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Abstract 

The purpose of this paper is present a brief survey of know on estimates the rate for best 

approximation of unbounded functions by suitable trigonometric polynomials of one variable 

in weighted space 𝐿𝑝,𝛼(𝑋). Moreover we studied   concerning the degree of best trigonometric 

approximation of 𝑓(𝑘) with 𝑘 non-integer in 𝐿𝑝,𝛼(𝑋). 
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 تقريب الدوال الغير مقيدة بواسطة متعددات الحدود المثلثية

 2موسى مكي خريجانو  1علاء عدنان عواد

 قسم الرياضيات –كلية التربية للعلوم الصرفة  –جامعة الانبار 1
 الرياضيات وتطبيقات الحاسوبقسم  –كلية العلوم  –جامعة المثنى 2

 لخلاصةا

الغرض من هذا البحث هو عرض دراسة موجزة لمعرفة تخمين درجة افضل تقريب للدوال الغير مقيدة في الفضاء 

الموزون بواسطة متعددات الحدود المثلثية ذات المتغير الواحد. اضافة الى ذلك المبرهنات الثالثة والرابعة تتعلق بالتقريب 

 عدد غير صحيح. kوزون حيث ان مفي فضاء ال 𝑓(𝑘)دوال المثلثي لل

 الدوال الغير مقيدة ، متعددات الحدود المثلثية ، فضاء الوزن الكلمات المفتاحية : 
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Introduction 

In 1977 Taberski R. see [10 ] and in 1979 Andreev, Popov, Sendov see [2] introduced the best 

approximation of functions by trigonometric polynomials of fractional order. This notion could 

considered as direct generalization of classical trigonometric approximation in weighted space 

𝐿𝑝,𝛼(𝑋) and it is more natural to use it for number of problems of approximation functions ( 

see, for example [3],[5],[6], [9]). The important problem of approximation theory and theory of 

Fourier series is the problem of description of best approximation of functions by trigonometric 

polynomials see [7] and [10].One can consider this problem from the viewpoint of description 

of Roman Taberski of trigonometric approximation. In this paper, we obtain the description of 

some estimates for the best trigonometric approximation of unbounded functions in 𝐿𝑝,𝛼(𝑋) 

and the order approximation of 𝑓(𝑘) by suitable trigonometric polynomials. 

Let 𝑋 = [−𝜋, 𝜋], we denote the 𝐿𝑝(𝑋)-norm (1 ≤ 𝑝 < ∞), 

‖𝑓‖𝑝 = (∫ |𝑓(𝑥)|𝑝
𝑋

 𝑑𝑥)
1

𝑝  < ∞  …………………(1)  

and define for  suitable 𝑊(𝛼, 𝑥) of all weight function on closed interval 𝑋 such that |𝑓(𝑥)| ≤

𝑀𝛼(𝑥), where 𝑀 is positive real number and 𝛼: 𝑋 → ℝ+ weight function. 

We shall denote 𝐿𝑝,𝛼(𝑋) the space of all unbounded functions on 𝑋 which are equipped with 

the following norm 

‖𝑓‖𝑝,𝛼 = (∫ |
𝑓(𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥)
𝑋

1

𝑝
< ∞  …………………..(2). 

 Let 𝐻𝑛 be the set of all 2𝜋 − periodic trigonometric polynomials of order less than or equal 

𝑛, 𝑛 ∈ ℕ = {1,2,3, … }. 

The degree of best trigonometric approximation of an arbitrary function in weighted space 

 𝐿𝑝,𝛼(𝑋) is define by  

𝐸𝑛(𝑓)𝑝,𝛼 = inf  {‖𝑓 − 𝑡𝑛‖𝑝,𝛼  ,   𝑡𝑛 ∈ 𝐻𝑛}  ……………………(3). 

