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Abstract:

We consider Helmholtz problems containing a spectral parameter both in the equation
and in the boundary conditions.
we prove that the system of corresponding eigen functions forms an orthonormal basis in
some adequate Hilbert spaces. The oscillation properties as completeness, minimality and
basic properties are investigated for the eigenfunction of the Helmholtz operator equation in
the triple of adequate Hilbert spaces. Asymptotic formula for eigenvalue and eigenfunction
are deduced.
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1-Introdaction
The scalar Helmholtz equation

- - - 61 a:'- a:‘.
Viw(x,y,z) + 9 w(x,y,z) =0,V _E—I_EJ;.T-I_@ (1-1)

Where w(x,y,z)is a complex scalar function (potential) defined at a spatial point
(x,v.z) € R? and ¢ is some real or complex constant (eigenvalue) , takes its name from

Hermann Von Helmholtz (1821-1894), the famous German scientist, whose impact on
acoustics, hydrodynamics, and electromagnetics is hard to overestimate. This equation
naturally appears from general conservation laws of physics and can be interpreted as a wave
equation for monochromatic waves (wave equation in the frequency domain). The Helmholtz
equation it can also be derived from the heat conduction equation, Schrodinger equation ,
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telegraph and other wave-type , or evolutionary, equations . From a mathematical point of

view it appears also as an eigenvalue problems for the Laplace operator V2,

Helmholtz equation is an equation of the elliptic type, for which if is usual to consider
boundary value problems. Boundary conditions follow from particular physical laws
(conservation equation ) formulated on the boundaries of the domain in which a solution is
required. This domain can be finite (internal problems) or infinite (external problems). For
infinite domains, the solutions should satisfy some conditions at the infinity. These conditions
also have a physical origin. For the Helmholtz equation that arise as a transform of the wave
equation into the frequency domain, the boundary conditions should be understood in the
context of the original wave equation.

The Helmholtz equation was solved for many basic shapes in the 19" century , the rectangular
membrane by Simian Denis poisson in 1829 the equilateral triangle by Gabriel in 1852, and
the circular membrane by Alfred Clebsch in 1862. The elliptical drumhead was studied by
Emile Mathieu, leading to Mathieus differential equation.[1]

This paper presents a study. For Helmholtz problem with spectral parameter dependent
conditions:

Wey Ty, e, +@’w=0,08x<1,05y<1,0<z<1 (1-2)

w(0,7,z) = w(x,0,z) = w(x,y,0) =0

w.(Ly,2) = ¢*w(L,y,2)

w,(x,1,2z) = ol w(x,1,2)

w(x,y,1) = ¢*w(x,y,1)

The Helmholtz problem (1-2) , ( 2-2) when the boundary conditions contain a spectral
parameter8% |, this problem cant interpreted an eigenvalue — Eigen function problem in the
Hilbert space L,(0,1).[10]

In order to motivate the subject of this paper we recall that the generalized Regge problem is
realized by a second order differential operator which depends quadrafically on the
eigenvalue parameter and which has eigenvalue parameter dependent boundary conditions,
see [2]. The particular feature of the Regge problem is that coefficient operators of the
corresponding quadratic operator pencil are self-adjoin,[12]. Applying the separation of
variables to the boundary value problems associated with Helmholtz equation:

Assume that w(x,y,z) = u(x)v(y)w(z) (1-4)
Then the equation (1-2) becomes

d u d v d”w 2 oy
W — + uw s Tuv_z + @ uvw =0 (1-5)

Dividing (1-5) by uvw , we obtain:

1d%x | 1d%r | 1d°w 7 _ 1

Tt tL te =0 wE0vx 120 vy (-0
Let us write (1-6) as :

1d°u _  1d'v  1d°w 2

:dxz - _;d}'z _; a4z - @ (1-7)

Now we have a paradox. The LHS of (1-7) depends only on the x-variable while the RHS of
(1-7) depends on y & z- variables. One way to avoid this paradox is to say —U?%. Continuing a
similar process, we separate Helmholtz equation into three ordinary differential equations:

L= (1-9

u dx?
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ldw .2 _

vyt Ha (1-9)

L - (1-10)

Where @ = pi + u3 + 3 (1-11)

and the equation (1-3) becomes:
uw(0)=v(0)=w(0)=0 (1-12)
(1) = (pf + pf +p3)u() (1-13)
#(1) = (pi +p3 + p3)v(1) (1-14)
w(1) = (g3 + 13 + p3)w(1) (1-15)
We obtain three second order eigenvalue problems:
f(x) + plu(x) =0 (1-16)
u(0)=10

