666666 --- = 0.66 +0.0066 + 0.000066 , which is a gemetric series, then s; =0.66 and r = =0.01. Since
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s
th ratio 7 is less than one, we can use the infinite geometric series equation S,, = L to obtain the sum of the infinite
-r
K _
series 0.66 +0.0066 + 0.000066 , i.e., S,, = 1 _ 066 _ 066 _ 66 _ 2 Thus, 0.666666--- = 2
1-r 1-001 099 99 33 33

b. Given 3.027027027 --- , consider the decimal portion of the number 3.027027027 --- and write it in its equivalent form of

0.027027027 --- = 0.027 +0.000027 + 0.000000027--- . Since this is a geometric series, then s; = 0.027 and r = %
s
= 0.001. Since the ratio 7 is less than one, we can use the infinite geometric series equation s, = L to obtain the sum
-r
N
of the infinite series 0.027 +0.000027 +0.000000027---, i.e., S, = 1. 0027 0027 i = i Thus,

1-r 1-0.001 0.999 999 111~
3.027027027- = 3>
111

c. 0.11111 - = 0.11+0.0011+0.000011 , which is a gemetric series, then s; =0.11 and r = 0.0011 =0.01. Since the
s
ratio 7 is less than one, we can use the infinite geometric series equation §,, = 1 L to obtain the sum of the infinite series
-r
S —_—
0.11+0.0011+0.000011, i.e., So, = o ol _ ol 1l l Thus, 0.111111.-- = 1
1-r 1-0.01 099 99 9 9

Section 1.6 Solutions - The Factorial Notation I

1. Expand and simplify the following factorial expressions.

a 111=11-10-9-8-7-6-5-4-3-2-1 = 39,916,800
b. (10-3)1=7!=7-6-5-4-3-2-1 = 5040

! 12-11-10-9-8-7-6-5! _12-11-10-9-8-7-6-3! _ 12-11-10-9-8-7-6

e 121 = 3,991,680

51 51 51 1

| . . . . | . . . . | . . .

g 4L 14031201000 14131201000 14131241100

10! 10! 10!

3 53

15! 15-14-13-12-11-10-9-8!  15-14-13-12-11-10-9-8! _ 15-14-13-12-11-10-9 _ 15-14-13-3-11-5-3
e. = = = = = 1,351,350

8141 8141 81-4.3-2-1 4-3-2-1 1

53

f _ 100 100 _10.9-81 10981 109 _ 109 _ 53 15
" 41(lo-2)r 4181 418! 4181 4321 4321 4 4

216! _ 1216! _ 1216! _ 6! _ 654321 _ 6:5:43 _ 360
£ Tl 43120 1413120 1413 1413 7-13 91

7
(7-3)191 4191 4191 B 4191 B 1 1

121(7-2)1 12151 12-11-10-91-5-41  12-11-10-91-5-41  12:11-10-5 6600

2. Write the following products in factorial form.

15! 251

a. 7-6-5-4.3.2-1=171! b. 10~11~12~13-14-15:? c. 22~23-24-25:F
! ! '
d 8.7-6-5-4 :& e. 4-5-6-7-8-9 :& f 35 :&
3! 3! 34!

3. Expand the following factorial expressions.

a 5(n) =5n(mn-1)(n-2)(n-3)(n-4)(n-5)(n—-6)--4-3-21]
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n+d)(n+3)(n+2)(n+1)n(n-1)(n-2
n—7)(5n-8)(5n-9)(5n-10)---4-3-2.
(2n-10)(2n-11)(2n-12) (21 -13) - 4-3-2.
(2n+5)(2n+4)(2n+3)(2n+2)(2n+1)2n (2n-1)(2n-2) (21 -3)---4-3-2-
n-7)(2n-8)(2n-9)(2n-10)---4-3.2.
(3n+3)(3n+2)(3n+1)3n (3n-1)(3n-2)(3n-3)---4-3-2-

nd simplify the following factorial expressmns

)
e. (2n-8)!=(2n-8)(2n-9
f. (2n+6)! = (2n+6)
g (2n-5)1 = (2n-5)(2n-6)(
h. (3n+3)! =
4. Expand a
o =2 (n-2)! _
(-4 (n-4)(n-3)(n-2)!
b (n+4)! _

“2) (n-4)(n-3)

(n+4)(n+3)(n+2)(n+)n! _ (n+4)(n+3)(n+2)(n+1)n!

= (n+4)(n+3)(n+2)(n+1)

n! n!

g =)@t (n=1) (pr))r

(n+5)(n+4)(n+3)(n+2)§n+1)(n)(n—l)(n—2)! ~(n+5)n+4)(n+3)(n+2)(n+1)(n) (n—1) (r—2)!

(n+2)! (n+2)(n+1)

1

" Gt 1) (@) (3n 4)(

- (n+z)!(n5(n)(¢_1)z S )W)

(2n-3)!2[(n)(n—1

" Gnr1)(3n-4)(3n-3)

2n) (n-1)

o _Bn)Gn-2)t

C Gu+1)IBa-4)  (Bn+1)(a) (3

PN 2 VL S U [

)t 2 @)
@n-3)12(n))  (2n-3

& -2

(20) (1

)0 @n)@n-1)2n-2)2n-3)1(n-2)1  [(@n)@n-1)2n-2)@a-3)](i-2)!

M

5. Write the following expressions in factorial notation form. Simplify the answer.

(2n-1)(2n-2)

51
3] 3'5 3 3'2'

_10-9-8-7-61 _

o (10 10! _ 10!
61(10-6)! 614!

d.

-
-
@ o o
g

6] 6!
3 3'6 3 3'3'
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5 ! ! A
fU St _ St _s4l_5
1) 11(5-1)r 1141 114 1

. (n J n! nl nl_n(n=1)-(1-2)-(n=3)-(n1-4)-(n—5)!

n=5) (1=3)[i—(1-35)]t (-3)ti-n+3) (1-3)5! (n-3)151

_ n-(n—l)-(n—2)-(n—3)-(n—4) _ n-(n—l)-(n—Z)-(n—3)~(n—4) _ n-(n—1)~(n—2)-(n—3)-(n—4)

51 5.4.3.2:1 120
. (Zn j _ 2n! _ 2n! _ !l (),
" \2n-1 @n-1)1n-@n-1)]1  @n-1)1@a-22+1)t  (Qn-1)111  (20-1)!
i (3n ) _ 3! _ 3! _ 3l 3n-(3a-1)-(3n-2)-(32-3)!
" \3n-3 BGn-3)13n-(n-3)]t  Bn-3)1@r-3n+3)!  (31-3)131 (Br-3)1-1-2-3

_ 3n-(3n-1)-(3n-2)

_n-(3n-1)-(3n-2)
1-2-3 2
n! n! n! _ n-(n—1)-(}1—2)-(}1—3)-(}1—4)-(}1—5)-(1/1—6)!

J [n—6J T =6 i-(-6)]: -6)tli-n+6) (1-6)6! (n-6)161
_ n-(n—1)-(n—2)-(n—3)-(}1—4)-(}1—5) _ n-(n—l)-(n—2)-(n—3)-(n—4)-(n—5)

6-5-4-3-2-1 720
6. Expand the following binomial expressions.

e fen(ponGeor-(e-flp-r -

4 | .4 .4 .4 .4 | .4 .4
iAo 4L 4 241 5 441 5 8.4l 1641 41 4 2:41; 441,
4 01(4-0)1" 11(4-1)1" 21(4-2)!

3@ T a@—4an oar 3 o

841 16-41 Al 4 2:4-31 3 44321, 8.4.31 16-4!
- X+ = X = X+ X" = X+ =
3111 4101 014! 3! 1-2-21 3111 410!

7 7 7 7 7 7 7 7
b. (u + 2)7 = (O]Lﬂ + [1 ]u71 24 (2}{72 224 [3}173 2% [4]u74 244 [5]1/5 2%+ [6}476 284 [7}177 27

x*—8x% +24x2 - 32x+16

7 7 7 7 7 7 7 7 ! 71 71
S S R T (R W VRO I YEIIE I W A WO W S S O S Y O ot
0 1 2 3 4 5 6 7 0!(7-0) 1t(7-1)r 21(7-2)

87! 4. 167! 3 3271 5, 64-7! 128:7! 71 7 2716 4705 8714
+ u’ + u + u”+ u+ = u' + u’ + u’ + u
31(7-3)1  4r(7-4)r 51(7-5)  6!(7-6)! 7!(7-7) 0!7! 116! 2150 314!

o7y 32T 6T 28T u' +(2-7) u® +(7-12)° +(8-35)u* +(16-35)u’ + (32-21)u” + (647 Ju +128
41310 5121 6 !11 710!

= 4 +14u® + 844" + 280u* +560u° + 672u* + 448u + 128

S e AT R S e

Yy (Vo oSV 5o St s 351 4 951 5 2751, 815!
9 327 817 ' —243 7|0 = - -
’ (2} [3} ’ (Jy [sjy 01 G-0) G- T216-2) 316-3) T aiG-a)

243.51 51 5 3.50 4 9.51 5 27-5! , 81.51 243.51 4 3 )
- = - + - + - =3’ —(3-5)y* +(9-10)y° = [27-10
st5-s)t o015’ 114t T21307 3120 a1 s 7 (-3)* +(0-10)" ~[27-10)y
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+(81-5)y—243 = p5—15y* 190y — 270y + 405y — 243
7. Use the general equation for binomial expansion to solve the following exponential numbers to the nearest hundredth.

a. (0.95)5 = (1 - 0.05)5 therefore, a=1, b=-0.05, n=5. Using the general binomial expansion formula

(a+b)" = (g]a" + [Tja”lb + [Z}z”zbz +oe [n Ja"”lb"1 +oe [njb" we obtain the following:
r— n

(1-0.05f = [ ] [ J ~0.05)+ CJ 13.(-0.057 + @ 12.(=0.05) + G}ﬁ (-0.05)* + @ -(-0.05y

5 ! !
= —0.05 +0.0025 L0.05—2 4 0.0025———— . = 20052 10,0025 ...
0 1(5- 0) nG-1)! 21(5-2)! 5! 41 213!
2
|
:%—00557‘4 +0.0025 4§ — e = 1-0.25+0.025— - =~ 0.775

Therefore, (0.95)5 to the nearest hundredth is equal to 0.78 . (Note that this is an estimate.)

b. (2.25)7 =2+ 0.25)7 therefore, a =2, b =0.25, n=7. Using the general binomial expansion formula

(a+b)" = "l e a2 | e 4| b we obtain the following:
0 1 2 r—1 n
7 7 7 7 7 7 7 7
(2+025) =| |27 4| [2%-025+| _[2°-025% 4| p*.025%+|  [2°-025%+|  22.0257+|  [2.025%+| _ |0.257
0 1 2 3 4 5 6 7
7 7 7 7 7 Nl 7 T 71 il
ol et Vol ool 7 Looais 7). - 12870 1671 27002570 0031371,
0 1 2 3 4 01(7-0)! 1(7-1)1 21(7-2)! 31(7-3)! 41(7-4)!

_128-71 16-7! 27! 025-7! 0.0313-7! 1287 16-7-6! 2.7-6-5! 025-7-6-5-41 0.0313-7-6-5-4!
71 6! 2151 314 413! 7 6 218 3-2-1-41 41:3-2-1

= 128+112+42+8.75+1.095+--- = 291.845

Therefore, (2.25)7 to the nearest hundredth is equal to 291.85 . (Note that this is an estimate.)
C. (1.05)4 = (1+ 0.05)4 therefore, a =1, b =0.05, n=4. Using the general binomial expansion formula

(a+b)" = [g] a" + [TJ a" b+ [ZJ A"k [n J A"y [nJ b" we obtain the following:
r— n

(4 4 (4) A 5o (A s (4 . (4 4 4 4
1+0.05f = | " |1*4+| " [13-0.05+| _[12:0.05% +|  [11-0.05%+| " |-0.05* =| " |+0.05  |+0.0025 _ |+0.000125] _ |+
0 1 2 3 4 0 1 2 3

4! 0.05-4! 0.0025-4! 0.000125-4! 4! 0.05-4!+0.0025~4!i0.000125-4!+

_0!(4—0)!+1!(4—1)!'2!(4—2)!+ 31(4-3) a3 2120 311

2
4! 0.05-4-3! 0.0025-4-3-2! 0.000125-4-3!
=—+ ' + +

— + = 1+ 0.2+ 0.015+0.0005 +--- = 1.2155
4! 3! 2-1-2! 3!

Therefore, (1 .05)4 to the nearest hundredth is equal to 1.22.
8. Find the stated term of the following binomial expressions.

a. To find the eighth term of (x + 3)12 first identify the a, b, r ,and n terms,ie., a=x, b=3, r=8,and n=12.
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n!

. n _ _ _ .
Then, use the equation [ Ja" rHprl = " Hprl
e

12 ! ! 12-11-10-9-8-7!
37— 12 5312 120 s gy = o1gy,s JZALIO 98 TE (2187-792)x° = 1,732,104x°
7 71(12-7)! 7151 71-3-4-3-2-1

b. To find the ninth term of (x—y)lo first identify the a, b, r ,and n terms, i.e., a=x, b=—y, r=9,and n=10.

! .
Then, use the equation Tyl o M nerelyred
r— (r—l)!(n—r+1)!
10}, 100 5, g 100 55 10981 , g 90 5 g -
2 (-y) = ") = —x")° = x7y°® = —x"y® = 45x
(8] ) NI T TP TR TI W R S d

c¢. To find the seventh term of (u - Za)” first identify the a, b, r ,and n terms,ie., a=u, b=-2a, r=7,and n=11.

|
Then, use the equation T et = n. a" !
- (r=1)t (n=r+1)!
32
11 ! | 11-10-9-8-7-6!
- (-2a)° = M aasus = M aa6uS = gaq®ys 109 BT6L (64-462)a’’ = 29,5684%°
6 6!(11-6)! 6!5! 6'5-4-3-2-1

d. To find the twelfth term of (x - 1)18 first identify the a, b, r ,and n terms, i.e, a=x, b=-1, r=12,and n=18.

| -
Then, use the equation S P VX o S
r—1 (r=1)t(n—r+1)!
18 2 3 2
| | . 16-13-14- . AN .2.3.2.
) _go st 5 181 I18:17.1615.1413.12.0110  717-2:3-2:13 (71321
11 1118 -11)! 119! 1119-8-7-6-5-4-3-2-1 6

= —442x7
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Chapter 2 Solutions:
Section 2.1 Practice Problems — The Difference Quotient Method I

1. Find the derivative of the following functions by using the difference quotient method.

a Given f(x)=x2 1, then Fle+h)=f() _ [(x+h)2—1]—(x2—1) PR 2= 1- 41 _ W +2hx _ h(h+2x)
' ’ h h h h h

= h+2x. Therefore, f'(x) = lim,_, it Y = fimy o (h+2x) = 0+2x = 2x

(x+n) +2(x+h)—1]—[x3 +2x—1]
h

b. Given f(x)=x>+2x—1, then f(x+hh)—f(x) - [

_ B AR 43R+ 3xh 4+ 2x 4 20— 1% =2+ _ 1 4327+ 3xh +2h h(h2+3x2+3xh+2)

= h? +3x7 +3xh+2.

h h h
Therefore, f'(x) = limhﬁow = 1imh%0(h2+3x2+3xh+2) =0%+3-x2+3-0-h+2 = 3x2 +2
xeh  x erh)r=1)-alerh-1)
o Given 7(6)- - then LOH=S0) _ onmt mt - Grhe0ml) b))
x-1 h h h Al(x+h-1)(x-1)]
2 2
- —¥tht—h-y" ke tx = — h =-= ! . Therefore,
h(xz—x+hx—h—x+l) h(x2—2x+hx—h+1) X" =2x+hx—h+1
, . fle+n)-fx) . ( -1 J -1 -1 1
=1 EA LY NP g | = = = _
S1x) = timy h TN v 1) 2 -2x40x-041 x-2x41  (x-1f
B B B e SR
4. Given f(x):—L,then f(x+h)—f(x) _ (x+h)2 x? _ xz(x+h)2 _ —x22+(x+h)2 _ —x2+(x2+h2+2hx)
x? h h h hx (x+h)2 hxz(x2+h2+2hx)
2 2 2
_ =X+ 2 h(h+2x) i h2+22x — Therefore,
hxz(x2+h2+2hx) hxz(x2+h2+2hx) X +hx" + 2k
(%) = tim Sl+h)-flx) [ h+2x J _ 0+2x % 2
"0 h "0 2 +2h 0% x2+2.0-4° $*3 x>

Slesn)- 1) _ [ZO(x +h) - 3]— [20x2 - 3] . [20(x2 +2hx + hz)— 3]— [20x2 - 3]
h

e. Given f(x) =20x? -3, then P P

_ 20x" +40hx + 2047 —3-20x" +3 _ 40hx+20h> _ b (40x+20h) _ 401+ 200

h h h

Therefore, f'(x) = lim,,_, f(x+)_f(x) = lim,_,(40x + 20k) = 40x+(20-0) = 40x+0 = 40x
¢ Given f(x):\/x_3,then fle+h)-flx) _ Vx+ny —\/x_3 _ Vx+ny —\/x_3'1[(x+h)3 +\/x_3 _ (rnp S
h h h \/(x+h)3+\/x_3 h\/(x+h)3+\/x_3

_ O+ 3R+ - h(h2+3x2+3xh) _ h* +3x% +3xh
xS + 1+ 352 + 33k +\/x_3 B + 1 43220+ 3xh? +\/x_3 V13 43220+ 3xh2 +\/x_3

Therefore,
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Fle+n)-rx) i h? +3x% +3xh B 0% +3x% +3x-0
ST i, o -
- \/x3+h3+3x2h+3xh2+\/x_3 \/x3+03+3x2-0+3x-02+\/x_3

f(x) = timy,_g

2 2 2 3 3 43 1
- 3 A :3x2.x7=ix22:ix :ixzzi\/;
IO I AN AR A
010 10yx-5-10yx+h-5
g. Given f(x)= 10 , then Sla+h)- 1) _Ax+h-5 Jx-5 _ _ Ax+h-5-4x-5 _ 10Vx =5 -10yx+h -5
e h h h hox+h=5-4x=5
o Ax=5-Ax+h-5 Jx-5+dx+h-5 _ x-5—x—h+5
=10- . =10-
hodx+h=5-x=5 Jx=5+Jx+h-5 (h-\/x+h—5~\/x—5)-(\/x—5+\/x+h—5)
=10- —h = —10 . Therefore,

(h-\/x+h—5-\/x—5)-(\/x—5 +\/x+h—5) (\/x+h—5~\/x—5)-(\/x—5 +\/x+h—5)

St h)-flx) -10 -10

f’(x) = lim;,_,

h B limhﬁo[(\/x+h—5.\/x—5).(\/x—5 +Jx+h—5) J :(\/x+0—5~\/x—5)'(«/x—5 +\/x+0—5)

5
-10 ~ -10 -10 -5 -5 5

(\/x—S-\/x—S)»(\/x—S-M/x—S)7(x—5)-(2m) 2e-s)Was)  (v-s)* (x=5)  (x-5F

h. Given /(x)= ax+b then Sl )= 1) {a(:(:f)h;b}[ax+b} ex(ax +ah +b)—(cx + ch) (ax+b)

cxX o cx(cx + ch)
cx h h
_ acx? + achx + bex — acx® — bex — achx — beh _ a¢x2 + g¢hx + bex — ¢¢x2 — bex — g¢hx — bch _ —b¢h _ -b
chx(cx + ch) chx(ex + ch) ¢hx(cx + ch) ex? +chx
Therefore, f’(x) = lim,_,, w = limhﬁo[ 2—b j = -— b = _Lz
h cx” +chx ex“+c-0-x cx

2. Compute f '(x) for the specified values by using the difference quotient equation as the limj_, .

3
a. Given f(x)=x>, then using f(x) = limhﬁow we obtain f"(x) = limh_,om at x=1

(+np-13 _ 1+73+3h+30% -1 _ h\h? +3+3h
I limy,_,o i = limy,_ A

(1) = lim = lim,_,oh*+3+3h = 0> +3+3.0 = 3
h—0 h—0

b. Given f(x)=1+2x, then using f'(x) = limhﬁow we obtain f"(x) = lim,,_, 1+2(x+hh)—(l+2x) at x=0
7(0) = timy 1+2(0+4)-(1+2-0) _ — 1+2h-1 _ limhﬁo% ~ limyg2 = 2
- [ h 1]— P41
c. Given f(x)=x*+1, thenusing f'(x) = limhﬁof(x%)f(x) we obtain f"(x) = lim,_,, (x+ )3+h (x + ) at x=—1

(h3+3h+3h2!—0

(SR (] o lreresnean et (ren)
I h—>

'=1) = lim = lim

f=1) h—0 0 p =0 P
2

= Timy,_o TV +h3+3h = limy (A% +3+34) = 0243+3.0 = 3
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d. Given f(x)=x%(x+2)=x> +2x?, then using f"(x) = lim,_,¢- we obtain

fx+h)-f(x)
h

[(x+h)3+2(x+h)2]—(x3+2x2) ot x=?2 f’(Z) = Timy [(2+h)3+2(2+h)2]_(23+2'22)

f'(x) = lim_, ; h

p = lim,_,q P = lim;,_,o B

. [8+h3+12h+6h2+8+2h2+8h]—16 16+ 4 +20h+8h> - 16 h\h% +8h+20
= llmh_)o i

= limh_)o(h2+8h+20) = 02+8-0+20 = 20

X+ Xx X+x“+x x(1+x+x2)7 1+x+x2

1 1 2 2 3
e. Given f(x =x24x 4l = — 441 = +1 = = = , then using
() x2 X x3 x3 x3=2 x2
1+x+h+(x+h)2_1+x+x2
_ 2
flx) = hm}HOM we obtain f'(x) = lim,,_, v+ ; al at x=1
L+l+h+(1+h)f 14141 24+ h+1+h% +2h ; ( )
, . 1+ 7) 12 . \+i2+2n . 34+h2+3n-3\1+h% +2h
(1) = lim ( = lim = lim
( ) h—0 h h—0 h h—0 i (1+h2 +2h)
iy, 3R A3R-3-30-6h _ . -2h*-3h . h(2h-3) _ . = -2h-3
S (YENEA) i (YRR O 2 O n v 2

a2} (5

h

f. Given f(x):\/;+2 , then using f(x) = limheow we obtain f'(x) = lim,_,,

, o (\/10+h +2)—(\/10+2) _ NIO+h+2-410+2 . V10+ 4 —4/10
at x=10 £'(10) = lim,_,, ., = limy,_ p = hmhﬁ()T
. (\/10+h)—\/10 ( 10+h)+\/10 . 0+h-10 h B 1
- h—0 : - h—>0" [ ———— —\ h—0 -
- h (10+h)+\/10 - h-(\/10+h +\/1o) - h-(\/10+h +\/10) V1040 +4/10

! ! ! =1 - 0.158

040 24d1l0 2316 632

Section 2.2 Solutions - Differentiation Rules Using the Prime Notation I

1. Find the derivative of the following functions. Compare your answers with the practice problem number one in
Section 2.1.

a. Given f(x)=x>—1,then f'(x) = 2x*1-0 = 2x

b. Given f(x)=x>+2x—1,then f'(x) = 3x> 1 +2.1x!™ =0 = 3x2 +2x° = 3x% +2
c. Given f(x)=——, then f'(x) = (bt [io] _xotox 1
/) x-1 S (x—l)2 (x—l)2 (x—l)2
. 1 N (0~x2)—(2x-1) _0-2x _ 2t _ 2
d. Given f(x)z—x—z,then fx) = - 3 R = S

e. Given f(x)=20x*-3,then f'(x) = (20-2)x*'~0 = 40x

s}

3 3 1
Given f(x):\/x_z':xi,then fx) = %xi = %xT = %xi = %\/;
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[o-(x_s)z}{lo-%(x—S)’ﬂ 0-s(x-s) _ -

. 10 10
g. Given f(x)= = , then f"(x) =
= s R
e R L D
(x— 5)%+1 (x— 5)% \/(x - 5)3 (x - 5)\/" -5
b Gi ax+b _th (oY a-cx—c-(ax+b) _ acx—acx—bc _  b¢ b
iven f(x)= en /') (cx)2 (cx)2 cFly? ex?

2. Differentiate the following functions:

a. Given f(x)=x? +10x+1,then f'(x) = 2x* +10x"™" +0 = 2x+10x° = 2x+10

b. Given f(x)=x®+3x%—1,then f'(x) = 8x* 1 +(3-2)x* 1 -0 = 8x” +6x

c. Given f(x)=3x*-2x? +5 then f'(x) = B3-4x* ' (22?1 +0 = 12x% —4x

d. Given f(x)=2 (x +10x* +5x)=2x5 +20x* +10x, then f'(x) = (2-5) " +(20-4)* ™ +(10- 1" = 10x* +80x> +10x°
= 10x* +80x% +10

e. Given f(x)=a’x’ +b%x+c? then f'(x) = (3'a2)x3_1+(1-b2)x1_]+0 = 3a’x +b%x° = 3a’x? + b

f. Given f(x)=x*(x—=1)+3x=x>—x?+3x, then f'(x) = 3x> 1 —2x? 1 43¢ = 3x2 —2x+3x" = 3x2 —2x+3

g. Given f(x):(x3+1)(x2—5) then f"(x [3x ( - )]+ [2x(x3+1)] = 3x* —15x% + 2x% + 2x = 5t - 15x% + 2x

h. Given f(x):(3x2+x—l)(x—l),then fx) = [(6x+1)-(x—l)]+[1-(3x2+x—1)] = 6x% —6x+x—1+3x% +x-1
= (6430 +(6+1+1)x+(-1-1) = 9x* —4x -2

i. Given f(x)=x(x3 +5x2)—4x=x4 +5x3 —4x, then fx) = 4+ +(5~3)x371 —(4~1)x171 = 4x% +15x% —4x°

= 4x3 +15x% -4
3x2 +0) x|-[1-1¥* +1 33 3
JG1venf()x+1th f() [(x+)x]2[ (x+)]=3x ;c 1=2x21
X X x
k GlVen f( ) w then f'(x) — [(5x4+4x).3x2]_ [6X~(x5+2x2—1)] _ 15x6+12X3—626—12x3+6x
3x? (3»x2)2 9x
_ 9x® +6x _ 3x(3x5+2) _ 3xS +2
9x* 3=9x*3 3x3
2 2 2x-(4x—1)]-|4- 57 2 042 2 ~
L. Given f(x)= - =~ then fx) = [2x-(4:-1)] [ i ] B e ke £ S el 2x(2x 1)

(x—1)+3x 4x -1

(4x -1y (4x—1)? (4x-1)*  (ax-1f

2
m. Given f(x)=x2(2+lj=2x2 +2=2x? 4 x, then f/(x) = (22> +x! = dx+x0 = dx+1
X

X

2 2x%42x o [(4X+2)~(x—1)]—[1-(2x2+2X)] 4 dx2p-2-2x2 -2y
= ,then f (x) = =

x—=1 x-1 (x—l)2 (x—l)2
_ (@2 —ax-2  2x% -4x-2

G-1P x-1f

n. Given f(x) = (x + 1)-

then () = [(3x2+3)'x4]{4x3'(x3+3x_1) } 303t S 1ot 44
8

)C X X

o. Given f() LM

8
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_ —xb —oxt 4453 _ xz(—x3 —9x+4) _x3+9x—4

x8 x8=5 x5

p. Given f(x)=[x? —1)[2x3x+5],then £1(x) = 2x.[2x3 *5]+[(6x2 'X)—2(2x3 +5)J.(x2 1) = 45410

x X

353 3 5 43 <2 5 4.3 2
+[6x 2x 5}(}(2_1): 4x3+10+[4x . 5](x2—1)= 4x3+10+4x 4x =5x"+5 _ 8x7 —4x  +5x"+5
x

2

X 2

X

x2

q. Given f(x)=—3x4 rx 42 then f*(x) = [(IZXS +2x)-(x—1)]— [l.(3X4 i +2)] = 120721207 207 - 2v-3c a2
| 1 -1y (1)
_ ot -2 P -2x -2
(e-1)
r. Given f(x):x_l ++2:x_1 +x7, then f'(x) = —x o=y iox = —Lz+2x

X

3. Compute f’(x) at the specified value of x . Compare your answers with the practice problem number two in

Section 2.1.

a. Given f(x)=x,then f'(x) = 3x*! = 3x? at x=1

b. Given f(x)=1+2x,then f'(x) = 0+(2-1x'" = 2x% = 2 at x=0

c. Given f(x)=x>+1,then f'(x) = 3x>71+0 = 3x? at x=-1

d. Given f(x)=x?(x+2)=x>+2x?, then f'(x) = 3x> 7 +(2-2?™" = 3x? +4x

at x=2 fi(x) =32244.2=3.4+48 =12+8 = 20
e. Given f(x)=x2+x"+1,then f'(x)= —2x*" x40 = 263 —x7% = _%_Lz
X X
at x=1 f’(x):—i—l:—z—l = -3
1?12
1 1 1=2 _1
f. Given f(x)=+x+2=x2+2,then f'(x) = loto=Ltys 2 Lm o 11 -1
2 2 2 5t 2x

1 1 1
(v) = —— = = 0158
/') 2Jl0 2316 632

4. Find £'(0) and £'(2) for the following functions:

at x=10

a. Given f(x)=x>-3x2+5,then f'(x) = 3x> 1 —(3-2)x* +0 = 3x? —6x

Therefore, £'(0) = (3-02)—(6-0) =0-0=0and /'(2) = (3-22)—(6-2) =12-12=0

b. Given f(x)z (x3 +1)(x—1),then fx) = [3x2-(x—1)]+[1-(x3 +l)] =3x> =3x2 +x0 +1 = 4x® —3x% +1

Therefore, £'(0) = (4-0%)-(-02}+1 = 0-0+1 = 1 and f'(2) = (4-23)-(3-22 )1 = 32-1241 = 21

c. Given f(x):x(x2 +1):x3 +x,then f'(x) = 327 = 35440 = 352 41

Therefore, f'(0) = (3-02)+1 =0+1=1and f'(2) = (3-22)+1 =12+1=13

d. Given f(x)=2x>+10x* —4x,then f'(x) = (2-5)>" +(10-4)x* ! —4x'™! = 10x* +40x> —4x0 = 10x* + 405> -4

Therefore, £'(0) = (10-0%)+(40-0%)-4 = —4 and /'(2) = (10-2%)+(40-23 )4 = 160+320-4 = 476
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e. Given f(x)=2x2-3x""+5x,then f'(x) = (2- 2>+ (=3 =1 457 = —4x7 43572 4540
4 4 3 , 4 3
=—4x 7 +3x " +5=-—+—+5. Therefore, f (0) = ——5 +—+5 which is undefined due to division by zero and
x> x 0" 0
)= -3 s o A3 s 05107545 = 525
23 92 8 4

f. Given f(x):xfz(xs —)63)-0—x:x3 —x+x=x",then f(x) = 337 =352
Therefore, £'(0) = 3-0% = 0 and f'(2) = 3-2% = 12

[1'(1+x2)]—[2x~x] Cl+x? 26 1-x2

g. Given f(x)zL,then f’(x) = = -
1+x2 (1+x2)2 (1+x2)2 (1+x2)2
1-0? 1-22 1-4 -3 3
Therefore, f'(O) = =1 and f'(2) = = = =_"
(02 (+22f  (eap 52 25
h. Given f(x):l-kx},then f’(x) = M;(l'l)+3x3f1 = —Lz+3x2
X X X

__+(3.22) _ _%Hz — 1175

Therefore, f ’(O) = —iz + (3 -0? ) which is undefined due to division by zero and f'(Z) =
0 2

ax? +bx [(2ax+b)-(cx—d)]—[c-(ax2+bx)] _ 2acx? = 2adx + B¢t —bd — acx® — bex

Gi hen _
i Given /()= cx—d then /'(x) = (Cx—d)2 (Cx—d)2
2 2
= w 3 Therefore, fr(o) — (aC'O )_ (Zado)_bd 0-0- bd —bd _ _2 and
(cx—d) (c-0-a) 0-af a7 4
f’(Z) = (ac'zz)—(Zad-Z)—bd _ 4ac—4ad —bd
‘ (C'Z—d)Z (2c—d)2

