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Abstract

This paper presents a method to encode Reed Solomon code based on Walsh
transforms. Reed Solomon code is an error correcting code that is very important in
telecommunications. Reed Solomon code and Walsh transforms are defined and
discussed.Then , a method of encoding of Reed Solomon code are explained with

examples.The results prove that Walsh transforms are easy in encoding Reed Solomon code.

Keywords: Reed Solomon code , galois field , error correcting codes, Walsh transforms ,

Fourier transforms .

Introduction

In 1960 , Iraving Reed and Gus Solomon published a paper in the Journal of the society
for Industrial and Applied Mathematic [10] . This paper described a new class of error
correcting codes that are now called Reed Solomon (R-S) codes . Error correcting codes are
very useful in sending information over long distances or through channels where errors
might occur in the message . they have become more prevalent as telecommunications have
expanded and developed a use for codes that can self-correct , [8]. Reed Solomon codes have
great power and utility , and are today found in many applications likes : Reed Solomon codes
used in storage and communications industry ; Reed Solomon codes are used for orthogonal
frequency division Multiplexing system ; compact discs (CD's ) use Reed Solomon code so
that a CD's player can read data from CD even if it has been corrupted by noise in the form of
imperfections on the CD ; a new methods are designs Reed Solomon code for low power

transceivers [2 ,4 , 5,7 ]. Petrus M. , [ 9 | gave a new method to generate Reed Solomon
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encoder which is able to handle generic width of data variable length of information , number
of error as well as variable form of primitive Polynomial and generator Polynomial used in
the storage system.

Walsh transforms are orthogonal , normal and complete , [14 ] . They are important
spectral representations of logic functions as the spectral Walsh domain with its global
information provides much deeper in sight in to the logic structure of combinatorial networks
than logic domain , [12].Spectral representation based on the Walsh transforms have been
used in the classification of logic functions , functional decomposition , multiplexer , testing ,

and technology mapping , [ 11,13 ].

Galois Fields

Definition(2.1):

A Galois field ( finite field ) GF(q) is a q-ary set with two binary arithmetic operations ,
usually denoted + (addition) and * (multiplication) . The set GF(q) is closed , i.e. x+y € GF(q)

and x*y € GF(q) for all x ,y € GF(q) .

Remark: GF(q) is an additive group and GF(q)/{0} is a multiplicative group.
Definition(2.2):

The set GF(q)={0,1,. . .,q-1} , (where q is prime ) is a field of order q under

modulo-q addition and multiplication . This field is called a prime field .

Example(2.1): The set GF(2) = { 0, 1 } is a field of order 2 under modulo-2 addition and

modulo-2 multiplication. It has the following addition and multiplications tables :
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+ 0 1 ¥ 0 1

0 0 1 0 0 0

1 1 0 1 0 1
Table(2.1):modulo-2addition Table(2.2):modulo- 2multiplication

This field is called a binary field and it satisfies : 1+1=0 , -1=1 , -0=0 , 1'=1
Definition(2.3):

The set of all n-tuples (also called blocks, vectors or words of length n ) with components

in GF(q) is denoted by :

GF(q,n) = GF(p",n)={ (X0, X1,. . ., Xn1) /X0, X1,. . .,Xn1 € GF(q) }

Where p is prime , m is a positive integerand q=2,3,4,5,7,8,9,11,13,16,17,. . .

Its cardinality is |GF(q,n) |= q" . An addition and A scallar multiplication are defined

component - by — component , i.e. for x , y € GF(q) and A € GF(q) :

X+Y=(X0,X1,. . ., %1 )+ (Yo, ¥y1,. . ., Y1)
=Xotyo, X1+y1, . . . , Xo1T¥n1)

A¥X=A2A*Xo,Xt,...,Xnl)
=@A*Xo,A*x1,. . ., A *Xn1)

Hence , X+Y € GF(q,n) and 2 * X € GF(q,n) for all X, Y € GF(q,n) and all A € GF(q).
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In this section , we construct the galois field GF(2") of 2" elements (n= 1) from the
binary field GF(2) . we begin with the two elements 0 and 1 , from GF(2) and anew symbol o<

. Then , we define a multiplication (*) to introduce a sequence of power of o« as follows :
ol=nc*ee [ od=ockor*oo, | ed=woc*oc* | *orforj—times, ...

