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Abstract

The new generalized operator F's, is a conjunction between Unconstrained optimization and

Univalent Harmonic Functions.We derived some properties by this conjunction like, coefficient
inequality, convex set, apply Bernardi operator and determine the extreme points such that

Yoy (wq +99) =1,(w, 20,9, =0).In particular, the extreme points of N§;

(B,v,u;m, 2) are {h,} and {g,}.

Keywords: Coefficient inequality, Integral operator, Optimization, Harmonic, Univalent,

Generalized operator and Bernardi operator.
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Né&y (B,v,usm, A) are {h,} and {g,} Wee 321 (@ +9,) =1, (0, 20,9, 20)

(3L dale caere dale ¢Sl salal ¢ Guliie Al (JalSia dale o) bl ade Jalee 1Apalidal) cilalSl)

Introduction

Between Univalent Harmonic Functions we derived some properties by this conjunction like,
coefficient inequality, convex set, apply Bernardi operator, determine the extreme points and

Unconstrained optimization, also the BFGS formula H -version is given by:

S kY H + H yis’

H* = H +

T
SkYk

Lemma 1[14]: Let the current Hessian matrix be a symmetric and positive definite, then the

next Hessian matrix defined by BFGS update is positive definite if and only if z,fg > 0.

Lemma2: If B € R, and a € R™ such that aTa = 0, then the minimum value of x " x = ||x||?, x

n - T, oRicy=R_2
€ R", subject to a E—B'SE—BQTE-

Ifrowi, (i=1,2,...,n)issetas

1,a=[s152...n]", x = [Viz Viz ... Vin]"

=
1
N

By imposing the constraints v;; = 0, forall j <i.
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This update does not preserve the symmetric property and could lead to failure if v;; = —u;;.

Now by Q=Q (€) the class of analytic functions in the open unit disk € =

{z € C: |z| < 1}. For nis a positive integer and a € C,

let Q [a, n] be the subclass of the function f € Q of the form:
f(z)=a+a,z"+ay. 2"+ .. (a€CneN={123...}).

A continuous function f = u + iv be a complex valued harmonic function in a complex
domain C , if both u and v are real harmonic in C. In any simply connected domain D c C, we
can write f = h + g, where h and g are analytic in D. We call h the analytic part and g the co-
analytic part of f. A necessary and sufficient condition for f to be locally univalent and sense-
preserving in D is that |h’(z)| > |g’(z)| in D see (Clunie and Sheil — Small [1]), (also [2] and
[3]), defined the harmonic function. Denote by &,, the class of functions f = h + g that are
harmonic univalent in the unit disk €= {z € C: |z| < 1}, for which f(0) = f'(0) — 1 = 0.

where h and g are given by:

h(z)=z+2an z“,g(z)=2bn z" |bq| <1 (D
k=2 k=1

Sof=h+g €6,

Also, denote by N§,, the subclass of §,, containing of all functions f = h + g, where h and g

are given by

h(z) =z— Zlanl 2, g(z) = —Z|b,,| 2, |by <1 )
n=2 n=1

new generalized operator F)'s on Class of analytic functions A .
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as follows: For m € Ny=NuU {0}, § = 0 and v a real number with
v+ 48 > 0. Then for f € A, we define the operator Fs by

Fps f(2) = f(2),

vf(z) + 62f'(2)
v+ §

Fos5 f(2) =

)

F £ (2)=Fy s (Fiis ' £(2)):

We observe that Fj's + A — A is a linear operator and

) a, z" 3

It follows

Foof (@) = f(2),

(v + OFIF (@) = vERsf (@) + 62 (ENsf(2)) 16 > O,

and

Fuos (FIT,? (Z)) ="F, 2 (Fffgf(z)), for all m;, m; € Ny .

We note that

1) FJLf(z) = F'f(z) , v > —1 (see Cho and Srivastava [4]and Cho and Kim [5]).
2) Fl5sf(z) = D'5f(2),6 = 0 (see Al-oboudi [6]).

) Fhi_ssf(2) =F5f(2),1 >—1,68 = 0 (see Catas [7]).

4) F%sf (z) = N'§ f (2), is an operator defined by (see [8]).

1+ né

m [ee] m
M@ = 2+ 3, (T) an 2 € A).
Patel [9] defined an integral operator I,)’s on A as follows:
Form € Ny=Nu {0}, § = 0 and v a real number with v + § > 0.