5. Given f(x)=x*+1 and g(x)=2x-5 find h(x) and A'(x).
a. Given h(x)=x>f(x) where f(x)=x>+1, then h(x) = x3(x2 +1) = x5+ x> and n'(x) = 5x* + 342
b. Given f(x)=3+h(x) where f(x)=x?+1,then h(x)= f(x)-3 = (x2+1)—3 = x?-2 and h'(x) = 2x
c. Given 2g(x)=h(x)-1 where g(x)=2x-5,then h(x) = 2g(x)+1 = 2(2x—5)+1 = 4x—10+1 = 4x-9 and h'(x) = 4

2xg(x)-1 _ 2x(2x=5)-1 _ 4x* -10x-1
3 3 3

and

d. Given 3h(x)=2x g(x)-1 where g(x) =2x-5, then h(x) =

[(Sx 10 [0 (4x —10x — 1)] _ 3(8x—10) _ 8x—10
32 9 3

h'(x) =

( 1+3[f( )]2)7 f—+—[f ] = f—+2(x +1)z and

e. Given 3[f(x)]2—2h(x)=l where f( ) x2 +1, then h

NI»—‘

h'(x) = 3(x2 +1)-2x = 6x” +6x
£ Given h(x)= g(x)-3/(x) where f(x)=x?+1 and g(x)=2x—5, then A(x) = (2x—5)-3(x2 +1) = (20~ 5)Bx +3]

= 6x> —15x% +6x—15 and A'(x) = 18x* —30x +6

X

W | N

: 2
g. Given 3h(x)- f(x)=0 where f(x):x2 +1, then h(x) = fgx) =X 3+1 and h'(x) =
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h. Given 2g(x)+ h(x):f(x) where f(x)zx2 +1 and g(x)=2x75 , then h(x) = f(x)72g(x) = (x2 +1)72(2x75)
= x?+1-4x+10 = x> —4x+11 and 7'(x) = 2x -4
i. Given f(x):x3 +5x2 +h(x) where f(x):x2 +1, then A(x) = f(x)—x3 —5x2 = (x2 +1)—x3 —5x2 =3 +(—5-ﬁ-1)x2 +1

= —x*—4x*+1 and #'(x) = -3x* - 8x

_ [3x2 ~x]— [l-(x3 +1)]

2

P x> +1

-2x

- (x2 + 1) and A'(x)

RY X

j. Given h(x)= — f(x) where f(x)= x% +1, then h(x) =

30 -0 -1 2x3 -1
:—2—2x: 2
X x

2x

k. Given h(x)=2f(x)+g(x) where f(x)=x%+1 and g(x)=2x-5, then h(x) = 2(x2 +1)+ (2x-5) = 2x* +2+2x-5
= 2x?+2x-3 and A'(x) = dx +2

1. Given [A(x)]? = £(x)=10 where f(x)=x2+1, then [A(x)F =10+ £(x) ; A(x) = {10+ f(x) = [10+(x +1)]
=(x2+11ﬁ and h'(x (x +11T x—x( +11T

m. Given f( )—Zhg(—fj)) where f( ) x? +1 and g( ) 2x-5, then h( ) 2}?(5?)) - 2(xzzx+—15) _ 4;52—+110

[4-(x2+1)] [2x-(4x-10)] _ 4x% +4-8x? +20x _ —4x*+20x+4
(x2 +1)2 (x2 +1)2 (x2 -0—1)z

3 _1 — where f(x)=x%+1, then h(x) = 3x f(x) = 3x(x2 +1) =3x%+3x and A'(x) = 9x* +3

1

and h'(x)

n. Given

which is equivalent to f(x) __ 1 ; fx) [h(x)+ 4] =1-1; f(x)h(x)+ 4f(x) =

1
h(x)+4’ 1 h(x)+4
()= 1-47(x), and f(x)=x? +1, then #a) = b L APG LU )

o. Given f(x):

[0-(x2 +1)]—[2x~1] 0—2x

B 0 e v o

Section 2.3 Solutions - Differentiation Rules Using the -%- Notation

1. Find Z—y for the following functions:

X
a. Given y=x+3x2 +1, then 2. = i(x5+3x2+1) S L L 5xY+(3-2)x+0 = 5x* + 6x
dx dx dx dx dx
b. Given y=3x?+5, then 2. = i3x2+5): 32,45 (3-2)x+0 = 6x
dx dx dx dx

c. Given y= x3 3_1 , then d_y = i x3—l = i()63—)5_]) = ix3—ix_l =32 +x 1 =302 172 = 342 +L

X dx dx X dx dx dx 2

5 5 (l—x3)ix2 - xzi(l—x3) [(1—x3)-2x]—{x2-(—3x2) }
. X dy d| x dx dx
d. Given y = 3 ,then — = — T = =
I—x dc  de|ll—x (1_x3)2 (1_x3)2

2x—2x* 4354 = 2x x(x -

2
(1—x3)2 1-x° 1—x3)z
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1 A d 1 d d( 1 [(x_l)'il}_[l'i(x_l)}
e. Given y = 4x% + ——, then A —(4x2 + j = —(4x2)+—( J =8x+ dx dx
x—1 dx dx x—1 dx dx\ x—1 (x—1)2

= 8x+ = 8x—

¢ Given v _ 242y hen & _d 2 42 i {(f+1);i(x2+2x)}—[(x2+2x)jx(x3+l)j| ) [(x3+1)-(2x+2)]
R . )
[l 2x) 327 S R N N Sy Lo P
(x3 +1)2 (x3 +1)2 (x3 +1)Z
g. Given y :363(x2 +5x—2):x5 +5x* —2x%, then L i(xs +5x* —2x3) = ix5 +15x4 —iZX3 = 5x* 1203 —6x?
dx  dx dx dx dx

h. Given y = xz(x+3)(x—l) = (x3 +3x2)(x—1), then Z—y = %[(f +3x2)(x—1)] = [(x—l)%(x3 +3x2)}+{(x3 + 3x2)di(x—1)}

X X

= l(x—l)- (3x2 + 6x)J+ l(x3 +3x2)~1J =3x0 +6x2 —3x —6x+ x> +3x7 = 4x> +6x% —6x = 2x(2x2 +3x —3)

i. Given y=5x—i,then y_4 5x—L = i(5)c—x73) = in—i)f3 =543x 3 =543 = 5+i
P dx dx P X dx dx x4
. (x—l)(x+3) _ X2 +3x—x-3 _ x2+(3—1)x—3 _ X2 +2x-3 dy _ d x2+2x-3
J- Given y= x2 - x2 - xz - x2 ,then E = E x—z
2d (2 _a)l (.2 )4 2
_ [x dx(x 2 3)} [(X ra 3)dxx } _ [x2-(2x+2)]—[(x2+2x—3)-2x] _ 20 +2x% =23 —4x? + 6x
- o N o N E
2% +6x . 2¢(x-3)  2(x-3)
- o =
ECAN (R | e S
. (x—lj ¥ —x dyv  d [xz—xJ B [3 dx(x x)} {(x x) dx3} B [3~(2x—1)]—[(x2—x)-0]
k. Given y =x = ,then — = — = -
3 3 e dx| 3 32 9
_3(x-1)-0 _ 3(2x-1) _ 2x-1
9 9=3 3
. _ dy d[ _]7 1 d d 1| _ —
1. Given yzxz(x+3) ' then ol Exz(x+3) "= [(x+3) 13x2}+{x25(x+3) 1} = l(x+3) 1-2xJ+[x2-(—(x+3) 2)J
2
= 2x(x+3) =X (x+3)2 = 2x X
ey et = B
d d
I+x)—x—x—I(1
m. Given y=[ = j(x_3],thenﬂ :[’“ﬂi( s j+( al ji[x_?’] = x—3.( +x)dxx xdx( +¥)
1+x )L 5 dx 5 Jax\1+x) \l+x)dy\ 5 5 (1+x)
d d
e SIS s (e ) fet), x [etl-[6=3)0] _ x-3 xelox, x5
1+x 52 5 (1+x)2 l+x 25 5 (1+x)2 l+x 28
5
x=3 1 X

x-3 x
+

1
+ —_
5 (+4xf 1+x 5 5(1+x)2 5(1+x)
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x— x— dx E dx| x—1 (x—l)2
324 [(x—l) 3x2]— [x3 1] _ a2 33 —3x2 - %3 ~ 332 257 —3x2 32 x2(2x —3)
(x—1p (x—1p (r—1) (x—1)

1(2x_1] 2l b d ( . J ) [(3)52 +x)%(2x—l):|—|:(2x—l)%(3x2 +x)}

o. Given y=— ,then — = —
3x+1 (3xz+x)z

X 32+ x dx dx
[+ + ) 2] [r-1)-(6x+1)] 6 2r (12 1 2x-6x-1) _ 64261202 ~2p 6041 _ —6x46x1

(3x2 - x)z (3x2 - x)z (3x2 + x)z (3x2 + x)z

3% +x

d d

Gi _ax2+bx+c th dy _ d ax? +bx+c _ [bxa(axz+bx+c)}—[(ax2+bx+c)$bx} _ bx-(2ax+b)
P T M e T T (bx) (bx )

—(ax2 +bx+c)~b _ 2abx? +b2x—abx2 —bzx—bc _ abx® —be _ b(ax2 —c) _ ax’—c

(bx)2 b2x* b2 x? p¥x? bx?

S e e e/ i ) S L B SIS

& S I (3] (3]
3x0—9x% - 420+ 8% —x®+8x7 —0x?

-3 et -3

o d d V)
5x dy _d| 5x [(l+x) ESx}—[SxE(lﬁLx) } [(I‘HC)Z ~5]—[5x-2(1+x)]
r. Given y =——,then — = — = =
(1+x)2 dx  dx (1+x)2 (1+x)4 (1+x)4
_ 5(x2+2x+1)—10x(l+x) _ 5P 410x+5-10x-10x> _ -5x7+5

(1 + x)4 (1 + x)4 (1 + x)4

2. Find the derivative of the following functions:

d(,2 _ 4 (2,2, 9 (e~ (2 9) 21, (e 1), _ 0 _
a. dt(?)t +5z) dt(3t )+dt(5t) (3-2)7 4 (5-1)¢ 6t+5° = 6t+5

52 25 25 2% 5
5

5

i[z‘2+2t] _ {5'Z(ﬁ”tﬂ_[(ﬁ”t)'is} _ [5~(21+2)]—[(f2+2’)’0] S(2042)-0 _ 5(20+2) _2e+2
5

st st st
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st 352 425 B $(s3—3s+2) 3 —35+2

S4 S4=3 s3
NCEN2 I -
a5 W) _d 5 df ) ., [(HW) dww} {W dz(Hw)} o [0+ w)-20]- 2 1]
f. —|w + = —w+—|— | =3w+ = 3w +
dw 1+w aw dw| 1+w (1+w)2 (1+w)2

2 2 2
2w+ 2w —w w”+2w
3 Mk el AL SHY. Y

(1 wP [
g %[Iz(t+l)(t2—3)]= Z[(r +1 )( )] (2 3)i(t +1 ) (t + jt( ) ( )(3t +2t) (t +t2)-21

=3 428 92 —6t+ 2t 288 = 5¢* v 43— 92 —6t ,or

ds dg4 .ds .d

jt[ (t+1)( 3)] . [(t +1 )(t 3)]=%(t5+t4—3t3—3t2)=5t bt =3t _3Et2 =5t var o1 —6t

h. ai x+1 X +5 |:x +5)— x+l} {)H—l (x +5)} = [(x2+5)-1]+[(x+1)~2x] = x?+5+2x° +2x = 3x% +2x+5

or, i[(erl)(x2 +5)] = i(x3 +x? +5x+5) = ix3 +ix2 +in+iS =3x?+2x+5
dx dx dx dx dx dx

i{i L}_i[luz J—i[ ) ]: [(pu).z{uﬂ_[uz.;o_u)}_[(Hu).z{u}_[u.;{(uu)}

8 du l—u_1+u du\l1-u | du\l+u (1—u)2 (1+u)2
_ [(1—1,{)-214]—[142-—1] _[(l+u)-1]—[u-l] _ 2u—2u” +u? _1+u—u _ 2u—u2_ 1 (2 u) 1
(l—u)2 (l+u)2 (l—u)2 (1+u)2 (1—u)2 (1+u)2 1 u)z (1+u)2
d(3 52 3502 d
d (33— +1 ~ {r-dr(3r -2r +1)}—{(3r -2r +1)-drr:| B [r~(9r2—4r)]—[(3r3—2r2+1)-1]
S dr r B 2 - r?
94t 37 1221 et -2t -1
B 2 B 2

1)) ) PPl Pl

(s3 +1)2 st

[l +1) 6] [ps? -357] (2-0)-(125) _ 65*+6s-95* 0-25 _ -3 t6s, 2 3sls? —)

S+l s 52

(s3+1)2 ) st (s +1)z st (s +1)2 ) (s +1)z
L i{ " u+1} _ i[ u J_i[u’;lj ) [(l—u).;lus}_[ua.du(l—u)}_[uz.ddu(u+1)}—[(u+1).dduu2}

du\l-u| du (l—u)2 ut

QU

(1-u) u* (-uf (-uf
uz(—2u+3) u(u+2) (2u 3) u+2

(l—u)2 " u*=3 (1 u)z

3. Find the derivative of the following functions at the specified value.

a. %()ﬁ +3x2+1) = %(x3)+%(3x2)+%(1) = 33 +(3-2)x2_1 10 - 322 4 6x

[(1_”)'3”2]_[”3'_1]7[uz-l]f[(LH—l)-Zu] _ 3 -3+ w2t -2u -2+ 3 —uP-2u
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at x=2 %(x3+3x2+1) =3.2246-2 =12+12 = 24

b. %[(x-ﬁ-l)(xz —1)] = (x2 —1)%(x+1)+ (x+l)%(x2

at x=1 %[()H—l)(xzfl)]: (3.12)+(2-1)71 =34+2-1=4

dl, » d d d

c. g[m (s—l)] " (3s -3s )—d—(3 ) y
)6

at s=0 di[i%sz(sfl)]: (

—1) = (o1} 1 (e r1) 20 = 6214227 + 20 = 362 4201

( 3s )— 9s% —6s

:0

[ 2
L4 2 +1 | ar H} [(t Va } _ [(f—l)‘ZI]—[(fzﬂ)‘l] 27 -2-12 -1 P -2-1
| -1y -1y -F Gy
wieo 4] € )+<2 Dol _1e2-1 2 1
- dt| t-1 (-1-1) 4 4 2
[ R I P A
d ul B “ du” “ du U B [u+1)2 3u ] [ u+l ] 3 [(u2+2u+1)~3u2]—[2u4+2u3]
~ du (u+l)2 (u+14 (u+1) (u+1)4
_atred 3l -t -2 w0 d| W | o) o) _1+4+3 8 1
(w+1)* (u+1)* du | (u+1)? (1+1) 2* 16 2
A2 ) G2 1)
fd w2 )] _ a [whrt)] _ a[wre] [SWdu(W H)} [(W +1)du3w} _ Buw-20)- [w? +1)-3]
Cdw| 3y dw| 3w dw| 3w (3w)2 9y?
_ 6w -3t -3 3(w2—1)= w? -1 wwey A wlw? +1) 2.1 3 1
9u? 9u? 3nw? B dw| 3y? (3 22) 12 4

<
[\S]
+
—_
el
<
w
—
Il
W
=
[\
—
+
W
|
[\
-
Il

(5-16)+(3-4) = 80+12 = 92

[
) i[ E ] ) {(xZ +1)jxx3:|_{x3;i(x2 +1):| ) [(x2+l)-3x2]—[x3-2x] _ 3t 13—yt B A2
(%4 (x2+l)z

(x2 +1)z (x2 +1)2 (x2 + 1)2

N i[ x3] 0+ (302) 0+0 _ 0
X 1

2if 7
i. i{“{iﬂ B i[ . ] = |:(l_u)dduu5:}—|:u5(ju(l—u):| _ [(l_”)'5“4]_[(”5'_1)] I A TR T
du 1 1-u

—u du (1-u) (1-u) O (-uP (-up
wvso ]| B

4. Given the functions below find their derivatives at the specified value.
a. % given s = (12 —1)+ (3t+2), then ? = %(tz —1) ZS Gr+2f = 20 +2(3t+2)" ZS (Br+2) = 26+2(3t+2)-3
t
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= 2t +18t+12 = 20¢+12 at t=2 §=(20-2)+12=40+12=52
t
d(3 .2 3,22 119
dy B+32+1  dy 2’5(t +3 1) (e 3 “)52’ 21032 v 6 ) (432 +1)2
b. — given y=——— then — = = 5
2t () 4t
_6r w122 -2 —67 -2 _ 4P 6 -2 _ 2 32 1) _ 20437 -1
442 442 41 21
2
3 2 _
wiog] D _20P43P7-1 243-1 4
dt 2.12 2 2
2 2 2-1
e D given w= (e +1) +3x, then L = (2 1P yar = a2 11T L (2 w1} Lax = o2 41) 2043
dx /x /x dx dx
= 4x3 +4x+3 at x=-1 C;—W =4-(-1P+(4-—1)+3 = 4-4+3 = -5
X
2 2 2
d. L given y:xz(x3+2x+l) +3x, then P _ i[xz(x3+2x+l) +3x} = i{xz(x3+2x+l) }+i3x
dx x  dx dx dx

= (x3 +2x+1)2%x2 +xzix(x3+2x+l)2 +3 =

[

at x=0

2x(x3 +2x+ 1)z - [2x2(x3 + 20+ 1)(3x2 + 2)]+ 3

(X3 2+ 1)2 ) 23‘] + [xz . Z(Jc3 +2x+ 1)2_1

~%(x3 +2x+1)}+3

d—y=0+0+3 =3
d.

X

Section 2.4 Solutions - The Chain Rule I

1. Find the derivative of the following functions. Do not simplify the answer to its lowest term.

-1
a. Given y=(x2+2)3,then y' = 3(){24—2)3 2x = 6x(x2+2)z

. Given y=(x2 +1)_2,then y' = —2(x2 +1)_2_l 2x = —4x(x2 +1T3

o

. Given y:(x3 —1)5 ,then y' = 5()(,3 —1)571 3x? = 15x2(x3 —1)4

%4

o

1
==
X

1
1——
2

2x

x4

o

2
. 1 .
. Given y:[l—x—zj ,then y' = 2[ e

_ 1(
x3

2
. _ . —(6x-1 - 2
e. Given y=2x3 +L2,then y' = (2-3))(3 T 0-3x (6x ) = 6x? +O b _ x? - 6x_ x2——3
3x (3x2 ) ox 9x*=3 3x
4 4-1 3 3
. +x2 , 1+ 2 [2x-x3]—[3x2(1+x2)] 1+x% ) 2x* —3x% —3x* 1+ 2
f. Given y = 3 sthen y" = 4| — . G =4 — . G =4 —
X X X X X X
3 3
—x*—3x? 1+ x? —xz(x2+3) 1+ x? x2+3
6 =4 6=4 =4 3 4
X X X X X
3 3 3-1 3 2
g. Given y = x? x+l ,then y' = |2x>7! x+l +13 x+l -l-x2 = 2x x+1 +x? x+1
3 3 3 3 3
3 3 3 3 3-1
h. Given y = [x(x+1)2 +2x] = [x(x2 +2x+1)+ Zx] = (x3 +2x2 +x+2x) = (x3 +2x2 +3x) ,then y' = 3(x3 +2x2 +3x)

- (3x2 +4x+ 3) - 3(x3 +2x7 + 3x)z(3x2 +4x + 3)

—

Hamilton Education Guides

X

-1 -1-1
Given y :[%—ij ,then y' = —[?—ij (%—(Zﬁ)x}l] = —(—

3

-2
- 2x3j (l— 6x2j
3
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Calculus I Chapter 2 Solutions

j. Given y = (x3 +3x% + 1)4 ,then y' = 4(x3 +3x7 +1)4_1 -(3x3*1 +(3- 2! +o) = 4(x3 +3x% + 1)3(3x2 - 6x)

k. Giveny:[ltz T,then v =3[ £ JH,[2"(1+(f2)]—[2t'f2] =3[ & Tzﬁzﬂ—zﬂ _
1

+2 1+2% +t2)2 1+ (1+t2)2 (14—12)z (1+t2)2
At N A 15
(P (2f (27 fen)
1. Given y=(1+)f2 )_l,then y' = —(I-HFZTH-—M*}1 = 2)c73(1+x72T2 = ;2
x3(1+x_2)
m. Given y = (x+i)72 then y' — [—2(x+1)21-1~x31—[3x31~(x+1)2] _ [—2x3(x+1)3]—6[3x2(x+1)2]
X X X
. 1Y o1 . 1Y 3l 1|1 62 1 e 1
- Gen y:[l—x3j et lz(l—xJ .(1—);3)2]_"_2 . [(l—fj.(l—;)z]_"_z _ (1—;)3 s
| ’ N e R o e I PP I 355 + 62— 3t
o. Given y:x3x+2_x2’then y' = (x3+2)2 ol = X 663-:2)2 X o= (: jz)z oy
_ 6t 2x 6x2—2x(x3+2)2
R A

2. Find the derivative of the following functions at x=0, x=1,and x=~-1.

a. Given yz(x3 +1)5,then y' = 5(x3+1)5’1-3x2 = 15x2(x3+1)4. Therefore,
y(0) = (15-02)(03+1)4 =01*=01=0
y(1) = (15-12)(13+1) =15-2* =15.2* = 15:16 = 240 and
y'(—1)=[15- ][ 1)3+1] ~1+1)* =150 =150 =0

b. Given yz(x +3x —1) ,then y’ = 4(x +3x —1) ) (3x2+6x): 12x(x3+3x2—1)3(x+2). Therefore,
y'(0) = (12'0)(03+3-02—1)3(0+2) =0(-1)°2=0
V(1) = (12-1)(13+3.12—1)3(1+2) =12-(1+3-1)>.3 =12.27-3 = 972 and

V(1) = (12.—1)[(—1)3+3-(—1)2—1]3(—1+2) = —12(-1+3-1)° = —12(-2+3)* = —12.*= -12.1 = -12

2-1
x J Le(x+1)-1-x :2[ x J_x+1—x :2( x J Lo 2

(x+1) x+1) (x+1f x+1) (412 (x+1)

2
c. Given y:[ij ,then y' = 2[
x+1

2-0 0 _0

)=—="—_="_=2=9

y©) (0+1)* 1 1

iy 21 2 2 1

yl —W—;—g—Z—OZSand

. 21 _ =2 2

y(,l), ( | 1)3 = 0—37 Ewhlch is undefined due to division by zero
-1+

d. Given y = x(x2 + 1)2 ,then y' = [L(xz + 1)2}+{2(x2 +1)2_l .Zx} = (x2 -t-l)2 -t-4x(x2 +1). Therefore,

0 - s o) 0
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y(1) = (12+1)2+(4.1)(12+1)= 2°+4.2=4+8 =12 and
y(-1) = [(—1)2+1]2+(4.—1)[(—1)2+1] =(1+1)2-4-(1+1) =22-42 = 4-8= —4
e. Given y:x3+2(x2+1)3,then y' = 3x3*‘+2-3(x2+1)3_1-2x - 3x2+12x(x2+1)2. Therefore,
¥'(0) = 3-02+(12~0)(02+1)2 =3.04012=0+0=10
V(1) = 3~12+(12~1)(12+1)2 =3+412.22 =3+12-4 = 3+48 = 51 and

y(-1) = 3.(—1)2+(12-—1)[(—1)2+1]2 =3.0-12-(1+1F =3-1222 = 3-12-4 = 3-48 = —45

2 ) 2 P [2.1 2]_[2.2] 2 )2 3 5.3
f. Given y=|—> ,then y' =3 x2 . x(+x) i =3 x2 (2x+2e —2x
1+x? 1+x (1+x2)2 I+x (1+xz)2
4 4+1 5
_ 3 . x (3.2))6 :2 __ & . Therefore,
(1+x2)z (H—xz)2 (1+x2)2 (14—x2)4
6-0° 0 0
(0) = =—=-=0
(1+02)4 rol
5
)= =6 26 -3 _ 9375 and
(1+12)4 2" 16
, 6-(-1p 6--1 6 6 3
-1) = = =2 =__L=_Z =)
y(=1) - v g = 0375

] ,then y' = ( X Js_l, [1'(x2+1)]—[2x-x]=5( X J4.x2+1_2x2 25x4 1

()624-1)Z X+l i

SR e A e

(1%156 2 64
()= SEDH =) sy 0o
y( 1) (—])24-] 6 (1+1)6 6 64 0
-1
h. Given y:(x2+1)3~% _ y=£xz—zli,then Y= |:3(x2+1)3 -2x-xi:|—|:2x-(x2 +1)3:| . 6x3(x2+1)2;2x(x2+1)3
X X X X
_ 2x(x2+1)2 [Ti —(x2+l)] _ 2(x2+1)2(3);2—x2—1) _ 2(x2+1)23(2x2—1) Therefore
X" X X
y'(O) = 2(02+1)2 '3(2'02_1) = 2'12'(0_1) i —1 which is undefined due to division by zero
0 0 0 0

(1) = 2(12 +1)21.3(2.12_1) 2.2 '1(2‘1) bd] %
1) 2[(—1)2 +1]2.[2.(—1)z—1] C2(+1P21-1) _ 2.22.(2-1) _ 241
o (1) B -1 B 1 R

= -8

8
1
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3)? 3V B2 o) e 143 3 3 4,2 3
S
X — 1

xX— (x— x-1 (xfl)2
3 3 2 3 2 3 .2 3 2 3+2 5
_ 2 2x —3)2c L5 2 x (2x—23)+5 _ 27 x (Zx —32x )+5 _ 2x (2;1c;3)+5: 2x (2x—33)+5. Therefore,
x=1 (x-1) x=1 (x-1) (r=1)(x-1) (r=1)" (r-1)
5
(0) = 2:0 '(2'0_3)+5 = 0'(0_3)+5 — 0 s=04s5=5
(0-1)° 1? 1
5
) = 2'1(1'(21513_3)+5 = 2'(53_3)+5 = 2'0_1+5 = 7%4_5 which is undefined due to division by zero and
(=132 -1)- 2--1-[-2-3 .-
y'(—l):z(l) [(231) 3]+5: [ ]+5: 25,510 53 5 10545625
C1-1) 2’ s s

3. Use the chain rule to differentiate the following functions.

dr| 42 * A A A3

2. d 2
. 4(@3} B S R G B a0 ) RS AT e S
(e+1P(Br-20-2) _ (t+1) (t 2)

t3

| afeat] [ab +ﬂ ol 23] s o]
| ”4)2 9u®

_ 18 2 +1f —1263 2 1] _ 6"3(“2“)2[3"2—2("“1)] _ o2 +1f B - 242 -2) _ 2u? 1) -2)

98 9u8=5 W "

. i{(zxﬂ)ﬂ _ [(1—x)2%(2x+1)3}—[(2x+1)3%(1—x)2} ) [(1—x)2~3(2x+1)3_] _2]_[(2)6“)3’2(1_)6)2_1._1]
T odx (l—x)2 (1—x)4 (]_x)4

_ 6= 2x+1)? +202x+1)*(1-x) _ 20-x)@x+1)*Bl-x)+x+1)] _ 2(2x+1)*(4-x)

b=sf (i i

d. %{(f—l) (2x+1) } [2x+1)3 (x —1)2} [(x —1)2 2x+1)3} [2x+1)3-2(x3—1)2_1-3x2}
+{(x3 —l)2~3(2x+1)3_1 .2}: [6x2(2x+1)3(x3 —1)]+[6(x3—1)2(2x+1)2} = 6(2x+1)2(x3—1)[x2(2x+1)+(x3—1)]

= 6(2x +1R(e 1) 2x® + 2% + 63 —1) = 62w+ 1)2(x? —1) 32 + 2 1)

2 2-1
1 1
ds s°+6 s°+6 ds s°+6 s°+6 dS dSs +6 s°+6
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{6:(12 +1) (t2 —1)2}—{21(12 —1)3} 2 (;2 —1)2[3(12 + 1)— (ﬂ —1)] 2 (12 —1)2[312 +3-1° +1] _ 4t (tz _1)2(12 +2)

‘ () ) R B, .
d a2+ u+1 (u +1)3 (u +1)3 u+1
. {(u H)K(L{H”d_{(u A }d_[((ﬂ ' (H) P
{(u+1)2.3(u2+1)3‘ -2u}—[(u2+1) .2(u+1)“} {6u(u+l)2(u2+l)z}—[2(u2+l)3(u+l)}

(u+1)4 (u+1)4
_ 2(u+1)(u2+1)2[3u(u+1)—(u2+1)] _ 2(u2+1)2(3u2+3u—u2—1) _ 2(u2+1)2(2u2+3u—1)
(u+1)4:3 (u+1)3 u+1)3
h. 1{9%3}2 _ 2{ «92+3T_1.i{ 92+3} _ 2{ 92+3} [(9 1)3 (QZH)} {(92”) - 1)3}
ao|-y | Le-v| aele-v7| -1y (o-1f
_2fe?+3) [(6-1)°-26]-[o* +3) 366 -1)?] _2lp?+3) 20(0-1P -3l% +3jo -1 _ 2(92+3)'(0—1)2[29(9—1)—3(92+3)]
(A (6-1)° (0-1y (0-1f (0-1)° (-1

_ofp?+3) poto-1)-36 +3)] 2lo*+3) (0220302 ~9)  —2f6?+3) (7 +20+9)

-7 ) o1 (0-1)
4 { 7 - (},2 +2r)3%r7 —r7%(r2 + 2r)3 B [(1’2 -4-2r)3 ~7r7_1}—[r7 -3(r2 -1—2;’)2_l ~%(r2 + 2r)}
==

e )

(r2 + 2r)6 (r2 + 2r)6

_ 7r6(r2 +2r)3 - [r7 ~3(r2 +2r)~ (Zr + 2)] B 7r6(r2 + 2r)3 - [r7 -3r(r+ 2)~ Z(r +1)] B 7,.6(,.2 + 2,.)3 _ 6r8(r + 2)(,. + 1)

(22 i (2+2r)° ) (2 +2rf

4. Given the following y functions in terms of « , find »'.

a. Given y=2u’ -1 and u=x—1,then y=2(x—1F 1 and ' = 2-2(x-1F"-0 = 4(x-1)

3 , [3x3*1~(x3—1)]—[3x3*1.x3] _ [3x2(x3—1)]—[3x2~x3]

b Gy = and ety =5 and ! = S o
I ey S
(x3 - 1)2 (x3 - 1)z
c. Given y = “_ and u=x2+1, then y= X +1 and 3’ = 2x |:1+(x Jr1)2:| ‘:Z(x +1)Z 2x (x +1)

L+u? 1+(x2+1)z {1+(x2+1)2:|2

{2x+2x(x2 +1)2}—[4x(x22+1)- (x2 +1)] 2x+2x(x +1) 4x(2x2 +1)2 ) 2x72x(x2 +1)22 i Zx[l—(xz +1)j
[14—(){2 +1)Z} {1+ x +1)1 {1+(x2 +1ﬂ [1+(x2 +1ﬂ

d. Given y:u2 —% and u = x*, then y:xs—% and y' = 8x%1—0 = 8x7
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5 )4 S Y1
. ) 1 | . {0-(1—)5 ) }—{4(1—x )4 -—2x~1} ) O+8x(l—x2)3
e. Given y=u andu:—z,then y=T—=7 and y' = S = S
1-x (l—xz) (l—xz) (l—xz)
_ 8):(1—362)3 _ 8
S )
2 > > _1)2-1 3] 2 (v+_1)2
f. Given y:u— and u=x—-1,then y = (x—l) = (x_31) and y' = [Z(x 1) : ] [3x (x 1) ]
u+1) (x-1+1f  «x x°
_ 2 =1)=32 (=1 _ A= D2r-3G-1)] | (=) (@x-3x+3) _ (x-1)(-x+3)
6 64 4 o

Section 2.5 Solutions - Implicit Differentiation I

Use implicit differentiation method to solve the following functions.

