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Abstract
Let R be aring and let M be a left R-module. In this work we present a small pointwise

projective module as generalization of pointwise projective module, we also introduce the

notations of small pointwise projective hollow modules, amply supplemented small pointwise

projective module, small pointwise projective module M with finite spanning dimension, small
pointwise hereditary module and we study their basic properties.
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Introduction
Let R be aring and M be a left R-module. A submodule N of an R-module M is called

small submodule of M if N + L = M for any submodule L of M implies L = M [1]. An

epimorphism g : A — B is called small provided ker g is small submodule in B [2]. An

R-module M is called small projective module if for each small epimorphism g : A — B where
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A and B are any R-modules and for each homomorphism f : M — B there exists a
homomorphism h : M — A such that goh = f [2]. An R-module M is called pointwise
projective module if for each epimorphism g : A — B where A and B are any R-modules and
for each homomorphism f: M — B then for every m € M there exists a homomorphism h : M
— A such that g o h(m) = f(m) [3]. In this paper we introduce the concept of small pointwise
projective module as follows : An R-module M is called small pointwise projective module if
for each small epimorphism g : A - B where A and B are any R-modules and for each
homomorphism f : M — B then for every m € M there exists a homomorphismh: M — A
such that g o h(m) = f(m). A non zero module M is hollow if for every proper submodule is
small in M [1]. we study the endomorphism ring of a small pointwise projective hollow
modules. A submodule V of M is called supplemented of a submodule U of M if V is a minimal
element in the set of submodules L of M with U + L = M [1]. An R-module M is called
supplemented if for every submodule of M has supplemented in M [1]. An R-module M is
called amply supplemented if for every two submodules U , V of M such that M =U + V, U
contains a supplemented of V in M [4]. we study amply supplemented small pointwise
projective module. Finally, recall that an R-module M is hereditary if for every submodule of
M is projective [1]. In this paper we introduce the concept of small pointwise hereditary module
and some properties.
81 Characterization Of Small Pointwise Projective Modules

In this section, we give the definition of small pointwise projective modules and we give
some characterization of this concept.

Let R be aring and M be a left R-module. M is called small pointwise projective module if
for each small epimorphism g : A - B where A and B are any R-modules and for each
homomorphism f : M — B then for every m € M there exists a homomorphism h: M — A such

that g o h(m) =f(m), i.e., the following diagram commutes:

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
»

f
A » B = O
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The following proposition gives a characterization for small pointwise projective modules.
Proposition (1.1) The following are equivalent for a module M
1) M is small pointwise projective module.
2) For each small epimorphism f: N - K, the homomorphism Hom(l , f) : Hom(M , N) —»
Hom(M , K) is an epimorphism.
3) For any small epimorphismg: B - A, go Hom(M, B) = Hom(M , A).
Proof: 1-2) Let f: N = K be a small epimorphism and g € Hom(M , k). Since M is small
pointwise projective, for each m € M there exists a homomorphism h : M = N such that fo
h(m) = g(m). Therefore (Hom(l , f) o h)(m) = g(m) where h € Hom(M , N).Thus Hom (I, f) is
an epimorphism.
2-3)Let g : B — A be a small epimorphism.By2) Hom(l, g) : Hom(M , B) - Hom(M , A) is
an epimorphism. Now to show that g e Hom(M , B) = Hom(M , A).Let f € Hom(M , A) so there
exists f; € Hom(M , B) such that Hom(I, g) o f; =f.i.e.; go f; =f.Thus f
€ go Hom(M, B),so Hom(M, A) < go Hom(M, B). Clearly goc Hom(M, B) <Hom (M,
A). Therefore g e Hom(M , B) = Hom(M , A).

3—1) Consider the following diagram

M
h ..
f
e g
B > A » 0 ;kerg<<B

where g : B — A is small epimorphism and f : M — A is any homomorphism.

