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Abstract 

The purpose of this paper is to give a new definition for Expansion probabilistic inner product 

space (EPIP-space) is given. Based on this definition several convergence theorems and 

definition for (EPH-space) are instituted and introduced. More over several linear bounded 

operators are given with some properties of such operators studied in this paper.  
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 الخلاصة

 قدمنا التعريف هذا على وبالاعتماد (EPIPفضاء) الموسع الاحتمالي هلبرت لفضاء جديد تعريف اعطاء البحث من الهدف

 من مجموعه تعريف تم كذلك(. EPH فضاء)الموسع الاحتمالي هلبرت فضاء وعرفنا التقارب مبرهنات من مجموعه

 .بها المتعلقه النظريات وبرهان المحدوده الخطيه المؤثرات
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Introduction 

In 1994, S.S Chang, proposed the definition of a probabilistic inner-product space (PIP-space) 

[1]. In 2001 Yongfu Su. inserted a modification on this Chang𝑠 definition [2]. In 2007 Yongfu 

et al. introducing the definition of Probabilistic Hilbert Space (PH-space) [3]. In 2014 Radhi I. 

M. Ali et al. defined the adjoint operator on PH- Space [4]. In 2015 Radhi I.M. Ali et al. 

introduced the certain types of bounded operator on PH-space, also in proved that any operator 

on PH-space is self-adjoint operator [5]. A self-adjoint operator has several applications in the 

field of quantum machines [6,7]. The aim of this paper is introducing a new definition for the 

EPH- space. Based on the proposed definition, we concluded several basic properties results 

for this type of spaces such as boundedness, convergence and the relationship between bounded 

operator on EPH- space and PH- space. This paper is  organization as follows: section I is the 

introduction of the paper, section II shows the preliminaries, section III presents the PH- space 

and section IV presents the EPH-space. 

1. Preliminaries 

In this section we introduce several important definition and theorems of a PIP –space. 

Theorems in this section are stated without proof, and we will rely sources [4], [5], [8].  

Definition 1.1   

A function G from 𝑅̅ = [−∞, +∞] into I=[0,1] is called a distribution function ( df ), that is non-

decreasing and left continuous  with  𝑖𝑛𝑓 𝑡∈𝑅  G(t) = 0   , 𝑠𝑢𝑝𝑡∈𝑅 𝐺(𝑡) = 1  

 Definition 1.2 

A PIP –space is a triple (S, G ,⋆) where S is a real  linear space and G function from S×S  into 

D ( D: set of all df´s)   

is denoted by 𝐺𝑥,𝑦(𝑡) for each (x, y) ∈ S×S satisfies the following: 

(PIP-1)     𝐺𝑥,𝑥(0) = 0  , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝑆 
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(PIP-2)      𝐺𝑥,𝑦(𝑡) = 𝐺𝑦,𝑥(𝑡) . 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑎𝑛𝑑 𝑦 𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝑆  

(PIP-3)     𝐺𝑥,𝑥(𝑡) = 𝐻(𝑡) 𝑖𝑓𝑓𝑥 = 0   

                                       0         if      t ≤ 0 

Where      H(t) = 

                                       1          if     t > 0                              

(PIP – 4)    For x and y belong to S and ∝ real number  

                             𝐺𝑥,𝑦  (
𝑡

∝
)                    ∝> 0 

𝐺∝𝑥,𝑦(𝑡) =            𝐻 ( 𝑡)                          ∝ = 0 

                            1 - 𝐺𝑥,𝑦  (
𝑡

∝
+)           ∝< 0       

Where 𝐺𝑥,𝑦(𝑡 +) = lim
𝑡⇾𝑡+

𝐺𝑥,𝑦(𝑡1)   

(PIP- 5) If x with y is linearly independent then   Gx+y,z(t) = (Gx,z ∗ Gz,y)(t) 

Where ((Gx,z ∗ Gz,y)(t) =  ∫ Gx,z
+∞

−∞
(t − u)Gz,y(u) 

Definition 1.3: 

Assume that (S, G, ⋆) be a PIP space, if ∫ 𝑡𝑑 Gx,y(𝑡)
+∞ 

−∞
 

is convergent for all x, y ∈ S. 