. d d
a. Given x2y+x=y,then d—(x2y+x)=d—(y); (2x«y+x2«y')+1=y’ ; 2xy+1:y'—x2y’ ; 2xy+1:y’(l—x2)
X X
,_2xy+1

N
1-x2

b. Given xy—3x2+y =0, then di(xy—3x2+y)=di(0) ; (1-y+x-y')—6x+y'=0 s y—6x=—xy' -y ; y76x:7y'(x+1)
x X

. y—6x

y—6x , 6x-y

x+1 R x+1 i x+1

o

. Given x?y? +y =333 then di(x2y2+y)=di(3y3) ; (2x-y2+2yy'.x2)+y':9y2y’ 202 +2x%yy =97y -y
X X

2

’ ’ ’ U ’ Zx
s 262 =9)%y —y = 2xPyy 2xy2=y(9y2—1—2x2y) Ly =
9y —-1-2x"y
d. Given x y+y°> =5x, then di(xy+y3):di(5x) ; (1-y+y'-x)+3y2-y'=5 D y+yx+333y =5 xy +3y% =5-y
X X

' 2 ’ S_y
;y(X+3y )=5—y;y: 3
x+3y

e. Given 4x*y* +2y% = y—1, then (%(4):43/4 +2y2):di(y—l) ; 4(4x3~y4+4y3y’~x4)+ 4yy' =y ; 16x°y* +16x*3y
X x

16 3.4
Hyy' =y 16xyt =y —16x*)3y =4y 5 16xy* =y’(l—16x4y3—4y); y’:—t ‘);
1-16x"y" -4y

f. Given x y+x2y2—-10=0, then di(xy-t-xzyz—lO):di(O) ; (1~y+y'-x)+(2x~y2+2yy'~x2)=0 DY+ Y +2xy?
X X

) 2
+2x%yy =0 5 y+2xy? =—yx—2x2yy y+2xy2=—y'(x+2x2y); y':fy+—x'2v
x+2x%y
2
g. Given xy” +y=x, then i(xyz+y)=i(x2); (1-y2+2yy'~x)+y'=2x D 2yyx+y =2x—y% y,:2x—y
dx dx 2xy+1

h. Given xy3+x3y:x,then di(xy3+x3y)=di(x) ; (1~y3+3y2y'-x)+(3x2~y+y'~x3)=1 ; y3+3xy2y'+3x2y+x3y'=l
X X
2 3 342 2,3 342 1-y° - 3x%y
3 3xy Y +x7y' =1-y7 =3x7y y'(3xy +x )zl—y -3x7y ; y':z—3
3xy“+x

—

1 1
Given y? +x2y:x , then %[yz +x2y]=i(x) ;

1 _1
y? ~y'+(2x-y+y'-x2):1;ly 2y'+2xy+xzy':1
dx 2

1
2
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1 1
2y2 7+x

s

1 il 3
7 [y4j ; (zx-y+y’~x2)+2yy/=%y4 Vs 2xy+x2y’+2yy/:%y Y

_L _
;y’(%y 2+x2]—1—2xy Y ! +xt | =1-2xy ; y'—ﬂ

1
j. Given x2y+y2 y*, then di(x y+y )

X dx
2. ' 1 7% ’ |2 1 7% ’ _ny ’ _ny
s XY H2yY gy Y =2xy s YT 2y—oy = 2xy 5y = TR A 1
x2+2y——y 4 x +2y—74 5
4 4%y
k. Given x+y2 =x2 -3, then i(x+y2)=i(x2—3) 142y =2x ; 2yy' =2x—-1; y' = 2x-1
dx dx 2y

1. Given x4y2 +y=-3, then di(x4y2+y):di(—3) ; (4x3‘y2+2yy’.x4)+y’:0 ; 4x3y2+2x4yy’+y’:0
X x

432
oty ey = —axy? y,(2x4y+1):74x3y2 : y’:#
2x"y+1
m. Given y7_x2y4 —x =28, then di(y7_x2y4_x):di(g) : Ty y'—(QX-y4+4y3y'-x2)—1:0 . 7y6y'—2xy4—4x2 3 V=1
X x

1+2xy*

P70 =4y = 120yt '(7y6—4x2y3):1+2xy4 e

7y’ —4x“y

2x+7

(x+3) ] (y —x) ; 2(x+3)=2y)y —1; 2x+6+1=2yy ; y' = >
y

n. Given (x+3)2 = y% —x, then

o. Given 3x2y5 +y2 =—x, then

(x V2 +y ) a;(—x) ; 3(2x-y5+5y4y'~x2)+2yy'=—l ; 6xy5+15x2y4y'+2yy'=—1
( 1+6xy5

; 15x2y4y'+2yy'=—1—6xy5 5x2y +2y)——1—6xy ;Y =

15x2y4 +2y

Section 2.6 Solutions - The Derivative of Functions with Fractional Exponent I

1. Find the derivative of the following exponential expressions.
1 1 1o 1 LS 1 -4

a. Given y=x3,then y) = —x5 =—x5 =—x 5
7 7 5 5 5
. 2 32 1
b. Given y = (4x T 4x2 , then ' f% 4x2 = %-4x 2 = 6x?
1 1-3 2
c. Given y =(2x+1)3, then )’ %(Zx-i-l) 2= %(2x+1)7 = %(2x+1)_§

. Given y = (2x2 +1) then ' = é(2x2+1ﬁ’1,4x - 4_(2x +1f (2x +1) 5
e. Given y= (2x3 +3x)5 then )’ %(bc3 +3xﬁ_l .(6x2 +3) = %(2)53 +3xT% .3(2)(2 +1) = %(sz +1)(2x3 +3x)7%

f. Given y:(x3 +8) then y' = %(f +8)%71 3x? = %(xS +8)23;3-3x2 = 2x2(x3+8)_%

, ! 13 1 , 3 21 1 3 22 1 1-3
g. Given y:(x3ﬁ—(3x—1)3 =x2 —(3x—1)5, then y' = > —E(Sx—l)s 13 = Jx? —§(3x—1)3 3

1

x? —(3x- 1)

Nlu

2 ~ 2
h. Given y=x2(x+l)é,then Vo= 2x-(x+l)%+%(x+l)%71 X2 = 2x(x+l)%+%(x+l)% = 2x(x+1)%+x?(x+1)_%
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R 3 Bt co2(s B 1 a6 (s 126 (3 yE o1 L
i. Given y=|x" +1 +x2,theny:§x +1F  -3x +Ex2 :gxerlS +Ex2 :gxerl 5+Ex2

20 (2 24 2 23 2 1
- {1-x3}—{3x3 (x+1) x3 —Ex 3(e+1) x3 —Ex 3(x+1)
j. Given y = 3 ,then ' = 2 = 3 7 = 3 Z
x3 x3 x3 x3
1_ 1 3 -2 1
1 l(xz+l2 1-2x-x2 — 2)6-()62-4-12 2L()CZ+I)T - 2x-(x2+lﬁ
k. Gi [0 then 5 = L ’
. Given y= , then y' = =
2 A i

X
2(x+1)2_1-x% - lxé_l-(xﬁLl)2 % 1 *% 2
. (x+1)2 , 3 2x (x+1)—§x (x+1)
l. Given y= T ,then ' = 3 = ’
x3 x3 x3
2. Use the di notation to find the derivative of the following exponential expressions.
X
1)? 1\ 1 1y oi 14 14 3
a. i[)ﬁj = [xSJ -ix5 = 2x5-lx5 - Ex5-x 5 =3x5 5 =£x 5 ,or
dx dx 5 5 5 5
2 —
i(x;j A4 23 22 23
dx dx 5 5 5
d_izl_,li_zl_,Lzl__L
b E(x 1)2 2(x 1)2 dx(x 1) 2(x 1) 2-1 2(x 1) 2
1 1_ 1-3 _2
c ix(x2+1)3 =%(x2+1 1 —x(x2+l)=%(x2+l 2 ——(x2+1) 3
1 1 4 1 —1-4 2 _5
d —x(x3+1) ‘= ——( 3+1T4 E(x3+1)= —Z(x3+1 4t = ——(x3+1) 4
2
d (x—l)z {xzx(x—l)z}—{(x—lﬁ xxz} {xz (x—l)zl}—[(x—l)z 2x} x2(x—1) z—2x(x—1)%
e. I 2 = o = 4 o
1 1 7 2 _1
f di(x3 +2x)8 _ %(x3+2x)§ _(x3+2x)= %(x3+2x) ; (3x2+2)= {3x +2J( 3+2x) 7
x
d | d 2 2.4 d 2 2 2 241
g E{(f"'l)(xzﬁ} = E{(fﬁ_l)x}} = {x3 E(x3+l)}+{(x3+l) gﬂ} = {x3 3)«72}—{(953-#1).5 3 :|
_1 8
= 3x2 3+—()c3-4—1) x 3= 3x3-t-23‘;j ’ (x3+1)
1 1 1 1
d 1 d 3 {(XZH 2. 4 xﬂ—{)ﬂj(}#ﬂﬁ} {(x2+1)5-3x2}—{x3-;(x2+lﬁ 1'2x:|
h. — 3 -4 X _ Ix _
i L]
1 1-2 1 1
{3x2(x2+12}—{ 4(x2+1 2 } {sz(xz-kl)z}—[ 4(x2+1) 2}
) X+l ) x2+1
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Lz{xs](ﬁﬂﬁi;}%siwﬂﬂ{@Hﬁwq{f§@+ﬁrﬁﬂ
| &3+1ﬁ Q3+1ﬁ
) {5x4(x3+1ﬁ(} (x +1f} {Sx x +1(} [2; 31 ;}

i i[(x 05 (1) }={(x+1)%di(x_l)%H(x_l)%i(m)%}=[(Hl)%%(x_l)%le(x_l)%%(m)ﬂ

dx x dx

e ‘

\m

- B(m) (- 1)72}{%(%1)%.(%1)%} - [%(x+1);(x—l);}+[%(x—l);(x+l)g}
e e L e R e [t R N e e
[sle | afF - sl
e e e B B [ P S R

4 —1 3 _1 4 _4
={3 (x +1 }-{—%(x +1 } =3x2(x2+1) 3—2%(x2+1) 3
Section 2.7 Solutions - The Derivative of Radical Functions I

1. Find the derivative of the following radical expressions. Do not simplify the answer to its lowest term.

1 Ly
a. Given y=\1x2+ = (x2+1)§,then y' = %(x2+lﬁ -2x (x +1)2 = (—

X +1)

b. Given y:\/x3 +3x-5 = (x3+3x—5)%,then y' = %(963-0—336—5)]5_1 .(3x2+3)= l(x3+3x—5)_%(3x2+3)= J_LS x4l

1
2£+u—ﬂl

[\

c. Given y=x2+\/x—l = x2+(x—1)%,then y = 2x2_1+(x—1)%71 = 2x+(x—1)7% =2x+

(x—l)%

B(}Hl) -1 xj|—|:l-(x+l);j| ;(x+1)_%—(x+1)%

d. Given y:x_+1 = (x+1)% ,then ' = - = 5

x x N
e. Given y = X = x? then ' {zx (x _IT} { (x _IT } (xz_l)%—xs(xz—l)_%
| - V' -1 (xz—l)%’ ’ x -l x?-1

1 3 3 1 Enl
f. Given y=+4x> +3x% = (X3F+3x2 = x2 +3x7, then ' = %xz (3-2)x2_1 = %x 2 +6x = %xz +6x

1
\/x +3 2 +3 (x +3J . 1(x2+3J2 1'2x-(x+1)—

then = —
x+1 Y x+1 (x+12

. Given y =
g y= 5

._
e
L3S
+
(98]
=
Il
N | =
VO
=
N
+
w
N——
|
N [
=
N~
+
[\°)
=
|
w
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Chapter 2 Solutions

L a)i 2, ;Hl (e ;}
h. Given y—4j_ :(x _IT , then ' { (X 1) e 2x (x l) a4
X

i. Given y=

1-1
: : xx2=x 2=x
x“alx 2

2. Use the d_ notation to find the derivative of the following radical expressions
/x

a. ;i[\/x_hij ;(H%j:iﬂd(lj o, 000)-(1) 1

=1-—
x2 2

1 I L P
) g - e

- (x-1)° ) %[x—ljé_l'[l.(x( 13]1) =
(=) =
) i{ 3 ]zi[ E ][(ﬂl)édfofi(ﬁl)é} [(m)z i ] {f (x+1) }
dr\Ja+1) dx| (v41)2 X+l —
[3(x+1)2x2}—{x;(x+1)122} {3)‘ (x+1) } { 3(x+1) }
) x+1 x+1

3. Find the derivative of the following radical expressions

LT )0 st 4

1 3301 L 3 32201 -1
=1; —x2+—yp2=1;=x2 +=y2 y'=1;=x?2 +=—y 2y =1
dx dx dxy 2 2y 7 2 2y 7
1 1 1 1 3 1 1 1 1 1
s ox2 4=y 2y =15 =y 2y =l-ox? ) o =1-—x2 5y =22 1-2x2 | 2y2 -3(xy)2
27 2 1
2y
d( L+ 3 d L d ; 1 1=
+ —| x2 + =0; —x2+—y =0 ; —x2
(\/_ y) dx() dx( yJ dx dxy

l\)lv—‘
D=
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’ ’ 1
e
2x2 6x2y?
d d ) d d 1 d d d 1 1 1 1 -1 1| 1
o. Z(xy)=Wx); Sy)=a2 ; y Sy ="x2; yrxy=—x2 ;xy=—x 2-y;y=— -
& ) dx( e T L AR SR P
d 3 d 1 3 d 1 d 3 1 1 2 J— 2 y’ 2
d. —( +x7)=0; —|y2+x" |=0; —y2+—x =0 ; —p2 Y +3x"=0; —y 2y =-3x"; =-3x
A ) dx{y &’ 27 PR 1
2y2
' _ 2 1
;L= ix Py =—6x?y?
2yE
d( [2 2)11' d(z 2 d , d » , , , 1-2x
e. —|Vx" + =—\x); —x"+ =1; —x"+—y°=1; 2x+2 =1;2 =1-2x ; =
dx( 7 dx() dx y) dx dxy 7Y 7 Y 2y
1 1 1 1 1 1 2y
f i(«/x+1):i(y3);i(x+l)z T SR U M) o SR N 1 _ 3y
dx dx dx dx 2 2 > 1
2(x+1)2
1
POty (v rl)2 =15y =— .
6y*(x+1)2
d 2 ) d 2 3 2 d , 1 ) _1
— Wy +yx J=—2) s —|xy +x2 |=0; y —x+x—y +—x2 =0; y -l+x-2yy'+—x 2=0
g dx(,v ) d(y v i v vy
1 1 -3 2 2
, - , 1 1 -= , x 2 , 1 , 1
y y  2xy As y axly
h i[\/x3j+—(x )—0 —x%+i(x )—0 —x%71+ —x+xi =0 —x%+( +x ’) 0;x ———x%—
I p y " e y 5 yd dxy 5 yrxy > XYy y
. 1
, 3 = 3x2 , 3 , 3 , 3
ay_;(_zxz_yJ’yzgfay: _l_fay__ l—l_%y = lfl
2x-x 2 2x 2 2x?
d 1 1L g 1 _1 _1
i —Wx =—I\y); —|x2+3y|=)y" ; —x2+—3y=y"; —=x2 +3y' =y ; —x 243y’ —y'=0; —x 2+2)'=0
Vx +35) ) dx[ yj Vs ea i3y =y V= Y-y v
1 -1 1 1
,Zy/:—zx 2 72y,: 1 7y’_ 1
2x2 4x?

3 5 31 ) 13 13 34 21 3% 3-2 3% 1
a. Given y=+43x" +x° = (3x F+x = 32x2 4+ x",then ) = 32-5x2 +2x°7 = TX 2 42x = 7x2+2x
EN 3
2 1 2
at x=1 ' =3—-12+(2-1)=3—+2 5196 5 — 4508
2 2 2
L e | 5l E R T 522 12
b. Given y=(x2+1)\/; = (xz+l)x2 =% 24x2 =x2 4x2 = x24x2 ,then y' = —x2 +—x = %x 2 +%x 2
521 -1 53 L5 2 .
=-xlt+—x 2 = —xl4—r at x=0 Y ==-02+ — = 0+— is undefined due to division by zero
2 2 2 B 2 =
2x2 2-02
2
. 2ol APl o bead-ple)]  aeiacin 2o o 1) 2
c. Given y= = ,then ' = = 3 = — = > = 5
452 2x (2x)2 4x 4x 4x 2x
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atx=2 Y =S == 2= 0.625

d. Given y = = [L]z then y' = 1
' 2l e 2

L,
atx—l y'l[ 1 j 2 -+l :l_
201241 (12+1)2 2

1 l—l 2 _1
e. Given y=yx>+1+4x> = (x3+1)2 +4x° then ' = %(x3+1)2 x4 (43 = %(x3+1) 2 41242

e 1 e
at x=0 y'=%-(03+1) 2+12-02=%. L _412:0=0140=0+0=0
03+1)5 12
2 331, 5 1
2x-x2 |- =x2  lx"+1 33 2,2
. P B RS | , { } {2 ( ) 2x 2x (x +1)
f. Given y = = — = ——,then )’ = 3 = 3
}x3 (XSF xi X X
L)
2-32-2.32(32 41
atx=3 - > _ (2-15.58)—(1.5:1.732-10) _ 31.18-25.98 _ 0.193
33 27 27

Section 2.8 Solutions - Higher Order Derivatives I

1. Find the second derivative of the following functions.
a. Given y=x> +3x +5x—1,then ' = 3x>+(3-2)x? " +5x™ —0 = 3x? +6x+5x" = 3x? +6x+5 and

' =B 2 +6x! 40 = 6x+6x° = 6x+6

b. Given y =x2(x+1)2,then y' = 2x»(x+1)2 +2(x+1)2_1 x? = 2x(x+1)2+2x2(x+1) = 2x(x+1)2+2x3 +2x?and
Y= [2-(x+1)2 +20c+1)7! ~2x]+ @33+ (220 = 2(x + 1) +dx(x +1)+ 637 +4x = 2(x2 +2x+1)+4x2 +4xx
+6x7 +4x = 2% +4x+2+10x7 +8x = 120" +12x+2 = 2(6x2+6x+1)
c. Given y=3x>+50x, then y' = (3-3)> ' +50x"" = 9x2+50 and y" = (9-2)x>1+0 = 18x
d. Given y=x’ +L2 =X +x 2 then ' = 5x> 1 —2x? 1 =5x* —2x3 and y" = (5-4p* T+ (-2 37 = 205 +6x7*
X
3 [3 2, 1]_[1. 3] 3 2_.3 3 2
e. Given y=x——5x2,then Vo= : (x+ ) 5 ! —(5~2)x2_l = M—mx = M—le and
x+1 (x+1) (x+1)? (x+1)?
[(6x2+6x)-(x+1)2]—[2(x+1)~(2x3+3x2)] - [6x(x+1)(x+l)2]—[2(x+l)(2x3+3x2)]
y' = 7 —-10x" " = 7 -10
(x+1) (x+1)
_ (x+1)[(,x(x+1)2 —2(2x3 +3x2)] _10 = 6x(x+1)2 —2x2(2x+3)_10
) (x+1)’
f. Given y:x3(x2 —1) = x° x>, then y = 5x>71=3x*1 = 5x* —3x% and " = (5.4 -(3-2)x?! = 20x% —6x
8 5
g. Given y =x* +%};+5x ,then y' = 4yt +%(8x871 +(—7~5)x571 +5xH) = 4x° +%(8x7 —35x4 +5) and

y"' = (43! +%[(8'7)x7_1 +(=35-4p*! +0] = 1247 +%(56x6 —140x3) = 5.6x% —14x7 +12x2
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h. Given y = x* - L x? —(x+1)71 ,then y' = 2x?7! -0—()6-0—1)7171 = 2x+(x+1)72 and y" = 2x!"! —2(x+1)7271

x+1
2

(x+1)3

=20 2(x+1)2 = 2-2(x+1)7 = 2

i. Given y =L2—3x =x2-3x,then y = —2x27'—3x!"1 = —2x 3 3 and y" = (—2-—3)}(371 -0 =6x*

X

2. Find y" for the following functions.

a. Given y=x"+6x° +10, then y' = 5x° 7 +(6-3)x> ' +0 = 5x* +18x2, y" = (5-4)* +(18-2)x* " = 20x% +36x,

and y" = (20-3x* " +36x!! = 60x% +36

2, 1 2

b. Given y=x?+—=x2+x"" then y' = 2x> ' —x7 " = 2x—x2, y" = 2! 4 2x 2 = 242573 Jand »" = —6x7*

X

c. Given y=4x>(x~1), then y' = [(4-3)x3“ -(x71)2]+ [2(%1)2‘l -4x3] = 12x% (x—1)* +8x% (x-1) = 12x2(x2 72x+1)

+8xY —8x% = 12x% —24x3 +12x% +8x% —8x® = 20x* —32x7 +12x7 " = (20-4)*T (323 + (1220

= 80x> —96x2 +24x and y" = (80-3)x> 1 —(96-2)x>7 +24x!7" = 240x? —192x+24x" = 240x? —192x + 24

(x+1)]—[1-x] _ x+1-x _ 1

()H—l)2 (x-&—l)2 (x+1)2

Y= (=2-3)x )P = 6(x 1) =

. 1
d. Given yzL,then y' = [
x+1

(x + 1)4

= (x+1)%, y" = =2(x+1)*" = —2(x+1)"? and

e. Given y =x®—10x> +5x—10, then y' = 8x5! +(—10-5)x571 +5x7 -0 = 8x7 —50x* +5x0 = 8x” —50x* +5,

y" = (8-7)" = (50-4)x* 1 +0 = 56x° —200x> and y" = (56-6)x"1 —(200-3)x>! = 336x" — 600>

[1~x2]—[2x.(x—1)]+(5.3)x3_1 _ x2 = 2x% +2x

— _ 2
f. Given y=x—1+5x3,then y' = - 2 15y = =% :2x+15x2
XZ X ¥ . —
3 2
—X+2 -x+2 [—1~x ]—[3x ~—x+2] R 3,2
-4 = Lise - T eIs, = - cx+2) H15p2 = T ZO0 5,
X X X .
4 3
2¢° - 6x° 2(ox - 2x— [2-x]—[4x -2x_6] i
_ X 66x +30x:%+30x: X 6+30x and y" = 8( ) 30401 =
X X ¥ R x
_ 642 3 B B
=L824x+30= 6x8(j‘5 4)+30=_6(x54)+30
X X~ x

3. Find f "(0) and f ”(1) for the following functions.

a. Given f(x)=6x>+3x>+5,then f'(x) = (6-5) '+ (3-3> 1 +0 = 30x* +9x% and f"(x) = (30-4}* ' +(9-2)x*!

= 120x° +18x . Therefore, f"(0) = 120-0*+18-0 = 0 and /"(1) = 120-1°> +18-1 = 120 +18 = 138

b. Given f(x)= x3(x + 1)2 ,then f'(x) = [3)5371 x+ 1)2]+ [Z(x + 1)271 -x3] = 3x2(x + 1)2 + 2x3(x +1) = 3x? (x2 +2x+ 1)

w2t r2x® = 3t et +3xF 420t 420 = st 8P +3x% and f7(x) = (54T (83T + (32!

= 20x” +24x% + 6x . Therefore, f"(0) = (20-03)+ (24.02)+ (6-0) = 0 and /(1) = (20.13)+ (24-12)+ (6-1) = 50

Hamilton Education Guides
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. Given f(x)=x+(x-1)%,then f'(x) = 1+2(x=1)>" =1+2(x~1) = 1+2x-2 = 2x—1 and f"(x) = 2x'" -0 = 2.

Therefore, f "(0) =2and f "(1) =2

d. Given £(x)=(x—1), then f'(x) = =3(x=1)" = =3(x=1)"* and /"(x) = (=3--4)(x—1)"*"" = 12(x-1)"5 = =

2 _ 12 2 _12
©-1p -1 (=17 o

e. Given f(x):(x—l)(x2+1), then f'(x) = [1-(x2+1)]+[2x-(x—1)] = x? +1+2x% —2x = 3x* —2x+1 and

Therefore, f"(0) = = 12 and /(1) = which is undefined due to division by zero.

F"(x) = 3-2x* ! —2x""1 40 = 6x—2. Therefore, f"(0) = (6-0)-2 = 0-2=-2and f"(1) = (6-1)-2 = 6-2 = 4

£ Given f(x)=[ ~1) +¥2x = (1] +(2x)7, then f'(x) - 2(x3—1)2‘1.3x2+%(2x)%*1.2 — 62 —1)+ (20)7

and f"(x) = [12x-(x3—1)+ 3x2-6x2]—%(2x)*%*1~2 — 12x% 120 +18x% — (2x) 72 = 30x* —12x—(2x)"2. Thus, £"(0)

! =30-12-0.35 = 17.65

= 30-0°~12-0——— = _ 1 \hich is undefined, and 7(1) =30-1*-12-1-
3 3
202 0 (2-1)2
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Chapter 3 Solutions:
Section 3.1 Practice Problems — Differentiation of Trigonometric Functions I

1. Find the derivative of the following trigonometric functions:

. . d .
a. Given y =sin (3x+1), then 2 = i[sm (3x+1)] = cos (3x+l)-i (3x+1) = cos (3x+1)-3 = 3cos (3x+1)
dx dx dx
. d . .
b. Given y =5cos X3 , then @ i Scos x> = —5sin x° i ¥ = —5sin x°-3x% = —15x%sin 3
x dx dx
c. Given y = x3 cos x2 , then ﬂ = i(x3 cos x2) = cos x° ~ix3 ' -icos ¥ = cos x%-3x% +x° - —sin x? ~ix2
dx dx x dx dx
= cos x%-3x% — x> -sin x2-2x = 3x%cos x* — 2x*sin x2
d. Given y =sin 5x-tan 3x, then P i(sin Sx-tan 3x) = tan 3x~isin 5x +sin 5x~itan 3x = tan 3x-cos 5x~15x
/x x dx x x
+sin 5x-sec? 3x-d13x = tan 3x-c0s 5x-5+sin 5x-sec” 3x-3 = Stan 3x cos 5x + 3sin 5x sec 3x
x
. 2 d 2
e. Given y = tan® x> = (tanx3) , then o i(tanx3) = 2tanx’ -itanx3 = 2tanx’ -sec’ x° -ix3 = 2tanx’ -sec’ x° - 3x2
dx dx dx dx

= 6x2 tan x3 sec? x3

f. Given y =cot (x+3)3 , then L i[cot (x+3)3] = 7cscz(x+3)3-i(x+3)3 = fcscz(x+3)3-3(x+3)2~i(x+3)
dx  dx dx dx

= —cscz(x+3)3~3(x+3)2~l = —3csc2(x+3)3’(x+3)2

. d d d d . d
g. Given y = x> cosx’ , then D _ 2 Scosx)=cosx” - Lx’ +x°Lcos x7 = cos a7 -5xt +x° - —sin x7 i
dx dx dx dx dx

5 7

= cos x” -5x* — x> -sin x7 - 7x° = 5x*cos x7 —7x'Tsin x

4 4 3
3 3 3 3 3 3 3
. B 3 3 dy d 3 3V g 3 3 3
h. Given y =sec* Vx> =sec? x2 =[sec xzj , then o —[sec xzj = 4[sec sz 'd—[sec xzj = 4sec3 x2 -sec x2

dx dx X
3 3 3 3 3 3 3_ 1 3 3 3 3
xtan x2-—x2 = 4sec’ x2 -sec x2tan x2 -—x2 = 6x%sec” xZsecx?tan x?
dx 2
C d d d d d
i. Given y = sec 3x2 4y , then @4 sec3x% + 0 ) = Zsec 3x% +——x3 = sec 3x% - tan 3x% - —(3x2 |+ 3x2
dx dx dx dx dx

= sec 3x2 -tan 3x% - 6x +3x% = 6x sec 3x> tan 3x? + 3x?