Let m € M, since go Hom(M , B) = Hom(M , A) and f € Hom(M , A) there exists
h € Hom(M , B) such that go h = f and hence g o h(m) = f(m). Thus M is small pointwise
projective module. Every small projective module is small pointwise projective module since
every projective module is pointwise projective module .Every projective module is small
pointwise projective module since every projective module is small projective module.
Every pointwise projective module is small pointwise projective module since every projective
module is small projective module.
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Aring R is called cosemisimple if Rad (M) = 0, for each R-module M [2].

Proposition (1.2) Let R be a cosemisimple ring, every module over R is small pointwise
projective module.

Proof: Every module over cosemisimple ring is small projective module [1] and hence small
pointwise projective module .The next proposition is another characterization of small
pointwise projective module.

Proposition (1.3) An R-module M is small pointwise projective module if and only if for every
homomorphism f: M — B where B is an R-module and every small epimorphism g: A—B
from an injective module A, for each m € M there exists a homomorphism h

: M = Asuch that g o h(m) =f(m), i.e., the following diagram commutes:

.
.
.
.
.
.
-
-
-
.
-
.
.
.
.
.
-
-
-
-
.

f
A > B—— » O

Proof : =) Clear
<) Let g : A - B be any small epimorphism and f : M — B be any homomorphism.

Consider the following diagram

.M

.
=
.
h*, .-
2
5
-

d f

l

e e rasiAYA )
B — = 0; Kerg<< A

A =
h,”
i Y4
» - \/
E

= E
Kerg

Since every module can be imbedded in an injective module [5], then there exists an injective

module E , i : A - E Dbe the inclusion homomorphism and: E— &rg be the natural

epimorphism. Define /: B — %rg by £ (b) = a + ker g for all b € B where g(a) = b. It is clear
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that / is well define and homomorphism. For each m € M there exists a homomorphism h :

M — E such that t o h(m) = £ o f(m).Let w € h(M),there exists m; € M such that

W = h(m;) , o h(m;) =/ o f(m,),where g(a) = f(m;),thus h(m,) —a € ker g and hence h(m,)
€ A. Thus h(M) < A. Define h*: M - A by h*(x) = h(x) for all x € M. Now, £ o f(m) = 1t o h(m)
=moioh*(m)=/{ ogoh*(m) .Thus go h*(m) = f(m) for each m € M and hence M is small
pointwise projective module.
Proposition (1.4) Let M be an R-module , the following statements are equivalent
1) M is a small pointwise projective module.
2) Each small epimorphism g : A - M where A is any R-module is a pointwise split
i.e. for each m € M, there exists a homomorphism h : M — A such that g o h(m) =m.
Proof: clear

An R-module, M is called Z-regular if for each x € M, there exists h € M* such that x =
h(x) x [6].
Proposition (1.5) Every Z-regular module is a small pointwise projective R-module.
Proof: Every Z-regular module is pointwise projective R-module [3] and hence small pointwise
projective R-module.

A submodule N of an R-module M is called pure submodule if for every finitely generated
ideal I of R, IM N N = IN [7].

An R-module M is called F-regular if every submodule of M is pure [8].
Proposition (1.6) Every Z-regular R-module is F-regular small pointwise projective module.
Proof: It follows from proposition (1.5) and [8]

It is known that every module over a regular ring is F-regular [9].Thus we have

Proposition (1.7) Let R be a regular ring, then every small pointwise projective R-module is
F-regular,

Now we ready to give example of small pointwise projective module that is not projective.
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Example (1.8) Let k be a field, let i € I where 1 is an infinite countable set and let k; = k. Put R

=I1; e1 k; with the usual operations, R is a ring. Since k is a field, then k is a

regular ring and hence R is regular ring. Let p = ie@lki. Clearly, p is an ideal of R, also p is a z-
regular R-module [6]. By proposition (1.5) p is a small pointwise projective R-
module.We claim that p is not projective R-module. In fact, it can be easily shown that p is not
direct summand of R, thus it is not a direct summand of ; gRi ; Ry = R. Therefore p is not direct
summand for any free R-module. Hence by [5, p.256] p is not projective.
82 Some Properties Of Small Pointwise Projective Modules

In this section, we give new properties of small pointwise projective module.
Proposition (2.1) ®a € AM« s small pointwise projective module if and only if M, is small
pointwise projective module for each o € A.