(1) — (p3 + pu(l) = piu(1) (1-17)
and

b(y) + u3v(y) = 0 (1-18)
v(0) =0

(1) — (i + p3)v(1) = piv(1) (1-19)
And

w(z) + piw(z) =0 (1-20)
w(0) =0

w(1) — (1] + p)w(1) = pgw (1) (1-21)

This paper presented a study the properties as completeness, minimafity and basis property
are investigated for eigenfunction of the spectral problem (1-2)-(1-3) in adequate Hilbert
space.

2-An operators formulation in the adequate Hilbert space
Define Adequate Hilbert space H by :
H=H;*H,*Hs where
H,=L,;(01)8c={u=(u,a):u&EL,y(01),a €c} s.t(ciscomplex number, v &w are
constants, where L,,(0,1) is standee ).

H,=1L1,,(01) c¢={#=(v,b):v€L,(01),beEc} s.t (u & w constant).

Hy=L1,,(01) ¢={w=(w,c):wEL,;(0,1),c Ec} s.t(u&yVvconstant).
and the inner product by :

(OFW,TVW) = (i, @) + (5,5, + ({0, #)gereennn (2-1)
= Jy u(@u)dx +aa + [] v()F()dy + bb + [ w(2)W(2)dz + &
.17 = <.,.>,

= [lull® + lal® + llwll* + 151 + llwll* + |e]?
and denote by L , L, and L3 the operators in the Hy , H, and Hs respectively:
Llﬁ = Ll(-u_!ﬂ_:] = (—ullrul(lj —_ [:P:'% + P{.gjﬂ(lj) fﬂT'ﬂ- [ = Hl.....(2'2)
L,V=L,(v,b) = [—1911,1:11(1] — (u3 —|—;.c§:]1:!(1:]) for v EH,....(2-3)
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Lyw = Ly(w,c) = (—w,w' (1) — (i +3)w(1)) for W € Hy...(2-4)
And defined the operator L in adequate Hilbert space H by :

vw}_’.lu WL 1 uvL W
L(@5w) = ""“’L a qu N I (2-5)

uvL C
forﬂ,iﬁ,&ﬁ’re H .
and its domains D(L;), D(L2), D(Ls) and D(L) of all elements
(u,a) (v,b) (w,c) € H satisfying the conditions:
1. D(L)=D(L1)*D(L2)*D(Ls).

2 u,u', v, vtand w, w! absolutely continuous on (0,1)
3 a=u(l)

4 b=v(l)

5 c=w(l)

6 u(0)=v(0)=w(0)=0

we can easily obtains the boundary problems (1-16)-(1-17),(1-18)-(1-19) and (1-20)-(1-21)
are equivalent to the spectral problems:

L,U=pl0 for GEH,....... (2-6)

L, W=puiW for WEH,...... (2-8)
Remark 2.1: the operator L (2-5) describes the eigenvalue problem (1-2) ,(1-3).

Lemma 2.2: The domains D(L,) , D(L,) and D(L3) are dense in the spaces Hy , H, and Hs
respectively.

proof:[3]

lemma 2.3: the eigenvalues w3, ,u5, and u3; of the problems(1-16)-(1-17) , (1-18)-(1-19)

and (1-20)-(1-21) respectively, with multiplicity coincide with eigenvalues of the operators L;
L, and L3 resp.

proof : letu, € D[Llj . € D(L,) and w, € D(L;) be the eigenfunctions corresponding to
the eigenvalues u3, , 13- ,a:nd g, Of the operators Ly, L, and L resp. then:

L,U, = ug U,

Gh.‘l

L

el

= pg W,

-
=
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Law .Ufuaw
( u:, 1{1] {.”fuz +Ffus|]“ {1])=H51(ufruf{1])

( 11’: T 1{1] {Ffu-i + Ffua]v (1)) = ngz (virve(ﬂ)

(_W: rWl{i} {Ffl]l + Ffuzjw (1}) = Ffﬁa (Wfrwf“])
We can obtaln
11 = Fﬂnu and ul{lj (Piﬁz + Fﬁa]u ()= Fﬁ1ui{1}
11 = F’I}lv and 1"1{1) {Pﬂn + Ffu:a}v (1= Ffﬁzvi{'l]
_Will = pgzw; and wi (1) — (u§; + ugy)w; (1) = pgaw, (1)

Then

uit +pgu; =0

u,(0)=10

u; (1) = (ugy + pg; + pgz)u; (1)
and

vl + v, = 0

v,(0)=10

15'.51(1] = {ngj_ + Ffﬁz +F‘§3jvi{1]
and

wit +pgaw; =0

w;(0)=10

W:l{-l] = {Ffﬁ1 + ngz T Fvﬁajwf{ij

The lemma is proved .

