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Abstract
The purpose of this paper is present a brief survey of know on estimates the rate for best
approximation of unbounded functions by suitable trigonometric polynomials of one variable
in weighted space L, ,(X). Moreover we studied concerning the degree of best trigonometric
approximation of £ with k non-integer in L,, 5 (X).
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Introduction

In 1977 Taberski R. see [10 ] and in 1979 Andreev, Popov, Sendov see [2] introduced the best
approximation of functions by trigonometric polynomials of fractional order. This notion could
considered as direct generalization of classical trigonometric approximation in weighted space
L, «(X) and it is more natural to use it for number of problems of approximation functions (
see, for example [3],[5],[6], [9]). The important problem of approximation theory and theory of
Fourier series is the problem of description of best approximation of functions by trigonometric
polynomials see [7] and [10].One can consider this problem from the viewpoint of description
of Roman Taberski of trigonometric approximation. In this paper, we obtain the description of
some estimates for the best trigonometric approximation of unbounded functions in L, . (X)
and the order approximation of £ by suitable trigonometric polynomials.

Let X = [—m, ], we denote the L, (X)-norm (1 < p < =),

1fly =, QI d)P <0 oovovrre )

and define for suitable W (a, x) of all weight function on closed interval X such that |f(x)| <

Ma(x), where M is positive real number and a: X — R* weight function.

We shall denote L, ,(X) the space of all unbounded functions on X which are equipped with

the following norm

1y = Uy |22 dn)” <0 v @).

a(x)

Let H,, be the set of all 2r — periodic trigonometric polynomials of order less than or equal
n,n€eN={123,..}.

The degree of best trigonometric approximation of an arbitrary function in weighted space
L, «(X) is define by

En(F)pa =0 {If = tallpa » tn € Hp} woovevevereeenen. 3).

Denote by w(f, §),,, the modulus of continuity with respect to the L, , —norm i.e.
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o(f,8)pa = sup IAG fllpe (0<E <) .eeennne. 4
he[o 5]

where A; f(x) = |f(x) — f(x + )| .

e imx

Suppose that F(f) = Yme—o C MGy e (5)

is the Fourier series of f € Ly, ,(X) for which the integral over X is zero so that C, = 0.

Given any a > 0, we define the a-th integers of f by the identity

e mx

I(f,x) = z:;;_m(ifn—mw .......................... (6),

a(x)

1 A A S
e Im|=% exp( Smia signm) .

As is well known [12] for f,(x) = I,(f, x) exist possibly for almost every x, is Lebesgue-
integrable and F[f,] = f,(x) a.e.

In this case for a > 0, the convolution

fa(x) = (f = a)——f" fr-wla@ o

20 a(x)
is of class L, o (X).

In several cases, the last Fourier series converges for every or a.e. x, its sum

fFEDE) = 1ol £10x) see[12].

If 0 < a < 1, the derivative f(x) of f is defined by the formula

FO@ =Zhg(fx) oo (7)

provided the right said exists. We set

FEOG) = (FOCON = Ll (%) oo (8)

For positive integer k.
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Let f be a complex-valued function defined in the closed interval [—m, ]. Then
1
Voo (f, —m,m) = sup B f(en) = FON[T) < 0,1 <p <) .. )
n
where IT denotes the partition {—7 = xy < x; < -* < x,, = m} is often called the p — th
variation of f in [—m, m].

The aim of this paper is to present some approximation theorems for unbounded functions in

space Ly, (X). Their proofs are based on the suitable result announced in [4] and [11].

Auxiliary theorem

Let us explicitly formulate direct theorem of the order degree of best approximation of
unbounded functions by algebraic or trigonometric polynomials in weighed space.
Theorem 1:[1]

Let f be unbounded function in weighted space L, ,(X) and (1 < p < o). For every natural

k there exist constant c¢(k) depending on k, such that

En(f)p,a < C(k)wk(f' \/H)p,a :

Main results

Considering for any unbounded function f belong to weighted space Ly, , (X) such that &) o

alx) —
M for all x € X, we shall prove the following:
Theorem 1
Suppose that function £ in space L, ,(X), (1 < p < o), with a derivative f %~ of non-

negative integer order k — 1 and absolutely continuous in X. Then

k)
En(Fpa < 5 En(fF)pa for n=012, ... .

