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Abstract
In this paper, we suggest a new method for solving fractional initial value problems of different
fractional orders. We call it hybrid Series Solution (Fractional with power, Fractional with
fractional, Fractional with power and fractional). The main difference between Caputo and
Riemann — Liouville formulas for the fractional derivatives as mentioned. The paper focuses
on finding the exact solution of Bagley-Torvik equation and other nonhomogeneous fractional
differential equations, illustrated by some Theorems and examples.
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Introduction

The fractional calculus deals with integrals and derivatives of real or even complex order [1].
The history of fractional calculus started at the same time when classical calculus was
established. It was first mention in Leibniz's letter to I' Hospital in 1695, where the idea of semi
derivative was suggested [2, 3]. During time, fractional calculus built on formal foundations by
many famous mathematicians e.g. Liouville, Riemann, Euler, Lagrange, Heaviside, Fourier,
Abel etc. The fractional calculus finds an application in different fields of science, including
theory of fractional, engineering, physics, numerical analysis, biology and economics [4].
Bagley-Torvik equation, which is ordinary fractional differential equation, firstly appeared in
Bagley and Torvik seminal work. They proposed to model viscoelastic behavior of geological
strata, metals and glasses by using fractional calculus and they have proved that this approach
is effective in describing structures containing elastic and viscoelastic components, so, it plays
important role in engineering and applied science [5,6] . In particular, the equation with

derivative of 1/2 order or 3/2 order can describe the motion of real physical systems or the
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motion of a rigid plate immersed in a Newtonian fluid and a gas in a fluid respectively [7, 8].
There are several works to solve Bagley-Torvik equation, such as, numerical procedures for a
reformulated Bagley-Torvik equation as a system of fractional differential equation of order %2
and a numerical way for solving this equation, a generalization of Taylor’s and Bessel’s
collocation method. The aim of this work is to find the exact solution of Bagley-Torvik equation
and other nonhomogeneous fractional differential equations by using hybrid series. The paper
is organized as follows: In section 1 we introduced some necessary definitions and
mathematical preliminaries of fractional calculus, section 2 is devoted to present some theorems
and lemmas related to the fractional power series [9 - 15].

In section 3 our new method to solve nonhomogeneous fractional differential equation is used.
In section 4 the Bagley-Torvik Equation is presented and also applied our new method to extract
the exact solution by using three special cases of Bagley-Torvik Equation [16, 17]. Finally, a

conclusion is given in section 5.

1. Basic definitions
Through this section we explain some mathematical definitions of the fractional calculus which

are used in our work.

Definition 1.1: The Gamma function, denoted by TI'(z) ,is a generalization of the factorial

function n! and defined as.
[(z) = [ t*te"tdt, Rez>0. (1)
Below we show some basic properties of I function, namely:

ra =re =1,
r'z+1) = zl['(z)

I'(z) = [zt ,  for negative value of z .

zZ
rn)= (-1, n € Ny,
'n+1)= n!, n € N,.

Whereas N, is the set of the non-negative integers. From the above we can get:
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Definition 1.2: Suppose that ¢ > o,t > a,d,a,t € R .Then we have

1 dr ot f@ 3
Jo o= 41, n=1<o<neNn,

D7 f(t) = 4 2

ﬁf(t) o=n€EN.

This definition is called the Riemann-Liouville fractional derivative of order o.

Definition 1.3: Suppose thata > 0, t > a, o,c,t € R. The fractional Caputo operator has the

form:
1 t M@
[ - din-1<s6<neN,
D7 f(t) = nF(n a)”a (t-1)7+1 @)
dtnf(t) O'=TlEN.

Definition 1.4: The Caputo fractional derivative of the power function is denoted by

r+1) . p-g e >
Doth = {T—on® n—-1<o<n f>n-1F€R,

0, n—1<o<n f<n—-1,L€EN

(4)

Remark: The main difference between Caputo and Riemann — Liouville formulas for the

fractional derivatives are:

a) Caputo fractional derivative of a constant equals zero while (Riemann — Liouville)

fractional derivative of a constant does not equal zero.

b) The non-commutation, in Caputo fractional derivative we have:
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DEID™f(t) = DF™ f(t) # D™DZf(t) ®)
Where a € (n—1,n),n € N,m = 1,2,3, ...

