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Abstract

Through this paper we define the higher triple left resp. right centralizers of a I'-ring G, and study some
properties of Jordan higher triple left resp. right centralizers of G, addition to we prove that: every Jordan
higher triple left resp- right centralizer of a I'-ring G is higher triple left resp. right centralizer of G when

G is a 2-torsion free prime gamma ring.

Keywords: Prime I'-ring, Higher left centralizer, Higher triple left centralizer, Jordan higher triple left

centralizer.
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Introduction

In 1964 Nobusawa [1] presented the notion of gamma ring, and in 1966 Barnes [2] generalized

the concept of gamma ring, J. Jing in [3] defined a derivation on I'-ring.

Within this paper we present and researchch higher tiple left resp-right centralizer and Jordan
higher triple left resp-right centralizer of '@ gamma ring G, and prove that every Jordan higher
triple left resp. right centralizer of a 2-torsion free prime I'-ring G is a higher triple left resp.

right centralizer of G.
1. Higher Triple Left resp. Right Centralizer of I'-Rings

In this section we present the definition of higher triple left resp. right centralizer of a I"-ring

G, and study some properties of Jordan higher triple left resp-right centralizer of G.

Definition 1.1: Let G be I'-ring, and T=( tk) ken be family of additive mapping of G, then T is
called a higher triple left resp. right centralizer of G if V a,b,c €G, a €I" and kEN

ty(aabBc) = Yiy ti(a)at;_1(b) Bti—1(c),

(resp. ty(aabBc) = X, ti(@)at;_y(b) Bti_1(c).

Example 1.2: Let G bé I'-ring, t = (1) nen be a higher triple left centralizer of G, let
S={(a,b)|a,b € G}and ' = {(a, a)|a € I'} where the addition and multiplication defined on
S by (a;,by) + (az,bz) = (a; + a3, by +by) and

(a;,by)(a, a)(az,by) = (a;0ay,biaby), Vag,a,b,b, EG,a €T
Let T: S =8, T= (Tn)nen be a family of additive mappings on S defined by

Tn(a, b) = (th(a) ,ta( b)), V (a, b) € S, then T is a higher triple left centralizer on S.
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Definition 1.3 [4]: Let G a gamma-ring, and T= ( tn) nen be a family of additive mapping of G,
then T is called a Jordan higher triple left resp. right centralizer of G if V a,b €G, a,p €I and
keN

ti(aabpa) = T, ti(@)ati— (B)Bti—1 ().

Lemma 1.4: Let T= (tn)nen be family of Jordan higher triple left resp. right centralizer of T-

ring G, then V a,b,c €G, o,p €T
k
ti(aabfec +cabBa) = Y ti@)at, y(BFti1(©) + (Ot 1(B)fti1(@)

=1

Proof: t,((a + c)abf(a+c)) = Y t;(a + c)at;_1(b)fti_1(a+ c)
k
= D (@ + (@) tia (Bl @ + 6 1(0)

=YL ti(@at;_y (b)Bti—1 (@) + ti(@)at;_; (b)Bti_1(c) + t;()at;_1 (B)fti—1(a) +

ti(c)at;-1(b)Bti=1(c) 1)
On the other hand
k
tr((a+c)abf(a+c)) = Z ti(aabfa + aabBc + cabBa + cabfc)

=Yk t;(aabBa) + t;(cabfc) + t,(aabBc + cabf)

=Y ti(@at_y (B)Bti—1(a) + t;()at;_1 (b)Bti_1(c) + ty(aabBc + cabBa) ...(2)

Comparing (1) and (2) we get

Volume: 17, Issue: 3, July 2021 27 P-1SSN: 2222-8373
Manuscript Code:210-561 -1CPS E-ISSN: 2518-9255



Diyala Journal for Pure Science
International Conference for Pure Sciences (ICPS-2021)

Jordan Higher Triple Left Resp. Right Centralizers of Prime I'-Rings

Afrah Mohammed Ibraheem and Salah Mehdi Salih

k

ty(aabBc + cabBa) = Z ti(@at;_1(b)Bt;—1(c) + ti(c)at;_1(b)Bt;-1(a)

=1

Definition 1.5: Let G be a I'-ring, and T= (t )ken @ family of Jordan higher triple left resp.
right centralizer of G. We define ¢ as

k
ox(a,b,c)qp = ty(aabfc) — z ti(@)at;_,(b)pt;_1(c),Va,b,c € G, a,p el.

=1

Remark 1.6:

We note that T= (t;)ien is higher triple left resp. right centralizer of I'-ring G iff
¢r(a,b,c)qp =0,VabceG, apel andkeN.

