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Abstract

A notion of the Hollow-Lifting-Quasi-Discrete modules can constitute avery important
situation in the module theory. In this paper we will present a key role in some properties and
characterizations of Hollow-Lifting-Quasi-Discrete Modules, also we study characterization
the relation between lifting property and Hollow-Lifting-Quasi-Discrete Modules. We
introduced and study the concept of Hollow-Lifting-Quasi-Discrete Modules a generalization
of Hollow-Quasi-Discrete Modules. In this work, we introduce and study classes of concepts

which are extremities of Hollow-lifting-Quasi-Discrete modules. We. call an R-module M
Hollow-Lifting-Quasi-Discrete, if every submodule N of M with % hollow-lifting module, there
exists a stable direct summand K of M such that K < ce® in'M. we have the following proper
implication:

Hollow-Lifting — Hollow-Lifting-Discrete — Hollow-L.ifting-Quasi-Discrete Module.

Keywords: Hollow-Quasi Module, Hollow Lifting-Discrete Module, Hollow-Lifting Module
and Hollow-Lifting Quasi.
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Introduction

In this paper all rings R are associative with identity element and the modules are unitary left

modulus.

Since, forty years ago the developments of modules with lifting property have been a major

area in ring and module theory. Following Oshiro [1], an R-module M is Lifting Module if for

each submodule N of M there exists a direct summand M1 such that M; < N and Mi < Mﬂ
1 1

Recently, extremities concepts of extending modules introduced and studies in [2]. The others
in [3 and 4] study another generalization of lifting modules, an R-module M is named Hollow-
Lifting for each submodule N impels% is hollow contain coessential submodule which is named

a direct summand of M. On other direction, Mehdi S. Abbas and Saad A. Al saadi in [5],
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introduced the concept strongly lifting modules as a proper stronger of lifting modules. An R-
module is called strongly lifting module if every submodule N of M has coessential submodule
that is a stable direct summand of M.

Hollow and Hollow Lifting Module

e Hollow, [6 and 7] Anon-zero R-module is named a Hollow if every proper submodule of
M is a small.

e Hollow-Lifting module, [8] An R-module M is named Hollow-Lifting module if for each
submodule N of M with % Hollow, implies a submodule, K” of M and

M = K+ K’ such thatK < ce N
in M with k is a coessential submodule of N'in M.
We give many properties related with the term of Hollow-Lifting-Quasi-Discrete Modules as
generalization of Hollow-Quasi-Discrete Modules. Firstly, we give the following conditions

are for an R-module M.

H1: for each submodule N of M with % is Hollow-L.ifting-Quasi-Discrete Module if for each a

direct decomposition
M = M1 + M2 such that M1 < Nwith NN M2 << M

H>: when A is a submodule of M thatis M / N is a Hollow-Lifting-Quasi-Discrete Modules

and isomorphic to a direct summand of M, then A is a direct summand of M.

Hs: The intersection between two direct summand w and u of M with % , %are Hollow-

Lifting-Quasi-Discrete Modules such that M = w + u, is again called direct summand of M.

Notes that on R-module M is named Hollow-Lifting- Discrete Module if M satisfiy (H1) and
(H2) conditions and an R-module M is named Hollow-Lifting-Quasi-Discrete Module if M
has (H1) and (Hs).
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e Examples and Remarks
1. Every semi-simple Hollow-Lifting module is called Hollow-Lifting-Quasi-Discrete.

2. Every Hollow-Lifting module is called Hollow-Lifting-Quasi-Discrete Module.

That is for any two direct summands M1 and M2 of M with Mﬂ and Mﬂ are Hollow - Lifting

1 2

with

M=M, +M,
Proof

suppose that M1 (resp. M2) is either [M resp.(0) or (0) resp. M] with (0) is a direct summand
of M, if M; # M, then M1 is small in M thus proposition in [2], implies that M1=(0), similary
for both cases implies that M; N M, = 0 finally Mi = M (i = 1,2) which clear that a direct

summand of M.

1. Z-module is not Hollow-L.ifting-Quasi-Discrete Module, we can show that Z has no (H1)
condition assume-that Z has (H1) condition. Assum that B = 2Z a submodule of M and %

Hollow-Lifting then for each a direct decomposition Z = M1 + M2 thenM; < B and M, n
B << Z, but Z is indecomposable Z-module then M = (0) and M, = Z then B= M, N B <<
Z which is a contradiction'since B+ 3Z = Z and 3Z # Z.