Then (S, G, ⋆) is called PIP- space with mathematical exception (ME)  

Theorem 1.1: 

Assume that (S, G, ⋆) be a PIP space with ME. If  
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< x,y> =∫ 𝑡𝑑 𝐺𝑥,𝑦(𝑡)
+∞

−∞
    ,   ∀ 𝑥, 𝑦 ∈ 𝑆 

Then (S, G, ⋆) is inner – product space, so that (S, ||.||), is a normal space where ‖x‖ = √< 𝑥, 𝑥 >, 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝑆 

Definition 1.4 

Let (S, G, ⋆) be a PIP space with ME, then if S is completed in ‖. ‖ then is called PH-space. 

2. Probabilistic Hilbert Space  

This section consists of some important definitions and theorems of a PH- space, in this section 

we will rely sources, [4] and [5]. 

Theorem 2.1: (Riesz theorem)  

Let (S, G, ⋆) be a PIP space, for any Linear continues function g(x), ⁆ unique y ∈ S such that 

  g(x)= ∫ 𝑡𝑑 𝐺𝑥,𝑦(𝑡)
+∞

−∞
  ,   ⩝ 𝑥 ∈ 𝑠 

Definition 2.1: 

Let ( S,G,⋆) be  a PIP space , let L be a linear operator defined  on normed space S. Then  L is 

said to bounded in norm if    

⁆ a constant  M<0  S.t 

|‖LX‖≤ L ‖x‖, ⩝ x ∈S 

Definition 2.2: 

Let ( S,G,⋆) be  a PH-space with ME and let  L be a Linear operator on S Then L is said to be 

F-bounded operator if there exist a constant K>0 , S.t  

𝐺𝐿𝑥,𝐿𝑋(𝑡) ≥ 𝐺𝑥,𝑥 (
𝑡

𝑘
)    ,    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑆 
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 Theorem 2.2: 

 Let (S, G, ⋆) be a PH-space with ME. Let L be a Linear operator defined on S, then L is F-

bounded iff  L is bounded in norm on S. 

Theorem 2.3: 

Let (S, G, ⋆) be a PH-space, Let L be a continuous Linear operator defined on S then ⁆ unique 

𝐿⋆∈ (S, G, ⋆) linear operator satisfying: 

< L x, y> = < x, 𝐿⋆𝑦 >  , ∀ 𝑥, 𝑦 ∈ 𝑠  

𝐿⋆ is Adjoint operator. 

Definition 2.3: 

Let (S, G, ⋆) be a PH-space with ME, Let L be a Linear operator defined on S then L is self - 

adjoint operator if L=L
*
. 

Remark 2.1: 

1.Since S is real linear space, and < Lx,x> = ∫ 𝑡𝑑 𝐺𝐿𝑥,𝑥(𝑡)
+∞

−∞
  < ∞  Then < Lx, x> real for 

any x ∈S, L be a linear operator on S . 

2.L is self – adjoint   operator. 

3.(S, G, ⋆) is a real Hilbert Space. 

3. Expansion probabilistic Hilbert Space  

This section consists a new definitions and theorems about a EPIP-space, EPH-space and 

bounded linear operators on EPH-space. 

Definition 3.1: 

A EPIP- space is a triple (S+iS, G, ⋆) where: 
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S+ iS = {x+ iy : x, y ∈ S}, and G a function from  

S to D(as defined in the definition 2.2)  

Theorem 3.1: 

Let ( S+iS ,G,⋆) be a EPIP –space ,letting :  

< x+iy / u+iv >  = ∫ 𝑡𝑑 
+∞

−∞
𝐺𝑥,𝑢(𝑡) + ∫ 𝑡𝑑 

+∞

−∞
𝐺𝑦,𝑣(𝑡) + 𝑖(∫ 𝑡𝑑 

+∞

−∞
𝐺𝑥,𝑣(𝑡) − ∫ 𝑡𝑑 𝐺𝑦,𝑢(𝑡)

+∞

−∞
). 

                        = <x,u> + <y,v> + i(<x,v> - <y,u>)                     

For all (x+iy) and (u+iv) ∈ S+iS, where <.,.> the inner –product defined on S (Theorem 2.4). 

Then (S+iS, <./.>) is a EIP – space, so that (S+iS, ) is a Expansion normed space (EN-space),   

Where ‖x+iy‖=√< x, x > +< y, y > 

For all ( x+iy) ∈ S+iS. 