Lemma 2.4: the eigenvalues @ = u3, + g, + uag of the problem (1-2)- (1-3) with
multiplicity coincide with the eigenvalues of the operator L. the similar is true for the
associated functions.

o

Proof : let i, 7w, € D(L) the eigenfunctions corresponding to the eigenvalues g3 of the
operator L then

(v, w;Lyu; [u,w,Lv; w;v; Law,;
v,w;Lia 0 0 _
0 + U;W; L b * 1]

| 0 | u;v;Lyc
[ F’ﬁllu:vtwt ] Ffuzu VW, P'u-:iu iW,
@Sui(i}viw

0 Pp v {1]“’

0

vw; (1)
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—u 1:1 w; —u; v w —u; 1, wli
VWU (1] 0
uw, vl 0
u;v; w
.umu ,uﬂ,nu Hos;V; W
_ |oiu, [1)1:1 W, n 0
‘Puu [1]“’ 0
ppuv;w; (1)
—utv,w; — uvttw, —uowit (51 + H32 + Hiz)uv;w,
vowut(1) _ opu; (L)v,w;
ugv (Dw, @ u; v (1w,
uv,wi (1) @y u;vw; (1)
We can obtain
ullvw, + uvtw, + wvw!? = —@iu,vw,

vowul(1l) = giu (1)v.w,
uvl (Dw; = guv (Dw,
wvwl(l) = @iuvw, (1)
Then
wixx-l_m +mzzz+qjﬂm =0

VY
mix(l,}r,z:] - (;JDCUE-(L}F,Z]

w0y (x,1,2) = giw(x1,2)

Wiz (x,}r’ 1) = ‘pé oy (xx}rr 1)

The lemma is proved.

Lemma 2.5 : the operators L; , L, and L3 are semi-bounded from below in spaces H; , H, and
Hs resp.

Proof: [3]

Lemma 2.6 : the operators L, , L, and L3 are invertible if and only if

ui =0,u3 =0 and g3 = 0 are not eigenvalues of L, , L, and L3 resp.

Proof: [4]

Lemma 2.7 : there are unboundedly increasing sequences are

(g de Ao, do and {ug,}5 of eigenvalues of the boundary value problems (1-16)-(1-17),(1-

18) (1- 19) and (1 20) (1- 21) respectlvely

#11 < .Ufr' = .Ufia g H’in . (2-9)
Hiy < HIp < pEg < € pg, <o (2-10)
and

H31 < M3y < Hip < < pg, <o (2-11)

Moreover the elgenfunctlons Un(X) , Vn(y) ,and Wy(z) corresponding to
Ui, .13, and p3, respectively, has exactly n simple zeros in the interval [0,1].

Proof:[5,12]
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Remarks 2.8:
1. since D(L)=D(L1)*D(L,)*D(Ls) and D(L;) , D(L;) and D(L3) dense in H; , H, and Hs
resp., then D(L) is dense in H.

2. since the operators L; , L, and L3 are semi-bounded from below then L is semi-
bounded from below in H.

3. addition the equations (2.9)-(2.10) and (2.11) we get:
(uiy +p3y +p5) < (pip +ps +pg) <o < (pg, +p3, +ps,) <
(2-13)

then @i < @3 < -~ < @3 < - (2-14)

there is an unboundedly increasing sequence {@-}7 of eigenvalues of the Helmholtz
problem (1-2)-(1-3).