Proof: Assume ®a € AM« is small pointwise projective module. Consider the following

diagram
Pao
® M, — >~ M,
aeA , = J
i o -
hi i
hOL
\4 }'/ g
A » B———» 0; Kerg<< A

where g : A — B is any small epimorphism, f : Mo — B is any homomorphism,
po: ®a € AMa — My is the projection homomorphism and Jo : Mo = @a € AM« is the injection
homomorphism. Since ®a € AM« is small pointwise projective module for each m € M there
exists a homomorphism h : ®a € AM« - A such that go h(m) = fo p(m). Define h, : My, = A
byhy,=hoej,,gohg(m)=goh oj,(m)=Fop,ej,(m). Thus M is small pointwise projective

module .Suppose M,, is small pointwise projective module. Consider the following diagram

Vol: 12 No:2, April 2016 77 ISSN: 2222-8373



DIYALA JOURNAL FOR PURE SCIENCES

X]
T
e e ===

Small Pointwise Projective Modules

Nuhad Salim Al-Mothafar Mukdad Qaess Hussair
JOL

M, »® M,
, L ael
: v,

\V(xi f
v & g
A » B — > 0; Kerg<< A

where g : A - B is any small epimorphism, f: ®a € AM« - B is any homomorphism and Jo. :
Mo —» ®a € AMa s the injection homomorphism. Since M, is small pointwise projective
module for each m € M there exists a homomorphism ¢, : M, = A for all a € A such that geo
Po(m) = foj,(m). Define P : ®a € AMa - A by Y(h) = YpecaWa(h(a)) for each he
®a € AMo It is clear that ¢ is well define and homomorphism.[(ge y)(h)](m)
[9aeaVa(h()](m) = [Xaeal@e W) h(a)DIM) = [Eaealfejo)(h(a)](m)
f(Laeaja(h(@))(m) = (f (h))(m).

A pair (p, f) is called a projective cover for a module M, if p is projective module and f is
an epimorphism of p onto M with ker f < p [10, p.199].

Proposition (2.2) A small pointwise projective module which has projective cover is projective
module.

Proof : Let M be small pointwise projective module . Let (p , f) be projective cover for M.
Consider the following diagram

M
~ £ v
P M (Kerf << P)
ha! I:]/ f1
* o~ g \4
A B (0]

where g : A — B is any epimorphism, f1 : M — B is any homomorphismand I : M — M is the

identity. Since M is small pointwise projective module for each m € M there exists a
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homomorphism h; : M —P such that fo h,(m) = I(m). But P is a projective module then there
exists a homomorphism h, : p — Asuchthatgo h, =f; o f. Defineh: M — A by h
=h,o h;,geh=goh,0o h; =f ofo h; =f; o | =f;.Therefore M is projective module.

A module M is called S.F, if zero is the only small submodule in M [2].

Example
1. Every simple module is S.F.

2. Zas Z-moduleis S.F.
Proposition (2.3) Let R be aring. If all R-modules over R are S.F then they are small pointwise
projective module.

The next result gives a property for small pointwise projective modules.
Proposition (2.4) Let M be a small pointwise projective module. If ker f <« M where
f € End(M) then any epimorphism g : M — f(M) can be extended to an epimorphism in End(M).

Proof : Consider the following diagram

M

P
M——— > f(M)———> 0

Since M is small pointwise projective module,for each m € M,there exist a homomorphism h :
M — M such that f o h(m) = g(m). we claim that h is an epimorphism.Let m; € M, then
f(m,) = g(y) for somey € M, f(m,) = f o h(y) and this implies that m, - h(y) € ker f hence M
= ker f + h(M), but ker f << M then M = h(M).