L d d d
J. Given y =tan x>, then Y- —(tan x5) = sec’x’ ~—(x5) = sec?x° -5x* = 5x*sec? x5
dx  dx dx
. d d d d d
k. Given y=tan® x, then 2 - —(tan5 x) = —(tan x)5 = 5tan® x-——tan x = 5tan* x-sec’ x-—x = 5tan® xsec’ x
dx  dx dx dx by

. d
1. Given y =csc (x3 +1), then 2 = icsc(x3 + 1) = —csc (x3 +1)cot (x3 4—1)-i(x3 +1) = —3x2csc (x3 + l)cot (x3 + 1)
dx  dx dx

2. Find the derivative of the following trigonometric functions:

) ta
a. Given y= R 2 = 5
csc x dx dx csc” x csc x

d d
nx dv  d{tanx (CSC x---tan x)—(tan X oCSC x) (csc x-seczx)—(tan Xx-—csc x cot x )
cse x
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csc x(sec2 X +tan x cot x) sec? x +tan x cot x
csc? x cse x
. sin (x3 + l) dy 4 sin (x3 + 1) [xz -%sin (x3 + 1)]— [Sin (x3 + 1).%33] [x2 .Ccos (x3 + 1). %(f + 1)]
b. Given y =—2,then — = 5 = 7 = 7}
X dx dx X X X

[Si“ (x3 + 1)' Zx] [x2 - €08 (x3 + 1)' 3x2]— [Si“ (x3 + 1)' 2x] _ 3xt cos(x3 + 1)— 2xsin (x3 + l) _ 3x> cos (x3 + 1)— 2sin (x3 + 1)

4 4 4

X X X X
5 o) (sex Lo ) (e’
. sec x dy d [ sec x (csc X7 - -sec x |- | sec x - -cse x csc x5 -sec x tan x
c. Given y = 3,then—=— 5| = 33 = 53
cSC X dx  dx| cscx csc x csc” x
(sec x-—csc x°cot x° ~3x2) (csc x> sec x tan x )+ ( 3x2sec x cse x> cot x3)
csc? X3 cse? x3
. d d d d d
d. Given y = x’tan x°, then Do 2P tan )= tan S+ 2% Stan 2 = tan 2 Sxt 420 see? xS
dx dx dx dx dx
= tan - 5x* + 27 -sec? 2% 3x% = Sx*tan ¥ +3x7 sec? x® = x4(5tan X3 +3x3 sec? x3)
. . d d . . d d . . d
e. Given y= x> sin x2 , then D _ L Ssinx?) = sin 2 Lx5 1 x5 Lsin x2 = sin x% - 5x* + %7 -cos x2 - L x2
dx dx dx X dx

= sin x%-5x* + x> -cos x% - 2x = 5x*sin x2 +2x%cos x% = x4(Ssin x? +2x2 cos xz)

f. Given y = (x+5)2cos x , then L i[()H—S)zcos x] = cos x-i(x+5)2+ (x+5)2-icos X
dx  dx dx dx

= cos x-2(x+5)-di(x+5)+(x+5)2-—sinx = cos x~2(x+5)~1—(x+5)2~sinx = 2(x+5)c0sx—(x+5)2sinx
x

dy d 5 d 2 2

. d d
g. Given y = x* tan® x° ,then — = —( 2 tan® xs) = tan’ x> - —x? + ¥ tan®x’ = tan’ x° - 2x +x? -3tan® x> - —tan x
dx dx dx dx dx

5

d
= tan’ x° - 2x + x2 - 3tan x° -sec? X —x° = 2x tan> x

X

1 1,
. Given y =4/x+sin ¥’ , then ii—‘; = %(ﬂx+sin x3) = di(x-rsin x3)E = %(x+sin x3F -di(x+sin x3)
X

X

5 5 2.5 5can2 5

+x2-3tan? % -sec? x° -5x* = 2x tan® x5 + 15x% tan? x5 sec? x

=

3 3

X
_1 1 2 2
= %(x+sin x3) 2~(ix+disin x3j = %(ersin x3) 2'(1+3X2COS 3): I+3x7cosx’ _ 1+3x7cos x

- =
2(x+sin x3F 2\[x+sin X3
dy

i. Given y:sin(1+x5),then % = %sin (1+x5)= cos(1+x5)-%(l+x5) = cos(1+x5)-5x4 = 5x4c0s(1+x5)

—

R d d d d d
J. Given y:cot2 x° | then o —(cotzx ) = —(cot x3)2 = 2cot x> -—cot x* = 2cot x° - —csc? x> - —x>
dx  dx dx dx dx

= 2cot x> -—csc? x3 - 3x% = —6x? cot xJese? x3

k. Given y=sin3(1+5x),then j—y = di[sin(l+5x)]3 = 3[sin(1+5x)]2~disin(l+5x) = 3[sin(1+5x)]2~cos(l+5x)
/X x x

x%(l-ﬁ-Sx) = 3[sin(1+5x)]2~ cos(l+5x)-5 = 15sin? (1+5x)cos(1+5x)

. d d d d d
Given y = *3 cse x> , then @ _f wesexd) = ese ¥ —x +x° - —cse 0 = cse x°-5xt+x° -—cse 2% cot XP - —x
dx dx dx dx dx

3

—_—

= csc x> 5x* —x% cese 2 cot ¥ -3x% = Sx*ese x® = 3x7 ese x3 cot X3
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3. Find the derivative of the following trigonometric functions:

. . d d ;. d
a. Given y =sin 7x, then Y- —(sm 7x) = cos 7x-—(7x) =cos 7x-7 = Tcos Tx
dx dx dx
. d d . d .
b. Given y =cos x3 , then 2 _ 4 cos x> = —sin x> -—— ¥ = —sin x°-3x2 = — 3x%sin x>
dx dx dx
. d d d
c. Given y =cot ¥ , then 2@ —( cot x3) = —csc? ¥’ -—(x3) = —csc?x3x? = —3x2ese? x°
dx dx dx
. d d d d d
d. Given y =x> tan x2 , then o —(x3 tan x2) = tan x> —x> +x° - ——tan x> = tan x2 -3x% + x> -sec? x? - —x?
dx dx x Ix dx

= tan x2-3x2 +x° -sec’ x% - 2x = 3x’tan x% +2x*sec? x? = x2(3tan x? + 2x2 sec? x2)

e. Given y =cot (x+9),then v i[cot (x+9)] = —cscz(x+9)~i(x+9) = —cscz(x+9)~1 = —cscz(x+9)
dx  dx dx

f. Given y:sinz(x3 +5x+2),then &y _4 sinz(x3+5x+2) = di(sinx3+5x-s-2)2 = Zsin(x3+5x+2)-disin(x3 +5x+2)
X

o dx Ix
- 2sin(x3+5x+2)-cos(x3+5x+2)~di(x3+5x+2) - 2(3x2+5)sin (x3+5x+2)cos (x3+5x+2)
X
. . . 1 d . o -La . 1. -1
g. Given y =sin 4x+3 =sin (x+3)2 , then v is1n (x+3)2 = —sin (x+3) Z‘ism (x+3) = —sin (x+3) 2
dx dx 2 dx 2
1. _1
xcos(x+3)-di(x+3):5s1n(x+3) 2-cos(x+3)~1 :% cos(x+32 = cos(x+3)
o sin (x+3)E 24/sin ix+3i
h. Given y =sin %2 +cos x° , then ﬂ = i( sin x% + cos x3) = isin x2 +icos x> = cos x2 ~ix2 —sin x° -ix3
dx dx dx dx dx dx
= cos x%-2x—sin x> -3x> = 2x cos x> —3x2sin x>
1. Given y =x2sin x3, then @ i(xz sin x3) = sin x° ~ix2 +x? -ism ¥ = sin x> 2x +x% - cosx’ -ix3
dx dx dx dx dx

2 3

-cosx’ -3x% = 2xsin x* +3x* cosx

Section 3.2 Practice Problems — Differentiation of Inverse Trigonometric Functions I

1. Find the derivative of the following inverse trigonometric functions:

= 2xsin x> +x

a. Given y = sin ! 3x , then Z—y = diarc sin 3x = ;~di3x = ;
e Ji-Gxp @ 1-9x2
b. Given y:x3 +arc cos 5x , then Z—y = di( 3 yarc cosSx) = 3x2—;-d15x = 3x2 5
T 1-Gxp J1-25x
c. Given y:xsarc tan x4,then ﬂ = i(xsarc tan x4) = arc tan x4~ix5 +x° -iarc tan x* = arc tan x* - 5x*
dx  dx dx dx
s 1 d 4 4 4,5 1 3 4 4 8
+x - T = Sx"arctan x” +x” - 8-4x = Sx’arctan x” + 3
1+x° dx 1+x 1+x
2
d. Given y = arcsin (x3 +2),then Y i[arc sin (x3+2)] = ;~i(x3+2) S
dx  dx dx
17(x3+2)2 1—(x~”+2)2
. 1 d 1 1 1 -
e. Given y =arc cot —, then @ iarccot—3 = — 5 d 3= - 11 -—i = ;
x3 dx dx X 1 a'Xx 14——6 X x4 1+L
1+ 73 X x6
X
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2.d : )_( A d 2)
. arc sin 3x dy d (arc sin 3x (x e sin 3x )—\arc sin 3x s
f. Given y=—  , then — = — > = .
x2 dx dx X X
2
Xt —(arc sin 3x-2x) *

—2x arc sin 3x
y 1-9x7 y 1-9x2 _ x% = 2x are sin 3x 4/ 1-9x7 _ x—2arcsin3x41- 9x?

3 x x4y 1-9x2 x3y1-9x7

. d tan! )_( -1 .1) x-— —(tanflx-l) X__tan”!
. tan" ' x dy d (tan'x (x dxtan x)—\tan “x ax X [ 1+ x2 14+ x2 tan X
g. Given y = ,then — = — = = =
x dx dx| x %2 2 2
x—|1+x? Jtan ™" x 2 1
B 1+ x2 x—(1+x )tan_ X
= 2 =
X x2(1+x2)
4 ) [t e )
e (e LR e
h. Given y = —arc sin x , then — = — —arcsin x | = -
x+5 dx  dx| x+5 (x+5)? 3
1-x
2 3
_ 32 (v +5)] [ 1] B E e I S T S n s U L
2 2 2
(x+5) 1— 2 (x+5) 1— 2 (x+5) 1—x?
i. Given y:x+cosflx,thend—y=i(x+cos71x)=ix+icosflx= —;-ix PP
dx  dx dx  dx 2 dx 12
-x -x

2. Find the first and second derivative of the following inverse trigonometric functions:

a. Given y:x2+arc sin ax , then P i(x2+arc sin ax) = 2x+;-—ax =2x+
dx  dx 5 dx 2 2
1-(ax 1-a°x
. _ d _ 1 1
b. Given y =cos 16x,then gy = dicos T6x = 7—-di6x =—-—:6= —*
* 1-(6x)2 ™ 1-36x J1-36x>
2
c. Given y:x+arcsinx3,then % = di(x-rarc sin x3) = 1+;-dix3 = l+;~3x2 = 1+L
o o \[1—x6 o 1—x° 1-x°
. d _ _ _ _ 1 2tan”!
d. Given y=arc tanzx,then @ i(arc tanzx) = i(tan 1x)2 = 2tan 1x~itan Iy = 2tan"'x- _ 2tan x
dx dx dx dx 1+x2 1+x2
e. Given y=x—arc tanxz,then d_y = i(x—tanflxz)= ix+itan71x2 =1+ i 2 -1+ 2x
dx  dx dx”  dx 1+x* dx 1+x*
. . d . 1 1
f. Given y=x2 —arc sin x , then @ i(x —arc sin x) == aresiny = 2x——-ix =2x-—
dx  dx dx dx 5 dx 2
1-x 1-x
. _ d _ 1 1 2
g. Given y =tan 1x3,then Y- itan Iy = —-ix3 = 3x% = 3x
dx  dx 1+(x3)2 dx 1+x° 1+x°
h. Given y:tanf1 5x, then ﬂ = itanf1 S5x = ;z-in = ! 5 -5 = 3 3
dx  dx 1+(5x)* dx 1+25x 1+25x
i. Given y = arcsin 5x2, then Y i(arc sin 5x2) = ;~15x2 = ;-mx = 10x

dr - dx J1-25x* d J1-25x* J1-25x*
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Section 3.3 Practice Problems — Differentiation of Logarithmic and Exponential Functions

1. Find the derivative of the following logarithmic functions:

a. Given y =1Inl0x, then P i(lnIO)c) =
dx X 10x dx 10x 10x

b. Given y =10In5x>, then % = i(101115x3) = 10

X dx sy dx 5x° 5x3 ;
¢. Given y=In[+3).then & = L [in(x2+3)] = L L (243)- 2
dx  dx 243 dx x?+3

d. Given y=x3lnx,then Z—y = di(xz’lnx) = [lnx~ix3j+[x3-dilnxj = Inx-3x% +x° . 3x%Inx+x? = x2(3lnx+1)
X

x x dx X
e. Given y=x1Inx—5x2, then L i(xlnx—sz) = i(xln x)—iS)c2 = {mi(ln x)+In xi(x)}—IOx
dx X dx x dx dx

= {x~l~i(x)+lnx-l}—10x = Fﬂn x}—le =1+Inx-10x = Inx—10x+1
x dx X

f. Given y = (x3 +2)1n x?, then % = %[(x3 +2)lnx2] = %(x3 In x2)+ 2%(ln x2) = {ln x? -%(x3)+ x> ~%(ln xz)}

2 d 1 2.2 4
+—2-—x2 = {m x2-3x2+x3-—2~2x:|+ 2x =3x2Inx?+2x%+ =
X X X X X

. . d . 1 1 2
g. Given y =sin (ln xz), then @ i sin (lnxz)] = cos (ln x2)~—~ix2 = cos (ln x2)~—~2x = —cos (ln x2)
dx dx x2 X xz X
h. Given y =1In cscx,theni(ln cscx) = -icscx = -—csc x-cot x = _gsexcotx _ —cot x
dx cscx dx csc x csc x
3 3 3 1 1r 3 1.3
i. Given y=In+x> =Inx2, then . _ iln %2 = %.ixz = %‘ixz = ixz x 2= ixz 2 = ix* _31
/x dx 5 dx 3 2 2 2 2 2 x
X x
R d . 1 . 1 2
j. Given y:cos(lnxz),then o i[cos(lnxz)] = —sm(lnxz)-—-ixz = —51n(lnx2)-—~2x = ——sin(lnxz)
dx dx X2 dx X2 X
k. Given y=ln 5L then @ — A x4l _x-l d x+l x=1 (x=1)-(x+1) x-1 2 2
x-1 dx  dx x-1 x+1 dex—-1 x+1 (x—1)2 x+1 (x_l)z x2 -1

. Given y=x31nx+5x,then L i[x31nx+5x] = ix31nx+in = lnx-ix3 + x3-ilnx +5
dx dx dx dx dx dx

= (lnx-3x2)+[x3~lj+5 =3xInx+x2+5
X

2. Find the derivative of the following exponential functions:

. d d d d
a. Given y=x>e?", then oA —( x3ezx) =P P e = 3k
dx  dx

= 352 + 2237 = xzezx(S + 2x)

b. Given y= (xz + 3)e3x , then % = %[(xz + 3)e3x] = {e” -%(xz + 3)} + |:(x2 + 3).%8"} =¥ ox+ (xz + 3). X .%3x

= 63X~2x+(x2+3)~e3x~3 = 2x63x+3e3x(x2+3)= e3x12x+3(x2+3)J = 3% (3x2+2x+9)

: d  d( wax d [ : ;
Sin3Y then 2 = —( &M 3") = 3. = (sin 3x) = €""3¥.3cos 3x = 3cos 3x M1 3F

c. Given y=e
dx dx dx
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2 2 2 2 2
d. Given y=e"%" | then Y ielnx = el ~L-ix2 = el -L~2x = lel"x
dx dx X2 dx x2 x
e. Given y=e” sin 5x , then L i( ¢**sin 5x) = |sin 5x~i( egx) +[ -i(sin 5x)| = |sin 5x-&* R
dx x dx dx dx

+[egx -cos 5x‘d15x} = [sin 5x-e2* -9]+ [eg" -cos 5x~5] = e9X(9sin 5x +5cos Sx)
x

f. Given y=e**arcsin x , then L i( XX are sin x) = [arc sin x ~di(e2)‘)} + [ezx i( arc sin x)}
x x x x

d
2 Zox+ e

X 2

= grcsin x-e = arcsin x-e** -2+ = 2| 2are sin x +

1-x2

& Given y=(e-3)e ™ then & = (o g)or - {(x_s).ie—xHe—x.i(x_s)} )| |e ]

dx dx dx
= e (x=5)+e T = —xe 45 4o = —xe T +6¢F = e (-x+6)
In (x+1) dy _ d n(x+1) _ in(x+1) d n(x+1) 1 d tn (x+1)
h. Given y=e" ¥ then == = —n+l) = 0+ =y (y 1) = MW+ 2 (x41) =
dx  dx dx x+1 dx x+1

—

L P I I PR ; 2
. e dy df € [tanx dx (e )] [e dx(tanx)] tanx-e* —e* -sec’ x ex(tanx—sec x)
Given y =——,then — = = = =

an

dx  dx| tanx tan? x tan? x tan? x
j. Given y=3%.¢", then P _ i3x et = ex~i3x+3x ~iex =e*.3" ~ln3-ix+3x-e"~ix =53 In3-1+3%-¢" -1
dx dx dx dx dx dx
= ¢"3%.In3+3" ¢ = (In3+1)3%*
. . d . . . 3
k. Given y:x3arc sinx , then @ i( 3are s1nx) = arc s1nx-ix3 +x3~iarc sinx = 3x2arcsinx +

dx dx dx dx \/—2
1-x

. _ 5x ﬂ _ i Sx _ i Sx S5x i
1. Given y =e>" cos (5x+1), then peialrs [e cos (5x+1)] [ cos (5x+ 1) = ( e )} +[e = cos (5x+1)}

= [ cos (5x+1)-&>* -dinj-r(esx -—sin (5x+1)~di(5x+l)J = lcos (5x+1)-€>*-5 J-kleS)C -—sin (5x+1)-5 J
x x

= 5¢5*[ cos (5x +1)—sin (5x +1)]

Section 3.4 Practice Problems — Differentiation of Hyperbolic Functions I

Find the derivative of the following hyperbolic functions:

a. Given y = cosh (x3 + 5), then d_y = icosh (x3 +5) = sinh (x3 + 5)i (x3 + 5) = sinh (x3 +5)~3x2 = 3x?sinh (x3 + 5)
dx  dx dx
. . d . . . .
b. Given y = x>sinhx, then s i(x3 s1nhx) = s1nhx~ix3 +x° -ismhx = sinhx-3x? +x° -coshx = 3x?sinh x + x* cosh x
dx  dx dx dx
¢. Given y = (x+6)sinh *, then % = i[(x+ 6)sinh xz] = sinh x> (v +6)+ (x+6)-~Lsinh * = sinh »* -1
dx  dx X X
+(x+6)-cosh x vdiXS = sinh x° + (x+6)-cosh x*-3x* = sinh x* + 3x2(x + 6)cosh x?
x
d. Given y:ln(sinhx),thenﬂ =i(lnsinhx)= - ! i(s = — ! ~coshx-ix =m = coth x
dx  dx sinh x dx sinh x dx sinh x
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e. Given y =™ ¥ then = b _ i( Smhx) = s~ ~i(sinh x) = "M . cosh x- = T cosh 11 = ¢ ¥ cosh x
dx  dx X dx
. d . .
f. Given y =cosh 3% , then @ i(cosh 3x5) = sinh 3x° -i3x5 = sinh 3x° -15x* = 15x*sinh 3x°
dx  dx dx
2 2
tanh? x dy d [ tanh? x [mitanh x]— [tanh x'%x] [x-Ztanhx~sech2x]—[tanhzx-l]
g. Given y= ,then — = — = =
dx dx X 2 2
_ 2x tanhx sech’x—tanh®x tanhx(Zx sech’x —tanh x)
X x?
. d 1 1 1 - 1
h. Given y:cothi,then s i(coth L}J = —cschz—3-i—3 = —cschz—3 —i = i“cschz—3
X3 dx  dx x x> dx x x x

A d
i. Given y= (x2 +9)tanh x, then d_y = di[(xz +9)tanh x] tanh x - —(x +9) ( ) —tanh x = tanh x-2x
X X
+ (x2 + 9)» sech’x = 2x tanh x + (x2 + 9)sech2x
j. Given y= sinh® x2 , then Y i(sinh3 xz) = i(sinh x2)3 = 3sinh?x? -isinh x> = 3sinh? x? - cosh x2 -ix2
dx  dx dx dx dx
= 3sinh? x? - cosh x2 - 2x = 6x sinh? x% cosh x2

k. Given y = tanh x , then d_y = i(tanh5 x) = 5tanh4x-itanh x = 5tanh® x sech?x
dx dx dx

1. Given y = x> coth (x3 +1 ), then % = %[xs coth (x3 +1)] = coth (x3 +1 )~%x5 +x° ~%coth (x3 +1) = coth (x3 +1)-5x4

+x°-—csch? (x3 +1)~%(x3 +1) = coth (x3 +1)~5x4 —x ~cschz(x3 +1)-3x2 = 5x* coth (x3 +1)— 3x7 cschz(x3 +1)

Section 3.5 Practice Problems — Differentiation of Inverse Hyperbolic Functions I

Find the derivative of the following inverse hyperbolic functions:

a. Given y=x sinh ™' 3x, then b i(x sinh™! 3x) = sinh™! 3xvix+x-isinh_1 3x = sinh™! 3x-1+x-;-i3x
dx  dx dx dx 1 +9:2 dx
X
— sinh ™ 3xbx .3 = sinh~!3x 4 %
1+9x? 1+9x*
. - d _ 1 1 1
b. Given y = cosh ](x+5),then d_y = j cosh l(erS) -=— j (x+5) = 1=
X X X
,I( 5)2 - (x+5)* -1 (x+5)%-1
c. Given y=tanh71 x , then — dy = ( 1\/_) 5 i X ! ! 1
dx  dx (\/;) dx l—x \/_ \/_ (1 x)
| | 3 d ! s d 3 x—L —sinh7!x-3x?
inh~ inh™ x”-“sinh™ x—sinh™ x- % x [ 2
d. Given y = sinh__ x , then & _ dfsinh x| _ dx e = X+l
x3 dx dx x3 x6 X6

3

“3tsinh 1 ; .
R X’ =3x"yYx“+1lsinhT'x  x-3yYx"+1sinh™ x

6
X
xOx? +1 x4\lx2+1
cosh 3x

- L | S|
sinh~!x o dy _ d[sinh 1y _ cosh 3x~%smh x —sinh x-%cosh 3x RN
cosh 3x dx  dx cosh?3x cosh?3x

—3sinh ! x sinh 3x

e. Given y =

cosh 3x
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_ cosh3x-3 x% +1 sinh™! x sinh 3x

cosh? 3x v x*+1

1 1 5. d cogh™! bl . d S x - —L— —cosh™ x-5x*
- - x> % cosh™ x—cosh™ x-%x [2
f. Given y :—COShS al , then P _ a COShS = dx o dx = x -l o
X dx dx X X X
5 4 -1
—X  —5x"cosh™ x
_ V2o _ x5—5x4\/x2—1 cosh™'x _x-=5 x> —1cosh1x
10
X 02 -1 xﬁ\/xz—l
. _ d _ _ _ _
g. Given y:(x2+3)c0th U'x, then Y- i( 24—3)00‘[h 'x = coth 1x~i(x2+3)+(x2+3)-icoth 'x = coth™'x-2x
dx dx dx dx
2
+(x2+3)- 3 :2xc0th_1x+x +3
1-x 1-x
. _ d _ _ _ _
h. Given y =e3* cosh™! x , then @ i(e3xcosh 1x) = cosh 1x~ie3x+e3x vicosh 'y = cosh ]x-e3x-13x
dx dx dx dx dx
- - e3x(3\/ x% -1 cosh™! x+1]
+e3x«; = coshx.e3* 34— = 3¢ cosh ™ x + —5 =
¥ -1 ¥ -1 ¥ -1 x* -1
4
i. Given y = x> +tanh™' X7, then Y i( 3 4 tanh™! xs) = ix3 -s-itanhf1 X = 3x? +;~ix5 = 3x2 4+ Sx
dx dx dx dx 1—x10 o 1—x1°
2 2 2
j. Given y =sinh™!7x+Ine*" , then b i(sinh_l 7x+Ine* j = isinh_1 7x+ilnex = ;-i7x
dx dx dx dx dx
1+(7x)2
2 2 2
NP SR N S S S P B
et V144952 e o V1+49x2 € V1+49x2
2x
k. Given y = tanhfl(ez"),then b _ itanhfl(ez") — ‘iez’C S ~e2x~i2x S e = 2e
dx dx 1—e* dx 1-e** dx 1-e* 1-e**
. _ d _ 1
1. Given y = coth ](3x+5),then 2. i[coth ](3x+5)] = —z-i(3x+5) = ;2
dx  dx 1-(3x+5)% dx 1-(3x+5)

Section 3.6 Practice Problems - Evaluation of Indeterminate Forms Using L’Hopital’s Rule I

Evaluate the limit for the following functions by applying the L’Hopital’s rule, if needed:
d

. ! 1 : , I . X T
a. hmx_mﬂ - 4r._=® Apply the L’Hopital’s rule hmx_mﬂ = lim, & = lim, <&
2 o2 © 2 d,2 2x
dx
1 1
ol T 1 1 1
— 11 X — 11 X — 11 — — —
= lim,_, ol llmx_,oo—2x = hmx_)oo—2 7 = —2.002 =" 0
. . . d
< gin x
b. ]imxﬁosm_x _sn0 _ 0 _0 Apply the L’Hopital’s rule lim, _, SmY limYﬁod"—
o1 L1 1-1 0 e-1 T )
dx
d
L Lomx cosx . cosx cosO 1
= th%O—ieJ‘_il = lim,_,, =0 = lim,_,, = = _eo = T =1
dx dx
. 1- . 1- l-cosO0 _1-1 0 . . 1-
c. hmx_)o—c;)sx = lim,_,, c;)sx = c;)s = —0 = 6 Apply the L’Hopital’s rule hmx_)o—cg)sx
X X 0 X
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i(l—cos x) 414 cos x 0+si i i
_ dx _ o dx _ +sinx _ sinx _ sin0 _ 0 , .
thAO—dif im,_, e x50 23 lim, _,, 2 —3.02 0 Apply the L’Hopital’s
x dx
1 0 i sinxil. %sinx i cosx _cosO _ 1 _
rule again lim, ,, . im,_,q T3 im,_,q < %0 0 )
dx
d lim,_,——2 - 222 _ 272 _0_,
" +2t-1 2°+2-2-1 4+4-1 7
cos X cosZ 0 cos X 4 cos x —sin x
e. im . =lim . Z = — Apply the L’Hopital’s rule lim =lim ,—% =lim .
x>l X x>tz _x 0 o2z x_)fl( _l) x— 1
2 2 2 pe 3
=-lim ,sinx =-sinZ = -1
7
d
tcost 0-cos0 01 0 t cos ¢ qleost
f. lim = = —— = — Apply the L’Hopital’s rule lim, ,j—— = lim, ,-%&——
>0%sins  2sin0 2.0 0 0¥ P 2% 25in ¢ 02 din g
~ lim COS['%H‘['%CO“ - lim cost-l+¢-—sint _ lim cost—tsint _cos0-0-sin0 _1-0-0 1
=0 2-%sint =0 2-cost 120 D cost 2cos 0 2-1 2
d
. x-8 _ 8-8 _ 8-8 _ 0 . . -8 a(x-8)
g. lim = = = — Apply the L’Hopital’s rule lim — =lim,_ g——
OB 64 2_64 64-64 0 P2 64 e 2_¢4
dx X
d d
WX S 1 1
. dx dx . : = =
hmxﬂgi T d gy lim, g lim, g 58 T6
dx dx
. . d .-
< sin x
h. lim,_,, sinx _sin0 _ 0 _0 Apply the L’Hopital’s rule lim,_, , S lim, _, , dx
7-x #m-7m 0-0 0 T—X %(ﬁ—x)
. disin X COS X CoS x .
lim,_, , —&——— = 1mxﬁ,,ﬁ = lim,_, , = -lim,_,,cosx = —cos7 =1
T Tt - -
. . . . d o
. <-sin 8x
I limxﬁoSln $x _ sin (8 O) _sin0_0 Apply the L’Hopital’s rule limxﬁow = lim,_,, dx
3x 3.0 0 0 4 3
_ COSSX'%SX B cos8x-8 . 8cos 8x . 8-cos(8-0) . 8-cos0 81 8
- hmx%O ] =1 x>0 =1 x>0 - hmx%O— - hmx%O T T, T 5
43X 3 3 3 3 3
d d d
8t+3 0 +3 © 8¢+3 —(814—3 4Rt+43
lim = ——= = — Apply the L’Hopital’s rule lim, ,,,—— = lim,_, -4 = lim,_, -2
J 1o, o_2 pply p 10 taoodi(‘”_z) (>0 4 d
t dt dt
_8+0_8_,
4-0 4
d
. cosx—1 cos0-1 1-1 0 , o . cosx—1 _ . —(cosx—l)
k. lim,_,, — = 02 e Apply the L’Hopital’s rule hmx_)ox—2 = lim,_,, 7
dx
d d . .
<cos x — 41 - -0 0 0
1 ux di s sin x _ sinx _ sin0 _ 0 Tt s .
lim,_,, R lim, i — lim, _,, i S0 0 Apply the L’Hopital’s rule again
dx
i sin x i %Sinxi . cosx  cosO 1
my 0 o my 0 dy my 0 )
dx
434
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) 1—si l-sin £ l-sinZ 1-1 o ) ) 1—si
L. lim SmY 2 = 2 = __ = _ Apply the L’Hopital’s rule lim ”ﬂ
X5 14 cos2x 1+cos2~% 1+ cosm 1-1 0 ¥=>351+cos2x
) j(l—sinx) ) %l—disinx ) 0—cos x 1. cOSs X 1 cosT
=lim % 7 = g vt T oy TP = i, — = _.
ey L(l+c0s2x) x5 d 14 d oo 0x ¥250-2sin2x 2  *7?3sin2x 2 sin2-Z%
dx dx dx 2
1 cosZ 10 0 . N COS X 1 dicos x
= —.— = —.— = — Apply the L’Hopital’s rule again —lim , ——— = —lim %
2 sinz 20 0 20 ysin2e 20 Y75 din oy
1. —sin x .. sin x 1 sin7 1 sin % 1 1 1
=—lim ,—" =——lim , = __. = __. = =
2 X725 2cos 2x 4 X273 cos 2x 4 cos 2~% 4 cosrm 4 -1 4
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Chapter 4 Solutions:
Section 4.1 Practice Problems — Integration Using the Basic Integration Formulas I

1. Evaluate the following indefinite integrals:

a. J—3dx = —3Idx = —3Ix0dx = - 3 Otie = 3x+e
0+1

Check: Let y =-3x+c,then ' = 340 =-3x"=31=233

b. ISkdx = SkJ.dx = Skaodx = OS—kaOH-Q—C =5kx+c
+

Check: Let y=5kx+c,then y' = Skx'™1+0 = 5kx" = 5k-1 = 5k

1
x2+c = §x2+c

°©

2
j—x dx = zjx dx = zj)claf)c = z-Lx1+l +c = 1
3 3 3 3 2

W Wl

Check: Let y:§x2+c,then y ==2x40 =

1 1
d. stdx =— e ==x0+e
5+1 6

Check: Let y=%x6+c,then y' = %-6x671+0 =x

1
e. Jax7dx =q jx7dx =a- e = £x8+c
7+1 8
Check: Let y=%x8+c,then y' = a%~8x871+0 =ax’

f. I(x4+x3)dx = Ix4dx+Jx3dx = Ller4-~-Lx3+1+c = lx5+lx4+c
1+4 3+1 5
Check: Let y:lx5+lx4+c,then y' = l-5x571+l-4x471+0 =xte )
5 4 5 4
1 - _
g. & x e = ——x M= x4 =———+¢
Xt —4+1 3 3x3
, -3-1 4 _ 1
Check: Let y=——x""+c¢,then y' = ——--3x +0=x"= —
x
1 1 1 1 _ _ 1 _ 1 _ 1 _ _ 1 1
h. J — 5 |dx = J—4dx—.[—2dx = jx 4dx—jx 2y = ——x M P - P e = —— =
X' ox x x —4+1 -2+1 3 3 x
Check: Let y=—lx73+x71+c,then y' = —l~—3x7371—x7171+0 =x?t-x?= 11
3 3 x4 x2
. (36 s 1 1
i. J.3 xS dx = jx3dx = szdx = — My ==—x+e
1+2 3
1 1 _
Check: Let y=§x3+c,then y' = §v3x3 110 = x?