Then for f € A, we define the operator 175 by
Iysf(z) = f(2)
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™ F(z) = (H 6)21‘(”36) f {5 IMSlE(Hde, 7 € 6.
0

— 11 Z 1 Z 1 V4
=L ( 1—2) *Ls (1—2) *oexlys ( 1-Z

m—times

We observe that Is A — A is an integral operator

)* £@). ©)

v+ 6
v+n é

0f (2) = 2+ X (
It follows

Lof (@) = f(2),

0+ OINsf ) = v f @) + 62 (1 @)
We note that

DIThf(z) = T"f(2) (see [9]) .

2) 1251/ (z) = T5'f(2),6>.0 (see [9]).

3) 1M f(2) = TR (2), v > 0 (see [9]).

Now, we define a new class Né,, (B, v, u; n, 1)of harmonic functions of the form (1) that

) a, z",(z € ©).

satisfying the inequality:

p@B+v) (B3 @) + Bz (@) " + (3 f @)’
(@) +z (1 f @)~
>p(L+B+7), (5)

Re{p(1—-p) +
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where)tzo,0<y<§,0</3<1and0s/,¢<1,

we further denote by N6, (B, v, u; n, A) the subclass of N6, (B, v, u; n, A) that satisfy the

relation

N(S,j (ﬁry'ﬂ; Tl,l) = N(Su N Ndu(ﬁ; Y, U Tl,/1)

In the following theorem, we find a sufficient condition for a function f to be in the
class N6, (B,y, u; n, 2).

Lemma (3) [9]: Let § = 0. Then Re(w) > g if and only if
lw—(1+B)| <|w+ (11— B)|, where w be any complex number.

Theorem (1): Let f = h + g (h and g be given by (5.1)). If

Z(n(u(n —pn+28+y+p)=B+1)—n*ul+B+y)(1+An— D)5 a,l

£ n(u(n - Br+ 26+ 1+ B) = B+ D~ n2u(1+ B +7)(1+Aln — D) b,
n=1
<1, (6)

where1 > 0,0 <y < % 0 <pB <7Tland0<u < 1,then f is harmonic univalent sense-

preservingin€and f € N6,(B,y, u;n, A).

Proof:
K ()| >1- an a,| z"71 >1 —Znan
n=2 n=2
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>1
_i(n(u(n—ﬁn+2ﬁ+y+ﬁ)—ﬁ+1)—n2u(1+ﬁ+)/))(1+/1(n—1))1%1' |
n=2 n "

>1
_i(n(,u(k—ﬁn+2,8+y+ﬁ)—,8+1)—nzu(1+,8+y))(1+/1(n—1))I,Tgllb |
n n

N i (m(p(n—Bn+28+y+p)—B+1) l:nzu(l +B+V)(1+An— 1)) Ib, ||z|"
n=1

(o]

> nlbylzI™
n=1
|g'(2)|, sense-preserving.

And let

w(z)
= { n(1—p)

@B +y) ((Imglh(z)) + (1519 @) ) + Bz ((th(z))" +(1m19 (@) ) + (1 h@) + (19 () l

+ .
(@) + (1m19(@) + 2 ((Is?slh(z)) T+ (@) ) )
A(z)
°B@) (7)
where
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A@) = u(t - B (@) + (13 @) ) + @ + 1) (15 ()
+ Bz (I (2))  + (I £ (2))

and
B(z) =1+ Z n(1+ A - D) a, z" + z:(n2 —)(1+ An— D)5 b, 2",
n=2 n=1

Using the fact by Lemma (3)
Re{w(z)} > u(1 + B +y) if and only if
w@— (1+p+B+M)| <|w@+ (1 -n@+8+1)]®
It is sufficient to show that
A - (1 +p(1+B+7))B@)| —|A@) + (1 —pu(1+ B +7¥))B(2)| < 0.