A submodule N of M is called M-cyclic submodule if it is the image of an element of
End(M) [11].

A module N is called M-principally injective if for any endomorphism y of M, and every

homomorphism from y(M) into N, can be extended to a homomorphism from M to N [11].

Before, we give the next proposition, we will introduce the following definition:
An R-module M is called small factor of a module N if there exists a small epimorphism
from N to M.
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Proposition (2.5) Let M be a small projective module. The following are equivalent

1) Every M-cyclic submodule of M is small pointwise projective module.

2) Every small projective module of an M-principally injective module is M-principally
injective module.

3) Every small factor module of an injective module is M-principally injective module.
Proof: 1-2) Let g : A — B be a small epimorphism where A is M-principally injective module.

Consider the following diagram

Where f : (M) = B is any homomorphism, v € End(M) and t : w(M) = M is the inclusion
homomorphism. By 1) yw(M) is small pointwise projective module,for every m € M, there exists
a homomorphism h : yw(M) — A such that g o h(m) = f(m). Since A is M-principally injective
module there exists a homomorphism h; : M — A such that h; o k = h. Define h,: M — B
by h, = goh;,hyok=goh;ock=goh=H.

2—3) Clear

3 —1) By proposition 1.3.

Proposition (2.6) Let M be a module and A < M, then for every direct summand B of M such

that ANB «< A and A + B is small pointwise projective module, we have ANB = {0}.

A A+B

Proof: Consider the following natural epimorphism m; : A— 5 M2t A+B- — By

second isomorphism theorem A %.Since B is a direct summand of M, so M = B® k4,

ANB —
where k; < M,by modularlawM n (A+B)=(B@® k,) n (A+B),so A+ B =B®(k, N(A+B)),

so B is a direct summand of A + B, by proposition (2.1) k; n (A + B) is small pointwise

. . A+B . . . . . A
projective module and hence % is small pointwise projective module and so ~5 e get AN

B = {0}.
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Proposition (2.7) If p, is a pointwise projective module and p, is a small pointwise projective
module, then p, ®p,, is a small pointwise projective module.

Proof: Let f: N - K be an epimorphism,By proposition (1.1) Hom(l , f) : Hom(p,, N) —»
Hom(p, , K) is an epimorphism. Since p; is a pointwise projective module, by [10, proposition
17(1, 2)]. we have Hom(l , Hom( I, f)) : Hom(p, , Hom(p,, N)) - Hom(p, , Hom(p, , K)) is
anepimorphism, using[10, proposition(20.6)].we get Hom(p; ®p, , N) = Hom(p;®p, , K) is
an epimorphism, By proposition (1.1), we get p; ®p,, is a small pointwise projective module.
Proposition (2.8) Let M be an R-module has projective cover (p, f). If Q is a small pointwise
projective module and f; : Q — M is an epimorphism, then there exists a
decomposition Q = p;®p, suchthat1) p; =p

2) py < Kkerf;, fi|p,: p1 =M IS projective cover for M.

Proof: Consider the following diagram

Q
h .
q
ll M—» 0; Kerf<<P
— 2 A B e . .
P S Since
Q is a small pointwise projective module for every m € M there exists a

homomorphism h : Q — P such that f o h(m) = f; (m).we claim that h is an epimorphism. Let x
€ P, f(x) = f,(y) for some y € Q, so f(x) = f(h(y)) which implies x — h(y) € ker f, hence p =
ker f + h(M). But ker f < p. Thus p = h(M). Now, h : Q — p splits by [10,
proposition 17(3)], therefore there exists a homomorphismg:p — Q suchthat heog = I,
.Hence Q = Ker h + Im g. Also Ker h » Im g = {0}.Therefore Q =| kerh@® Img.letp; =Img
and p, = ker h, since g is monomorphism, thus p; = p. Now, let x € p, = ker h,so h(x) =0,
f(h(x)) = q(x) =0 and hence x € ker f; , consequentially, p, < ker f;. Now, f;(p;) =f o h(p,)
=fohog(p) =f(p) =M, thusf; , :p; = Misonto. But p; = p implies that p, is projective
module. Let g* =f; , .Itis easy to show that f = f; o g. we claim that ker g* < g(ker f). letw

