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Abstract 

In this paper, we introduce a new norm and modulus in weighted spaces )𝑳𝒑,𝜷(𝑿)) of order 𝒌. 

Via these modulus, we prove the direct and inverse spline approximation inequalities of 

unbounded functions in weighted spaces )𝑳𝒑,𝜷(𝑿)  ( ; 0 < 𝑝 ≤ 1 which is the main results of 

our paper. 
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 ( بواسطة متعددات الحدود النقطية𝑳𝒑,𝜷(𝑿)حول التقريب في فضاءات الوزن )

 4شهد جاسم محمود و  3، علاء محمود فرحان الجميلي2، علاء عدنان عواد1روكان خاجي محمد

 جامعة ديالى - كلية العلوم - قسم الرياضيات 4، 1
 جامعة الأنبار -كلية التربية للعوم الصرفة - قسم الرياضيات3، 2

 الخلاصة

وباستعمال هذه المقاييس نقوم ببرهنة عدداً من  kفي هذا البحث نقدم معياراً ومقاييساً جديدة  في فضاءات الوزن  من الرتبة 

 (  بواسطة تقريب متعددات الحدود  𝐿𝑝,𝛽(𝑋)المتراجحات المباشرة والمعكوسة للدوال غير المقيدة في فضاءات الوزن )

 . ، ا لدوال غير المقيدة، فضاءات الوزن النقطيةالمتراجحات المباشرة والمعكوسة،  متعددات الحدود مفتاحية:  الكلمات

 

Introduction 

Direct and inverse theorems which establish a relationship between the degree of best 

approximation of unbounded functions in weighted space with respect to spline polynomials 

and modulus of continuity of order 𝒌. In 1998 Radzievakii and Zeng studied direct and 

inverse theorems [1, 2], using the notation of a 𝒌-functional has two-sided estimates with 

regard to the modulus of continuity at least for bounded 𝐶0 −groups. The purpose of this 

article is developing a theory of direct and converse theorems for spline approximation in 

weighted space (𝐿𝑝,𝛽(𝑋)), 0 < 𝑝 ≤ 1. This result were proved by Gorbachuk and Grushk [3, 

4] and extended by Kochurov and Zoha [5, 6]. However the present article deals with a rather 

different setting which somehow related to the direct and inverse inequalities see [7]. Let 𝑋 =

[0,1] be the periodic unit interval and 0 < 𝑝 ≤ 1 and W be the set of all weight functions. 

Then as usual, the weighted space 𝐿𝑝,𝛽(𝑋) is the quasi-norm of all unbounded functions 

which the following norm: 

‖𝑓‖𝑝,𝛽 = (ʃ𝑋|𝑓(𝑥)𝛽(𝑥)|𝑝𝑑𝑥)
1

𝑝 < ∞                                                         … (1) 
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Where  𝛽: 𝑋 → ℝ+ the weight function on 𝑋 such that,|𝑓(𝑥)𝛽(𝑥)| < 𝑀; 𝑀 is positive real 

number. 

Let us recall some definitions of modulus of order 𝑘 which are used through this article. The 

𝑘𝑡ℎ symmetric difference of 𝑓 is given by:  

∆ℎ  
𝑘 𝑓(𝑥) = {

∑ (−1)𝑘+𝑖𝑘
𝑖=0  (

𝑘
𝑖

)  𝑓(𝑥 + 𝑖ℎ)           , 𝑖𝑓  𝑥, 𝑥 + 𝑖ℎ ∈ 𝑋

           0                                             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 }     ... (2) 

Where  𝑘 = 1,2,3, … . 

Then the 𝒌𝒕𝒉  modulus of continuity of 𝑓 ∈ 𝐿𝑝,𝛽(𝑋) is defined by: 

𝜔𝑘(𝑓, 𝜂)𝑝,𝛽 = 𝑠𝑢𝑝⏟
0≤ℎ<𝜂

‖∆ℎ 
𝑘 𝑓(. )‖

𝑝,𝛽
 ,                  0 < 𝜂 < 1      … (3) 

Also, the 𝑘𝑡ℎ modulus of continuity of, 𝑔 ∈ 𝐿𝑝,𝛽(𝑋) , 0 < 𝑝 ≤ 1 which satisfies the 

following properties: 

