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Abstract

The purpose of this paper is to give a new definition for Expansion probabilistic inner product
space (EPIP-space) is given. Based on this definition several convergence theorems and
definition for (EPH-space) are instituted and introduced. More over several linear bounded
operators are given with some properties of such operators studied in this paper.
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Introduction

In 1994, S.S Chang, proposed the definition of a probabilistic inner-product space (PIP-space)
[1]. In 2001 Yongfu Su. inserted a modification on this Changs definition [2]. In 2007 Yongfu
et al. introducing the definition of Probabilistic Hilbert Space (PH-space) [3]. In 2014 Radhi I.
M. Ali et al. defined the adjoint operator on PH- Space [4]. In 2015 Radhi .M. Ali et al.
introduced the certain types of bounded operator on PH-space, also in proved that any operator
on PH-space is self-adjoint operator [5]. A self-adjoint operator has several applications in the
field of quantum machines [6,7]. The aim of this paper is introducing a new definition for the
EPH- space. Based on the proposed definition, we concluded several basic properties results
for this type of spaces such as boundedness, convergence and the relationship between bounded
operator on EPH- space and PH- space. This paper is organization as follows: section | is the
introduction of the paper, section Il shows the preliminaries, section Il presents the PH- space

and section IV presents the EPH-space.

1. Preliminaries

In this section we introduce several important definition and theorems of a PIP —space.

Theorems in this section are stated without proof, and we will rely sources [4], [5], [8].
Definition 1.1

A function G from R = [—oo, +00] into 1=[0,1] is called a distribution function ( df), that is non-

decreasing and left continuous with inf ;cx G(t) =0 , supieg G(t) =1
Definition 1.2

A PIP —space is a triple (S, G ,x) where S is areal linear space and G function from SxS into
D ( D: set of all df’s)

is denoted by G, ,, (t) for each (x, y) € SxS satisfies the following:

(PIP-1) G, ,(0) =0 ,for all x belong to S
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(PIP-2) Gy (t) = Gy x(t) . for all x and y belong to S

(PIP-3) Gy x(t) =H()iffx=0

Where  H(t) =

(PIP-4) Forxandy belongto S and o real number

Gy (5) o> 0

<

I
=)

Gocx,y(t) = H(t) x

1-Gey (54) <0

<

Where G, ,,(t +) = JHBL Gy ()

(PIP- 5) If x with y is linearly independent then Gy, (t) = (Gyxz * Goy) (D)
Where ((Gyz * Gy )(6) = [ Gy (t— W)Gyy (W)

Definition 1.3:

Assume that (S, G, *) be a PIP space, if [ td Gy, (t)

is convergent for all x, y € S.

Then (S, G, *) is called PIP- space with mathematical exception (ME)

Theorem 1.1:;

Assume that (S, G, x) be a PIP space with ME. If
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<xy>=[""td G, (t) , Vx,y €S

Then (S, G, %) is inner — product space, so that (S, ||.||), is a normal space where Ixl =+/< x, x >,
for all x belong to S

Definition 1.4
Let (S, G, x) be a PIP space with ME, then if S is completed in I. I then is called PH-space.

2. Probabilistic Hilbert Space

This section consists of some important definitions and theorems of a PH- space, in this section
we will rely sources, [4] and [5].

Theorem 2.1: (Riesz theorem)

Let (S, G, ) be a PIP space, for any Linear continues function g(x), { unique y € S such that
g(x)= f td Gyy(t) , ¥XEs
Definition 2.1:

Let ( S,G,*) be aPIP space, let L be a linear operator defined on normed space S. Then L is
said to bounded in norm if

] a constant M>0 S.t
ILX||< L |||, ¥ X €S
Definition 2.2:

Let ( S,G,x) be a PH-space with ME and let L be a Linear operator on S Then L is said to be
F-bounded operator if there exist a constant K>0 , S.t

t
Graix(t) = Gyy (E) , forallx€S

Vol: 14 No: 3, July 2018 62 P-ISSN:_ 2222-8373
DOI: http://dx.doi.org/10.24237/djps.1403.417A E-ISSN: 2518-9255




DIYALA JJOURNAL FOR PURE SC

IENCES

= =

On Definition of Expansion Probabilistic Hilbert Space

Ahmed Hasan Hamed

Theorem 2.2:

Let (S, G, x) be a PH-space with ME. Let L be a Linear operator defined on S, then L is F-

bounded iff L is bounded in norm on S.