In general, the Riemann - Liouville derivative is also non-commutation as:

D™mDYf(t) = D*Mf(t) = DYD™f () (6)
Whereas a« € (n—1,n),n € N,m = 1,2,3, ...
Note that the formulas in (5) and (6) become equalities under the following additional

conditions:

f(s)(O) =0, s=nn+1,..,m for D¥ and
f®0) =0, s=01.2,..,m, for D%

Definition 1.5: The power series is denoted by
YmeoCn(t = t0)™ = co + c1(t — o) + e (t — )7 + -, (7)

Where0 <n—1<o0 <n,t =t,iscalled a fractional power series about t, , where t is a
variable and c,,'s are constants called the coefficients of the series, particularly, if t, = 0, the

expansion Y.o—, c,t™° is called a Fractional Maclaurin Series.

2. Fractional Power Series and Analytical Manipulations

Through this section, we review some theorems and lemmas related to our work.

Theorem 2.1[8]: Consider the fractional power series Y-, c,t™ , t = 0, there are two
possible cases:
1- If the FPS Y77, c,t™° converges when t = d > 0, then it converges whenever 0 < t < d.

2- If the FPS Y77, ¢, t™° diverges when t = g > 0, then it diverges whenever t > g.

Theorem 2.2[8]: Let the FPS >, ¢, t"?, and t > 0, there are only three possibilities.

1- The series converges only when t= 0,

2 -The series converges for each t > 0,

3- There is a positive real number R such that the series converges whenever 0 < t < R and

diverges whenever t > R
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Theorem 2.3[8]: Suppose that the FPS Y7, c, t™® has radius of convergence R > 0. If
f(t) isafunction defined by f(t) = Yr—pc, t"™® On0<t <R, thenfor 0<n—-1<o0<

nand 0 <t < R ,we have

_ I"(TL(T+1) (n-1)o

Lemma 2.1 [16]: Suppose y € C*[0, a]whereas,a > 0 and s € N, let « € N such that 0< a <
s. Then

D%y(0) =0.

Lemma 2.2[16]: Suppose y € C2[0, a] where a > 0, then:

1 1
1- D*/ZD*/Zy =y, ©)
1 3
2-D,2y' =p. "2y, (10)
1 3
3-0,/2D2y = y". (11)

3. Double Fractional Series Solution
It known that one of the general methods of solution of differential equations is the series

solution:

y(©) = XiZo ¢tt, (12)

While in a neighborhood of a regular singular point x, , the series solution has the form:
y(©) = XiZo ittt (13)

as mentioned in frobenius method, clearly the sum of convergent series is convergent. for

homogeneous fractional differential equation of order o , the fractional series solution has the

form:
y(t) = LiZocit™, (14)
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but this form may not applicable for nonhomogeneous equations. Our suggested method is to
write the solution as a sum of power series and fractional series. The efficiency of this suggested
method is clear through an illustrated example, this form is a generalization of Taylor series for

the solution. In this section, we apply a double fractional series for two examples:
Example 3.1: Consider the equation
5 3 5 3
yz(t) + y2(t) + y(t) =T (9 4T (;) 4T (%) t+tz+tz+t+1, (15)
With the initial conditions,y(0) = y'(0) =1.

5 3
Where the exact solutionis y(t) =tz +tz +t + 1,

Since t is in the nonhomogeneous part, so, to solve (15) , suppose that ,
oo (o] i1'l [ee) i1’l
y(t) = anO antn + Zn=1 bnt2 + anl Cnt2 (16)

5 3
Getting the derivatives yz(t)and yz(t), respectively, and putting the outputs in (15), (by
neglecting all the equations when t < 0) : satisfying

sn
r(n+1) ,n-2 o r+1y > > . I DAE_5

Zf=3anr((n_—§)+1) 2+ Yn=1b nmtz 2+ Zn:Zantz 2+

F(—+) 5n 3 r&+1) 3n_ 3

F(n+1) —3 o) —— = o)
t" 2wy, mtz 2+anlcnwt2 2 ¥

Zn 2 nr(( )+1)

5
Zz’zoant"+2;’f=1bnt2_n+2;'lecnt2_n= F( )+F( )+F( )t+t2+t2+t+1

By equalizing the coefficients in equations (17-25) below:

7 5 7 5
F(E)b1+ r(—)c1+a0=r(—)+r(5)+1, (17)
5 i3 + t + tl 0 (18)
a3 —37 tz C a 2 =0,
’rd) 2 ( ) 2rd
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24 t§+ 6 t§+ 6 ti N ti ti (20)
a,—=t2+a,—1t2+c,—=12 c.tz =tz
e ’rd o) 1
r(lt
c3%t2 +a,t?2 =0, (21)
120 3 120 3 24 5 5 5
Qe — t2+ b, —— t2+ 4, —t2 + btz = t2, 22
rg - trg Q) ! @)
(_) 3 3 3 _
—2t° + azt® +ct° =0, (23)
Ottt A tit+ b, 5 =0 (24)
A, —t2+c,—t2 —5- 2 =
°rd) “rd r() E (9)
a4t4 = 0, (25)

And so on, by solving this system when y(0) =y'(0)=1,we get:a, = a; =1,
From equation (19), we get b, = 1,

From equation (17), we getc; =1,

From equation (25), we get a, = 0,

From equation (18) we get a, = 0,

From equation (21) we get c; = 0, and so on,

by putting these outputs in (16),we can obtain the exact solution :

5 3
y@)=tz+tz+t+1.

Example 3.2: Consider the equation

3 1 1 1
ye(t) 2 taya(0) +y ==tz +1, (26)
with the exact solution y = ¢t2 + 1, and our hypothesis is
3n
Y = Xn=0Cnt 2 + Y=o bnt" (27)
3 1

To apply our method we must compute the derivatives yz , yz , so,

= r&t+y)  3n3 r(n+1) 3
2 — ['®© 2 ) n--
Diy(t) = XnzoCn I,(3711_%_|_1) tz z+ Yn_obn F(n—%+1) 2, (28)
2 rét+n 31 r(n+1) 1
2 — ) 2 -3 n-—;
Dy(t) = Xp=oCn I,(37n_%_|_1)tz 24+ Yoso nl"(n—%+1) 2, (29)
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By substituting (27), (28) and (29) in (26) , satisfying

F(—+1) 3n_3 r(n+1) ,n-3
din=0C nr(sn 2+1)t2 24 Y=o nr(n_%_i_l)tnz_
3\/_ z rr+n)  3n 1 T(n+1) ,n-2
— _— +
(Z" 0 "r(32" §+1)t2 2+ Zno "r(n—§+1)t ’

271:06'111:2 + 2n=0bnt = \/—EtZ +1,

Forn =0,1,2,3,..., witht > 0, we obtain :

5 r'(4) ()3 _3Vm
ch(2)+ ()t FeTatt H 0+ b, 3)t + by t £

r(4) (2) r(4)
t +c b tz+b £z 2+ b +
rQ- e ) (1<3) 2r() rd >l

1
cop+c t5+c t3 4+ ct5+b + bt +b,t2 +bot3= —t241,
0 1 2 3 0 1 2 3

r(4) = 3\/E 1 <c1

L
So, we can get the Coefficients:
4
sz =\/_E1b2 — 1, and
2

C1F(§)+Cl=01cl=0’ ledtoc; =c3= by =b3=0

C1F(§)+C0+b0=1,|edt0 C1=O,C0=b0=%,

Finally, putting these values into the equation (27), we reach to the exact solution: y = t2 + 1.
4. Bagley-Torvik Equation

4.1. The Origin of Bagley-Torvik Equation

Bagley and Torvik (1984), found that the fractional calculus can be identified in the solution to
a classic problem in the motion of viscous fluids, and they showed that the resulting shear stress
at any point in the fluid can be expressed by fractional order time derivative of the fluid velocity
profile. Thus, the fractional derivative is found to apply in the differential equation that
describes the motion of some physical systems defined by localized motion in a viscous fluid,
when they applied their work they arrived at the surprising result. Starting with the diffusion

equation,
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617_ d%v
Yot~ Moz

Where « is the fluid density, u is the viscosity of time t, z is the distance from the (wetted plate),
after that, they found that the differential equation to describe the displacement X on the plate
IS:

mX = F, = —GX — 24 5(t, 0),

(They considered a rigid plate of mass m immersed in a Newtonian fluid of infinite extent and
connected by a massless spring of stiffness G to a fixed point)

Finally,

dzx 3/2 ot
m—— + 2A\/,uaDt X+ G6GX =0,
Where,

D’2x = D2 %: %Dl/z X . (more details can be found in [10]).