Now , we have the following set of elements :

GF(2")={o0,1,ec,e o, .. ,ed ...} .Now, suppose p(x) is a primitive polynomial
of degree n over GF(2) such that p(2) = 0 , then p(x) divides x2 "' +1 ,and so we have : x% -

' +1 =Q(x) p (x) . If we replace x by o< , we obtain :

0?1 41 = Q(e9) p () = Q() 0 =0
This implies : o& "1 +1=0

Adding 1 to both sides ( use modulo-2 addition ) :

ATl

oc® -1 =1 | and hence 2" = o . Therefore , the set above becomes finite and consist of the 2"

elements : GF(2")={o0,1, o', 0, .., o2 \

1 2 p3 2"
o2, o, ST

:{O,CCO’CC’ >

Note :

1-In the construction of the Galois field GF(2") , we use a primitive polynomial p(x) of
degree n and require that the element = be a root of p(x) . Since the powers of = generate all
the nonzero elements of GF(2") , @ is a primitive element . Table (2.3) shows some primitive

polynomials .

2-The power representation is used in multiplying or dividing the elements of GF(2") as :
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[ o i+ji <2"—-1
' ' cci+}._':2r'—l:' : i_'_j = 2" _ 1
ol * nd = T =4 )
1 ; 14 =2"—-1
Lo oW

3-A n-tuple representation is used for adding the elements of GF(2") by adding the

corresponding components of their n-tuples in modulo-2 addition .

Table (2.3) : Some primitive polynomials.

N p(x)

3 1+ xHa2?
4 1+ x+ =*
5 1+ 2 2
6 1+ x+ x5
7 1+ 23+ x7

Example(2.1):
Let galois field GF(2*)be construct as follow :

Since , n= 3, then, from table (2.3) the primitive polynomial is p(x) = 1+ x+ x* and let o an

element of the extension field be defined as a root of the polynomial p(x): p(x%)=0

1+octo =0

o = -1-0¢ N )]
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Since , in the binary field +1 =-1, then, > can be represented as follows :
ol = 1+ox
ot = o ol

5

Now , consider o> | where, 00 = 1+nc +oc

Now , for o® : o® = 1+oc?
Now , for o/ ; o<’ = 1 = o
There for the eight finite field elements of GF(2°) are :

GF(2%) = {o, o, oc o o oct o0, 0¥ 1= {(0,0,0), (0,0,1), (0,1,0) , (0,1,1), (1,0,0),
(1,0,1), (1,1,0), (1,1,1) }

Two arithmetic operations , addition and multiplication for this GF(2*) are shown in table
(2.4) and table (2.5) .

Table(2.4):Addition of GF(2%)

+ | od | ed o2 | o oct ocd o0

o0 0] Boc|x® |od o0 oct 20
ol 3o 0] 4o Uv's 2 O See
oc? b | ¢ 0 See o 3 Oge
o3 e | O | S 0 6 2g¢ 4oe
oct Soe | 2o | e 6pc 0 O 30
o 4o | Ooc| B 25 Oo¢ 0 loe
oc0 2o | Poe| O 4oc 3¢ Lo 0
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* o0 e e | ot o0 b

g0 Ope | loc| o2 | oct e 6pc
LKI ILK ZLK 3LK 4LK SLK GLK OLK
og? Zoe | Boc| e Soe bo¢ O o
o3 3pc | Yoe| Sw 6pc Opc s 20
oct 4oc | doc|  Oc Oge o 2o 3o
oS Spe| 0o | O loe 2o 3¢ 4oe
oco bpc | %o | e 2nc 30¢ 4o Soe