Proof :

Let (5) be the Fourier series of f € L, ,(X) and k positive integer.
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We have

ak o ,
F®(x) = mI,( [F1(x) = X% __ o Cp (im)* (k)( 3 for all x. Moreover

e mx

FIF®]00 = Ziemeo Crn(im)* 5

Thus f®(x) = ¥2__ Cp(im)¥ f,i:n(x) F[f% x @, ](x) where

sinmx
2 P R

Pp(x) = Tiiem

(lm)"

For each trigonometric polynomials &,,(x), n, (x) of order n at most, there is a trigonometric

polynomial T;,(x) such that
FQ) = Tu(x) = o f, {FR®) = Eu(OH P, (x — ) — 1, (x — D)}t

= L[ {90 - w) = &0 — WHPRW) — 1,0}

Thus

e
En(Ppa < IF = Tallpe = (f, [F229 ax )"

a(x)

1

1 £ Ge—w=gne—u|? )P
Sg{(IX a(x) | dx) (fX

whence

¢n(u)—nn(u)| du)

a(u)

E (f)pa— E (f)pa E (cbn)la-

We have from direct theorem 2.1

En(f)pa = Co(f,

n+1)1“ !

from properties of modulus of continuity, we have
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w(f,48) = 2 w(f,6) ,

n—u if O<u<m
50, Cbn(u)={0 i]]:u=0u=7r}

i.e. V(®)(u) = 2(2m) = 4m , UE|[—mm].
Hence

amCi(p) 1
n+1 ‘2m

C2(p)
En(f(k))p,a < =" -En(f(k))p,a :

n+1

En(f)pa =

Theorem 2

Let f € L, (X)), (1 < p < o) and the trigonometric polynomial T,,(x) = T,(f, x) of order n

at most such that

If = Tallpe < COEa(Fpa » n=012,c oo, (10)

for all satisfies the conditions of theorem 3.1, with positive integer k. Then

lF® =T, 9NN , < COIEF ) pa + n=012, e (11).
Proof :

Let F,(f, x) be denote the v — th partial sum of the Fourier series of f and let /,(f, x) be the

Vallee-poussin means of this series, defined by the foemula

V. (f,%) = —32" E (f,x), n=012,...

n+1

As is well know, for any f € L, o(X)

1 |[fGHDBR® o
Va(f, ) ==, |—a(t) |dt ,  ifp=1
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. 1 . 1 . (3 1
Sll’l(U+E)f _ sm(n+5)t.sm(5n+5)t

and

1
where B, (t) = - 12;1;11

2sinst 2(n+1)(sint)>

in+1
2n+2

[y Ba®dt =1,~ [ B, (D) dt < 2.7 < 4.

Moreover

Un(F9, %) = v, (£, x) , whenever, f® € L, ,(X) .

By Minkowsk’s inequality, we obtain
1
p P
dx)
1 !

P\ GYPINNC) P \»
dx) +< f, [pe 20T a2 dx)

a(x)
il

D p
dx) :

Set p,,(f, x) the trigonometric polynomial of best approximation of f in weighted space

FRO@-1(r %)
a(x)

|70 - T,Ek)(f)”pa = <fX

s(fx

£ 60— ® (%)

a(x)

a(x)

(F) (k)
+<fX T Wn(fX)-Ty ~ (fX)

L, «(X) of order n, we have

(5
(5

1

p P
dx) <
1 1
p ? p P
dx) +{ [, dx

< ”f(k) — pn(f(k))”p,a + ”¢n(pn(f(k)) — f(k))”pﬂ

FO @) -, P (%)
a(x)

(£ %)~ ® (£.2)
a(x)

£ G)—pn (£ P x)
a(x)

< CLEn(Ff™ ) pa o, (12)
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from Zygmand inequality gives

(5

And

(5

1

' dx)p n* ({,

1
_ p P
Ty (Yn (f X)) Tn(f,x)| dx)P ...... (13)

a(x)