4.2. Solution of Certain Forms of Bagley —Torvik Equation
In this section, we use our method to solve three special cases of Bagley — Torvik equation and
extract the exact solution. The general form of nonhomogeneous Bagley-Torvik equation is [9]:

3
AD?y() + BDIy(t) +Cy(®) = f(t), (t=0) (30)
With the initial conditions y(0) =0,y'(0) =1,andA=B =C = 1.
Example 4.1:

Consider the nonhomogeneous Bagley-Torvik equation:

3
DZy(t) + D2y(t) + y(t) = t* + 4\/% +2, (t=0) (31)
With the initial conditions,y(0) = 0, y(5) =25.

Where the exact solution is y(t) = t2,

3n 1
Since the series form Y.;_,c, tz , is not applicable because we cannot get a form tz , so we

suppose the series mixed form or in the form:
Y = Y=o bnt™ (32)
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3
In order to apply our method, we must compute the functions y’,y",yz to complete the
fractional power series. So,
= Z?lo=0 bnn "t

= Yn=oban(n— 1) t"? (33)
— 1) (n+1) Tl—%
= N b 34

To get the solution of equations (31), substitute the expansion formulas of equations (32),(33)
and (34) into (31), getting :

3
S0 ban(n — 1) 4 30 by SO ndyy gz 2y 4\/§ r2. (35)

l"(n—5+1)
Forn = 0,1,2,3, ..., getting the values of the constants:

2b, + by =2, (Scalar value)

F(3)
r( ) \/—’

12b, + b, =1,  (Coefficient of t?)

So, b, = 1, and the remaining Coefficient are zeros , by substituting all the outputs in (32),

b, (Coefficient of té )

getting:
y = X% o but™ = by + byt + byt? + byt3+b,t*, ...,
We can easily obtain the exact solution y(t) = t2 . If we see the same example in [2] and make

a comparison between the results, we will obtain the same results.

Example 4.2:

Now if we solve the nonhomogeneous Bagley-Torvik equation:

3

D2 y(t) + D2y(t) + y(t) = 7t + %E +1,(t=0) (36)

With the initial conditions,y(0) =1, y'(0) =1.
Where the exact solution is y(t) =t3+t+1,

If we use the same steps in example (5.1) to solve equation (36), and use the same hypothesis

3n
Y =DmeoCnt?z + Yoo bnt™, we will get the following results :
2C2t + 6b3t + blt = 1 '
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6 g 3
ot by s 4oyt = Ltz
ré 3r(2) ! v

(_) —ot3 4 oyt3 4 bytd =

2b, +c1r(—) +co+ by =1,

5
—c3t +b4 () t2

12 byt? + byt> =0,
b,t* =0,

9

C3tE: 0

:0,

By identifying the coefficients, we can obtain the following:

C1=C3=b2=0andb1=1,WhereaSCO=b0= C2=b3=l

Finally, we obtain the solution of y(t) .
3
y(t) = Cp + CltE + C2t3+ bo + blt + bztz + b3t3,
=240+t s+t +0+-83,
2 2 2 2
Consequently, y(t) = 1+ t3 + t.
Return to reference [15], this equation has solved by fractional iteration method (VIM), for

comparing the results in our example and the same example in [15]. We obtained the same

results.

Example 4.3: Consider the nonhomogeneous Bagley-Torvik equation :

3

D2 y(6) + D2y(t) + y(t) = t +1 (¢ 2 0), (37)
With the initial condition y(0) = 1, y' (0)=1,
Whereas the exact solution y(t) =t + 1.

3n

To solve equation (37) by our method, we can use the hypotheses y = Yo oc,tz +
Z‘;’Lozo bntna
to get the same results. If we follow the same steps as the previous example, we can obtain the

solution y(t) =t + 1.
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Returning to example 2 in reference [9], we can see that they solved this example by
(Applying generalized differential transform) and obtained the same results.
In general, we can prove that our method can applied on most of these kinds of equations, as in

the applicable examples above.

Conclusion

A new method for solving fractional initial value problems of different fractional orders

(Dg, Dg ) has been applied, by using mixed power and fractional series solution. The usefulness
of this method is to get the exact solution of Bagley-Torvik equation and other
nonhomogeneous fractional differential equations. Consequently, we proved that the results we
obtained were very accurate as the results in the references [2], [9]and [15], by applying our

new method to the same examples.
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