𝜔𝑘(𝑓 + 𝑔, 𝜂)𝑝,𝛽
𝑝 ≤ 𝜔𝑘(𝑓, 𝜂)𝑝,𝛽

𝑝 + 𝜔𝑘(𝑔, 𝜂)𝑝,𝛽
𝑝

     … (4) 

𝜔𝑘(𝑓, 𝜉)𝑝,𝛽 ≤ 𝐶(
𝜉

𝜂
)

𝑘+1

𝑝  𝜔𝑘(𝑓, 𝜂)𝑝,𝛽 𝜂 < 𝜉 & 𝐶 > 0    … (5) 

 𝜔𝑘(𝑓, 𝜂)𝑝,𝛽 ≤ 𝐶 𝜔𝑘−1(𝑓, 𝜂)𝑝,𝛽 ≤ 𝐶‖𝑓‖𝑝,𝛽      … (6) 

Let 𝑛 = 1,2, … …  the partitions of 𝑋 is y setting  

Π𝑛 = {0 = 𝑗0,𝑛 < 𝑗1,𝑛 < 𝑗2,𝑛 < ⋯ < 𝑗𝑛−1,𝑛 < 1}, are defining by: 

𝓈𝑖,𝑛 = {
2−𝑙−1 . 𝑖     ; 𝑖 = 0,1, … ,2𝑗

1 − 2−𝑙 . (𝑛 − 𝑖) ;   𝑖 = 2𝑗, … , 𝑛 − 1
} 

For  𝑛 = 2−𝑙 + 𝑗 > 1 where 𝑗 = 1,2, … , 2𝑙 and 𝑙 = 0,1,2, … are a unique determined by 𝑛. 

Furthermore, we set:  
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           𝓈𝑙𝑛+𝑖,𝑛 = 𝓈𝑖,𝑛  , 𝓈΄
𝑙𝑛+𝑖,𝑛 = 𝓈𝑖,𝑛 + 𝑙 , 𝑙 = 0, ∓1, …  . 

For 𝑘 = 0,1,2, … we denoted by 𝒮𝑛
(𝑘)

(𝑋) the n-dimensional subspace of 𝐶(𝑘−1)(X)  (of 𝐿∞(X) 

if  𝑘 = 0 ) consisting of all periodic spline functions of order k with respect to Π𝑛 . 

The corresponding 𝐵-splines 

𝑆𝑖,𝑛
(𝑘)(𝑥) = ∑ 𝑆𝑙𝑛+𝑖,𝑛

(𝑘)
(𝑥)∞

𝑙=−∞ , where, 𝑆𝑙,𝑛
(𝑘)(𝑥) = (𝓈΄

𝑙+𝑘+1,𝑛 − 𝓈΄
𝑙,𝑛)[𝓈΄

𝑙,𝑛, … , 𝓈΄
𝑙+𝑘+1,𝑛, (𝓈 −

𝑥)𝑘], 𝑥 ∈ (−∞, ∞), have the following properties 

𝑠𝑢𝑝𝑝𝑆𝑖,𝑛
(𝑘)(𝑥) = [𝓈𝑖,𝑛, 𝓈𝑖,𝑛+𝑘+1]      … (7) 

∑ 𝑆𝑖,𝑛
(𝑘)(𝑥) = 1 , 𝑆𝑖,𝑛

(𝑘)(𝑥)𝑛−1
𝑖=0 ≥ 0   ,∀ 𝑥 ∈ 𝑋    … (8) 

{𝑆𝑖,𝑛
(𝑘)(𝑥)}

𝑖=0

𝑛−1

  Form an algebraic basic in 𝑆𝑛
(𝑘)(𝑥)   … (9) 

𝑑

𝑑𝑥
𝑆𝑖,𝑛

(𝑘)(𝑥) = 𝑘 {
𝑆𝑖,𝑛

(𝑘)
(𝑥)

𝓈΄
𝑖+𝑘,𝑛−𝓈΄

𝑖,𝑛
−

𝑆𝑖,𝑛
(𝑘)

(𝑥)

𝓈΄
𝑖+𝑘+1,𝑛−𝓈΄

𝑖,𝑛
}    … (10) 