Lemma 1.7: Let T= (tk )ken be a family of Jordan higher triple left resp.right centralizer of a

I'-ring G, then V a,b,c € G, a.B ¢ I" and k€ N we have

) pr(a, b, C)ap = =@r(c,b,)q,p

i) pr(a+x,b,0)ap = ¢r(ab,ap+ r(x,b,0)ap
i) pp(a, b +y,0)qp = Pr(a,b,c)gp + 0i(a,y,C)ap
V) pr(a,b,c + 2)ap = Pr(a,b,C)qp+ @r(ab,z)qp
Proof:

We prove for example (ii)
Pr(a+x,b,0)q5= ty((a + x)abBc) — T, ti(a + x)at;_1 (b)Bt;_1(c)
= ty(aabBc) + ty (xabBc) — Xie, ti(@)at;_1 (b)Bt_1(c) + t;(xX)at;_1 (b) Bt;_1(c)

=ty (aabBc) — Xis ti(@)at;_; (b)Bt;_1(c) + ti(xabBc) — Xiz,y t;(x)at;_1(b)Bt;_1(c)
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=@r(@b,c)ap+ @, b,C)gp -
Proof (i), (iii), and (iv) by the same way of prove (ii).
2. The Main Results

Lemma 2.1: Let G be a I'-ring, and T= (tk)ken be a family of Jordan higher triple left (resp.
right) centralizer of G,

thenva, b, c, g €G, a, B,y e[ andk € N

i) (@, b, ) g p Vtk-1(8)Y [tx-1(a), ti—1 (D), tx—1(c)]ge = 0
i) @r(a,b,c)gpa ty—q(E)a [ty_1(a), ty_1 (D), ty—1(c)lge =0
i) @r(a,b,)op Bte-1(8)P [tr-1(a), tx-1(D), ti—1(c)]ga =0
V) @i(a, b, )qattn_1(8)a [ti-1(a), te-1(b), ty—1()]ga =0

Proof:

(i) We prove by inductionon k € N

Ifk=1,

Let w = aabfBc ygy cfbaa + cabBaygyafbac
t (w) = t(aabBcygycBboa + cabBaygyaBbac)

= t(aabBc ygycBbaa) + t(cabBaygyafbac)

=t(a)abfc ygycBbaa + t(c)abfaygyafbac 1)
On the other hand
t(w) = t(aabfcygycfbaa + cabfaygyalboac)

= t(aabfc)ygycfbaa + t(cabfa)ygyafboc 2
Compare (1) and (2) we have

0 = (t(aabfc) — t(a)abBc)ygycBbaa + (t(cabfa) — t(c)abBa )ygyaBbac
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0 =@(a,b,c)qpygycBbaa + ¢(c,b,a)qpygyaBbac
0= ¢(a,b,c)apygyrcBbaa — ¢(a,b,c)qpy8yapfbac
Then

¢(a,b,)q,p vEY[a b, clpqa=0.

Now, we can assume assumpition

@s(a, b, gp vts—1 (@Y [ts—1(a), ts—1 (D), ts-1(c)]pa = 0,Va,b,c, 8 €
G,o B, vel ands k € N,s<k .
Then according to definition 1.1 we get
tr(w) = tx(aa(bBcygycfb)aa + ca(bfaygyafb)oac)
=iz ti(@at;_1 (bBcygycpb) ati_1(a) + ti(c)at;_;(bBayyapb)at;_(c)
=Y ti(@at; s (0) Btica (rtia (E)ytia ()Bti-s (B)ati (@) +
ti(c)at;_; (b)Bti—1(@)yti—1 (B yti-1(a)Bt;—1 (b)at;_; (¢)
=(Zis ti@at; 1 (B)B ti-1 ()Y tym1 (@)Y ti-1()Btr—s(b)at,—s(a) +
o1 ti(@ati 1 (DBt Oyt (E)¥tioa (©)Btis (P)ati—1(a)
=( X1 ti(©ati—1(B) Btiz1 (@) Ytn-1(§)Vt-1(@)Bti—1 (b)at—1(c) +
i1 ti(@at;_ (B tioa (@Yt 1(§)yti—1 (@) Btios (b)att;—1(C) ©)

On the other hand, according to definition 1.1
t(w) = ti((aabBc)ygy(cfbaa) + (cabBa)ygy(afbac))
= Y ti(aabBo)yt 1 (8) vti—i(cBbaa) + t(cabBa))yt_1(&)yti—1(apbac)

=t (aabB)yte_1(&)Y te—1(cBbaa) +Xi ti(aabBe)yt;_1(&)y ti—1(cBbaa) +
ti(cabfa))yte-1(E)yti-1(apbac) + =i ti(cabBa)yt;—; (§)y ti—1 (aBbac) (4)