Lemma 2.9:

1. the operator L; is symmetric with respect to Hj.
2. the operator L, is symmetric with respect to H,.
3. the operator L3 is symmetric with respect to Hs
proof:

1. let i, and i, € D(L,)

(Lydiy, Ty = (Ly(uy,aq), (ug,a,)), = {Ll[“r uy (1) )r [uz,uz (1])}1
= {[_ul ,ul(lj - (p:% -|-,u§]u1(1]), [u:ruz(lj)}l
= JFD uyt ()i, (x)dx + [ui(1) — (uf + p3du,lu, (1)

Using two times the integration by parts and the equations (1-17),(1-19) and (1-21) we
obtain:

1
{Lﬂ151ﬁ;1:ﬂ252m2} ZJ- ul(x]uﬂl[x]dx + [T %(1:] i (P’vg +P'f§:]ﬂ: (1)]['”'1(1]]
o

= ((wy,u, (1), (—udt, wd (1) — (03 + uu, (1)),
= {[ul,ul[l:],f.l[uz,uz (13):"1
= {(ug,aq),Ly(ug ay))y
=y, LyTg)y
The operator L, is symmetric with respect to <.,. =.

The proofs of 2 & 3 are similar to the proof of 1.
Remark 2.10 : the operator L is symmetric with respect to <.,.= in H.

Lemma 2.11: the operators (L, — u3I)7%, (L, — u3I) " tand (Ly; — u31)~* where | is the unit
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operator ) are compact if u3, 43 andyuj are not eigenvalues of Ly , L, and L3 resp.

Proof: [6,9]

Remark 2.12: sinceui,ujand u3 are not eigenvalues of L;, L, and Lz resp, then
> = ui + p3 + p3 is not eigenvalue of the operator L then

is compact in H.

3-Greens Functions of the operators L, , L, and L

__The solutions of the equations (1.16) , (1.18) and (1-20) are given by the functions in the
form:

U(x) = cycospyx + cysinpyx (3-1)
V(y) = eycosp,y + cysinp,y (3-2)
W(z) = cocospgz + cgsinpgz (3-3)

Where c1,C»,C3,C4 and ¢s,Cq are constants. Let U;(x) and U,(x) two solutions of the equation (1-
16) such that 3 is a not eigenvalue of L; and satisfying the initial conditions:

U,(0)=0
Ul(o)=-1
U,(1)=1

2 = (ui +uf + p3)
Then

U, (x) = — fsin.ulx uy #=0

1 ,,
Up(x) = [nycospy — (w5 + p3 + p3)sing, lcosp, x R [ﬂlﬂﬂﬂl + (@ +pg +

u)cosp,sing, x

(3-5)
And the solutions of the equations (1-18) and (1-20) ( V1(y),V2(y) and W1(z),W,(z) resp.) are
similar to the solution (1-16) , U;(x),U2(x) we get

M) =- fzsiﬂ.u:}r By # 0 (3-6)
nLy) = f [ycospy — (45 + 3 + p3)sinpy] cospy y + [#«smn« + (pf +pf +
uz)ecosp,]sing,y
3-7)
And
Wy (z) =— isinp,az s =0 (3-8)

1
W, (z) = - [uscosus — (43 + pi + p3)sing;] cospg = +-- [ﬁaﬂma + (el + 3 +

u3)cosps)sinpsz
(3-9)
That can be observed
W(uy,u,,0) # 0, W(v,,v,,0) # 0and W(w,,w,,0) #0
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For all x,yv and z € [0,1] where W is the wronskian determinate. and this means u,,u, and

V1,V and wi,w» linearly independent.
The Greens functions of the operators Li L, and Ls such that wj,pu3and u3 are not

eigenvalues of L;,L,and Lj resp., are given by the functions in the form:

2y _ fug(Bu,(x) 0=t<x=1 )
Gl(.‘I,f;P'flj {uztt]ul[x] O<x<t<i (3-10)

2y _ (1 (v, (¥) 0<t<y=<1 ]

2y — (wi(Bw (2) 0<t<z=<1 ]
Gy (zt, pu3) _{W:(t:]wl[z:] 0<zet<1 (3-12)

Where us,u; and v1,v, and wy,w, defined in the equations (3-4)-(3-5), (3-6)-(3-7) and (3-8)-(3-
9).

Theorem 3.1: the operators Lj,L, ,L3 and L are self-adjoint in the spaces H; , H, ,Hz and H,
resp.

Proof: from lemma (2-9) and remark (2-10) the operators Ly,L, ,Lzand L

(L, — Ffi:]_lH1 =D(L,)

(L, _ﬂgj_lﬁz = D(L,)

(La —p:%]'lHa T D(Laj

(L —@*)™*H = D(L)

Let @ = (u(x),a) € D(L,) and satisfying :

(L, — u3)™1T = F, where F1=(fy(x),f11)€H; and g1 is a not eigenvalue of L;
Let # = (w(y),b) € D(L,) and satisfying:

(L, — u3)~V = F, where F, (f,(¥), f2,) € H, and g3 is a not eigenvalue of L.
w = (w(z),c) € D(L,) and satisfying:

(Ly—w3) "W =F (3-19)
where F; (f;(2), f31) € Hy and g3 is a not eigenvalue of Ls.