If 𝜓(𝑥) ∈ 𝒮𝑛
(𝑘)

(𝑋) & (𝑥) = ∑ 𝛼𝑖
𝑛−1
𝑖=0 𝑆𝑖,𝑛

(𝑘)(𝑥) ,    … (11) 

Then 1 ≤ 𝑝 < ∞  ,𝐶(𝑝){∑ 𝑛−1|𝛼𝑖|
𝑝𝑛−1

𝑖=0 }
1

𝑝  ≤ ‖𝜓‖𝑝,𝛽 ≤ 𝐶∗(p){∑ 𝑛−1|𝛼𝑖|
𝑝𝑛−1

𝑖=0 }
1

𝑝   

Where 𝐶(𝑝) and 𝐶∗(p) are constant independent of 𝜓(𝑥) & 𝑛. 

If n = 2𝑗  , then: 

 𝑆𝑖,𝑛
(𝑘)(𝑥) = 𝑆𝑖,𝑛

(𝑘)
(𝑥 − 𝑖. 2𝑗)        …  (12) 

Our interesting is about approximation of unbounded functions in weighted space 𝐿𝑝,𝛽(𝑋) by 

spline polynomial belong to, 𝒮𝑛
(𝑘)

(𝑋). For 𝑓 ∈ 𝐿𝑝,𝛽(𝑋) , let  

ℰ𝑛
(𝑘)

(𝑓)𝑝,𝛽 = 𝑖𝑛𝑓{‖𝑓 − 𝑆𝑛‖𝑝,𝛽 , 𝑆𝑛 ∈ 𝒮𝑛
(𝑘)

}      ... (13) 



 

   

On the Approximation in the Weighted Spaces (𝑳𝒑,𝜷(𝑿)) via Spline Polynomials 

           Rokan Khaji Mohammed, Alaa Adnan Auad, Alaa Mahmood Farhan and    

Shahad Jassem Mahmood 

 

221 Vol: 14 No:1, January 2018 

DOI : http://dx.doi.org/10.24237/djps.1401.380D 

     P-ISSN: 2222-8373 

     E-ISSN: 2518-9255   

be the degree of best spline approximation of unbounded functions in 𝐿𝑝,𝛽(𝑋) have the 

following properties: 

ℰ𝑛
(𝑘)

(𝑓+𝑔)𝑝,𝛽 ≤ ℰ𝑛
(𝑘)

(𝑓)𝑝,𝛽 + ℰ𝑛
(𝑘)

(𝑔)𝑝,𝛽    ... (14) 

ℰ𝑛
(𝑘)

(𝜉𝑓)𝑝,𝛽 ≤ |𝜉| ℰ𝑛
(𝑘)

(𝑓)𝑝,𝛽      ... (15) 

ℰ𝑛
(𝑘)

(𝑓)𝑝,𝛽 ≤ ℰ𝑛−1
(𝑘)

(𝑓)𝑝,𝛽      ... (16) 

ℰ𝑛
(𝑘)

(𝑓 + 𝑆𝑛)𝑝,𝛽 ≤ ℰ𝑛
(𝑘)

(𝑓)𝑝,𝛽     ... (17) 

For, , 𝑔 ∈ 𝐿𝑝,𝛽(𝑋), 𝑆𝑛 ∈ 𝒮𝑛
(𝑘)

 and 𝜉 scalor. 

Auxiliary lemmas 

Lemma 1 [8] 

Let 𝑘 = 1,2,3, … .. , 𝓈 = 0,1,2, … .. and 𝑛 = 2𝑗 > 𝑠 + 𝑘 + 1 be given. Then for every spline              

 𝜓(𝑥) = ∑ 𝛼𝑖𝑆𝑛
(𝑘)

 ∈ 𝒮𝑛
(𝑘)

(𝑋)𝑛−1
𝑖=1  , there exist a step function 

 𝒻(𝑥) ∈ 𝒮𝑛
(0)

(𝑋), such that  

𝜓(𝑥) − 𝒻(𝑥) = ∑ 𝐴𝑠(𝑥)𝑛−1
𝑠=0         ...  (18) 