Compare (3), (4), and by assumpition we get
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0=(tx(aabfc) — T, ti(@)at;—1(b) Bti—1 ()Y ti—1 (&) Vti-1(c)Btr—1(B)aty_s(a) +
(te(cabBa) — ¥i_; ti()ati—; (B)B ti—1(a))yte—1(8)Vti—1(a@)Bti—1(b)aty_1(c)

Then it follows that

0= @k (a, b, ¢)aqpyti-1(E)Vti-1(c)Btr-1(b)aty_,(a) +

@i (¢, b, a)q gVtk—1(&)Vti—1(a)Btr_1(b)aty_1(c)

0= @k (a, b, ¢)apyti-1(8)yti-1(c)Btr_1(b)aty_1(a) —

©x(a, b, ) gVtk-1(EVtk—1(a)Bti_1(b)aty_q(c)

Thus

@1(a, b, ), gV tn-1 (&)Y [Ek-1(a), tk—1.(b), tx—1(c)]ga = 0,V ab,c,§ €EG,a, B,y e I and
ke N.

(if) We get it by substituting o for y in (i).

(iif) We get it by substituting g for y in (i).
(iv) We get it by substituting o for g and o for y in (i).
Theorem 2.2:

Let G be a prime gamma ring, and T= (t;);cy @ Jordan higher triple left resp. right centralizer
of G, thenV a,b,c,g,u,v,w € G, o, B, yeland k€N,

i) 9 (a,b, ) agY t-1(8)Y [tr—1(W), ti—1 (V), ti-a (W)]g o =0

i) Pk(a,b, ) pa ty_q1 (&) a [ty_1 (W), tk—1 (V), tyey (W)]g o =0

i) @@ b, )qpB ti-1 (&P [ti-1(W), ti—1 (V), ticms (W)]g o =0

V) k(@ b, ©aat ti1 (Bt [ ty—q (W), tie—1 (V), tims (W] gq = 0
Proof:

By replacing a+u for a in lemma 2.1 (i)
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(pk(a +u, b' C)(X,Bytk—l(g))/[ tk—l(a + U), tk—l(b):tk—l(c)]ﬁ,a =0

Then

0 (a, b, c)ogVtk-1(8)Y [ ti—1(@), ti—1(b), ty—1(c)]p o +
Or(a, b, ) gVtk-1(E)Y [ ti-1(W), ti—1 (D), tx—1(c)]p ot

O, b, ©) gV tk—1(8)Y [ tho1(@), tr—1 (D), th=1()]p e +
O, b, ) gV tk—1(8)Y [ t—1 (W), ty—1(b),ti-1(c)lge =0

Applying lemma 2.1(i) , we get

?1(a b, )oY tk-1(E)Y [ tr—1(w), ti—1(b), tp-1()lpa +
O, b, ) pyti-1(@)Y [ tk-1(a), ti—1(b), tx—1(c)]ga =0,

and

0 (a, b, ) gVtk-1(&)Y [ ti—1 (W), ti—1(B), ty—1()]pe =
=@, b, ) pVtk-1(EY [tr-1(a), ty—1(b), tr—1 ()] p e

Therefore, we get

O (a, b, ¢)o gVtk-1&)Y [ ti—1 (W), tr—1(b), ty—1()]pq Ytk-1(M)Y
Or(a, b, ) pVtk-1(E)V [ ti—1(W), ti—1(b),tx-1(c)]lp=0

Hence

—@r(a, b, ) gVtk-1(E)Y [ ti—1 (W), ti—1(b), tr—1 ()] g oV tk—1 (M)y
O, b, ) pVtk-1(E)Y [ th-1(a), ty—1(b),tx-1(c)]lg=0

Since M is a prime, we have

O (a,b, ) gVtk—1(&)Y [ ti—1 (W), ty—1 (D), ti—1()]pe =0 ... (1)
Replacing b+v for b in lemma 2.1(i)

Or(a, b +v,0)qpVti-1(8)V[ the1 (@), teo1 (b + V), t—1()]pa =0
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Then

Or(a, b, ) pVtk-1(E)Y [ tr-1(a), ty—1(b), ti—1()]pat
P, b, ) pyti-1(@Y[ tk-1(), ty—1 (V), ty—1()]g ot
Or(a,v,0) o gVtk-1(8)Y [ tr-1(a), ti—1 (D), ty—1 ()] ot
Ok (a, v, ) gVtk—1(&)V[ th—1(a), ty—1 (V) tx—1(c)]g e = 0

Applying lemma 2.1(i), we get

©r(a, b, c)o gVtk—1(@V [ th-1(a), ty—1(V), ty—1 ()] ot
or(a,v, C)a,ﬁytk—1(g))’ [ tk—1(a), tk—l(b);tk—l(c)]ﬁ,a =0, and