2. Evaluate the following indefinite integrals:

2

2 243
[ 5 1 241 1 1 1 3 2.1
a. J(3 x2 +x] dx = Ix3 dx+J.xdx L L x3 +=xttc=2x3+=—x2+c¢
1+3 1+1 32 2 5 2
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S 5-3 2
Check: Letyféx +1x +c,then y' = éix3 +l~2x2_1+0 =x3 +x=x3+x=Yx> +x
5 2 53 2
_L -1 2-1 1
b. J.—La’t=—lj‘ildt=—lj‘t 2dt=—l-;lt 2+c=—l~2Lt2 +c——l 212 +¢c = =yt +c
2 29 5 2 2 1-3 25 2
1 1 =2 1 -1 1 1
Check: Lety_—t2+c then y' = ——t? +0=-—¢t2 =—-—¢t 2 = - ==
2 2 o3 2\t
1 _2 -2 72
c. JJ_dx*J—zdx:Ix 7dx:112x 7+c:71jx7+c %x7+6* U5 +e
x7 7 7

s
Check: Let y=%x7 +c,then y' = %%x

1 2 1 a1 3a 2 342 23 23 23 2
:szdx+jx2dx: X2 A x? Hc=gox? b ox? do = —xP4_xT4e = — X+ 24X+
1+= 1+ = = 3 5 5

= %\/xzw +§\/x2-x2~x +c = %x\/;+§x2\/;+c

3 5

2 2 2 2—1 3-2 5-2 1 3
Check: Let y =§x2 +§x2 +c,then y' = 3 2

+%~§x
e. J(2x2+l)(x—1)dx = J(2x3—2x2+x—l)dx = J‘2x3dx—J‘2x2dx+J-x dx—J.dx = 2jx3dx—2jx2dx+jx dx—J.dex

3,1 5

PR S 1% B SUR S 5 DR S U G S | T 2, roxtxte

+—Xx ———Xx  +Cc=—-X 2
1+3 1+2 1+1 1+0 2 3
2

1 2 1 a1 _
Check: Let y=5x4——x3+5x2—x+c,then y' = 3 3x3 14—5-2x2 '140 =28 -2x% +x-1

f. jx(3x—1)2dx = Jx(9x2—6x+1)dx = J(9x3—6x2+x)dx = j9x3dx—j6x2dx+.[x dx = 2 3+1—Lx2+l
3+1 2+1
+——x " 4c = gx —gx +—x"+c = 2x4—2x3+lx2+c
4 3 4 2

1 _ g 1 _
Check: Let y—%x —2x3 +2x2+c then y' = %'4)64 T_2.35° 1+E-2xz 110 =9x® —6x% +x

g. I(2+x)3dx = I(Z3+x3+3~22x+3~2x2)dx = I(x3+6x2+12x+8)dx = Ix3dx+j6x2dx+I12x dx+IS dx

1 6 12 8 1
= Py 2 2 T 0 e = o +6x? +8x e

3+1 2+1 1+1 0+1

H

1 1 4 _ _ _
Check: Let y=Zx4+2x3+6x2+8x+c,then y = Z-4x4 233 1625 486140 = ¥ +6x2 +12x+8x°

=¥ +6x7+12x+8 = 2+x)°

b [(2-x)%x = J(23—x3+3~22x—3-2x2)dx - j(—x3—6x2+12x+8)dx = - [¥av-[exar+[12x v+ [8 ax

1 12 1
= - — x> ,L 2 2 +ix0+' +e=—-—x'-2x3 +r6x? +8x+c
3+1 2+1 1+1 0+1 4
Check: Let y=—%x4—2x3+6x2+8x+c,then y' = —%~4x471—2~3x371+6-2x271+8x171+0 = —x —6x*+12x

+8x"= —x* —6x? +12x+8 = (2-x)°
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5

5 2
. 4 1 4 1
0 fw—zydy _ J Y_2+4L2 &y f(y +4)dy _ jy3dy+j4dy R B DL N = O S SR

Check: Let w:%y4+4y+c,then w' = %-4y471+4~1y171+0 =33 +4y" =344

Section 4.2 Practice Problems — Integration Using the Substitution Method I

1. Evaluate the following indefinite integrals:

a. Given jt2(1+t3)dt let u=1+7>,then % = %(1+t3) = 3¢> which implies that du =3¢%dt and dt =d—z.
3
Substituting the u# and dx values back into the original integral we obtain
2
It2(1+t3)dt = Jt2~u RC udu = l-Lulﬂ+c = l-luz-i—c = 1(1+t3) +c
32 3 3 32 6

Check: Let y:%(l+t3)2+c,then y = .2(1+t3)2_1.3t2+0 - %(1”3 32 = 21+8)

b. Given j 18x% y 6x° =5 dx let u = 6x> —5, then % - di(6x3 75) = 18x” which implies that du = 18x’dx and
X X

dx = du . Substituting the u and dx values back into the original integral we obtain
18x

L Ly 2 3 2 3 2

-..18162 V 6x> =5 dx = Ilez-ﬁ-lguz = J.uzdu = ll u? ye = Euz +c = ;uz +c = §(6x —5)

X 2 +1
2 3 2
Check: Let y=§(6x375)2 +e,then y' = = %(6x —5) 18x2 +0 = (6 5)2 18x% = 18x74/ 627 -5
c. Given j dx let u=x+5,then du _ i(x+5) = 1 which implies that du = dx . Substituting the u and dx
dx  dx
x+5
values back into the original integral we obtain
_1 -1 221 1 1

I > dx:I > -duZSJ.u 2du:5-111u 2+C:5'%u2 +c:10u2+c:10(x+5)5+c

T2 2

1 5 5

Vx+5

1 , 1 1 _
Check: Let y:lO(x+5)2 +c,then y' = 10-—(x+5)2 +0=5(x+5)"2 =
2 (x+5)2  x+s

d. Given Jx(x —2)5 dx let u=x*-2,then du _ i( 2 —2) = 2x which implies that du = 2x dx and dx:ﬂ
dx dx 2x
Substituting the u# and dx values back into the original integral we obtain
1 1 1 1 6 6
jx(x2—2)5 dx = Ix us - du _ lJ.u5alu 11 u5+l+c = liu5 +c = i(x2—2)5 +c
2 2 2 141 2.6 12
6 6.4 1
Check: Let i(xz—Z)S +c,then y' = i'g(xz —2)5 2x+0 = x(x2 —2)5
12 12 5
e. Given I3—x dx let u=x+3 , then ﬂ = i(x2 +3) = 2x which implies that du = 2x dx and dx = ﬂ
2 dx  dx 2x
x“+3
Substituting the u# and dx values back into the original integral we obtain
1 1 1L = 1 1 1
I 3 dx = J3x d—u:—I :3 u 2+c:3-—u2 +c:z-2u2+c:3u2+c:3(x2+3)2+c
2 1-1 2 =l 2

¥ +3 \/_ 2x
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1

Check: Let y = 3(x2 + 3)% +c,then y' = %(x2 T 3)5 -1 3x 3x

2x+0 :i(x2+3) 2.2x = - =

2 (x2+3)5 x2+3
du_
—2

f. Given j V1= 2 dt let u=1-1¢*, then ﬂ = jt (l—t )f —2¢t which implies that du = —2¢ dt and dt =

Substituting the u# and dr values back into the original integral we obtain

1 1, 3 3 3
j V1= 2 dr *J' \/_—f—— 2a’u:—%-11 u?’ +c:—%~§u2+c:—%u2+c:—%(l—t2)2+c

54—1
3 3 1
Check: Let y:i(kﬁ)z +c, then y' = —13(1—;2)2 2640 = 1-1(142)2 - Lh-7
6 6 2 2 2
2
g. Given Ixz(l—x3) dx let u =1-x", then du _ i(1— )— —3x? which implies that du = —3x%dx and dx = du
dx  dx —3x
Substituting the u# and dx values back into the original integral we obtain
2 3
Ixz(l—x3) dx = Ix2~u2 = ——J‘ 2du = S uic = —l-lu3+c = —1(1—x3) +c
3 2+1 33 9
3 3-1 3-1 2
Check: Let y=—%(l—x3) +c,then y' = —%.3(1—x3) 3x240 = %(1—)(3) = xz(l—x3)
3
h. Given J.x— dx let u=x*+3, then du _ i(x4 +3) = 4> which implies that du = 4x3dx and dx :d—u
1 dx dx 453
x +3
Substituting the u# and dx values back into the original integral we obtain
3 3 1 1 1 1 1
1 -5 1 11— 1 = 1 = 1 o
I o dx = Ix ﬂizuzduiz-l Tu 2+c:z~2u2+c:Eu2+c:E(x4+3)2+c
xt 43 \/_ 4x’ 2
1 1 _1 3 3
Check: Let y:l(x4+3)2 +c,then y' = l(x4+3)2 Ax3 40 = l(x4-s-3) 2457 = al - = o
2 4 4 ( 4 )5 ,
X' +3 X +3
2
i. Given I x8(2x9 +1) dx let u=2x"+1, then 2% = i(2x9 +1) = 18x" which implies that du = 18x"dx and dx = 2%
dx  dx 18x°
Substituting the u# and dx values back into the original integral we obtain
2 3
Ix8(2x9+1) dx = Ix8~u2~ du__ 1 uldu = L-L142H+c = Lu3+c = i(2x9+1) +c
18x% 18 18 2+1 54 54
3 3-1 2 2
Check: Let y:5i4(2x9+1) +c,then y' = Si4~3(2x9+1) 18x%+0 = (2x°+1) b= x8(2x9+1)
2. Evaluate the following indefinite integrals:
a. Given j6x2(2x3 —1)dx let u =2x° 1, then Z—u = di(Zx 71) = 6x* which implies that du = 6x%dx and dx = 6dz42
X x X

Substituting the u# and dx values back into the original integral we obtain

1 1 1 2
I6x2(2x3—1)dx = J'6x2.u.6d—u2 = Ju du = 1—141+l +c = Eu2+c = E(Zx"’—l) +c
X +

Check: Let y :%(2)(3 71)2 +c,then y' = %-2(2):3 71)2_1v6x2 +0 = 6x2(2x3 —1)

b. Given Ix 1+ x% dx let u =1+x?, then u_ i(1+x2) = 2x which implies that du = 2x dx and a’x=ﬂ

X dx X
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[S3[%)
N
[3[o%)

3
(1+x2)2 +c

Substituting the u# and dx values back into the original integral we obtain
1 1a
u? +c =

du  1¢ 1 1 1
1+2d:_[» .—:—fuzaru:—- -
Ix T x\/sz 2 2 111 2

3. 1
%(1+x2)2 2x+0 = %-2x(1+x2)2 = x\[1+x2

c. Given J.\/7x+ 1 dx let u="7x+1,then d_ = i(7x+1) = 7 which implies that du =7 dx and dx = d7
X

the u and dx values back into the original integral we obtain

W | =
+
o
Il

W | =

2
-=u
3

[

3
Check: Let y= %(1 +x2)2 +c,then y
Substituting

1 i 6
jv7x+ ldx = IJ_ du _ J 5d ; ﬁu5+1+c =%-%u5+c=%u5+c %(7x+l)< +c
5 6 , 56 §_ 1 L L
Check: Let y:5(7x+1)5 +c,then y' = o g(7x+1) 7+O = 7(7x+1)5 (7x+1)5 =37x+1

d. Given J' xA3x% =1 dx let u =3x>—1 then % = di(3x2 —1) = 6x which implies that du = 6x dx and dxzz—
X X X

Substituting the u# and dx values back into the original integral we obtain

va33x2—ldx=J \/_du= J.3d %

1,2 )3
+c=§3x 13 +¢

ES

+c = —u

1
8
371 é(3x —1)% 6x x(3x2_1)% = <4327 -1

e. Given J‘; dx let u=x?+1, then Z—u = di(x +1) = 2x which implies that du = 2x dx and dx = ;hl .
X X

3
“=u
4

Check: Let y = ;(3x —1) +c,then y' = %
x2+1 o
Substituting the # and dx values back into the original integral we obtain

e R

x“+1

11 1
U2 e = —.
2 1 2

1 1-1
u 2+c =

1
2
_1 X X

2x+0 = (x2+1) 2.0x = - =
(x2+1)2 ¥ +1

1

' 1
Check: Let y = (x +1) +c,then y' = E(x +1)
. 2 L. .
f. Given Jx(l—xz) dx let u=1-x2, then Z—u = i(l—xz) = —2x which implies that du = —2x dx and dx = d; .
X X —zX

Substituting the u# and dx values back into the original integral we obtain

2 3
Ix(l—xz) dx = Jx-uz- du_ _ —1J‘ 2du = L e = —lu3+c = ——(l—xz) +c
-2x 2 2 2+1 6 6
1 3 1 -1 2 2
Check: Let y:—g(l—xz) +c,then y' = —g~3(1—x2) -2x+0 = %(l—xz) X = x(l—xz)
5
g. Given Ix— dx let u=x%+3, then du _ i( +3) = 6x° which implies that du = 6x Sdx and dx = dus
5 dx  dx 6x
x°+3
Substituting the u# and dx values back into the original integral we obtain
5 5 1 1 1
-1 L 1
I ol dx = Jx ﬂ=%¢~du=;ju 2du —% llu 2+c=%u2+c=%(x6+3)2+c
643 u 6x° Ju 1-5

440
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5

1 _1
Check: Let yzé(x6+3)2 +c,then y' = % %(x +3) 6x°+0 = xs(x6+3) 2=_7
x$+3
h. Given I3— dx let u=x*-1, then du _ i(x —1) = 2x which implies that du = 2x dx and dx —d—u.
5 dx  dx 2x
x° -1
Substituting the « and dx values back into the original integral we obtain
. 1ol |2 1 1
I 3 dx:j3x 'ﬂ:—f :3 Tu 2+c:3-ﬂuz+c:?auz+c:3(x2—1)2+c
o Ju 2 2 1-1 2 21
1 1 1
Check: Let y=3(x2—1)2 +c,then y' = 3(xz—l)2 2x+0 = 3x(x2—1) 2o 3% - = 3x
2 2 )5 2
x° -1 x° -1
4
i. Given _Sx A dx let u=x+3x>+1, then Z—u = i(xs +3x2 +1) = 5x* + 6x which implies that
X +3x2+1 * *
du = (5x4 + 6x)dx and dx = 4d—u . Substituting the u and dx values back into the original integral we obtain
5x7 +6x
4 4 _1 -1 2-1 1
J‘ 5x7 +6x dx:J‘5x+6x. 4du =J‘du =Iu2du= 11” 2+c=%u2+c=2u2+c
Vi 436241 Vuo SEEex 2 2

= 2(x +3x +1) +c = Z\Ix +3x*+1+c
1 1 1 _1
Check: Let y = Z(x +3x +1) +c,then y' = 2. E(x +3x +1) (5x4+6x)+0 = (x5+3x2+1) 2(5x4+6x)

5x% +6x _ 5x% +6x

T
(x5+3x2+1)2 vV +3x2 +1

Section 4.3 Solutions — Integration of Trigonometric Functions I

1. Evaluate the following integrals.

a. Given jsm —dx let u =3— , then du = i3_x -3 which implies dx = > — du . Therefore,
5 dx  dx 5 3

. 3x . 5 5¢. 5 3x
Ism—dx = J-smu-—du = —Ismudu = ——cosu+c =——cos —+c
5 3 3 3 3 5

Check: Let y:—§c0s3—x+c,then y' = —£~icos3—x+—c = —£~—s1n 3—x-i?’—xﬁLO = —2-—sin3—'—: sm3—x
3 5 3 dx 5 dx 3 5 dx 5 3 55 5
. du d L. . du
b. Given J 3cos 2x dx let u =2x,then —:d— 2x = 2 which implies dx :7. Therefore,
/x x

j3cos2xdx = 3J‘cosu-ﬂ = ijcosu du = isinu+c = 3sin 2x+c
2 2 2 2

Check: Let yzzsin 2x+c,then y' = 3~isin 2x+ic = E-cos 2x-i 2x+0 = E-cos 2x-2 = E-cos 2x = 3cos 2x
2 dx dx 2 dx 2 2

c. Given I(sin 5x—cos 7x)dx = Isin Sx dx —Icos 7x dx let:

a. u=5x,then ﬂzin; d—u=5; dqudx;dxzd?u and

dx dx dx
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b. v="7x,then ﬂ:i7x; 2:7; dv:7dx;dx=ﬂ.
X dx dx 7
. . Lp. 1 1 1.
Therefore, Ism S5x dx—jcos 7x dx = jsm u'ﬂ—jcos V‘ﬂ = —Jsmu du——jcos vdv = ——cosu+c¢ ——sinv+c,
5 7 5 7 5 7
= —lcos 5x—lsin Ix+c +cy = —lcos 5x—lsin Tx+c
5 7 5 7

1 1. ' 1 1 . 1 .
Check: Let y = ——cos Sx——sin 7x+c then y = ——-icos 5x——-ism 7x+ic = —-sin 5x~i 5x
5 7 5 dx 7 dx dx 5 dx

—l-cos 7x-i Tx+0= E-sin 5x—%~cos 7x = sin 5x —cos 7x
x
du d , du

d. Given J2csc2 3xdx let u=3x,then — =—3x; —=3; du=3dx;dx= ﬂ Therefore,
dx dx dx 3

Ichcz 3xdx = ZICSCZM-% = %J.csczu du = —%cotu+c = —§c0t3x+c

2 2 2 2
Check: Let y =—=cot 3x+c,then )’ = 7—~icot 3x+ic = f—-7c5023x-i3x+0 = Z.csc?3x-3 = 20s¢?3x
3 dx dx 3 dx 3
e. Given Ixsecz x2 dx let u = x? , then ﬂ :ixz; d_u =2x; du=2xdx;dx :ﬂ. Therefore,
dx dx dx 2x
Ixsecz x2dx = jxseczu-d—u = l.[se:czu du = ltanu+c = ltan xX+e
2x 2 2 2
Check: Let y:ltan x> +c, then y' = l~itan x2+ic = l-seczx2 A X240 = l~s<302x2-2x = xsec’ x?
2 dx dx 2 dx 2
f. Given JSsec Sx dx let u =5x,then ﬂ:iSX; d—u=5; du =5 dx ;dxzd—u. Therefore,
dx dx dx 5

ISseCSde = 8J‘secu~% = %J-secudu = gln secu+tanu [+c = %ln sec Sx +tan 5x [+ ¢

8 8 1
Check: Let y :—ln| sec 5x +tan 5x |+c ,then y' = —.———— . 5sec5x tan5x + 5sec? 5x +0
5 5 sec 5x+tan 5x
8 5
_8 secSx (sech+tan5x) — 8secsx
5 sec5x +tan5Sx
. . ) di d . di d
g. Given I51n3x cos x dx let u =sin x, then D _ @ inx ; M cos X; du=cos x-dx; dx= v Therefore,
dx dx dx cos x
Isin3x cos x dx = Iu3 cos X+ du = Iu3du = lu4 +c = 1sin4x+c
cos X 4 4
1. 1 . .
Check: Let y:zsm“x-t-c,then y' = Z-4s1n3x-cos x+0 = sin’ x cos x
h. Given jcos3 x sin x dx let u =cos x, then ﬂ =icos X ﬂ =-sinx ; dx=— . Therefore,
x  dx dx —sin x
. . 1 1
J.cos3 xsin x dx = Ju3s1n X-— = —Iu3du = ——ut+c=——cos*x+c
—sin x 4 4
1 1 . 4 . .
Check: Let y:—zcos4x+c,then y' = —Z~4cos3x-—smx+0 = ZCOSSXSIIIX = cos’x sinx
. d d di d
i. Given J‘fcos x2dx let u = x? , then a :—xz; Moy s du=2x-dx; dx = a Therefore,
2 dx dx dx 2x

X 2 X du 1 1 . 1. »
I—cosx dx = I—cosu«— = —|cosudu = —-sinu+c = —sin x“ +c¢
2 2 2x 4 4 4
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1 . 1 2 X
Check: Let y =—sin x> +c, then y' = —-cos x?2x+c¢ = Zxcos x> +0 = = cos x°
4 4 4 2
2. Evaluate the following integrals.
. du d du du
a. Given J-e3x sec e dx let u=e*  then — = —e&3%; —— =3 : du =3e>* -dx ; dx = 5 - Therefore,
dx dx dx 3e”*
du 1 1 1
Ie3x sec e dx = Je3xsecu~ el —jsecu du = —In|secu+tanu [+c = —ln‘ sec ¢>* +tan >¥|+¢
3e7* 3 3 3
1 1 1
Check: Let y = —1n‘ sec ¥ +tan €>¥|+ ¢ , then ' = —-ﬁﬂeh sece™® tane™ + 3¢  sec’ &> +0
3 3 sece™ +tane*
3x 3x 3x 3x
1 3e"sece (sece +tane )
== 3 3 = ¥ sece™
3 sece”™ +tane™"
du d du du
b. Itang xsec? x dx let u =tanx,then —=—tanx ; & osec?x s du =sec? xdx; dx= . Therefore,
X X dx sec” x
du 1 1 1
Itan9 xsec? xdx = Iug -sec x- = Jugdu =— o= —u%c= —tan'"x+ec
seczx 9+1 10 10

10-1

Check: Let y:%tanloxﬁ-c,then Y= %JO(tanx) sec’x+0 = (tanx)gseczx = tan’ xsec’ x

. du d du du
c. Given jcotsxcsczxdx let u =cotx, then d—=;cotx ; d—=—cs02xc; du =—csc? x dx ;dx=— 3

x X csc x

. Thus,

—du -1 1 1
Icotsxcsczxdx = J.us-csczx- = —Jusdu = wlie = 7gu6+c = —Ec0t6x+c

csc? x 5+1

2

1 1 -
Check: Let y:—gcot6x+c,then v = —5-6(cotx)6 l—esc? x+0 = cot’ x cse? x

d. Given Jsec 2x tan 2x dx let u = 2x , then d_u = in ; d_u =2 ; du=2dx ; dx= ﬂ . Therefore,
dx Ix dx 2

1 1 1
jsec2xtan 2x dx = Isecu'tanu'd—; = Efsecutanudu = Esecu+c = Esec 2x+c

Check: Let y = %sec 2x+c then ' % sec 2x tan 2x-2+0 = %-sec 2x tan 2x = sec 2x tan 2x

d—u—ixz ; d—u=2x 3 du=2xdx ; dxzd—u. Therefore,

e. Given jx cot x2dx let u = x? , then = ;
dx dx dx 2x

di 1 1 . 1
Ixcotxzdx = jx~cotu~—u = —Icotmdu = —ln|s1n u|+c = —ln‘sinx +c
2x 2 2 2

|

2

Check: Let y:lln‘sin x2‘+c,then y' = l~;2~cos X2 2x+0 = 2x cosx x cot x?
2 sin x 2 sinx

f. Given Jlxz csc x2dx let u:x3,then ﬂ=ix3 ; ﬂ=3x2 ; du =3x%dx ; dx:ﬂ. Therefore,
3 dx dx dx 3y2

lez cscxdx = lJ.x2~cscu-d—u = l cscu-du = lln|cscu—cotu|+c = lln‘csc x°
3 3 9 9 9

3 —cot x3‘+c
3x

3—00'[ x3)

9 (csc ¥ —cot x3)

3 3 4.2 2.3 4.2 2 3
1 , —cscx cotx”-3x"+cscx”-3x 3x“csc x (cscx
Check: Let yzaln‘cscx3—cotx3‘+c,then y' = +0 =

9 (csc x> —cot x3)

3x2 cse x° x? 3
=———— ="—.¢cscx =
9 3

Xz CSC x3

!
3
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g. I (sinchsch)dx = v'isin5x- - ! dx = J‘s%n5x dx = Idx =Xx+c
sinSx sinSx

=3 =1

Check: Let y=x+c,then ' = xro
dt+3jt2dt+jtdt = Idt+3jt2dt+jtdt = t3+%t2 +tte

h. I(cos 5¢ sec 5t +3¢t2 +t)dt = Icos St - !
cos 5t

Check: Let y=t3+%t2+t+c,then y = 3:“+%-2z“+1+0 =32 +1+1

i. Given Iecmxcsczxdx let u = cotx, then —uzicotx ; —uzfcsczx s du = —csc? xdx ;odx=— “ . Therefore,
dx dx dx csc? x
cotx . 2 u 2 —du u u cot x
je csc xdxije csetx - — :—Iedu:—e +c=-¢ +c
cscx
Check: Let y=—¢®" +¢,then y' = —e® . —csc?x-140 = ¥ csc? x
3. Evaluate the following integrals.
a Isin 3x cos Sx dx = J-%[sin@—5)x+sin(3+5)x]dx = J-%[sin(— 2x)+sin (8x) ] dx = lj(sinsx—sin 2x) dx
Ir. 1. 1 1 11
= —fsme dx——jstx dx = —-——cos 8x+—-—cos 2x+c¢ = ——cos 8x+—cos 2x +¢
2 2 2 22 16 4
Check: Let y = —icos 8x+lcos 2x+c,then y' = —%-—SSin 8x+Z-—Zsin 2x+0 = Esin 8x —=—sin 2x

= %sin 8x—lsin 2x = lsin 8x+%sin (-2x) = %sin (3+5)x+%sin (3—=5)x = sin 3x cos 5x
b. Icos 6xcos4xdx = J-%[cos(6—4)x+cos(6+4)x]dx = j%(cost-t—colex) dx = %J‘cos 2x dx+%J.c0310x dx

—-l-sin 2x+l-Lsin10x+c = lsin 2x+—sin 10x + ¢
22 20

’

-2cos 2x+L-IOcos 10x+0 = ECOS 2x+zcos 10x

lsin 2x+isin 10x+c, then y %

Check: Let y = 2

1 1 1
cos 2x +—cos 10x = —cos (6 74)x +ECOS (6 + 4)x = cos 6x cos 4x

0| —

2 2
I Isins 3xdx = Isin4 3xsin 3x dx = ‘[(sinz 3x) sin 3x dx = I(l —cos? 3x) sin 3x dx . Let u = cos 3x, then
du . Therefore,

ﬂzicos% ; d—uszSin 3x ; du =-3sin 3xdx ; dx =——
dx dx dx 3sin 3x
du ! (u4 —2u? +l)du

jsin53xdx = J(l—cos23x)2sin 3xdx = J(l—uz)zsin 3xdx = J.(u472u2+1)sin 3x~m = -3

1 1 2 1
53x+=cos’3x— Ecos 3x+c¢

= 71J.u4du +£J‘u2duflj‘du = 7l-lu5+£~lu3f—u+c = ——cos
3 3 3 35 33 3 15
Check: Let y:——coss3x+£cos33x—lcos3x+c,then y' = —%-1500343x-—sin3x+§-9cosz3x-—sin3x+—~3sin3x

sin 3x cos® 3x — 2sin 3x cos?3x +sin3x = sin 3x(cos4 3x —2cos” 3x + 1) = sin 3x (1 - cos? 3x)

. .2 2 . . 4 .5
= sin 3x|sin“3x) = sin 3xsin” 3x = sin” 3x

d. Itan4 2xdx = Itanz 2x tan® 2x dx = ‘[tanz 2x (5602 2x— l)dx = Itanz 2x sec® 2x dx —Itan2 2x dx

444
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= Jtanz 2x sec? 2x dx — I(secz 2x — l)dx = Jtanz 2x sec? 2x dx — Isecz 2x dx + Idx . To solve the first integral let

u = tan 2x , then Z—u = %tan 2x % = 2sec?2x s du = 2sec? 2xdx s dx = du . Therefore,

x /x 2sec? 2x

1 . .
tan’ 2x . Grouping the terms we obtain

J‘tan2 2x sec? 2x dx = qu sec? 2x L ! Juzdu = g
2s

ec?2x 2
Itan4 2xdx = Itanz 2x sec? 2x dx—j’sec2 2x dx+J.dx = %tan3 ZJC—J‘sec2 2x dx+Idx = %tan3 2x—%tan 2x+x+c
1 1 2
Check: Let y:gtan32x—5tan 2x+x+c,then y' = %tan22x-sec2 2x—5sec2 2x+1+0 = tan®2x-sec? 2x —sec’ 2x +1
= sec? Z)C(tan2 2x—1)+l = (tan2 2)c+1)(tan2 2x—1)+1 = tan*2x —tan? 2x + tan? 2x —1+1 = tan* 2x

€. J.cos2 axdx = J.(l—sin2 ax)dx = J.alx—J.sin2 axdx = J.dx—.l.%(l—cos 2ax)dx = x—%fd)ﬁ—%jCOS 2ax dx

x 1 1 . 1 1 . x sin 2ax
=x-——+—-—sin2ax+c = x|l -—— |+—sin 2ax+c¢c = —+ +c
2 2 2a 4a 2 4a
Check: Let y=§+Sln 2a[x+c,then y' = %+4L-cos 2ax-2a+0 = %+2—a-cos 2ax = l+lcos 2ax
a a

1) 1 1 1 1 .
=|1-—=|+—cos 2ax = 1-| ———cos 2ax | = 1——(l—cos 2ax) = 1-sin®ax = cos” ax
2) 2 2 2 2

f. Itan3 Sxdx = Itanz 5x tan 5x dx = I(secz S5x— 1) tan 5x dx = Isecz 5x tan 5x dx — J'tan 5x dx . To solve the first

integral let u = tan 5x, then d—u = itan 5x ; d—u = 5sec? 5x s du = Ssec? Sx dx s dx = dl; . Therefore,
X x dx S5sec” S5x
1 11 1 1 .. .
J‘sec2 Sx tan Sx dx = J‘sec2 S5x-u L —ju du = ——u? = —u? = —tan*5x . Combining the term we obtain
5sec’5x S 52 10 10

Itan3 Sxdx = Itanz S5x tan 5x dx = I(secz 5x—1) tan 5x dx = I(secz S5x tan 5x —tan 5x )dx = Isecz 5x tan S5x dx
1 2 1 2 1

—Itan 5x dx = —tan 5x—jtan 5x dx = —tan”5x ——In |sec 5x|+c
10 10 5

Check: Let y:itanZSx—lln|sec 5x|+c,then y' = L~10tan5x-sec25x—l-L~SSec S5x tan 5x+0
10 5 10 5 sec5x

sec Sx tan 5x

= tan5x sec® S5x — = tan5x sec’5x —tan 5x = tan5x (sec2 S5x— 1) = tan5x tan”5x = tan’ 5x

sec 5x
g. Jcot4 3xdx = Jcotz 3x cot?3x dx = jcotz 3x (cs02 3x— l)dx = jcotz 3x csc?3x dx — Jcot23x dx

= Jcotz 3x csc?3x dx— j(cscz 3x - l)dx = jcotz 3x csc? 3x dx — Jcscz 3xdx+ Idx . To solve the first integral let

u = cot 3x, then d_u = icot3x ; d_u = —3csc? 3x s du = —3csc? 3xdx ;dx=— dz . Therefore,
X dx dx 3csc”3x
Icotz 3x csc?3x dx = qu csc?3x ._d—z = —lJ.uzdu = —1143 = —lcot3 3x . Grouping the terms we obtain
3csc” 3x 3 9 9

Ic0t4 3x dx = Icotz 3x csc? 3x abc—J‘csc2 3x dx+jdx = —%cot3 3x—.[csc2 3x dx+jdx = —%cot3 3x+§c0t 3x+x+c¢
1 1
Check: Let y:—gcot3 3x+§cot 3x+x+c,then y' = —%cot2 3x-—csc? 3x—§csc2 3x+1 = cot?3x csc? 3x —csc? 3x +1

= csc? 3x(cot2 3x-1 )+ 1= (cot2 3x+ 1) (cot2 3x-1 )+ 1 = cot*3x —cot?3x+cot>3x —1+1 = cot*3x
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h. J‘cot3 2xdx = Jcotz 2x cot 2x dx = J(cscz 2x— l)cot 2x dx = Jcscz 2x cot 2x dx —Jcot 2x dx . To solve the first
du

integral let u = cot 2x, then ﬂ = icot 2x d_u =—2csc? 2x ; du = —2csc? 2x dx ; dx = —————— . Therefore,
x dx dx 20sc? 2x
2 2 du 1 1 2 1 2 .. .
Icsc 2x cot 2x dx = Icsc 2x-u~——2 = ——Iu du = ——u” = ——cot” 2x. Combining the term we obtain
2csc” 2x 2 4 4

J.cot3 2xdx = Icotz 2x cot 2x dx = I(cscz 2x —l)cot 2x dx = J.(csc2 2x-cot 2x —cot 2x )dx = jcscz 2x cot 2x dx

—Icot 2x dx = —%cot22x—J.cot 2x dx = —%cotZZx—%ln |sin 2x|+c

1 1 . 1 1 1
Check: Let y:——c0t22x——ln|s1n 2x|+c,then y' = ——-4cot 2x~—cscz2x——~.—~2<:os 2x+0
4 2 4 2 sin 2x

cos 2x
= cot 2x csc” 2x — 2 = cot 2x csc? 2x —cot 2x = cot 2x (c502 2x — 1) = cot 2x cot? 2x = cot® 2x
sin 2x

—

1. Icoté 3xdx = Ic0t4 3x cot?3x dx = Ic0t4 3x (csc2 3x— l)dx = I(cot4 3x esc? 3x — cot” 3x)dx = Icot4 3x csc? 3x dx

1 1
- Ic0t4 3x dx . From the problem g above we know that J.cot4 xdx = _500t3 3x+ ECOt 3x+x+c . Therefore,

J‘cot6 3xdx = Jcot4 3x cot?3x dx = J‘cot4 3x (0302 3x - l)dx = jcot“ 3x csc? 3x dx — Ic0t4 3x dx

Jcot4 3x csc? 3x alx—(—lcot3 3x+§cot 3x+x+ cj =— %cot5 3x+ ;cot3 3x _ECOt 3x—x+c

1 1 1 15-cot*3x- —csc? -cot? 3x - —csc?
Check: Let y:—gc0t53x+—cot33x—§cot 3x—x+c,then ' = - >:co 3;; i 3x+9 €0 3x9 cs¢” 3x

3csc?3
+¥ —1= cot*3x-csc?3x —cot? 3x-csc? 3x + csc? 3x —1 = csc? 3x (cot4 3x—cot?3x +1 )— 1
= (1 +cot? 3x)(cot4 3x—cot?3x +1 )— 1 = cot*3x—cot?3x +1+cot® 3x — cot* 3x + cot? 3x -1 = cot®3x

Section 4.4 Solutions — Integration of Expressions Resulting in Inverse Trigonometric Functions

1. Evaluate the following indefinite integrals.

a. First - Write the given integral in its standard form J‘L = arcsin X4 ¢ ,1.e., dx = I dx
Va* - x* ¢ V25 -9x7 52 —(3x)2
Second - Use substitution method by letting u = 3x , then Cdl—z = %Sx =3x which implies du =3x dx ; dx = % .
Therefore, I dx = ! ﬂ -1 L = larc sin &
\/25—9x2 \/52—u2 3 3 52 42 3 >

Third - Write the answer in terms of the original variable, i.e., x . EWC sin g +c = ;arc sin ? +c

. - Lo 1 .
Fourth - Check the answer by differentiating the solution, i.e., let y = garc sin ?x + ¢ then

, 1 1 d 3x 1 1 3 3 1 1 5 1
773 s T3 5 1s s B
3x )2 9x2 25-9x2 _09y2 _09y2
1-(2) s V7o Jas-o as-ox
. . . . . dx X . dx dx
b. First - Write the given integral in its standard form I—: arc sin —+c, i.e., I = I
2 2 a 2 \/2_ 2
a”—x 4—x 2°—x
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Second - Use substitution method by letting u = x, then % = dix =1 which implies du = dx . Therefore,

X
dx du . u
j = J. = arc sin 5+c

\/4fx2 \/227142

. . . .. . . u . X
Third - Write the answer in terms of the original variable, i.e., x . arc sin 2 +c = arcsin —+c¢

Fourth - Check the answer by differentiating the solution, i.e., let y = arc sin %Jr ¢ then

, 1 d x 1 1 1 1 1 2 1
s dx 2 v0- 2 - 2 - 2 -
2 X 2 4oy 2 2
I e
dx X x2dx x2dx
c. First - Write the given integral in its standard form I— =arcsin —+c,i.e., I = I
a®-x? “ 25— x° 52—(x3)2
Lo . 3 du d 3 2 s . 2 du
Second - Use substitution method by letting u = x°, then — = d—x =3x“ which implies du =3x°dx ; dx = 3—2 . Thus,
x dx X
x2dx x2dx x? du 1 du 1 . u
| - [ - | -—2:§j— = Jaresin Lrc
V25 -1 \/52—()53)2 J2-2 52 —u?
. . . .. . . 1 . u 1 X
Third - Write the answer in terms of the original variable, i.e., x . —arc sin —+c¢ = —arc sin —+c¢
3 5 3 5
3
Fourth - Check the answer by differentiating the solution, i.e., let y = %arc sin x? +c then
yod 1 RCE S S N S T SEN - SR
dx 5 3 5 5 5
2 6 6 6 6
3 25— — —
1_(%) 1-% fo \/25 x \/25 x
d. First - Write the given integral in its standard form J zdx 7= larc tan = + ¢ ,1.e., J 2d al = J d 5
a“+x a a 9x° +16 16 +9x
_ J‘ dx _1 J‘ e _ 1 J‘ dx
16 , 2 2 2
9(%+x2) 94 J+x 9 (%) +x
Second - Use substitution method by letting u = x, then % = dix =1 which implies du = dx . Therefore,
x dx
1 dx 1 dx 11 u 13 3u 1 3u
EJ. ﬁ = gjﬁ = §~Tarc tan T+C = E'ZGVC tan T‘FC = Earc tan T+C
. . . .. . . 1 3u 1 3x
Third - Write the answer in terms of the original variable, i.e., x . —arc tan i +c = Earc tan —+c¢
Fourth - Check the answer by differentiating the solution, i.e., let y = %arc tan %Tx +c then
o4 1 dx 1t 1 3 3 v 1 16 _ 1
SRD 1+(34)2 dx 4 12 1,92 4 48 168952 16 16+9x>  16+9x°
4 16 16
Note that another way of solving this class of problems is by rewriting the integral in the following way:
I zdx =J dx 5 =I 3 dx .Now,letu:3x,thenﬂ:i3x:3 which implies du:3dx;dx:d—u.
9x% +16 16+ 9x 4%+ (3xf dx dx 3
dx 1 du 1 du 11 u 1 u 1 3x
Thus, I 2 :J. 3 2~—:—j 3 2 = —.—qrc tan —+c¢ = —arc tan —+c¢ = —arc tan —+c¢
4%+ (3x) 42442 3 3d 474y 3 4 4 12 4 12 4
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e. First - Write the given integral in its standard form J.