€ ker g*,s0 g*(w) =0, f;(w) =0and w = g(y) for somey € P, hence f; o g(y) =0, so f(y) =
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0 implies that y € ker f, so w € g(ker f).Since Ker f << P by [10, proposition (5.18)] , we get
g(Ker f) << Py and hence Ker g* << Py, Therefore, (p,, g*) is projective cover for M.
83 The Endomorphism Ring of a Small Pointwise Projective Hollow Module

In this section we discuss the endomorphism ring of a small pointwise projective hollow
modules. A non zero module M is hollow if every proper submodule is small in M [12].

Aring R is called local if for every r € R, either r or 1- r is invertible [1].

Remark Every small epimorphism N — M — 0, where M is small pointwise projective, splits
and consequently an isomorphism.
Proposition (3.1) If S is the endomorphism ring of a small pointwise projective hollow module,
then S is a local ring.
Proof: Let f € S = End (M), we have two cases:
Case 1: f is onto, since M is hollow, Ker f << M and by remark the sequence
M f
Case2: f is not onto, since M is hollow, f(M) << M. But f(M) + (I - f)(M) = M, therefore

>M >0 splits. This implies that Ker f =0, i.e., fis invertible.

(I - ©)(M) = M, hence (I - f) is onto and by a similar way as in case 1, we get (I - f) is invertible.
Theorem (3.2) Let M be small pointwise projective hollow module and S be the endomorphism
ring of M, then:

1) JS)={a e S|Ima<<M};

(2) % is Von-Neumann regular ring;

(3) Rad M << M if and only if Hom(M , Rad M) = J(S), where J(S) is the Jacobson radical of
the ring S.

Proof: (1) Let A = {aa € S| Im a << M}. Then for every a € A, we have
(I - ya)(M) = M for each y e S, since yo(M) << M, by [10,proposition (5.18)],
Ker (I - ya) is a proper submodule of M and by remark Ker(l - ya) = 0, i.e., (I - yo) IS an
isomorphism, which implies that o € J(S) by [10, 15.3].Now, let a € J(S) and suppose that Im

a + K =M, where K is a proper submodule of M. If m: M - % is the natural epimorphism,

then we claim that ta : M — % is also an epimorphism. To see this , let X
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+K e % , then x = a(y) + w where w € K and y € M. This implies that n(x) = ma(y). But

Ker(ra) is a proper submodule of M and M is hollow, therefore Ker(na) << M.

Consider the following diagram:

M
(e
r”/’ Tc
s
M it > M
K
Since M is small pointwise projective, for every m € M there exists a homomorphism v

M — M such that oy (m) = n(m).Hence (I - ay)(M) < K.But a € J(S) which implies that (I -
o) is an isomorphism, i.e., M < K. This is contradicts our assumption that K is a proper
submodule of M. Hence Im o << M and consequently A = J(S).

(2) Leta € Sand a ¢ J(S), then a(M) = M and hence Ker(a) << M. Now, a.: M —» M is a small
epimorphism and since M is a small pointwise projective module, therefore o is an
isomorphism, for every m € M there exists a homomorphism 3 : M — M such that ae f(m) =
I(m). Thus aeBea(m) = lea(m) = a(m) for every m € M and hence o + J(S) = (o + J(S))(B

+J(S))(a+J(S)), which means that I(is) is a Von-Neumann regular ring.

(3) Suppose that Hom(M , Rad M) = J(S) and Rad M «< M. Then Rad(M) = M. This contradicts
proposition (3.1).Hence Rad(M) << M. Now, suppose that Rad(M) << M and let o € Hom(M,
Rad(M)) so, a(M) < Rad(M) << M. By [10, proposition (5.18)] a(M) << M.Consequently o €
J(S).If a € J(S),then by (1) a(M) << M and so o € Hom(M,Rad(M)).
84 Amply Supplemented Small Pointwise Projective Module

In this section, we prove some results on amply supplemented small pointwise projective
module.