0 (a, b, ¢)o gVtk-1(8)Y [ ti-1(a), ti—1(v), ty_1()]pe =
—0r(a, 0, ) gVtk-1(E)Y [ tr-1(a), ty=1(b), tx—1(c)]ga

Therefore, we get
©or(a, b, ) pgVtk—1@) V[ th-1(a), ty—1 (W), ty—1 ()] g o Vtk-1(&)Y
©r(a, b, ) pgVtk—1(@V[ ti-1(a), t=1 (), ty—1(c)lp =0

—@r(a, b, ¢)opgVtk=1(&)Y [ th-1(a), ty—1(v), ty—1 ()]
Ytn-1(&)Y 0x(a, v, ) qg¥tk-1(&)Y [ tk-1(a), ty—1(b), tx-1(c)]lpe=0

Since G is a prime, we have

©r(a,b, ) gVtk—1(&)Y [ ti-1(a), ty—1(V), ty—1(c)]lpe =0 2)
Replace c+w for ¢ in lemma 2.1(i), and use the same way as in above we get

@1(a, b, ¢)gpYti-1(8)Y[tk-1(a) ty-1(V), tk1 (W)] e = 0 3

Now, replace a+u, b+v and c+w by a, b and c respectively we get

Ok, b, ) pVti-1(@)Y[tk-1(a +u),tg_1(b + v), ty_1(c + W)lge =0
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Use the same way in above we get

r(a, b, €)Y ti-1(8)Y[ti—1(W) tke1(V), timr(W)]p e = 0
(i1) By replacing y by a in (i).

(iii) By replacing y by g in (i).

(iv) By replacing g by aand y by a in (i).

Theorem 2.3:_Let G be a 2-torsion free prime gamma ring. Then every Jordan higher triple

left resp. right centralizer of G is higher triple left resp. right centralizer of G .

Proof:

Let T = (t;);en be a Jordan higher triple left resp. right centralizer of a prime I'-ring G,
then by theorem 2.2 (i), we have

(pk(a, b' C)O(,,Bytk—l(g)y [tk—l(u)l tk—l(v)l tk—l(W)]B,a = 01 \4 a, b! G g; uv,we Ga
ofB,yelandk € N.

Since G is a prime then, either @i (a,b,¢)qp =0  OF [ ty_g (W), ty_1 (1), tees(W)]pq =
0,Yuv,w€eG, o, €T andk €N.

If [ te—1 (W), thm1 (W), tem1 W) g # 0, then @y (a,b,c)qp = 0, and by remark 1.6 we

get T is a higher triple centralizer of G.

If o (a,b,c)ap # 0 then [ ty_1(w), ty—1(v), ty—s(W)lg 4 =0, then G is commutative, and

by lemma 1.4 we have

ty(aabBc + aabBc) = ¥, ti(@at;_1 (b)B t;—1 () + t;(a)at;_; (b)Bt;_1(c)
t,(2aabBc) = 2 Z{-‘zlti(a)octi_l(b)ﬁti_l(c) )

Since G is a 2-torsion free, we get

te(aabfc) = Y& t;(a)at;_;(b)Bt;i_1(c),Va,b,c € G,a,f el and
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k € N. Therefore, T is a higher triple left resp. right centralizer of G.

Proposition 2.4: Every Jordan higher triple left resp-right centralizer ol a prime
I'-ring G is a higher left resp.right centralizer of G.

Proof:

Let T = (¢t;);en be a family of Jordan higher triple left (resp. right) centralizer of a prime
I'-ring G, then

ty ((aab) BgP (aab))= X, t;(aab)Bt;_1 (8) Bt;—1 (aab)

= Vi ti(aab)Bti_1 (8) Bti—s (a)at;_1 (b) 1)
On the other hand
te((@)abpgBaab)= Y ti(a)ati—y (b)B ti—1(&)Btizs (@)at;_; (b) 2

Comparing (1) and (2) we get

0 = (te(aab) — X, ti(@)at;_1 (b))Bte_1 (&) Bte—1(@)aty_1 (b),
Vab€eGapeland k € N.

Since G is a prime and‘a, b # 0, we get

tr(aab)=Y* ., t;(a)at;_;(b). Hence T is a higher left centralizer of G.

Corollary 2.5: Every higher triple left resp. right centralizer on a prime I'-ring G is a higher
left (resp. right) centralizers on G.

Proof:

Let T= (tk)ken be a higher triple left centralizer of a gamma ring G, then T is a Jordan triple
higher left (resp- right) centralizers on G. By prop. 2.4 we get T is a higher left centralizer on
G.
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Conclusions

Within this paper, we study the relation among the higher triple left resp. right centralizer,
Jordan higher triple left resp- right) centralizer and higher left resp. right centralizer of a

prime gamma -ring G.
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