1 x%d
:EJ. 7+; :_-[

2

a+x a a

1 X . x>dx B xdx
=—aqrc tan —+c , 1.€., j 3 ,J‘
7+9x 9(

()U

Second - Use substitution method by letting u = x>, then au = ix3 =3x” which implies du = 3x2dx ; dx = A
X X 3x
1 x2dx 1 x? du 1 du 1 1 u
Therefore, ;J‘ 5 = —J‘ 5 iy = 2—7J. T E— = 2— \/» arc tan T"‘C
V7 3)? N 2 3 V7 2 N7 N7
(T + (x ) T +u T +u 3 3
1 3 u 1
=—" arc tan +c = arc tan +c
77 V7 97 V7
) : . o 1 3u 1 3x?
Third - Write the answer in terms of the x variable, i.e., arc tan +c = arc tan +c
907 V7 9J7 el
3
Fourth - Check the answer by differentiating the solution, i.e., let y = arc tan +c then
9J7 V7
, 1 1 d 3x° 1 19?1 A 1 747 x?
Y T i o e 5 T I T 7ed 7ea
o7 1+(£) 1 o7 1+%2° 7 +0x 7+9x°  749x
\/7
or, the alternative approach would be to rearrange the integral in the following way:
2 2
I X dxé = I ; dx 5 - Now, let u :3x3,then d—u:i3 3 = 9x? which implies du =9x2 dx; dx = du2
7+9x (ﬁ) +(3x3) dx dx Ox
x2dx x? du 1 du 1 1 u 1 3x°
Therefore, I 5 5 = I 5 — == I = arc tan +c = arc tan +c
T e T R N B Y ¥
f. First - Write the given integral in its standard form J. L = larc sec X +c,lie., J dx = j dx
X m ¢ ¢ X m X (x2)2 -5?
o . 2 du d 2 . . . du
Second - Use substitution method by letting u = x°, then — = —x~ = 2x which implies du =2x dx ; dx = M
x dx X

dx du 1 u
:J‘ 2— :—J‘ J‘ :EGVCSCCE‘FC
[ X [
x\/(xz)z—Sz u’ - u\luz—Sz
. . . .. . . 1 u 1 x?
Third - Write the answer in terms of the original variable, i.e., x . Earc sec g +c = Earc sec ? +c

Therefore,

, - o 1 .
Fourth - Check the answer by differentiating the solution, i.e., let y = Earc sec x? + ¢ then

= 1 _ 1 1 2x 2 X _ 1 25x 1
10 d 5 10 5 50 25
, ’ RSl B 22 [xt-2s xxt - x\lx4—25
e 5 25 5 25
2. Evaluate the followmg indefinite integrals.
a. First - Write the given integral in its standard form I L = larc sec Xy c,l.e., I dx = j dx
xVx?—a® “ “ xVx2—16 x\/xz—42

Second - Use substitution method by letting u = x, then du = dix =1 which implies du =dx . Therefore,
x dx
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°

1 u
= = —arcsec —+c
4

J‘ dx
xyVx?—42 u\luz—42
\/_

. . . .. . . 1 u 1 X
Third - Write the answer in terms of the original variable, i.e., x . Zarc sec Z +c = Zarc sec Z+ c

. L Lo 1
Fourth - Check the answer by differentiating the solution, i.e., let y = —arc sec X i¢ then

,_ 1 1 d x 40 = l 1 l 1 16 _ 1
4 dx 4 4 4 16
x ey * x [52 216 xx?-16  xyx?-16
4V 4 V16
. First - Write the given integral in its standard form Id— = —arcsec+ c,lie, & = dx

x\/xz—a2 a “ J‘x\l7x2—4 J‘ﬁx,,xz—‘;

:J dx :L
v 7 {7
ﬁx xz—[\/;] x4 lx% -
d

Second - Use substitution method by letting u = x, then a = d—x =1 which implies du = dx . Therefore,
x

1 dx 1 du 1 1 1
\/_ I :FJ.—:F 7 —arc seC ——+c = —arc sec +c
7 2 7 2 7
xolx? - 2 uu? —| 2 7 7
V7 V7
. . . .. . . 1 u 1 X
Third - Write the answer in terms of the original variable, i.e., x . Earc sec +c = Earc sec +c

x ’
+c then y

S (A G R S (N

. . . 1
Fourth - Check the answer by differentiating the solution, i.e., let y = Earc sec

| 1 dJ_x

2

1 1
2 dx 2 2 2 4 4 N
- L T N A C I O
2

or, the alternative approach would be to rearrange the integral in the following way:

I L ZJ & . Now, let u =+/7x, then %:diﬁx:ﬁ which implies du = y7 dx ; dx = -2
x\/7x2—4 x‘[(ﬁx)2722 X X ﬁ
dx :J‘ 1 ' du 1 J‘ ﬁdu :J~ du
xV(ﬁx)z_zz 4; R R T e uNu? -2?

Therefore, I

1 u 1 X
= —arc sec —+c = —arc sec +c
2 2 2
1 X . e’ e’
First - Write the given integral in its standard form I 5 =—arctan —+c,ie, J 5 dx = J 3 dx
a+x> a a 4e*+9 9+4e”"
_ J‘ e“dx _ lj‘ e“dx _ lJ‘ Tdx
9., 2 49, .2x 4l (3)2 ( )2
4(14‘@ X) 4+€ (5) + ex
du d D ¥ du
Second - Use substitution method by letting u =e”*, then d—:d—e =¢" which implies du=e'dx ; dx:T.
X X e
1 e’dx 1 du 1 1 1 2u
Therefore, ZI— = —j = ij—z = Z ~-arc tan T+C = garc tan T+c
3 3 El EA
(5) ( ) (E) tu 2
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. . . . . . 1 2u 1 e*
Third - Write the answer in terms of the original variable, i.e., x . garc tan —+c¢ = —arc tan —+¢

X

. L Lo 1
Fourth - Check the answer by differentiating the solution, i.e., let y = —arc tan +c then

, 1 1 d 2e" 1 1 2e* 2 e’
O O B T AW
1+(Ej Y 1+4€9 9+4e

9¢* ef e

1
: 9 9+4e™  9+4e*  4e* 49

or, the alternative approach would be to rearrange the integral in the following way:

X X
I ¢ dx = I ¢ dx . Now, let u =2¢", then d—uziZex =2¢e* which implies du = 2e%dx ; dx = du .
9+4 ¢ 2 x)? dx dx 2e"
37 +1\2e
e*dx e’ du 1 du 11 u 1 u 1 *
Thus,j 3 =I 3 7 =—I 3 3 = —-.—aqrc tan —+c = —arc tan —+c = —arc tan +c
32+(Zex) 32102 208 2932442 23 3 6 3 6
. . . dx .. dx .oX .
d. Write the given integral J— in its standard form I = arc sin —+ ¢ by letting u = x—3 . Thus,
\[25—():—3)2 Va* -x? “
dx dx . u .. x-3
I :I :arcsngrc:arcsm +c
\/25—(x—3)2 N

x-3 .d x-=3 _ 1

! L
dx 5 5 5
[ (x=3)? [ (=32 25—(x—3)?
1 (5 ) 1- 25 25

Check: Let y = arc sin

+c then y' =

1 5 1

: 5\/25—(x—3)2 : \/25—(x—3)2

e. First - Write the given integral in its standard form I 2dx = larc tan =+ ¢ ,l1.e., J‘Lz
a”+x" a a 25+ (x + 4)
Second - Use substitution method by letting # = x + 4, then % = di(x + 4) =1 which implies du = dx . Therefore,
x dx
I dx = J. du = larc tan £+c
25+ (x+4) 24y 5 5
. . . . . 1 u 1 x+4
Third - Write the answer in terms of the x variable, i.e., —arc tan —+c¢ = garc tan +c
Fourth - Check the answer by differentiating the solution, i.e., let y = %arc tan = 4 + ¢ then
yo=d 1 .i(““jm:l.;.l:L. 5 !
> 1+(%4)2 dax\ 5 5 042 5 25 254 (x+4F 25+ (x+4)
25
f. First - Write the integral in its standard form J zdx 7= larc tan L c,le., I 3 d = J. dx
a“+x" a a x* —10x +26 (x2—10x+25)+1
_ J' dx _ I dx
(x=5)2+1 J1+(x-5)?
Second - Use substitution method by letting u = x -5, then du = di(x - 5) =1 which implies du = dx . Therefore,
X dx

I dx =J du = arctanu+c
1+(x—5)2 1+u?

Third - Write the answer in terms of the x variable, i.e., arc tan u +c¢ = arc tan (x - 5)+ c

Fourth - Check the answer by differentiating the solution, i.e., let y = arc tan (x - 5)+ ¢ then
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1 ] 1

1. Evaluate the following indefinite integrals.

a. Given j dx let u =2x+1, then d—u:i(2x+l) ; ﬂzQ s odu=2dx ; dxzﬂ. Therefore,
2x+1 x  dx dx 2

I d__ J‘lﬂ = lJ.ldu = llnlul-ﬁ-c = lln|2x+1|+c
2x+1 u 2 20 u 2 2

1 1

2x+1 2x+1

Check: Let y:lln|2x+1|+c,then y' = l~;-2+0 -2
2 2 2x+1 2

X

dx let u:xz—a,then ﬂ:i(xz—a) ; d—u:Zx ; du=2xdx ; dx:d—u. Therefore,

b. Given j
X% —a dx dx dx 2x

I al dx=I£~ﬂ=ljldu=lln|u|+c=lln‘x2—a‘+c
¥ —a u 2x 2Ju 2 2

Check: Let y:lln‘xz—a‘+c,then y' = l~L-2x+0 _2x

2 2 xz—a 2 xz—(l x2—a
3
I Givenj X dx let u:x4—1,then ﬂzi(x“—l) ; ﬂzx“—l ; du = 4x3dx ; dxzd—u. Therefore,
x4 -1 dx dx dx 453
3 3
I T = x—~ﬂ=1J-ldu=lln|u|+c=lln‘x4—1‘+c
x4 -1 u 4y  4lu 4 4

1 4 ' 1 1 3 ’

Check: Let y:—ln‘x —1‘+c,then y' = —-4—-4x +0 =
4 4 x*-1 x" -1

. 1 .
d. Given J ! + 3 dx = J. dx + I 3 dx let u; = x+3 and u, = x—5 respectively. Therefore,
x+3 x-5 x+3 x=5

I ! dx+j 3 dx:jidul+3deu2:1n|u1|+31n|u2|+c:ln|x+3|+3ln|x—5|+c
U U

x+3 x=5
, 3 1 3
Check: Let y =In|x+3[+3In|x=5|+c, then y' = + +0 = +
x+3 x-5 x+3 x-5
2
e. Given Ixe3x dx let u :3x2,then d—u:i3x2 R ﬂ:@c 3 du=6xdx dx:ﬂ. Therefore,
dx dx dx 6x
2 1 1 1 2
jxe3x dx = Ixe” o —Ie”du =—e'+c=—* +o
6x 6 6 6
2 2 2 2
Check: Let y:le3x +c,then y' = l~e3x 6x+0 = E-xe3x = xe**
6 6 6
S5x
f. Given J. ¢ dx let u=1-¢, then d—u:i(l—esx) ; ﬂ:—Sesx s du=-5¢"dx ; dx=~— du . Therefore,
1-e* dx dx dx 505%
S5x Sx
1r1 1 1
j ¢ dx:J‘ o _du :7—j—du:7—ln|u|+c :——ln‘l—e5x+c
1-e>* - 5¢°° 5Ju 5 5
S5x
Check: Let y=—lln‘l—esx +c,then y' = —l~;~—5€5)‘+0 = ¢
5 5 1= 1—e5*
g. Given J.3ef"xa’x let u = —ax, then d—u:i(— ax) ; d—u:—a s du=—adx ; dxz—ﬂ. Therefore,
x dx dx a
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J‘3e7”xdx = 3Je” _du iJ‘e“du =_Zé'+c = —ie_ax+c
a a a a
Check: Let y:—ie_ +c,then y' = —ie_“’c -a+0 = 3a I o
a a a
3, 2x_ 5x 3 2x sx L 4 1 o —5x 1 4,1 55 1 _s¢
h. I x> +e” —e dx = Ix dx+Ie dx—J.e dx = —x" +—e" ——e T +c=—x+—e" +—e +c
4 2 -5 4 2 5
Check: Let y:lx4+lezx+%e ¥ 4¢ then y' 7% 4x +; 2x 2+l e o540 = X0 4P -
1
4
i. , then du = d 1 ; ﬂ— i ; xdu = —3dx ; dx=—x—du. Therefore,
5x* x dx dx © dx P 3
1
o o 1 5
I dx =I X = ——J' - ——e te=——eX te
sxt sxt 15
1
Nl a a 3
Check: Let y:—LeI3 +c,then y' = —ilex 40 = i~ex3 Lo
15 15 x4 15 x4 5x4
2. Evaluate the following indefinite integrals
. Sx Sx Sx du d 5x du Sx S5x
a. G1venj3e +5)e’*dx let u =3e’* +5,then — =—|3¢ ; —=15¢"" ; du=15¢""dx ; dx = . Thus,
dx  dx dx 15¢°*
I(3e§x+5)esxdx = Iu~esx- du !

2
Ju du = L-luz+c = L(3e5x+5) +c
15¢5% 15 15 2 30
2
Check: Let y:%(3es’v+5) +c, then y' = £~2(3e5"+5).15e5"+0 - %(365X+5)65x = (3 5"+5)

b. Given J(ex—l) e“dx let u=e* —1,then Z—Z:%(ex—l); d—u

s du=etdx ; de=— du . Thus,
dx e~
5 1 1 6
j(ex—l) e'dx = Jus-ex-ﬂ = Jusdu =—ul+4c = —(ex—l) +c
er 6 6
1 6 1 5 5 5
Check: Let yzg(exfl) +c,then y' = E~6(ex71) e 40 = %(exfl) er (ex—l) e*
¥ du d
c. Givenj de let u=1+x ,then — =—I[1+x
1+ x

3) : d_”:3x2 : dx:d—u, Therefore,
dx dx dx 3x?

X
I— — = —I du = —ln|u|+c = —ln‘1+x ‘
1+x°

2 2
Check: Let y:lln‘1+x3‘+c,then y' = l~L3-3x2+0 = i ol T = ol 3
3 3 1+x 3 1+x 1+x
4
d. Given J il 5 dre let u=1+x , then ﬂ:i(l+xs) ; ﬂ:5x4 ; dx:—4. Therefore,
1+x x dx dx 5x
1 1 1
j j——:— —du :—ln|u|+c:—ln‘l+x5‘+c
1+%° u 5 5
4 4
Check: Let y:lln‘l+x5‘+c,then y' = ~;~5x +0 = 3.x al 5
5 5 1+x° 5 1+x° 1+x
e. J-x—”dx=J-de=J‘x+6d +I ! dx=Idx+J dx=x+ln|x+6|+c
x+6 x+6 x+6 x+6 x+6
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Check: Lety:x+ln|x+6|+c,then y' =1+ 140 =1+ I _x#6tl_ xt7
x+6 x+6 x+6 x+6
4 4 4
£ jx+9dx:j(x+5)+ dx:jx+5dx+j ax = [dr+ [——dx = x+4m|x+5]+c
x+5 x+5 x+5 x+5 x+5
Check: Let y:x+41n|x+5|+c,then y' =1+ 140 =1+ 4 _xfS+4 x49
x+5 x+5 x+5 x+5
2
g. Given Iax Ky dx let u=x2+k,then ﬂ:i( 2+k); %=2x s du=2xdx ; dxzﬂ. Therefore,
dx dx dx 2x
2
5 1 1 u x“+k
Iax +kxdx:J‘a”'x-ﬂ:—J.a”du -2 +c:la +c
2x 2 21Ina 2 Ina
lax2+k 1 2k 2Iln a 24k 2.k
Check: Let y =— +c,then y' = ca* *Ina-2x+0 = ca¥ M x = a" tx
2 Ina 2ln a 2Iln a

. 2 3
h. Given Jgax Hx2dx let u :x3+5,then ﬂ:i(x3+5) ; ﬂ=3x2 ; du =3x%dx ; dx:ﬂ. Therefore,

x dx X 3x
203 2 du 2 2 4 2 %S
I—ax B ldx = —Ia“ p = —ja“du == +c==- +c
3 3 3x2 9 9 Ina 9 Ina
¥+5 3 3 3
Check: Let y:E- a +c,then y' = £~L-ax Sha3x2+0 = g'ln_a.ax 2= gax x?
9 Ina 9 Ina 9 Ina 3
3
i. Given I(ezx +3) e*dx let u =e** +3, then ﬂ:i(ezx +3) ; du _ 2¢% 1 du =2e*dx ; dx = du . Therefore,
dx dx x 2¢2%
3 1 11 1 4
I(e2x+3) Xdx = Iu3-e2x- du_ _ —Iu3du =——utte=—ut+c = _(er +3) +c
2e%¥ 2 2 4 8

Check: Let y:%(62x+3)4+c,then V= %4(8’%3) 2% +0 = §(ez"+3)3 2 ( 2x+3)3e2x
j J;dx:J;dx:Lln (x+1)—5 cziln ad +c
! (x+1)*-25 (x+1)2 =52 2:5 | (x+1)+5 10 | x+6
Check: Let y= - tn| 24 4o then y = 1oL Lbc#6)-1fe=4) 1 x+6 xr6-xvd
10 X+ 10 ﬁlg (x+6)2 10 x—4 (x+6)2

1 1 10 1 1 1 1

10 x—4 x+6  (x-4)(x+6) x2+6x—dx—24 T i (x+1)%-25

ko= [ —dr = [~ —dc =~ (GEE ) U B .27 O
2 4+6x+8 (x2+6x+9)—1 (x+3)2—l 2-1 (x+3)+1 2 x+4
Check: Let y:lln + ¢ then y’ = l.Lw_’,o = l.x+4.x+4_x_2 = l 1 . 2
2 | x+4 2 x42 (x+4)? 2 x+2  (x+4)> 2 x+2 x+4
x+4
_ 1 _ 1 _ 1
(x+2)(x+4) X’ +4x+2x+8 X2 +6x+8
L J—l dx=j—1 dx=Ln 3+(x-1) =lln‘3+x_1 c=lln‘2+x +c
9—(x-1)2 32— (x-1)2 23 [ 3-(x-1) 6 |3-x+1 6 |4-x
Check: Let y=lln X |+ ¢ then y' LI .—1'(4—x)+1~(2+x)+0 _ldox doawdex 116
6 4—x 6 iix (4—x)2 6 2+x (4—x)2 6 2+x 4-x

X
_ 1 _ 1 _ 1

2+x)4-x) ) 8 2xtdx—x>  8+2x—x 9—(x—1y
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Chapter 5 Solutions:
Section 5.1 Practice Problems — Integration by Parts I

1. Evaluate the following integrals using the integration by parts method.

a. Given Jxe4xdx let u=x and dv=e*dx then du=dx and jdv = J.e“dx which implies v =%e4x . Using the integration

by parts formula Iu dv=uv-— J v du we obtain

J‘xe“dx = lxe4x —l_l.e“xdx = lxe4x —ie4x +c = 1e4x x—l +c
4 4 4 16 4 4

1 1 4t 1
Check: Let y=—e4x x——|+c,then y' = ¢ Jx-=l]+1—e
4 4 4 4

b. Given J.% cos x dx let u=x and dv =cos x dx then du =dx and J'dv = Icos x dx which implies v =sin x . Using the
integration by parts formula ju dv=uv —J.v du we obtain
x 1 . 1. | 1
I—cos Xdx = —x-sin x——jsm xdx = —xsin x+—cos x+c¢
2 2 2 2

. 1. L. 1 1. 1
(1-s1nx+cosx-x)—3s1nx+0 = —smx+5x cosx—zsmx = Ex cosx

| —

Check: Let y:%x sinx+%cosx+c,then y' =

Sx
c. Given J(S —x)e>dx let u=5-x and dv=e>"dx then du = —dx and Jdv = Iesxdx which implies v = eT. Using

the integration by parts formula Ju dv=uv —jv du we obtain

Sx Sx
1 1
I(S—x)esxdx = (5—x)6—+je—dx = —xer—eF +c
5 5 5 25

Check: Let y =e>* —lxesx +iesx +c,then y' = 56> _l(es): + Sxesx)+i~esx +0 = 56°° —lesx —xe>* +lesx
5 5 25 5 5
=5 —xe™* = (5-x)e™
d. Given ‘[x sin 5x dx let u = x and dv =sin 5x dx then du = dx and Jdv = jsm Sx dx which implies v = —gcos S5x.
Using the integration by parts formula Iu dv=uv-— fv du we obtain

Ix sin Sx dx = x~—lcos 5x+lJ.cos Sxdx = —lx cos 5x+lsin S5x+c

5 5 5 5

1 1. , 1 . 1 1 5 .
Check: Let y =——ux cos 5x+§sm S5x+c,then y' = fg(l-cos S5x —sin 5x-5~x)+§cos S5x+0 = 7§cos 5x+§x sin 5x

+%cos 5x = %x sin 5x = x sin 5x

3

e. Given Jx\/3—x dx let u=x and dv =+3—-x dx then du =dx and jdv:'[\B—x dx which implies v:7§(37x)2 .

Using the integration by parts formula Iu dv=uv-— j v du we obtain
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[ Y[

jxv3—x dx = x-—£(3—x)%+"‘3(3—x)%dx = —gx(3—x)%—g-—(3—x)%+l+c = —gx(ﬁi—x)
3 3 3 3143 3

3 145 3
-Ex(S—x)z +E-5(3—x)2 +0

w N

Check: Let y = —%x(3—x)% —%(3—x)% +c,then ' = —%(3—):)% +
= 7§(37x)%+x(37x)%+§(37x)% = x(3fx)% = x43-x
f. Given Ix3e3xdx let u=x" and dv=e*dx then du =3x’dx and Idv:je3xdx which implies v:%eh. Using the
integration by parts formula J-u dv=uv-— I v du we obtain

1 1 3 3x
jx3e3xdx =x -§e3x —gje3x 3xldx = %—sze3xdx

In example 5.1-1, problem letter b, we showed that J.xze“dx = §x2e3x —%xeb‘ +2—27€3X +c . Therefore,
3 3x 3 3x
1 2 2 1 2 2
jx3e3xdx =Xl o S e re = 2 23 a3 S,
3 9 3 3 9 27
P 1 o5 2 50 2 I(,2 3 v 3) 1 3 3x 2
Check: Let y=—g—-3%e X+3xe Y ——e*+c,then y' = 5(3x e +3e7 - x )—E(Zx.e T 43e - x )

+£(1 e 4303 ~x)—i~3e3x +0 = X2 43 —Exeh — 2> +£e3x +£xe -
27 3 9 3 9

2
3x 3x _ x363x

g. Given Jcos ( In x) dx let u =cos (lnx) and dv =dx then du = L(lnx) dx and Jdv = J-dx which implies v=1x.
X
Using the integration by parts formula Iu dv=uv-— I v du we obtain
Icos (lnx)dx = cos (lnx)~x+J.x- M dx = x cos (lnx)+fsin (lnx)dx (1)
x

To integrate Jsin (ln x) dx use the integration by parts formula again, i.e., let u =sin (ln x) and dv =dx then

= cos(nx) oo jdv - j dx which implies v = x . Therefore,
x
Isin (lnx) dx = sin (lnx)~x—jx~ M dx = x sin (lnx)—J.cos (lnx) dx (2)
x

Combining equations (1) and (2 ) together we have
Icos (lnx)dx = X cos (lnx)—fsin (lnx) dx = x cos (lnx)+ X sin (lnx)—jcos (lnx) dx
Taking the integral — Icos (ln x) dx from the right hand side of the equation to the left hand side

we obtain jcos (lnx) dx + Icos (Inx)dx = x cos (Inx)+x sin (Inx) Therefore,

ZJcos (lnx) dx = x cos (1nx)+x sin (1nx)+c and thus jcos (lnx)dx = %cos (lnx)+§ sin (lnx)+c

cos (lnx)i x sin (Inx) N sin (Inx) L Xcos (1nx)+ 0
2 2x 2 2x

Check: Let y=§cos(lnx)+%sin (1nx)+c,then y' =

cos (lnx) cos (lnx)

_ cos (lnx)_ sin (lnx)+ sin (lnx)+ cos (lnx) _ + — cos (lnx)
2 2

2 2 2 2
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1

I1+x

. _ _ C 1
h. Given J‘gtan "X dx let u=tan"' x and dv =§dx then du = 5 dx and Idv: Igdx which implies v:gx2 .

Using the integration by parts formula Ju dv=uv —J-v du we obtain

2 2
_ _ 1 1 _ 1 _
J‘ﬁtan '2xdx = tan lx-x———sz- dx = —x’tan lx——j al dx = lxztan lx—lj 1- ! dx
3 6 6 1+x2 6 69 1+x7 6 6 1+ 2
= lx2 tanflx—lj‘dx-kl‘l. ! dx = 1x2 tan_lx—lx+ltan_1x+c
6 6 6 1+ x? 6 6 6
2
Check: Let y:lxztanflx—lx+ltan71x+c,then y' = l-2x-tan71x7Ll al —l+l~ ! 0
6 6" 6 6 61+x> 6 6 1+x?
1 4 2 1 1 1 1 | 4111 i 11 |
—-xtan x+—- +—- —— = —xtan +— —— = —xtan x+—-—— = —xtan x
6 14x%2 6 1+x2 6 3 l+x* 6 3 6 3

1

5

-Sxtdx = 2dx and j dv= j dx which implies v = x . Using the
X X

i. Given Ilnxsdx let u=1Inx’ and dv=dx then du =

integration by parts formula Iu dv=uv- f v du we obtain

Ilnxsdx = lnxs-x—J-x-idx = xlnxs—dex = xInx’ —5x+¢
x

5
Check: Let y=x1nx5—5x+c,then y' = (1~lnx5+%~5x4-xJ—5+O = 1nx5+5L5—5 =Inx’+5-5 = Inx°
x x
j. Given Ix e “dx let u=x and dv=e “dx then du =dx and Idv = J.ef"xdx which implies v = —lef’”. Using the
a

integration by parts formula ju dv=uv-— J.v du we obtain

_ 1 _ I - 1 _ ¢ _ 1 _ 1 _
Ixe Pdy = x-——e ”x+—je Pdx = ——xe ax+—je Pdy = ——xe ’”‘——ze Yt
a a a a a a
—ax
Check: Let y = —lx e ™ —Lzef‘”‘ +c,then y' = —l(l e —qe™™ ~x)—L2-—2e7‘”C +0 = —lef’” L.
a a a a a a
+12-e_wc = le_“x +xe P +—e " = xe ¥
a a a
k. Given Jex sin 3x dx let u =e* and dv = sin 3x dx then du = e“dx and Idv = Jsin 3x dx which implies v = — coz3x .
Using the integration by parts formula Iu dv=uv-— Iv du we obtain
Ie" sin 3x dx = % -~ 3x —I— cos 3x -efdx = —lex cos 3x+ljex cos 3x dx (1)
3 3 3 3
To integrate jex cos 3x dx let u=e* and dv = cos 3x dx then du = e*dx and J dv = J-cos 3x dx which implies
i i i 1 . 1 .
_sin3x Thus, Ie" cos3xdx = ¢ ~¥—j¥-e"dx = Eex sin 3x—§jex sin 3x dx (2)

Combining equations (1) and (2 ) together we obtain:

. 1 1 1 1 . 1 .
Iex sin 3x dx = ——e” cos 3x+§Iex cos 3x dx = —Eex cos 3x+§ex sin 3x—§Iex sin 3x dx

Taking the — %J‘e" sin 3x dx from the right hand side of the equation to the left hand side we obtain
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. 1 . 1 1 . L .1 . 1 1 .
Iex sin 3x dx +§jex sin 3x dx = —Eex cos 3x +§ex sin 3x which implies ?Oj‘ex sin 3x dx = —gex cos 3x +Eex sin 3x
. 9( 1, 1, 3. 1 ..
and Je sin3xdx = —| ——e’ cos3x+—e sin3x | = ——e" cos3x+—e" sin 3x
10\ 3 9 1
3 & L ox , 3 & 3. R 1 x
Check: Let y =——e€" cos 3x+—e"sin 3x,then y' = ——e¢" -cos 3x+—sin 3x-3-¢" +—e¢" -sin 3x+—cos 3x-3-¢
10 10 10 10 10 10
. 1 . . 1 . 1 . .
= —iex cos 3x+iex sin 3x +—e” sin 3x+iex cos 3x = 2ex sin 3x +—e” sin 3x = —Oex sin 3x = ¢*sin 3x
10 10 10 10
1. Given Iex cos Sx dx let u =¢* and dv = cos 5x dx then du = e*dx and Idv = Jcos 5x dx which implies v = %Sin 5x.

Using the integration by parts formula Ju dv=uv-— jv du we obtain

1. Ir. i 1 .
¥ cos Sx dr = ¢ sin Sx - [sin Sx-etdx = CIX L ovgn se (1)
5 5 5 5

To integrate J.ex sin 5x dx let u =¢* and dv = sin 5x dx then du = e*dx and J.dv = Ism 5x dx which implies v = —cos 5x.

e cos S5x

Thus, jex sin Sx dx = e* -—%cos 5x+%J.COS Sx-efdx = .