Denote by 𝜔(𝑓, 𝛿)𝑝,𝛼 the modulus of continuity with respect to the 𝐿𝑝,𝛼 −norm i.e. 

http://dx.doi.org/10.24237/djps.1304.319B
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𝜔(𝑓, 𝛿)𝑝,𝛼 = 𝑠𝑢𝑝⏟
ℎ∈[0,𝛿]

‖∆ℎ 
1 𝑓‖𝑝,𝛼     (0 ≤ 𝛿 < ∞)    …………….(4) 

where  ∆ℎ 
1 𝑓(𝑥) =  |𝑓(𝑥) − 𝑓(𝑥 + ℎ)| . 

Suppose that   𝐹(𝑓) = ∑  𝐶𝑚
𝑒𝑖𝑚𝑥

𝛼(𝑥)
∞
𝑚=−∞    ………………(5)  

is the Fourier series of 𝑓 ∈  𝐿𝑝,𝛼(𝑋) for which the integral over 𝑋 is zero so that 𝐶0 = 0. 

Given any 𝑎 > 0, we define the a-th integers of 𝑓 by the identity 

𝐼𝑎(𝑓, 𝑥) = ∑
𝐶𝑚

(𝑖𝑚)𝑎

𝑒𝑖𝑚𝑥

𝛼(𝑥)
∞
𝑚=−∞    ……………………..(6), 

where   
1

 (𝑖𝑚)𝑎 = |𝑚|−𝑎 exp (−
1

2
𝜋𝑖𝑎 𝑠𝑖𝑔𝑛 𝑚) . 

As is well known [12] for 𝑓𝑎(𝑥) = 𝐼𝑎(𝑓, 𝑥) exist possibly for almost every 𝑥, is Lebesgue-

integrable and 𝐹[𝑓𝑎] =  𝑓𝑎(𝑥) a.e. 

In this case for 𝑎 > 0, the convolution  

𝑓𝑎(𝑥) = (𝑓 ∗ 𝐼𝑎) =
1

2𝜋
∫

𝑓(𝑥−𝑢)𝐼𝑎(𝑢)

𝛼(𝑥)
𝑑𝑢

𝜋

−𝜋
 ……………………(7)  

is of class 𝐿𝑝,𝛼(𝑋). 

In several cases, the last Fourier series converges for every or a.e. 𝑥, its sum 

𝑓(−𝑎)(𝑥) ≡ 𝐼𝑎[ 𝑓 ](𝑥)  see [12]. 

If 0 < 𝑎 < 1, the derivative 𝑓(𝑥) of 𝑓 is defined by the formula 

𝑓(𝑎)(𝑥) =
𝑑

𝑑𝑥
𝐼1−𝑎(𝑓, 𝑥)  ……………..(7) 

provided the right said exists. We set 

𝑓(𝑎+𝑘)(𝑥) = (𝑓(𝑎)(𝑥))𝑘 =
𝑑𝑘+1

𝑑𝑥𝑘+1 𝐼1−𝑎(𝑓, 𝑥)  ………………………..(8) 

For positive integer 𝑘. 

http://dx.doi.org/10.24237/djps.1304.319B
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Let 𝑓 be a complex-valued function defined in the closed interval [−𝜋, 𝜋]. Then 

𝑉𝑝,𝛼(𝑓, −𝜋, 𝜋) = 𝑠𝑢𝑝⏟
Π

 {∑ |𝑓(𝑥𝑗+1) − 𝑓(𝑥𝑗)|
𝑝𝑛−1

𝑗=0 }
1

𝑝 < ∞, (1 ≤ 𝑝 < ∞) ………(9) 

where Π denotes the partition {−𝜋 = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑛 = 𝜋} is often called the 𝑝 − 𝑡ℎ 

variation of 𝑓 in  [−𝜋, 𝜋]. 

The aim of this paper is to present some approximation theorems for unbounded functions in 

space 𝐿𝑝,𝛼(𝑋). Their proofs are based on the suitable result announced in [4] and [11]. 

Auxiliary theorem 

Let us explicitly formulate direct theorem of the order degree of best approximation of 

unbounded functions by algebraic or trigonometric polynomials in weighed space. 

