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Abstract
The objective of this work is to exhibit an integrated to the spectrum of bounded linear
operator in probabilistic Hilbert space (PH-space). We have given several theorems, and some
of its essential properties to the spectrum of the bounded linear operators in PH-space.
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Introduction

The definition of on the probabilistic inner product spaces (PIP-space ) insert by S.S.chang [1]
, Yongfu su .[2] , modified the S.S.changs definition .The PIP-space (E, G,*) where E is a real
linear space and mapping G:E X E — D (D: set of all distribution function ) is denoted by

Gy xv(x) foreach (u,v) € E X E achieve the following conditions :
1. Gyyup(0) =0, VU EE;
2. Gyxy(x) = Guxp(x) YU, v EE;

3. Gyxy(x) =H(x)ifandonlyif u=0

0 if x<0

Where H(x) = {1 i; >0
Gyl (g) A>0
4. Gyuwy(x) = H(x) A>0

\1 = Guso (5 + 1) A>0
Where G, x,(x) = lim. Gy, ()
x'-xt
5. If uwith vis linearly independent then

Gu+v,w(x) = (Gu,w * Gw,v)(x)

Where

—00

(Gu * o)) = j G (2 — )Gy o (8)

+ oo

A PIP-space is called mathematical assumption if :
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+ o0

f x dGy ,(x) is convergent for eachu,v € E .if:

—00

+o00

<uv>= f x dGy,(x) foreachu,v € E

— 00

Then (E,<-->) is PH-space so that (E, |Ill) is a normal space , where || u =< u,v >

foreach u € E .

If E is complete in the ||| , then E is called PH-space ,[3]. Let the set of all bounded operators
actingon (E) .

Operators on ph-space
The private set of operators on ph-space is known as follows: [4]
1. Sis self-adjoint if

S*

I
9%

On a par with

+ oo

f x dGgy,(x) belong to real numbers for eachu € E

—00

2. S is positive if:

+ oo

< Su,v >= f xdGsy,,(x) =0 , foreachu €E

—00

3. Sisnormal if :
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§*S =8§"
On a par with
+00 +00
f X dGgigyu(x) = f x dGssy(x) foreachu € E
4. S is unitary operator if:
S§*=1=5"S
On a par with
+00 +00

+o0
f xdGSS*u,U(x) 5 f xdGIu,u(x) = f xdGS*Su,U(x)

- for eachu € E

5. S is isometric operator if:

§*S=1
On par with
+0o0 +00
.[ X dGg gy y(x) = J x dGpy(x) = for eachu € E

Spectrum of Operator

In this part insert the spectrum for operator S € B(E): where B(E)is all bounded operators

acting on E
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1. Resolving set of :
p(S) = {A:S — Al is invertible }

And p(S) is open subset of R .
2. The spectrum of :
a($) = R\p($)
And a(S) is closed.
3. The point spectrum of :
0,(S) = {A:S — Al is not one — to — one }
4. The continuous spectrum of :

(5) = {/1:5 — Al is one — to — one, and
%) =R = ADis a proper dence subspace of E
5. The Residual spectrum of S :

($) = {A: S—A is not one — to — one ,and
R R(S —AI) is a proper subspace of E

6. The approximate point spectrum of S :

G (S) = {A:V6> 0,3u EE,unitvector}
abi= s such that || Su—Aull< €

4. Main results

We have given several theorems, and some of essential properties to the spectrum of

the operator € B(E) .
Lemma 1:

Let S € B(E) is normal, then:
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I. If Su = Au forsome 4 € Rand u € E ,then
S*u=u
ii. If 2, #2, (4;,4, € R), then
ker(S — A,1) L ker(S — A,1)
Proof:
(i) By normality of , foreach u € E

Il (S —ADu 2=l (S — AD*u |12

+00 it
f xdG(s—)U)u,(s—AI)u(x) T f xdG(s—AI)*u,(s—/U)*u(x)

It implies (i).
(i) Suppose that
u,v € E and A; # A, are in R such that

Su — A uand Su — A,u then

400

/11 < u,v >= Al J X dGu’v(.X)

—00

+ o0

- j X dG 3 0(2)

— 00

+ o0

= [ xd6su@

— 00
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+00

= f xdGu,S*v(x)

— 00

+ o0

- f x dG oz, o(x)

— 00

+ o0

=1, J x dGy, (%)

—00

=A <uv>
=
M <uv>=A, <uv>
M —A)<uv>=0
since Ay # 1, then <u,v>=0
Then
ker(S — A,1) L ker(S — A,1)
Remark:
1.5,=8-1U