Let A and B be a submodule of M. B is called a supplemented of A, if it is minimal with
property M = A + B. A submodule B is called a supplemented in M, if B is a

supplemented of some submodule of M [1].
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Let A and B be submodules of a module M, then A and B are called mutual supplemented
in M, if they are supplemented of each other in M [1].

A module M is called amply supplemented, if for every two submodules U , V of M, such
that M = U + V, U contains a supplemented of V in M [4].
Proposition (4.1) Let M = U + V be a small pointwise projective module where U and V are

mutual supplemented, thenM=U @ V.
Proof: Letm; : M - % be the natural epimorphism. Define t, : V — % by 1, (x) =x + U, for all

x € V. Clearly mt, is an epimorphism with Ker t, = U NV which is a small submodule of V.

Consider the following diagram:

T
VvV 2 =

M
a .’
T
»)
M
U

Since M is a small pointwise projective module For every m e M there exists a
homomorphism a : M — V such that m, o a(m) = m;(m) , for m1 € M we have 1, o a(m;) =
11,(M1). So, m1- a(m1) € U which implies that M = a(M) + U = a(U) + a(V) + U. Itis easy to
show that a(U) < U, thus M = a(V) + U. Since a(V) <V and V is a supplemented of U, therefore
a(V) =V. Now, let my € M, so m1 =uy + vi for some uz € U and vi € V. Suppose that a(u1) =
a(v2) for some vz € V so my = us - V2 + v1 + vo.Cleary ui- vo € Ker a, thus M = Ker a + V. But
Ker a < U and U as a supplemented of V, thus Ker a = U. Now, let x € U n V. Since a(V) =
V, there exists y € V such that a(y) = X, so m, o a(y) = m;(y) and hence a(y) —y € U. This
implies that y € U and hence a(y) =0, i.e.,x = 0. Consequently, M=U & V.

Corollary (4.2) for amply supplemented small pointwise projective module M, each
supplemented in M is a direct summand of M and consequently small pointwise projective.
Proof: Let M be an amply supplemented small pointwise projective module. Let N be

a supplemented in M.Then there exists a submodule K such that M = N + K with K mn N << N.
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Also since M is amply supplemented, there exists a submodule Kz of K such that M =N + K3
and N N K; << Ki.Now, N n K1 <N n K << N, this implies that N n Ky << N and hence N
and Ky are mutual supplemented and hence by proposition (4.1) M =N @ K.

A module M is called n-projective if whenever M = A + B, where A and B are submodules
of M, there exists f € End(M) such that f(M) < A and (I - f)(M) < B[1].
Theorem (4.3) Every amply supplemented small pointwise projective module is
n-projective.
Proof: Let M = A + B be amply supplemented small pointwise projective module, where A and
B are submodules of M. There exist mutual supplemented Ao, Bo such that M = Ag @ Bo, Ao <

A, Bo < B. Consider the diagram:

<

.
.
.
.
—)
N
.
N
S
.
S
.
.
N
.
.
N
.
S

&
<
Y

1<

w
o

where v : Ao — B% IS the isomorphism defined by y(Xx) = x + Bo, for all x € Ag,and t: M —

% is the natural epimorphism. Since M is small pointwise projective for every m €M there

exists a homomorphism h : M — Ag such that y o h(m) = (m).Let i : Ao = M be the inclusion
homomorphism, then i e h € End(M) and ich(M) < Ag < A.Now, letw e (I - iech)(M), w=m1 -
ioh(my),for some m1 e M. yeioch(mz) = yoh(m1) = h(m1) + Bo = m1 + Bo.This implies that m;-
h(m1) € Bo and hence w € Bo.Therefore,M is n-projective module.