Substituting for A(z) and B(z) and making use of (4) and (5) and resorting to simple
calculation, we find that

|A2) - (1 +u(1 + B +7))B@)| - |A@) + (1 = (1 + B +7))B(2)|
Such that

|A(z) — (1 +u(l+p+ y))B(z)|
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W@ +p+y)+ 1z

+ zn(,u(n B+ 28 +y +B) — B+ D(1+ A0 — D)L ay |z
+ zn(,u(n Bri+ 284y + B =B #D(1+ A0 — D)L a, |z

—(1+p1+8+7) (1 + Z n(1+A(n— D) ta,

+ Z(n — 1) (1 + A(n — 1))IMHp, ) )
Also
|4(2) + (1 — p(1 + B +7¥))B(2)]|
=|[w@+p+y)+ 1z
in(,u(n prn+2B+vy+p)— B+ 11+ — D) a,|z"?
=2
+ Zn(,u(n prn+2B8+y+p)— B+ 1)(1+A(n— D) a,|z"?
+(1-pu@+8+7)) (1 + i n(1+A(n— D)5 ta, 2"
k=2
+ Z(n —)(1+A(n— D)L b, ) (10)
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o)

< Z(n(u(n —pn+2B+y+B) B+ 1D —nPu(l+B+y) +nH)(1+An— D)5 ayl

n=2

Z(n(u(n —pn+28+y+B) B+ 1D —nPu(l+B+¥) +n)(1+An—D)INF b,
n=1
—-1<0.
By inequality (7), which implies that f € N6, (B, v, u;n, A).

f(2)
_ +i .
=z nzz(n(ﬂ(n—ﬁn+2ﬁ’+y+ﬁ)—ﬁ+1)_n2#(1+ﬁ+y))(1+/1(n_1))131(;12

n

oo

:y_k S\T
+Zn(ﬂ(n— pn+2B+y+B)—B+1) —n2u(l+B+)(1+A(n— 1)) (@)% (®)

n=1

where

(Z|xn| A 1),
n=2 n=1

shows that the coefficients bounds given by (7) is sharp.

The function of the form (11) are in the class N6, (B, v, u; n, ) because in view of (7), we

infer that

oo

D nGuln = prn+ 28 +y+ ) = f+ D = wu(l+f+1)(1+ A0 — D) 155,

n=2

+Zn(,u(n—,8n+2/3+y+ﬂ) — B+ 1) —1?u(1+ B +y))(1+A(n— 1)) 15 byl
n=1
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= Yl + ) 7l =1 O
n=2 n=1

The restriction placed in Theorem (1) on the moduli of the coefficients of f = h 4+ g implies
that for arbitrary rotation of the coefficients of f, the resulting functions would still be

harmonic univalentand f € N&§,(B, v, u;n, A).

The following theorem shows that the condition (7) is also necessary for the function f to

belong to the class N&;, (B, v, u; n, A).
Theorem (2). Let f = h + g with h and g are given by (2).Then

f € NS, (B,y,u;n, A) iff

(o]

D nuln— pr+ 26+ y + ) - f+ D = w¥ut+ + A+ A - D) 15|

n=2

+Zn(,u(n—[)’n+2ﬁ+y+ﬁ) — B+ 1) —nPu(1+ B+ )1+ A —1)) 5 b,

<1

— ’

e (10)
Where 1> 0,0 <y <,0 <f<land0 <pu<1.

Proof: By noting that N&;;, (B,y,u;n,A) < N&, (B,v,u; n, A), the sufficiency part of

Theorem 2 follows at once from Theorem (1).To prove the necessary part, let us assume that

f € N&;, (B,v,u;m,A). Using (3), we get
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(
Re{uu—ﬁ)

\

2B +7) ((I::};lh(z)) +(1m19(2) )+ﬁz<(1:;?;1h(z)) +(1mg()” ) (1mh(2) + (41 g(2))”

+

(ppr@@) + (19 @) + <(1;;}g1h(z)) (1m+1g(z)))

WA+ B+y) + Dz—=Ynum—pn+28+y+B) =B+ D+ An— D) a,lz" !
= Re{ 1-Yr,n?la,|z"1 = X2 n?|b, |zt

2anum=pn+28+y+p)— B+ D(1+ A — D))IPa byl 21
1=, n?lay |zt — X2 n?|b, |zt

}>ul+B+y)

If we choose z to be real and let z —» 17, we obtain

o

W+ B+p) +1— Zn(,u(n Brn+28 +y+B) — B+ D(1+A(n— 1))IM g,

o)

Zn(,u(n Prn+2B+v+pB)— B +1)(1+A(n— D) b,

n=1
> UAHB+9) = ) u(+ B +ntla] = ) a(T+F+ 1l
n=2 n=1
Hence

Z(n(u(n prn+28+y+p)—B+1D) —nPu(l+ B +y)(1+An— D) al

+Zn(u<n—ﬁn+2ﬁ+y+ﬁ)—ﬁ+1)—n2u<1+ﬁ+y)>(1

+Atn— D)IPS bl < 1,. DTN ¢ & )|
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which complete the proof of Theorem (2).
Now, we determine the class N&;; (8, v, u; n, A) is convex set.
Theorem 3: The class N&;, (B8, v, u; n, 1) is convex set.