Theorem 1:[1] 

Let 𝑓 be unbounded function in weighted space 𝐿𝑝,𝛼(𝑋) and (1 ≤ 𝑝 < ∞). For every natural 

𝑘 there exist constant 𝑐(𝑘) depending on 𝑘, such that  

𝐸𝑛(𝑓)𝑝,𝛼 ≤ 𝑐(𝑘)𝜔𝑘(𝑓, √𝑛)𝑝,𝛼 . 

 

Main results 

Considering for any unbounded function 𝑓 belong to weighted space 𝐿𝑝,𝛼(𝑋) such that 
𝑓(𝑥)

𝛼(𝑥)
≤

𝑀 for all 𝑥 ∈ 𝑋, we shall prove the following: 

Theorem 1 

Suppose that function 𝑓 in space 𝐿𝑝,𝛼(𝑋), (1 ≤ 𝑝 < ∞), with a derivative 𝑓(𝑘−1) of non-

negative integer order 𝑘 − 1 and absolutely continuous in 𝑋. Then 

𝐸𝑛(𝑓)𝑝,𝛼 ≤
𝐶(𝑘)

𝑛𝑘
𝐸𝑛(𝑓𝑘)𝑝,𝛼 for  𝑛 = 0,1,2, …  . 

Proof : 

Let (5) be the Fourier series of 𝑓 ∈ 𝐿𝑝,𝛼(𝑋) and 𝑘 positive integer. 

http://dx.doi.org/10.24237/djps.1304.319B
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We have  

𝑓(𝑘)(𝑥) =
𝑑𝑘

𝑑𝑥𝑘
𝐼𝑘[𝑓](𝑥) = ∑ 𝐶𝑚(𝑖𝑚)𝑘 𝑒𝑖𝑚𝑥

𝛼(𝑘)(𝑥)
∞
𝑚=−∞   for all 𝑥.  Moreover 

𝐹[𝑓(𝑘)](𝑥) = ∑ 𝐶𝑚(𝑖𝑚)𝑘 𝑒𝑖𝑚𝑥

𝛼(𝑘)(𝑥)
∞
𝑚=−∞  . 

Thus  𝑓(𝑘)(𝑥) = ∑ 𝐶𝑚(𝑖𝑚)𝑘 𝑒𝑖𝑚𝑥

𝛼(𝑘)(𝑥)
∞
𝑚=−∞ = 𝐹[𝑓(𝑘) ∗ Φ𝑛](𝑥) where 

Φ𝑛(𝑥) = ∑
𝑒𝑖𝑚𝑥

(𝑖𝑚)𝑘
∞
𝑚=−∞ = 2 ∑

𝑠𝑖𝑛𝑚𝑥

𝑚
∞
𝑚=1  . 

For each trigonometric polynomials 𝜉𝑛(𝑥), 𝜂𝑛(𝑥) of order 𝑛 at most, there is a trigonometric 

polynomial 𝑇𝑛(𝑥) such that 

𝑓(𝑥) − 𝑇𝑛(𝑥) =
1

2𝜋
∫ {𝑓(𝑘)(𝑡) − 𝜉𝑛(𝑡)}{Φ𝑛(𝑥 − 𝑡) − 𝜂𝑛(𝑥 − 𝑡)}𝑑𝑡

𝑋
  

                        =
1

2𝜋
∫ {𝑓(𝑘)(𝑥 − 𝑢) − 𝜉𝑛(𝑥 − 𝑢)}{Φ𝑛(𝑢) − 𝜂𝑛(𝑢)}𝑑𝑢

𝑋
. 