2. Every Hollow-Lifting discrete module named Hollow-Lifting-Quasi-Discrete Module.

Proof

To see that, let w and u be two direct summand of M with %and % are Hollow-Lifting and

M=w+u.

suppose M = w + A = u + B where A,B are submodules of M therefore let A= M~ WTJ’“ =

w

u __ w+B

wnu ~ wnu+B '’

and 2 js Hollow-Lifting since M s Hollow-Lifting, but M has (H2) then
wnNu+B w
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wnNnu+ B is named a direct summand. Let M= (wnNnu+B)+C=(wnu)+ (B+0C)

where C is asubmodule of M, thus w N u is direct summand of M.
3. The converse of (4) in general is not true.

As an example as in (4) a Z-module called Hollow-Lifting-Quasi-Discrete Module since which
is Hollow-Lifting, when Z-module does not satisfy Hollow-Lifting -Discrete Module, that is

for any non-zero submodule A of Z-module with Z-module / A is a Hollow-L.ifting and % = 7Z,

but is a direct summands of Z.
4. Every Lifting-Quasi-Discrete Modules is Hollow-Lifting-Quasi-Discrete Modules,

clearly the converse in general is not correct. For example, as in [5] assume that M be an
indecomposable R-module which is not implies hollow factor module, it is clear that M is

Hollow-Lifting-Quasi-Discrete R-Module, then M is not lifting.

we suppose that M is (H1) and assume that N is a submodule of M that is for each direct
decomposition M = M; + M, such that M; < N with M, N N << M but M'is ndecomposable
then M; = (0) and M, = M Hence N = M, N N << M ,thus M is called Hollow-L.ifting which

a contradiction, therefore, M is not Hollow-Lifting-Quasi-Discrete R-Maodule.
e Proposition

Let M be satisfy (H2) condition, if w and u are two Hollow-Lifting-Quasi-Discrete direct

summand in M, with % and % are Hollow-Lifting-Quasi then any epimorphism F: w—u is

splits.

Proof:

Assume that M = w + K for a submodule K of M such that uz= —— = X~ _ M4y
Ker F Ker f+K Kerf+K

is Hollow-L.ifting-Quasi-Discrete summand of M, Kexm is Hollow-L.ifting-Quasi-Discrete

Module, hence by (H2) property of M.
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Assume that K¢+ K is a direct summand since K..s € W © M and Keris a direct summand

of M, therefore, in (proposition 3-3), [9] Kertis named a direct summand of w.

e Proposition

Assume that M is an R-Module beside to (H1) such that the intersection of A and B is
coessential in A, then the condition are equivalent when A and B are two submodules of M.

1. M has (Ha).
2. For and two direct summand w, u of M with % is Hollow-Lifting-Quasi-Discrete, M =

w+uandw N u << Mthen M = w +u.

Proof: 12

For each two direct summand wand uin MwithM = w + u, % is Hollow-Lifting-

Quasi-Discrete Modules since % is Hollow-L.ifting-Quasi-Discrete Modules then % and %

are Hollow-Lifting-Quasi-Discrete Modules by (proposition 4-3), [10].

By (Hs) property of M such that w N u is called a direct summand of Mwhenw N u <

Cew,butw N u << M,wegetw Nu = 0,thusM = w + u.

Proof: 2—1

Assume that w and u be two direct sum and With% % are Hollow-L.ifting-Quasi-Discrete

Modules, then we have % is Hollow-L.ifting-Quasi-Discrete Modules by (proposition),

[11]. Now, since M = w + u, then by (H1) for each decomposition M = M, + M, then
M;<wnuandw nun M, << M. Now, by modular law have un'M = u n (M1 +
M2) = M1 + (u n M2)andM; N(u N M,) = 0,henceu = M; + (u N M,). Also,
M=w+u= W+ (M;+(@un M,)) =w+ (un M,) by modular law implies that
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wnunM=wnunM;+ My)=M;+(wn@un My))andM;n(wn(un M;))=0
hence, M; + (w N (un M)) = wnu and, we get wwith u N M, are direct summand of M.
M =w+ (un M,) for each meM we get m = m; + m, for some m; e M; and m, € M,,
therefore, m e (w N u) + M,, thusM = (wnu) + M,

e Proposition

Let M = A + B be a Hollow-L.ifting-Quasi-Discrete Modules where A and B mutual
supplements of M with % and %are Hollow-Lifting-Quasi-Discrete Modules then

M=A+B

the two submodules A

Proof:
and B of M which are mutual supplements in M, with % and % are Hollow-L.ifting-Quasi-

Discrete Modules.

Thus by (proposition 5-1), [12], A and B are coclosed submodules of M, clearly that M is
Hollow-Lifting, then, by (proposition 5-5), [13], A and B are direct summands of M since
M = A+ B and M has (Hs),then A n B is adirect summand of Mso M = (AN B) + K, for

some K < M.

Since B is asupplement of Athen AN B « B and henceAnB «K M,so M=Kand AN B =
0, Thuswe get M = A + B.
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