Proposition (4.4) Let M be amply supplemented small pointwise projective module. Then for
any non-small submodule N of M, Hom(M, N) = 0.

Proof: Since N is non-small submodule of M, there exists a proper submodule K of M, such
that M = N + K. But M is amply supplemented module, thus there exists a submodule N1 of N,
such that M = N1+K, with N1 m K << N1. Consequently N1 n K << N. Define f
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N
N1nK

M-

by f(m) =x + N1 n K, when m =x +y, for some x € N1 and y € K. Clearly f is

well-defined and homomorphism. Consider the following diagram:

™M
h .
f”l’ f
s
N__ T, N — 0
N; " K
Where 1 : N - TP the natural epimorphism. Since M is a small pointwise projective

module for every m € M there exists a homomorphism h : M — N such that = o h(m) =
f(m).Suppose that Hom(M , N) = 0.So, h =0 and hence f = 0. Let w € N1, then w € M, which
implies that f(w) = N1 n K.Therefore w € N1 n K < K.Hence N; < K,thus M = K which is
contradiction.

85 Small Pointwise Projective Module with Finite Spanning Dimension

Proposition (5.1) [2]: If M has finite spanning dimension and N is a submodule of M which is

not small in M, then %is Artinian.

Lemma (5.2), [1]: LetO > N1 > N > N2 > 0 be a short exact sequence of modules.
If N1 and N2 are Artinian, then so is N.

A module M is said to be with finite spanning dimension, if for every strictly decreasing
sequence M > Mg > M1 > ... of submodules of M, there exists i such that M;j is a small
submodule in M, for every j > i [13].

Proposition (5.3) [14]: Every module M with finite spanning dimension is amply
supplemented.

Theorem (5.4) A small pointwise projective module M is with finite spanning dimension if and
only if it is hollow or Artinian.

Proof:(=) Since M is with finite spanning dimension by proposition (5.3) then M is amply
supplemented.

Suppose that M is not hollow, then there exists a proper submodules A and B of M, such that

M = A + B. But M is amply supplemented module, hence M = Ag @ Bo, with Ag < A, Bo < B.
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Clearly % = Bo. By proposition (5.1), % is Artinian, therefore Bo is Artinian. Similarly, Ao is

Aurtinian.
Now, consider the following short exact sequence:
0——A;——>M—L 3B, ——0

Where J and p are the injection and the projection homomorphisms respectively. By lemma
(5.2) M is Artinian.
(<) Clear.
86 Small Pointwise Hereditary Modules

In this section, we introduce the concept of small pointwise hereditary module and we
discuss some properties of this concept. Recall that a module M is hereditary, if every
submodule of M is projective [1] A module M is called small pointwise hereditary if every
submodule of M is small point wise projective.
Remark Every module over cosemisimple ring, is small pointwise hereditary.

Let M and N be R-module,N is called M-injective,if for each monomorphism f : A - M
where A is any modules and for each homomorphism g : A — N there exists a
homomorphismh : M — N such that hof =g [10, p.184].

Proposition (6.1) Let M be small pointwise projective, the following statements are equivalent
(1) M is asmall pointwise hereditary;

(2) Every small factor of an M-injective module is M-injective;

(3) Every small factor of an injective module is M-injective.

Proof : (1) = (2) Let B be a small factor for an M-injective module A. Consider the following

diagram:
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But A is M-injective, thus there exists a homomorphism hy: M — A such that hy o i = h. Define
{:M->Bbyl =gohi. Thus foi=go hioi=T.

(2) = (3) Clear.

(3) = (1) Let N be a submodule of a small pointwise projective module M. Letg: A - Bbe a
small epimorphism, where A is an injective module and f: N — B be any homomorphism where
I : N - M is the inclusion homomorphism.

Consider the following diagram:

By (3), B is M-injective module, then there exists a homomorphism h : M — B such that
hoi = f. Since M is a small pointwise projective module, for each m € M,there exists
a homomorphism h; : M — A, such that gohi(m) = h(m). Define/: N - A by
{ =hyoi.Now, gof=gohioi=hoi=f Therefore by proposition (1.3) N is a small pointwise

projective module. Hence M is a small pointwise hereditary.