Theorem 2.3:

Let (S, G, x) be a PH-space, Let L be a continuous Linear operator defined on S then ] unique

L*€ (S, G, *) linear operator satisfying:
<LX,y>=<x,L'y >, Vx,y €s
L* is Adjoint operator.

Definition 2.3:

Let (S, G, x) be a PH-space with ME, Let L be a Linear operator defined on S then L is self -

adjoint operator if L=L".
Remark 2.1:

1.Since S is real linear space, and < Lx,x> = f td G (t) < oo Then < Lx, x> real for

any x €S, L be a linear operatoron S .
2.L is self — adjoint operator.
3.(S, G, *) is a real Hilbert Space.

3. Expansion probabilistic Hilbert Space

This section consists a new definitions and theorems about a EPIP-space, EPH-space and

bounded linear operators on EPH-space.
Definition 3.1:

A EPIP- space is a triple (S+iS, G, x) where:
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S+iS={x+1y: X,y € S}, and G a function from

S to D(as defined in the definition 2.2)

Theorem 3.1:

Let ( S+iS,G,*) be a EPIP —space ,letting :

<xHy [uHiv> = [T7td Gy (0 + [T td Gyp(®) + ([0 td Gy (8) — [ td Gy ().
= <X,U> + <y,Vv> + (<X, V> - <y,u>)

For all (x+iy) and (u+iv) € S+iS, where <.,.> the inner —product defined on S (Theorem 2.4).

Then (S+iS, <./.>) isa EIP —space, so that (S+iS,][. ||) is a Expansion normed space (EN-space),

Where [|Ix+iy||=\/< x,x > +<y,y >
For all ( x+iy) € S+iS.
Proof:
Respectively, we verify the conditions of inner product. we have:
1. <x+iylxHy> = [T GO+ [T otd Gyy (0 + ([ td Gy () — [ td Gy (D)
=<X, X>H<Y, y>+Hi(<X, > -<y,X>)
By theorem 2.4 we get:
<xHy/XHy>=<x,x>+<y,y> >0
For all (x+iy) € S+iS
2. < XHIYIXHIY> = <x,x>+<y,y> (froml)
=0

If and only if x=0 and y=0 for all x+iy € S+iS
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3. < xHylu+iv> = [T7td Gy + [T td Gy (0 + 17 td Gyy () = [ td Gy ()
By definition 2.2 we get :

< X+Hiy [ utiv> = f td Gyx(t) +f td Gy (t) +1(f td Gy (t)- f td Gyy ()

= <u+w/x+1y>
for all (x+iy) and (u+iv) € S+iS
4. For all (x+iy) and (u+iv) € S+iS, and « is a scalar we have :

< oc(X+iy) / (u+iv) > = < ocex+ixy/ u+iv >

=J 0t Gaogu(®) + 1t Gy (8 + 10/ td G (8) = [t Gy, ()
by the definition 2.2 and the theorem 2.4 we get :
< o¢( X+iy) /(uHiv)> = <X, U>+X<Y,V>+i(X<X,V>-X<Y,U>)
=X (KXU>+<YyV>+i(<XV>-<yu>))
= o < X+Hiy/ utiv>
5. For all ( x+iy) , (u+iv) and (w+iz) € S+iS

< (x+Hiy )+H(u+iv) /(w+iz)> = <( x+u) + i(y+v)/w+iz>)

= [77td G + [0 td Gy (0 + 1S td Gyyuz(0) = [ td Gy (0)

= < X+U,W>+<y+V,z> + i <X+U,z>-<y+V,W>)

By theorem 2.4 we get:

< (x+Hiy) HUHIV)IwHiZ> =< X, W>+< y,7> + i <X,Z>-<y,W>)+<U,W>+<V,Z2>+i(<U,z> - <V,W>)

=< X+Hiy/w+iz+< u+iviw+iz>
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Definition 3.2:
Let ( S+iS,G,*) be a EPIP —space ,then :

1. A sequence (x,, + iy,) in S+iS is say to be T- convergent to (x+iy) € S+iS, if for every

€>0 and A>0 there exist positive integer N=N (€, A) s.t:
Gy, —xxp-x T Gy —yy,—y(€) > 1—24 ¥n >N

2. A sequence (x, + iy,) in S+iS is say to be T- Cauchy sequence, if for every €>0 and
A>0 there exist positive integer N=N (€, A), such that:

G (€)+ Gy, —y yu-yn(E) >1—A ¥n,m>N

Xn—Xm,Xn—Xm

3. (S+iS,G,x) is say to be T- complete if each T- Cauchy sequence in S+iS is T-

convergent in S+iS .

4. A linear function f(x+iy) defined in S+S is called continuous , if for any sequence

(xn + iy,) inS+iSthat T- converges to x+iy € S+iS then f(x,, + iy,) — f(x+iy)

5. If S+iS is complete in the ||| then S+iS is called Expansion probabilistic Hilbert Space

( EPH- space ), where ||x+iy|| = \/< x,x > +<y,y > for all x+iy € S+iS.
Theorem 3.2:

Let (S+iS, G, x) be a EPIP — space . For sequence ( x,, + iy ,) in S+iS, m —convergent (in

norm, ||.||?= <./.> = <.,>+<.,.>) implies T- convergent.

Proof:
Let ( x, + iy,) m—convergent to a point (x+iy), then

lim < (xp +iyn) = (x +1y) /(xn +1iyn) — (X +1iy) >
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=lim < (xp =) +iyn=y) /(Xn =) +i(yn—y) >=0

Which leads to

+00

im (] td Gy —yx,—x() + f
0

n-oo
0

+00

+00 +oo

td Gy, _yy.—y () +i( f td Gy, —xy,—y () — f td Gy, _yx —x(t)) =0
0 0

By definition 2.2 we get:

400 + oo

lim (| tdGy, _xx,-x(D + f tdGy _yy —y(0) =0 4-1

n—»oo 0 0

Hence forany € >0, 0 < A<l1, observe:

+00 +o00
f tdGy _yx,—x(O + f tdGy _yy (D
0 0

€ +0oo

+0oo €
F f tdGy, —yx,-x (O + f tdGy,_ _yx,—x(t) + j tdGy, —yy,—y (D) + f tdGy, _yy. -y (D)
0 € 0 €

400

€
— [ CGrpstan * Gy )+ [ Wy x + Gy )O
0 €

(4-2)
400
2 f E dt(GXn—X,Xn—X+ Gyn—y,yn—y) (t)
€

=€[1- (Gxn—x,xn—x + Gyn—y,yn—y) )]

It follows from (4-1) and (4-2) that, | positive integer N, if n>N then

(Gxn—x,xn—x + Gyn—y,yn—y) (E) >1-2A

So that ( x,, + iy,) T- converges t x+iy .
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Definition 3.3:

Let (S, G, x) is a PH-space, and (S+iS, G, ) be a EPH-space, let L is a linear operator on S.

Defined T is a linear operator on S+iS as: for all (x+iy) € S+iS
T(x+iy) = Lx+iLy
Definition 3.4:

Let T de a linear operator defined on EPH-space S+iS, then T is say to be bounded in norm if:
] M >0s.t:

ITXXHY)|| < M ||x+iy|| , ¥( X+iy) € S+IS
Theorem 4.3:

Let L to be a linear operator on PH-space S and T be a linear operator on EPH-space S+iS,

s.t:
T(x+iy) = Lx+iLy, ¥ (x+iy) € S+iS
Then T is bounded if and only if L is bounded.
Proof:
Since L is bounded operator on S, then | M >0, s.t:
ILX|| <M ||x|| , ¥ X€ES
| T(x +iy)[I* = [|ILx+iLy||?
=< Lx+iLy/Lx +iLy >
= [ tdGre () + [ tdGry Ly () + (S tdGr Ly () = [ tdGry 1 ()
theorem 2.4 we get: By

| T(x+iy)||> =< Lx,Lx>+<Ly,Ly>
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= [ILx]12+ [ILyl|®
< M?||x||2+ M?||y||?
=M2([Ix]1%+ llylI*)

= M?|Ix +iy||?
Then || T(x+iy) || <M ||x+iy|]
T is bounded operator.
Let T is bounded operator on S+iS , then] k>0, such that
| T (x+iy)|| < k|| x+iy|| , ¥ x+iy € S+iS .
| T(x+iy)lIZ <k?Ix + iy|l?
=k?([Ix[I?+ llyllI*)
=k?||x[|>+k? [lylI* (4-3)

[| TOx+iy) 1I2= || Lx+iLy]|?

+00 +oo
= f td-GLX,LX (t) =+ f thLy,Ly (t)

— 00

+o0 +o0
+i( f tdGyry (6) — f tdGyy,x(D)

=< Lx,Lx>+<Ly+Ly>
= [lxl2+lylI? (4-4)
From (4-3) and (4-4), we get

ILx]|2+ILyl? < k2||x]|?+k? [|y]|*
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Then L is bounded operator.
Definition 3.5:

Let ( S+iS, G, ) be a EPH — space, then:

DIYALA JOURNAL FOR PURE SCIENCE

S

A linear operator C on S+iS is say to be complex conjugation operator (CC— operator ) if :

C(x+iy) = x-iy, ¥ (X+iy) € S+iS

A linear operator P on S+iS is say to be unitary flip operator ( UF- operator ) if :

P(Xx+iy) = y-ix, ¥ X+iy € S+iS

A bounded Linear operator T on S+iS is say to be real If :

CT=TC

Remark 3.1:

The UF — operator P satisfies :
P=P*=PpP!

CC=1

Theorem 3.4:

Let T be a Linear operator definition on EPH —space . Then T is say to be bounded and real if there

is a (uniquely determined) pair of bounded operator Lj:S = S, j=1,2s.t: T(x+iy) = Lix +

iLyy,vVx+1iy € S+1iS

Proof:

Let L;:S— S ,j=1,2bounded operators and
T (x+iy) = Lix +il,y,Vx +iy € S+1iS
TC(x+1iy) =T (x-iy)

=L;ix+ Ly

=C(Lyx+1iLyy)
= CT (x+1iy)
Then TC =TC (4-5)

Since L, and L, bounded operator { M;,M, > 0s.t:
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ILxIl = My [Ix]|

IL2yll < M |lyll

Forall x,y € S

I T (x +iy) 1= [ILyx + iLoyl|?

=<Lix,Lix>+<Lyy,Ly >

= || Lyx|? + || Loy |I?

< My [|x]1> + M [lylI?

<M (llxI* + lIyll*)

Where M2 = Max (M;%,M,?)

T (e + i) 12 < M2(lxI? + 1yl
= M?||x + iy||?

IT (x+ iyl < M|l x + iyl (4-6)

Then T is bounded operator from (4-5) and (4-6) we get: The operator T is bounded and TC =
CT

Then T is real (definition 4.8)
Theorem 3.5:

Let T be a Linear operator defined on EPH — space. Then T is say to be real and TP=PT, if

there is

a (uniquely determined) bounded operator L: S - S s.t: T (x + iy) = Lx + iLy, for all x +
ly €S+iS

P-1SSN: 2222-8373
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Proof:
Let L:S— S bealinear bounded operator s.t:
T(x+iy)=Lx+iLyforall x+iy € S+iS
From theorem (4.10) we get: T is real
PT (x + iy) =P ( Lx + iLy)
= Ly —ilx
=T(y—ix)
=TP (x +iy)

Then PT=TP
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