Table(2.5):Multiplication of GF(2%)
Example(2.2): If n=4, then , the galois field GF(2*) can be construct as follow :

From table (2.3) , the primitive polynomial is p(x) = 1+ x+ x* and let o ,an element of the

extension field be defined as a root of the polynomial p(x) :

p(=)=0
1+ o+t =0
wh=_]-rx

Since , in the binary field +1 =-1, «* can be represented as follows :

ot = 1+
Now , consider > | where o= o +oc?
Now , for o ; o = o?+oc

Now , for o : o/ = ]+octed
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For of : o == [+oc?

Now , consider o ; o= xx+oc

Now , for oc!® : oc!%= 1+oct+oc
Now , for o'l acll = actoc?40c

Now , for oc!? ; x!2 = | +octo?+oc

Now , consider , «!3 :ec!3 = 1+0 +0d

Now , for oc!® : ocl4=14+2¢

Now , for !’ : ec!¥=]

There for the sixteen finite field elements of GF(2*) are :

4y — 0 1 2 3 5 6 1A 8 9 10 11 12 13 14
GF(2)_{O:K9K90{ ,DC,D(4,D( B T T - S s SR s S« 8 }

The arithmetic operations ,addition and multiplication for this GF(2%)are shown in the

table(2.6)and the table (2.7)
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12

13

+ ot ot o o o o o o o X o o o 0 o
e 0 . 8oc | 4oc Toc | 10gc | DB 9oc 20 T Soc | 2o iy 6o 30
Toe | 4o 0 Soc 9 O¢ 200 | e | g | 10 3o 8oc 6o 0o | 24 Toc
200 | Sex Soc 0 6oc | 105 T 3c | 2o 0o | U 4o 90 0o | o | Do
3o | o P 6o 0 Tod” AToe 200 i | DBy T o Soc i 8¢ O
e | e One | 104 Tox 0 8 | W2 e Soc | Mor 20 | Doy One | e e
Suc | 10p 200 Toe | g 8o 0 9%c | DB I 6o O . i T | 2o
6oc | Beor | e 30c 20c | 2o 9 e 0 | T S T - Ooe I 8oc
Toe | 9o | Y| 2o Ly ] W% P U U B S ) 0l i 6o 8oc i S o
8oc | 2oc| 10g Ooc & Yook Sex Aor | 0148 P Ll 09V 12pc . Toc I 30 6oc
9% | Tox 3o | o Toe | Tx ¢ S0c Ooc | 20¢ 0l Dx 200 0o | 10, 4
0 | Sor 8o o | 2g 24 0 Toc 6oc It A% 0 T Ooc 9% | Tlge
Mo | 2 6o 90 Soc | Do £ & 8o > 2| Vg 0 i T | 04
2y | g | DBy Toc | 10g¢ 6o | e 4 20 90 8 . O 0 T Soc
B | 6o | 2o | Tge Soc | g Tox Ooc e 3oc | 10 - - i 0 20c
Mo | 3o O | DBec i %% | 2 8oc o 6o I [ g | 10g i 2 0

Table (2.6) : Addition of GF(2%)
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* O L 20 3¢ 4 Soc 6 Tee 8o 9 100 Hpe 12 13 147
0 0 ler 2 30 4 Soc 6 e Tee 8o 9 e 10, e 120, 13 e 14
Lo L 2 3¢ 4y Soc 6 7o 8rc 9o 10 Hpe 12 130 145 O
20 20 3 40 S5 6 T 8 9 10 [ 12 13 14, 0 e
3ac 3nc 4 Spe 6 Toe 8 9 107 iy 12 13 140 O L 2
4 4 S 61 T 8t 9 10, ISFFS 12,4 135 14 O L 2 3
Sac Soc 6 T 8¢ 9o 100 e 12 13 14 O Lo 20 3nc 4
6 6 Toe 8¢ 9o 100 gy 12 e 1400 O Lo 20 3p¢ 4o Ser
Toc 7o 8 9 10 Hpe 12 13 147 Oy Loy 20 3o 4 Soc 6
8 8o 9er 10 e 120 13 1450 O Lo 20 3nc 4o Spe 6 Tee
9 9 10 iy 12 13 140 0 lee 200 3¢ 4 Soc 6 7o 8o