Thus  

𝐸𝑛(𝑓)𝑝,𝛼 ≤ ‖𝑓 − 𝑇𝑛‖𝑝,𝛼 = (∫ |
𝑓(𝑥)−𝑇𝑛(𝑥)

𝛼(𝑥)
|

𝑝

𝑋
𝑑𝑥)

1

𝑝
  

    ≤
1

2𝜋
{(∫ |

𝑓(𝑘)(𝑥−𝑢)−𝜉𝑛(𝑥−𝑢

𝛼(𝑥)
|

𝑝

𝑋
𝑑𝑥)

1

𝑝

. (∫ |
Φ𝑛(𝑢)−𝜂𝑛(𝑢)

𝛼(𝑢)
|

𝑋
𝑑𝑢)}  

whence 

𝐸𝑛(𝑓)𝑝,𝛼 ≤
1

2𝜋
𝐸𝑛(𝑓)𝑝,𝛼 . 𝐸𝑛(Φ𝑛)1,𝛼 . 

We have from direct theorem 2.1 

𝐸𝑛(𝑓)𝑝,𝛼 ≤ 𝐶𝜔(𝑓,
1

𝑛+1
)1,𝛼  ,  

from properties of modulus of continuity, we have 

http://dx.doi.org/10.24237/djps.1304.319B
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𝜔(𝑓, 𝜆𝛿) = 𝜆 𝜔(𝑓, 𝛿) , 

so, Φ𝑛(𝑢) = {
𝜋 − 𝑢      𝑖𝑓   0 < 𝑢 < 𝜋

 0               𝑖𝑓 𝑢 = 0, 𝑢 = 𝜋
} 

i.e. 𝑉(Φ)(u) = 2(2π) = 4π                   , u ∈ [−𝜋, 𝜋]. 

Hence  

𝐸𝑛(𝑓)𝑝,𝛼 ≤
4𝜋 𝐶1(𝑝)

𝑛+1
 .

1

2𝜋
𝐸𝑛(𝑓(𝑘))𝑝,𝛼 ≤

𝐶2(𝑝)

𝑛+1
 . 𝐸𝑛(𝑓(𝑘))𝑝,𝛼 . 

∎

Theorem 2 

Let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋), (1 ≤ 𝑝 < ∞) and the trigonometric polynomial 𝑇𝑛(𝑥) = 𝑇𝑛(𝑓, 𝑥) of order 𝑛 

at most such that  

‖𝑓 − 𝑇𝑛‖𝑝,𝛼 ≤ 𝐶(𝑝)𝐸𝑛(𝑓)𝑝,𝛼    ,    𝑛 = 0,1,2, …      ………….(10) 

for all satisfies the conditions of theorem 3.1, with positive integer 𝑘. Then 

‖𝑓(𝑘) − 𝑇𝑛
(𝑘)(𝑓)‖

𝑝,𝛼
≤ 𝐶(𝑝, 𝑘)𝐸𝑛(𝑓(𝑘))𝑝,𝛼    ,    𝑛 = 0,1,2, …      ………….(11). 

Proof : 

Let 𝐹𝑣(𝑓, 𝑥) be denote the 𝑣 − 𝑡ℎ partial sum of the Fourier series of f and let 𝑉𝑛(𝑓, 𝑥) be the 

Vallee-poussin means of this series, defined by the foemula 

𝑉𝑛(𝑓, 𝑥) =
1

𝑛+1
∑ 𝐹𝑛(𝑓, 𝑥)2𝑛

𝑣=𝑛  ,    𝑛 = 0,1,2, …  . 

As is well know, for any 𝑓 ∈ 𝐿𝑝,𝛼(𝑋)  

𝑉𝑛(𝑓, 𝑥) =
1

𝜋
∫ |

𝑓(𝑥+𝑡)𝛽𝑛(𝑡)

𝛼(𝑡)
|

𝑋
𝑑𝑡   ,         𝑖𝑓 𝑝 = 1  

http://dx.doi.org/10.24237/djps.1304.319B
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where 𝛽𝑛(𝑡) =
1

𝜋
∑

sin(𝑣+
1

2
)𝑡

2𝑠𝑖𝑛
1

2
𝑡

2𝑛
𝑣=𝑛 =

sin(𝑛+
1

2
)𝑡 .sin(

3

2
𝑛+

1

2
)𝑡

2(𝑛+1)(𝑠𝑖𝑛
1

2
𝑡)2

  and 

1

𝜋
∫ 𝛽𝑛(𝑡)

𝑋
𝑑𝑡 = 1 ,

1

𝜋
∫ |𝛽𝑛(𝑡)|

𝑋
𝑑𝑡 < 2.