2. 0,(S) U 0¢(S) € 0y (S) € 0 (S)
3. If S is normal then:
i.0,(S) U0c(S) = a5 = 04y (S)
ii. 0(S) = {1 € R: R(S)) = E}
iii.o,(S)={1€R:R(S)) #E
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Vi. O'C(S) = {/1 eER: R(S,'L) = FE and R(S/l) * E}
V. 0,(S) is empty

4. 04,(S) isdefinedas: vV A € R 3U,, € E (Uint vectors) such that

+o0
llm X dGSlUn:SlUn(x) == O

n—-oo
— 00

5. Let Se€B(E) and U, € E , U, called S-spectral if :

I. U, unit vectors

“ llm f+::x dGSUn,SUn(x) = 0

n—-oo "

Theorem 2 :

Let (E,G,*) be a PH-space , let S€ B(E) and A € R. And let U, € R be a A-sequence

which is not weakly converging to zero (U,, »" 0) , then 1 € 5,,(S) .
Proof:
Since A € Rand (U,, »* 0),then 3t +# 0 € E and V, = U,, c U,, satisfies the following:

1. V; unit vectors and

+ oo

rlll_r)rolo x dGg,y,, v, (x) =0

(i.e. Vi is S;-sequence)

2.V, =Y task — oo Byusing B-sakatheorem ([5] and [6] , p154), 3 t,, =V, € V} such

that £, — t (converging strongly ),
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Since V}, is S;-sequence then by Cesaro's means. Converges theorem then:

+00 . oo m
.f X G 5y, 530 () = m f Zx A6 54,5274 (X)
—® —o0 j=1
1
= EZ f xdGs,y, s,v,(x) >0 ,ask —
Jj=1 -0

Since S is continuous, we get

+o0 5,09
f X dGS)Lt,Slt(x) i nlll)noo f X dGSafm,Slfm(x) =0

Then € 0,,(S) .
Theorem 3:

Let (E, G,*) be a PH-space .let S € B(S) be a normal operator then there exists 1 € a(S) such
that |A | =l S Il .

Proof:
Assume that = 0, since S is normal then

IS Ill= sup |< Sx,x >|
llull=1

3U,, € E unit vector such that:
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+ 00
tim | [ xdGsyu,G [ =150
+ oo
= lim xdGgy, y, (%) is convergent
n—-oo
Let A be the limit of this sequence.
= A=lSI

To prove 1 € o(S) ,To prove U, is S;-spectral sequence:

+ oo +0oo

fXdGSlUn,SAUn(x): f XdGsun—)wn,sun—/wn(x)

—00 — 00

+00

= f x d(GSUn,SUn(x) +G_ju,su,(X)+ Gy, —2u,(X)+G_jy,, -au, (x))

—00

+ 00 +0o + 00
= f X dGSUn,SUn(x) — 21 J- X dGSUn, Un(x) + /12 f x dG Un, Un(x)

=|| SU, II?P= 22 < SU,,, U, > +A2 | U ||
=\ SU, I1?— 24 < SUy,, U,, > +A?
<242 -21<SU, U, >
—222-22%2—>0 as n— »

Thus 1 € a(S) .
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Theorem 4:

Let (E,G,*) be a PH-space, and let assume that T;(1) = @ and S; not one —to- one. Then €
o(S).
Proof:
Since T;(A) = @ , then
+00
a: inf xdGg,y, su(x) >0

ues(E)

— 00

where S(E)={u€E:lul=1

We have
+00 +o
f xdGg,y s;ux) = a f xdGy ,,(x) ,VUu€EE

= S, isone-to-one and R(S;) isclosedinE .
Since S, is not one-to-one.
= R(S,) isnotdenseinE
= 1€ 0,.(S5).
Theorem 5:
Let (E, G,*) be a ph-space , and S € B(E) be anormal . let 2 € o(S) then S;(E) is not closed .
Proof:

If S, is one-to-one and S;(E) closed, then by the inverse mapping theorem, 3 T continuous

linear map :

T : S;(E) — E such that
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Tau=u foreach u€ekE

+ o0

=l ul?= f X dGy (%)

—00

+00 + oo
< .I- XdGT'T(x) * f xdGslu,Slu(x)
=0T 020 Spu lI?

=l ull<IT I Syull

As | T lI# 0, we see that || Syu 1= "71” Il

= 1€ (S5
= S5, (E) isnot closed .
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