IODc 10'3c HC( 120( 130( 140( OD( IDC 2[( 3DC 40( 50( 60( 70( SDC 9'[(

e e 12 13 140 Opg Lo 2 3e¢ 4o Soe 6 Tog 8 9 e 10

12Dc 129{ 13{( 140( OD( 10( 20( 3DC 4[( SDC 60( 70( SD( 90( 10'3c HC(

135 135 140 O Lo 2 3p¢ 4o Sec 6y T 8¢ 9o 100 e 12

14Dc 14DC OC( 10( 20( 30( 40( SDC 6[( 7DC SD( 90( 100( HD( 129{ 13{(

Table (2.7) : Multiplication of GF(24)
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Reed Solomon code

Reed Solomon code is the widespread use for forward error correcting in digital
transmission which was able to correct multiple noise/ errors , especially in correcting burst
noise/error.Multiple random symbol errors can be detect and correct in a systematic way
which described by Reed Solomon codes. Reed Solomon codes are non binary cyclic codes
with symbols that made up of n-bit sequences , where n is any positive integer value greater
than 2 .

Reed Solomon codes can be defined as (m,k) as below :
(m,k) = (2"-1 ,2"-1-2¢t)

Where , n is the symbol length , m is the codeword length , k is the information data length , t

is the error correcting capability , and m-k = 2t is the number of parity symbols .

Walsh Transforms Techniques for Reed Solomon code

In this section , we define Walsh transform of order N = 2™ | where n is appositive integer

, then ,we will use these transforms to encode Reed Solomon code . These are shown as

follows :

Let C;,i=0,12, ...,N—1, beasequences of numbers . The discrete Walsh transform

of the given sequence is a sequence of N spectral values defined as :
wk = Z‘;J—:_Dl Cz’ Wik .lk =01.,N—-1 coe o (3)

Where , w;;, take only the value 0 or 1. Figure (4.1) shows the Walsh transforms of order

=2¥=8,and, N=2%* =16
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(a)Walsh transform of order N = 2% = 8

1111111117
100000000
000001111
011110000
111000011
100111100
000110011

011001100
110011001

101100110
001101001
001101001
110100101
101011010
001010101
010101010

[ N = I = T =l = = T = B = T = Y S S SN
L R e e N e I N R B = s e e Y R Y Y
[l = S R e T e Y Y Y e e Y e o I e Y Y ]
(= R T e e = = N = = =T =N =T = S =
[l el N N Y e R e e e I Y i I e Y ]

L 1
N e e e el e el el = = T Syt
00D 0000 ORRPRERERER R P

(b) Walsh transform of order N = 2% = 16

Figure (4.1) : Walsh transform [3].

The discrete Walsh transform , in eq. (3) required only N(N-1) additions and multiplications .

Let us show how Walsh transform used to encode of Reed Solomon codes . This is
shown as follows :
Letr=ro,11,. . .,rn1 be avector of finite field elements in GF(2") , where N is the

order of a primitive element =< of GF(2") . The finite field Walsh transform of r is another
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vector of N elements in GF(2") , which we denote as R={ R} , k= 0,1,2,. .., N-1, where the

elements of R are given by :

R, = X' rw, k=01.,N—1 @

For our present , it is useful to write eq. (4) in the form of matrix equation as :
R=rw )
Example:

Encode the Reed Solomon RS(7,3) code by using Walsh transform method
Solution:
RS(m,k) = (2"-1, 2"-1-2t) =(7,3)
From above , we have : n=3 , k=3 , and t=2. Since , n=3 , then , from example(2.1) in section
2 , we have the galoise field GF(2%) as follow :

GF(2*)={o0, o, ol o o ot o o} ={ro,11,12,13,14, 15, T6, I7}.