Proposition (6.2) Let {Mo}aca be a family of modules, then ®a € AM« is small pointwise

hereditary if and only if each Mq is small pointwise hereditary.

Proof : (=) Clear.

(<) Let M, be a small pointwise hereditary module, for each o € A. To show that ®a € AM« s
a small pointwise hereditary, let f : Q — K be a small epimorphism, with Q is injective
module.By proposition (6.1) K is Me-injective for each o € A and then by [10 , proposition
(16.13(1)], K is ®a € AM«injective module. Thus M. is small pointwise hereditary module.
Before,we give the last proposition in this section, we need the following two definitions: An
R-module M is called cofaithful if there exists a positive integer n, and a monomorphism 6 : R
> M'=M® ... ®M (ncopies) [15] A ring R is called small pointwise hereditary, if R is a

small pointwise hereditary as R-module.
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Proposition (6.3) Let R be any ring. Then the following are equivalent:

(1) R s asmall pointwise hereditary ring;

(2) There exists a cofaithful small pointwise hereditary R-module.

Proof: (1) = (2) Let M =R as R-module. Then M is cofaithful, small pointwise hereditary R-
module.

(2) = (1) Let M be a cofaithful, small pointwise hereditary R-module. Then, we obtain an
embedding 6 : R - M", for some positive integer n. Since M is a small pointwise hereditary, by
proposition (6.2) M"=M @ ... @ M (n copies) is a small pointwise hereditary; and hence R is

a small pointwise hereditary.

References

1. R. Wisbauer, Foundations of Modules and Rings Theory, Gordan and Breach Reading,
1991.

2. A.K. Tiwary and K.N. Chaubey, Small Projective Module. Indian J. Pure Appl. Math,
16(2), February (1985), 133-138.

3. Naoum, A.G. and Jameel , Z.Z. A note on Pointwise Projective Modules.

4. C.Lomp , On Dual Goldie Dimension ,Diploma Thesis , University of Dusseldor

(1996).

F. Kasch, Modules and Rings, Academic Press Inc. London, 1982

Zelmanowits , j . Regular modules . tranc . Amer . Math . Soc ., 162 (1072) . 334-355

D.J .Fieldhouse , pure theories , Math . Ann .184(1969) 1- 18.

Naoum , A.G. Regular multiplication modules . Periodica Mathematical Hungarian,

31(1995) , 155-162.

9. Naoum, A.G. and Yasenn, S.M. The regular submodule of a module , Ann. Soc,
Math. Polonae , XXXV/(1995), 195-201.

10. F.W. Anderson and K.R. Fuller, Rings and Categories of Modules, Springer -Verlage,
New York, 1992.

O N o O

11. N.V. Sanh, K.P.Shum, S. Dhompong and S. Wongwai. On Qausi-Principally Injective
Modules, Algebra Colloquium 6, 3 (1999), 269-276.

Vol: 12 No:2, April 2016 89 ISSN: 2222-8373



DIYALA JJOURNAL FOR PURE SCIENCES

- e e v b =

Small Pointwise Projective Modules
Nuhad Salim Al-Mothafar Mukdad Qaess Hussair

12. P. Fleury. Hallow Modules and Local EndomorphismRings ,Pac.J.Math , 53(1974) ,
379385.

13. P. Fleury.A Note on Dualizing Goldie Dimension,Canada, Math. Bull.17(4)(1974),
511-517.

14. K.M. Rangaswamy. Modules with Finite Spanning Dimensions, Canada Math. Bull.
20(2) (1977), 255-262.

15. M.S. Sherikhande, On Hereditary and Cohereditary Modules, Can. J. Math, Vol. XXV,
No.4.(1973), 892-896.

Vol: 12 No:2, April 2016 90 ISSN: 2222-8373