Then @ = (w,w,) € D(L) and @ = uPw and w, = abc and satisfying:
(L—@?l) @&d=F (3-20)
Where F=F;F,Fs€ H and ¢* = u + p3 + u3 is a not eigenvalue of L.

The equations (3-17),(3-18) and (3-19) are nonhomogeneous differential equations have
solutions are given by:[7]

Ux) = kquy () + kyu,(x) + .rul Gy (x. t, p) fy(t)de (3-21)
a=u(l)

and

V(x) = kavy (v) + Ry (v) + ful G, (v t, p3) f> (Bt (3-22)
b=v(1)
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and
1 5
W(z) = ksw, (2) + kgwy(2) + [| Gy (2.t p3) fs ()t (3-23)
c=w(1)

where Ki,kz,ks, ks and ks,ks are constants and G, (x, t, u3) , G, (v, t,u3) and G5 (z,t, u3) defined

in equations (3-10),(3-11) and (3-12).

To find the constants we obtain:

ut (x) — piu(x) = fi(x)

u(0)=0

UH1) — (] + g3 +p3)U(L) = fiy

and

Vi(y) — piv(v) = ()

V(0)=0

VL) — (pf +p3 +pDV(L) = foy

and

W(z) — p3w(z) = f3(2)

W) — (pf +pi +p)W(1) = foy

Then _

U(x) =L (NG (x5 D) f(Ddt
a=u(1)

and

V(x)= —L= j*:**z* + [0 G, (nt, 12 f(B)dt
b=v(1)

and _

W(z2) = — 220 4 (06, (2, 6,13) 5 (D)t
c=w(1)

from [4]:

€ (L, — pil) 7 H,

&€ (L, —u3l) " H,

W € (Ly — p31) 7 H;

Then

D(Ly) (Ly—pil)7'H,

D(L;) (L,—pil)7'H,

D(L;) (Ly— p3l) H,

(3-24)

(3-25)

(3-26)
cipy =0 (3-27)
col, =0 (3-28)
Cally # 0 (3-29)

(3-30)

(3-31)

(3-32)

Slnce ui, pzand p3 are not eigenvalues of Ly, L.and Ly, for all F;, = (f;(x),f11) EH,

= (fo(¥).f2y) EH, and
U= (u(x),a),V

(L1_P€j ﬁ:ﬂ

(Lo—ui) V =F,

= (f3(2).f5,) € Hy, there exist
= (v(y),b) and W = [w[z],c] such that
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(Ly— ,I.Lg:] W = Fy

We obtain u,u*,v,v* and w,w" absolutely continuous on [0,1] and u(0)=v(0)=w(0)=0

Then

U= (u(x],u(l]) € D(L,)

V= (v(y).v(1)) € D(L,)

W= [w(z],w(l)) € D(L,)

From [4]:

U=(L,—piD'R
=(L,—mDR,

W= (L;—p3D)7'F

Then

(L, - P'EU_lFi € D(L,)

(L: —p:g Ij_le = D[L:j

(Ly —pil) 'Ky € D(Ly)

So

(L, - ﬂifj_iHl D(L,) (3-33)

(Lz _P'fg f:]_le D(sz (3-34)
(Ly —,ch f]_lHa D(Lj) (3-39)

From (3-30)-(3-33) , (3-31)-(3-34) and (3-32)-(3-35) we get

(L, —p3)7*Hy = D(Ly) (3-36)

(L, —p31) 7 Hy = D(Ly) (3-37)

(Ly —u3I)™*Hy = D(Ly) (3-38)

The equations (3-20) is a nonhomogeneous differential equation has solution:

& = W = (u(x),a) (), b)(w(2),¢) = [(FEEE 4 [16(x,t, kD fi (D)de, U(L) *

(LY 4 (26, (yt,ud oDtV (1) = (L2 4 (26 (2,1, 1) fy (e, W (1))
cypty 0, cu, 0

From [4]

we(L—@*)'H

Then

D(L) (Ly—uiD)T'H (3-39)

Since ¢ a not eigenvalue of L , for all F=F1F,Fs=(f1(x),f11) (f2(y),f21) (f2(2),f21)EH such that

(L—@*Na=F

We obtain e, & absolutely continuous on [0,1] and & (0) = u(0)»(0)w(0) =0

Then

E"j = [m[x,}r,z], CUID:] = D(L]

From [4]:

w=(L—@*I)F

Then

(L—@*N"FeD(L)
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So

(L—-@’D)7'F D(L) (3-40)

From (3-39)-(3-40) we get

(L—@*)™*H = D(L)

The lemma is proved.