Proof:  

Respectively, we verify the conditions of inner product. we have: 

1.  <x+iy/x+iy> = ∫ td 
+∞

−∞
Gx,x(t) +    ∫ td 

+∞

−∞
Gy,y(t) + i(∫ td 

+∞

−∞
Gx,y(t) − ∫ td 

+∞

−∞
Gy,x(t))                   

                          =<x,x>+<y,y>+i(<x,y> -<y,x>)                                                                    

    By   theorem   2.4 we get: 

<x+iy/x+iy>=<x,x>+<y,y>     ≥ 0 

For all (x+iy) ∈ S+iS  

2.   < x+iy/x+iy> = < x,x>+<y,y>   ( from1) 

                            = 0 

If and only if   x=0  and y=0 for all x+iy ∈ S+iS 
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3. < x+iy/u+iv> = ∫ td 
+∞

−∞
Gx,u(t) + ∫ td 

+∞

−∞
Gy,v(t) + i(∫ td 

+∞

−∞
Gx,v(t) − ∫ td 

+∞

−∞
Gy,u(t)) 

By definition 2.2  we get : 

< x+iy / u+iv> = ∫ td 
+∞

-∞
Gu,x(t) + ∫ td 

+∞

-∞
Gv,y(t) + i(∫ td 

+∞

-∞
Gv,x(t)- ∫ td 

+∞

-∞
Gu,y(t) ) 

                        =  < u + iv x + iy >⁄̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

for all (x+iy) and ( u+iv) ∈ S+iS 

4. For all (x+iy) and ( u+iv) ∈ S+iS , and ∝ is a scalar we have : 

< ∝(x+iy) / ( u+iv) > = < ∝x+i∝y/ u+iv >  

=∫ td 
+∞

−∞
G∝x,u(t) + ∫ td 

+∞

−∞
G∝y,v(t) + i(∫ td 

+∞

−∞
G∝x,v(t) − ∫ td 

+∞

−∞
G∝y,u(t)) 

by the definition  2.2 and the theorem 2.4  we get : 

< ∝( x+iy) /(u+iv)<  = ∝<x,u>+∝<y,v>+i(∝<x,v>-∝<y,u>) 

                                 = ∝ (< x,u > + < y,v > + i(< x,v > - < y,u >)) 

                                = ∝ < x+iy/ u+iv> 

5. For all ( x+iy) , ( u+iv) and ( w+iz) ∈ S+iS 

  < ( x+iy )+(u+iv) /( w+iz)> = <( x+u) + i(y+v)/w+iz>) 

= ∫ td 
+∞

−∞
Gx+u,w(t) + ∫ td 

+∞

−∞
Gy+v,z(t) + i(∫ td 

+∞

−∞
Gx+u,z(t) − ∫ td 

+∞

−∞
Gy+v,w(t)) 

= < x+u,w>+<y+v,z> + i( <x+u,z>-<y+v,w>)  

By theorem   2.4   we get: 

< ( x+iy) +(u+iv)/w+iz> =< x,w>+< y,z> + i( <x,z>-<y,w>)+<u,w>+<v,z>+i(<u,z> - <v,w>) 

                                        =< x+iy/w+iz+< u+iv/w+iz> 
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Definition 3.2: 

Let ( S+iS,G,⋆) be a EPIP –space ,then :  

1. A sequence (𝒙𝒏 + 𝒊𝒚𝒏) in S+iS is say to be Ƭ- convergent to (x+iy) ∈ S+iS, if for every 

∈>0 and 𝝺>0 there exist positive integer N=N (∈, 𝝺) s.t: 

             Gxn−x,xn−x + Gyn−y,yn−y(∈) > 1 − λ  ,⩝ n > N 

2. A sequence (𝑥𝒏 + 𝒊𝒚𝒏)  in S+iS is say to be Ƭ- Cauchy sequence, if for every ∈>0 and 

𝝺>0 there exist positive integer N=N (∈, 𝝺), such that:    

  Gxn−xm,xn−xm
(∈) + Gyn−ym,yn−ym

(∈) > 1 − λ  ,⩝ n, m > N  

       

3. (S+iS,G,⋆) is say  to be Ƭ- complete if each  Ƭ- Cauchy sequence in  S+iS  is Ƭ- 

convergent in S+iS . 

 

4. A linear  function  f(x+iy) defined in S+S is called continuous , if for any sequence 

(𝒙𝒏 + 𝒊𝒚𝒏)   in S+iS that   Ƭ- converges to x+iy ∈ S+iS then f(𝒙𝒏 + 𝒊𝒚𝒏)  ⇾ f(x+iy) 

 

5.   If  S+iS  is complete in the ‖.‖ then S+iS is called Expansion probabilistic Hilbert Space          

( EPH- space ), where ‖x+iy‖ = √< x, x > +< y, y >   for   all x+iy ∈ S+iS . 