Proof: Let the function f; (S = 1,2) defined by

fs@ =2 |ans[z" = |bus |@" (12)
n=2 n=1

be in the class N6, (B8,v, w;n, A).
It is sufficient to prove that the function
C(2)=tf1(2)+ (A -0f(0<t<1), (13)

is also in the class N&;, (B, Y, w;n, 4). Sincefor0 < t < 1,

€@ =2= ) (Han |+ A =Dlay )2 = ) (tlbe | + (1 = O], N
n=2 n=1

with the aid of Theorem (2), we have that

o)

Zn(u(n —pn+2B+y+pB)— B+ 1D —nPu(1+ B+ )1+ Atn— )P (t]ay, |

n=2

+(1-— t)|an,2 |)

+2n(y(n —pn+28+y+B) B+ —n*u(l+B+)(1+An— 1))13};1(t|bn,1 |

+ (1= t)|bnz])
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t [Z num—pn+28+y+p)—f+1) —n?u(l+ B +y)(1+An— D)5 ay, |
n=2
+Zn(u(n —prn+2B+y+B) =B+ 1) —n*u(l+ B +y)(1+An— DS by, ]
+(1-1t) [Zn(ﬂ(n—ﬁn+23+)’+ﬁ)—ﬁ+1)—112!1(1"'3"']/))(1
+ A(n— D) ay, |

+Zn(u(n —pn+2B+y+pB)—B+1D) —nPu(1+ B+ )1+ An— D)5 by ]
n=1

<t+(1-¢t)=1.
Hence, C(z) € N&,, (B, vy, ; n, A).

For our next theorem, we need to define the convolution of two harmonic functions. For

harmonic function of the form:

f@) =2 ) lay 2= ) | ()" (14)
n=2 n=1

and

F@)=2- ) leal 2"~ ) |do| (2)" (15)
n=2 n=1

We define the convolution of two harmonic functions f and F as:

(f «F)@) = f@) * F(2) = 2= ) laueal 2" = Y Ibudyl (7).

Theorem (4): If f and F are in N6,,(8,y, u; n, 4), then
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(f xF) € N6L(B, v, s, A)
Proof: Let f and F of the forms (14), (15) and
|c,] < 1and|d,| <1.Since f € N&; (B,y,u;n, 1),

Then we can write by theorem (2)

z(n(u(n —Bn+28+y+B) =B+ = nPu(l 4 B +y)(1+ A - D)5

+ (n(u(n —pn+2B+y+B) —-B+1)—nu(dl+p+ y)) (1 +4(n—D)INF by
<1, (16)
and since F € N&,, (B, v, u;n, 1)

D nun = fn+ 2847+ B) B+ D) = w2p( + B+ (1 + Al — D)1 e,
n=2

+Z(n(u(n —Bn+ 2B +y+B) =+ —nPu(l+ B +y)(1+ A - D)L dyl

<1.(17)
Then

Z(n(u(n —pn+2B+y+B) =B+ 1D —nPu(l+ B+ )1+ An— D)5 Hauc,l

+Z(n(u(n —pn+2B+y+B) B+ 1D —nPu(1+ B +))(1+An— D) byd,l

<) (= fr+ 26 +y +B) = f+ 1 = w?u(t +  +P)(1+ A6 - D)la
n=2
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+Z(n(u(n Bru+2B+y+B) - B+ 1) —n*u(1+B+y)(1+An— 1)L byl

<1 (17)
Then f = F € N6,,(B,y,u;n, A)