From eq. (3), and fig. (4.1,a) , we get :

1 17
o0
11
00
01
10
o1
1 0-

— — 0 1 2 3 5 6
R=rW=(0,«, oc!, 0, 0 ot o, )

L
o0 O O R
=N~ E=-RE
[ I T o S I Y
[l == T C o e e R e R ]
T o R s R R

= 0,0+0:+oc! +0c2, 0+ +oc+0<8 0+ oc+o+oct 0+ o 4o +8, 0+oc? 4o +-00,
0-+ax!+oct+ocd 0+ ol +oc3+0c]

=10, 0, o, o oc! o o oct] (By using table (2.4) )

The number of arithmetic operations in this example is 56 additions and multiplications .
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Example(4.2):
Encode the Reed Solomon RS(15,7) code by using Walsh transform method
Solution :
RS(m,k) = (2"-1, 2"-1-2t) =(15,7)

From above , we get : n=4 , k=7, and t=4. Since , n=4 , then , from example(2.2) in section 2
, we have the galoise field GF(2*) as follow :
GF(2¥) ={o0,®, ol o o ot o o o7 o8 o !0 ol ocl?, oc!?) ocl4)

={ro,r1,12,13,14,15,T6, 17,18, 19, T10, 11,12, 13, 14,15}
From eq. (3), and fig. (4.1,b) , we get :
R =rW=[ 0+ o® +oc!+ o +03 + o+ o + o+ o + 0B+ 0 + oc!® + o+ oc!2+ o3+ o4 0 +
o o+ o +ocd + oct o + oS, 0 + 20 o+ o Foctl+ oc!?4 0cl? + ocl4 o + o0 +ocl oc? +od? +
o8+ o+ oc!0) 0 + o +o0+ &f +od + o+ o!? + o 0 + o o+ o +od + o0+ ! + w2 0+
o +o+ ot +od + 0!+ o3 + o4 0 + o +od+ ot +o + o+ ol + o2, 0 + o o+ «f
+oc7+ ot ol o + 2 +od+ o +ocd + o+ ol + o124 o!3) o + o +oct+ o o + o+ ol +
ol oc! | o+ o+octt o +o + o2+ o3 o + oc! +octt o o + o+ o + w2 o o +
ocl+oct+ o +od + ocl 14 o3 | 0 + o +o3+ o® +od + o2+ o | o + od +od+ o +od’ + o+
o4 oc! 4 o3 |

o ol ol 52 o olo 8 o6 o ocll o ol o ocl? ocl? -
—[O,K’E{’K’K’D:’KA"K’K’K’K ’K’K’K’K ’K ](ByuSIHgtable

(2.6))

The number of arithmetic operations in this example is 240 additions and multiplications.
Arnold,M., and Allen ,H. [1] used the discrete Fourier transform to encode Reed Solomon
code . The number of arithmetic operations in discrete Fourier transform is N? complex
multiplications and N(N-1) complex additions. If we use the discrete Fourier transform in
example(4.1) , we have (64) complex multiplications and (56) complex additions, also, in

example(4.2), we have (256) complex multiplications and (240) complex additions.
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Conclusions

1-In this paper ,the galois field of order 8 and 16 is constructed with two operations :
addition and multiplication , which is very useful in coding theory .

2-The encoding of Reed Solomon code by using Walsh transform is very easy .

3- The discrete Walsh transform has an inherent computational advantage over the discrete
Fourier transform . The discrete Walsh transform requires only real addition operations while

the discrete Fourier transform requires complex multiplications .
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