4-The Basis Property of eigenfunctions

Theorem 4.1: The eigenfunction of the operators Li,L,,L3 and L form orthogonal basis in the
spaces Hi,H2,H3 and H resp.

Proof:

The eigenvalues of the boundary problems (1-16)-(1-17) , (1-18)-(1-19) and (1-20)-(1-21) we
must find the intersection of the curves:

Ha 2 2 2 H
1. tan uy and m , Myt [Fv: + Ffaj +=0 (flgure 1)
2. tan i, and m , My + [:j.,l',i +Pl§] =0 (figure 2)
3. tan u,; and ui+(pi+p3) #0 (figure 3)

5‘“"-* +i'-*z:|

It can be easily obtained that the operators Lj,L, and L3 have at most countable eigenvalues
Ui, 3, and p3, which have the asymptotic from:

i = (km)* + o(%) as k— o (4-1)
pi = (mn)*+o (ﬁ) as m— o (4-2)
i, =(mm)*+o (:—z) as n—» oo (4-3)
Then
rp? = Ui + Ui + Hi,

= (kn)? + (mm)? + (nm) + o () (4-4)

The operator L has at most countable eigenvalues @; which have the asymptotic from in

equation (4-4) . From the lemmas (2-5),(2-11) and theorem(3.1), the operators Lj,L,,L3 and L
: compact , selfadjoint and bounded. Applying the Hilbert-Schmidt theorem [8,11], to
operators Lj, L Ls and L we obtain that the eigenfunctions of this operators from an
orthogonal basis in the spaces Hi,H2,H3 and H resp.

Theorem 4.2: let ko,mg and ng be an arbitrary fixed nonnegative integers. The systems of the
eigen-functions: {U,}5 (k = kp), iV, 05 (m = m,) and{W,}5 (n=n,), of the boundary
problems (1-16)-(1-17) , (1-18)-(1-19) and (1-20)-(1-21) resp., are complete and minimal
systems.

Proof: according to theorem(4.1) the eigenfunctions:

U, (x) = (ug(x),a)
V. (37) = (v, (), b)
Wk (z) = (Wk (z).c)
Of the boundary problems (1-16)-(1-17) , (1-18)-(1-19) and (1-20)-(1-21) from a basis in :
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So, the system: {U,(x)}5 .{V,.(v)}7 and {W(z),}57 are complete and minimal in the

spaces Hi,H, and Hs resp. we denote by P41,P, and P53 the orthoprojection which is defined by
the formulas:

P,U,(x) = U,(x) in H;
P,V (x) = U, () in H
P, Wn (x)=U,(z) in Hs

Thus , of course, codim P;=codim P,=codim P3=1. Then, by[10] , the systems:

{Plﬁk (xj}: = E'Uk [x:]}g:

{_FE Wn [:Z:] }: = {Wn (Z:] }ED!'C

Whose one element is omined from forms a complete and minimal systems in:

H\P, = P,(H,) = L,,(0,1)

H,P, = P,(H,) = L;,(0,1)

HyP; = Py (Haj = L, (0,1)

Hence, the eigenfunctions: {U, (x)}5 {V,,(v)}y and {W(z),}5 of the boundary problems
(1-16)-(1-17) , (1-18)-(1-19) and (1-20)-(1-21) resp., are complete and minimal in L,;(0,1) ,
L22(0,1) and L23(0,1).

Remark 4.3:

According to theorem(4.1) the eigenfunctions of Helemholtz problem (1-2)-(1-3):

ﬁ}-(x,}r,z] = [ﬁ}-(x,}r,zj,mu)
@;(x,3,2) = @i (2,3, 2) = U (0, (0 W,,(2) = (U (), @) (V,, (), DY (W,,(2), €)
From basis in H. so, the systems {w}- [x,}r,z]}: are complete and minimal in H.

We denote by P=P;P,P3 the orthoprojection which is defined by the formula :
P&;(x,y,z) = w;(x,y,2) inH.
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