 

Theorem 3.2: 

 

Let (S+iS, G, ⋆) be a EPIP – space . For sequence ( 𝒙𝒏 + 𝒊𝒚 𝒏)  in S+iS, m –convergent (in 

norm, ‖.‖𝟐= <./.> = <.,.> +<.,.>) implies Ƭ- convergent. 

 

Proof:  

Let ( 𝒙𝒏 + 𝒊𝒚 𝒏)  m – convergent to a point (x+iy), then  

lim
n→∞

< ( xn + iy n) − (x + iy) ( xn + iy n) − (x + iy) >⁄  
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= lim
n→∞

 < ( xn − x) + i(y n − y) ( xn − x) + i(y n − y) > = 0⁄  

 

Which leads to  

lim
n→∞

(∫ td 
+∞

0

Gxn−x,xn−x(t) + ∫ td 
+∞

0

Gyn−y,yn−y(t) + i(∫ td 
+∞

0

Gxn−x,yn−y(t) − ∫ td 
+∞

0

Gyn−y,xn−x(t)) = 0 

By definition 2.2 we get: 

lim
n⇾∞

(∫ tdGxn−x,xn−x(t)
+∞

0

+ ∫ tdGyn−y,yn−y(t))
+∞

0

= 0                              (4 − 1) 

Hence for any ∈ > 0 , 0 < 𝝺<1,  observe: 

∫ tdGxn−x,x n−x(t) +
+∞

0

∫ tdGyn−y,yn−y(t)
+∞

0

= ∫ tdGxn−x,xn−x(t) +
∈

0

∫ tdGxn−x,xn−x(t)
+∞

∈

+  ∫ tdGyn−y,yn−y(t
∈

0

) + ∫ tdGyn−y,yn−y(t
+∞

∈

) 

 

= ∫ td(Gxn−x,xn−x + Gyn−y,yn−y)(t)
∈

0

  + ∫ td(Gxn−x,xn−x + Gyn−y,yn−y)(t)
+∞

∈

 

(4-2) 

≥  ∫ ∈ dt(Gxn−x,xn−x+Gyn−y,yn−y) 
+∞

∈

(𝑡) 

=∈ [1 − (Gxn−x,xn−x + Gyn−y,yn−y)(∈)]  

It follows from (4-1) and (4-2) that, ⁆ positive integer N, if n>N then 

 (Gxn−x,xn−x + Gyn−y,yn−y) (∈) > 1 − λ 

 So that ( xn + iyn) Ƭ- converges t  x+iy . 
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Definition 3.3: 

Let (S, G, ⋆) is a PH-space, and (S+iS, G, ⋆) be a EPH-space, let L is a linear operator on S. 

Defined T is a linear operator on S+iS as: for all (x+iy) ∈ S+iS  

T(x+iy) = Lx+iLy 

Definition 3.4: 

Let T de a linear operator defined on EPH-space S+iS, then T is say to be bounded in norm if: 

⁆ M >0 s.t: 

‖T(x+iy)‖ ≤  M ‖x+iy‖ , ⩝( x+iy) ∈ S+iS  

Theorem 4.3: 

Let L to be a linear operator on PH-space S and T be a linear operator on EPH-space S+iS,   

s.t:  

   T(x+iy) = Lx+iLy, ⩝ (x+iy) ∈ S+iS  

Then T is bounded if and only if L is bounded. 

Proof: 

Since L is bounded operator on S, then   ⁆ M > 0, s.t:  

||Lx|| ≤ M ||x||   , ⩝ x∈S 

‖ T(x +iy)‖𝟐  = ‖Lx+iLy‖𝟐 

= <  Lx + iLy/Lx + iLy ˃         

 = ∫ tdGLx,Lx(t)
+∞

−∞
+ ∫ tdGLy,Ly(t)

+∞

−∞
+ i(∫ tdGLx,Ly(t)

+∞

−∞
− ∫ tdGLy,Lx(t))

+∞

−∞
 

theorem   2.4    we get : By 

|| T( x+iy)‖2   = < Lx,Lx> + <Ly,Ly> 
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                        = ||Lx‖2+ ||Ly‖2 

              ≤ M2‖x‖2+ M2‖y‖2         

    =M2(‖x‖2+ ‖y‖2) 

              =  M2‖x + iy‖2 

Then ‖ T(x+iy) ‖ ≤ M ‖x+iy‖ 

T is bounded operator. 