4𝑛+1

2𝑛+2
< 4. 

Moreover  

𝜓𝑛(𝑓(𝑘), 𝑥) = 𝜓𝑛
(𝑘)

(𝑓, 𝑥)  , whenever , 𝑓(𝑘) ∈ 𝐿𝑝,𝛼(𝑋) . 

By Minkowsk’s inequality, we obtain  

‖𝑓(𝑘) − 𝑇𝑛
(𝑘)

(𝑓)‖
𝑝,𝛼

= (∫ |
𝑓(𝑘)(𝑥)−𝑇𝑛

(𝑘)
(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

  

                       ≤ (∫ |
𝑓(𝑘)(𝑥)−𝜓𝑛

(𝑘)(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

+ (∫ |
𝜓𝑛

(𝑘)(𝑓,𝑥)−𝑇𝑛
(𝑘)

(𝜓𝑛(𝑓,𝑥))

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

  

                                                                                   + (∫ |
𝑇𝑛

(𝑘)
(𝜓𝑛(𝑓,𝑥))−𝑇𝑛

(𝑘)
(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

. 

Set 𝑝𝑛(𝑓, 𝑥) the trigonometric polynomial of best approximation of 𝑓 in weighted space 

𝐿𝑝,𝛼(𝑋) of order 𝑛, we have 

(∫ |
𝑓(𝑘)(𝑥)−𝜓𝑛

(𝑘)(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

≤  

(∫ |
𝑓(𝑘)(𝑥)−𝑝𝑛(𝑓(𝑘),𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

+ (∫ |
𝑝𝑛(𝑓(𝑘),𝑥)−𝜓𝑛

(𝑘)(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

  

≤ ‖𝑓(𝑘) − 𝑝𝑛(𝑓(𝑘))‖
𝑝,𝛼

+ ‖𝜓𝑛(𝑝𝑛(𝑓(𝑘)) − 𝑓(𝑘))‖
𝑝,𝛼

  

                            ≤ 𝐶1𝐸𝑛(𝑓(𝑘))𝑃,𝛼 …………………..(12) 
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from Zygmand inequality gives 

(∫ |
𝑇𝑛

(𝑘)
(𝜓𝑛(𝑓,𝑥))−𝑇𝑛

(𝑘)
(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

≤  𝑛𝑘 (∫ |
𝑇𝑛(𝜓𝑛(𝑓,𝑥))−𝑇𝑛(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝
……(13) 

And 

(∫ |
𝜓𝑛

(𝑘)(𝑓,𝑥)−𝑇𝑛
(𝑘)

(𝜓𝑛(𝑓,𝑥))

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝

≤ (2𝑛)𝑘 (∫ |
𝜓𝑛(𝑓,𝑥)−𝑇𝑛(𝜓𝑛(𝑓,𝑥))

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝
  

                                                         ≤ 𝐶2(𝑝)(2𝑛)𝑘𝐸𝑛(𝜓𝑛(𝑓))𝑝,𝛼 …….(14) 

From (13) and (14), we obtain 

(∫ |
𝑇𝑛(𝜓𝑛(𝑓,𝑥))−𝑇𝑛(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝
≤ (∫ |

𝑇𝑛(𝜓𝑛(𝑓,𝑥))−𝜓𝑛(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝
  

                                                     + (∫ |
𝜓𝑛(𝑓,𝑥)−𝑓(𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝
+ (∫ |

𝑓(𝑥)−𝑇𝑛(𝑓,𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

)

1

𝑝
  

  ≤ 𝐶3(𝑝)𝐸𝑛(𝜓𝑛(𝑓))𝑝,𝛼 + 𝐶4𝐸𝑛(𝑓)𝑝,𝛼 + 𝐶5(𝑝)𝐸𝑛(𝑓)𝑝,𝛼  …..(15) 

and          

                                                         𝐸𝑛(𝜓𝑛(𝑓))𝑝,𝛼 ≤ 𝐶𝐸𝑛(𝑓)𝑝,𝛼      ………………(16). 