+%J‘cos 5x-e*dx (2)

Combining equations (1 ) and ( 2 ) together we obtain:

X 1 X 1 X X 1 X
Iexcos Sy dy = e’ sin Sx—lj‘exsin S dy = e’ sin 5x_l _ e cos 5x+lj‘excos Sy dy | = e sin 5x+e cos 5x
5 5 5 5 5 5 5 25

_ZLS J e* cos 5x dx . Taking the —% J. e* cos 5x dx from the right hand side of the equation to the left hand side we obtain

1 X 1 X . . . 2 X 1 X
Iex cos 5x dx+—jex cos 5x dx = £330 >x 4 £ °98 >x which implies —6.[6’“ cos Sx dx = <50 >x + £ >x and
25 5 25 25 5 25
X 1 X 1
jex cos Sx dx = 25) ¢ sin 5x 4 &8 Ay iex sin 5x +—e* cos 5x
26 5 25 26 26

. 1 . 1 1 .
Check: Let y = ie’c sin5x +—e" cos5x , then y' = iex~s1n5x+ic055x~5-ex +—e" -cos5x——sin5x-5-¢* +0
26 26 26 26 2 26
= ie)r sin5x+§ex cosSx+Lex cosSx—iex sin5x = Ee" cos5x+iex cos5x = Ee" cos5x = e* cosSx
26 26 26 26 26 26

2. Evaluate the following integrals using the integration by parts method.
a. Given J.x sec?x dx let u = x and dv = sec’ x dx then du =dx and J.dv = J.secz x dx which implies v = tan x . Using
the integration by parts formula J.u dv=uv-— J- v du we obtain

Ixsechdx = x-tan x—J.tanxdx = xtanx—ln|secx|+c

secx tanx
Check: Let y=xtanx—ln|secx|+c,then y' = (1-tanx+sec2x~x)——+0 = tanx+xsec’ x—tanx = x sec’x

seCx

3dy

b. Given Iarcsin 3y dy let u=arcsin3y and dv=dy then du = and Jdv = Idy which implies v=y. Using

\V 1—9y2

the integration by parts formula Iu dv=uv-— Iv du we obtain
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Iarcsin 3ydy = arc sin3y-y—J‘y- 3y = yarc sin3y—3jy—dy (1)
1-9y? 1-9y?
To integrate J. 3y dy use the substitution method by letting w=1—9y2 then %:—ISy and dy :—ldTw. Therefore,
'y y
1-9y°
_1 -1 2-1 1
I 3y dy :J 3y _dw :_lJ' dw :_lJ'W 2dw:—l-%w 2:_1.%Wz 127
,1—9)/2 Jw —18y 6 Jw 6 6 1-5 6 - 6 1
= _lwé = _l(l_gyZ)% (2)
3 3

Combining equations (1) and (2) together we obtain:

1

Iarcsin 3ydy = yarc sin_’ay—J.ﬂ = yarc sin3y+%(l—9y2)5+c
1-9y?
. 1 1 , 11 1 .
Check: Let w=y arc s1n3y+§(1—9y2)2 +c,then w' = arcsin3y+ 3y 33 8y +0 = arcsin3y
1-9y° 1-9y°
1 1 . .
3y 8y = arcsin3y + 3 = arcsin 3y

3y Y
J1-92  {1-9,?

and Idv = fdx which implies v = x . Using the

=+ —_——
J1-9)? 6 J1-9)?

c. Given Iarc tan x dx let u = arctan x and dv = dx then du =

1+x7

integration by parts formula Iu dv=uv-— Iv du we obtain

dx x dx
Iarctanxdx = arc tan x-x—jx- = X arc tan x—j (1)
2 2
I+x I+x

al dx2 use the substitution method by letting w =1+ x> then j—w =2x And dx = ? . Therefore,

1+x x X

To integrate J

Jrde o frde_Lpdv L)< L] (2)

1+ 2 w 2x 24w 2

Combining equations (1 ) and ( 2 ) together we obtain:

+c

1
Iarctanxdx = X arc tan x—I 5 = xarctanx—;ln‘1+x2‘

1+x
1 2x

21+x

X
——— = arctanx

+0 arctanx+ 3
1+x

1
Check: Let yzxarctanxfgln‘l+x2‘+c,then y' = arctanx +

2 2 2

1+x 1+x

d. Given J.sin35x dx = J.sin25x-sin Sx dx let u=sin?5x and dv =sin 5x dx then du = 10sin 5x cos 5x dx and

Idv = jsm S5x dx jdv = J.sm x dx which implies v = —gcos 5x . Using the integration by parts formula ju dv=u V—J.V du

cos 5x

we obtain Isin35xdx = sin?5x-— +%J‘cos5x -10sin5x cosSx dx = —%sin2 5x cos 5x + ZJ.cos2 5xsinSxdx (1)

To integrate J cos®5x sin 5x dx use the integration by parts method again, i.e., let u = cos?5x and dv =sin 5x then

du = —10sin 5x cos 5x dx and Ia’v = Isin 5x dx which implies v = —%cos 5x . Therefore,

. 1 1 . 1 . .
J.cosz 5x sin 5x dx = cos? 5x- —gcos S5x —gjcos 5x-10sin 5x cos 5x dx = —50053 S5x— 2J.cos2 5x sin 5x dx . Taking the
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integral — 2'[ cos? 5x sin 5x dx from the right hand side of the equation to the left side we obtain

. . 1 . 1
J‘cos2 Sx sin Sx dx + ZJ‘cos2 Sx sin 5x dx = —gcos3 5x . Therefore, Jcosz 5x sin Sx dx = _ECOS3 Sx (2)

Combining equations (1) and (2 ) together we have

. 1. . 1. 1 in? 2
jsm%xdx = —gsm25x cos 5x+2j00525x51n5xdx = —§51n25x cos 5x+2-—gcos35x = —W—Ecos%x

—l(l—cos25x)cos 5x—£cos35x+c = —lcos S5x+ lcos3 5x—£c0s3 5x|+c = icos3 5x—1c0s Sx+c
5 15 5 5 15 15 5

Note that another method of solving the above problem is in the following way:

Isin35xdx = Isin25x-sin Sxdx = I(l—cosz Sx)-sin 5x dx let u = cos 5x , then d_u: —5sin 5x and dx =— du .
dx Ssin S5x
Therefore, Isin35xdx = Isin25x-sin Sx dx = I(l—cosz 5x)~sin Sxdx = J(l—uz)-sin Sx-— a’u
Ssin Sx
= —l (l—uz)du = I luz—l du = Lu3—— +c = —cos’5x——cos 5x +¢
5 5 15 5

1 3 1 , 1 2 . 1 .. 2 . .

Check: Let yzgcos Sx—gcos Sx+c,then y' = E-3cos Sx-—sin 5x~5+§-551n 5x+0 = —cos” 5x-sin 5x+sin 5x

= sin Sx(l —cos’ Sx) = sin 5xsin®5x = sin’ 5x

e. Given sz cos x dx let u=x* and dv = cos xdx then du =2x dx and Idv = jcos x dx which implies v =sin x . Using
the integration by parts formula Ju dv=uv— I v du we obtain
Ixzcos xdx = x*-sin x—J.sin x-2xdx = x*sin x—ZIx sin x dx (1)
To integrate Jx sin x dx use the integration by parts formula again, i.e., let u = x and dv =sinxdx then du = dx and
Idv = Jsin x dx which implies v = —cos x . Using the integration by parts formula J-u dv=uv-— J v du we obtain
Ixsinxdx:x~—cosx+jcosx~dx:—xcosx+sinx (2)
Combining equations (1 ) and ( 2 ) together we have
Ixzcos xdx = x*sin x—2J.x sin x dx = x%sin x—2(—x cos x +sin x) = xZsin x + 2x cos x — 2sin x
Check: Let y = x%sin x +2x cos x —2sin x, then y’ = (Zx sin x + x% cos x)+ 2(cos x — xsin x)—2cos x

2x sin x + x2cos X +2cos x—2xsin x—2cos x = x> cos x

f. Given J‘efzx cos 3x dx let u =cos 3x and dv=e **dx then du =—3sin 3x dx and jdv = J.efzxdx which implies

V= —%efzx . Using the integration by parts formula Ju dv=uv-— J. v du we obtain

J‘efzx cos 3x dx = cos 3x-—%efzx —%J-efzx -sin 3x dx = —%efzx cos 3x—%v|.e72x sin 3x dx (1)

-2

To integrate J-e Ysin 3x dx use the integration by parts formula again, i.c., let u =sin 3x and dv=edx then

du =3cos 3x dx and Idv = J‘efz"dx which implies v = —%efzx . Therefore,
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J.efzx sin 3x dx = sin 3x~—%e‘72x +%J-e72x -3cos 3x dx = —%efzx sin 3x+%je72)r cos 3x dx (2 )

Combining equations (1) and (2 ) together we have

2

Ie_zx cos3x dx = 7%6—2)« cos 3x 7%.[6_2’6 sin 3x dx = f%e_ *cos 3x +%e_2x sin 3x 7%.[{2’6 cos 3x dx

Taking the integral Je_zx cos 3x dx from the right hand side of the equation to the left hand side

we obtain J‘efzx cos 3x dx + %J-efzx cos 3x dx = —%efzx cos 3x + %efzx sin 3x . Therefore,
EJ-efzx cos 3x dx = —lefzx cos 3x +3€72x sin 3x and thus J.efzx cos 3x dx = —ie_zx cos3x + ie_zx sin3x +c¢
4 2 4 13 13
—2x —2x :
Check: Let y = 2e lgos 3x + 3¢ I;m 3x +c,then y' = —%(— 2e > cos3x -3¢ > sin 3x)+ %(— 2e ¥ sin3x + 3¢ >  cos 3x)

2 2

-2 2 2 2 2

= ie Y cos 3x+£e7 *sin 3x—£ei *sin 3x+ie7 Ycos 3x = ief *cos 3x+ie7 Ycos 3x = e “*cos 3x
3 13 13 13 13 13

3 1
g. Given jx(Sx—l) dx let u=x and dv =(5x—1)%dx then du = dx and jdv - J'(Sx— 1)*ds which implies v = (sx~1)*.
Using the integration by parts formula Ju dv=uv-— Jv du we obtain

4 4 4
Ix(Sx—l)de = x~%—2ioj‘(5x—l)4dx = M—L-L(Sx—l)‘”l-&-c = x(sx—_l)—L(Sx—l)5+c

Check: Let y:M—L(Sx—l)5+c,then y = L[(5x—1)4+20x(5x—1)3 —E(Sx—l)4+0
20 500 20 500

L

20

(5x_1)4+x(5x_1)3_zio(5x_1)4 — x(5x-1)?

h. Given Ixcscz xdx let u=x and dv=csc’x dx then du =dx and Idv = Icsczx dx which implies v=—cot x. Using
the integration by parts formula J.u dv=uv-— J- v du we obtain
jxcscz xdx = x-—cotx+'[cotxdx = —xcotx+ln|sinx|+c

Cosx 2 2
x|+——+0 = —cot x+xcsc“ x+cot x = xcsc”x

sin x

Check: Let y:—xcotx+ln|sin x|+c,then y' = —(cotx—xcsc2

5

i. Given j%cos_ISx dx let u =cos '5x and dv =dx then du =— dx and jdv = de which implies v=x.

(1-25x2

Using the integration by parts formula Iu dv=uv-— Iv du we obtain

2 -1 _ 2 -1 2 Sdx _ 2 -1 2 S5x
J‘ECOS Sxdx = ECOS 5x~x+§j‘x-— = Ex cos 5x+EJ.—dx
J1-25x2 V1-25x°
To integrate S—de use the substitution method by letting w=1- 25x% then % = —50x which implies dx = _SdTW .
X X

J1-25x

-1 L J1-2547
5x dx:J‘Sx dw 1 pdw _ ljldw=—%jw2dw=—%-2w2=— X

A i — 5

jm \/_TSOx 104 o 100 1

Thus,
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241-25x7

S—de = E.X'COS_IS.X'——X+
5 3 15

\[ 1-25x

2
|5x721,1—25x _2 2
15

- 2 =50
+c,then y' = gcos Tsx—=. s

5x
_Z. +
3 J1-25x7 15 24/ 1-25x

and J%cos%Sx dx = %x cos”! 5x+£J‘ c

0

2 _
Check: Let y = gx cos

cos ' 5x

cos ' 5x —

w N
w N

10x + 10x
33 1-25x7  34/1-25x7
j. Given J.sinhflx dx let u =sinh ' x and dv =dx then du =

;dx and Idv = dex which implies v=x. Using

1+x2

the integration by parts formula Iu dv=uv-— J v du we obtain

jsinh_lx dx = Sinh_1x~x—J‘x._ dx_ _ xsinh‘]xfj‘ xdx 0

2 2

1+x 1+ x

To get the integral of J _xde use the substitution method by letting w =1+ x? then dw = 2x dx which implies

1+ 2
1 1L 1
dx:ﬂ. Therefore, J. xdx :J s d—w = l ;dw = lJ‘lew = lJ.w 2dw = l%w 2 = sz
2x L2 Jw 2x 2 Jw 2 w2 2 2 1-5 2
1 1
=w? = (1+x2)2 = y1+x° (2)

Combining equations (1 ) and ( 2 ) together we have

1

xdx = xsinh_lx—(1+x2)§+c

j sinh™ x dx = xsinh™ x— j

1+ x?

1
Check: Let y = xsinh ' x— (1 + x2)2 +c,then y' = sinh'x+ ol 2

+0 = sinh ' x

Y1422 _2\/1+x2

. C 1
k. Given steczlox dx let u=x and dv =sec’10x dx then du =dx and jdv = JseCZIOx dx which implies v = tan 10x .
Using the integration by parts formula Ju dv=uv —j v du we obtain
J‘xsec2 10x dx = x- tan 10x —LJ.tan 10x dx = ixtan 10x—Lln |sec 10x| +c
10 10 10 100
1 1 1 1 1 10x-1
Check: Let y =—xtan 10x ———In | sec 10x| +c,then y' = —tan 10x + x sec10x — sec 10x tan 10x-10 +0
10 100 10 100 sec 10x

= itan 10x + x seczlox—itan 10x = xsec>10x

. Given J‘gsinh Txdx let u =§ and dv =sinh7xdx then du = % and jdv = J.sinh 7xdx which implies v = %cosh Txdx .

Using the integration by parts formula Ju dv=uv —j v du we obtain
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J‘ﬁsinh7xdx = cosh7x— I—cosh7x ﬂ = Lxcosh7x——jcosh7x dx = Lxcosh7x—Lsmh7x+c
5 5 3 35 245

x 1

57
1 1. L1 1 , 1 1

Check: Let y =—xcosh7x ———sinh7x+c,then y’ = —cosh7x+—-7xsinh7x ———-7cosh7x+0 = —cosh7x
35 245 35 35 245 35

+ lxsinh Tx— Lcosh Tx = lx sinh 7x
5 35 5

Section 5.2 Solutions — Integration Using Trigonometric Substitution I

Evaluate the following indefinite integrals.

a. Given jL let x =4sin ¢, then dx =4cost dr and \/16—x2 = \/16—16sin2t = 16(1—sin2t)

)cz\ll6fx2

= V16cos’t = 4cost . Substituting these values back into the original integral we obtain:

dx 4cos t dt 4cos t 1 1 5 1
-f [ =I )2 :,[ ) dt:J ) df=—jCSCtdt=——cott+c
xZ 16—x2 (4s1n t) -4cost 16sin“7-4cos ¢t 16sin2 ¢ 16 16

1 cost _ 116%)62 B \l \l

TS 16 16x

—+¢
16 sin ¢ 16
o / 222 Al16-x? —x216-x? V16-x"

2 1
-X , 16-x° 40 = _216=x’ _ 16-x°

Check: Let y = —L+ c,then y 5 3 3
16x 16x 16x 16x

7x27!167x2)
V1632 —x*-16+x

ol _ _ 16 _ 1
2
16x 1632416 — x* 16x°v16-x>  x*416-x?
b. Given J dx let x =3sin ¢, then dx =3cos ¢ dt and \/9 x? \/9 9sin’ ¢ 1, 1-sin? t \/9cos t

9—x2

2

= 3cos ¢ . Substituting these values back into the original integral we obtain:

I o dx = IgSIH £-3cos ¢ dt = j9sin2tdt = 9Iﬂdt = EJ.(lfcos 2t)dt = 2 t—lsin 2t |+¢
3cos ¢t 2 2 2 2

O
'_
=
O
=
O
[
=
[
-

+c = %sin_ %—%\/9—x2 +c

Check: Let y=%sin71£—£\/9—x2 +c,then ' = o 1)1 9—x? +——2x§

3 2 2 312
[1_% 249 - x?

9 3 1 W= P 9 20— 2)- 22 9 | 18-4y?
2 3 2
V9 -2 29— 209 -7 49— x? Wo—x? (49—
9 _2(9—2x2) 9 9=t 99+t 2t ¥

Wo—x? 49—y Wo—x? 29—y 249 - x? 19— 22 Vo2

I GivenJ‘ dx let x——tant then dx:—sec tdt and ﬂ9+4x 1/9+4 tant 1[9+4 9 tan?¢

/9 +4x?
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= \l 9+9tan’t = \} 9(14—'[am2 t) = 1[ 9sec’t = 3sect. Therefore,

3 coc? 2
sec” ¢
J‘ dx 5 " 1J~ sec”t . ;Isectdt:;J‘ 1 ‘sec f t=;ICOSt~ 1 dr

Ii . 3
X ,9+4x2 > tan £ 3sec ¢

tan ¢ - 3sec ¢ tan ¢ tan ¢ sint cost
\9+4x? V9+4x? -3
= lj .1 dt = lJ-csctdt = l1n|csct—cott|+c = lln NorR 3 +c = lln oI 77 +c
3Jsint 3 3 3 2x 2x 3 2x

[ 2 2x-%-8x—2~(\[9+4x2 —3)
9+4x° -3 >
Check: Let y:%]n —x r_ 2x . 2m

1
» o o
8 —2-(\/9 42—3j
2 o o i} .8x2—2-(\/9+4x2—3j\/9+4x2
2
y -3 4x 3 Vo+ax: -3 4329+ 4x
2x .8x2—2-(9+4x2)+6\/9+4x2 1 2x B -1848x7 6y 944
Vo+4x? -3 4x2 9+ 4x2 3 Vo+4xt =3 4x23) 9+ 4x2
2x )
-3

9+ 4x?

L
3
L
3

2_
_ 6( 9+4x 3):l.ﬁ, 6 . 12x B 1

1
3 V9 +4x? 4x74[9+ 422 31 4294422 122294422 x 94422

d. Given I 5 dx let x="7tant,then dx = 7sec’t dt and 49+ x> = 49+(7tan t)2 = 49+49tan’t = 49(1+tan2t)
(49+x2)
= 49sec’t. Substituting these values back into the original integral we obtain
2 2
I ! 2dx =J. Tsec tdt2 =J. 7sec2tdt = 7 I d; = L cos’t dt = L-l.|‘(1+cos 2t)dt
(49+x2) (4gsecz t) 2401sec’r sec’sr 2401 sec?r 343 343 2
1 1. 1 . 1 -1 X X 7 1 1 X Tx
:& t+5$ll’12t +c=@(t+smtcost)+c=& tan 7+ . +C:E tan 7+ 2
V49122 49+ 2 O+ x
1 X 1 1 1 7(49+x2)—2x~7x 1 49
Check: Let y=——tan™ — +c then y' = —- +— =
686 7 4942 686 7(1+ﬁj 686 (49+x2)2 636 7(49+x2)
49
L RS et & N AR B~ <oy - SO L, 7922 _ 1
2 2 2
686 (4942 686 (49422) 686 (19+22)  ogfa9+2?) ese(a9422)  98(a0+x2)
ls9-2) _49+x7+49-x> 98 _ 1

98(49 - x2)2 98(49 - x2)2 98(49 - x2)2 (49 + x2)2

2 2
e. I[ X 5x] dx = jx— dx + J.Sx dx . In Example 5.2-1, problem letter e, the solution to the first integral was:

VP -1 ¥ -1
2
Ix—dx = %x \Ixz—l +%ln

X2 -1

x+Vx2 -1

+ ¢ . Therefore, combining the two integrals we have
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5
+>xt+¢
2

2
1 1
Ix—dx+.[5xdx = Ex\lxz—l +Eln x+\lx2—1

¥ -1

x+\/x2 -1

Check: Let y = %x VaZ-1 +%ln

2
+%x2+c,then ' =% Val-1+ 2x +1 !

2f x+4x? -1

2x 5 Laf?1io? 1 [“ ! j 1| ax?-2 1

x| 1+ — +5-2x = 5 +2 +5x =5 + +5x
2/x% -1 2/x? -1 x+yxZ -1 24x*-1 2P -1 yx?-1
2 2 2

-1 2+2+5x: 4 +5x = —— 4+ 5x

2
2Wx? -1 X2 -1 e

f. Given I\/xz—ZS dx let x =5sect, then dx =5sect tant dt and \/x2 =25 = \/25seczt—25 = \/25tan2t = Stant. Thus,
I\/xz —25dx = jStan t-5secttant dt = JZSsec ttan’t dt = ZSIsec t (seczt—l)dt = 25Isec3t dt—25jsec tdt

= %(tantsect+ln| sect+tant|)—251n| sect+tant|+c = %(tan t sect—ln|sect+tan t|)+c

25| x x2-25 x Ax?-25 X[ 25 |x+yx?-25 x [2 . 25
*7 E-T—ln E+T +c *E X —25—711’1 f +c *E x° =25 —711’1

x+\/x2—25

x+\lx2—25‘

25 . . . .
+c¢ Note: Tln 5 is a constant which can be included in the constant ¢ .

B e =2 5B,
2 2
2
vrya? =25 % NN —%;
2Vx2—25 x+\/x2—25

” x2-25+x% 25 1 x+Vx? =25 x? 25+ 25 2x2 =50
x| 1+ +0 = . . — _ _
2

Vx?-25 2x2-25 2 x4+ —25  yx2-25 W2 —25  2x?-25 22 =25

2(x2—25) _ x-25 w25 AxP-25 (x2—25)\/x2—25 _J2_2s

+c,then y' =

Check: Let y :% x?-25 —%ln

wx2-25s  yx2-25 Jx2-2s  yfx2-25 (x2—25)

g. Given IV36—x2 dx let x =6sin ¢, then dx =6costdt and \/36—x2 = \/36—36sin2t = \/3600521‘ = 6¢cos . Thus,

1. .
j\/36—x2 dx = j6cost-6cos tdt = I36cosztdt = ?J‘(lﬁLcos 2t) dt = §£t+5sm 2tj+c = %(IJrSln t cos t)+c

36| . qx x y36-x 36, 1x 36xy36-x" 36 _ix  xy36-x’

+c

= —| sin +—+———|4+c = —sin c = n +
2 6 6 6 27 6 2:36 2 6 2
V36— x2 )
Check: Let y=§sinfli+m+c,then y' = ﬁ;l+l 36—x% + 2 _ 36, 6
27 6 2 2 2 6 2 ;2 2
1_(£) 2936 -x 6v36—x
6
L3627 36 36-27  72-20 2(36-2) _36-x° 36-x> 36—y

2436 - x2 236—x2  2436- 1 2436 2 2436 x2 V36— 2 V36-x2 3642
(36—x2)\/j6—x2 =m
X

36—
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dx

h. Given

1
3 let x= i'[an t= ltan t ,then dx = Eseczt dt and 9+36x2 =9
9+36x2)5

(&

36

= 9+36~%tan2t = 9+9tan’t = 9(1+tan2 t) = 9sec’t. Therefore,

| 2
+36-£—tantj
2

dx =J-%sec2dt _ %seczdt =J. %seczdt =1J‘ dt =1J' dt =LJ‘ dt = 1 (costdr
(9 3652 )% (95602 )% 9% SCCZX%I %/9—3 s 2Jd 2729 gec ¢ 2J 27sect 54J sect 54
| 1 6x x
:asmﬂ—c: 5 +c = +c
V9 +36x? 919 + 36>
1-9x9436x% —9. 12x 9(9+36"2) 324 81+324x% -324x>
Check: Let y = Y then y = 24/ 9+36x7 _ 936’ _ 9ne?
09 + 3622 81(9+36x2 81(9+36x2) 81(9+36x2)
B 81 ~ 1 ~ 1 B 1
B B r L 3
81(9+36x2)~,/9+36x2 (9+36x2)-(9+36x2)2 (9+36x2) 2 (9+36x2)2

\9—4x?
i. Given j—x dx let x = %sin t , then dx =%cost dt and \[ 9—4x2
X
= \[ 9-9sin%¢ = \} 9(17sin2t) = 1/ 9cos’t = 3cost. Therefore,

2
9—4(%sin t) = 1[9—4-%sinzt

9_4 2 2 Cain? 1 .2 1
j“ Yy = §C08t~écostdt - Eijc‘?s Lar = 3]&@ - 3] , dt73J‘SI,n Lar = 3] L
X ESint 2 3 2J sint sin ¢ sin ¢ sin ¢ sin ¢
, , 3 9-4a? V9422
—3Ismtdt:3J‘csctdt—3.|‘smldt :31n|csct—cott|+3cost+c:31n —_—— 3. +c
2x 2x 3
3—/9-4x?
= 3In TN +119—4x2+c
X
\/_2 SX-%-Zx—Z-(3—\/9—4x2j
3-4/9-4 2 24/ 942
Check: Let y =3In 2INTERY +119—4x2 +c,then y' = 3. ad . i 5
* 3-49-4x2 4x
2 A fa_fo_42) [o_4.2
6 8x“ -2 (3 \/9 4x j \/9 4x 4y 6

8x _ )
2y 9—4x? 3 —,/ 9—4x? 4x24/9 - 4x? ,/ 9—4x?

3-y9-4x

X8x2_6m+2(9_4x2)7 o 6x(8x2—61/9—4x2 +18—8x2]7 i
4x%4/9 - 4x? 9 4x? 3—\/9—4x2 ~4x2\/9—4x2 \/9—4x2
3(—6,/9—4x2 +18j i 18(3—\/9—4):2) i 0
3—\/9—4x2 -2x\/9—4x2 \/9—4x2 (3_J9—4x2j -2x\/9—4x2 9—4x? x\/m
A 9-4 9-4y X\/9—4x2 _ (9—4x2)\/9—4x2 :\/9—4x2
Jo-4?  xf9-42  xyfo-ax? yfo-4x? X(9—4x2) x
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Section 5.3 Solutions — Integration by Partial Fractions I

dx

a. Evaluate the integral IZ—
x“+5x+6

First - Check to see if the integrand is a proper or an improper rational fraction. If the integrand is an improper rational

fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational

fraction.
Second - Factor the denominator x° +5x +6 into (x + 2) (x + 3).
Third - Write the linear factors in partial fraction form. Since each linear factor in the denominator is occurring only once,
the integrand can be represented in the following way:
1 1 A B

P isxr6  (x+2)(x+3)

+
x+2 x+3
Fourth - Solve for the constants 4 and B by equating coefficients of the like powers.
1 ~ Alx+3)+B(x+2)
- =
x°+5x+6 (x+2)(x+3)
1= A(x+3)+B(x+2) = Ax+34+Bx+2B

1= (A + B)x + (3A + ZB) therefore,

A+B=0 34+2B =1
which result in having 4 =1 and B =-1

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values.

Jx2+d5xx+6 - -[fodx+jxf3dx B J.x-lkZdX7v[x}r3dx

Sixth - Integrate each integral individually using integration methods learned in previous sections.

J ! dx—J ! dx=ln|x+2|—ln|x+3|+c
x+2 x+3

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Let y=ln|x+2|—ln|x+3|+c ,then y' = ! -1—L~1+0 = (x+3)—(x+2) - x#3ox=d !
x+2 x+3 (x+2)(x+3) X2 43x+2x+6 x> +5x+6
2
b. Evaluate the integral j x+l dx .
x> —4x

First - Check to see if the integrand is a proper or an improper rational fraction. If the integrand is an improper rational
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational
fraction.

Second - Factor the denominator x° —4x into x(x2 - 4) = x(x-2)(x+2).

Third - Write the linear factors in partial fraction form. Since each linear factor in the denominator is occurring only once,
the integrand can be represented in the following way:

© —d4x - x(x—2)(x+2)

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

+ +

¥ +1 ¥ +1 4 B C
X x—-2 x+2

4l Alx=2)(x+2)+Bx(x+2)+ Cx(x-2)
x> —4x x(x—Z) (x+2)

Xl = A(x2+2x—2x—4)+B(x2+2x)+C(x2—2x) = Ax* —44+ Bx* +2Bx+ Cx* = 2Cx

x?+1 = (4+B+C? +(2B-2C)x—44 therefore,
A+B+C=1 2B-2C=0 44 =1
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which result in having 4 = —l , B= 2 ,and C = g
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values.

2
j;;jxmw:ffW+jxfzw+fxfzww:—%jiw+§fxi2

dx+§j ! dx
8 x+2

Sixth - Integrate each integral individually using integration methods learned in previous sections.

el

dx+£'|. dx=—lln|x|+§ln|x—2|+§ln|x+2|+c
8 x+2 4 8 8
Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Let y=—lln|x|+£ln|x—2|+£ln|x+2|+c ,then y' = —L+ > + > = —2(x—2)(x+2)+5x(x+2)+5x(x—2)
4 8 8 4x  8(x-2) 8(x+2) 8x(x —2)(x +2)
_ =23 484507 +10x+5x7 —10x _ 8x*+8 8(x2+1) _ x4l
8x(x2 - 4) 8x(x2 - 4) 8x(x2 —4) X —4x
c. Evaluate the integral j ! dx .
36— x>

First - Check to see if the integrand is a proper or an improper rational fraction. If the integrand is an improper rational
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational
fraction.

Second - Factor the denominator 36— x* into (6—x)(6+x).
Third - Write the linear factors in partial fraction form. Since each linear factor in the denominator is occurring only once,
the integrand can be represented in the following way:

1 1 A B

36-x2  (6-¥)(6+%) 6-x 6+x

Fourth - Solve for the constants 4 and B by equating coefficients of the like powers.
I A6+x)+B(6-x)
36-x2  (6-x)(6+x)
1= A(6+x)+B(6-x) = 64+ Ax+6B - Bx

1= (A - B)x + (6A + 6B) therefore,
64+6B =1 A-B=0
which result in having 4 = L ,and B = L
12 12

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values.

J ! dx=J.Aa’x-&—J‘de=i ! dx+L ! dx
36— x2 6—x 6+x 129 6—x 120 6+x
Sixth - Integrate each integral individually using integration methods learned in previous sections.

1 1 1 1
— dx+—

12 6-x 120 6+x
Seventh - Check the answer by differentiating the solution. The result should match the integrand.

, 1 1 1 1 6+x+6—x 1

! !
Let y = ——In|6— x|+ 1 hen y' = —. 1. - _
et y=pin|6-x|+inf6+al e then ' = Fmmd ot 26-2)(6+x) 36-22

x::34ﬂ6—xy+34q6+x|+c
12 12

d. Evaluate the integral J%dx .

¥ +2x% +x

First - Check to see if the integrand is a proper or an improper rational fraction. If the integrand is an improper rational
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational
fraction.
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Second - Factor the denominator x> +2x% + x into x(x2 +2x+ 1) = x(x + 1)2 .

Third - Write the linear factors in partial fraction form. Since one of the factors in the denominator is repeated, the integrand
can be represented in the following way:

x+5 _ x+5 _ x+5 £+ B N C
¥ +2x2+x x(x2+2x+1) x(x+1)2 x x+1 ()H—l)2

Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.

x+5 _ A(x+1)2+Bx(x+l)+Cx

¥ +2x% +x x(x+1)(x+1)2

x+5 = A(x2+2x+1)+B(x2+x)+Cx = Ax> +2Ax+ A+ Bx* + Bx+ Cx

x+5= (A-t—B)x2 +(24+B+C)x+4 therefore,
A+B=0 24+ B+C=1 A=5
which result in having 4=5, B=-5,and C =—4

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values.

[5— X dx=Jﬁdx+ 2 ax+ | < 2dx=5jldx—sj 1 ax—4f —

X +2x°+x X x+1 (x+1) X x+1 (x+1)

Sixth - Integrate each integral individually using integration methods learned in previous sections.
1 1 1 4

SI—dx—Sj dx—4j dx = 5In|x|=5In|x+1|+——+c
x x+1 (x + 1)2 x+1

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

4 1 1 4 )% - 1)-4
Let y = Sln|x|~Sln|x+1|+——+c , then y’ = 5-=—5-——— S+0 = Sa+1)” —Sxls+1)-d
x+1 X x+1 (x+1) x(x+1)2
_ 5x% +10x +5—5x> —5x —4x _ x+5
¥ +2x2 +x ¥ +2x% +x
e. Evaluate the integral J‘ﬁdx .
X =2x"+x

First - Check to see if the integrand is a proper or an improper rational fraction. If the integrand is an improper rational
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational
fraction.