Where the function 𝐴𝑠(𝑥)  , 𝑠 = 0,1, … , 𝑛 − 1 satisfy 

𝑠𝑢𝑝𝑝 𝐴𝑠(𝑥) ⊂ [𝓈𝑛,𝑠, 𝓈𝑛,𝑠+𝓈+1) = 𝐼𝑛,𝑠     ...  (19) 

‖𝐴𝑠‖∞ ≤ 𝐶 ∑ |∆𝛼𝑖|
𝑠−1
𝑖=𝑠−𝑘       …  (20) 

Where  𝛼𝑠+𝑖,𝑛 = 𝛼𝑖 for 𝑖 = 0,1, … , 𝑛 − 1 , 𝑠 = 0, ∓1, ∓ ⋯   

and 

  ʃ𝐼0,𝑠
𝐴𝑠𝑐(𝑥 + 𝓈𝑛,𝑠) 𝑥𝑞𝑑𝑥 = 0, 𝑞 = 0,1, … , 𝑠     …  (21) 
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The positive constant 𝐶 in eq. (20) is independent of 𝑛 & 𝜓(𝑥). 

Lemma 2 

If 𝑘° = 0,1,2, … , 𝑘 > 𝑘°, 0 < 𝑝 ≤ 1 and 𝑛 = 2𝑗 > 𝑘 + 1, then for any 𝜓(𝑥) ∈ 𝒮𝑛
(𝑘)

(𝑋), there 

exist a spline 𝜓(𝑥) ∈ 𝒮𝑛

(𝑘°)
(𝑋) satisfying  

‖𝜓 − 𝜓°‖
𝑝,𝛽

≤ 𝐶𝜔𝑘°(𝜓,
1

𝑛
)𝑝,𝛽      … (22) 

Proof:  

Let  𝜓(𝑥) = ∑ 𝛼𝑖𝑆𝑖(𝑥)𝑛−1
𝑖=0   be the B-spline with respect to, 𝜓(𝑥). 

From eq. (10) we have, 𝜓(𝑘°)(𝑥) =
𝑑𝑘°

𝑑𝑥𝑘° 𝜓(𝑥) = 𝑛𝑘°
∑ ∆𝑘°

𝛼𝑖−𝑘𝑆(𝑘−𝑘°)(𝑥)𝑛−1
𝑖=0 , where         

𝑆(𝑘−𝑘°) ∈ 𝒮𝑛

(𝑘−𝑘°)
(𝑋). 

By lemma (1) there is 𝜓1

(𝑘°)
(𝑥) such that, 𝜓(𝑘°)(𝑥) − 𝜓1

(𝑘°)
(𝑥) = ∑ 𝐴𝑠(𝑥)𝑛−1

𝑠=0 , where  𝐴𝑠(𝑥) 

satisfies eq. (19), (20) and eq. (21), we have 

‖𝐴𝑠‖∞ ≤ 𝐶𝑛𝑘  ∑ |∆𝑘°+1𝛼𝑖|
𝑠−𝑘°−1
𝑖=𝑠−𝑘      ...  (23) 

We consider the functions  

𝐺𝑠(𝑥) = ∫ … ∫ 𝐴𝑠(𝑦𝑘°)𝑑𝑦𝑘° … 𝑑𝑦1
𝑦

𝑘°−1

𝑗𝑠

1

𝑗𝑠
      ...  (24) 

By using eq. (19), (20), (23) and eq. (24), we have  

𝑠𝑢𝑝𝑝 𝐺𝑠(𝑥) ⊂ 𝐼𝑠       ... (25) 

‖𝐺𝑠‖∞ ≤ 𝐶 {∑ |∆𝑘°+1𝛼𝑖|𝑛
𝑝𝑠−𝑘°−1

𝑖=𝑠−𝑘 } |𝐼𝑠|𝑝     … (26) 

∫ 𝐺𝑠(𝑥 +
𝐼0,𝑠

𝑗𝑠) 𝑥𝑞𝑑𝑥 = 0 , 𝑞 = 0, … , [
1

𝑝−1
]      … (27) 
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Thus the functions 𝐺𝑠(𝑥) are multiples of (𝑝, ∞, [
1