Thus, from (12), (15) and (16), we get 

‖𝑓(𝑘) − 𝑇(𝑘)‖
𝑝,𝛼

≤ 𝐶6𝐸𝑛(𝑓(𝑘))𝑝,𝛼 + 𝐶7𝑛(𝑘)(𝐶8(𝑝) + 1)𝐸𝑛(𝑓)𝑝,𝛼 

                                                                       +𝐶9(𝑝)𝐸𝑛(𝑓)𝑝,𝛼  

and by theorem 3.1 then (11) follows. 

∎ 
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Theorem 3 

Let 𝑓 ∈ 𝐿𝑝,𝛼(𝑋), (1 ≤ 𝑝 < ∞) and that the derivative 𝑓(𝑎) in weighed space with 0 < 𝑎 < 1. 

Then 

𝐸𝑛(𝑓)𝑝,𝛼 ≤
𝐶(𝑎)

(𝑛+1)𝑎 𝐸𝑛(𝑓(𝑎))𝑝,𝛼  for  𝑛 = 0,1,2 …  …………(17). 

Proof : 

Putting (𝑥) = ∫ 𝑓(𝑢)𝑑𝑢
𝑥

0
 ,  we have 𝐺𝑛(𝑥) = ∑ 𝐶𝑚(𝑖𝑚)−1(𝑒𝑖𝑚𝑥∞

𝑚=−∞ ) 

                                       = 𝑓1(𝑥) − 𝑓(0) 

uniformly in 𝑥 ∈ (−∞, ∞). Consequently 𝐺𝑛(𝑥) = 𝐼𝑛(𝑥, 𝑔) − 𝐼𝑛(0, 𝑔)   ∀ 𝑥. 

Therefore, for all real 𝑥 

𝐺𝑛(𝑥) =
1

𝜋
∫ Φ𝑛(𝑥 − 𝑢)𝑔(𝑢)𝑑𝑢 − 𝑓(0)

𝑋
,  

∫ Φ𝑛(𝑥 − 𝑢)𝑑𝑢 = 0
𝑋

 . 

For each trigonometric polynomials 𝜁𝑛(𝑥) and 𝜂𝑛(𝑥) of order 𝑛, there is a trigonometric 

polynomial 𝑇𝑛(𝑥) such that 

𝐺𝑛(𝑥) − 𝑇𝑛(𝑥) =
1

2𝜋
∫ {𝑔(𝑥 − 𝑢) − 𝜁𝑛(𝑥 − 𝑢)}. {Φ𝑎(𝑢) − 𝜂𝑛(𝑢)}𝑑𝑢 − 𝐼𝑎(0, 𝑔)

𝑋
. 

Assuming 0 < 𝑏 < 𝜋 , we have  

{∫ |
𝐺(𝑥+𝑏)−𝑇𝑛(𝑥+𝑏)−(𝐺(𝑥−𝑏)−𝑇𝑛(𝑥−𝑏))

2𝑏 𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

}

1

𝑝
 =

1

2𝜋
{∫ |∫

𝑔(𝑥+𝑏−𝑢)−𝜁𝑛(𝑥+𝑏−𝑢)−(𝑔(𝑥−𝑏−𝑢)−𝜁𝑛(𝑥−𝑏−𝑢))