Second — Factor the denominator x> —2x? + x into x(x - 1)2 .

Third - Write the linear factors in partial fraction form. Since one of the factors in the denominator is repeated, the integrand
can be represented in the following way:

1 _4 N B N C
x(x—1)2 x x-l1 (x—1)2
Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.
1 _ A(x—1)2+Bx(x—1)+Cx
X -2x?+x x(x—1)2

1 A(x2—2x+1)+B(x2—x)+Cx = Ax* —2Ax+ A+ Bx* - Bx+ Cx

1 =(4+B)x*+(-24-B+C)x+ 4 therefore,
A+B=0 —24-B+C=0 A=1
which result in having 4=1, B=-1,and C=1

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values.
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I;ﬁ_;lﬁ I dx+Ix_ dx+J.x 1)2 =J‘%dx—J‘xl_ldx+J‘—(x_ll)2dx

Sixth - Integrate each integral individually using integration methods learned in previous sections.

1 1
[ [Laer [ = m]|-m]e-1]-—L s
(x—l) x-1
Seventh - Check the answer by differentiating the solution. The result should match the integrand.
R (e 2 .2
Let y=1n|x ¢ ,then y' = o1 + ! 5+0 = (x 1) x(x2 1)+ =z 2§+1 2x MR
x x-l (x—l) x(x—l) X =2x"+x
_ x?—x?—2x+2x+1 _ 1
X =2x?+x X -2x?+x

2
f. Evaluate the integral J al 5 3 dx .
x -1

¥ -1 -1 x*-1

2 2 _ 2 _
First — Rewrite the integral in the following form: I x2 3 dx = j (x 1)+ 4 dx = j[x ! + 24 )dx = I[l + 24 de .
x -1 x° -1
Then, check to see if the integrand of the second integral is a proper or an improper rational fraction. If the integrand is an
improper rational fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and

a proper rational fraction.
Second - Factor the denominator x> —1 into (x - 1) (x + 1).
Third - Write the linear factors in partial fraction form. Since one of the factors in the denominator is repeated, the integrand
can be represented in the following way:
4 4 A B

21 GG xo1 xed

Fourth - Solve for the constants 4 and B by equating coefficients of the like powers.
4 Alx+1)+B(x-1)

2 (x=1)(x+1)

4= A(x+1)+B(x-1) = Ax+ A+ Bx-B

4 = (4+B)x+(4-B) therefore,
A+B=0 A-B=4
which result in having 4 =2 and B=-2
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants with their specific values.

2
j"2+3dx - I(H 24 jdx - jdx+j 24
x° -1 x° -1 x° -1

Sixth - Integrate each integral individually using integration methods learned in previous sections.

Idx+2.[xl_1dx—2jx

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Let y=x+2In|x—1|=2In[x+1|+c, then y = 1+2.———2.—1 10 = (e =1) G+ 1)+ 2 +1)-2(x 1)
x-1 x+1 (x—l)(x+1)

dx

dx = J‘dx+J-x1i1dx+ B = jdx+2j—dx 2

x+1 x+1

L x+2In|x—1|-2In|x+1|+¢
+1

(x2+x—x—1)+2x+2—2x+2 _ ¥ —1+4 _ ¥ +3

2 2
(x2+x—x—1) x -1 x =1

g. Evaluate the integral j 31 dx .
x> -1
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First - Check to see if the integrand is a proper or an improper rational fraction. If the integrand is an improper rational
fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational
fraction.

Second - Factor the denominator x> —8 into (x 1)(x +x+ 1)

Third - Write the factors in partial fraction form. Since one of the factors in the denominator is in quadratic form, the
integrand can be represented in the following way:

L 1 | Bx+C
¥ -1 (x—l)(x2+x+l) =1 P axel

Fourth - Solve for the constants 4, B and C by equating coefficients of the like powers.

I A(x2+x+1)+(Bx+C)(x—1)
x -1 ( 1)(x +x+1)

1= A(x2+x+1)+(Bx+C)(x—1) = A’ + Ax+ A+ Bx* —Bx+Cx-C

1= (4+B)x* +(4-=B+C)x+(4-C) therefore,
A+B=0 A-B+C=0 A-C=1

which result in having 4 = % , B= —% ,and C = —%

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.

1 2
_1ly_2
J'31 dx—JAd IBX+Cdx=ljldx+I 23 3dx=—j— __J~ x+2
x =1 x-1 x“+x+1 3 x-1 x“+x+1 x2 +x+1

Sixth - Integrate each integral individually using integration methods learned in previous

. . du .
sections. To solve the second integral let u = 2+ x+l ,then — =2x+1 and dx = . Also, x+2 can be rewritten as

dx 2x+
1 3
x+2 = —(2x+1)+—. Therefore,
2 2
¢ 1 | 2 2x+1)+ 2x+1 1 2
L _dx__j;; . (2— aj - dx__j+dx
3 x-1 39 x +x+1 X +x+1 x-1 X +x+1 39 x4+ x+1
:_ R __J' 2x+1 __J‘— :1 2x+1 du __J'
¥ +x+l 29 2 4 x+1 34 x-1 2x+l +1)? ;
2 4
1 1 1 = 2 1 22x+1)
=—ln|x—1|——ln|u|——- tan 1 —2— +c——ln|x 1|——ln‘x +x+1‘ —-——tan ———+¢
3 6 2 i N 2 ;5 23
2 2
= %ln|x—l|—%ln‘x2+x+1‘—Ltan71ﬂ+c = %ln|x—1|—%ln‘x2+x+1‘—§tan_lﬂ+c

3 3 V3
Seventh - Check the answer by differentiating the solution. The result should match the integrand.

V3 S 2xtl
NG

1 1
Let y=glnlx—ll—gln‘xz+x+1‘—7tan , then

pol 11 21 (2“1)_@. 1 : (2 J_) 0-2x+l) 1 2+l
3ol 6 ateas S () ()’ (=1 x4 x+1)
NE)
R > S R 25 S _ 6 +6x+6-(2x+1)-(3x-3) 2
3o3+@ertf 30 3bml) g[ 2y 0p) 3+(r+1)? 180~ 1) [ +x+1) 344x2 +4x+1
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_ 6 +6x+6-6x"+6x-3x+3 2 _ 949 1 o ox+l
2
18(x3—1) 4T +dx+4 18(x3—1) 4(x2+x+1) 2(x3—1) 2(x2+x+1)

_ (x+1)(x2+x+l)—(x3—l) _ Al rx+xi4x+1-x0 +1 _ 202 +2x+2 _ 1

3
2(x3—1)(x2+x+1) (x3—1)(2x2+2x+2) (x3—1)(2x2+2x+2) x =1
h. Evaluate the integralj 41 dx .
x -1

First - Check to see if the integrand is a proper or an improper rational fraction. If the integrand is an improper rational

fraction use synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational
fraction.

Second - Factor the denominator x* —1 into (x2 - 1) (x2 + 1) = (x ~1)(x+1) (x2 + 1).

Third - Write the factors in partial fraction form. Since one of the factors in the denominator is in quadratic form, the
integrand can be represented in the following way:

(N 1 A B Cx+D

4 + t
Aol o) a2 er) X Al X
Fourth - Solve for the constants 4, B, C and D by equating coefficients of the like powers.

I A )@t Ba-1) (2 1)+ (= 1) (e +1) (G + D)
xte (1) (+1) (2 1)

1= A+ )2 +1)+ Bl -1 +1)+ (e 1)(c+1)(Cx+ D)

1= AP+ Ax® + Ax+ A+ Bx° —Bx> + Bx—B+Cx> + Dx* —Cx—D

1 =(4+B+CW +(4-B+Dx? +(4+B-C)x+(4—-B-D) therefore,
A+B+C=0 A-B+D=0 A+B-C=0 A-B-D=1

which result in having 4 :i, B= —%, C=0,and D= —l

Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants
with their specific values.

I ! dx=J 4 dx+j B dx-ﬁ-J'C)H-Da’x=l de—lj‘ ! dx—lJ‘ ! dx
-1 x—1 x+1 2 +1 4J x-1 4J x+1 2J 4241

Sixth - Integrate each integral individually using integration methods learned in previous sections.

1 1 ¢ 1 1 1 1 1 1. _
—j dx——j dx——J dx = —ln|x—1|——ln|x+1|——tan Tx+e
4 x-1 4 x+1 2d 5241 4 4 2

Seventh - Check the answer by differentiating the solution. The result should match the integrand.

Let y:lln|x—1|—lln|x+l|—ltan71x+c ,then y' = l-L-l—l~;‘l—l‘;-l+0
4 4 2 4 x—1 4 x+1 2 x24]
_ 1 B 1 _ 1 _ (x+1)(x2+1)—(x—1)(x2+1)—2(x—1)(x+1) _ Sax+xt - —x+x2+1
4(x—1) 4(x+1) 2(x2+1) 4(x—1)(x+1)(x2+1) 4(x2—1)(4+x2)
-2 —2x+2x+2 _ 41
4(x2 - 1)(4 + xz) 4(x4 - 1) -
i. Evaluate the integral I 31 dx .
x° + 64

First - Check to see if the integrand is a proper or an improper rational fraction. If the integrand is a rational fraction use
synthetic division (long division) to reduce the rational fraction to the sum of a polynomial and a proper rational fraction.

Second - Factor the denominator x> +64 into (x + 4) (x2 —4x+ 16) .
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Third - Write the factors in partial fraction form. Since one of the factors in the denominator is in quadratic form, the
integrand can be represented in the following way:

1 1 A Bx+C
+

Prod (x+4)(x2 _4x+16) x+4 x> _4x+16
Fourth - Solve for the constants 4, B, and C by equating coefficients of the like powers.
1 A(x2 —4x+16)+ (Bx+C)(x+4)
X + 64 (x+4)(x2—4x+16)

1= Al? 43 +16)+ (Br+ C)(x+4) = Ax® ~4Ax +164+ Bx® + 4Bx + Cx +4C

1= (4+B)* +(-44+4B+C)x+(164+4C) therefore,
A+B=0 —4A4+4B+C=0 164+4C =1

which result in having 4 = L , B= —L ,and C = l
48 48 6
Fifth - Rewrite the integral in its equivalent partial fraction form by substituting the constants

with their specific values.

[ ! ax = | 4 av+ | e av+ Tt g 1] dx—lj‘x—_gdx
X

 +64 x+4 —ax+16 483x+a I 2 anrie a8 xvd 48032 4xi16
Sixth - Integrate each integral individually using integration methods learned in previous
sections. To solve the second integral let u = x> —4x+16 , then Z—u =2x—4 and dx = 3 du . Also, x—8 can be
x x—

(2x-4)-6. Therefore,

| —

rewritten as x—8 = (x—2)-6 =

R II X8 d_lj'ldx lj‘(x—Z)—6d_1J';dx 1I5(2x—4)—6dx

w a2 ais 48 xvra 482 _4xi16 a8 xvra 48 2 _4xiis
_ Lt lp x4 deJ‘ 6 d=ijldx—i2x_4- du_, 6 1 0
48J x+4 964 x2 —4x+16 48J x2 _4x+16 48J x+4 96Jd u 2x-4 48 (x_2)2+12
11 11 1 1 1 1 1 x-2
= —|—dx-——|—d —I—d =1 4|-—1 t
283 5+ 4 X 964 u+8 (x_2)2+12 X 43 n|x+ | % n|u|+8,\/6 an \/E-FC
= Lln|x+4|—Lln‘x2—4x+l6‘+£tan_lﬁ+c = Lln|x+4|—Lln‘x2—4x+16‘—£tan_1x—_2+c
48 96 8-1 Ji2 48 96 96 J12
Seventh - Check the answer by differentiating the solution. The result should match the integrand.
Let y:Lln|x+4|—iln‘x2—4x+16‘+£tan_1x—_2+c , then
48 96 96 2
y'=L' L1, 5 ! .(2x—4)+£. 1 2.(1-\/5)—0-(x—2)+0= ! - x=2
48 x+4 96 x*_4x+16 96 (x_zj (JE)Z 48(x+4) 48(x2—4x+16)
1+
Ji2
Wi i 1 k-2 6 L1 -xx246
9 12+(-2F 12 48k+4) 452 ari16) asl?-avets)  B0+4) 452 i axi1e)
I S . _ (x2—4x+16)+(—x+8)(x+4) X% —4x+16—x" —4x+8x+32
48(x +4) 48(x2—4x+16) 48(x+4)(x2—4x+16) 48(x+4)(x2—4x+16)
16+32 48 1 1

48(x+4)(x2—4x+16) 48(x+4)(x2—4x+16) 2 —da? 116+ 42 ~16x+64 X0 +64

Hamilton Education Guides 472



Calculus I Chapter 5 Solutions

Section 5.4 Practice Problems — Integration of Hyperbolic Functions I

1. Evaluate the following integrals:

a. Given jcosh 3x dx let u =3x, then du = di 3x = 3 which implies dx = dTu Therefore,
x dx

Icosh 3xdx = jcosh ud3—u = %J-cosh udu = %sinh u+c = %sinh 3x+c

1. . 1 1
Check: Let yzgsmh 3x+c,then y' = sinh 3x+ic = —-cosh 3xv13x+0 = gvcosh 3x-3 = cosh 3x

4
dx dx 3 dx

W | =

b. Given J.(sinh 2x — e3x)dx = jsinh 2x dx +Ie3xdx let:

a. u=2x,then ﬂ:in; d—u:Z; a’u:de;a’x:ﬂ and
dx dx dx 2
b. v=3x,then ﬂ=i3x; ﬂ=3; dv:3dx;dx=ﬂ.
dx dx dx 3
Therefore, Isinh 2x dx +Ie3xdx = Isinh u -ﬂ+'|.e3x L lJ-sinh u du +1Ievdv = lcosh u+cq +lev +cp
2 3 2 3 2 3
1 1 1 1
= —cosh 2x +—e>* + ¢+ ¢y = —cosh 2x +—e>* +¢
2 3 2 3
Check: Let y :lcosh 2x+le3x +c then y' = l~icosh 2x+l~ie3x +ic = l-sinh 2x~i 2x+l-e3x -i3x+0
2 3 2 dx Ix dx 2 dx 3 dx
= l-sinh 2x~2+l-e3x~3 = 2~sinh 2x+i-e3x = sinh 2x + &>~
2 3 2 3
. du d L . du
c. Given Icsch S5x dx let u =5x,then — = d—Sx =5 which implies du = 5dx ; dx = < Therefore,
X x
1 1 1
Icsch Sx dx = Icsch u ﬂ = —jcsch wdu = —In|tanh L |+¢ = ZIn tanhs—x +c
5 5 5 2 5 2
Check: Let y:lln tanhs—x +c,then y' = l-iln tanhs—x +ic = l;i tanhs—x +0
5 2 5 dx 2| dx 5 tanh 32X dx 2
sinhz%‘
I h25_xi +O=i.55ech257x=l.sech257x=l.l—tanh2%=l. coshz%"
5 tanh 3% 2 2 10 tanh 3* 2 tanh2* 2 tanh 3 2 sinh3X
2 2 2 2 2
cosh%x
coshz%—sinhzs—zx 1
_ coshz%x _ coshz%x 1 cosh%" _ 1 _ 1 1 sl
. Sinh%‘ 5. Sinh%x 2 coshz%"-sinh%‘ 2cosh%-sinh57x sinhz-%" sinh 5x
coshs—zx cosh%C
d. Given sz sech’x>dx let u=x> , then d—u = ix3 ; ﬂ =3x? s du = 3x2dx sdx = ﬂ . Therefore,
dx dx dx 3x?

Ixz sech?x3dx = sz sech’u ﬂ

= lJ‘sechzu du = ltanhu+c = 1tanh X +e
x? 3 3 3

1 1 1 1
Check: Let y =—tanh x> +c, then y' = —-itanh x3+ic = —.sech’x’ i X +0 = —-sech’x® -3x% = x*sech’x’
3 3 dx dx 3 dx 3

=4y ; du = 43 dx sdx = d—u . Therefore,

e. Given J‘gf cschz(x4 + l)dx let u=x*+1 , then ;l_u = i(x4 +1)' du 3

x  dx ’g 4x
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J‘Ex3 csc/12(x4 +1)dx = zj‘x3 cschzu-ﬂ = lJ.cschzu du = —lcoth u+c = —lcoth (x4 +1)+c
3 3 453 6 6 6

Check: Let y = —%coth (x4 +1)+c ,then y' = —%-%coth (x4 +1)+%c = —%- —cschz(x4 +1)-% (x4 +1)+0

3
= l-cschz(x4 +1)-4x3 = 4L~csch2(x4 +1) = gx3 cschz(x4 +1)
6 6 3
f. Given Jx3 csch (Zx4 +5)dx let u=2x*+5 , then ﬂ = i(Zx4 +5); ﬂ = (2x4 + 5); du = 8x3dx sdx = d—u Therefore,
dx dx dx 8x>
4
IxS csch (2x4+5)dx = jx3 csch ud—u3 = % cschu du = %ln tanh 2 |+ ¢ = lln tanh 2x +3
8x
1 2x*+5 1 d at4s| d 1 1 d 26t +5
Check: Let y =—In| tanh ——= |+ ¢, then y' = —-—In| tanh —¢=—-————— —tanh +0
8 8 dx 2 dx 8 tanh 2X°+5 dx
sinh“"z”
4 4 i .
_ 1 sech 2x4+5 d 2x4+5+0 _ S€Ch2¥ gzﬁ l—tanh2¥ _ x coshz#
Stanh 2x* 45 2 dx 2 8tanh 2x4 45 2 2 tanh 2x445 2 sinh 2xi+5
2 2 2 -2
cosh#
cosh?2 2x‘£+5 _sinh?2 2xi+5 |
4
B P coshziz)“;r5 B P (:oshziz’/;r5 B o coshizx;s B x3
2 sinh 25745 2 sinh 2X_+5 2 .coshzﬁsinhﬁ 2cosh@-5inhﬁ
2 -2 2 2 2 2
coshizxi+5 coshizxi+5
3 3
= o T = ol = x3csch(2x4+5)
sinh2- 245 ginp (2x4 +5)
. 7 . du d du . du
g. Given jcosh (x+1)sinh(x+1)dx let u = cosh(x+1), then — = —cosh(x+1); — =sinh(x+1) ; dx =—————. Thus,
dx dx dx s1nh(x+1)
7 . 7 . du 7 1 g 1 8
jcosh (x+1)sinh(x+1)dx = Ju sinh (x +1): ———— = ju du = —u” +c = —cosh (x+1)+c
sinh (x+1) 8 8
1 1 . .
Check: Let y:§cosh8(x+1)+c ,then y' = E~8cosh7(x+1)~smh(x+1)+0 = cosh7(x+1)smh(x+1)
h. Given Icsch (5x+3) coth (5x+3) dx let u =5x+3, then ﬂ = i(5x+3); ﬂ =5; du=>5dx; dx= ﬂ Therefore,
x dx dx 5
du 1 1 1
Icsch (5x+3)coth (5x +3)dx = Icsch u coth u i gjcsch ucothu du = fgcsch u+c = —gcsch(5x+3)+c
Check: Let y=—%csch(5x+3)+c,then Y= —%~—csch(Sx+3)coth(5x+3)-di(5x+3)+0 = csch(5x+3)5coth(5x+3).5
X

csch (5x +3) coth (Sx +3) = csch (5x+3)coth (5x+3)

wn | W

du _ ie"+1 : du _ Edu = L dx; dx = du_ Therefore,
dx dx

i. Given Iexﬂ secheX L dx let u = &1 then )
dx ex+]

Ieerl secheXtl gy = J‘eﬁl sechu- du

—7 = Isech u du = sin”(tanh u)+c = sin_l(tanh ex+1)+c

2 x+1
Check: Let y = sin_l(tanh ex+l)+c ,then y' = ;-itanh &40 = sech’e d M

V1-tanh? **! d VsechZe*H! d
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~osech?e

_ . _ ex+l sech ex+1
sech !
2. Evaluate the following integrals:
a. Itanhsxsechzxdx let u = tanh x , then ﬂ :itanhx ; ﬂ:sechzx ; du =sech’x dx; dx = du . Thus,
dx dx dx sech’x
Itanhsxsechzxdx = Ius -sech’x- du = Iusdu = LuSH +c = lu6 +c = ltanh6x+c
sech’x 5+1 6 6
Check: Let y = %tanh6 x+c then y' = % 6(tanh x) 671 sech’x+0 = (tanh x)5 sech’x = tanh® x sech’x

b. Given Jcoth6(x+l)csch2(x+l)dx let u = coth(x +1), then %:icoth(x+1) ; %z—csehz(erl)c

X dx Ix
2 du 6 2 6 2 —du
; du=—csch (x+1)dx ; dx = ———————. Thus, Icoth (x+1)csch (x+1)dx = Iu -csch (x+1)~2—
csch (x+1) csch (x+1)
6 1 7 1 7
= —Ju du = ——u' +c¢ = ——coth (x+1)+c
7 7
1 1 _
Check: Let y:—7coth7(x+1)+c then y' = —7~7[coth(x+1)]7 l-—cschz(x+1)+0 = coth6(x+l)csch2(x+1)
c. Given je3x tanh e>*dx let u = &>* , then du :ie3x ; du _ 33 du=3edx ; dx = du . Therefore,
dx dx dx 363
je3x tanh e¥dx = Ie3x tanh u - du_ _ lJ‘tanhua’u = llncosh u+c= 1lncosh e te
37" 3 3 3
Check: Let y :llncosh & +c, then y' = l~;-sinh ¥ 363 40 = Eel‘ tanh ¥ = ¢** tanh >
3 3 cosh e 3

d. Given Jx3 sech (x4 +1)dx let u = (x4 +1), then ﬂ = i(x4 +1) R ﬂ =4y s du = Ax3dx s dx = ﬂ Thus,
dx dx dx 4x3

Ix3 sech(x4 +1)dx = jx3 -sech ud—u3 = % sechu-du = %sinfl(tanh u)+c = %sin_l[tanh (x4 +1)]+c
4x

! A tanh et +1)+0 = seor’ st 1)

d
w12 1) aseci? (v + 1)

Check: Let y = %sinfl[tanh (x4 + 1)]+ ¢ then y' =

hz 4 1 3
xi(x4 = MA)Q = 4i-sech (x4+1) = x>sech (x4+1)
dx 4sech (x4 + 1) 4
e. Given Isech(3x+2)dx let u =3x+2, then ﬂ:i(3x+z) M3 gu=3dx s de= . Thus,
dx dx dx 3

jsech(3x+2)dx = J‘sechu-% = %jsech udu = sin_l(tanh u)+e = %sin_l[tanh (3x+2)]+c

1
3

2
: -ditanh (3x+2)+0 = M

sec h2(3x + 2)
sech (3x + 2)

Check: Let y = %sin_1 [tanh (3x + 2)]+ ¢, then y’

2
3y 42) = Sech (x+2) , 3
dx 3sech (3x +2) 3

= sech (3x+ 2)

f. Given IeCOSh (++5)§inh (3x+5)dx let u=cosh(3x+5), then A _ 4 osh (B3x+5); A _ it (3x+ 5)-1(3)( +5)
x dx dx dx
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; du_ sinh(3x+5)-3 ; dx = L . Therefore,
dx 3sinh (3x +5)
IeCOSh (3++5) §inh (3x+5)dx = Ie” sinh (3x +5) L = lJ-e‘“du = Lo = Locon(ass)
3sinh 3x+5) 3 3 3

Check: Let y = %eCOSh (r+3) 4 ¢ then ' = =2 (x+5) ginp (3x+5)- i(?ﬁx +5)40 = %-e‘mh (++5)  sinh (3x+5)

1
3 dx
— oo (5 i (31 4.5)

g. Itanhs xdx = J‘tanh3 xtanh? xdx = ItanhB x(l —sec hzx)dx =— J.tanhz' xsech’xdx + Jtanh3 xdx . To solve the first

du

integral let u = tanh x , then d—u = itanhx ; ﬂ =sech’x s du = sech’xdx s dx = . Therefore,
x  dx dx sech’x
1 1
—J-tanh3x sech’x dx = —Iu3sech2x~ dMZ = —J.u3du = ——u*+c = ——tanh*x+c. In Example 5.4-6, problem
sech®x 4 4
letter d, we found that J tanh’ x dx = —%tanh2 x +In cosh x + ¢ . Therefore,

JAtanh5 xdx = Jtanh3 x tanh? x dx = jtanh3 X (1 —sechzx)dx = —J.tanh3 x sech’x dx + jtanh3 x dx

= —%tanh4x+J‘tanh3xdx = —%tanh4x+[—%tanh2x+ln cosh x+cj = —%tanh4x—%tanh2x+ln cosh x + ¢

Check: Let y:—%tanh4x—%tanh2x+lncoshx+c,then y' = —%tanh3x~sech2x—Etanhx~sech2x+m+0

cosh x

= —tanh> xsech%x — tanh xsech’x + tanh x = — sechzx(tanh3 X + tanh x)+ tanhx = — (1 —tanh? x) (t::mh3 x + tanh x)
+tanhx = — (tanh3 x+ tanh x — tanh> x — tanh3)+ tanhx = —tanh> x — tanh x + tanh> x + tanh®+ tanh x = tanh> x

h. Icoths xdx = J.coth3 xcoth?x dx = Icoth3 X (1 + cschzx)dx = Icoth3 x esch’x dx + J.coth3 x dx . To solve the first

integral let u = coth x, then d—u = icothx ; d—u = —csch’x s du = —csch’xdx ;odx=— du . Thus,
x dx dx csch’x
1 1
J‘coth3 X cschzx dx = juS csch?x — du2 = —ju3du = ——u*+c = ——coth*x+c¢. In example 5.4-6, problem
csch”x 4 4
letter g, we found that J‘coth3 xdx = — %coth2 x+1In | sinh x| + ¢ . Grouping the terms together we have

Icothsxdx = Jcoth3xc0th2xdx = Jcoth3x(1+csch2x)dx = Icoth3x cschzxdx+J.coth3xdx = —%coth4x+"-coth3xdx
1 4 1 - . 1 4 1 2 .
= —Zcoth X+ _ECOt x+ln|smh x|+c = —Zcoth x—;coth x+ln|smh x|+c

, —4.coth®x-—csch®x  2-cothx-—csch’x N coshx

Check: Let y = —lcoth4x—lcoth2x+1n |sinh x| +c,then y' = - +0
4 2 4 2 sinh x

coth? xesch?x + coth xesch%x + cothx = csc hzx(coth3 X+ cothx)+ cothx = (coth2 x— 1)(c0th3 X+ cothx)+ coth x

coth® x + coth® x — coth’ x — coth x + cothx = coth’ x

—

. jcothﬁ xdx = J.coth4xcoth2 xdx = jcoth4 X (1 + cschzx) dx = J(coth4 x csch?x+coth® x)dx = Jcoth4 x esch’x dx .

1
+ Jcoth x dx . In example 5.4-6, problem letter ¢, we found that J-coth4x dx = — Ecoth3 x —coth x + x+c¢. Therefore,
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Icothﬁx dx = Jcoth4xcoth2xdx = Jcoth4x(1+csch2x)dx = Jcoth4x esch’x dx+Ic0th4x dx = Jcoth4x csch’x dx

+(—§coth3x—coth x+x+cj = —%cothsx—écotth—coth xX+x+c

5.coth® x-—csch’x 3 3.coth? x-—csch’x
5 3

Check: Let y = —%cothsx—%coth%c—coth X+x+c,then y' = —

+eseh?x+1+0 = coth® x-csch’x +coth® x - esch?x + csch’x +1 = csch’x (coth4 x+coth?x+1 )+ 1

= (coth2 xX— 1)(coth4 x+coth?x+1 )+ 1 = coth® x +coth® x + coth? x — coth® x — coth® x = 1+1 = coth® x
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Index

Adjacent, 308
Antiderivative, 213
Arithmetic sequence, /3-16
Arithmetic series, 16-19

B

Binomial coefficient, 45
Binomial expansion, 47-52

C

Chain rule, §2-96
Common difference, /3
Common multiplier, 20
Common ratio, 20
Constant function, 59
Constant of integration, 273
Converge, 31/

Cosecant, 233

Cosecant hyperbolic, 357
Cosine, 233

Cosine hyperbolic, 357
Cotangent, 233

Cotangent hyperbolic, 351

D

Derivative
higher order, 124-138

of fractions with fractional exponents, /02-108

of radical functions, 109-123
Difference quotient, 54-58
Differentiation
of hyperbolic functions, /81-186
of indeterminate forms using L’Hopital’s
rule, /193-211
of inverse hyperbolic functions, /87-192
of inverse trigonometric functions, /58-165
of logarithmic and exponential functions,
166-180
of trigonometric functions, /40-157
Differentiation rules
using < notation, 77-81

using prime notation, 59-70
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Diverge, 31

Even functions, 233
Even power, 244, 365

F

Factorial notation, 42-52
Finite sequence function, 2
Formulas,
addition, 232,350
double angle, 232,350
half angle, 232,350
unit, 232,350

G

General term of a sequence, 2
Geometric sequence, 20-25
Geometric series, 25-29

H

Hyperbolic functions
addition formulas for, 350
double angle formulas for, 350
half angle formulas for, 350
unit formulas for, 350
Hypotenuse, 308

Identity function, 59
Implicit differentiation, 97-101
Indefinite integral, 213
Indeterminate forms, 140, 193, 207, 209
Index of summation, 7
Infinite sequence function, 2
Integral sign, 213
Integrand, 273
Integration
by partial fractions, 320-349
by parts, 287-307
of hyperbolic functions, 350-378
of trigonometric functions, 232-258
resulting in exponential or logarithmic
functions, 273-285
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Index

resulting in inverse trigonometric functions,

259-272

using the basic integration formulas, 213-

221

using the substitution method, 222-231

using trigonometric substitution, 308-319
Inverse trigonometric functions, 259

L

L’Hopital’s rule, 193-211
Limits
of sequences, 3/-36
of series, 36-38
Linear factors
distinct, 320
repeated, 327
Long division, 320

M

Method
difference quotient, 54-58
implicit differentiation, 97-101
the chain rule, 8§2-96
the L’Hopital’s rule, 193-211

0
Odd functions, 233
Odd power, 244, 365
Opposite, 308

P

Partial Fractions method, 320-349
Denominator with distinct linear factors,
320-326
Denominator with distinct quadratic factors,
334-343
Denominator with repeated linear factors,
327-333
Denominator with repeated quadratic
factors, 344-349

Polynomial, 320

Product rule, 60, 71

Pythagorean theorem, 308

Q

Quadratic factor
distinct, 334
repeated, 344
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R

Radical expressions, 308
Range of summation, 7
Rational fraction
improper, 320
proper, 320
Reference
to chapter 1 problems, /
to chapter 2 problems, 53
to chapter 3 problems, /39
to chapter 4 problems, 272
to chapter 5 problems, 286
Repeating decimals, 38-417
Right angle, 308
Rule
product, 60, 71
scalar, 60, 71
summation, 60, 71

S

Scalar rule, 60, 71
Secant, 233
Secant hyperbolic, 351
Sequences, 2-6
Series, 7-12
Sigma notation, 7
Sine, 233
Sine hyperbolic, 351
Solutions
to chapter 1, 379-400
to chapter 2, 401-425
to chapter 3, 426-435
to chapter 4, 436-453
to chapter 5, 454-477
Summation
index of, 7
range of, 7
rule, 60,71
Symbol
approximate = , 48
differentiation 4 , 71
dx
exponent e, 273
factorial !, 42

integration J ,213
logarithm In =1log,, 273
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Index

not equal to =, 25
summation z .7

Synthetic division, 320

T

Table
of basic integration formulas, 378
of  differentiation = formulas  for
hyperbolic functions, /81, 351
of differentiation formulas for inverse
hyperbolic functions, /87
of differentiation formulas for inverse
trigonometric functions, /58
of differentiation formulas for trigonometric
functions, /40, 233
of hyperbolic formulas, /81
of integration formulas for hyperbolic
functions, 350
of integration formulas for trigonometric
functions, 232
of inverse hyperbolic functions, /87
Tangent, 233
Tangent hyperbolic, 351
Terms of a sequence, 2
Trigonometric functions
addition formulas for, 232
double angle formulas for, 232
half angle formulas for, 232
unit circle formulas for, 232
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