𝑝−1
]) and by eq. (11) and eq. (12) we get 

𝜓(𝑥) − 𝜓°(𝑥) = ∑ 𝐺𝑠(𝑥)𝑛−1
𝑠=0   

‖∑ 𝐺𝑠
𝑛−1
𝑠=0 ‖𝑝.𝛽 = (ʃ𝑋|∑ 𝐺𝑠(𝑥)𝑛−1

𝑠=0  . 𝛽(𝑥)|𝑝𝑑𝑥)
1

𝑝   

≤ 𝐶(ʃ𝑋 (∑ (∑ |∆𝑘°+1𝛼𝑖(𝑥) 𝛽(𝑥)|𝑠−𝑘°−1
𝑖=𝑠−𝑘

𝑝
)𝑛−1

𝑠=0 ) 𝑑𝑥)
1

𝑝  

≤  𝐶(ʃ𝑋 (∑ |∆𝑘°+1𝛼𝑖(𝑥) 𝛽(𝑥)|
𝑝

𝑛−1
𝑠=0 ) 𝑑𝑥)

1

𝑝   

≤  𝐶(ʃ𝑋 (∑ |∆𝑘°+1𝛼𝑖(𝑥)𝑆𝑖(𝑥) 𝛽(𝑥)|
𝑝

𝑛−1
𝑠=0 ) 𝑑𝑥)

1

𝑝  

≤ 𝐶 ‖∆𝑛−1
𝑘°+1 𝜓‖

𝑝,𝛽
  

≤ 𝐶𝜔𝑘°(𝜓, 𝑛−1)𝑝,𝛽 .∎ 

Lemma 3 

If (𝑥) ∈ 𝒮𝑛
(𝑘)

(𝑋) , 𝑘 = 0,1,2, … , 𝑛 = 2,3, … and 0 < 𝑝 ≤ 1, then: 

‖∆ℎ
𝑘𝜓‖

𝑝,𝛽
≤ 𝐶(ℎ𝑛)𝑘‖𝜓‖𝑝,𝛽          … (28) 

 Where  0 ≤ ℎ ≤
𝐶

𝑛
 , 𝐶 > 0 independent of 𝑛, ℎ. 

Proof:  

Let 𝑘, 𝑛 and 𝜓(𝑥) be as above, 𝑙 = 1,2, … and 
1

𝑙
< 𝑝 < 1. Then  

‖∆ℎ
𝑙 𝜓‖

𝑝,𝛽
≤ 𝐶(ℎ𝑛)𝑙‖𝜓‖𝑝,𝛽         ... (29) 

We will to prove eq. (29). Let ∆ℎ
𝑙 𝜓(𝑥) = ∑ 𝛼𝑖∆ℎ

𝑙 𝑆𝑖(𝑥)𝑛−1
𝑖=0    ... (30) 

be the formula for the difference of order 𝑙 to the 𝐵-spline of 𝜓(𝑥). 
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It’s clear for 𝑛 ≥ 𝑛(𝑘, 𝑙) and 0 ≤ ℎ ≤ 𝐶(𝑘, 𝑙)
1

𝑛
 . 

The functions ∆ℎ
𝑙 𝑆𝑖(𝑥) have the following properties 

𝑠𝑢𝑝𝑝∆ℎ
𝑙 𝑆𝑖(𝑥) ⊂ 𝐼𝑖 = [𝓈𝑖−1 , 𝓈𝑖+𝑘+1)        ...  (31) 

∫ ∆ℎ
𝑙 𝑆𝑖(𝑥 + 𝓈𝑖−1)𝑥𝑞𝑑𝑥 = (−1)𝑙 ∫ 𝑆𝑖(𝑥 + 𝓈𝑖−1)∆ℎ

𝑙|𝐼𝑖|

0

|𝐼𝑖|

0
𝑥𝑞𝑑𝑥 = 0   ... (32) 

𝑞 = 0,1, … , 𝑙 − 1 , and from eq. (7), we have  

‖∆ℎ
𝑙 𝑆𝑖‖𝑝,𝛽

≤ 𝐶(ℎ𝑛)min (𝑙,𝑘) 1

𝑛
 ≤ 𝐶 {(ℎ𝑛)min (𝑙,𝑘) 1

𝑛
1
𝑞

} |𝐼𝑖|
1−

1

𝑝 . 