2𝑏 𝛼(𝑥)𝑋
. {Φ𝑎(𝑢) − 𝜂𝑛(𝑢)}𝑑𝑢|

𝑝

𝑑𝑥
𝑋

}

1

𝑝
  

≤
1

2𝜋
∫ |Φ𝑎(𝑢) − 𝜂𝑛(𝑢)|. {∫ |

𝑔(𝑥+𝑏−𝑢)−𝜁𝑛(𝑥+𝑏−𝑢)−(𝑔(𝑥−𝑏−𝑢)−𝜁𝑛(𝑥−𝑏−𝑢))

2𝑏 𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

}

1

𝑝

𝑋
𝑑𝑢   
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  we take the best approximation of functions𝑔(𝑣) and Φ𝑎(𝑣) they 𝜁𝑛(𝑢) ,  𝜂𝑛(𝑢) in spaces 

𝐿𝑝,𝛼(𝑋) and 𝐿1(𝑋) respectively. Then 

2𝜋 {∫ |
𝐺(𝑥+𝑏)−𝐺(𝑥−𝑏)

2𝑏 𝛼(𝑥)
−

𝑇𝑛(𝑥+𝑏)−𝑇𝑛(𝑥−𝑏)

2𝑏 𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

}

1

𝑝
  

≤ {∫ |
𝑔(𝑣+𝑏)−𝑔(𝑣−𝑏)

2𝑏 𝛼(𝑥)
−

𝜁𝑛(𝑣+𝑏)−𝜁𝑛(𝑣−𝑏)

2𝑏 𝛼(𝑥)
|

𝑝

𝑑𝑣
𝑋

}

1

𝑝
. 𝐸𝑛(Φ𝑎)1 . 

By theorem 3.2, we have 

2𝜋 {∫ |
𝐺𝑛

(1)
(𝑥)−𝑇𝑛

(1)
(𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

}

1

𝑝

≤ {∫ |
𝑔(1)(𝑣)−𝜁𝑛

(1)
(𝑣)

𝛼(𝑣)
|

𝑝

𝑑𝑣
𝑋

}

1

𝑝

. 𝐸𝑛(Φ𝑎)1 . 

                                                  ≤ 𝐶(𝑝)𝐸𝑛(𝑔(1))𝑝,𝛼. 𝐸𝑛(Φ𝑎)1 

So, ‖𝑓 − 𝑇𝑛
(1)

‖
𝑝,𝛼

≤ 2𝜋 {∫ |
𝑓(𝑥)−𝑇𝑛

(1)
(𝑥)

𝛼(𝑥)
|

𝑝

𝑑𝑥
𝑋

}

1

𝑝

 and consequently 

𝐸𝑛(𝑓)𝑝,𝛼 ≤
1

2𝜋
 𝐶𝐸𝑛(𝑓(𝑎))𝑝,𝛼. 𝐸𝑛(Φ𝑎)1 , 

By direct theorem 2.1, we have 

𝐸𝑛(𝑓)𝑝,𝛼 ≤
3

𝜋
 𝐶𝐸𝑛(𝑓(𝑎))𝑝,𝛼𝜔1(

1

𝑛 + 1
, Φ𝑎) ≤

3

𝜋
 𝐶𝐸𝑛(𝑓(𝑎))𝑝,𝛼𝑉1(Φ𝑎).

1

𝑛 + 1
 

                    ≤
𝐶(𝑎)

(𝑛+1)𝑎
𝐸𝑛(𝑓(𝑎))𝑝,𝛼 , 

the desired assertion is established. 

Theorem 4 

Given any 𝑓 ∈ 𝐿𝑝,𝛼(𝑋), (1 ≤ 𝑝 < ∞), let us consider the trigonometric polynomial 𝑇𝑛(𝑥) =

𝑇𝑛(𝑓, 𝑥) of order n such that  
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‖𝑓(𝑘) − 𝑇𝑛
(𝑘)

‖
𝑝,𝛼

≤ 𝐶(𝑝, 𝑘)𝐸𝑛(𝑓(𝑘))𝑝,𝛼   , with some positive non-integer 𝑘. 

The proof runs analogously of theorem 3.2. 
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