Let T is bounded operator on S+iS , then ⁆ k > 0 , such that  

‖ T (x+iy)‖ ≤ k‖ x+iy‖ , ⩝ x+iy ∈ S+iS .  

‖ T( x+iy)‖𝟐 ≤ k2‖x + iy‖2 

=k2(‖x‖2+ ‖y‖2)      

=k2‖x‖2+k2 ‖y‖2   (4-3)                 

‖ T(x+iy) ‖𝟐= ‖ Lx+iLy‖𝟐
 

      

= ∫ tdGLx,Lx(t)
+∞

−∞

+ ∫ tdGLy,Ly(t)
+∞

−∞

 

+i(∫ tdGLx,Ly(t)
+∞

−∞

− ∫ tdGLy,Lx(t)
+∞

−∞

 

                  

                    = < Lx,Lx>+<Ly+Ly> 

                    = ‖𝑥‖2+‖𝑦‖2                      (4-4) 

From (4-3) and (4-4), we get  

‖Lx‖2+‖Ly‖2 ≤ k2‖x‖2+k2 ‖y‖2                                                    
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Then L is bounded operator. 

Definition 3.5: 

Let ( S+iS, G, ⋆) be a EPH – space, then: 

1. A linear operator C on S+iS  is say to be   complex conjugation  operator (CC– operator ) if :  

C(x+iy) = x-iy, ⩝ (x+iy) ∈ S+iS 

2. A linear operator P  on  S+iS   is say to be unitary flip operator ( UF- operator ) if :  

P(x+iy) = y-ix, ⩝ x+iy ∈ S+iS  

3. A bounded Linear operator T on  S+iS is say to be real If : 

CT=TC 

Remark 3.1: 

1.  The  UF – operator P satisfies :  

P = P⋆ = P−1 

2.  CC = I  

Theorem 3.4: 

Let T be a Linear   operator definition on EPH – space . Then T  is say to be bounded and real if there 

is a ( uniquely determined) pair  of  bounded operator Lj: S → S , j= 1,2 s.t : T( x+iy) = L1x +

iL2y , ∀x + iy ∈ S + iS  

Proof:  

 Let    Lj: S → S  , j= 1, 2 bounded operators and   

T (x+iy) = L1x + iL2y , ∀x + iy ∈ S + iS 

T ∁ (x + iy) = T (x-iy) 

                        = L1x + L2y 

                         = C(L1x + iL2y ) 

                         =   C T  (x + iy) 

Then TC =TC                                               (4-5) 

Since L1 and L2 bounded operator ⁆ M1, M2  > 0 s. t ∶ 
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‖L1x‖ ≤  M1 ‖x‖ 

‖L2y‖ ≤  M2 ‖y‖ 

For all x,y ∈ S  

‖ T (𝑥 + 𝑖𝑦) ‖2= ‖L1x + iL2y‖2 

= < 𝐿1𝑥 , 𝐿1𝑥 > + < 𝐿2𝑦 , 𝐿2𝑦 > 

= ‖ L1x‖2 + ‖ L2y ‖2 

≤ M1‖x‖2 + M2‖y‖2 

≤ M (‖𝑥‖2 + ‖𝑦‖2) 

Where  M2 = Max (M1
2, M2

2) 

‖ T (𝑥 + 𝑖𝑦) ‖2 ≤ 𝑀2(‖𝑥‖2 + ‖𝑦‖2) 

                       = 𝑀2‖𝑥 + 𝑖𝑦‖2 

‖ T (𝑥 + 𝑖𝑦)‖ ≤ 𝑀‖ 𝑥 + 𝑖𝑦‖                                    ( 4-6) 

Then T is bounded operator from (4-5) and (4-6) we get: The operator T is bounded and TC = 

CT   

Then T is real (definition 4.8) 

Theorem 3.5: 

 Let T be a Linear operator defined on EPH – space. Then T is say to be real and TP=PT, if 

there is  

 a (uniquely determined) bounded operator 𝐿: 𝑆 → 𝑆   s.t: T (𝑥 + 𝑖𝑦) = Lx + iLy , for all x +

iy ∈ S + iS 
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Proof: 

Let  L: S → S    be a linear bounded operator s.t:      

 T (𝑥 + 𝑖𝑦) = Lx + iLy for all   x + iy ∈ S + iS 

From theorem (4.10) we get: T is real  

PT (𝑥 + 𝑖𝑦) =P ( Lx + iLy) 

                     =  Ly − iLx 

                     = T (y − ix) 

                     = TP (x + iy) 

Then PT=TP  
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