There for by using eq. (11) 

‖∆ℎ
𝑙 𝜓‖

𝑝,𝛽
≤ 𝐶 {∑ |𝛼𝑖|

𝑝𝑛−1
𝑖=0 (ℎ𝑛)min (𝑙,𝑘) 1

𝑛
}

1

𝑝
≤ 𝐶(ℎ𝑛)min (𝑙,𝑘)‖𝜓‖𝑝,𝛽    ... (33) 

This yield eq. (29) and eq. (31) in the case 0< 𝑝 ≤ 1, we still have the approximate of eq. 

(33) and the obvious the relation ‖∆ℎ
𝑙 𝑆𝑖‖𝑝,𝛽

≤ 𝐶‖∆ℎ
𝑙 𝑆𝑖‖1

 . Thus eq. (31) remains valid.∎ 

 

Results 

In this section, we give certain results, which are necessary to prove it. The direct results of 

Jackson type are presented in the following: 

Theorem 1 

Let ∈ 𝐿𝑝,𝛽(𝑋) , 0 < 𝑝 ≤ 1 and 𝑘 = 0,1,2, … . Then the following hold for 𝑛 = 1,2, …  

ℰ𝑛
(𝑘)

(𝑓)𝑝,𝛽 ≤ 𝐶(𝑝)𝜔𝑘(𝑓,
1

𝑛
)𝑝,𝛽                                                              … (34) 

Where 𝐶(𝑝) > 0 depending on 𝑝.  

Proof: 

Let 𝑘° = 0,1,2, …, 0 < 𝑝 ≤ 1 and for any integer 𝑘 > 𝑘° such that eq.(34) holds, this 

meaning:  
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If ℰ𝑛
(𝑘)

(𝑓)𝑝,𝛽 = 𝑖𝑛𝑓{‖𝑓 − 𝜓‖𝑝,𝛽 , 𝜓 ∈   𝒮𝑛
(𝑘)

} ≤ 𝐶(𝑝)𝜔𝑘(𝑓,
1

𝑛
)𝑝,𝛽 

                        ≤ 𝐶(𝑝)𝜔𝑘°(𝑓,
1

𝑛
)𝑝,𝛽                                        … (35) 

Where  𝑛 = 1,2, … , on the other hand 𝛿 = 2𝑗 > 𝑘 by lemma (2) there exists a corresponding 

spline 𝜓° ∈ 𝒮𝑛

(𝑘°)
 with  

‖𝜓 − 𝜓°‖
𝑝,𝛽

≤ 𝐶(𝑝)𝜔𝑘(𝑓,
1

𝑛
)𝑝,𝛽 ≤ 𝐶(𝑝)𝜔𝑘°(𝑓,

1

𝑛
)𝑝,𝛽                           ... (36) 

Now the wanted results can be attained by typical consideration from eq. (6), (16), (35) and 

eq. (36) If 2𝑙 ≤ 𝑛 ≤ 2𝑙+1 , then 

ℰ𝑛

(𝑘°)
(𝑓)𝑝,𝛽 ≤ ℰ

2𝑙

(𝑘°)
(𝑓)𝑝,𝛽 ≤ ‖𝑓 − 𝜓

2𝑙
° ‖

𝑝,𝛽
  

 ≤ 𝐶 {(ʃ𝑋|[𝑓(𝑥) − 𝜓2𝑙(𝑥)]𝛽(𝑥)|
𝑝

𝑑𝑥)
1

𝑝 + (ʃ𝑋|[𝜓2𝑙(𝑥) − 𝜓
2𝑙
° (𝑥)]𝛽(𝑥)|

𝑝
𝑑𝑥)

1

𝑝} 

≤ 𝐶 {(ʃ𝑋|[𝑓(𝑥) − 𝜓2𝑙(𝑥)]𝛽(𝑥)|
𝑝

𝑑𝑥)
1
𝑝 + 𝜔𝑘°(𝑓,

1

2𝑙
)𝑝,𝛽} 

≤ 𝐶(𝑝)𝜔𝑘°(𝑓,
1

2𝑙
)𝑝,𝛽 ≤ 𝐶(𝑝)𝜔𝑘°(𝑓,

1

𝑛
)𝑝,𝛽 

So by eq. (34) with 𝒌° instead of 𝒌  is followed. ∎  

The converse results of Bernstein type are including: 