T (o () -1 (7,2)

a(x)

IA

1

P \p
dx) < (2n)* ( f,

[y

% (F,20)-T (9 (F,2))

a(x)

wn(f.x)—Tn(wn(f.x))|p dx);

a(x)

< GV En(n(pa - (14)

From (13) and (14), we obtain

1 1

T (Pn(f %)) =Tn (f %) [P P T (Pn(f, %)= (f.2)|P P
(fX a(x) | dx) = (fX a(x) | dx)
v 1 p 1
Y (fx)—f(x) v () =Tn(f %) p
T (IX a(x) | dx) A (IX | a(x) | dx)
< GMOE.(Wn(f))pa + CoEn(Hpa + CsOE(fpa ----(15)
and
EnWn(F )y < CEn(Fpar ovveneennnn, (16).

Thus, from (12), (15) and (16), we get
”f(k) - T(k)”p‘a < C6En(f(k))p,a + C7n(k)(68(p) + 1)En(f)p,a

+Co(p)E, (f)p,a

and by theorem 3.1 then (11) follows.
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Theorem 3

Let f € L, 4(X), (1 < p < o) and that the derivative f(® in weighed space with 0 < a < 1.

Then

c
En(Fpa < %En(f@)m for n=0120 covvvevr.... (17).
Proof :

Putting (x) = [ f(w)du , we have G, (x) = Ti—_w Cn(im)~(e™)
= f1(x) — f(0)
uniformly in x € (—oo, ). Consequently G, (x) = I,(x,g) — 1,(0,g) V x.

Therefore, for all real x
Ga(x) == [, @p(x —w)g(u)du — £(0),

Jy @nlx—wdu=0,.

For each trigonometric polynomials ¢, (x) and n,,(x) of order n, there is a trigonometric

polynomial T;,(x) such that

Gn) = To(@) = = [, {g0c — 1) = u(x — W)} AP () — My (@) }du — 1 (0, 9).

Assuming 0 < b < m , we have

1
G(x+b)—Ty (x+b)—(G(x—b)~Tn(x-b)|P , \» _
{fX | 2b a(x) | dx} B

1

1 gCe+b—1)—Zn(x+b—w)—(g (x—=b—u)~n(x—b—w)) _ PP
2m {fX |fX 2b a(x) SCACY nn(u)}du| dx}

1

1 glx+b-w)—{n(x+b-w)—(glx—b—w)—{n(x—b-u)) p P
<y 190 = @)L {J; | -t "]
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we take the best approximation of functionsg(v) and @, (v) they ¢, (uw) , n,(w) in spaces
L, «(X) and L, (X) respectively. Then

[N

G(x+b)—G(x—b)  Tn(x+b)-Ty(x—b)|P P
o {fX | 2b a(x) N 2b a(x) | dx}

1

gw+b)—gw-b) _ {nw+b)—{n@-b)[P , P
= {fX | 2b a(x) 2b a(x) | dv} En(Pa)s -

By theorem 3.2, we have

/ dx}% < {fx

< C(p)En(,g(l))p,a En(q)a)l

1
—G,(ll)(x)—T,(ll)(x) : dv}p . En (q)a)l 4

a(x)

gV )P w)
a(v)

],

il

Fo-1 0
a(x)

P Yp
So, ”f — Tn(l)“pa <2m {fx dx} and consequently

En(f)p,a < % CEn(f(a))p,a-En(q)a)l ’

By direct theorem 2.1, we have

3 1 3 1
En(f)p,a < ; CEn(f(a))p,awl(n—_l_l'q)a) = ; CEn(f(a))p,avl(cba)-n—_l_l

C(a)
= (n+1)a En(f(a))na '

the desired assertion is established.
Theorem 4

Givenany f € Ly ,(X), (1 < p < ), let us consider the trigopnometric polynomial T,,(x) =

T,.(f, x) of order n such that
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”f(") — 70 ”p L SCo K)E,(f*)),q , with some positive non-integer k.

The proof runs analogously of theorem 3.2.
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