Definition (1)[11][14]: The Bernardi operator is defined by

1 z
L@ = | e, (-1<0) (8)
0

If

f(z) =z+§en B,

then

1
Ly(f(2) ‘”Znig " (19)

Remark (1): If f = h + g, where

h@) =2 =) lanl 2%, g@) == Y Ibil 7",
n=2 n=1

then
LQ(f(z)) = LQ(h(z)) + LQ(g(z)) (20)
Theorem (5): Let f € N6,(B,v,u;n,A)Then Ly(f) (Q € N) is also belong to the class

N&, By, u;m,2)
Proof: By (19) and (20), we get
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Since f € Né6,,(B,v, u; n, A), then by Theorem (2), we have

D =+ 28 +y+ ) = f+ D =l ++y)(1+A%k - D) ay
n=2

+ Z n(um—Bk+28+y+p)—B+ 1D —nPu(l+ B+ y))(1+A(n— )P b,
k=1
< 1.

Since Q € N, then % < 1, therefore

oo

D =+ 28+ v+ —f+ D

n=2

1
— w1+ B (L4 Al = D) () L

£ =+ 28 +y+ ) = f+ D
n=1

1
—?u(1+ B+ )1+ A - D)L (ﬁ) L

< Zn(,u(n— prn+28+y+pB)—B+1D—n*u(l+B+y)(1+An— 1))13};1 la,|
k=2

+Zn(u(n — 2B +y+B) — B+ 1) —w2u(l+ B+ )1+ A — D) b < 1,

and this gives the result.

Next, we determine the extreme points for the class N&,,(B,v,u;n, A)
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are given in the following theorem.
Theorem (6): Let the function f be given by (2). Then

f € NS, (B,v, s, A) ifand only if f can be expressed as

f(z) = z(wn h,(z) +9, g.(z)) ,where z € n, (21)
n=1
h,(z) = z,
h.(z)
1

n
)

Z_n(u(n—ﬁn+23+y+ﬁ) - B+1) —n2pu(1+ B +y)(1+A(n—1))INH1
m=23,..) (22)

9n(2)
=Z

1 7\
R4 2By + BB+ DR+ B )1+ A D)

m=12.) (23)
z (0, +9,) =1,(w, = 0,9, > 0).

In particular, the extreme points of Né&;;, (B,y,u; n, A) are {h, .} and {g,.}.

Proof: Suppose f is of the form (21). Using (22) and (23), we get

F) =) (@ ha(2) + 8, gu(2)
n=1
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[00]

= Z(a)n +9,)z

n=1

o

1
_;n(ﬂ(n_ﬁn+zﬁ+)/+ﬁ)_ﬁ+1)_nzll(l'i'ﬁ+V))(1+/1(n—1))111216+1wnz

o)

-y - L0,
num—pm+286+y+pB)—L+1) —n?u(1+p+ y))(l + A(n— 1))1,’}};

n=1

=D (@ +9,)-0 = A-w) <1,
n=1

which implies that f € N&;; (B,v, u; n, 4).

Conversely, let f € N&;, (B, v, u;n, ). Then

Wy
nutm—pn+20+y+p) =B +1) —n2u(l+ B +y)(1+A(n— 1)1

|an| <

Un

b < .
al <n(u(n—,8n+23 +y+pB) - B+ —n2u(1+ B +y)(L+am— D)

Set
w =n(um—pMm+28+y+p)=F+1)
—n2u(1+ B+ )1+ 2 — )P a,l, (n=23,...)
and
Op=n(um—pn+28+y+p)—-F+1)
—2u(1+ B+ Y1+ Atn— )P bl (n= 1,23 ...).
where
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Z (wn +19n) =1,
n=1

we define
Wy = 1—20011—21911
n=2 n=1
we have
) =2 lanlz" = ) Iby |@)"
n=2 n=1
=z

o)

1
_Zn(u(n—ﬁn+2ﬁ+y+ﬁ)—ﬁ+1)—nzﬂ(1+ﬂ+)/))(1+/1(n—1))I1Tglwnz

n=2

oo

m+1 ﬁn(z_)n

1
_Zn(u(n—ﬁn+ 2B+y+pB)—B+1)—n2u(1+p +y))(1 +A(n— 1))11,,5

n=1
= (1 >3 Z Wy — Z 19]() zZ+ Z Wy hn(z) + Z 19ngn(z)
n=2 n n=2 n=1

=1

= wyhy (2) + i wy hy(2) + i O gn(2)

= Z((un h(2) + 9,94(2)).

That is the required representation.
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