 

Theorem 2 

If  𝑓 ∈ 𝐿𝑝,𝛽(𝑋) , 0 < 𝑝 ≤ 1 and 𝑘 = 0,1,2, …  , then the following inequalities holds 

𝜔𝑘(𝑓,
1

𝑛
)𝑝,𝛽 ≤ 𝐶(𝑝)

1

𝑛𝑘 {∑ 𝑙𝑘(𝑝−1)ℰ𝑗
(𝑘)

(𝑓)𝑝,𝛽
𝑝𝑛

𝑗=1 }

1

𝑝
                           … (37) 

For  𝑛 = 1,2, … with 𝐶 > 0 depending on 𝑝. 

Proof:  

Let 𝜓𝑗(𝑥)  be the best spline approximation to ∈ 𝐿𝑝,𝛽(𝑋) , 0 < 𝑝 ≤ 1 (i.e.) 

ℰ
2𝑗

(𝑘)
(𝑓)𝑝,𝛽 = 𝑖𝑛𝑓 {‖𝑓 − 𝜓𝑗‖

𝑝,𝛽
,  𝜓𝑗 ∈   𝒮𝑛

(𝑘)
(𝑋)} . 

From  eq. (4), (16) and eq. (28), we have 

           𝜔𝑘(𝑓,
1

𝑛
)𝑝,𝛽 ≤ 𝐶(𝑝)

1

𝑛𝑘 . 2𝑘𝑗  ‖ 𝜓𝑗 −  𝜓𝑗−1‖
𝑝,𝛽
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                              ≤ 𝐶(𝑝)
1

𝑛𝑘 . 2𝑘𝑗{(ʃ𝑋| (𝜓𝑗(𝑥) − 𝑓(𝑥))𝛽(𝑥)|
𝑝

𝑑𝑥)
1

𝑝 

+(ʃ𝑋|(𝑓(𝑥) −  (𝜓𝑗−1(𝑥))𝛽(𝑥)|
𝑝

𝑑𝑥)
1
𝑝} 

                                     ≤ 𝐶(𝑝)
1

𝑛
. 2𝑗 {ℰ

2𝑗

(𝑘)
(𝑓)𝑝,𝛽 + ℰ

2𝑗−1

(𝑘)
(𝑓)𝑝,𝛽} 

                                     ≤ 𝐶(𝑝)
1

𝑛
. 2𝑗{ℰ

2𝑗−1

(𝑘)
(𝑓)𝑝,𝛽} , for 𝑛 > 2𝑗               ... (38) 

So, from eq. (4), eq. (6) and eq. (38), we obtain: 

𝜔𝑘(𝑓,
1

𝑛
)𝑝,𝛽

𝑝 ≤ 𝜔𝑘(𝑓 −  𝜓𝑗 ,
1

𝑛
)𝑝,𝛽

𝑝 + ∑ 𝜔𝑘( 𝜓𝑗 −  𝜓𝑗−1,
1

𝑛
)𝑝,𝛽

𝑝𝑛
𝑗=1   

≤  𝐶(𝑝) {‖ 𝑓 − 𝜓𝑗‖
𝑝,𝛽

𝑝
+ ∑

1

𝑛
. 2𝑗𝑛

𝑗=1 ℰ
2𝑗−1

(𝑘)
(𝑓)𝑝,𝛽

𝑝 }  

≤  𝐶(𝑝)
1

𝑛𝑝𝑘 {∑ . 2𝑘𝑗𝑛
𝑗=0 ℰ

2𝑗

(𝑘)
(𝑓)𝑝,𝛽

𝑝 }  

 The inverse theorem follows.∎ 

 

Conclusion 

We mentioned obviously that the Direct and inverse theorems which state the relationship 

between the degrees of best approximation of unbounded functions in weighted space with 

respect to spline polynomials and modulus of continuity of order 𝒌, in our paper developed 

the Direct and inverse theorems of unbounded functions in weighted spaces )𝑳𝒑,𝜷(𝑿)  (  ;  0 <

𝑝 ≤ 1 by spline approximation in terms the 𝒌𝒕𝒉  modulus of continuity. 
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